Preface

Vortices are often associated with dramatic circumstances such as hurricanes; this
type of vortex has been studied extensively in the framework of classical fluids. Nev-
ertheless, its quantum counterpart has gained major interest in the past few years due
to the experimental realization of Bose—Einstein condensates (BEC), a new state of
matter predicted by Einstein in 1925. Vortices in BEC are quantized, and their size,
origin, and significance are quite different from those in normal fluids since they
exemplify “superfluid” properties.

Since the first experimental achievement of Bose—Einstein condensates in 1995
in alkali gases and the award of the Nobel Prize in Physics in 2001, the properties
of these gaseous quantum fluids have been the focus of international interest in con-
densed matter physics. This book was both motivated by this intense activity, espe-
cially in the group of Jean Dalibard at the Ecole normale supérieure, but also by the
constant development of mathematical techniques which could prove useful in tack-
ling these problems, in particular in the group of Haim Brezis. This monograph is
dedicated to the mathematical modelling of some specific experiments which display
vortices and to a rigorous analysis of features emerging experimentally. It can serve
as a reference for mathematical researchers and theoretical physicists interested in
superfluidity and quantum condensates, and can also complement a graduate semi-
nar in elliptic PDEs or modelling of physical experiments. There are two introductory
chapters: the first is related to the physics background, while the second is devoted
to the presentation of the mathematical results described in the book.

Vortices have been observed experimentally by rotating the trap holding the
atoms in the condensate. In contrast to a classical fluid, for which the equilibrium
velocity corresponds to solid body rotation, a quantum fluid such as a Bose—FEinstein
condensate can rotate only through the nucleation of quantized vortices beyond some
critical velocity. There are two interesting regimes: one close to the critical velocity
where there is only one vortex, and another at high rotation values, for which a dense
lattice is observed. Another experiment consists of a superfluid flow around an ob-
stacle: at low velocity, the flow is stationary; while at larger velocity, vortices are
nucleated from the boundary of the obstacle.
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One of the key issues is thus the existence of these quantized vortices. We ad-
dress this issue mathematically and derive information on their shape, number, and
location. In the dilute limit of the experiments, the condensate is well described by
a mean field theory and a macroscopic wave function, solving the so-called Gross—
Pitaevskii equation. The mathematical tools employed are energy estimates, Gamma
convergence, and homogenization techniques. We prove existence of solutions which
have properties consistent with the experimental observations. Open problems re-
lated to recent experiments are also presented. They will require the development of
new tools related for instance, to microlocal analysis or time—dependent problems.

The suggestion for setting down these important ideas came from Haim Brezis,
and I would like to thank him warmly for his constant enthusiasm and support while
I was working on it. Many tools used here have been developed by either him or his
school. I am glad to be able to present an application of this beautiful mathematics
to today’s physics.

I am also extremely grateful to Jean Dalibard, who has always been willing to
take time to share his experiments, his ideas, and his interests in how mathematics
can contribute to physics. Working together with him and writing a joint paper was a
real pleasure and a source of mathematical problems for many years to come. I would
also like to thank him for his careful reading of this manuscript. Before working with
Jean, I had the opportunity of many fruitful discussions with members of his group,
in particular Vincent Bretin, Yvan Castin, and David Guéry-Odelin. I have always
appreciated their open minds and interest in mathematics. I would like to thank David
in particular for his comments leading to improvements in the introductory parts of
this book.

I owe my personal interest in interdisciplinary topics to the joint efforts of Etienne
Guyon, Yves Pomeau, and Henri Berestycki, who launched a program for students
at the Ecole normale supérieure to spark interest in problems on the border between
mathematics and physics. This effort was a real success, as were the various maths-
physics meetings in Foljuif, a property of the Ecole normale supérieure. At one of
them, I met Yvan Castin and realized that we had mathematical tools that could help
in understanding problems emerging in rotating Bose—Einstein condensates. I would
like to again my deep gratitude to Etienne Guyon, Yves Pomeau, and my supervisor
Henri Berestycki, for all that I discovered has been thanks to them.

I would like to also thank, of course, all my collaborators on these topics, in
particular: Tristan Riviere, with whom this huge program started and the evidence
of vortex bending occurred; Bob Jerrard, whose involvement in understanding the
shape of vortices was quite influential and with whom it was a pleasure to work in
Vancouver, Milan, Istanbul, and Minneapolis (I thank all the hosting institutions) and
who has undertaken a very careful reading of the book; Qiang Du and Ionut Danaila,
who have performed, on different topics, beautiful numerical computations; Stan
Alama and Lia Bronsard, who came to Paris and became interested in these topics
when they discovered them; Xavier Blanc, with whom I am very happy to have
worked with on many projects; and very recently Francis Nier, who has allowed
me to discover microlocal analysis and Bargmann transforms, which have proved to



Preface vii

be quite useful in tackling these problems. It was also very rewarding to work with
outstanding physicists, Jean Dalibard and Yves Pomeau. Many colleagues all over
the world have mentioned that I was quite lucky to have had this opportunity and to
have found a common language to speak. I certainly believe it.

Part of this monograph was taught as a Ph.D. course at Paris 6 in 2003-2004.
One of the results presented here was obtained by two of these Ph.D. students, Radu
Ignat and Vincent Millot, whom I jointly supervised with Haim Brezis. I am pleased
to describe their work in one of the chapters.

The quality of the presentation of this book was greatly improved thanks to all
the lectures given in various universities or summer schools. I would like to thank
in particular: Luis Caffarelli and Irene Gamba, Peter Constantin, Peter Sternberg,
Miguel Escobedo, Gero Friesecke, Fang-Hua Lin, Stefan Muller, Tristan Riviere,
and Juan-Luis Vazquez. I have also benefited from informal discussions with Fabrice
Bethuel, Petru Mironescu, Sylvia Serfaty, Etienne Sandier, and Didier Smets.

I take the opportunity here to express my gratitude to all my colleagues in the
Laboratoire Jacques-Louis Lions, in particular: to Yvon Maday, who is a very en-
thusiastic head of department; to my office mate Xavier Blanc; to my office neigh-
bours, Edwige Godlewski and Francois Murat; to Olivier Glass, Frédéric Hecht,
Simon Masnou, and the staff in the laboratory, Danielle Boulic, Michel Legendre,
Jacques Portes, and Liliane Ruprecht.

The writing of this book was made possible by my position at CNRS, which
should be naturally associated with the outcome of such interdisciplinary effort.
My research during this period was supported by a CNRS grant for young re-
searchers and a French ministry of research grant, ACI “Nouvelles interfaces des
mathématiques.” Some of the open problems were derived during a maths—physics
meeting organized with David Guéry-Odelin at the “Fondation des Treilles” in Tour-
tour, and I would like to acknowledge their welcome.

Finally, I would like to thank my family and friends for their constant support in
the preparation of the manuscript and all the people at Birkhéuser, in particular Ann
Kostant, for their help.

Paris, October 31, 2005, Amandine Aftalion
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1

The Physical Experiments and Their Mathematical
Modelling

Bose-Einstein condensation (BEC), first predicted by Einstein in 1925, has been re-
alized experimentally in 1995 in alkali gases. The award of the 2001 Nobel Prize in
Physics to E. Cornell, C. Wieman, and W. Ketterle acknowledged the importance of
the achievement. In this new state of matter, which is very dilute and at very low tem-
perature, a macroscopic fraction of the atoms occupy the same quantum level, and
behave as a coherent matter wave similar to the coherent light wave produced by a
laser. In the dilute limit, the condensate is well described by a mean-field theory and
a macroscopic wave function. The properties of these gaseous quantum fluids have
been the focus of international interest in physics, both experimentally and theoret-
ically, and many applications are envisioned. An important issue is the relationship
between BEC and superfluidity, in particular through the existence of vortices. The
focus of this book is the mathematical properties of vortices, observed in very recent
experiments on rotating condensates.

After a brief summary of the main achievements leading to BEC, we will describe
the experimental device which has had an influence on the mathematical modelling
through the trapping potential. Then we will focus on a specific experiment on ro-
tating condensates and the main observations that have been made. Finally, we will
state the mathematical framework and explain the issues that we want to address in
this book.

1.1 A hint on the experiments

1.1.1 Brief historical summary

The phenomenon of condensation was predicted in 1925 by Einstein, on the basis of a
paper by Bose: for a gas of noninteracting particles, below a certain temperature there
is a phase transition where a macroscopic fraction of the gas gets condensed, that is,
a significant fraction of the atoms occupy the state of lowest energy. This quantum
degeneracy, which is a consequence of statistical effects of atoms in a box, occurs
when the interatomic distance becomes comparable to the de Broglie wavelength,
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given by Aqg = h/QQumkgT)'/?, where T is the temperature, kg, the Boltzmann
constant, and m the mass of each atom. This condition implies that the gas is at very
low temperature. In 1925, there was no experimental evidence of the phenomenon,
since at the temperature required by the theory, all known materials were in the solid
state.

In 1938, after the discovery of the superfluidity of liquid helium independently
by Allen and Misener [20], and Kapitza [90], London [103] made a link between
superfluidity and Einstein’s theory. But in liquid helium, less than 10% of the atoms
are condensed and the system is strongly interacting, while Einstein’s model is for
an ideal gas.

Intense theoretical work was done, in particular by Bogoliubov, to understand the
relationship between superfluidity and Bose—Einstein condensation. The prediction
of quantized vortices was made by Onsager [118] in 1949 and Feynman [63] in
1955, with the experimental discovery by Hall and Vinen [77] in 1956 and the direct
observation by Packard and Sanders [119] in 1972.

The fact that interactions in helium reduce the occupancy of the lowest energy
state led to the search for substances closer to Einstein’s ideal gas model, which can
be produced in a metastable dilute phase and lead to a high condensate fraction.

The essential techniques to produce quantum degenerate gases are cooling tech-
niques, and in particular laser cooling. The 1997 Nobel Prize in physics was awarded
for the development of these techniques [48]. Their improvement has led, in 1995,
to the achievement of Bose—Einstein condensation in atomic gases by the Jila group
in Boulder (Cornell, Wiemann [51]), and very soon afterwards by the MIT group
(Ketterle [92]). A BEC is a quantum macroscopic object which can be described
by a complex-valued wave function. There are many different experiments being
made on this new state of matter; we refer to the books by Pethick—Smith [120] and
Pitaevskii—Stringari [124] for more details on the stakes and the theoretical approach.
We point out that although the gases are dilute, interactions play an important role.

The main concern of this book lies in experiments on rotating condensates, which
are similar to experiments on helium and allow the observation of quantized vortices.

1.1.2 How to achieve a BEC experimentally

There are several steps in the achievement of condensation. The first is laser cool-
ing, achieved with three pairs of counterpropagating laser beams along three or-
thogonal axes. The gas is precooled, so that it can be confined in a magnetic trap
(Ioffe—Pritchard trap) as illustrated in Figure 1.1. The temperature reached is of or-
der 100 uK, with 10 atoms in a volume on the order of one cm>. Laser cooling alone
cannot produce sufficiently high density and low temperature for condensation. The
second step, evaporative cooling (in some sense similar to blowing on your coffee to
cool it), allows one to remove the most energetic atoms and thus further cool down
the cloud. The drawback is that a large number of atoms are lost in the process: at
the end, there are about 10*~107 atoms, and the final temperature is below 1uK. For
a more detailed description, one may refer to the Nobel lectures [48, 51, 92] or to
[25, 53, 120].
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Fig. 1.1. Experimental realization of a trap. Courtesy of V. Bretin.

The important feature for our mathematical purposes is the confinement of the
. : : : : 2.2, 2.2, 22
atoms: a term representing the magnetic trapping potential m (wyx“+wjy“+w;z%)/2
(where w; are the trap frequencies in the i direction) will appear in the energy and
the equations. This trapping potential is also at the origin of the nonuniformity of
the gas and the special shape of the condensate: cigar-shaped, as illustrated in Fig-
ure 1.2.

1.1.3 Experimental observations

The experiment that we want to focus on is reminiscent of the classical rotating
bucket experiment for superfluid helium [57, 119]. When a normal fluid is rotated in
a bucket at velocity €, the fluid rotates as a rigid body, that is, the velocity v increases
smoothly from the center to the edges, v = Q x r, and the flow is characterized by

W= = (2n) 200 Hz Y
m, = (2n) 10 Hz

100 um

Fig. 1.2. Cigar-shaped condensate. Courtesy of V. Bretin.
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uniform vorticity V x v = 2Q. Ina quantum fluid, the velocity field is irrotational
almost everywhere. This is a consequence of the description by a complex-valued
order parameter ¥ = |/|e!S: VS is identified to a velocity v, and thus V x v = 0
as soon as ¥ does not vanish. The zeroes of ¢y around which there is a circulation of
phase are the singularities or vortices. In order to rotate, the flow field has to develop
singularities.

Quantized vortices have been obtained using different approaches. A first device
consists in imprinting the phase of the condensate to drive its rotation by optical
means [111]; it was used to investigate the precession of the vortex core around
the symmetry axis of the trap. The technique on which we will focus resembles the
rotating bucket experiment: a rotating laser beam superimposed on the magnetic trap
allows one to spin up the condensate by creating a harmonic anisotropic rotating
potential along the z axis (see Figure 1.2). This has been developed in the groups of
J. Dalibard at the ENS in Paris [107, 108, 132] and W. Ketterle at MIT [1, 127].

For small angular velocities, there is no modification of the condensate. For suf-
ficiently large angular velocities, vortices appear in the system. These vortices corre-
spond to permanent currents, whose existence is a consequence of the superfluidity.
In Figure 1.3, black regions correspond to the singularity lines or vortices: this is a
view of the cross section of the condensate (xy plane) integrated on z. The white re-
gion corresponds to places where || is significant. For low velocity, there is a small
number of vortices, while at larger velocity a triangular lattice is observed, called the
Abrikosov lattice, since it is reminiscent of the physics of superconductors. Vortices
are imaged after expansion of the condensate: in Figure 1.4, the condensate under-
goes a free fall. This time-of-flight technique acts as a microscope, magnifying the
size of the vortex as well as that of the condensate by a factor up to 30. This modifies
the length in the x and y directions.

We do not discuss the dynamical mechanism of nucleating vortices. Depending
on whether Q is turned on rapidly or increased adiabatically, the instabilities do not
occur in the same way and hysteresis phenomena may occur. A condensate with
multiple vortices is created by rotating at a resonant frequency. During the next two
seconds, the rotation is stopped and the vortex lattice decays. Eventually, the con-
densate is left with a single vortex, whose lifetime is on the order of a few seconds.
We are interested in stable configurations according to the value of the rotation.

A special geometrical feature of the singularities is their three-dimensional
shape: the lines are not straight along the axis of rotation but bent as illustrated in

Fig. 1.3. Transverse imaging in the xy plane: from left to right, the rotational velocity in-
creases. Courtesy of V. Bretin and J. Dalibard.
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Fig. 1.4. Transverse and longitudinal imaging of a vortex (left). Single vortex lines (right).
Courtesy of V. Bretin and J. Dalibard.
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Figure 1.4 (experimental result). The longitudinal imaging (along the z axis) repro-
duces what is observed in Figure 1.3. The transverse imaging allows us to see that
the vortex line is not straight. The shape is distorted with respect to the initial one,
because of the imaging technique.

1.2 The mathematical framework

The aim of this book is to present a mathematical framework and theoretical elements
in order to justify these observations rigorously. In particular, we would like to ad-
dress the issues of the shape of the first vortex line, the critical rotational velocities
for the nucleation of vortices, and the existence and properties of the lattice.

1.2.1 The Gross—Pitaevskii energy

The study of interacting nonuniform dilute gases at zero temperature can be made
in the framework of the Gross—Pitaevskii energy. This means that the field operator,
used to describe quantum phenomena can be replaced by a classical field ¥ (r, 1),
also called the order parameter or wave function of the condensate. This relies on the
following assumptions:

A large fraction of atoms are in the same state.
The potential describing the interaction between atoms can be replaced by a
model potential, reproducing the same scattering properties, which can be han-
dled in the Born approximation. The scattering length a is an important datum,
since it can be measured experimentally.

e The wave function varies slowly on distances of order the range of interatomic
forces.

These assumptions are indeed fulfilled for condensed gases and this model is very
satisfactory for describing the experiments mentioned above. We refer to the books
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[120] or [124] for more details. The rigorous derivation of the Gross—Pitaevskii en-
ergy from the many-body Hamiltonian was made, in some asymptotic limit, by Lieb,
Seiringer, and Yngvason [99] in the nonrotating case and very recently by Lieb and
Seiringer [98] in the rotating case. This type of issue will not be addressed here;
throughout the book, the mean-field description by the Gross—Pitaevskii energy will
be used and the properties of its minimizers will be analyzed.

We are interested in stationary phenomena: thus in the frame rotating at an-
gular velocity Q= Qez, the trapping potential and the wave function are time-
independent. The wave function ¢ minimizes the following energy, called the Gross—
Pitaevskii energy, which includes in this order a kinetic contribution, a term due to
rotation, a term due to the presence of the harmonic trapping (w; is the trapping fre-
quency in the i direction), and a term due to the atomic interaction (we denote by N
the number of atoms in the system and g3p = 4mwh’a/m, where a is the scattering
length mentioned above):

hZ
53D<w>=/ 2 oyp
R3 2m
h o~ . - . m 2 N 4
26 X (YUY~ VY)Y + BV + T sply (D)

with V(x) = a) 24 a) 24 w§z2, under the constraint f [¥|2 = 1. Here, m is the

atomic mass, X = (x, ¥, z), Q x x is the wedge product of the two vectors and is
thus equal to (—§~2y, S~2x, 0). In what follows, we will denote the vector (ilﬂVIp —
i V) /2 by (i, Vi), which has the meaning of a scalar product in C.

We calld = (h/ may)/? the characteristic length of the harmonic oscillator and
assume wy = awy, ©; = Pw,. Rescaling distances by d, that is, setting ¢(x) =
a3/ 21//(dx), the energy becomes, in units of Awy,

1 Q 1
/ Loor — 2wk (6. V) + 22 + 022 + 2201 + 22N g
R3 2 Wy 2 d
(1.2)

under f |p|? = 1.1If Q > min(wy, wy), the energy is not bounded below: the rotating
force is stronger than the trapping potential.

There are three distinct regimes of rotation according to the value of Q. For low
rotational velocity, there are no vortices in the system. Then for intermediate Q,
there are a few vortices arranged in the xy plane as illustrated in Figure 1.3. Their
characteristic size is much smaller than their interdistance. Thus, we will introduce a
small parameter describing what is called the Thomas—Fermi regime. We will make
an expansion of the energy in terms of this parameter, which will allow us to identify
the critical value of the velocity as well as the location and shape of vortices. We
will see that, in this regime, the condensate and the wave function are localized in
the domain D defined by

D = {x? +a®y? + 22% < po}, (1.3)
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where pg is determined by
fD p1r() = 1 where pre() = po — (22 + 022 + B30, (14)

This yields o/ = 15a8/87.

The other regime is at high rotational velocity, that is, when Q is close to the
trapping frequency w, (we call Q@ = Q/w,). Then, the centrifugal force nearly bal-
ances the trapping force, the condensate expands, and the number of vortices di-
verges. There is a dense lattice for which vortices have approximately the same size
as their interdistance. The condensate is no longer localized in D but in a larger do-
main D; = {x2(1 — Q%) + (@® — Q»)y? + p%z> < p1}, where p; is defined by
some normalization condition, similar to pg. This is due to the fact that the centrifu-
gal force creates an effective trapping potential, whose frequencies in the x and y
directions are wy+/1 — Q2 and wyv/a? — Q2. The study of the lattice will rely on
homogenization techniques and double-scale convergence.

Though the shape of vortices is interesting from a three-dimensional point of
view, before studying the full three-dimensional model related to the experiments,
we want to restrict to a simpler situation in two dimensions, which allows us to un-
derstand the main features. Our two-dimensional reduction corresponds either to a
condensate which is an infinite cylinder (then the coefficient a in (1.2) has to be
replaced by a/Z, where Z is the elongation of the condensate), or to a condensate
very thin in the z direction (that is, when B is large). In this latter case, the two-
dimensional model can be rigorously derived from the three-dimensional energy.
We refer to Schnee, Yngvason [140] and Olshanii [117] for details: when the con-
finement in the z direction is much stronger, the wave function ¢ (x, y, z) can be
decoupled into ¢o(x, ¥)€(z); £(z) corresponds to the ground state without interac-
tion in the z direction and is a Gaussian, and ¢ minimizes the corresponding 2D
problem, where the scattering length a has been modified to include the reduction,
that is, apg = a/a,, where a, = (h/mw,)'/?. In this setting, the function prg(x, y)
is equal to pg — x2 — o?y?, and the domain D = {prr > 0} is two-dimensional.
This two-dimensional reduction is particularly meaningful in the case of high rota-
tional velocity, since the ratio of the trapping frequency along the z direction and the
effective perpendicular trapping frequency are of order /1 — 2. This ratio becomes
small when 2 reaches the trapping frequency w,. We will use this reduction in this
setting, though it is an open problem to derive it rigorously.

1.2.2 The Thomas—Fermi regime

A limit often considered in the literature, and called the Thomas—Fermi regime, oc-
curs when the kinetic energy is small in front of the trapping and interaction terms.
This is the limit that we are going to consider for the case of low velocity, when
there is a small number of vortices in the system. This limit can be quantified by the
introduction of a small parameter
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d 2/5
&= <87rNa) ’ (15

Using the experimental values of the ENS group [108] for rubidium atoms,! we find
that ¢ = 2.75 1073, We rescale the distances by R = d /+/€ and define u(r) =
R3/ 2qb(x), where x = Rr, and we set 2 = Q/ew,. The energy can be rewritten as

1 1 1
/ ~IVul? =@ xr- (i, Vi) + — (2 + o2y + B2 ul? + —lul*. (1.6)
R3 2 2¢ de

Due to the constraint f lul> = 1, we can add any multiple of f |u|?, so that it is
equivalent to minimize

Ee(u) = /R %IWIZ —Qxr- (i, Vi) + éw - %m(r)w, (17)
where prr is defined by (1.4). If €2 is bounded above by C|log €|, one can check that
if r € R3\ D, since the energy is convex in this region, |u| decays exponentially
fast [80]. This means that D corresponds to the region where |u| is significant, that
is, the location of the condensate in the figures. The domain D is elongated in the z
direction because § is much smaller than 1 in the experiments.

In order to simplify the mathematics, we will restrict to minimizing E. in D
instead of R3, with the condition u € HOl (D), and we will ignore the L? constraint,
which will be almost satisfied because of (1.4). More details will be given in the last
paragraph of this section.

Thus, we will be interested, according to the value of €2, both when D is an
ellipsoid in R and when it is an ellipse in R?, in the minimizers u € HO1 (D) of

Eg(w:/ %|Vu|2—sz xr-(iu,w>+%<|u|2—m(r>)2 (1.8)
D 4e

where D and prp are respectively given by (1.3) and (1.4), 2 = Qe;, and r =
(x, ¥, z). We point out that another way to write the energy is

1 . 1 1
Eg(u>=/ 51V —iAuf? = 2@l + — (ul® = pre@)?, (1.9)
D £

where A = Q X r. This formulation is reminiscent of the one used for the Ginzburg—
Landau model of superconductors [109, 138], and so is the value of the critical rota-
tional velocity. Yet the nonuniformity of pTp gives rise to a new series of phenomena
and special patterns for vortices.

The mathematical techniques are inspired by the tools developed for the analysis
of vortices in the framework of the Ginzburg-Landau problems by Bethuel-Brezis—
Helein [32] in 2D and Riviere [131] in 3D, Jerrard [84], Jerrard—Soner [86], and

Ui = 1.445 x 107Pkg, a = 53 x 102m, N = 1.4 x 10°, and oy = 1094s~! with
a = 1.06, B = 0.067.



1.2 The mathematical framework 9

Sandier—Serfaty [138]. We will see that the critical velocity of nucleation of the first
vortex is of order [log £|. We will prove that |u|? is very close to prr except in tubes
in 3D or balls in 2D of characteristic size € where u vanishes. Close to the first critical
velocity, the number of vortices is bounded. The distances between vortices, of order
1/,/|log ¢|, is much larger than their characteristic size €. The location and number
of these singularities will be identified through an energy expansion.

We are now going to describe briefly the most significant results of this book
concerning the Thomas—Fermi regime. More rigorous statements will be made in
the next chapter, which is a mathematical introduction. One of the main results is
the derivation of a reduced line energy, which allows us to justify the experimental
observation of a bent vortex in Figure 1.4 (see also our numerical computations in
Figure 1.5, which will be described in more detail in Chapter 6). If the problem
is reduced to a two—dimensional setting, the expansion of the energy in terms of
¢ can be made more precise and we are able to determine the critical velocity for
the existence of n vortices. Finally, we present results for other types of trapping
potentials.

(b) (c)

) I

Fig. 1.5. Single-vortex configurations in BEC: (a) U vortex, (b) planar S vortex, (c) nonplanar
S vortex. Isosurfaces of lowest density within the condensate.

(a)

The bent vortex

This is one of the main results of this book, which will be described in Chapter 6.
When the domain D defined by (1.3) is three-dimensional, the shape of vortices de-
pends on the elongation § in the z direction. We are able to determine the critical
velocity for which vortices are favorable, and their optimal shape. Vortices can be
represented by oriented curves, that is, Lipschitz functions y: (0, 1) — D. They cor-
respond to the zero set of u around which there is a circulation. We prove that if the
minimizer has a singularity line y, then the energy E. has the following expansion:

E¢(u) = &(e) + mllog €|E, + o(|log ¢]),
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where & (¢) is the the leading-order term and the energy of the vortex-free solution,
which does not depend on the solution u, while the energy of the vortex line £, is

Q
g, = dl — —— | p2.dz. 1.10
4 /},'OTF (1+a2)|loge|/y'0TF ¢ (110

The energy £, contains a term due to the vortex length (first integral) and one due to
rotation (oriented integral since dz = dl - ;). The rotation term becomes significant
when Q is of order [log ¢|. This derivation is justified using I'-convergence tech-
niques [85] and the introduction of currents. The convergence of Jacobians implies
regularity of the currents and the fact that vortices are indeed described by regular
curves.

The next step is to study the minimizing curves of &, according to : if for
some values of €2, there are curves y such that €y < 0, then a vortex is favorable
in the system. We find that indeed if 8, which is related to the elongation of the
condensate in (1.3), is small, then the minimizing curve is not along the z axis, but
bending. We also analyze the properties of the local minimizers of £, and relate them
to experimental observations and numerical computations illustrated in Figure 1.5:
there are other types of vortex lines than the bent vortex, namely S vortices, which
are only local minimizers of the energy.

In the case of several vortex lines, we derive an interaction energy between the
lines, which is of lower order:

I(yi, vk) =7t/ otr log(dist(x, yx)) dl.
v

Critical velocities for the existence of n vortices

For the simplified problem where prr(r) = pg — r% and D given by (1.3) is a
disc in R2, we describe in Chapter 3 more detailed results about the minimizer
u € HO1 (D, C) of (1.8). We make an asymptotic expansion of the energy E, in
terms of &, which allows us to characterize the critical value for which the minimizer
exhibits n vortices and get information on the location of these vortices. This is in the
spirit of the techniques of Ginzburg-Landau vortices introduced by Bethuel-Brezis—
Helein [32] in 2D, developed by Sandier—Serfaty [138], and used for this problem in
R? by Ignat-Millot [80, 81].

When the minimizer is vortex-free, |u|> ~ prg. Vortices are points where u
vanishes and around which there is a circulation. They are identified through small
balls of characteristic size ¢. Except for these balls, which are local perturbations of
the wave function, |u] is close to the vortex-free solution. The contribution of vortices
to the energy is through their phase. If u is a minimizer with n vortices, then we will
prove that

T
Ec(w) = £(e) + (mponllog ¢ — —=np})

+%n,00(n— l)logQ+m2inw+C,,+o(1), (1.11)
Rn
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where £(¢) is the leading order term in & representing the energy of the vortex-free
solution, C, is an explicit constant which depends only on n, o(1) is a term which
tends to 0 as ¢ tends to 0, and

P
wbi ... by) = —mpo Y log|b; — byl + 70 > 1o (1.12)
iZ) i

A solution with vortices is energetically favorable as soon as the second term in the
expansion becomes negative, that is, Qo9 > 2|log €|. This provides the value of the
critical velocity for the existence of vortices: if lim,_.o Q2/|log ] < 2/pp, then the
minimizer does not have vortices on any compact subset of D as soon as ¢ is small
enough. If lim,_,9 ©/|log €| < 2/pg, one has to go further into the expansion of E,
to understand the number and location of vortices. Namely, the number of vortices is
determined by

wy = lim 2~ 2l0g /00 (1.13)

e—~0 log|log €|

Ifn — 1 < w1 pp < n, we prove that the minimizer has n vortices p;. The rescaled
location of the vortices p; = p;/+/< tends to minimize the reduced energy w. One
can check that the minimization of w indeed leads to patterns similar to those in
Figure 1.3. In our scaling, the points p; get close to the origin (at distance of order
1/4/2 or 1/,/]log €]), but in initial physical units, this has to be rescaled by the size
of the condensate, of order 1/4/e.

If lim,_, ¢ 2/|log €| > 2/pp but stays finite, the density of vortices is uniform in
the system, but their interdistance remains much bigger than their characteristic size.
Another regime, in which 2 becomes of order 1/ &2, will be addressed below. There,
the interdistance between vortices becomes of order the vortex size.

Other trapping potentials

In recent ENS experiments [40, 150], an extra laser beam is added to the system
and thus modifies the trapping potential. We will address this case in Chapter 4 for a
two-dimensional condensate which can be described by replacing ptg = pg — r2 by
0o — ar? + Br*. According to the values of « and g, the region D where pp > 0
changes topology and in particular, can be an annulus. In this case, we prove that
the minimizer displays a giant vortex and determine the critical velocities €24 for
which the circulation of this giant vortex is d. These critical velocities are of order 1,
contrary to the case of the disc: if

PTE(r)
2 k

Ard < Q < Aj(d + 1) with Ay =/
D r

then we prove that the minimizer has a degree d on any circle included in D.
For velocities of order [log €], the pattern of vortices changes. There is a giant
vortex in the center with circulation proportional to |log |, but there are also vortices
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Fig. 1.6. Giant vortex with circle of vortices.

in the bulk, that is, inside the annulus, as illustrated in Figure 1.6: they are arranged
on a specific circle that we are able to identify as the location of the maximum of the
function & (r)/ pTr(r), where

Ro |
§(r) = / PTE(S) (S - —) ds. (1.14)
r sAq

1.2.3 Remarks on the original problem

The original problem coming from the experiments is posed in the whole space. That
is, one has to look for minimizers of

1 1
Ee(u) = /R SIVul =@ r- (i Vi) + o ((ul? = prece)? = (or(r)-)°)
(1.15)

under fR” |u|2 = 1, where n =2 or 3 and (pTF)— is the negative part of prp. Outside
the domain D, one can prove that the modulus of the minimizer decreases exponen-
tially fast to zero. In fact, |u|? is close to the positive part of pTr except in the vortex
balls, which are small local perturbations of the density, and close to the boundary
of D. Our reduction to the bounded domain D removes the L? constraint but pre-
scribes the value of pg through fD ptr = 1. The boundary-layer thickness where
|u|? matches pr is of order £*/3, and inside this boundary layer, u can be approx-
imated by a solution of a Painlevé-type equation. We rescale the solution through
u(x,y, z) = "By (&, 3, %), where ¥ = (V/Po — x)e23,y = §¢2/3, and z = 7&*/3.
This blows up the boundary of the cloud near x = /o, and v is almost a function
of X and a solution of the Painlevé equation [61, 54]

7 02y, — ~
P A 2spo = pIp =0, p(s) — 0, p(s) ~ /2/pos. (1.16)
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As s tends to —o0o, the cubic term in the equation can be neglected and the asymptotic
behaviour is given by an Airy function: Ae=2=9/3 /(2(—s)Y/*), where the value
of A can be determined by a numerical integration. In the opposite limit at 400, the
square root matches the local behaviour of ,/orr near the boundary of the cloud.
The rigorous proof of the derivation of the Painlevé equation is still open. The role
of this layer is important to understand the superfluid flow around an obstacle. It also
has a leading-order contribution in the term £(¢) in the energy, though this does not
influence the description of vortices.

1.2.4 Mean-field quantum Hall regime

In Chapter 5, we address a regime which is very different from the Thomas—Fermi
regime (or small € case), namely the fast rotation regime, when the rotational velocity
2 gets close to the trapping frequency w,. The small parameter will now be related
to how close 2 = Q/w, is to 1. The vortex lattice is dense and the characteristic size
between vortices becomes of the same order as their interdistance. We restrict our
analysis to a two-dimensional gas in the xy plane, assuming a strong confinement in
the z axis, as described above, and we set « = 1 for simplicity. The energy (1.2),
taking into account the 2D reduction can be written

E() = / Ly i@ xry P+ S — 2P+ ENaw .
RZ 2 2 2

under fRZ [¥|> = 1. The term a is the effective scattering length and takes into
account the 2D reduction. The rescaled rotational velocity is along the z axis Q =
Qe;, and r = (x, y). Note that we have written the first two terms of (1.2) as the
expansion of a complete square, and thus subtracted the extra term. In order for the
energy to be bounded below, we need to have 2 < 1, which means that the trapping
potential remains stronger than the rotating force. Our limiting regime is when 2
tends to 1. The minimization is performed in R? and not just in a bounded domain,
because the size of the condensate increases as €2 approaches 1: the characteristic
size of the condensate, that is, the region where the wave function is significant, is
proportional to (I — €2)~!/4. In this region, vortices are arranged on a triangular
lattice, while outside, the wave function is of small amplitude, yet the analysis of the
zeroes is still of interest. The amplitude of the wave function and the location of the
zeroes are plotted in Figure 1.7.

This regime displays a strong analogy with quantum Hall physics: the first part
of the Gross—Pitaevskii energy is similar to that of a charged particle in a uniform
magnetic field. Therefore, the ground state becomes degenerate as in the case of the
Landau levels obtained for the motion of a charge in a magnetic field.

Lowest Landau level

The first term in the energy is identical to the energy of a particle placed in a uniform
magnetic field 2. The minimizers for
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Fig. 1.7. An example of (right): a configuration of zeroes minimizing the energy for Q =
0.999, Na = 3. (left): density plot of |y/].

1
/1;25|V1//—iﬂxrl/f|2under /Rz|1/f|2=1. (1.18)

are well known [104] through the study of the eigenvalues of the operator —(V —i €2 x
r)2. The minimum is £ and the corresponding eigenspace is of infinite dimension and
called the lowest Landau level (LLL). This can be studied using a change of gauge
and a Fourier transform in one direction. The other eigenvalues are (2k+1)€2, k € N.
A basis of the first eigenspace is given by

Y(x,y) = P(2)e /2 with z = x + iy, (1.19)

where P varies in a basis of polynomials. The closure of this space in L?(R?) is made
up of functions of the type (1.19), where P varies in the space of holomorphic func-
tions. In this framework, vortices are the zeroes of the polynomial or holomorphic
function and are thus easy to identify.

Our aim is to restrict the minimization of the energy (1.17) to this eigenspace.
We will see that as €2 approaches 1, the second and third terms in the energy (1.17)
produce a contribution of order /1 — €2, which is much smaller than the gap between
two eigenvalues of —(V — iQ x r)?, namely 2. Thus, this restriction is natural as
a first step, but we are not able to provide a full rigorous justification. When ¥ is
restricted to the lowest Landau level (1.19), the energy (1.17) reads

(1-9% ,

s Na 4
E(W)=Q+ ELLL(¥) ¢=Q+/ — I+ =1 (1.20)
R2 2 2

Expected shape of the minimizer

We want to minimize the energy (1.20) under fRZ |¥|> = 1, when v is given by
(1.19). A numerical study consists in writing P(z) = po[['_;(z — z;) and mini-
mizing the energy on the location z; of the zeroes and the degree n. The result is
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illustrated in Figure 1.7: there are 30 vortices in the left picture, where || is plotted,
and 56 vortices in total in the right view. Our numerical observations indicate that
vortices are located on a regular triangular lattice in the central region (about 30 vor-
tices), while the lattice is distorted towards the edges, in the region of very low den-
sity where || is not visible. The optimal degree seems proportional to 1/+/1 — Q.
Our aim is to justify these observations rigorously. We are going to construct an up-
per bound, which is close to the numerical observations. We will use homogenization
techniques and double-scale convergence. The lower bound is still an open question.

An important issue is to understand that the existence of zeroes of P far away
modifies its decay. We assume that the zeroes lie on a lattice £ = o (Z + tZ), with
a € RT and t € C, of unit cell with volume V. Let Pg(z) = po H\z;|<R, Zieg(Z_Zi).
Then as R tends to infinity,

1
Pr@e M2 Ky = n()e 7 with = =@ — % (1.21)

o2
where 7 is a periodic function on the lattice which vanishes in each cell. The decay
of the wave function is thus modified by the volume of the cell through o. In fact,
the function 7 is explicit and minimizes the ratio

b= M
f Inl*)?

(where § denotes the integral on a cell per unit volume) among all periodic functions
on a lattice which vanish once in each cell. The lattice minimizing the ratio b among
all possible lattices is the triangular or hexagonal one, that is, T = ¢*7/3, This is, the
parameter that appears for type-1II superconductors for what is called the Abrikosov
lattice [2, 93].

If the volume of the cell tends to 77, then the difference of scales in (1.21) between
n and the Gaussian allows a separation in the energy, and we obtain

5 Nab
Euc(¥)  ~ (1= Qo + Imol

This expression is minimal when the two terms are equal and o' is thus proportional
to 1/(1 — €2), which provides the upper bound for the energy

Nab(l — Q) (1.22)
‘/771 . .

Let us emphasize the presence of the coefficient b: it corresponds to the contribution
of the vortex lattice to the energy.

In fact, we prove more: any type of slowly varying profile (and not only a Gaus-
sian) can be approximated as €2 tends to 1, using this ansatz by distorting the lattice.
We are able to relate the distortion of the lattice to the decay of the wave function.
This is how we construct our upper bound. The search for the optimal slowly varying
profile is motivated by very recent physics papers: in a seminal paper, Ho [79] com-
puted the energy (1.20) of a configuration of type (1.19), where the z; are located
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on a triangular lattice, and found that the wave function averaged over vortex cells
has a Gaussian decay. This was confirmed by [27]. The issue of understanding the
properties of the vortex lattice and the decay of the wave function is a challenging
one: only recently did Cooper, Komineas, and Read [49] observe numerically the
distortion of the lattice on the edges of the condensate (similar to Figure 1.7) and the
decay of the wave function, which is closer to an inverted parabola than a Gaussian.

Let us motivate the inverted parabola: a rough analysis of a lower bound for
(1.20) under fRZ [ |2 = 1 without the constraint of being in the space (1.19) implies
that the minimizer is the inverted parabola

2 : 2Na \"*

The energy of such a test function is 2+/2/Na (I — §2)/7 /3, without coefficient b.
The restriction to f = 1//69‘“2/ 2 being holomorphic prevents one from achieving
this specific inverted parabola. But a distortion of the vortex lattice inside the space
(1.19) provides a weak-star approximation of the inverted parabola and will modify
the radius R by a coefficient b!/# coming from the contribution of the lattice to the
energy through the function 7. The distortion of the lattice on the edges improves the

upper bound (1.22) and yields
22 [Nab(1 — Q)
3 T '

The lower bound given by the inverted parabola has a difference of a factor v/b due
to the lattice contribution. The proof that the lower bound should include / is still
open.

Additional results can be obtained using the explicit expression of the projector
onto the space spanned by (1.19): for any g(z, z),

M(g) = 2 f e U g (! 7). (1.24)
T JR2

This provides in particular an equation satisfied by the minimizer. This allows us to

prove that the minimizer has an infinite number of zeroes, and thus is not achieved by

a polynomial. We would like to get more information on the distribution of vortices

for the minimizer.

1.2.5 Flow around an obstacle

Finally, in Chapter 7 we address another experiment with Bose—Einstein condensates
which exhibits vortices [128] (see also [67, 117, 129]). It consists in a superfluid flow
around an obstacle: at small velocity, there are no vortices in the system, the flow is
indeed superfluid, and we prove the existence of stationary solutions. When the ve-
locity increases, vortices are nucleated and the flow becomes time dependent. We
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show numerical simulations and open problems related to this regime. The mathe-
matical difficulty is thus to get existence results for equations of the type

Ay = 2icd +yax, y,2) — [y} =0

when the velocity of the flow ¢ is small, in an exterior domain, which is the exterior
of the obstacle. The precise definition of a (depending on the trapping potential) and
the domain will be given in the course of the chapter. They are related to the Painlevé
boundary layer, where the nucleation of vortices takes place.






2

The Mathematical Setting: A Survey of the Main
Theorems

This book contains results in three directions: the Thomas—Fermi regime or small
& problem, where there is a bounded number of vortices in the system (Chapters
3, 4, 6); the fast-rotation regime, which displays a vortex lattice (Chapter 5); and
the experiment of a superfluid flow around an obstacle (Chapter 7). The tools and
techniques needed to address these problems are very different: energy expansion
using a small parameter for the Thomas—Fermi regime; double—scale convergence,
homogenization techniques, and Fock—Bargmann space for the fast-rotating regime;
energy estimates and nondegeneracy of a solution for the superfluid flow. The main
mathematical results are summarized in the present chapter.

2.1 Small ¢ problem

A large part of this book is concerned with the study of minimizers u € HO1 (D; C)
of the following energy, where D is a bounded domain in R? or R:

1 1 o 1
E.(u) = / 5|Vu|2 - 595 xr- (iuVi —iavVu) + ﬁ(|u|2 — prr(D)?, (2.1)
D £

where ¢ is a small parameter, 2, = Q.e, is a given vector parallel to the z direction,
r=(x,y5,2), R xXr = (—Q.y, Qx, 0), u is the complex conjugate of u, and prp(r)
is a regular prescribed function modelling a trapping potential. In the following, we
will use the notation (iu, Vu) of the scalar product in C, to denote the term ({uViu —
iuVu)/2. The domain D is defined as

D = {prp(r) > 0} (2.2)

and the function prF is normalized in such a way that fp potF = 1. The original mo-
tivation coming from experiments corresponds to prr(r) = po — (x2+a?y? + B222),
where « is close to 1 and S is small. In order to understand the main difficulties of the
problem, we will start with a model case corresponding to a problem in R? (formally
B = 0), where in factr = (x, y), prr(r) = po — %+ yz), and D is thus a disc
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in R?. Then, we will focus on other types of functions prg for r in R? and finally
address the original case of the experiments for the harmonic potential in R3.

The main issue is to analyze, according to the value of €2, the properties of the
minimizers # when ¢ is small and determine the location of the zero set of u. This
will rely on an asymptotic expansion of the energy, and techniques introduced for
Ginzburg-Landau-type problems by Bethuel-Brezis—Helein [32] in 2D and Riviere
[131] in 3D, and then developed and extended by Jerrard [84], Jerrard—Soner [86],
and Sandier—Serfaty [138]. Vortices will be identified as balls in 2D or tubes in 3D
of characteristic size €, containing the zero set of # around which the phase changes.

2.1.1 The two-dimensional setting

We will first address the case in which r lies in RZ, and otr(r) = prE(X, V), so that
D is a two-dimensional domain.

The model case

In Chapter 3, we will study the minimizers u € HO1 (D, C) of (2.1) when prp(r) =
oo — 2 and D given by (2.2) is the disc in R? of radius +/Po. We will make an
asymptotic expansion of the energy E, in terms of &, which will allow us to charac-
terize the critical value for which the minimizer exhibits n vortices and the location
of these vortices. This is in the spirit of the techniques of Ginzburg—Landau vortices
introduced by Bethuel-Brezis—Helein [32] in 2D, developed by Serfaty [143, 144]
and Sandier—Serfaty [138], and used for this problem in R? by Ignat-Millot [80, 81].
If u is a minimizer with n vortices, then we will prove that as ¢ tends to 0,

T
E.(u) =E&(e) + (n,oon|log gl — > En,og)

+%np()(n— Dlog 2, +minw + C, + o(1), 2.3)
Rn

where £(¢) is the leading-order term in € representing the energy of the vortex-free
solution, C, is an explicit constant which depends only on n, o(1) is a term which
tends to O as ¢ tends to 0, and

700 2
wby,... b)) =—7 log|b; —bi| + — b;i|*. 2.4
(i o) Po;glz Jl lem (2.4)
A solution with vortices is energetically favorable as soon as the second term in the
expansion becomes negative, that is, Q. p9 > 2|log ¢|. This provides the value of the
critical velocity for the existence of vortices, and we prove that for €2, smaller than
this critical velocity, the minimizer does not exhibit vortices:

Theorem 2.1. Let u, be a sequence of minimizers of E¢ in HO1 (D) and assume that
Q¢ depends on ¢ in such a way that
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Q2

lim =
e—>0 |10g &l

. (2.5)

Then wj = 2/po is a critical value in the sense that, if wy < w( for any compact
subset K of D, if ¢ is smaller than some €k, then u. does not vanish in K . In addition,
as € tends to 0, |ug| converges to ./pTF in Li’g’c (D), and

E¢(ug) = E(e) +o(1), (2.6)

where E(¢g) does not depend on ug or Q.

If wo reaches the critical value w(j, then the number of vortices in the system depends
on the next term in the expansion of €2.. The critical velocity for the existence of
vortices is determined by the fact that the leading term in the expansion (2.3) is the
same for n and n 4 1 vortices:

Theorem 2.2. We assume a specific asymptotic form for the rotation <,
Q¢ = wgllog ] + wilogllog €. 2.7)

Let ug be a sequence of minimizers of E in HO1 (D):

(i) If w1 < 0, then the conclusion of Theorem 2.1 holds.

(ii) If o} < w1 < w?“, with o = 2(n — 1)/ po, for any compact subset K of D
containing a neighborhood of the origin, if € is smaller than some €k, u, has
exactly n vortices p; of degree one in K. Moreover,

|pi| < C/V/Q for any i and |p; — p| > C/y/ S,

where C is independent of €. Let p; = pf/</Qc. Then the configuration p;
tends to minimize the energy w defined in R*" by (2.4).

The proof relies on the splitting of the energy introduced by Lassoued—Mironescu
[97], and a construction of an upper bound and a lower bound which provide the
energy expansion (2.3). The construction of the lower bound is made in two steps: the
first one provides an upper bound of the number of vortices (as in [136]) according
to the bound on the rotational velocity, that is, the bound on w;. The second step
uses the techniques of bad discs introduced by Bethuel, Brezis, and Helein [32] and
allows one to localize the vortices and yields the renormalized energy w.

Let 1, be the minimizer of E, with Q, = 0. Then the energy decouples into the
profile part n,, the contribution of vortices, and the contribution of rotation:

Ec(u) = E:(ns) + &y, (v), where &, (v) = Gy, (v) + Ly, (v), (2.8)

nz 2 ne 2 2
d G = “£\v —£ - 1)~ 2.9
and Gy, (v) /D 21Vl 4+ 5 (0 = 1) 2.9
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Ly (v) = —/Dngszri - (iv, Vv), (2.10)

where r' = (—y, x). The term G, is very similar to the energy studied in [32], with
the addition of a weight ng which is very close to prg. This part of the energy allows
us to define the vortex structure and provides the |log €| term in the expansion, as
well as the renormalized energy. The rotation term provides the negative quantity
-T2 Y, ,o%F( p;)/2. The vortices which contribute to the energy expansion are
located close to the origin (at distance of order 1/,/|log ¢|) and thus the weight in
the expansion becomes the value of prp at zero, that is, pg. The presence of ,o%F in
the rotation term is a very special feature of the harmonic potential: it corresponds to
the fact that a primitive of rprr(r) for our special choice of prF is — ,O%F /4.

Since the weight prr vanishes on the boundary of D, we get information only on
compact subsets of D and are not able to analyze vortices up to the boundary. This
is the topic of interesting open issues.

Other trapping potentials

The analysis is carried on in Chapter 4 with other functions ptr(r) whenr = (x, y)
still lies in R? and D given by (2.2) is a domain in R?. We will address the case of
a nonradial function with a harmonic growth and a radial function whose support is
an annulus.

The case of the experiments is a harmonic potential with an inhomogeneity in the
x and y directions, namely prr(r) = po —x2—q? y2, with o # 1. The results are very
similar to those of the previous section, except that now the energy expansion and
the critical velocity depend on «. This has been addressed by Ignat—Millot [80, 81].
The main difference with the case @ = 1 lies in the fact that the vortex-free solution,
that is, the minimizer 7, of E, under the condition that it does not vanish in D, is no
longer a real-valued function but has a globally defined phase S;. Its modulus is very
close to prr. Due to the specific growth of prF, as ¢ tends to 0, this phase converges
to S, which is proportional to (@ — 1)xy. If prr had another type of inhomogeneity
in x and y, this limit would not be so easy to identify and the expansion of energy
not so precise. In the splitting of energy, we use |1, |e’S as a comparison function and
prove that (see Chapter 4, Theorem 4.1, for a precise statement)

= ) iS e o
Ee(u) = Ec(icle’) + (mponllog | - W””‘)) @.11)

T
+ En,oo(n —1)log 2, + mzinw 4+ Cuo +0(1),
Rll

where

700
w(bi, . ba) = =wpo ) loglbi —bjl+ =5 ) Il 212)
i#j i
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and [r|2 = x? + ?y?. The critical velocities will now depend on «, as well as the
renormalized energy w, through the weighted norm |r|§.

We also deal with a radial function ptr with support in an annulus such as pp +
(b—1r?—(k/Hr* withb > 1+ (3k>/4)!/3. We refer to Bg, \ B, as the domain D.
The special feature of this trapping potential is that vortices appear as giant vortices:
there is a degree in the annulus, but the vortices are in the inner disc. It is very
difficult both experimentally and mathematically to discriminate between a giant
vortex centered at the origin and several vortices of degree one, located close to
the origin in the region where the wave function is small. For this reason, we only
provide information about the circulation in the annulus, which has the effect of a
giant vortex. The critical velocity to nucleate a vortex is now of order 1, contrary to
the previous cases, where it was of order [log ¢|:

Theorem 2.3. Let go(d) = A1d*/2 — Qd for d in Zwhere Ay = [, pre(r)/r?. Let
Qu=A1(d—-1/2) ford > 1 and Qp = 0. If u, is a sequence of minimizers of Eg,
and Qg < Qg < Qg41, then:

(i) Ec(ug) — Ec(ne) — go(d), as ¢ tends to 0.
(ii) There exists a subsequence ¢ — 0 and o € C with |a| = 1 such that

% — ae'?? in HILC('D), and 77_ — 1, locally uniformly in D.

& &

(iii) For every fixed r such that dB,(0) C D, deg(i;—z, 0B,) = d for ¢ sufficiently
small.

For velocities €2, of order |log ¢|, the pattern is quite different: vortices exist in
the annulus and they are arranged regularly on a specific circle as illustrated in Figure
1.6. We prove that the degree of the giant vortex is proportional to |log ¢|, and we
characterize the circle where vortices appear in the annulus as the location of the
maximum of the function & (r)/oTr(r), where

Ry 1
E(r) = / TR (S) (s _ —) ds. 2.13)
r sAq

The precise statement is given in Theorem 4.4.

2.1.2 The three-dimensional setting

We now address the case when D is an ellipsoid in R3. In Chapter 6, we study the
minimizers u € HO1 (D, C) of (2.1) when prr(r) = po — (x2 + a?y? + B%z?) and D
is given by (2.2). We want to make an asymptotic expansion of E, as in the previous
cases, but the three-dimensional setting does not allow us to get as many terms in
the expansion. Our mathematical results deal mainly with the single-vortex solution
and are aimed at proving the bending property. We will see that the shape of vortices
depends on the elongation S in the z direction. We are able to determine the critical
velocity for which vortices are favorable, and their optimal shape.



24 2 The Mathematical Setting: A Survey of the Main Theorems

In this derivation, vortices can be represented by oriented curves, which are Lip-
schitz functions y : (0, 1) — D. We are going to prove that if the minimizer has a
single singularity line y, then the energy decouples into the energy of the vortex-free
solution & (e) and a contribution from the vortex line y, that is, as ¢ tends to 0,

E¢(u) = &o(e) + m|log €|&, + o(|log €),

where

Q. / )
g = Al — ——— dz. 2.14
y /ypTF (It a2)loge] J, ™™ 19

The energy of the vortex line y contains a term due to the vortex length (first integral)
and one due to rotation (oriented integral since dz = dl - e;), which tends to force the
vortex to be parallel to the z axis, while the other term wants to minimize the length.
This is why, according to the geometry of the trap, the shape of the vortex varies.
The rotation term becomes significant when €2; is of order |log ¢|. This derivation is
justified using I'-convergence techniques and the introduction of currents. Vortices
are identified through the study of the Jacobians, namely

Jv = va,- A Uy, (2.15)
j<k

The convergence of Jacobians to a limiting current is proved and allows us to get
regularity on the limiting singularity line y and define &, .

The next step is to study the minimizing curves of £, according to Q.. For fixed
2, if there are curves y such that £, < 0, then a vortex is favorable in the system.
We find that indeed if 8, which is related to the elongation of the condensate in (1.3),
is small, then the minimizing curve is not along the z axis, but bending. We also
analyze the properties of the local minimizers of £, (existence of S vortices as in
Figure 1.5) and relate them to experimental observations.

The main results can be summarized in the following theorem, which character-
izes the critical velocity below which the minimizer is vortex-free:

Theorem 2.4. Let Q = lim,_o 2. /(1 + «?)|log &| and
Qi = inf{Q, Iy with &, <0}

Then 1 < Qipy < 5/4. For Q < Qi, the global minimizer u, is asymptotically
vortex-free in D. For Q > 21, the minimizer has vortices. The straight vortex does
not minimize the reduced energy &, if B < /2/13.

2.2 Vortex lattice

The other main part of this book (Chapter 5) is dedicated to another regime, in which
the rotational velocity gets large: the condensate size increases with the velocity,



2.2 Vortex lattice 25

vortices are no longer small balls, and their distance is of the same order as their
size. They are arranged on a triangular lattice, distorted towards the edges of the
condensate.
We consider the minimization of
(1-Q% Na
ELL(y) = / —— WP+ g tunder | yP=1 (216)
R

R

. 2 . .
for functions ¥ (z) = f (2)e~ 1172 where f is holomorphic. As before, we are
interested in the number and location of vortices. In this setting, we expect a vortex
lattice of characteristic spacing of order 1 and a condensate of characteristic size R
such that R* is proportional to 1/(1 — ). The ball By is the region where the wave

function is dominant. The results that we will present deal with an upper bound for
the energy, the lower bound remaining an open issue.

Theorem 2.5. Let £ be a lattice, Q its unit cell. Assume that V = |Q| > m. Let

Vr@ = Ap [] - je @.17)
jetnBg

with A chosen such that ||y gl 22y = 1. Then as R tends to oo,

* 1
VR =¥ (2) = ﬁn(z)e_lzlz/(z"z), (2.18)
where
1 T
—S=9- (2.19)

and n is a periodic function which vanishes at each point of £. In addition,
limg_ 400 ELLL(¥R) = ELLL(Y). As o tends to infinity, then

1 Nab 4
EuL() ~ (1 — 0+ NP e = LT

1702 FinP? (2.20)

Here, { denotes the integral on a cell per unit volume.

The main feature of the periodic lattice is to modify the decay of the Gaussian from
e~ U/2 1o e_|z|2/202, where o depends on the volume through (2.19). We need to
choose the optimal o in (2.20), which yields
1 Nab
ot —q) = -2 2.21)
4

This value of ¢ indeed satisfies 0 — 400 as €2 tends to 1. The estimate of the energy

is thus
Nab
Erin(¥) 911‘/ 7(1 — Q). (2.22)
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Let us emphasize the presence of the coefficient b: it takes into account the averaged
vortex contribution on each cell. As in the case of superconductors near H,,, for the
Abrikosov lattice, the optimal lattice minimizing the ratio b is the hexagonal one
[93], providing 1.16 as a value for b.

In fact, the function 7 is explicit and related to the Abrikosov problem [2, 93]

. 3
n(z) = esz/ze_sz/z@(az, 273y where a = ;/—_, (2.23)
\ 27

400
@@,n::l }:(—1w8”””“ﬂfah+““2 veC. (2.24)
1

n=—0oo

Given the invariance properties of the Theta function on a lattice, |5| is periodic on
the lattice aZ + ae*™/3Z. The function given by (2.23) minimizes the ratio

b £inl*
(f In?)?

among all periodic functions on a lattice which vanish once in each cell.

We construct a test function that should be close to the minimizer. It has a tri-
angular lattice in the region where the wave function is significant and is distorted
outside. The main observation is that modifying the location of the vortices from
a regular lattice can change the decay of the wave function and hence improve the
energy estimate.

Theorem 2.6. There exists a sequence of functions o with Iﬁgemz/ 2 holomorphic,
such that as Q2 tends to 1,

22 [Nab
ELLL(waTf 7“(1—9) (2.25)

This estimate is indeed better than the one for the regular lattice (2.22). Let us jus-
tify what kind of slowly varying profile (better than the Gaussian) produces an im-
provement in the energy estimate: if one considers the minimization of Eypp (¢)
without the holomorphic constraint on f, then the minimization process yields that
(1 — Q?)|z?/2 + Na|y|?> — i = 0, where p is the Lagrange multiplier due to the
constraint f [¥|? = 1, so that || is the inverted parabola

2 Iz|? 2Na \'*4
2
= 1— li<r, R=.Ju= . 2.26
*@) 7 R? < R2> = g <7T(1 - Q)) (220

The energy of such a test function is 2+/2Na(1 — Q)/7 /3, that is, (2.25), but with-
out the coefficient b. The restriction to f = wegmz/ 2 being holomorphic prevents
us from achieving this specific inverted parabola. A distortion of the vortex lattice
provides a weak-star approximation of the inverted parabola but will modify the ra-
dius R by a coefficient b'/4 coming from the contribution of the lattice to the energy
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through the function 5. This is why our upper bound contains b, and we believe that
the lower bound should as well.

Another approach to this problem is to introduce the so-called Fock—-Bargmann
space [26, 110]

F= { f is holomorphic , / | fRe 2 < oo}. (2.27)
R2

This space is a Hilbert space endowed with the scalar product (f, g)r =
fRZ f (z)g(z)e’mz‘z. The projection of a general function g(z, z) onto F is explicit :

Q — i
M(g) = — / e QU () 71y, (2.28)
T R2

If g is a holomorphic function, then an integration by parts yields IT(g) = g. Using
this expression, we are able to derive an equation for the minimizer

Theorem 2.7. If f € F is such that ¥(z) = f(2)e~ /2 minimizes (2.16), then f
is a solution of the following equation:

n((L;ZZ)W 4 Nal| el - u)f) —0, (2.29)

where  is the Lagrange multiplier coming from the L? constraint.

The equation for the minimizer allows us to derive that this minimizer cannot be a
polynomial:

Theorem 2.8. If f € F is such that ¥(z) = f(z)e~ /2 minimizes (2.16), then f
has an infinite number of zeroes.

We expect that the minimizer is close to ome_mz'z/ 2, where 7 is the periodic
function on the lattice (2.23) and « the inverted parabola (2.26) with Na replaced by
Nab. Of course, this test function is not in our space of holomorphic functions, but
H(an)e‘mz|2/ 2 is. We would like to get more information on the minimizer using

this kind of tool.

2.3 Flow around an obstacle

In Chapter 7, we address the problem of a superfluid flow around an obstacle. It can
be formulated as follows: understand the properties of the solutions of

AY = 2icde Y + (po — ¥ 1HY =0, (2.30)

forx = (x,y)inw = R? \B_l, where B is the obstacle, and ¢ = 0 on d B;. Here ¢
is the velocity of the flow at infinity and py some fixed number. If the flow is dissipa-
tionless, that is, for small ¢, we expect the existence of a stationary stable solution of
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this equation, while if ¢ is increased, the flow becomes time-dependent and vortices
are nucleated. We expect the nonexistence of stationary solutions to hold. Our main
result consists in a rigorous proof of the existence of stationary solutions of (2.30)
for small ¢, such that y» does not have vortices:

Theorem 2.9. There exists co > 0 such that for all ¢ € (0, cp), problem (2.30) has a
vortex-free solution V., that is, || > 0 in w.

We also deal with a case closer to the experiments, in three dimensions, where pg is a
function of position, and prove a similar theorem for small velocity. This setting and
our numerical simulations provide many open questions that we try to formulate.



3

Two-Dimensional Model for a Rotating Condensate

In this chapter, we want to study the shape of the minimizers u = u, € HO1 (D; C) of
1 2 N 1 2 2
Ec.(u) = SIVul® = Qr= - (iu, Vu) + — (|u| — pTF(r)> dxdy, (3.1)
D2 4e

where r = (x,y), r* = (—y,x), (iu, Vu) = i(@Vu — uVii)/2, ¢ is a small pa-
rameter, and 2 is the given rotational velocity. We assume that ptp(r) = pp — r2,
D is the disc of radius Ry = /o in R2 (so that prp = 0 on 9D), and fD PoTF = 1,
which prescribes the value of pg. The issue is to determine the number and location
of vortices according to the value of €.

As we have explained in the introduction, the energy formulation relies on two
reductions: a two-dimensional reduction and a bounded-domain reduction. The two-
dimensional reduction of the problem has been used in a number of physics papers
[35, 45, 106]. There, the minimizer is computed either numerically or using a special
ansatz (which corresponds mathematically to constructing an upper bound), and the
critical velocities for the nucleation of vortices are determined. The minimization in
a bounded domain D is not necessary to get the results, and a full two-dimensional
analysis in R? taking into account the mass constraint has been performed by Ignat
and Millot [80, 81]. We follow their ideas for this simplified problem. For the ease of
presentation, we restrict here to the model case prr(r) = po — r2, but more general
functions ptfr can be dealt with, as we will see in Chapter 4.

We want to prove that for small €2, the minimizer has no vortices, and as €2
increases, determine the number and location of vortices. The analysis will be made
in the framework of the book of Bethuel, Brezis, Helein [32], described for this
setting in [12] and analyzed in Ignat—Millot [80, 81]: vortices are identified as balls
where u is small and in which there is a degree. The method relies on an asymptotic
expansion of the energy: each vortex located at p; provides an energy contribution
of order m|log ¢|pTr(|pil), while the rotation term provides a negative counterpart:
— SZ,O%F(| pi|)/2. A vortex becomes energetically favorable when the sum of these two
terms becomes negative; hence the critical velocity will be of order [log ¢|. The main
tools that we are going to use have been developed by many authors in the context
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of Ginzburg-Landau vortices. Let us point out the contributions of Sandier—Serfaty
[134, 135, 136, 143, 144], summarized in the book [138], but also of Lassoued—
Mironescu [97] and André—Shafrir [22]. The main difference with previous work is
that the potential term ptF vanishes on the boundary of the domain, and we will not
be able to say anything about vortices close to the boundary; hence we will have to
restrict our analysis to Ds = {r € D, dist(|r|, dD) > §}.

3.1 Main results

If the velocity is smaller than a critical velocity, we prove that there are no vortices
in the system:

Theorem 3.1. Let u, be a sequence of minimizers of E¢ in HOl (D) and assume that
Q depends on ¢ in such a way that

li = wo. 3.2
sf})|log8| @ 3-2)

Then wy = 2/po is a critical value in the sense that if wy < wy, for any § > 0, if e
is smaller than some &g, then u, does not vanish in Ds. In addition, as € tends to 0,
lug| converges to /ptr in LY (D), and

loc
Ee(ug) = E(e) + o(1), (3.3)

where E(¢&) does not depend on ug or Q.

If wp reaches the critical value w(j, then the number of vortices in the system depends
on the next term in the expansion of :

Theorem 3.2. We assume a specific asymptotic form for the rotation 2:
Q = wgjllog | + wilog|log €|. (3.4)

Let uy be a sequence of minimizers of E. in HOI (D):

(i) If w1 < 0, then the conclusion of Theorem 3.1 holds.
(ii) If o] < w1 < wﬁ’“, with o = 2(n — 1)/ po, for any § > 0, if & is smaller than
some &, then ug has exactly n vortices p; of degree one in Ds. Moreover,

|pi <C/VQ for any i and |p; — p%| > c/ve,

where C is independent of ¢. Let p; = p; / V2. Then the configuration p; tends
to minimize the energy w defined in R*" by

700
w(bi, . by) = —mpo 3 loglbi —bjl+ == Ibil%. (335)
i#j i
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We have the following asymptotic expansion for the energy:

b4
Ee(ue) = E(e) + Znpo(n — 1 = w1 pp) log [log e| (3.6)
+minw + Cp, + o(1),
R2n

where E(g) does not depend on ug, and Cy, is an explicit constant that depends
only on n.

For @y > w;, we do not perform the analysis here, but we expect a limiting free-
boundary problem described in Open Problem 3.4 in Section 3.8, which gives rise
to two regions: the central region has a dense distribution of vortices and the outer
region has no vortices. The case of larger velocities, that is, of order ¢/ &2, will be
addressed in Chapter 5.

Our result does not include statements about vortices close to the boundary, since
they lie in a region where their contribution to the energy is smaller than our precision
of expansion: the energy contribution of vortices in D \ Ds is of order §, hence
very small. A more precise expansion would only allow the elimination of vortices
closer to the boundary, and different tools should be introduced in order to derive the
nonexistence of vortices for sufficiently small velocities:

Open Problem 3.1 There exists a constant C such that for Q < C, minimizers of
E; do not have vortices in D.

One may hope to get this result by proving the uniqueness of the minimizer for small
Q2 and then using the rotational invariance. A first step is to get the nondegeneracy of
the solution at 2 = 0 and use an implicit function theorem to derive the uniqueness
for €2 sufficiently small. The result should hold in a more general sense, that is for
any velocity of order 1. For 2 larger, that is, of order |log €|, yet smaller than the first
critical velocity, it is possible that the minimizer has vortices close to the boundary
in the region of low density, arranged on a circle for instance. At the moment, neither
numerical simulations nor analytical results give a hint.

3.1.1 Single-vortex solution and location of vortices

When the solution has a single vortex at the point p, the asymptotic expansion of the
energy is simplified:

Ec(ue) = E(e) + mlog elpre(p) — w1 Qpip(p)/2 + O(1). (3.7

The location of the vortex is determined by the minimum of E(p) = prr(p) —
Q,o%F(p) /(2|log ¢|). For € small, the energy E(p) is a decreasing function of the
position p; hence the best situation is to have the vortex at the boundary, that is, no
vortex at all. For €2 larger, the energy E(p) has a local minimum when the vortex is
at the origin but the global minimum is at the boundary. For 2 even larger, the global
minimum is achieved for a vortex at the origin. From this, we see easily that there
are two critical velocities: one corresponds to the single vortex at the origin being a
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local minimizer and the next one a global minimizer. This latter corresponds to our
critical velocity w(, and the first vortex appears at the origin.

For a higher number of vortices, they are still very close to the origin (at distance
of order 1/,/|log €]), and their precise location is determined by the minimization of
w. This has been studied by Gueron—Shafrir [76] and their results are consistent with
the experimental data such as those illustrated in Figure 1.3.

3.1.2 Ideas of the proof

The method relies on an asymptotic expansion of the energy: we have to construct
an upper bound and a lower bound for the energy. The first step is inspired by an
idea of Lassoued and Mironescu [97] and consists in removing from the energy the
contribution due to the inhomogeneity of prr.

We first analyze the energy minimizers 1, when Q2 = 0. Up to a multiplication
of a complex number of modulus one, this minimizer is unique and real-valued, and
Ec(n) = Fe(n), where

lopey Lo 2
Fs(n)=/ {EIVUI +ﬁ(ln| — p1E(r)) }dxdy. (3.8)
D £

The minimizer n, of F; is (up to a complex multiplier of modulus one) the unique
positive solution of

1 .
Ang + 8_2778(:0”1"1:(") — ng) =0 inD, n.=0 onaD. 3.9)

Moreover, r/g converges to prr in L*(D) and uniformly on any compact set, but there
is a boundary layer of size £*/3 due to the bad convergence of the gradient. Then, we
define v = u/n, and split the energy E, into the energy of the density profile 1, and
areduced energy of the complex phase. Thus, we get our key identity:

E¢(u) = Ec(ne) + &y, (v), where &, (v) = Gy, (v) + Ly, (v) (3.10)
and
n: 2 ne 2 2
£ £
Gy (v) = /D 7|Vv| + E(Ivl — D¢ dxdy, (3.11)
Ly, (v) = —f n2Qrt - (iv, Vo) dx dy. (3.12)
D

The term G, is very similar to the energy studied by [32], with the addition of a
weight. When 7, is replaced by prr, we will use the following notations

E() =Epp (), Ge(v) = Gpe(v), Leg(v) = Lpp(v). (3.13)

If the integration is not performed in D but in a smaller domain, it will be mentioned.
We will study the vortex structure of u through the analysis of the map v and the
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energies G, and L.. Due to the degeneracy of the weight close to the boundary,
difficulties arise in the region where prp is small. Hence our analysis will provide
information only in the region D, = {prr > v|log |32} for some v.

From (3.10), we expect to prove the following expansion of energy:

TR,
Ec(uw) = Ec(n:) + (ponlog el — “5-np} )

—i—%np()(n— Dlog @ +minw + C +o(1), (3.14)
Rn

where n is the number of vortices. The second term in this expansion yields the value
of the critical rotational velocity. Indeed, if it positive, it is better not to have vortices
in the system, while as soon as it gets nonpositive, vortices become favorable. The
third term in the expansion of the energy provides the next significant term in the
expansion of €2; thus it is natural to assume a special behaviour for the rotational
velocity:

Q = wypllog €| + wrlog|log €|, 3.15)

so that w; will control the number of vortices.

Let us now explain how to derive (3.14). Using 7, as a test function and (3.10),
we immediately find that &, (v) is negative and &;, (v, D¢) tends to 0 as & tends to 0.
The next step in the proof consists in deriving a first lower bound, inspired by [136],
which allows us to characterize vortices through balls B; centered at p; carrying
some degree d; and some amount of energy:

G:(v, B;) = ml|d;||log ¢|pTr(pi)- (3.16)

This definition of vortex balls was introduced by Sandier [133] and Jerrard [84]. We
find that as soon as €2 is bounded by C|log €|, there is a finite collection /. of such
vortex balls in the system. Outside these balls, |v| is close to 1, and we get an estimate
of the rotational energy L, there, namely

4
Le(w, De \ Uier, Bi) ~ =22 ) _ dipie(pi). (3.17)

iels

The term p%F is specific to the harmonic potential: it comes from an integration by
parts around the vortex balls, which requires a primitive of the function rptr(r). In
the case of the harmonic potential, this primitive is proportional to p%F.

From (3.16)-(3.17) and &, (v, D,) = o(1), we find that

Q
> pre(pi) <|log elld;| — %d,) <o(l).

ielg

This provides the value of the critical velocity 2. = 2|log €|/ po, under which there
are no vortices in D,. We also obtain that as soon as w; in (3.15) is bounded, the
number of vortex balls with nonzero degree is uniformly bounded in ¢ and they are
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located close to the origin. We also get some improved energy bounds that will allow
us to improve the vortex description, in particular

Ge(v,Dg) < Cyyllog el, Ge(v, De \ {Ir] < 2llog e|7"/%})) < C,, logllog e].
(3.18)

The next step consists in refining the upper and lower bounds to deduce a better
expansion of the energy. This relies on a finer description of the vortex structure us-
ing the method of bad discs introduced by Bethuel, Brezis, and Helein [32]. These
bad discs are smaller than the vortex balls defined above. Their number is uniformly
bounded and they lie close to the origin. The main ingredients are the energy esti-
mates (3.18) and a local version of the Pohozaev identity. The clustering method of
[35] provides a new family of modified bad discs B(xj, 0), J € .7?5, with p ~ &¢

for some a € (0, 1), and Cardﬁg bounded. We identify vortices with the points x}? :
outside the discs, |v| > 1/2, and v has nonzero degree D; on the circles 8B(xj. , P).

Following methods introduced in [32], we are able to improve the lower bound
of the energy and evaluate the energy carried by each vortex,

Ge(v, B(x}) = morr(x$)|D;llog + O(1), (3.19)

and the energy away from the vortices, which contains the interaction term

G (v, Br \ UjE/%EB(Jﬁ)) >n Z PTF(X.?)D?“Ogm + Wre((x%, Dj)) + O(1),
jeFe
(3.20)

where Wpg . is a renormalized energy taking into account the interaction between
the points. The radius R is fixed at this stage of the proof; hence the error term is a
constant depending on R. It is only in the last step that we will let R tend to /0.

The next step consists in constructing an upper bound with d vortices located at a
distance of order 1/,/|log ¢| from the origin, on a lattice minimizing w, the expected
limit of Wg ¢ as R tends to ,/pg. The construction is inspired by [22].

Finally, the combination of the upper and lower bounds yields that for each j,
D; =1, Cardfg = d, and that the vortices are uniformly distributed at distance
1/4/|log €| from the origin. We rescale the location of vortices and study the limit as
¢ tends to O of

TR, b4
Ee(uw) — Ex(ne) = (mponllog ¢| = =npd) = Znpo(n — 1) log 2.
Our lower bound is a function of R that we let tend to ,/p,, to obtain the expan-
sion (3.14).

This chapter is organized as follows: Section 3.2 contains the study of 1, and
the proof of (3.10). Then, in Section 3.3, we define the structure of vortex balls,
and obtain the first lower bounds (3.16)—(3.17) and the estimate (3.18). Section 3.4
is devoted to the construction of refined estimates of the vortex structure based on
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the analysis of bad discs [32] and (3.18). The lower bound proved in Section 3.5
provides the interaction term Wg .. Then, in Section 3.6, we construct a test function
and obtain the upper bound. Finally, in Section 3.7, we combine our upper and lower
bounds to conclude with all the required estimates. Section 3.8 contains some open
questions.

3.2 Preliminaries

This section is devoted to the study of minimizers of the reduced energy F, defined
by (3.8), the existence of minimizers of E, and the proof of the key identity (3.10),
which is a first step towards the energy expansion.

3.2.1 Determining the density profile

Firstly, we study the minimizers n, of F,, which provide the shape of the density
profile.

Proposition 3.3. Problem (3.9) admits a unique positive solution ng, which is the
unique minimizer of F, in HOI (D) up to a complex multiplier of modulus one. In
addition,

(i) ne € C°(D) is radial;

(i) 0 < ne(r) < maxp prr, and |Vne| < C/e;
(iii) Fe(ne) < Cllog &| and Fe(ne, .) is bounded in Ly, (D).
(iv) There exists a constant C independent of € such that

1n:(r) — /pre(r)| < Ce'3/prr(r) ¥r € D with dist(r, 9D) > &'/, (3.21)

where C > 0 is a constant independent of ¢.

The proof of (iii) relies on the expected size of the boundary layer, namely &2/3.

There, 1. should be close to the solution of (1.16).
The assertion (iv) implies that |n§(r) — pre(r)| is small with respect to pTr(r)
itself at a small distance from the boundary of D.

Remark 3.4. We also have ng — pPTF In Cllo’g(D), Ine — Vorellcrky = Cxe?, for
any compact subset K of D.

Proof of Proposition 3.3: The existence of a positive minimizer of F; in HO1 (D)
is standard. Since F:(|n|) < F:(n), with equality if and only if n = |n|e!®, the
minimizer is a real positive function up to multiplication by a number of modulus
1 and satisfies the Euler-Lagrange equation. The uniqueness comes from [42]. Let
us recall the proof briefly. If £ and 5 are two solutions, then w = &/ satisfies an
equation that we multiply by w — 1 and integrate over D to obtain that w = 1.

(i): by the uniqueness, n must be radial.
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(ii): The maximum principle yields that > 0 in D and n < maxp prg. The
estimate on the gradient follows from the equation and the Gagliardo—Nirenberg
inequality as in [33].

(iii): Since 7, is the minimizer of F,, we just need to construct a test function
for which we have a bound on the energy. We define £(r) = y (orr(r)), where

s, ifs > €23,
y(s) =

61%, ifs < g2/3,

Using the coarea formula, we obtain

Ro a
/D IVE]* = / Y (pre(r)?|VorE> dr < C / y'(s)? ds < Cllog ¢|.
0

ro
For the other term,

2/3

/ (p1F — ¥ (pTR)*)? dr < / ) (s —y ()% ds < Ce?.
D 0

Hence, the energy of this test function is bounded by |log €.

In order to get the energy bound on compact sets, we follow [97] and fix §
such that K5 = {x € D, dist(x,dK) < &} is included in D. We have in par-
ticular Fy(ne, Ks \ K) < C|log ¢|. Hence there exists a compact K’ containing
K such that Fy(5, dK’) < C’|log ¢|. We can assume that K’ = (ro,r;) and let
K| = (ro + &, r1 — ). We consider the following test function:

e, inD\K
J/PTF. in K/,
Vin2(ro) + (1 — ) pre(ro + &),  ifr € (ro, 7o + &) and
p1re(r) = (1 — t) prr(ro + &) + tpTR(r0),
Vi) + (1 —t)pe(ry —e), inr € (r; —¢,r) and
pte(r) = (1 — ) pre(r1 — &) + prE(r1).

Vg =

Using that F.(n.) < F¢(ve) and that v, and 5, are equal in D \ f/, we obtain
Fe(ne, K') < Fe(ve, K’). A computation of Fe (v, K') together with the hypothesis
Fe(ne, dK') < C'|log ¢| gives the result.

(iv): (3.21) is obtained by restricting to small balls B;(xo) on which we construct
subsolutions and supersolutions in the spirit of [22]. We refer to [3] or [80, 81] for
more details. |

3.2.2 Existence of a minimizer of E,

The energy E. is not positive but we obtain a bound from below thanks to an estimate
of the momentum term by the energy Fi:
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Lemma 3.5. For any u € HO1 (D), any o > 0, we have

’Q/ rt. (iu, Vu)
D

where C depends only on ptF, hence on D, and Fy is given by (3.8).

c C
<oF(u)+ —Q + —£2Q", (3.22)
o o

Proof: We have

1L . o 2 Q? 2,2
QI r - (u,Vu)| == [ [Vul"+— | [x|"|ul
D 2 Jp 20 Jp
o Q2 Q2
55/ |w|2+—/ |x|2pr+—/ P (lul? = pre)
D 20 D 20 D
Q? ) g2t 4
SUFs(u)'Fg D|x| PTF + 153 D|)C|- ]

This identity allows us to get the existence of minimizers of E, and some simple
properties:

Proposition 3.6. Assume that Q < Allog €|. Then there exists a minimizer ug of E,

in HO1 (D). Moreover, u. satisfies

1
Aug —2iQrt - Vu, + 8—2(,0TF(x) — uePu, = 0. (3.23)

We have, for ¢ sufficiently small:

(a) Ec(ug) < Cpllog el, Fe(ug) < Cpllog el
(b) 0 < |ug(x)| < /pTE(X) .

(c) IVugllpooky < Cag, k e~ for any compact subset K .

Proof: Lemma 3.5 with o = 1/2 implies that
Fo(u) < 2E; () + Callog e, (3.24)

The coercivity of F, implies the existence of a minimizer for E,. Using 7, as a test
function, we find that if u, is a minimizer, E. (1) < E.(n¢); hence from (3.24) and
Proposition 3.3, (a) holds. For (b), we write the equation for [, = |u,3|2 and use the
maximum principle. Finally, (c) comes from the Gagliardo Nirenberg inequality. O

3.2.3 Splitting the energy

We use the idea of [97] to decouple the energy E. of any function u into that of the
profile 1, and the energy due to the vortex contribution and rotation.

Lemma 3.7. Letu € HO1 (D). Then v = u/n. is well defined and (3.10) holds.
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Proof: Note that v is well defined in D, since n, > 0. Since 5, satisfies (3.9), we
multiply it by 5, (1 — |v|?) and integrate:

2 1 2 1 2 2 2
(Jv] —1)(—5An8 — =0z (ptE — 1) + |Vne7) = 0. (3.25)
D &
Moreover,
_ 1 2002 2
Ec(vng) = Ec(ne) + &y, (v) + 2IVmsI (lvl* = 1) +n:Vne - Vvl
1 1 1
+ 4 (o — nzlv|?)?* — 202 (PR = ) — @n;‘a — vH

This together with (3.25) yields (3.10). |

3.3 Bounded number of vortices

Our aim is to find a lower bound for the energy, which provides a definition and
location of the vortex balls. This requires a bound on

1 1
/D 5|Vv|2 + 20 - %2,

Because of the degeneracy of the weight, we cannot estimate this integral in the
whole domain, and have to restrict to a subdomain at some distance of 9D. Let

§ =6 = v|log 5|_3/2 for some v € (1, 2) (3.26)
and
D, = {x € D: dist(|x|*, 0D) > 8}, Ng :=D\ D,.
Theorem 3.1 will follow from the first part of this proposition:
Proposition 3.8. If u, is a minimizer of E. and 2 is of the type (3.15):

(i) If either wy < wy = 2/po or wp = wj and w; < —Ko, then for any § > 0, for
¢ sufficiently small, u does not vanish in Dy. Moreover, |v,| tends to 1 locally
uniformly in D, and E;(ve, De) = o(1).

(ii) If o = wjy and w, is bounded, then there is a finite collection {B; = B(pi, si)}icl,
of disjoint balls such that for vy = ug/ne,

{xeD: : vl <1—lloge|}c | Bis (3.27)
el
> si < [loge| ™' (3.28)
ielg

Let
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Iy=1i el : di >0and|p;| < |loge|""/°},

L={iel : di>0and |pi| > |loge|~"/°},
I_={iel :d <0}.

Then there exists a constant C, depending only on wy such that for ¢ sufficiently

small,
No:=Y ldi| < Cu, (329)
iely
andif B, = {x € D : pre(x) = |log e|~'/2}, then
> ldil=o. (3.30)
iel,UI_, pieB;
Ge(ve, De) < Cyy llog ], (3.31)
Ge(ve, De \ {Ix]| < 2|log | /%)) < €, log|log &|. (3.32)

This section is devoted to the proof of this proposition.

3.3.1 First energy bound

Recall the definitions (3.10) and (3.13).
Proposition 3.9. For ¢ small, we have

|E (v, De) — &y, (v, Dg)| — 0. (3.33)

Moreover,

&, Dy) < c/llog e, (3.34)

PTF 2 P%F 2 2 2
/D T|VU| +E(|U| —1)” < Cllog |7,

‘Q/ prFrT - (iv, Vv)
D,

< Cllog &|%. (3.35)

Proof: By (3.10) and the fact that E(u.) < E¢(1.), we deduce that &, _(v) < 0. Let

us estimate the energy in NV;. We have
1 1
Q 26l (iv, V <_/ 2172 _92/ 2,212
/Ngﬂg (v U)_2 N8778| vl +t3 M|U| g1 x|

1
—f n3|Vv|2+cs22/ (7200 = D) + 2 = prer) + 1)
N Ne

IA

2

IA

1 n4
—/ n§|W|2+/ == (v]* = 1)* + CQY N |e?
2N, N, 4e

+CQ (ey/Fe ) INZ] + 5: 1Nz )

1 2 2 77? 2 2 202
< E/NE 2|Vl +/M L VAR L SO (3.36)



40 3 Two-Dimensional Model for a Rotating Condensate
In particular,
Ene (Vi Np) = —C/llog ¢,

and consequently,
&y, (v; D) < C/llog ¢ (3.37)

for any minimizer. Using the estimates on (ng — p1F) in D, from Proposition 3.3 (iv),
we conclude that (3.33) and (3.34) hold.
Note that by similar steps to (3.36) above, we obtain

1 1
szf nert - (iv, Vv) < —/ Vo> + — | ni(lP = D>+ CQ%, (3.38)
D, 4 Jp, 8s2 Jp,
and hence from (3.37) we obtain

1
F.(v,D,) = —
e (v, D) /D )

€

4
2|Vl + 4”—;2(|u|2 12 <cQ?=0(loge)),  (3.39)

with C independent of ¢. Moreover, the bounds (3.38), (3.39) also hold with pTg
replacing 2. O

3.3.2 Vortex balls
With the help of (3.35), we may isolate the vortex balls in in D, using the method of
Sandier [133] and Sandier and Serfaty [135]:

Proposition 3.10. For any A > 0 there exist positive constants &g, Co such that for
any ¢ < g9, Q < Allog €|, and any v satisfying (3.35), there exists a finite collection
{Bi = B(pi, si)}ic1, of disjoint balls such that (3.27)—(3.28) hold as well as

TF .
/ %W —iQrhv? > wpre(pi)ld;| (|log €| — Colog|log &) , (3.40)
B;
where
v
d; = degyp, (ﬂ) foralli.
v

This implies that the set where u vanishes is contained in the balls B;, and we have
a size estimate and an energy estimate. The reason to restrict to D; is the need of an
estimate of prg from below.

Proof: We sketch the proof, since the details are minor modifications of the analo-
gous results in [135]. First, we complete the square in the gradient term and using
(3.35) obtain

OTF syl 2 P%F 2 2
Tl(V—er | +E(|U| -1

1
< &, Do)+ 592/ prelx PP + o(1) < Cllog &
D,
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Since prr(x) > §, for x € D,, using p = |v|, we have

1 1
2 2 22 2
8; st <§|V/0| tze =D ) = Cllog e|”,

and hence : :
—|Vp)? + —(p> = 1?) < Cllog e]°.
fDS(2| PP+ a0 ))_ log ¢|

LetDs; :={x € D : p <1 —t},and y; = 0D; ;. Using the coarea formula as in
[135], there exists 7y € (0, |log 8|_5) and a finite set of balls By, ..., By with radii
s1, ..., Sk that cover yy,, satisfying Zi s;i < Cellog 8|8. In D; \ Ds 4, we may write
v = pe'? for a (possibly multivalued) Hli)c function ¢ (x).

Then we let the balls grow continuously, using the process described in [133],
[135], to obtain as a final lower bound

OTF . _
/ — Vo — Qx|2 > (mmpn:> |d; | (|10g el — Colog|log 8|) ,
B:\D, 2 B;
l\ 3,10

with constant Cyy independent of . Note that the minimum of prg(x) over B; is non-
increasing as the radii increase and as balls are merged. We end the process when
the sum of the radii of the balls equals |log | ~'°. By continuity of prg(x) we may
then replace the minimum of ptr on each ball by the value at its center p;, making
an error that is small compared to pTr(p;) itself. This error can then be absorbed into
the coefficient of log|log ¢|.

Finally,
PTF ) PTF 2 1,2
—I|(V—iQr-)v|” > — (1 +p°=1D|Ve — Qr—|
B 2 Bi\Ds 1 2
> (1 —C|logs|‘4)/ P \vg — artp?
Bi\DS,tO 2

> (1 —o(1)) (worr(pi)ldi|(llog €| — Colog|log ¢))
> wprr(pi)ld;|([log €| — Colog|log €l),

for some constant C independent of €.

Note that by slightly modifying our choice of §; we may be sure that no vortex
ball intersects the boundary dD;. If this is not the case, by (3.28) we may find a con-
stant k. € [1, 2) such that replacing 8’ = k., prevents vortex balls from intersecting
the boundary. O

3.3.3 The rotation term

Lemma 3.11. Let &.(r) = (,o%p(r) - 83)/4. Note that & = 0 on 0 D,. We have

Qf pTE() T - (iv, Vv) = Q Zani E(pil) + o(1). (3.41)
De\UB; i
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Proof: In D\ UB;, using Proposition 3.10, we may define w = |—3| Then (iv, Vv) =

[v|*(iw, Vw), and |Vv| > |v||[Vw]| > %|Vw| in D, \ UB;. Using the basic energy
estimate (3.35), and the fact that prg > §, in D,, we obtain

‘f pTFrL~(iv,vU)—/ pTFri-aw,Vw)‘
e \UB,; D \UB;

= ’/ ore(jv* — Drt - (w, Vw)’
Dg\uBi

12
EC(/D p%F(|v|2—1>2) IVl

1 1/2
< Cellog ¢ (7/ pTF|Vv|2>
minp, OTF JD,
2
- C8|log &l

TV

Using the definition of &, we have

(3.42)

prEMIT = —V4YE ().

Since |w| = 1, ((w, Vw) is locally a gradient and is irrotational. Applying Stokes’
theorem, we obtain

/ pTFri-(iw,Vu»:/ VEe - (iw, Viw)
D:\UB; D:\UB;

- 8. 7af + / & ] 781
msow w) Xijmswcmzw w)

Zf £ (1x]) (i, drw).
— JoB;

The last equality uses that & = 0 on 9D;.

To conclude, we need to approximate & (|x|) by &:(|p;|). This follows step by
step from Lemma I1.3 of [134] (see also [80]). Note that | V&, | is uniformly bounded
independently of ¢, and || Vw]||2 is bounded in terms of the energy using the same
trick as in (3.42) above. We claim that for each vortex ball B; of radius s;,

llog &|?
Si

&

'Q/M E () = &(UpiD) (w, dew)| <

This allows us to conclude (3.41). O
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3.3.4 A lower bound expansion
Proof of Proposition 3.8: Note that because of (3.28),
|Le(ve, Uier, B)| < Clloge* Y "ri < Clloge|™®. (3.43)
i€l
Putting (3.34), (3.40), and (3.41) together, we obtain the lower bound

Clloge|™! > & (v, D)
> 7 ) prr(p)ld;| (|log €] — Cologllog e]) — 27R Y " di&:(Ipil)

1 ,o2
+—/ pTF|Vv|2+/ A=A +o1). (344
2 DS\UBi Ds 48

In particular, this implies
wopPo . WO
7w D2 pre(poldil(flog el(1 = 202 + 22|y
i, di>0

w1
— logllog |(Co + 70TF(|P1‘ |))>

Q pie(pil) — 82 _
+m Y pre(poldi| | lloge| + — =" ) < Cllog | ". (3.45)
i a0 2 predlpil)

Ist case: If wp < w; = 2/po, then (3.45) implies that

> prr(pi)ldi| < Cllog e| 2. (3.46)
i

Since in D, we can bound prp from below by § = v|log 8|_3/2, we find that
> ildil < Cllog e|~V2. But > i ldi| is an integer, so that it must be exactly
zero for ¢ sufficiently small and there are no vortices in D,. One can use that
f ,o%F(l — |v]%)?/€? tends to zero to deduce that |v| tends to 1 locally uniformly
in D, and & (ve, D) = o(1).

2nd case: If wp = wjj and w1 < —Ko, then (3.45) implies

@0 w]
7 > pre(poldil (Ilog eI 52 1pil? = (Co + S-prr(Ipil)logliog &)
i, di>0

+7 > pre(pild;|llog el
i, di<0

1 03 _
+ —/ pTF|Vv|2+/ TEA =P < O(loge|™).  (347)
2 Jp,\uB; D, 4¢
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If w1 < —2Co/po, similar arguments as in the previous case yield that there are no
vortices.

3rd case: wy = wy;y. If w is too large, we are going to prove a bound on the number
of vortices. We let

Li=f{iel:p eB}. N.=)» ldl
ief*

and 3
[_={iel_: pieB}, N_=Z|d,~|.

iel_

Since ptr(p;) > |log e|~2 for anyi € I. U I_, we obtain from (3.47),

/ PrE() Vv 2 + N, Jlog e]/6 + N_[log ¢] /2
De\Uier, Bi

< C(1 + wy)Nolog|log e + O(jlog | 1), (3.48)
which implies in particular

log|log ¢|

max{N,, N_} < CNy 2

(3.49)
llog e

for ¢ sufficiently small. We now show that Ny is uniformly bounded in ¢. Consider
the sets

_ 2 —
7, = [|log g|71/e, g} and J, ={r € Z. : 3B, N (Ve Bi) = 0}.

By Proposition 3.10, 7, is a finite union of intervals satisfying |Z \ J;| < |log | ~1°.

For eachr € T, |[v] > 1 — |log |7, and hence we may define
v
D(r) :=deg (ﬁ’ BBr(O)) .
v
Moreover,

|ID(r)| = > No — N_ = No(1 — o(1)).

>

[pil<r

Writing v = |v]|e’? (for |x| = r € J;), we estimate the remaining term in the energy
as follows, using that in 7, |v| > 1 — |log gl

2
/D %Wm?z/j/ 'OTFT(r)|v|2|V¢|2rd0dr
' \UB; . J0

2
2[/ PTI:Z(F)|V¢|2rd9dr(1+0(1))
. JO
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PTE(T) 2
> —— (D))" (1 +0(1))
NA r
> CN@/ ar
-

> C NZlogllog &|(1 4 o(1)). (3.50)
Returning to (3.47), we obtain

log g| !
CING — CaNo < c108e!

log|log ¢|’

with constants C, C7 independent of €. We conclude that Ny is bounded. Thus, we
infer from (3.49) that for ¢ small, N_ and N, are zero; hence (3.30) holds.

Energy estimates

From Lemma 3.11 and (3.30), we deduce that for ¢ small,

70082
Le(ve, De \ Vier, Bi) = — > > prr(pildil
iely
4] _ _
— = llogel™2 30 pre(pildi] + o(llog e| )
iel\ 1
POwW]
> —m Y pre(pi)ld;|(Jlog ] + log|log &)
iely
_2_7T NPAN 172 1 =5
> pre(po)ldilllog ]'* + o(Jlog £] 7).
i€l

We now use this estimate in (3.44) together with (3.43) to derive that

> pre(pild;l|log £| < CNologllog |,

iely

and hence with (3.29), we conclude that Zie,* pte(pi)ldil|log el'2 = 0(1) . Ac-
cording to (3.43), this implies

Le(ve, De) = Le (ve, D \ Uier, Bi) + o(1)
> —7 ZPTF(Pi)|di|(|10g el +

iely

Low]
2

log|log ¢]) + o(1).

Since & (ve, D) = Ge(ve, De) + Le(ve, De) < O(Jlog e]™1), we have

POW1]

Ge(ve, De) = ﬂZpTF(pi)ldil(llog el + log|log ¢[) + o(1) (3.51)

iely

< Cw1N0|10g 8| = Cwlllc’g 8|'
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Let A, =D, \ Bzuog g|-1/6- Matching (3.40) with (3.51), we finally obtain

Ge(ve, Ag) < Ge(ve, D \ UiEIoBi)

POWI
< (=~ + Ko) )_ pre(p)ldillogllog | + o(1)

iely

< Cyu, Nologllog ¢| < C, logllog ¢|. O

3.4 Refined structure of vortices

Now that we know that for each ¢ there is a finite number of vortex balls, we want
to locate them better and prove that they are close to the origin. The analysis here
follows the ideas in [33] and [35], adapted to this setting by [81]. We prove that there
is a finite number of bad discs (bounded independently of ¢). The main difficulty is
due to the presence in the energy of the weight function prtg, which vanishes on 9D
and does not allow one to extend the structure up to the boundary. This section will
be devoted to the proof of the following result:

Proposition 3.12. Assume that u. is a minimizer of E¢, ve = ug/n., and Q is given
by (3.15).

(1) For any R € (@, ‘/p()) there exists eg > O such that for any € < ¢,

I .
|ve| = 3 mBR\B@.

(2) There exist some constants N € N, Ag > 0, and gy > 0 (that depend only on w1)

such that for any ¢ < g, there exists a finite collection of points {xj }je}- C Bygy
& v

such that Card(F;) < N and

| I —

jvel = 5 in B g \ (ujefSB(x;T, A08)>.
2
Remark 3.13. The statement of Proposition 3.12 also holds if the radius @ is re-
placed by an arbitrary r € (0, R), but then the constants in Proposition 3.12 depend
onr. For simplicity, we fixr = @.
The following proposition is a summary of the properties of bad discs that we

will use for the lower bound:

Proposition 3.14. Ler 0 < 8 < . < 1 be given constants such that @ == pNt! > 8
and let {x‘;{}je‘]g be the collection of points given by (2) in Proposition 3.12. There

exists 0 < e1 < &g such that for any ¢ < &1, we can find fg C Feand p > 0
satisfying
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(i) hoe < et < p < eV < &P,
.. 1 — =5
(ii) |ve| > 5 in BJ;T) \UjG}:EB(x;?, 0),

(iii) |ve| = 1

_ 2 & : T
oz o " aB(xj, p) for every j € Fy,

. C(8, . ~
(V) fygee o V0P 5tz (1= [ve?)? < SC2 for every j e F,
(v) |x} —x§| > 8p foreveryi, j € Fo withi # j.
Moreover, for each j € _7}8, we have

Ve

D; ::deg( ,aB(xj,p));eo and |Dj|<C (3.52)

[Ve |

for a constant C independent of ¢.

3.4.1 Some local estimates

Our first lemma relies on the Pohozaev identity and will play a similar role as Theo-
rem II1.2 in [33]. In our situation, we derive only local estimates as in [35]. In the se-

quel, R denotes some arbitrary radius in [@, J/po ) and we will write R = R%m.

Lemma 3.15. For any % < o < 1, there exists a positive constant Cr o such that

= (1 = ve|*)? < Cry forany xo € Bg.
€% JB(xp,e%)
0

Proof: We proceed in several steps.
Step 1. We claim that
Fe(ug, Brr) < Crllog e|. (3.53)

Indeed, since u, = n.ve, and 1, is bounded below away from the boundary, we get
that

-1
/ Vuel? < Cr (miinF) / pr<x>|Vv€|2+cR/ Vnel? < Crllog &,
BR’ B BR/ BR’

R/

We also have
1 202 _ C 2,2 4 2,2
— [ (otr(x) — |uel”)” < — (p1r(x) — n;)" + n (1 — |ve|?)
82 B 82 B
R’ R

C Cg
= 5 [ w22+ 55 [ ot - iy
& BR’ & BR’

Crlog ¢

IA

because of Proposition 3.3 (iii) and (3.31). Therefore (3.53) follows.



48 3 Two-Dimensional Model for a Rotating Condensate

Step 2. We are going to show that one can find a constant Cg > 0, independent of
&, such that for any xo € Bg, there is some rg € (¢%, s“/2+1/3) satisfying

C
Fe (ug, dB(x0, 1)) < —2%.

By contradiction, assume that for all M > 0, there is x3; € Br such that
M o . o/2+1/3
Fe (ug, dB(xp,r)) > —, Vre (e%¢ ). (3.54)
r

Without loss of generality, we may assume that B(xy, €*/?T1/3) ¢ Bg. Integrating
(3.54) over r € (&%, %/2%1/3) we derive that

£/2+1/3 dr
Fee Bz M [ T = Ma/2 4 1/Dllogel,
P r
which contradicts Step 1 for M large enough.

Step 3. Fix xo € Bg and let ry € (¢%, £%/>+1/3) be given by Step 2. As in Step 2, we
may assume that B(xg, r9) C Bg/. We have

1 1
—Aue = 5 (p1E(¥0) — lue[Pue + 5 (PTE() — prE(x0))ue + 2iQrt - Vu.
(3.55)

As in the proof of the Pohozaev identity, we multiply the various terms in (3.55) by
(x — xp) - Vug, add the conjugate, and integrate by parts to get

5 olg 2
—Aug - [(x —xg9) - Vugl+c.c. =rg |Vug|* — 2rg —
B(x.r0) 3B(x0.r0) 3B(xq.ro)l OV
(3.56)
and
1 2
- (ptE(x0) — [ue|ue - [(x — x0) - Vue] +c.c.
€~ JB(x0,r0)
1 2,2 ro 2,2
= (pTR(X0) — |Ue|)™ — 5= (p1F(x0) — |uel”)” (3.57)
€~ JB(x0.r0) 2e 9 B(x0,70)

(where v is the outer normal vector to d B(xg, ro)). From (3.55), (3.56), and (3.57)
we derive that

1 2N\2 2
- (pTr(x0) — |ue|)” <C | ro |Viug|
€% JB(x0,r0) dB(x0.r0)
+r f e 2 (p1r(x0) — lus®)? + roe~? / o1E () — p1rCe0) Vit |
dB(x0.r0) B(xq.r0)

+ Qr()/ |Vug|2> )
B(xo.r0)
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Then we estimate each integral term in the right hand side of the previous inequality.
According to (3.53), we have

3
/ (prE(x0) — |ue|*)? < C f (prr(x) — |up?)? + Cre2®™,
dB(xg,ro) 9B(xq,r0)
Qro / |Vue|> < QroFe(ue, Br) < Cre®*™/3|log ¢|?,
B(xo,r0)
and

ros~2 f otF(x) — (o) e | Vite| < Crrd e f V|
B(xq,r0) B

(x0,70)

< Crrd e 2[Fulue, BR)]V* < Cre2* Ylog e]'/2

(here we use that |pTrp(x) — prE(X0)| < Cpg 1o for any x, x9 € Bgs). We finally get
that

1
— f (pre(x0) — |uc|?)? < Cra(1+ roFe (e, 3B(x0,70)))
€7 JB(x0,r0)

for some constant Cr ,, independent of €. By Step 2, we conclude that

— (prr(x0) — lue*)* < Cra- (3.58)
€~ JB(xp,6%)

Using the estimates for 7., we have

1 Cr
= A=’ <= (17 — luel*)?
€% JB(x.e%) €% JB(xo.e)
Cr
<= (prr(x) — ue)* + o(1)
€ B(xo,e%)
Cr 2,2
< (o1E(x0) — |Ue|)= +o0(1) < Croa,
€% JB(xo.e)
and we conclude with (3.58). |

3.4.2 Bad discs
The next result will allow us to define the notion of a bad disc as in [33].

Proposition 3.16. There exist positive constants Ag and (g such that if

! 242 . /
) (1 —|vel®)* <ur withxo € Bg, £ > AR,
&% JBRpNB(x),20)

then |ve| > 1/2in Bgr N B(xp, ).
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We refer to [32] for the proof, which relies on the fact that there exists a constant
Cpr > 0 independent of ¢ such that

Cr .
|V'Ug| < ? m BR/.

Definition 3.17. For x € Bg, we say that B(x, Ag¢) is a bad disc if

1
= (1= |vel®? = pg.
€7 JBRr/NB(x,21ge)

Now we can give a local version of Proposition 3.12. We will see that Lemma 3.15
plays a crucial role in the proof.

Proposition 3.18. Let % < o < 1. There exist positive constants Ng o and g o such
that for every ¢ < ep o and xo € Br one can find x1, ... ,xn, € B(xg, &%) with
N¢ < NRg q satisfying

vl = 5 in B, e\ (VR Bl ko))

N =

Proof: We follow the ideas in [33], Chapter IV. First, choosing & small enough, we
may assume that B(xg, é*) C Bpg/. Then, we use the covering lemma to obtain a
family of discs { B(x;, XRE)}iE]: such that

x; € B(xg, %),
B (v, 22) N B (x, 245) =0 Vi, (3.59)
B(xo, &%) C Ujer B(xi, Are).

We denote by F' the set of indices i € F such that B(x;, Age) is a bad disc. We
derive from Proposition 3.16 that

1 C
prCard(F) = 3 | A== a-upR
ier €7 JBrNB(xi 2hge) €% JB(x0.6%)
where C is some absolute constant. The conclusion now follows by Lemma 3.15. O
Remark 3.19. The proof of Proposition 3.18 implies that any collection of balls
{B(xi, Are)},_r satisfying (3.59) cannot contain more than Ng o bad discs.

3.4.3 No degree-zero vortex

We need the following lemma to prove that vortices of degree zero do not occur. The
main ingredients in the proof come from [35].
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Lemma 3.20. Let D > 0,0 < 8 < 1, and y > 1 be given constants such that
yB < 1. Let0 < p < &P be such that p¥ > Are. We assume that for xo € Bg,

(i) foBxg.p) | VVeI* + 502 (1 = J0e[H)? < 2,
(ii) |ve| = 3 on dB(xo, p),
(iii) deg (lg—l 3B (xo, ,0)) —0.

Then we have

1
Vel = 5 in B(xo, p7).

Proof: The proof consists in constructing a comparison function as in [35], which
allows us to obtain

1
[ vu - PR < o (3.60)
B(x0.0) 2

We will not repeat it here. We deduce that

L 1
/ (/ |w£|2+—2(1—|v8|2)2> ds < Cp g.
207 \JaB(x0,s) 2¢

1/2

Since lejo v W > C,llog ¢|'/*, we derive that for small ¢ there exists sy €

[2pY, p] such that

Cg.R

12"

2 1 2N\2
IVUel? + 5 (1 = [ve)? = — 5
3B (x0,5) 2¢ sollogsol

Repeating the arguments used to prove (3.60), we find that

1 C
[ vui g s
B(x0,50) 2e |10gS()|

In particular,

1

= (1= [ve]H* = 0(1),

€7 JB(x0,2p7)
and the conclusion follows by Proposition 3.16. O

We now obtain as in [35] Proposition IV.3 the following result, which provides
an estimate of the energy contribution of any vortex.

Proposition 3.21. Let xo € Bg and % < a < 1. Assume that |ve(x9)| < % Then
there exists a positive constant Cg o (that depends only on R, o, and w1) such that

/ |Vve|> > Crallog e|.
B(xp.e%)



52 3 Two-Dimensional Model for a Rotating Condensate

Proof: Let Ng o and x1, ..., xn, € B(xp, %) be as in Proposition 3.18. Let
5 — a2 — o
C T 3(Nga + 1)

and fork =0, ...,3Ng 4 + 2 we consider
o = a'/? —k8y , Tr = [*, £*+1], and Ci = B(xo, e%+1) \ B(xo, £*).

Then there is some kg € {1, ...,3Ng o + 1} such that
Ciy N (U?’;B(xj, ng)) -2 (3.61)

Indeed, since N, < Ng.o and 2Age < |Z| for small ¢, the union of N, intervals of
length 2 e,
Ne
UL, (Ixi — xol — Age, [x; — xo| 4 ARé),

cannot intersect all the intervals Zj of disjoint interior, for 1 < k < 3Ng o + 1. From
(3.61) we deduce that

1
V() = 5 ¥ € i

Therefore, for every p € Iy,

dy, = deg (i, 3 B(xo, p))

[ve |

is well defined and does not depend on p.
We claim that

diy # 0. (3.62)

By contradiction, we suppose that dy, = 0. According to (3.31),

2 | 2,2
Vel +2—82(1 — ve[?)” < Crllog ¢|.
B

2. /Po+R
3

Using the same argument as in Step 2 of the proof of Lemma 3.15, there is a constant
CR.o such that

1 C
/ |va|2 + —2(1 — |v€|2)2 < “Ra for some py € Zy,.
9B (x0.0) 2¢ Po
According to Lemma 3.20 (where B = ag,4+1 and y = O‘sg;' ), we should have
0

[ve (x0)] > %, which is a contradiction.
By (3.62), we obtain for every p € Iy,

1 1 ovg
— (ve A —)
3B(xo.p) Vel ot

lfldk()':E

<c / Vel
dB(xp,p)
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(we use that 2 > |vg| > % in Cy,). The Cauchy—Schwarz inequality yields

C
/ Vo> = = Vp eI
9B(x0,p) o

and the conclusion follows by integrating over Zy,,. O

3.4.4 Proof of Proposition 3.12
Part (1) in Proposition 3.12 follows directly from Lemma 3.22 below.

Lemma 3.22. There exists a constant eg > 0 such that for any 0 < ¢ < ¢,

in Br\ B .
5

| =

lve| =

Proof: First, we fix some o € (%, 1). We proceed by contradiction. Suppose that
there is some xo € Bg \ B /7 such that |ve(xg)| < 1/2. Then for any ¢ sufficiently
5

small, we have B(xg, %) C D; \ {|x| < 2|log &|~'/%} and therefore, by (3.32), we
get that
/ V062 < Ck Ge(ve, Dy \ {lx] < 2llog £]~/6)) < Crlogllog e1.
B(xo,&%)

which contradicts Proposition 3.21 for ¢ small enough. O
Proof of (2) in Proposition 3.12. We fix some % < a < 1. As in the proof of Propo-
sition 3.18, we consider a finite family of points {x;} ;cr satisfying

XJ‘GB@

A A
B<x,',%8>ﬂB<x.,-,%8>:M Vi,

B@ C U B(.Xj,)\.()g),
S jeg

where A := A sz (defined in Proposition 3.16 with R = @) and we denote by F;

2
the set of indices j € F such that B(x;, Aoe) contains at least one point y; satisfying

1
eyl < 5 (3.63)
Obviously, B(x;, Aoe) is a bad disc when j € F. Applying Lemma 3.22 (with R =

30

) ), we infer that there exists &g such that for any 0 < ¢ < &,

B(xj, Mog) C By forany j € F. (3.64)
e
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Then it remains to prove that CardF; is bounded independently of ¢. Using Proposi-

tion 3.21 (with R = @ ), we derive that for every j € F, and any point y; satisfying
(3.63) in the ball B(x;, Aoe),

/ Vo2 = / Vol = Callog ¢ (3.65)
B(x;,2e%) B(yj.e%)

for some positive constant C,, that depends only on «. For ¢ small enough, we define

W= |J B(x;.26% C B -
Jj€le ’

We claim that there is a positive integer M, independent of ¢ such that any y € W
belongs to at most M, balls in the collection {B(x;,2&%)};cy,. Indeed, for each
yeW,let

Ky=1{j€eJ. : yeBxj,2"}

Then, for every j € K,

/ 1 2
xj € B(y,2¢%) C B(y, %) C By witho' = 3 (a + 5) . (3.66)
7

The family of bad discs {B(x, Aoa)}jeky is a subcover of B(y, s"‘,) satisfying (3.59)
and therefore, by Remark 3.19,

Card(Ky) < M,

for M, = N /py/2.0/- From (3.65), we deduce that

1
/ Vo |? z/ Vo> = — > / |Vve|* > CqCard(F;)|log £.
B W M B(x},26%)

N Y jeFe
(3.67)
On the other hand, we know by (3.31),
| wubsc[  pmivef < ciiogel (3.68)
B@ B@

for a constant C independent of . Matching (3.67) and (3.68), we conclude that
CardF; is uniformly bounded. O

Proof of Proposition 3.14: We proceed exactly as in [143]. By Proposition 3.12, we
have for ¢ small enough,

Ujeng(xf, Arpg) C B@.

From (iii) in Proposition 3.10, there exists a radius 7, € (@, */T%] such that
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BiN 0B,, =0 foreveryi € I. (3.69)

Hence we have
lvel = 1 —|loge|™> ondB,,.

The existence of a subset fs C F, satisfying (i)—(v) can now be proved identically
as Proposition 3.2 in [143]. It remains to prove (3.52). From the proof of Proposition

3.12, we know (by construction) that each disc B(x,‘f , Moé&), k € Fg, contains at least

one point yi such that v, (yr)| < % Therefore each disc B (x;, 0),J € ]38, contains

at least one of the yi’s with |x§ — Ykl < Ap&. Assume now that D; = 0. By Lemma

3.20 with y = /2, it would lead to |v,| > % in B(x§, p) and then |ve (y)| > :
for & small enough, which is impossible. We also obtain a bound on the degrees D ;:

1
IDjl = 5=

1 Jdv
= /a —|2(ve A 8—;) < C||Vvs||L2(aB(x;,p))\/5 <C

B(xz;,p) [ve

by (iv). O

3.5 Lower bound

In this section, we obtain various lower energy estimates for v, in terms of the vortex
structure defined in Proposition 3.14. We start by proving a lower bound on the gra-
dient term away from the vortices, which brings out the interaction between vortices
and eventually the lower bound for the whole energy. The method is based on the
techniques developed in [33, 81, 143]. To avoid the difficulties due to the degeneracy
of ptF close to the boundary, the estimates will be proved in B for an arbitrary ra-
dius R € [/po/2, \/po). To emphasize the possible dependence on R in the “error
term,” we will denote by Og (1) (respectively og (1)) any quantity that remains uni-
formly bounded in ¢ for fixed R (respectively any quantity that tends to 0 as ¢ — 0
for fixed R).

Proposition 3.23. For any R € [ /po/2, ./P0 ), we have

Ne Ne

PO

Eewe, D) = 7 ) D} prex§)llog pl +7 3 1D prr(x§)log™
j=1 j=1

TR &
== D PTR(5) Dy + Wie + Or(D), (3.70)

j=1
where
Wre(({. D1). ..., (xf. Dy)) = —7 Y _ D;Dj pr(x$)log|xf — x|
i#]

Ne
—m Y DR (xf)
j=1
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and Vg ¢ is the unique solution of

div (ﬁvwm) = =" Dj pr(H) V (pTF) v (log|x _ xj|) in B,

Yge=— 27;1 D; er(xjg-)log|x — xj| on 0Bg.
(3.71)

Moreover, lf\xl%w — Oase — Oforanyi # j then the term Og(1) in (3.73) is in
fact og(1). We also have

Ee(ve, Do) = Z ID; |pTF<x€>log— - = Z Pl(x%) D; +O(1).  (3.72)
j=1

Remark 3.24. We point out that the dependence on R in the interaction term Wg
appears only in the function Wg ..

Let us start with the estimate on the gradient term, which provides the interaction
between vortices:

Proposition 3.25. For any R € [/po/2, \/po ), let ©®, = Bg \ U’}‘;IB(xi, 0). Then

1
Efg plVuel? = 732 D2 ore gl + Wae (5, Do) + Ok(D). B73)
j=1

Proof: We consider the solution @, of the linear problem

. 1 .
le(E <I>p) =0 in ©,
®, =0 on dBg,
®, = const. on 8B(xj, 0),

1 8<I>p

faB(x ) ooy =27D; forj=1,...,ng,

and ®p . the solution of

div(; VOr.e) =27 3}, Dj 8 in B,

(3.74)
Pr=0 on 0Bg.

Ve (X)

()]

( dwg 1 99, dwg 1 30, )
S=—-w, A — 4+ — ,wg/\——i-
ax2  prr 9x1 dx1  prF X2

Forx € ©®,, we let w,(x) = and

We easily check that div S = 0in ©, and [, S-v = [jp0e S v =0.By
& J’

Lemma I.1 in [33], there exists H € C! (@p) such that § = VX H and hence we can
write the Hodge—de Rham type decomposition
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1
we AVw, = — Vid, + VH.

PTF
Consequently,
2 1 2 1
o1E(x) | Vw, > > Vo, > +2 | Vie,.VH. (3.75)
o, 0, PTE(X) O,

We observe that the last term is in fact equal to zero since ®,, is constant on 90 ,.
Since |Vv,|? > |ve]?|Vwg|? in ©®,, we derive that

1
/ PTE() |V > > f VO, >+ T
® @, PTE(X)

P

with
T =/ lve]® — 1 VD, |2
0, (e ) PTF(X) g
It turns out that 77 = og (1) and therefore
1
/ P1r() Vo2 > / Vo, + ok (D). (3.76)
R 0, PTF(X)

On the other hand, integrating by parts we obtain

1 1 3 &
/O |v<1>,,|2=/a L®, =21 ) DjP,(z))

, PTE(X) 0, PTE(x) dv =

for any point z; € BB(xj, 0). Since n, and each D; remain uniformly bounded in ¢
by Proposition 3.14, we may rewrite this equality as

1 i
VO, > = =21 ) "D Pre(z)) + OUPre — Ppllzee,). (3.77)
A)p ) o ; J e\&j € pIIL®(O))

Using an adaptation of Lemma .4 in [33], we derive that
Ne
||®R,5 — <Dp||Loo(@ ) < ( sup (DR,E — inf CDR,S>. (378)
p ; aB(xj,p) aB(xj,p)

To estimate the right-hand-side term in (3.78), we introduce for x € Bpg,

Ne
Wge(x) = Pre(x) — Y Djprr(x$)loglx — x5.

j=1

Since g . solves (3.74), we deduce that W . may be characterized as the solution
of equation (3.71). By elliptic regularity, we infer that [Wg |l y2.r(g,) < Cr,p for
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any | < p < 2 (here we have used that {x}? };f‘; ,CB ¥ by Proposition 3.12). In

particular, Wg . is uniformly bounded with respect to € in C 0.1/ 2(B r) and hence

sup Wrp,— inf Wg,. < Cprp =o0r().
IB(x5,p) IB(x5.p)

Since |xj. —x7| > 8p, we derive from (3.52),

sup (ZD, prE(x])loglx — xf |> dBt2fp)(Z D; prr(xf)loglx — xf |)

dB(x.p)

e D;
<p ) prE(xf) sup _ <o)
i=1

dB(¢.p) lx —x7| —

(respectively < o(1) 1f X§ — 0 as e — O foranyi # j). Returning to (3.78),

we obtain that | g . — CI) ||L°0(®,J) < Og(1) (respectively < ogr(1) if 7 = 0

Ixf —x5
as ¢ — O foranyi # j). Inserting this estimate in (3.77), we get that

1 e
IV, 2= 21 Y D;Pr.(z;)+ Or(l)
/@p PTFR(X) P j; S

ne
= —27 ) DjWg,(zj) =21 Y _ DiD; pre(x{)loglz; — xf|

j=1 i#]
Ng

+2m ) D} pre(xf)llog p| + Or (1) (3.79)
j=1

(respectively +-0r(1) as ¢ — 0). Since Wg . is uniformly bounded with respect to &
in C%1/2(Bg), we have |Wg . (z,) — Wr,e(x9)] < Cry/p = or(1). Moreover, using
(3.52) and |x§ — x{| = 8p, we derive that '

> i pre(ef) oglz; — x| — loglx} — x71)|
i#]

8

<Z|D||D|1og|1+ ; Z|D||D| — =0
i#] i i#] — il

(respectively < o(1) as ¢ — 0). Hence (3.79) yields

1 2 = & & & &
/@,, e Vo, | = _271;@ WR e (x5) —Zn;DiDj prE(x)log|x’ — xf |

Nng
+21 ) D pre(x§llog p| + Or(1)
j=1
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(respectively +og (1) as ¢ — 0). By combining this estimate with (3.76), we obtain
the announced result. m|

After estimating the contribution in the energy of each vortex, we may easily
deduce the following lower bounds for G, (v;):

Lemma 3.26. For any R € [/po/2, \/po ), we have
ne e P
Ge(ve, Bp) = ) D pr(xf)llog pl +7 Y _1Djl pr(xlog~ + W.e + Or(1)

j=1 j=1
(3.80)

and also
ng IO
Ge(ve, Br) 2 7 3 1Dj| pre(xplog™ + O(1). (3.81)
j=1
Let us point out that in the second estimate, the rest O(1) does not depend on R.

Proof: In view of Proposition 3.25 or the fact that G, is positive outside the balls, it
is sufficient to show that

Ge(ve. B, p)) = 7ID; | pre(e§log +O(1) for j = 1. .ne,
which is equivalent to

1 PTE(x%)
5 Voo + =551 = 0P = 71D log? + O(1) for j=1.... .n,
2 282

B(xj,,o) & &

(3.82)

(we have used that |orp(x) — ,oTF(xf)| < Cpforx € B(x?, p) and G (v, Bg) <
Clloge]). Let ' '

() = ve(py +x°) fory e BO,1) and &= ———.
P/ PTE(X})
We deduce from Proposition 3.14 that |0| > 1 — @ on dB(0, 1),
Vo2 1 . Vv |2  PTF(XS)
/ + (=10 = —+ —- -’ <,
9BO,1) 2 4¢ 0B(S.0) 2 de
(3.83)
and
1 1 prr(x%)

1
= IVDI* + — <1—|ﬁ|2>2=—/ |V |* + (1 — v 52
Z/B(O,l) 282 2 B(x_‘?,p) ¢ 282 ¢
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Equation (3.83) yields, for ¢ small enough,

1 . 1 N N
—/ VP + — (1 — [0 = 7| logé| + O(1) = x| D; | log? + O(1),
2 B(0,1) 2e I

and hence (3.82) holds. |

As in Lemma 3.11, we may compute an asymptotic expansion of L (vg, Dg)
in terms of vortices, which leads, in view of Lemma 3.26, to lower bounds for
Ee(ve, De):

Proof of Proposition 3.23: Let us consider the family of balls given in Proposition
3.10. As in the proof of Proposition 3.14, we can find r, € [R, (R + ./po )/2] such
that (3.69) holds. Setting

I ={i, Ipil > re and d; >0} and Iz ={i, |pil > re andd; <0}, (3.84)

we have B; C D, \ By, foranyi € I} U I, . By Propositions 3.10, 3.12, and 3.14,
we infer that for ¢ small enough,

e
in B :=D, \ ( U sulJ B(xj,p)).
j=1

R
i€l Uly

|ve| >

N | =

Arguing exactly as in the proof of Lemma 3.11, we obtain that

—TQ &
Le(ve, 8e) = —— D pte(x) D; (3.85)
j=1

T
—— Y (ote(pi) — villog e| )d; + or(1).

ielfuly
Recall (3.43); hence L, (v, Uie]}gul; Bi) = o(1). In the same way, we may prove

that L. (v, U;'.SZIB(xj, 0)) = o(1). From Proposition 3.10 and (3.85), we deduce
that

1
£:0, D) 2 Gelue Do\ Uiz B+ 3 5 [ pmeolvunP
B;

ielpgUlp

+ Le(ve, Ee) +ogr(1)
ne

T
> Geve, Br) = == ) pte(x}) D;

=1
+m Y prr(pild;|(Jlog e| — Kolog[log 1)
ielfuly
SR Z (pFr(pi) — vZllog €] ~%)d; + or(1). (3.86)
2 TF I3 i

. -
i€l Ul
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Since p; & Erg fori e IIJ{ Ul , we have prr(p;) < po and we infer that for & small
enough,

Q
7 Y pre(pold(llog ¢| = Kologllog el) = 5= 7 (pfr(pi) = vZllog el )d;

. + _ . —+ —
ielpgUl, ielpgUlp

is nonnegative, which leads to

TR &
Ee(ve, De) = Gelve, Br) — == ) _ pfe(x) Dj +or(D).  (3.87)
Jj=1

Combining (3.80) and (3.87), we obtain (3.70). Similarly, the inequality (3.87) with
R = ,/po/2 and (3.81) yields (3.72). O

3.6 Upper bound

We construct an upper bound with d vortices such that their rescaled position by
1/+/2 minimizes the renormalized energy w introduced in (3.5). The main ingredi-
ents are taken from André and Shafrir [22] and have been applied to this problem by
Ignat—-Millot [81]. Given the splitting of the energy, to get an upper bound, we only
need to get an upper bound for G, (v).

Beforehand, we should recall a result in [33]: for € > 0, consider

I | ATy
[(8) = min IVul” + — (1 = [ul?)",
B(0,1) 2¢

ueC 2

where
C= {u S H](B(O, 1),0), ulx) = * on dB(0, 1)} .

x|

Then we have

m (I (&) + mlog 5) = 0. (3.88)

li
£—0
The expected test function v is going to be of modulus 1 except close to the vortex
balls, where it will locally minimize 1.
Proposition 3.27. Let d > 1 be an integer. For any § > 0, there exists U, such that

~ s .
lim sup {Gs(v.a + S pod(poen — d + Dlogllog e|} < min w(b) + Qu+3.
€

e—0

where w is defined by (3.5),

700

T
04 = T(d2 — d)log2 + mpodlogpo + podyo — E,Oodz, (3.89)

and yy is given by (3.88).
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Proof: Step 1. Let o > 0 and k > 0 be two small parameters that we will choose
later. We consider the function p, : D — R given by

PTF(X) if |x|] < /po — o,

Po(x) = .
—24/po — o |x| +2p0 — o otherwise.

It turns out that p, € C 1(5), P > PTE, and p, > C o2 in D for some positive
constant C. Since p, does not vanish in D, we may define &, : D — R as the
solution of the equation

(3.90)

div (piavqag) =27d8 inD,
o, =0 on dD.

By the results in Chapter I of [33], there is a map vj € C%(D\ {0}, S") satisfying
1
vy AVV] = —VEo, inD\{0). (3.91)

Po

Let O, = D\ B(0,«~'Q71/2). By (3.90) and (3.91), for & small enough, we have

! 1 3o
/ po |V | = / —|V¢U|2=_f R
Ope Oy Po 9BO,c—1Q-1/2) PTE v
272
pod” (0w 1
= _/ 0 < G —) (\I'g +10g|x|), (3.92)
aBO.x—'Q1/2) PTE \ OV |x|

where W, (x) = (pod) ™' ®, (x) — log|x|. Notice that W, € C'*(D) for any 0 <
o < 1, since it satisfies the equation

. 1 _ .
div (p—uvq/g)_fg(x) inD, (3.93)
Y, = —log|x| on D
with
2 if [x| < /po — 0,
fn = —v(—y.
’ pe () x| —2vm=

otherwise.
pZ(0)x|

Since all functions are radial, W, can be computed explicitly:

_ VP pre(t) ¢ (! 1
Y, (x) = —/x| T(/o f(s)s ds) dt — Elogpo.

In particular, we find that for |x| < \/po — o,

1 1
W, (x) = 2—m(po — |x% - 510200 + 0(@)).
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It follows that as o tends to 0, ¥, (0) tends to £ := % — %logpo. From (3.92), we
derive that

1
lim sup {E / pTF|VUg|2 _ 7'[,0()d210g(1(§21/2)]
®K,£

e—0

e—0

1
< lim {5/ p0|VUg|2 _ npodZIOg(/cQI/z)} < —np0d2\110(0).
('3;(,5

Consequently, we may choose o small such that

1 8
lim sup {5 / PTEIVYg |2 _ np0d2log(/<91/2)} < —n,ood% + 3 (3.94)
Oe

e—0

Step 2. We are going to extend vg to B(0, k~1Q71/2). As in [33], we may write in a
neighborhood of 0 (using polar coordinates)

v (x) = exp(i(df + Y5 (1)),

where ¥/, is a smooth function in that neighborhood. Let (b1, ... ,by) € R* be a
minimizing configuration for w(-), i.e.,

w(by,...,bg) = min w(b) (3.95)
beR2d

€R

(note that we necessarily have b; # b; fori # j). We choose « sufficiently small
such that max |bj| < 1/(4x) and we let b;fg) = Q12 b;. Following the proof of
Lemma 2.6 in [22], for x € A = B0, k~'Q71/2)\ B(0, 2k)~'Q71/2), we write

d X — b(f)

(VO] m = exp(i (d6 + ¢ (x))),
j=1 = b;

where ¢, is a smooth function satisfying |V, (x)| < Cy «2Q'/? and |¢e(x) —
Ve (0)| = Cy, k2 forx € A .. We definein A,

B () = exp(i (d6 + Ve (x)))
with .
Ve (x) = (2 — 262 |x ) e (x) + (2622 [x| — 1) ¥ (x).
As in [22], we get, using (3.21),
lim sup {Gg(ag, Ace) — npodzlogZ}

e—0

e—0

1
< lim sup {— / 0o | Ve |* — npod210g2} < C, K> (3.96)
AK,S
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Next we define i, in By = B, 2)~' Q%) \U_ BGY, 262~/ by

d _p®
e (x) = Vo @ e i b] .

j=I lx — b.

Once more as in [22], we have, using (3.21),

e—0 e—>0 E,e

1
limsup G¢(Ve, Ei,¢) < limsup _/ paIVﬁ€|2

1
< npo(d2 + d)logi — TPo Zlog|bi —bj|+Cs k.

i#]
(3.97)
Finally, in each BE.S) = B(b(/g), 2k271/2), we let
(&)
x—b;
N — LYo (0) = J
Ve(x) = e w; <2K§2—1/2) , (3.98)
where u?é achieves the minimum of
1/ , 1 2 4 2y +bj — b
- IVu|* + — (1 — |[v|9)~, st.v(y) = ————— ondB(@O,1)
2 B(0,1) 282 E |2Ky+bj —b[|
(3.99)
with

. &
T T
As in the proof of Lemma 2.3 in [22], we derive

. 1 -2, L ~ 1242 A
ggrg){gfml)wwél + (L= 1] = llogé| | = 0 + X (c).

where yy is defined in (3.88) and X (k) denotes a quantity satisfying X (k) — O as
k — 0. By scaling, we obtain

o1 . ) 2 Q12 T
lim —/ V6% + 22 (1 = 182 — wlog = | = Zlog po + 10 + X ().
e—0 |2 B;F) 2¢e & 2

Notice that in BE‘?) ,

_ . polyl?
= < — (|1 log|l !
Po (x) = p1r(x) < po — (|log &| + wlog|log ¢|) yeé?hl_,r-lllc) >

and consequently,
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. 1 . £0P . 2 Q12
lim sup {— / Po | Ve |* + =2 (1 — [8|%)* — mpolog =———
e-0 | 2JB® 2e €

mpolb|?

> + X (k).

00
< Tlog 00 + PoYo —

This inequality and (3.21) yield

. A (e) 2K§271/2

limsup { G4 (0, Bi ) — wpolog———

e—0 ’

mpolb;|?
2

Combining (3.94), (3.96), (3.97), and (3.100), we conclude that for « small enough,

T
< %1054 po + povo — + X (k). (3.100)

. A PO , »
lim sup {Gs(vg) — mpod|log | — T(d — d)log|log el}

e—0
700 &
2
§—np0210g|b,-—bj|—72|bj| + Q4 +36. (3.101)
i#]j Jj=1

Step 3. Now it remains to estimate L. (7.). By the results in Chapter IX in [33], for &
sufficiently small andeach j =1, e d, there exists exaqtly one disc 13,{ C B(,1)
with diam(D{) < C& such that |%{| > 1/2in B(0, 1)\ D{. By scaling, we infer that
there exist exactly d discs D], ..., D with D{ C BJ(.E) and diam(D}) < Ce such
that

A PR
[Ve| = 5 I De \ Uj_, D{.
We derive from (3.100) that
< ©\\1/2
N d i N £
|Le (D, UI_ D))| < CQ&‘;(GS(US, Bi)) —0.
From (3.21), we infer that
lim |Le (D, De \ U5y DY) = Le (B, De \Uj_ DD)| = 0
and hence
glg% |Le (D) — Le(Dg, D \ u;?leg)| =0. (3.102)

To compute L (v, D\ Uj{zl Dg ), we proceed as in the proof of Lemma 3.11 (here
we use that G.(0.) < Cllog ¢| by (3.101)). This yields

&

. « ; Q<
lim (Ls(vs, D, \UI_, D)) + B Z;p%F(bﬁ?))> =0,
J=
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since deg(vg/|0g], 8Dg) = +1for j = 1,...,d. Expanding p%F(bﬁ.s)) and €, and
setting b; = b;‘g)Ql/ 2 we deduce from (3.102) that

d
. N T
lim (Lg(vg) + mpod |log €| + = piwidlog|log e|) = npo§ Ib;I>.  (3.103)
£—0 2 =

Combining (3.95), (3.101), and (3.103), we obtain the announced result. |

3.7 Final expansion and properties of vortices

We prove that vortices are of degree one and located close to the point of the maxi-
mum of prF.

3.7.1 Vortices have degree one
Lemma 3.28. If ¢ is small enough, Dj = +1for j =1, ..., n.
Proof. Recall that & (v,, D,) < o(1). This and (3.72) imply that
02

Ne
PO
7Y _IDj| preelogs = =2== 3 pre(x)) Dj < O(1).
Jj=1 D;=>0

Since 2 = 2/ppllog €| 4+ o(|log &|), we derive that
Ne 0
2 IDjlpreGeplog= < 3 D pre(xllog é] + o(llog e)).
j=1 D;>0

Given that p > ¢/ and D; # 0, it follows that

(1= Y IDjlpre(x¥)llog el < pu Y Dl pre(x$)llog e] + o(|log ).
D/'<0 D/'>0

By Proposition 3.12, pTF(xj ) > po/2, and consequently,

21 Cu
Y 1Dyl < > IDjl+0(1) < +o(1).
b 1—u 1—u
j<0 Dj>0
Choosing u sufficiently small implies that D; > 0 for j =1, ..., n, whenever ¢ is

small enough. Since |x§| < Cand D; > 0, we may now assert that

-7 ZDiDj prr(xloglxi — x5 = —C,
i#]
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and thus Wr > -7 Z | Djv S (x ) — C is bounded below. Hence the in-

equality (3. 70) applied with R \/— / 2, together with & (ve, De) < o(1) leads us
to

T ZD prr(x)[log p| + 7 ZD] prE(X5 )10g_ _ e ZPTF(XS) D; = O(1).
Jj=1 j=1
As previously, we derive from the expression of €2,
neg
> (D2 = D)) pretellog pl < ollog &).
j=1

Since p < g and ,oTF(xj) > po/2, we conclude that
“”Osz D)) < o(1),

which yields D; = +1 whenever ¢ is small enough. O

A direct consequence of Lemma 3.28 is the following improvement of Proposi-
tion 3.23:

Corollary 3.29. For any R € [\/po/2, \/P0 ), we have

£ 00 2 703 prr(ellog e — 2 mexg) + Wr.e ((F, +1) + Or(1).
j=1

Proof: The result follows directly from (3.70) and Lemma 3.28 that for any R €

[V/Po/2, /o),

£ D) = 13 prrellog o] — T ZpTFw) + Wr.e((f, +1)) + Or(1).
j=1

On the other hand, we have proved in (3.33) that |E; (ve, De) — &y, (ve, De)| = o(1).
Hence we have 5778 (ve) = E:(ve, D) + 0(1), and the conclusion follows. O
3.7.2 The subcritical case

We are now able to prove the rest of Theorem 3.1. It remains to prove the following
proposition.

Proposition 3.30. Assume that w1 < 0. Then for ¢ sufficiently small, we have that
lvg| > 1 in Lpy.(D) ase — 0. (3.104)
Moreover,

Es(vg) =0(1) and Gg(ve) = o(l). (3.105)
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Proof. We fix some @ < Ro < /po . We have proved in (3.34) that &, (v¢) < o(1),
so that Corollary 3.29 with R = @ leads to

n n
€ T[IOOQ €

7Y preGpllogel — === pr(x§) = C.
j=1 Jj=1

Since ,oTp(xj) > po/2 and w; < 0, we deduce that pp|w;| n.log|log €| is bounded
and thus n; < o(1), which implies that n, = 0 whenever ¢ is small enough. Using
the notation (3.84), we derive from (3.86) that

Ee(ve, De) = Y . pre(pi)ldil(Jlog &] — Kologllog €])
ielg Ulg,

Q
— 5= Y (ohe(p) —Zllog el 7)d,

iely Ulg
By (3.34), we have & (vg, D) < O(Jlog el™1). Since prr(pi) < po fori € I;O U
I;O, we infer that there exists ¢ > 0 independent of ¢ such that
c Y pre(poldilllogel <7 Y pre(pi)ldi|(llog | — Kolog|log &])
i€l Ulg, iely Uy
149 -
- 2 (ote(p) — vZlloge|)d;
iely Uy
< O(lloge|™").
Since ptr(x) > |log ¢|73/% in D,, we finally obtain
> ldil < O(llog g|7'/?).
iely Uy
Hence ), It ury |d;| = 0 for ¢ sufficiently small and we conclude from (3.85) that
0 0

L¢(ve, De \ U[E];OU]I;O Bj) = o(1).

By [80], we have L. (v,, UiEI;oUIEo B;) = o(1), so that L.(v., D;) = o(1). Conse-

quently,
Ge(ve, Dg) = Ee(ve, De) +0(1) < o(1).

Then the rest of the proof follows as in [80]. |

3.7.3 The supercritical case

In this section, we will prove Theorem 3.2. We assume that
2(d —1) < w1pg < 2d (3.106)

for some integer d > 1. We start by proving that in this regime, v, has vortices:
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Proposition 3.31. Assume that (3.106) holds. Then for ¢ sufficiently small, v, has
exactly d vortices of degree one, i.e., ng = d, and

T T
Ep (V) = —Epgd wilog|log €| + %(d2 — d)logllog e| + O(1). (3.107)

Proof. Step 1. We start by proving that n, > 1 for ¢ sufficiently small. By the upper
bound of Proposition 3.27 (with d = 1), there exists 0, such that

R T
Ene(0e) < &, (De) < —Epéwlloguog el +0().

From here, it turns out by Corollary 3.29 with R = ‘/T'OT) (recall that W s > O(1)),
2
that

ne

2 065110g|10g8| O(l) = é’?s( 8) = =1 TF( 6)|10g8| E 10|F(x€)
> E ( 8) ——(U 1 |1 | | |
3 PTFE (X og|log ¢| +
= ) 1logjlog 2

> —%pgwlnglogﬂog g|.

Hence n, > 1 4+ o(1) and the conclusion follows.
Step 2. Now we show that

T T
En, (V) > —Epgngcmlogﬂog el + %(ng — ng)logllog | + O(1).  (3.108)

In the case n, = 1, we have already proved the result in the previous step. Then we
may assume that n, > 2. Since H\Ilm 8||oo = O(), we get from Corollary 3.29
Ts

with R = Y2

’

Re . ,OTF( 2
Ene(Ve) =1 E pre(x;)| llog e — E log|x; —X; £l = ——=—— )+ 00
—
’ lséj
Qx)?

oy pTF(x’f)( — Danlogllog | -

j=1

J

1).
- ) )+(9()
i#]

(3.109)

Since &, (ve) < o(1), we derive that

Q L
— Zloglxig - xj| + > Z |x;|2 < Clog|log ¢|.
i#) j=1
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On the other hand, — Zi# log|x; — xj-l > (O(1), so that

| 6:|2 - log|log €|
~ |loge|
and hence
Qx5 2
T mF(x8)<——wllo llog g| — log|x; — x5 g+ ) (3.110)
12:1 gllog ; g >
i#]j

;009
= _E'OO ngwilogl|log e| — mpo ;loglx —X; g+ Z |x | +o0(1).

Letr = max; |x ,|. We remark that

Qr?
— > loglxf — xf|+ = ch ? > —(ng—ng)log2r+T
i#]

n
> _¢

— " Jogllog &] + O(1). (.111)

Combining (3.109), (3.110), and (3.111), we obtain (3.108).

Step 3. We are going to prove that n, > d. By Step 1, we may assume that d > 2.
We use Proposition 3.27 to deduce that

£ (ve) < —%pg darlogllog &] + ”T'Oo(d2 —dloglloge| + O1).  (3.112)

Matching (3.108) with (3.112), we deduce that

2 2
£0 ng—n 00 d-—d
- o + £ 5 £ < —Sod+———+o(l),
which yields
d—ng)(d -1
%wl(d—ng) < ( ns)(2+n€ )+0(1). (3.113)

If we had n, < d — 1, it would lead to

d+n, —1
(d—1)+8§f+0(1)§d—1+0(1),

which is impossible for ¢ small enough.
Assume now that n, > d + 1. As previously, we infer that (3.113) holds and
therefore d+ |
d—8= =2 +o(l) = d+o(l),
which is also impossible for & small. Hence n, = d whenever ¢ is small enough,
which leads to (3.107) by (3.108) and (3.112). ]

By Proposition 3.31, we may now assume that v, has exactly d vortices. The
next lemma provides information on their location:
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Lemma 3.32. We have

x| < Clloge|™"2,  |xf —xf| = Clloge|™"*  fori # j.

Proof: Matching (3.107) with (3.109) and (3.110), we deduce that

d

7082

—7po Y _loglxf —xjl+ == 3 IxjI* < mpo(d” — d)log(|log £]'"%) + O(1).
i#] Jj=1

Hence

d Qlx¢|?
3 (—Zlog (Viogellxf —x31) + — ) <o),

Jj=1 i#]
and the conclusion follows. O

Since = o(1) by Lemma 3.32, we may now improve the lower estimates

_pr
|x7 —x%]

obtained in Lemma 3.26 following the method in [143], proof of Proposition 5.2.
Lemma 3.33. For any R € [/po/2, </Po ), we have

d
Ge(ve, Br) = mpo Y pre(x§)llog e] + Wr e (xf, ..., x5)
Jj=1
wpod

+ log po + podyo + ogr(1),

where yy is given by (3.88).

Proof: Since l";le =o(1) and D; = 1, Proposition 3.25 yields

T
X

1 d
5/ PrE() Vel = 7 ) pre(xf)llog pl + Wr e (x5, ..., x§) + or(D),
O j=1

(3.114)

and it remains to estimate G (v, B(x;, p)) for j =1,...,d. Since D; =1, we

may write on 8B(xf., p) in polar coordinates with center x‘”;. ,

Ve (x) = [vg|(x) ! OTVIOD g € [0, 2],

where ¥/; € H'([0, 2], R) and ¥;(0) = ¥;j(2m) = 0. Then in each disc B(xf, 20),
we consider the map 0, defined by

v (x) ifx e B(xj, 0),
(2 + 2p—r Ve (x84 p e?))exp i (9 + (02T + 1/;,-(0)%) if not.

0 )
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Then v, = exp i(0 + ¥;(0)) on BB(x]"?, 2p). Exactly as in the proof of Proposition
5.2 in [143], we prove that

|Ge(ie, B, 200\ B, p) — mpre(x§)log2| = o(1). (3.115)

Since |pTr(x) — pTF(xj)l = O(p) on B(x?, 2p), we may write

. . pTR(x%) .5 PTE(XS) . 5n
Ge(ve, B(xj,2p)) = > [VUe|” + 5— (1 = [ve[)" 4+ o(1).
B(x.2p) 2e
(3.116)
Since Ug(x) = Ii:iél eVi©® op aB(xj., 2p), we obtain by scaling
J
1 PTE(x%)
—f Vo + (1= [0 2 1 | —
2 JBat20) 2e 2p,/pTE(x})
= rlogZ + wlog2 + Tlogore(x}) + 10 + o(1).
With (3.115) and (3.116), we derive that for j =1, ... ,d,
e . o) ”PTF(X;) e e
Ge(ve, B(xj, p)) 2 mprr(x;)log™ + ————logpre(x)) + pre(xpyo + o)
P TPo
= 7prr(xy)log - + —=log po + poyo + o(D).
Combining this estimate with (3.114), we get the result. O

We are now able to give the asymptotic expansion of & (ve), which will allow
us to locate precisely the vortices. This concludes the proof of Theorem 3.2.

Proposition 3.34. Let ij =J/Q xj for j =1,...,d.As ¢ — 0, the configuration

)Ej tends to minimize the renormalized energy w : R* — R given by

d
700
w(bi, .. ba) = —mpo Y loglbi — byl + == Ib; 1.
i#] j=1

Moreover, we have

2
T T .
En. () = =L d nlogliog | + "2 (¢* — d)logllog ¢| + min w(b) + Qu + ().
€

2
(3.117)

where Qg is given by (3.89).

Proof: From Lemma 3.33 and (3.87), we infer that for any R € [/00/2, </P0 ),



3.7 Final expansion and properties of vortices 73

d d

T

Eelve, Do) 2 7 ) 1: pre(xjlloge| — == ]p%F(xi)
J= J=

T pod
20 log po + podyo + or(1).

+ WR,s +

As in the proof of Corollary 3.29, this estimate also holds if & (v, D;) is replaced
by &, (ve). Expanding € and ,oTF(x;T), we derive that

d Po Q52
Eneve) =y pw()ﬁ)( — S @logllog e + — )
j=1
wpod

+ Wge + log po + podyo + or(1),

and Lemma 3.32 yields

2 d
o 7T 0
Epe(Ve) > — Zodwllogllog el + - Z Q|x;?|2 + Wg.e
Jj=1

mpod
+ log po + podyo + or(1). (3.118)
By Lemma 3.32, we also have
d
Wre=—mpo Y _loglxf — x| — 7 Y Wr o (x5) + o(D). (3.119)
i#] j=1

Since D; = 1 for all j, the function Wg . satisfies the equation

div (Fvaqu,g) =Y, oV (ﬁ) vV (10g|x - x§|) in Bg.
Wpe=—Y", pre(x¥)logly — x4 on 3 Bg.
J J J
(3.120)

We infer from Lemma 3.32 thatfor j =1, ... ,d,

prE(e) ¥ <£) -V (loglr —x51) = + £ 0,

P%p(x)
where fej satisfies ||f€j||Lp(3R) = opr(l) for any p € [1,2) and ”,oolog|x| -

,oTF(xi)loglx - x§| ”Cl(aBR) = o(1). Let Wy be the solution of

div (va ):—_2 in Bg,
e SR T @ K (3.121)

Vg = —log|x]| on dBg,

it follows from classical results that |Wgr . — pod VRl Lo(Br) = or(1). Hence we
obtain from (3.119),
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lim {WeeGxf, ... x5 +mpo Y _loglxf — x6|} = —mpod®Wg(0).  (3.122)
o i#]
Equation (3.121) can be solved explicitly since it is a radial function, and one finds
that Wx converges to

1 1
W(x) = =—(po — |x|*) — =logpo.
200 2

It follows that as R tends to /g, W (0) tends to £ := 1_ %logpo.
Combining (3.118) and (3.122), we are led to

2 d
T T
lim inf {5,,8 (ve) + %da)llogﬂog £l + 7po ; log|xf — x5| — % ; lejlz}
- wpod
=2

log po + podvo — pod* Vg (0).

Let ii = \/ﬁxj . Then

npg OO | o - -
liminf{ &, (ve) + ——d wilog|log | ———(d” — d)log|log | — w(X{, ..., X))
e—0 2 2

7 pod?
2

00

> =~ (d? = d)log(2) + mpodlog po — log po + podvo — pod* Vg (0).

Since Wg(0) — £ as R — ,/pg, we conclude that the right-hand side tends to Qg,

npg OO . o - -
limi(glf{&,s(vg) + Twldlogﬂog gl — T(d —d)logl|log | — w(x{, ... ,xd)}
e—

> Qq, (3.123)
and hence
2
T
liminf | &, (ve) + 20wy dlogllog e] — 222 (d? — d)log|log €]

e—0 2 2

> min w(b) + O4. (3.124)

beR2

By the upper bound of Proposition 3.27, for any §' > 0, there exists . € H such
that £(ve) < £(V,); hence

lim sup {8,,8 (ve) + %p&d wilogllog ¢| — %(d2 — d)log|log 5|}

e—0

< min wb)+ Qg+ 8. (3.125)
beR%d

Matching (3.124) with (3.125), we conclude that
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lim { &, (ve) + —pd wilogllog | — 2 (4> — d)log|log ] } = min w(b) + Qu
e—0 2 2 beR2

since 8’ is arbitrarily small. Returning to (3.123), we are led to

min w(b) + Qg — limsup w(x}, ... ,x)) > Qg
e—>0
and therefore limg o w(X{, ..., X)) = mirzll w(b), which ends the proof. O
beR>

3.8 Open Questions

3.8.1 Vortices in the region of low density

As we mentioned in the introduction, the techniques introduced in this chapter do
not allow us to investigate the existence of vortices in the region of low density. For
Q2 sufficiently below the critical velocity, we believe that there are no vortices at all,
as stated in Open Problem 3.1.

Open Problem 3.2 For Q such that lim._.o 2/[log e| > wyj, are all the vortices
close to the origin or are there some located in D \ Dg?

When the minimization is set in R? instead of D, the results of this chapter have
been proved in [80, 81]. The same open problems as 3.1 and 3.2 can be stated. An
intermediate result would be to prove that the vortices lie in a bounded domain.

3.8.2 Other trapping potentials

Open Problem 3.3 Address the minimization of (3.1) when pre(r) is still a radial
function such that the domain D = {ptp > 0} is a disc.

Letus call £ (r) the primitive that vanishes on D of —rpTg(r). If prp(r) is decreasing
and the maximum of &£(r)/ptr(r) is achieved at the origin, then a similar proof to
the one presented in this chapter should hold and vortices should appear close to the
origin.

On the other hand, if the maximum of £(r)/prr(r) is achieved for r = rg > 0,
then vortices should appear on the circle of radius ro, as illustrated in Figure 1.6. The
critical velocity for the existence of n vortices should be of order wg|log &| + wy,
where w,, is of order 1, instead of order log|log ¢|. The main difficulty in the proof
relies on the estimate (3.50), which is not easy to get when the vortex balls do not
approach a single point but a curve. Once this is proved, the machinery of Section
3.4 can be used to derive the refined structure of vortices. A totally new feature is that
when there are n vortices in the system, they are no longer at distance 1/,/|log ¢, but
at distance of order 1. The logarithm involved in the renormalized energy w should
be replaced by something else. Some similar features will be addressed in the next
chapter for the quartic potential.
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3.8.3 Intermediate Q

Open Problem 3.4 Let wy = lim,_,o 2/|log ¢|. Let us be a minimizer of E,, and
ne be as defined in Proposition 3.3. Then

E.(u,) — E 1
lim M = minJ — > /DrszF, (3.126)
where
1 a 101 R
Jw)= — | preldiv(—vw)+2|+= | —|Vu| (3.127)
2w0 Jp PTF 2 Jp pTF

is defined for w € HO1 (D) such that

1 1
/ — |Vu)|2 < 00 and div (—Vw) + 2 is a Radon measure in D.
D PTF PTF

The proof requires the use of v, = u./n. and the energy splitting (3.10), but we
write the two terms including the gradient as a perfect square, which yields

2 4
Ve — i€ x o = 22 Q22 |, 2 4 15 (Jof? — 1)
2 4e
(3.128)

n2
Ec(ug) — Ec(ne) = / 78
D

Minimizing this on v, allows us to get two equations, on the modulus and phase of
v, the second one being

div (n?(ive, V) — Qnirt) = 0. (3.129)
This implies that there exists w, satisfying
V4w, = n2(ive, V) — Qnlrt. (3.130)

One should prove that w,/ 2 converges weakly in HO1 to wy, the unique minimizer
of J that is a solution of the following free boundary problem:

(div (1/(otF) Vws) + 2) (wy — p1r/(2wp)) = 0 in D,
wy =0on oD,

Wy < ,OTF/(Za)Q) in D,

div (1/(ptr)Vwy) +2 > 01in D.

The measure p, = div (1/(p1r)Vws) + 2 is the vortex density. It is supported in
Dy = {x € D, wy = ptr/(2wp)}. This domain is nonempty, that is, vortices start to
exist as soon as wgy > wa‘ = 2/po. This critical value is consistent with the one found
in Theorem 3.1. The region D, corresponds to the region where there is a uniform
distribution of vortices (it is an inner disc), while in the exterior of D,, defined by
{oTF < 2/wp}, there are no vortices. Due to the special shape of ptr, it turns out that
the solution of div (1/(ptr)Vw,) = —2 in D with 0 boundary condition is p%F /4.
We also expect the vortex density u, = (27/Q) )", d;8p,, where p; are the centers
of the vortex balls, to converge to 4.
More detailed results in the spirit of [135] are certainly possible.
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3.8.4 Time-dependent problem

Open Problem 3.5 Consider an initial vortex-free solution of the time-dependent
problem with Schrodinger dynamics and analyze the evolution equation for fixed
positive Q. The final state should be close to a one-vortex solution if Q2 is appropriate.






4

Other Trapping Potentials

In this chapter, we are interested in the minimizers of the energy

1 2 L 1 2 2
Ec.(u) = SIVul® = Qr= - (ju, Vu) + — (Iul - ,OTF(I‘)> dxdy, (4.1)
D 2 4e
for various functions prp(r). As before, r = (x, y), r* = (—y,x), (iu, Vu) =
i(uVu — uVu)/2, e is a small parameter, and 2 is the given rotational velocity. We
assume that D = {ptr > 0} and p7p(r) describes respectively a nonradial harmonic

confinement and a quartic trapping potential, that is, the model cases are
p1E(r) = po — x% — a®y? with o # 1 and py s.t. f otF = 1, 4.2)
D

ptr(r) = po + (b — D)r? — (k/4)r* and py s.t. /D otE = 1. (4.3)

In case (4.3), for certain values of b and k, the domain D becomes an annulus, and
this changes the pattern of vortices.

Both cases are motivated by experiments: the first one corresponds to the real
harmonic potential of the experiments [107, 108], since it is never exactly radial but
bears some inhomogeneity. The second case is motivated by recent ENS experiments
[40, 150] in which an extra laser beam is added to the system and thus modifies the
trapping potential so that a giant vortex can be observed (see for instance Figure 1.4,
(f); the hazy region in the center corresponds to a hole).

Fig. 4.1. Experimental vortices for a potential of type (4.3). Courtesy of V. Bretin and J.
Dalibard.
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In the first section, we study case (4.2): the results and techniques are very sim-
ilar to those of the previous chapter, except that now, the critical velocity and the
renormalized energy depend on «. The proofs have been done by Ignat and Millot
[80, 81]. The main difference with the radial case relies on the fact that the vortex-
free solution 7, has a globally defined phase. Thus, in making the splitting of the
energy, the test function is going to be modified to include this global phase.

The next section is devoted to the second model case of prp, where D is an
annulus. The topology of D implies that the order of the critical velocities changes:
there a first critical velocity of order 1 above which the minimizer has a degree on
any circle contained in the annulus. This degree is due to the presence of a giant
vortex in the central ball. Then for velocities of order wg|log |+ w1, the giant vortex
has a circulation of order [log ¢|. If wy < wyj, there are no vortices in the annulus,
while for wp > @y, the number of vortices in the annulus depends on w; and they
are arranged on a specific circle (as illustrated in Figure 1.6), which we are able to
characterize.

4.1 Non radial harmonic potential

The results of Chapter 3 can be extended when prr is given by (4.2), with w(}k and wf
now depending on «. As before, we will have to restrict our analysis to Ds = {r €
D, dist(|r|?, 8D) > §}.

Theorem 4.1. We assume a specific asymptotic form for the rotation <,

Q = wp|log €| + w1logllog ¢|. 4.4)

Let u, be a sequence of minimizers of E. in HO1 (D). Then a)’ok = (1+ az)/po isa
critical value in the following sense:

(i) If oo < wfj, or if wy = wfy and wy < 0, for any § > 0, if & is smaller than some
&s, then uy does not vanish in Ds. In addition, as ¢ tends to 0, |ug| converges to
JotE in Lig (D), and

E.(ug) = E(e) + o(1), (4.5)

where E(¢&) does not depend on ug or Q.
(ii) If o} < w1 < a)'l"H, with o = (1 +a?)(n—1)/po, for any 8 > 0, if ¢ is smaller
than some &5, u. has exactly n vortices p; of degree one in Ds. Moreover,

Ipfl < C/NQ  forany i, and |pf—p§5|>C/«/§,

where C is independent of €. Let p; = p; / Q. Then the configuration p; tends
to minimize the energy w defined in R*" by

700
w(bi, ... by) =—mpo Y 1og|b,-—bj|+—1+a2§ |bi2 (4.6)
i#j i
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where |r|§ = x? + a?y%.We have the following asymptotic expansion for the
energy:

E(ue)—5(8)+ T —— (wg — wp)|log ¢

2
‘Hl?o <n —1- mwl,%) log [log e| + ngz}nnw + Cpo +0(1),(4.7)
where E(g) does not depend on u, and Cp, o, is an explicit constant that depends
only on n and «.

We will not include a complete proof here, since it is very similar to that of the
previous chapter. We are only going to point out the major differences and refer to
[80, 81] for details. In order to get the splitting of the energy, we introduce the vortex-
free minimizer f.e'S of the energy E., where f. does not vanish in D. Its phase is
thus globally defined. Given the formulation of E,, we find that ( f;, S¢) minimize

_ [ 1 2, Laoap 21 L o 2
Ffo$) = [ SIVIR 43 PISE - ot Vs + o (£ - oreo)
4.8)

One can prove, as in the previous chapter for 7., that fg2 converges to ptg. The
limit § of S, is more involved to obtain. Formal computations yield that § =
Q(a?> — Dxy/(a?® + 1). Instead of using n, = f.e'S to define the ratio v, = u, /1,

we use
Ne = ggeis, where § = Qa -1 Xy
a?+1
and g, minimizes E.(f) = F.(f, 0) among real-valued functions f. For v, =
ug/ne, we obtain the following splitting of energy:

Ec(ug) = Ec(ne) + gr)g (ve) where gng (v) = Gng (v) + Lng (v) + Rng (v) (4.9)

and
L N U
Gy (v) = —IVvl + 2 (lv]* = 12, (4.10)
Ly (v) = 2+1/ s>V prr - (v, V), (4.11)
Ry, (v) = 5/;)|n8|2<|v|2— DAVSE —20rt-vs).  @12)

Let us justify this expansion: since g, minimizes E, among real-valued functions, it
is a solution of an equation that we can multiply by (Jve’S|> — 1) and integrate. We
obtain as in the proof of Lemma 3.7,

Ee(ug) = Ec(ge) + Gy, (vee'S) — /D Ine?Qrt - (ivee'S, V(vee™))
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= Ec(gee'S) 4+ Gy, (ve) + Ry, (ve) — /D e [2(Qrt — V) - (ive, Vve).

Because of the specific shape of the trapping potential prr, it turns out that Qr+ —
VS = —QVJ-/OTF/((%2 + 1), and thus (4.9) holds. If ptr were another trapping
potential, S would be chosen to minimize (4.8) with f = prpr. Thus it satisfies
div (otr(VS — Qr1)) = 0. This implies that there is a potential function £ such that
p1E(VS — Qrt) = —QV-L£. In the case of the harmonic potential, £ is explicit and
is equal to —p%F/Z(l + &?). In other cases, it is not explicit. As pointed out in the
open problems of the previous chapter, the important property in carrying out our
proof is in fact that max & / prF is reached at the origin.

The first two terms G, and L, are very similar to the case « = 1 and are
estimated similarly. For the remainder term R, , we can prove that it tends to O as ¢
tends to 0, using the Cauchy—Schwarz inequality and the fact that fD Inel*(Jv]? = 1)?
is bounded by Ce2[log €|. Let us insist on the fact that it is important to use 7, or
ge€'S rather than just |7, | in the splitting of the energy.

The rest of the estimates follow the same lines as the case @ = 1, with the
adaptations |r|§ = x2+a?y? replaces the usual norm and the primitive & of —rp7g(r)
is now p2./2(1 + a2).

4.2 Quartic potential

In this section, we assume that prr(r) = po + (b — 1)r2 — (k/4)r*, po is such that
Jppre = 1,and b > 1+ (3k*/4)'/3. Thus the domain D = {prr > 0} is an
annulus. The results are based on [3]. We are going to consider first the case when
Q2 is of order 1, which provides a giant vortex, and then the case when 2 is of order
|log ¢|, for which there are also vortices arranged on a circle.

4.2.1 Giant vortex

We are going to determine the critical velocities for which the circulation on any
circle contained in D gets bigger than d. This corresponds to the existence of a giant
vortex located in the central hole of the annulus.

As before, the energy E. splits into two parts, the energy of the density profile
and a reduced energy of the complex phase, which allows us to compute the limiting
energy and identify the size of the giant vortex. Let us introduce the density profile:
it is the minimizer of the energy E, when 2 = 0. When Q = 0, E.(n) = F:(n),
where

Fo(n) = L+ L anp - 2 4.13

e(n) = IVal” + = (nl” — pre(r))”. (4.13)
D 2 4e

Properties of the minimizer 7, are similar to those proved in Proposition 3.3. For

instance, 7. is real-valued, and ng converges to oTF in L*(D) and uniformly on any
compact set.
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Theorem 4.2. Let

PTE(r)
r2 )

1
go(d) = EA1d2 —Qd, deZ, where A = / (4.14)
D
Let Q3 = A(d — 1/2) ford > 1 and Qo = 0. If u. is a sequence of minimizers of
Ec,and Q4 < Q < Qq41, then:

(i) Ec(ug) — Ec(n:) — go(d), as € tends to 0.
(ii) There exists a subsequence ¢ — 0 and o € C with |a| = 1 such that

u : u
N ) Hlloc(D)’ and |-=| > 1, locally uniformly in D.

Ne Ne
(iii) For every fixed r such that dB,(0) C D, deg(%, 0B,) = d for ¢ sufficiently
small. '

The circulation of the giant vortex is thus equal to d and we find that the critical
velocity for having a giant vortex with circulation d is proportional to d.
The proof relies on the splitting of the energy as previously:

Ec(u) = Ec(ne) + &y, (v), where &, (v) = Gy, (v) + L;, (v) (4.15)
and
Gy, (v) = / ”—§|Vv|2 + 77—;‘1(|v|2 —1)%, (4.16)
D 2 4g2
Ly, (v) = —/Dngszrl.(iu,w) dxdy. 4.17)

We need to understand the contributions of the main terms. As before, G, will force
ve to have a modulus close to 1. We are going to prove that & (ve) tends to go(d).
The following lemma provides an indication for a lower bound for the energy.

Lemma 4.3. For v e HY(D, S1), let

Go(v) :/ %|VU|2 — orpQrt - (iv, V). (4.18)
D
Then for any r such that 0B, C D,
Go(v) = go(d), where d = deg(v, 3B;),

and go is given in (4.14). In particular, the minimum of G in HY (D, SYY is achieved,
and any minimizer has the form vy = ae' 0% where Do minimizes go inZ and a € C
is a constant with || = 1.

Proof: Let v be a smooth function in D with values in S'. The degree of v is constant
on any concentric circle S, C D and we call it d. We define the energy of v on the
circle S, by
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e(r: v) =/ ngﬁ — prEQrt - (iv, Vo).

First, we note that

/ otESrt - (iv, Vo) = 217 pre(r)Qd

S,

depends only on the homotopy class of v. For the other term, the Cauchy—Schwarz
inequality implies

2 . 2 1 . 2 ond?
[Vu|* > [ (v, Vv)" > — (iv,Vv)-t| = _ (4.19)
Sr Sy 2mr S, r

Therefore, we have the lower bound

2

e(r; v) > 2mptE(r) (%dT —Qd r) =e (r; eidg) (4.20)

forany v € H (D, ') and for almost every r € (ro, Rg). Integratipg (4.20) over r
(recall that we assume fD o1E(r) dx = 1) we obtain Go(v) > Go(e'??) = go(d).
Now let v be chosen to minimize Go:

g0(d) = Go(e'¥) < Go(v) < Go(e'??) = go(Dy).

Since Dy minimizes go over Z, we conclude that d = Dy, and each of the inequalities
above is actually an equality. Since Go(v) = er" e(r; v)dr = Go(e'Po%) and the
integrands are pointwise bounded by (4.20), we conclude that equality must hold
(almost everywhere) in (4.20), and therefore also in (4.19). The case of equality in the
Cauchy—-Schwarz inequality in the integrals over S, implies that (iv, Vv) - T = a(r)
(independent of ). Since the degree is independent of S,, we have

2
2ma(r)r = / (iv, Vv) - Trdf =27 Dy.
0

By the equality |(iv, Vv) - | = |Vv| and since |v| = 1, we conclude that the normal
derivative (ip, Vv) - n is equal to 0. Integrating the relation (iv, Vv) - T = Dgy/r
yields v = ¢/P@=%) with g, € R constant. O

Proof of Theorem 4.2: We first derive an upper bound on the energy of the minimiz-
ers. The splitting of the energy yields

Ee(nee'P%) = E.(ns) + Ec(e'P0%). 4.21)

Since ng converges to pt1F, limg_,0 & (eiPofy = 80(Dyp). For the minimizer u,, let
Ve = Ug/Ne. We have E.(uy) = Eo(n:) + E:(ve). We thus get

lim sup & (ve) < go(Do). (4.22)

e—0
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Now we want to prove that liminf,_,g & (ve) > go(Dg). We are going to show some
weak compactness of v, in the annulus to get the lower bound:

) 1 Q2
/n?rL-(lv,Vv) s—/ n§|W|2+—/ Il
D 4 Jp 2 Jp

1
Z/ 2 |Vu? + CQ? [/ n3<|v|2—1>+/ n?]
D D D

1 2 2 1 4 2 2
- v — -1
4/Dng| vl t 32 Dng(lvl )

+c92U |x|4+/ pn:+1]
D D

Therefore, this and (4.22) imply

IA

IA

1 1
g0(Do) + o(1) = —/ M IVoe? + — [ ni(vel = D> + 0(22).
4 Jp 8e* Jp
As a consequence, there exists a constant C (depending on €2 but independent of ¢)
such that

1
2 IVol> + S nt(v> = 1)?) < C. (4.23)
D &2

In particular, along some subsequence we have n, Vv, — wo weakly and |vg| — 1
strongly in L2(D). Fix any § > 0 and let D; := {x € D : dist(x, D) > §}. Then

1
c 2/ Vo = —/ prEI Vo2,
'Da 2 DzS

uniformly in €. Hence, v, is bounded in Hl(D(s) for each § > 0, and a subse-
quence converges weakly in HIIOC(D(;), strongly in L?(Djs), and pointwise almost
everywhere. By a diagonal argument we obtain a limiting function vy, with |vg| = 1
and v, — v in Ds for each § > 0. By lower semicontinuity, for each § > 0,

liminf/ n,§|wg|2zliminf/ n§|wg|23/ ote| V2.
e—0 D e—0 Ds Ds

We let § — 0 and obtain vg € H [}TF

identify the weak limit wg above: we have n, Vv, — ﬁTFVUQ weakly in LZ(D).
We want to show that this convergence is in fact strong.

The rotation term also converges away from the boundary: by weak convergence
of Vg, strong convergence of vg, and uniform convergence of r;g in Ds, we have for
each§ > 0,

(D). By the pointwise convergence, we may also

Q/ nirt - (v, Vug) — Q/ PTEE™ - (ivg, Vo). (4.24)
Ds

Ds
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In particular, lim inf, ¢ & (ve; Ds) > Go(vo; Ds). Let N5 = D\ Ds. By Lemma 4.3,
(4.22), (4.24), and the above, we have that for any y > 0, we may choose ¢ suffi-
ciently small, so that

¥+ Gowo) = ¥ + Go(e') = E:(ve) = Go(vo: Ds) + Ee(ves N3) =y, (4.25)
and hence we may choose ¢ > 0 small enough so that
Ee(ve; N5) < 2y + Go(vo; Ns) < 3y. (4.26)

This allows us to estimate the rotation term in N in a similar way as before, for
§ > 0 sufficiently small:

|sz/ Ner® - (ive, Vue)|
N

1
1 2
51/ n§|wg|2+cs22[(/ n;‘<|vs|2—1)2) +<mame>|Na|}
N D

<& (ves Ns) + v <4y,

for ¢, & sufficiently small. Together with (4.24) we conclude that

lim/ ngrL-(ivg,va):/ oTEE - (ivg, Vo),
e—=0Jp D
and from above,

lim i(I)lfé’g(vg) > Go(vg).
£—

Therefore lim, . & (ve) = Go(vo), so that lim [}, ne| Vg |2 = Ip o1E|Vol?, and
hence Vv, — /pTEVup strongly in LZ(D), i.e., vg — vp strongly in Hch(D)’
with vo a minimizer of Gy, that is, vg = ae! 2 with |a| = 1.

The uniform convergence of |vg| — 1 in Ds for any § > 0 follows from the
same arguments as Step A.2 of the proof of Theorem 1 of [33], since the matching
of the upper and lower bounds on & (v,; D) implies

1
8—2fDn§<|v|2 — 1% =o(1).

This completes the proof of Theorem 4.2. O

A recent paper of André, Bauman, and Phillips [21] deals with the case when
p1r(x) is allowed to vanish at isolated points. Their model originates from supercon-
ductivity. They show that when the applied field (which plays the role of our angular
speed 2) is large but fixed (independent of ¢), minimizers have nonzero degree. The
vortices are pinned to the zeros of prr, and none appear in the region where ptr > 0.
In their result, it is important that /o is in H !, which is not the case here. In par-
ticular, the profile of the condensate is singular near the boundary, and contributes to
a divergent term in the expansion of energy. We overcome this difficulty by a split-
ting of the energy to separate the contribution of the vortices from that of the singular
boundary layer.
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4.2.2 Circle of vortices

As in the model case pg —r2, vortices become energetically favorable in the bulk D at
a critical value of the rotation Q* = O(|log ¢|). In our model case, they are nucleated
close to the origin, because it is the location of the maximum of the potential function
&/ ptr, proportional to ptr. We show that the same general principle holds in the
annular case: vortices are nucleated close to the point of maximum of &/ o1, which
is now an inner circle. This is due to the fact that giant vortex exerts a repulsive
force on free vortices in the interior of D, which effectively balances the force of the
rotation. Hence vortices lie on a specific circle.
We will identify D with the annulus Bg, \ ERI .

Theorem 4.4. We assume a specific asymptotic form for the rotation Q2:
Q = wpllog ¢| + wilog|log ¢|. “4.27)
Let p be such that (log|log D« pkl, D, be defined as
Dy, = {r e D, dist(r, dD) > p,}. (4.28)

Then, there exist constants w(;, ] such that if u. is a sequence of minimizers of E¢
in Hy (D), the following hold:

(i) If either wy < wj or both wy = w; and w1 < —w], then for all e sufficiently
small, |ug| does not vanish in D,,.

(ii) If o = wgy and wy > 0, then for all ¢ sufficiently small, any vortex in D, has
positive degree and is localized on the circle C of radius ro characterized by the
fact that ro minimizes £(r)/ptr(r) in (R, Rg), where

R
E(r) ;:/ OpTF(s) <s—AL> ds, A :/ pTFZ(S). (4.29)
r D S

1S

For any circle C, withr > ry,

deg (i, Cr> — deg (i, Cp> > 0.
|ul |ul

Note that given the definition of A and the constraint on pg in (4.3), £(R;) = 0. As
in the previous chapter, there may exist vortices near the edges of D, but the value of
pTF being very small near 9D, we have no way of controlling these outlying vortices.

As previously, we decouple the energy of u, = n.v, into the energy of n, plus
another term that we need to estimate. But we refine our splitting of energy to in-
corporate the effect of the giant vortex: we use the configuration n.e’”¢? in fact as
comparison function. Our asymptotic expansion of the energy leads to the appear-
ance of a new potential function £ defined in (4.29): £(r) > 0, £(R;) = £€(Ro) =0,
and

§(r)
max
re[Ry,Ro] pTR(T)

—: Ko > 0, (4.30)
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is attained at rg9. We show that wg = 1/(2Kp) gives the desired critical value of
rotation, in the sense that when wy < a)g , minimizers have no vortices inside D,. On
the other hand, if wg = a)g and w; > 0, vortices converge to the circle C of radius ry.
The proof follows the arguments in Section 3.3: the lower bound on the energy leads
to the upper bound on the number of vortices, the positivity of the degrees, and their
location on C.

The rest of this section is devoted to the proof of Theorem 4.4.

Splitting the energy

We refine our splitting of energy to incorporate the effect of the giant vortex. We
define v, through

i Q
Ug = ngelDEOU:E‘) W]th DS = [A_} ) (4.31)
1

where [x] denotes the closest integer to x and A is given by (4.14). Recall that
Q = O(]log €]). Since ¢'P<% is smooth and of modulus one in the annulus D, it
follows that v is well defined, and (4.15) and a direct calculation yield

Ec(ue) = Ec(ne) + gs(eiDgeva)

1 -
= E.(ne) + EAsDi — QM. D; + &, (ve), (4.32)
with
_ ”g _ 212
A, = > and M, = nglvel”, (4.33)
D x| D

5 _ ’lg 2 2 . 71? 2 2

Ep, (V) = —|Vu|® = QX (iv, Vv) + = (Jv|” = 1)7, (4.34)
) D 2 4g2

where X = x+ — %VG.

Using n,¢'P<? as a test function for an upper bound, we find that if u, is a
minimizer, then 5,78(1)5) < 0. Our aim is to compute a lower bound and thus locate
the vortices. The rest of the proof follows the lines of Section 3.3.

Vortex balls

Our first step is to excise a thin neighborhood of the two edges where prp(r) van-
ishes. Let

_ (log|log e'/*

8§ =26, = (4.35)
|log &

and
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Ds, :={r € D: dist(r, 3D) > &}, N := D\ Ds,.

Then, by familiar arguments we have

1 4
Qf n2X - (iv, V) < —/ n§|w|2+/ '7—52(|v|2— 1)? + C/log|log ¢].
N, 2 N, N, 8¢

(4.36)
In particular, €~n£ (v; Ng) > —C/log|log ¢|, and consequently,
&y (v Ds,) < C/log|log ¢] (4.37)

for any minimizer.
Note that by the same steps as in (3.36) above,

1 1
sz/ n?X - (iv, Vv) < —/ n2Vul? + —/ ni(v)> = )2 + Q2
s 4 Ds, Ds,

’ 82
(4.38)
and hence from (4.37) we obtain the useful estimate
0
fD n2|vul? + 8—§(|v|2 —1)?} <CQ? = O(llog ¢]?), (4.39)
e
with C independent of €.
We now define
5 PTF P2
&<w:=t/ IVl = QoreX - (v, Vo) + R (WP = 1D pL (440)
Dgs 2 4e

and using the estimates on (ng — prF), we conclude that
£ew) = &, :Ds) (140" llog e)) = C/logllog el (4:41)

Moreover, the bounds (4.38), (4.39) also hold with prp replacing ngz

2
/ preI Vol + ZIE (ol — 12, <CQ:  (442)
&
)

e

Q/ PTeX - (iv, V)
S,

e

Now in D;, we may isolate the vortices using the method of Sandier [133] and
Sandier and Serfaty [135]. We have the following result:

Proposition 4.5. For any C > 0 there exist positive constants &, Co such that for
any ¢ < g9, 2 < Cl|log €|, and any v with E,(v) < C/|log €| there exists a finite
collection {B; = B(pi, si)}i=1....m of disjoint balls such that

.....
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m
{x €Dy, : |v] <1—|log e|—5} cl s (4.43)
i=l1
m
Zsi < [log &|719; (4.44)
i=1
degy 5 (|U_|> =d;  forall i (4.45)
AN LY

PTF . .
f TKV —iQX)v|* > wore(pi)ld;| (llog e| — Cologllog e|) for all i. (4.46)
Bi

Potential function &

Foré > 0 and 6 € R, let us define

Ro—d 1 1
Eo.5(r) == f o1E(S) (s - (A— - 9> —) ds. (4.47)
r 1 N

Here we take § = 6, as in (4.35), and

so that
1
0] < & = O(lloge| ™. (4.48)

The reason why &g, 5. enters into our problem is that it is the primitive of the vector
field prr(r)X that vanishes at the outer edge of Ds, :

v (&,.5,()) = pTR(D X, &9,5(Ro —8) =0, (4.49)
for any §,, 6. It will be important later on to notice that
£y s(R1) =0 =& 5(Ro), (4.50)

and when 0 =0 = §,
&0,0(R1) =0 = &p,0(Ro), &0,0(r) > Oforallr € (Ry, Ro). 4.51)

Lemma 4.6. Let ro be the point where &y o(r)/p1E(r) reaches its maximum and let
Ko = &0,0(r0)/ pTE(r0). There exist constants Ko, K3 > 0 such that

1&6,.5. ()] <K K>

< Kp 4.52)
PTE(T) [log ¢|
whenever r € (R + 8¢, Ry — 8¢), and
K
€6, 5 ()] < Ko — 3 (4.53)

<Ko
PTE() V[loge|

when |r — rg| > |log s|_1/2Mf0rs0me M >1.
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Proof: We have
|6,.5. () — E0,0(")| < C(16e] + 8:2). (4.54)

with a constant C independent of ¢. There exist constants « and ag such that for any
y > 0 sufficiently small,
a(r —Ry), ifRy <r <R;+vy,
PTE(r) > 1 ao, ifRi+y <r <Ro—v,
a(Ry—r), ifRy—y <r <Ryp.
When R; + 8. <r < Ry + y, we calculate
1€6..5. ()] < 180,00 + CI6e] +8:3) < Cr = R)” + C(16| + 82,
using (4.49), (4.50), and (4.51). Therefore,
r C  C (16| +8:2 _ 1
oo O] € C (101157 _ ) 4 0 (ogllog el1™4) < » Ko,
PTE(r) o o 8e 2

(4.55)

by fixing a value of y sufficiently small. An analogous estimate holds on the interval
[Ro — v, Ro — 8¢l

It remains to consider the larger interval Ry + y <r < Rg — y. Since
§0.6.(r) _ Soo(| _ €
pte(r)  p1R(r) |~ ao

the conclusion follows from the definition of r. O

(16| +8:%) < Cllog e| ™",

A lower-bound expansion

We define C to be the circle of radius rg.

The proof is based on a detailed lower-bound expansion of the energy in terms
of the location and degrees of the vortex balls (B;) constructed in Proposition 4.5.
First, we consider the energy in the balls themselves. We have

/@viﬂ—mx-(z‘v,vm):/ PE (107 = 19X — Q21X PJoP?)
B 2 B 2

> mote(pi)ldi|(Jlog | — Cologl|log ¢|) — o(1),
(4.56)

from Proposition 4.5, where we have estimated the extra term using (4.44). We may
also evaluate the cross-term in the region D, \ UB; in terms of the potential functions
&p, 5. introduced in the previous paragraph. First note that by slightly modifying our
choice of §; we may be sure that no vortex ball intersects the inner or outer boundary
dBR, +5.(0), 9 BR,—s. (0) of the annulus D;,. Indeed, if this is not the case by (4.44)
we may find a constant k, € [1,2) such that replacing §;" = k.8, we may avoid
vortex balls intersecting the boundary.
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Lemma 4.7. Let dy = deg(v/|v|; 0Bg,+s,.). Then,

Qf PTr(x) X - (iv, Vv) = —2mdy &, 5, (R1 + &) 2
'Dgs\UBi

+ 2mdi &, 5. (1pil) @+ o(1). (4.57)

The proof is similar to that of Lemma 3.11. We do not repeat it. The only dif-
ference lies in the existence of dy, which is estimated similarly but with the opposite
sign.

Putting (4.56) and (4.57) together we obtain the lower bound

0(/logllog &) > & (v)

> Y prr(pi)ldi| (llog e| — Cologllog &) — 27 )~ di&y, 5. (1pil) @

1
—2mdobp, 5. (R1 +386) Q@ + 5 / ptr [Vo|* + o(1). (4.58)
2 DaE\UB[

The behavior of prr(r) and &, (r) allow us to choose y > 0 (independent of ¢)
such that
Ri+vy <ro<Ro—v,

PTr(r) = ap := min{ptr(R| + ¥), prr(Ro — y)} forallr € [R; +y, Ry — v],

and
K
000 Ko porallr € (Riy R4 1) U (Ro — . Ro). (4.59)
PTR(r)
Let
Z, = {i: 8 <dist(p;,dD) <y,
Z, = {i : dist(p;, C) < |log &]"/*" and ¢; > 0},
Z_ :={i : dist(p;, C) < [log &|""/*" and d; < 0},
Zo:=(Z,UZ_UZ,)°,
and set

Ny= Y pre(pdldil,  x =y, —,0; N=Y_ pre(pi)ldi].
Zy i

In fact, N = N, + N« + N_ + No.
For vortices p; with i € Z,,, we use (4.55) and (4.59) to derive

186..o. (PiDI _ Ko
PTF(Pi) 2
Lemma 4.6 and (4.58) then yield

(4.60)
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Cy/logllog ¢| = m N (Jlog £ — Colog|log &)
—27KoN, [1 + O(Jlog sr‘)] (wollog ] + wilog|log )
+27 KoN_ |1+ O(|log £|_1)] (wollog €| + wilog|log )

1
—27KoN, [5 + O(|log e|‘)} (wollog €| + wilog|log &|)

K4
|log &l

—2mdo&p, 5. (R1 + 6¢)2 —i—f @|Vv|2+0(1). 4.61)
'D(;E\UB,'Z

—2m Ko No |:1 — :| (wollog e| + wilog|log €])

One difficulty in dealing with this lower bound expansion is the boundary term
at Ry + &, since we have no a priori bound on the degree dy of the inner edge of the
annulus. We must consider two cases separately.

Case: |do| <2 |d;]-
Recalling (4.50), (4.51), and the behavior of pTr(r) near r = Ry, we have

R )
E0,0( 1+ 8) < C(Sg.
PTE(R1 + &)

With (4.54) we obtain
|&6..5. (R1 + 8:)| < C8p1r(R1 + &) + C(10:| + 8:%)

|6 | )
<C|8 + ————= ) ptr(R1 + &)
( © 7 orR(Ry +8e) ¢

C
=< WPTF(RI + 8¢).

Hence,
ldo @5, 5. (Ry +5)| < —————pre(Ry + 8)llog el Y 1dil. (4.62)
o ~ [log|log &[]1/4
Hence

C
27 |do Q &, 5, (R1 +80)| < ——————p1e(R1 + &)|log e| »  |d;]
€,9¢ /4
[log|log &1 2l

Cllog €| Cé, PTE(Pi)
< [10g|10g8|]1/422ym(p,>| 1+ Hogliog 77 ZZ il
Y

C
llog e] > pre(pi)ldi| + ——— > pre(pi)ldi.
zC

=
- log ¢|

|

We now substitute back into the lower bound for the energy (4.61):
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Cy/logllog &| > (N4 + No)l|log |(1 — 2Kowp)
7
+m N_[log &|(1 + 2Kowo) (1 + o(1)) + 7w Ny [log (§ - Kowo) (1+o0(1))

pre

—n N« (Co + 2Kow1)log|log ¢| + C Ny+/|log ¢| —i—/ |Vv|2. (4.63)

Dag \UB;

In this step we have used Lemma 4.6, (4.60), and the choice of the angular speed
(4.27).

Our first step is to conclude that there are no vortices in the bulk when the speed
is too small. Let a)a“ = ﬁ From (4.63), we derive

V/1og|log €|

* N P2
wo <, andthen N = | pre(pi)|di] < €312

Suppose wy = wy; and

Then each term on the right-hand side of (4.63) is nonnegative, and we conclude that
N = ZpTF(Pi)|di| < Cllog|log e[1~"/2.

Because of the weight prr we cannot conclude that the total degree of vortices in
Ds, is zero, but we can make that conclusion if we restrict our attention to a smaller
domain. Let p = p; > (logl|log e|)~"2. Then

pe Y. ldil <N < Cllogllog e]]™"/2,
dist(p;,0D)> ps

Yo ldil=o(D),

dist(p;,0D)> pe

which implies

that is, there are no vortices at any distance larger than [log|log £|]~'/? from 8D
when the rotation is slower than this critical value.
When the angular speed is larger,
Co

_ 4.64
w1 > Ko’ (4.64)

we rearrange the terms in (4.63) to arrive at

(No + N_ + N, )+/|log ¢| < CN,log|log ¢| + C+/log|log ¢|, (4.65)

with C independent of ¢. We are going to bound N, and therefore infer that the
essential contribution to the weighted sum of vortices in the bulk is due to positive-
degree vortices concentrating at the minimal set C. To complete the argument we
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must use the remaining term in the energy. Define I, := (R; + 8., Ry — 6¢). By
Proposition 4.5 the set

= |r el 9B,0)n| By (p) = QJ]

is a finite union of intervals whose complement |/, \ J¢| < |log £|_12 has very small
measure. For eachr € J;, [v| > 1 — [log ¢|™*, and hence we may define

D(r) = deg <|i aB,(0)> .

vl
Letry := Ry + y,ry := Ry — vy, and fix any #1, f, with
r<t <rop<th<r.

Note that r1, 2, t1, » are all independent of ¢. In (r1, r2), we recall that prp(r) >

ag > 0.
On the one hand,
Po1F(pi) No
D) = D)l =| > di| < ——|di| < — < o(1)N..
11 <|pil<ri f1<|pil<r a0

In the same way we show that |D(ry) — D(#)| < o(1) N,. Finally,

ZdiZZdi—Zdi

|D(2) — D(11)]

n<|pil<ty 1 <lpil<n 1 <lpjl<ty
d;>0 d; <0

1 1

> =Ny — C(N—- + No) = = Nu(1 —o(D)).
a a

In particular, it follows that
. 1
min{|D ()], |[D()[} = ﬁN*' (4.66)

Suppose that |D(#1)| > Zl—éN*. Then we have |D(r)| > ﬁN* for every r € [ry, t1].
Writing v = |v|e’? (for |x| = r € J.) we estimate the remaining term in the energy
as follows, using that in J,, [v| > 1 — |log el ~*:

1 2
f V)2 z/ / PIED), 219612 r db dr
Ds, \UB; 2 7. Jo 2

27
zf/ PIEC) G o2 v db dr (1 + o(1))
. JO

2
_ / PTEC) (D)2 (1 + o(1))

r

> CN2(1 +o0(1)). (4.67)



96 4 Other Trapping Potentials
Returning to the estimate (4.63) we see that
C/log|log g| = C{N? — C;N,log|log | + o(1),
with constants C, C independent of . We conclude that
Ny < Clog|log €. (4.68)
With (4.65) and (4.68) we have

(log|log ¢[)?

max{N_, No, N,,} <C 2

llog ]

As before, we need to further restrict the domain in order to come to a conclusion as
to the total degree in the annulus. Take any p, with

(log[log &l)>

& ’
llog &|'/?
and then
(log|log &])?
>l Y ldlsCc—SE
dist(py.C)=[log ¢|~1/2M d; <0 [log |/~ pTE(0¢)
dlist(pi,é)D)>pg dist(p; ,0D)>pe

Since the left-hand side is now an integer, it must be exactly zero for ¢ sufficiently
small.

Finally, we consider the degree of the neighborhood of the edge of the annulus.
From the previous paragraph we observe that D(r) = D is constant in the interval
r € [R1 + pe, t1]. We return to the lower bound (4.63) to obtain

C/log|log | + C N log|log ¢| > / C—Z|Vv|2
D5, \UB; 2
S a
> f —(D(r)*dr| +o(1)
r r
> CD}.

In particular, given the bound (4.68) we have

v
deg (m, dBR,+p, <0>)‘ — |Dy| < Clogllog el.

Note that this confirms that we have made a good choice of the degree D, of the

giant vortex, since for the original wave function u we have

u
deg (m, 0BR, +ps (0)) = D, + O (log|log ) .
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Let us check that for w; > 0, there is at least one vortex. We construct a test

function of the form u = ngeingvpo, where v, hilS a vortex on C: Upo x) = fe(]x—
po|)|§:5g|, where |po| € C, f:(0) = 0, and f.(R) = 1. If we fix R > 0 such that
D D Bp(po) we then have

EWpy) 5/ ( 1V fol? +pTF(f5 —D?+ "TFJz)
B (po

=27 Q& 5. (Ipol) + o(1) < wpTr(ro)[loge|
1
—2r (Ellogﬂ + w110g|10g8|> (KO/OTF(”O) + 0(|10g8|_1)> +C
0
< —2n Koprr(ro)wilog|loge| + C.

We now return to our lower bound from (4.63). We now know that No, N_, N, are
o(1), and therefore with this improved upper bound we obtain

=1 N«(Co + 2Kow1) < =27 Kopre(ro)wr + o(1).
This can be rewritten in the form of a lower bound for N,

N, > 2Kop1E(ro)wi

> o(1),
Co + 2Kow1

and hence for w1 > 0, we must have at least one vortex. This concludes the analysis
for Case 1.

CaseIL: |dy| > 2> |d;i].
Let D(r), J. be as in the previous part, so

d0+Zdi >

|pil<r

1
|D(r)| = §|d0| forall r € J,.

We then estimate as before,

/D\Bz'V'ZZ// PTE | PV 2
SSU &

(D(r))2 dr + o(1)

v

—%/fﬁm—c% (4.69)
Je
On the other hand, in Case II, using the estimate

|27 dy &, 5, doée|log e] < Ca|dp|

C
R ) < -
(Ri+00)] = (g api/a

for &, 5., from (4.58) we get
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Cy/logllog &| > &.(v)

> C1dg — Codo + 7 ZPTF(Pi)|di| (llog &| — Colog|log ¢|)
—27 Y " digg, 5, (Ipi) 2 + o(1).

We may now repeat the same steps as in Case I (although we no longer need to
distinguish Z,,, N, ) to derive

C./log|log ¢| > Cldg — Caldo| + C3(No + N_)/|log ¢] — C N,log|log ¢,

and hence
log|log ¢| c log|log €|

+ Cldo| ——.
log €| J|log €|

(N_+ Ny =C

This leads again to

C1d¢ — Cldollog|log e| < Cy/log|log |

and thus the same conclusions as in Case I. This completes the proof of Theorem 4.4.
O

4.3 Open questions

4.3.1 Circle of vortices

Open Problem 4.1 Assume that Q = wg|log €| + w1, and prove that according to

the value of w1 in some interval (a)q’, a)'fﬂ), the minimizer has n vortices located on

a specific circle of radius ry.

The difficulty relies on the improvement of (4.67) to Nflog|log |, which provides
that N, is bounded. Then the refined structure of vortices can be analyzed as in
Section 3.4. A totally new feature, as mentioned after Open Problem 3.3, is that when
there are n vortices in the system, they are no longer at distance 1/,/|log €|, but at
distance of order 1. The logarithm involved in the renormalized energy w should be
replaced by something else.

4.3.2 Giant vortex or isolated vortices

If one replaces the problem in D = Bg, \ ERI by the problem in Bg, but with the
same geometry for the set {pTr > 0}, then the results of Theorem 4.2 still hold. It
is an open question to prove that the minimizer has a giant vortex of degree d at the
origin or d vortices of degree 1 in the region Bg, where its modulus is exponentially
small.
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High-Velocity and Quantum Hall Regime

When the velocity gets large, the size of the condensate and the number of vortices in-
crease: a dense lattice is observed [1, 47, 58, 141], referred to as an Abrikosov lattice
due to the analogy with superconductors. The description of the vortex lattice at high
rotational velocity has been the focus of very recent papers in the condensed-matter
physics community, starting with the seminal paper of Ho [79] and very recently by
[64, 27, 49, 154, 147]. Our aim is to provide mathematical insight into the lattice
pattern.

The mathematical interest of such a system can be related to homogeneous me-
dia, since there are two scales emerging: the size of vortices (of order 1) and the
size of the condensate (much larger). In this regime, vortices have approximately the
same size as their mutual distance, which is very different from the lower rotation
regime. Hence different mathematical tools need to be introduced.

This chapter is dedicated to the study of minimizers ¢ € L?(R?, C) of

1-2 N
ELLL(w:/ grwu—“w under/ W2 =1, (5.1)
R2 2 2 R2

2 . . . . . .
where ¥e%ZI"/2 is a holomorphic function. Here  is the rotational velocity and

tends to 1; N, a are given parameters; and r = (x, y) or equivalently z = x +iy. We
will identify complex numbers and vectors in R?, and in particular dz will denote the
two-dimensional Lebesgue measure dx dy. We will construct a test function (which
we believe is close to the minimizer) and this will provide an upper bound for the
energy. The lower bound and I" convergence properties are still open.

We will first explain the reduction from the Gross—Pitaevskii energy to this prob-
lem, then present our main results, proofs, and open questions. The results rely on
the works [5, 7, 8].
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5.1 Introduction

5.1.1 Lowest Landau level

Let us first present how the Gross—Pitaevskii energy (1.17) can be reduced to (5.1).
For fixed €2, if the trapping frequencies along the x and y directions are much smaller
than along the z direction (that is, 8 in (1.17) is large), it has been proved [98] that the
wave function decouples into 1 (x, y)€(z), where & is a Gaussian in the z direction
and ¥ minimizes the reduced two-dimensional Gross—Pitaevskii energy. In the fast-
rotation regime, we will see below that the effective trapping frequencies in the x
and y directions, /1 — Q2 and a+/1 — ©2, are much smaller, as S tends to 1, than
the frequency in the z direction, which is fixed. Thus one can expect the same type
of reduction into ¥ (x, y)£(z), where £ is a fixed Gaussian in the z direction and
minimizes the reduced two-dimensional energy depending on 2. The rigorous proof
of the reduction to a two-dimensional problem is still open, but a 2D description is
expected to be satisfactory. This is what we will use.

The energy taking into account the 2D reduction can be written (we set o« = 1
for simplicity)

E(w:f lw—iszxrw|2+1<1—szz)r2|x//|2+1Na|1/f|“, (5.2)
R2 2 2 2

under fR2 ||> = 1. The rescaled rotational velocity is along the z axis: Q = Qe,.
With respect to (1.17), we have added and subtracted Q22| |2/2 to get a complete
square in the first term. In order for the trapping potential to remain stronger than
the rotating force, we need to have Q < 1, so that the energy is bounded below. The
minimization is performed in R? and not just in a bounded domain, because the size
of the condensate increases as €2 approaches 1.

This regime displays a strong analogy with quantum Hall physics: the first term
in the energy is identical to the energy of a particle placed in a uniform magnetic
field 2€2. The minimizers for

1
/ — |V — i x ry|? under f lW)? =1 (5.3)
RZ 2 R2

are well known [104] through the study of the eigenvalues of the operator —(V —i€ x
r)2. The minimum is 2 and the corresponding eigenspace is of infinite dimension and
called the lowest Landau level (LLL). This can be studied using a change of gauge
and a Fourier transform in one direction. The other eigenvalues are (2k+1)2, k € N.
A basis of the first eigenspace is given by

V(x,y) = P()e Y2 with 7 = x + iy, (5.4)

where P varies in a basis of polynomials. The closure of this space in L?(R?) is
made up of functions of the type (5.4) where P varies in the space of holomorphic
functions. In this framework, vortices are the zeros of the polynomial or holomorphic
function and are thus easy to identify.
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We will see that as 2 approaches 1, the second and third terms in the energy
(5.2) produce a contribution of order /1 — €2, which is much smaller than the gap
2Q2 between two eigenvalues. Thus, it is natural, as a first step, to restrict to the
eigenfunctions of the first eigenvalue and find the minimizer of the energy in this
reduced infinite-dimensional space, but we are not able to provide a full rigorous
justification of this restriction. When v is restricted to the lowest Landau level (5.4),
the energy (5.2) is equal to

EW)=Q+ ELLL(¥),

where Eypp is given by (5.1). The aim of this chapter is to minimize Eypp (¥) in
the space (5.4). The modulus of the wave function and the location of the zeros are
plotted in Figure 1.7 for Q = 0.999. We will see that the characteristic size of the
condensate, that is, the region where the wave function is significant (left part of
Figure 1.7), is proportional to (1 — €)'/ In this region, vortices are arranged on
a triangular lattice, while outside, the wave function is of small amplitude, yet the
analysis of the zeros is still of interest.

5.1.2 Construction of an upper bound

The mathematical description of the vortex structure involves the definition of a
hexagonal or triangular lattice: in what follows, £ = v(Z + tZ), with v € R denot-
ing a hexagonal lattice if 7 = ¢%7/3. The unit cell centered at the points of the lattice
is called Q and has volume V. The symbol f denotes the average of an ¢-periodic
function: f f = % /, 0 f. Our main result is the construction of a test function that
provides an upper bound for the energy:

Theorem 5.1. There exists a sequence of functions yrq of the form (5.4) such that as
Qtends to 1,

2v2 [Nab Finl*
ELiL(We) ~ ——/ — 1 = Q), whereb=———— (5.5)
3 4 f In1»?
and |n| is a periodic function that vanishes at each point of the lattice { and
77(z)e§2|z|2/2 is a holomorphic function.

The parameter b carries the averaged energy contribution of the vortex lattice in each
cell, while the numerical coefficient in front of the square root is due to the shape
of the slowly varying profile of the wave function. The parameter b is called the
Abrikosov parameter [2, 93], since it arises in the study of superconductors near the
second critical field. An approximate value is 1.16. In fact, b minimizes the ratio
given in (5.5) among all possible lattices and functions having the properties of 7
[93, 8]. The function 7 is explicit, as we will see below.

The construction of the test function is inspired by the numerical computations
in [7]: we minimize the energy (5.1) for test functions (5.4). We use a description of
the polynomials P by its roots z; and find the optimal location of the z; through a
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conjugate gradient method. It provides the following pattern for vortices (see Figure
1.7): in a central region, vortices are located on a regular triangular lattice, while
the lattice is distorted towards the edges. The density plot of || shows that the only
visible vortices are the ones in the regular lattice part, the outer ones being in a region
of very low density. Our test function in Theorem 5.1 is intended to reproduce this
pattern.

Regular lattice

Let us first explain, for the case of a regular lattice, how a large number of zeros
in the test function can modify its decay at infinity: if the vortices are located on a
regular lattice, the wave function decays like a Gaussian and we provide a rigorous
proof of the energy estimate obtained by Ho [79].

Theorem 5.2. Let £ be a regular hexagonal lattice, Q a unit cell, and V = |Q| >
/2. Let

Yr@ = Ar [] - je 2 (5.6)

jelNBg

with Ag chosen such that | YRl 2r2) = 1. Then as R tends to oo,

1
WR@I = ¥@ = @l N in L (R 01+ [2P)dz) - (57)

forall p > 1, where

L _q 7 (5.8)
o2 1% '
and n is as defined in Theorem 5.1. Moreover, || satisfies —A (log|n|) = 2wy —
27/ V in Q, with periodic boundary conditions. In addition, limg_, o Er 11L(YR) =
ErpL(¥). As o tends to infinity, then

1— Q2 1 Nab
A-99 » 1Nab

E ~ .
LLL(¥) 2 1792

(5.9)

The main feature of the periodic lattice is to modify the decay of the Gaussian from
e~ UP/2 o e_|z|2/2”2, where o depends on the volume through (5.8). We need to
choose the optimal o in (5.9), which yields

1 Nab

4 2
1-Q%) ==
o ( ) 3

(5.10)

This value of o indeed satisfies 0 — o0 as 2 tends to 1. The volume condition (5.8)
matched with the value of o in (5.10) implies V = (Q + \/Zn(l - Qz)/(Nab)) .
The estimate of the energy is thus
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Nab

EpL(y) ~ o — 1= Q). (5.11)
Q-1 T

This is to be compared to (5.5), which is better by a factor +/8/9, but is of the same
magnitude, since 1 — €2 is small. Let us emphasize the presence of the coefficient b:
it takes into account the averaged vortex contribution on each cell. As in the case of
superconductors near H,,, for the Abrikosov lattice, the optimal lattice minimizing
the ratio b is the hexagonal one [93]. Note that our proof could hold with other
lattices than the hexagonal one, but the corresponding coefficient » would be higher.

The function 7 is explicit and related to the Abrikosov problem [2, 93]:

. |QV/3
n(z) = % 2= UP 2z, H7/3) where A = 2%[ (5.12)

+00
@(U, T) — l Z (_1)neinr(n+l/2)ze(2n+l)m‘v’ v E C (513)
l

n=—oo

Given the invariance properties of the Theta function on a lattice, |n| is periodic on
the lattice AZ + Ae*7/3Z. It can be proved that all functions such that nemZ'z is
holomorphic and whose modulus is periodic on a lattice are given by (5.12). A proof
that the triangular lattice, that is, T = €27/ minimizes the ratio b = § [n|*/(f [n|?)?
for such functions n can be found in [8].

Distorted lattice and inverted parabola

The main observation is that modifying the location of the vortices from a regular
lattice can change the decay of the wave function and hence improve the energy
estimate. This decay is similar to that of an inverted parabola, as already observed by
[49, 141, 154], and we are going to justify this observation.

If one considers the minimization of the energy (5.1) without the constraint (5.4),
one finds that Na|vy|? is equal to the positive part of u — (1 — ©2)|z|?/2, where 1
is the Lagrange multiplier due to the constraint f ||> = 1; || is thus the inverted
parabola

2 r? 4Na \'*
|1/fmm<r)|2=n—R§<1—F>1r<Ro, R0=(m> SN CREY

0

The reduced energy is

24/2 [Na(l — Q
€min = ELLL(¥min) ~ \3/— a(n ) . (5.15)

This is close to the upper bound (5.5); the numerical factor is the same except for
the coefficient b, coming from the averaged vortex contribution. But if ¢ is of the

form (5.4), it cannot approximate (5.14) since wminemdz/ 2

is not a holomorphic
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function. Nevertheless, as €2 tends to 1, with an appropriate location of the zeros
z; of the polynomial P, the aim is to build a test function that provides a weak-star
approximation of ¥, and whose energy can be of the same order as (5.15) but with
a coefficient /b coming from the contribution of the lattice.

Ideas of the proofs

Let us now explain the main ideas of the proof developed in [4]. For the regular
lattice, we split log|y¥r(z)| into vg(z) + wgr(z) with

v()—Zlo|—'|—l/10|——'|d (5.16)
R(Z = gz —J v 0 glz—y—Jjlay, .
Jj€EINBR
22 1 .
wg(z) =logAr — Q— + — Z loglz —y — jl dy. (5.17)
2 Vv, 0
JEINBR

At this stage, we have just added and subtracted the sum of the integrals. As R tends
to 0o, we prove that vg converges to a periodic series v and e”® to a Gaussian
with modified decay 1/02. The computation of the energy uses the double-scale
convergence [19], which allows us to separate the integrals in v and the Gaussian
and get the contribution of b.

Let us be more precise about Theorem 5.1. We perform a general transformation
of the lattice in the following way: for j in £, a regular triangular lattice of unit cell
with volume V = 7/Q, we define the transformed lattice £/, by

k € Uy if k = vg(|j]) j for j € €N Bg. (5.18)

We assume that vy is close to 1 as €2 tends to 1, in the sense that

2/ p2 1/4
208 _ 14 JTT/RY) 1 o ( 4Nab
where f(x) is a continuous function, such that for some y, f(y) = oo and

foy f(s) ds = oo. Note that we do not take as inverted parabola (5.14), but we
need to include the coefficient b in the radius.

We would like to apply the same proof as for the regular lattice, using vg and
wp for this distorted lattice. In contrast to the proof for the regular lattice, we cannot
study the two limits R — o0 in (5.7) and ¢ — o0 in (5.9) separately, since now R
is related to €2 through (5.19). Hence, the lattice has a finite extent at each R and we
have to pass to the limit in the double scale convergence at the same time as the scale
of the lattice. We are unable to match wy inside and outside the lattice and do the
dominated convergence separately.

In order to circumvent this problem, we introduce an outer regular lattice, whose
characteristic size tends to infinity in a last step. Let ¢ € (0, y), R be related to 2 by
(5.19), and
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_Jvr(®) ifr <aR,
Ar(r) = { Vo.R = VR(aR) if r > R, (5.20)

and E/R = {Ar(ljDj : J € £}. For fixed o, we let R tend to oo, and study the limit
of the wave functions vanishing at each point of £/,:

2
V@) = AR [ [ G~ 2r(iDi)e @ (521)

jet

Since « is fixed, vg(@R) tends to 1. We use similar ideas as in the regular lattice
case and identify a double-scale convergence to a periodic part on the one hand and
a profile depending on the transformation f on the other hand, given by

— 2 2 a2y — 2y_ 2y1,12
WP = n@P (7 1, (1z)) + MO @OT@RE 4 (2)) - (5.22)

where F is a primitive of f. The proof uses as a main tool that Ag is close to the
identity. As a final step only, once we have passed to the limit 2 — 1, we let o tend
to y, so that the exterior regular lattice has a unit-cell volume that tends to infinity
and the outer contribution disappears. We find an estimate for the energy:

2Nab(l — Q 4 1
EriL(¥e) ~ao ,/% / (se_F(S) ~|—Ze_2F(S)> ds,  (5.23)
0

where F is a primitive of f such that foy e F® ds = 1.
We want to find which type of distortion f provides the optimal energy. The
minimizer of (5.23) under ] e~¥®) ds = 1 is reached when

y =land e F0D =201 = 12). (5.24)

Thus, the decay of the wave function is asymptotically an inverted parabola. The
corresponding value of f is f(s) = 1/(1 — s). The limiting value of the energy
is (5.5).

Let us point out that the proof uses two lattices: an initial regular lattice and an
image lattice obtained by (5.18) and (5.19). The meaning of y = 1 in (5.24) is that
the initial lattice is truncated in the ball Bg: the points outside Bg are sent to infinity.
There are two regions in the initial lattice: the points sufficiently far away from the
circle of radius R, for which vg is almost one, and the points close to the circle, at
distance less than +/R, for instance. For the first category of points, the image lattice
is an almost regular lattice and the image points are inside the disk Br. These are
the visible points on the density profile. In contrast, the points close to the circle are
strongly modified by (5.19) and sent far away. This allows us to understand better
the distorted shape of Figure 1.7. It turns out that R is both the critical radius for the
initial lattice and the radius of the limiting inverted parabola (5.24).

For each R, this analysis gives an estimate of the number of necessary points
in the distorted lattice: it is the number of cells in a regular lattice of unit volume
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7 included in a ball of radius R. Nevertheless, adding points in a far-away region
modifies the energy by lower-order terms. We will see in the next section that the
minimizer does not have a finite number of zeros but an infinite one.

One of our technical tools in the proof is to use an outer regular lattice whose
spacing tends to infinity in a last step. If one wanted to get rid of this trick, one would
need to count the number of points in the lattice closest to the limiting circle of radius
R and estimate the convergence of vg and wg due to the fact that these limiting points
do not lie on a circle but on the edges of hexagons. We are not able to prove that the
finite extension of the lattice (which becomes infinite with an outer regular lattice)
does not create a boundary contribution in the energy. These boundary effects seem
to be more important than we expected, and are related to known problems about
counting the number of points of a lattice in an annulus. Moreover, given the fact
that the minimizer has an infinite number of zeros, points are needed in the outer
region.

5.1.3 Properties of the minimizer

In order to derive properties of the minimizers of (5.1) in the space (5.4), we need
to write an equation satisfied by the minimizers. This requires the knowledge of the
projector onto our space of minimization. There is a natural Hilbert space related to
our minimization problem, the so called Fock—-Bargmann space [8, 26, 65, 110]:

F = {f is holomorphic, / |f|26_Q|Z‘2 < oo} . (5.25)
R2

This space is a Hilbert space endowed with the scalar product (f, g)r =
fRZ f @ g(z)e_mz‘2. The projection of a general function g(z, z) onto F is explicit:

Q - /
M(g) = — / e UL (o 71y, (5.26)
T R2

If g is a holomorphic function, then an integration by parts yields I1(g) = g. Using
this expression, we are able to derive an equation for the minimizer:

Theorem 5.3. There exists a minimizer of (5.1) with the constraint that f(z) =
1,b(z)e9‘z|2/2 belongs to F. Moreover, f is a solution of the following equation:

n((@mz + Na| f2e 917 — u)f) -0, (5.27)

where w is the Lagrange multiplier coming from the L* constraint.

The proof of this theorem will not be included here. It relies on a precise knowledge
of the compact embedding of some more regular spaces into F [44]. We refer to [9]
for the proof. The equation (5.27) allows us to derive that the minimizer cannot be a
polynomial:
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Theorem 54. If f € F is such that ¥ (z) = f(z)e_gmz/2 minimizes (5.1), and
(1 — ) is small, then f has an infinite number of zeros.

The proof relies on an explicit formulation of (5.27) and a contradiction argument on
the number of zeros if it is finite.

The tools introduced here can provide another proof of Theorem 5.1. Namely,
if n is the periodic function on the lattice introduced in (5.12) and p is the inverted
parabola

o — 2 (, |z|21 r_ (_2Nab 1/4 (5.28)
p2) = TR2 R2 {lzI<R}» = (1 -Q) ’ .

then 1'[(p(z)n(z))e_Q‘Z|2/2 is an appropriate test function that reproduces the
same upper bound as (5.5) as proved in [9]. This test function is in fact close to
p)n(z)e /2
prove that IT(p(z)n(z))e is a good approximation of the minimizer. This will
be described in the open problem section.

. A number of open questions arise, in particular we would like to
—Q1z1*/2

5.1.4 Other trapping potentials

Let us point out that other trapping potentials than 72 can be dealt with using these
techniques. In [7], we have addressed the case of r2 + kr* with k small, following
recent experiments [40, 150]. According to the values of €2, a giant vortex can be
obtained. This will be detailed in the last section.

The chapter is organized as follows: we prove Theorems 5.2 and 5.1 in the first
two sections, then Theorem 5.4 in Section 5.4. Finally, we address the issue of other
trapping potentials and describe some open questions.

5.2 Regular lattice

In this section, we prove Theorem 5.2. We first need two technical lemmas:

Lemma 5.5. Let £ be a lattice, and denote by Q its unit cell centered at 0. Let Qg =
UkemBR (O + k) and for x in R?, let

hr(x) = / (loglx — x'| — log|x]) dx’.
Or
Then there exist C > 0 and Ry > 0 such that

T C
VR > Ry, hgr(x) =< (E + E) |x|2.
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Proof: If Qg was a ball, then the integral could be computed explicitly. Thus, we use
a ball close to Qg and estimate the difference. We separate the integral defining h g
into two parts:

hr(x) = / (loglx — x'| — log|x'|) dx’ + / (loglx — x'| — log|x"|) dx',
Br—a QR\BRfu

where a > 0 is independent of R and such that Bg_, C Qg. The first term is the
radial solution of Au = 1p, , such that u(0) = 0. One easily computes this solution:

T 1 |x|
u(x) = 5|x|213H + 7 (R — a)? (5 + log (R — a)) lge .

Next, we consider the second term defining / g and use the inequality log(¢) < % (1>—
1), valid for any ¢ > 0:

1 _ 2
/ (loglx—x'l—loglx’|)dx'§/ - %—1 dx’
OR\BR-a ORrR\BRr—q4 2 |X |

dx’ - lx|2

0r\Bra 2X'1* T R

2
= |x]

bl

the constant C being independent of R and x. Collecting both results, we infer that

|x|

b4 1 C
hRr(x) < 5|x|213R_a (x) + (R — a)* (— + log <R — a)) Ige () + E|x|2

2
<JT+C||2
=) x)A
—\2 R

using here again log(f) < %(t2 — 1). This gives the result. O

Lemma 5.6. Let ¢ be the hexagonal lattice, and let Q be its elementary unit cell (i.e.,
the regular hexagon centered at 0). Let

1
g(x) =log|x| — — | loglx — y[dy. (5.29)
101 Jo
Then we have, for some constant C > 0,
) C
Vx € BY, |gx)| < —. (5.30)
|x|3
Hence, the function
V) =) glx — ) (5.31)
jet

is such that e’ exists, is continuous on R?, and is L-periodic.
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Proof: We first point out that g is continuous on R? \ {0}. Hence, we need to show
(5.30) only on B, for some a > 0. We fix a > 0 such that Q0 C Bg. For any x € B

X
and any y € Q, we have ‘X\XI}‘ > l |‘x\2 > —. Hence,

412
x—yl© > 3'
|x|? -4

For any ¢t > —3, we have

3
47
t £ 1]} <log(1+1) <t t2+t3

- = - 0 - —+ .

2 =708 =TT 73

IFETE

2 3

R A W

2|Q| IXI2 le2 2 X2 |x|? X2 Ix|?

LB v P\ 2vx BPY
>tz 2\ T Tzl T3l e dy.
2|Q| le x| 2 |x] |x] 3 |x| |x]
Since Q is symmetric with respect to the origin, |, oY X dy = 0. In addi-

tion, Q is invariant under the rotation of angle 7/3, so one easily shows that
Jo (Iy1> =2(y - x)*) dy = 0. We thus have

Hence, writing g(x) = —‘1@ fQ %log( yx b2 )dy, we infer that

y<—g(x)

x4 x4

I, dy <
<P | |2 =8

3
! / 2y xyl? Wt L( 2vex P
2001 Jg x4 x4~ 3 x|z Ixf?

Using |y| < 2, we end up with

|y|3 Iy* 1
8] < / + 1
o1 Jo Ve T 2

This ensures that the series (5.31) converges normally on any set of the form

3
1/ 2y-xly? Iyt | 2y-x P
2[0]

a’ a’ 3
S+ % +2a
< 8 16
x[3

3
20yl yl?
x| |x|?

C
(U jee B ( j)) , which implies that v exists, is ¢-periodic, and is continuous on

R? \ £. Near a point k € £, we write
eV — Ix — kleiﬁ Jo loglx—y dyereK\(k)g(x_j)’

and the conclusion follows.
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Remark 5.7. Tt is in this lemma that we have used the symmetry properties of the
lattice. However, the same proof applies to a general lattice (which does not nec-
essarily have the above symmetries). In this case, one needs to use instead of
g = log| - | % (8o — ﬁlg) the convolution of log| - | with a distribution go such

that ), o, go(x —k) =D 4o Ok — |—é| and such that the first harmonic moments of
go cancel. This is always possible (in such a case g is not supported inside Q).

Remark 5.8. The estimate (5.30) is valid for a fixed hexagonal lattice £y. Now, g =
g¢ depends on £ in the following way: if £ = A, then g¢(z) = gy, (%) Hence,

3
lge(2)] < Clg—g if |z| > A, for some constant C independent of £.

Proof of Theorem 5.2: Let fr(z) = log|¥r(z)|. We split fg into

fr(@) = vR(2) + wWgr(2) (5.32)
with
1
= loglz — jl = & [ loglze —y —jldy, 533
vr@ = ) loglz— ] V/Q oglz —y — jldy (5.33)
Jj€EINBR
. ,
wg(z) =logAg — Q-+ — Y | loglz—y — j| dy. (5.34)
2 v 0
Jj€elNBg

Let v be given by (5.31). We have
V() —v@) = Y gz — ).
JELNBy
Hence, if z € By, we deduce from Lemma 5.6 that
C
r@ —v@I < Y ——

. -z |
JjetnByg J

for some constant C independent of R and z. One can thus find a constant C inde-
pendent of R such that

C
VA€ (0,R), [lvr —vlLeoBr) < 1 (5.35)

In addition, we have, for any z € R?, denoting by j, the unique point of £ such that
IjZ - Z| < 17

vr(x) <loglz — jol +C+ )
Jjet\{j:}

<loglz — j| + C,

lz—jI?

for various constants C independent of z and R. Hence, e is bounded in L%®(R?)
independently of R. Next, using the inequality |e? — el < %(e“ + e)|a — b| and
(5.35), we infer that e”® converges to e’ in Lﬁfc(Rz).



5.3 Distorted lattice 111

Letus set wg(z) = wg(z) —wg(0) —log(AR) + 20% |z|%. Applying Lemma 5.5,

we have

i P (7 C\a. L 2 _C o

< -Q— — 4+ — — = —|z|". 5.36

wg(z) < > Tl T % |z +202|z| RIZI (5.36)
In addition, wg is a harmonic function in Qg = UjemBR (Q + j) and vanishes at 0.
Hence, using the Harnack inequality, wg is bounded and we may extract convergence
of wg in L1°O°C (R2) to some w, which is harmonic, nonpositive, and vanishes at 0.
Applying Liouville’s theorem, we find that w = 0. Gathering all the previous results,
we thus have

@I s @R/ aimost everywhere in R, (5.37)
AgeVr©
For R large enough, (5.36) also implies
_l2
W@ _ 0,52 (5.38)

Agek© =

From (5.37) and (5.38), we apply the dominated convergence theorem and find that
as R tends to infinity,

24

Agewr© " @@ in PR, Vp > 1.
R

Using the fact that ||yg|l;> = 1, we deduce that 1/(Age®®©) converges to the
appropriate constant, so that (5.7) holds.
Then we write the limiting energy, z being identified with a vector in R?:

1 -2 _E2 N _2:2\ d
EpL(y) = ,/Rz (%Izlzlmz)ﬂe o7 + ﬁln(z)l“e o2 ) n—oZZ
o2
= / (waﬂnwsnze-'s'z 4 &mws)l“e‘“z) de.
RZ 2 20’2

The function 7 is periodic, so [7(c&)|? and |n(c&)|* respectively converge L°-
weak-* to f []? and f |n]* (see [19]). Hence, we obtain (5.9).

5.3 Distorted lattice

In this section, we prove two theorems, that will imply Theorem 5.1. The first theo-
rem consists in studying a distorted lattice and finding the limit of the wave function
with an infinite number of vortices. The proof is similar to the regular lattice case,
since only the central vortices are displaced from their regular location. The sec-
ond theorem consists in letting 2 tend to 1 and using the double-scale convergence.
The proof is more involved since this is precisely where the distortion of the lattice
appears.
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Theorem 5.9. Let £ be a hexagonal lattice, and let Q be the regular hexagon of area
7 centered at zero. Let y > 0 and let f be a positive Lipschitz continuous function
defined in [0, y) such that

t
lim f(t) = +o0 and lim f f(s)ds = oo. (5.39)
t—y =y Jo
Let us define
=1+ ! f e + 0 ! (5.40)
VRO =T o)\ R2 R4 ) '

where O (%) is uniform with respect tot € R™. Let a € (0, y) and define

vr(t) if t <R,

Vo,R = VR(aR) if t > aR. (5.41)

AR(1) :{

For R’ > R, we define

ISP e
Vrr@=Arr [ G@-2r&(iDpe * 7, (5.42)
jElﬂBR/

where Ag g is such that |Yg g |l p2r2y = 1. Then, we have the following conver-
gence in LP(R?, (1 + |x|2)dx),for any p < +00:

z 1 |z|?
VR + U)R(Z) + 7 —-Q 7
‘wR,R/ —_— AR€ va'R va*R . (543)
R -+
where
1 z—y—vr(jDJ
wp@ = Y. 5 [ log (' 2 R('”).”) dy.  (544)
jeéﬂBaR va,R|Q| ‘)a.RQ |Z_y_v0l,R]|
and
ARUJD |
@ = ¢ <z - —’1) , (5.45)
jet Vo, R

the function g being defined by (5.29).
Then, we let 2 tend to 1, or equivalently R to infinity:
Theorem 5.10. With the same definitions as in Theorem 5.9, we have

Vi >1, ewr®) L [ g, pooR2y (5.46)

R—+4o0
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2w (Rz)+(+71)1e2|z|2
e e — () (5.47)

in LP(R?, (1 4 |x|?)dx), Vp > 1, where, v is given by (5.31),
0(2) = e—F(\zlz)lBaHZl) +eazf(az)—F(az)—f(az)\zlz135(|Z|)’ (5.48)

and F is a primitive of f such that  ¢*' [ p = 1.

Proof of Theorem 5.1: We let Q tend to 1 and R be given by (5.19), and we take
a diagonal sequence in R’. Theorems 5.9, 5.10 and double-scale convergence [19]
provide the convergence of [ |z g/ (Rz2)|* to f ¢*' [ p, and similarly for the energy,
EvrLL(¥r r(R2)) is equivalent to

PP ([ o [ igsyas oo [~ pmas). s
T 0 4 0

where F is a primitive of f such that [ e~ ds = 1 and f €** = 1. If one lets
tend to y, the contribution to p in the outer part Bj, vanishes and the energy is given
by (5.23).

We want to find which type of distortion f provides the optimal energy. The
minimizer of (5.23) under foy e~ F) ds = 1 is reached when

y =land e F0 =201 = 12). (5.50)

Thus, the decay of the wave function is asymptotically an inverted parabola. The
corresponding value of f is f(s) = 1/(1 — s). The limiting value of the energy
is (5.5).

Proof of Theorem 5.9: This proof is a mere adaptation of Section 5.2. Indeed, up to

normalization by a constant, the function log|Vz g/ 12 is equal to
2 LN
log [yrr | =2 Y (log|x — 2 (jDJ| (5.51)
JELNB R
———— | loglx—y- AR<|j|>j|dy) (5.52)
Va,R O] Ve,R Q

+Z 0 log|lx —y — Ar(ljDjldy (5.53)
JjelNBg Vo, R |Q| Vo,RQ

—|x]?. (5.54)

The sum (5.51)—(5.52) may be written

ol
Z g(vi_ R(|]|)J.>, (5.55)

jetnBy \YaR VR
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where g is defined by (5.29). Now, R being fixed, Lemma 5.6 ensures that the above
sum converges as R’ goes to infinity to vg (vx—R) , where vg is defined by (5.45).

Moreover, the convergence of the exponential of (5.55) to e’ <va R ) is the same as in
Theorem 5.2, that is, Lﬁf’c(Rz). Next, the sum (5.53) is equal to

2 SN
¥ 72/ loglx — y — Ag(1j)jldy
jetnBy Va, R | O] Vo, RO

_ 2 =y = vrdiil
- 2 ;
je/éﬂBRv“R |Q| Vo, R Q |x—y—vaR]|
+ D / log|x — y — va,r jldy. (5.56)
Vo R IQI g e

]GKQB /

The first sum in the left-hand side of (5.56) is wg(x), while the second sum is the
one appearing in (5.34), with v, g¢ replacing £. Since this lattice is also a hexagonal
one (with a different volume for its unit cell), the proof of its convergence applies,
using Lemma 5.5.

Proof of Theorem 5.10: For simplicity, we will give the proof in the case that the
O(1/R*) is zero. We start with the proof of (5.47). We define ¢ > 0 depending on R
such that, as R tends to infinity,

(5.57)

Re —> +o00,
Re? — 0.

For instance, ¢ = R_% is a suitable choice. We write (recall that here z = x +iy and
dz denotes the Lebesgue measure dx dy)

2 .
wgr(Rx) = Z R log(lx < vR(leDk')dz,

Ve 2210 YR X — 27— Vg rk
ke%ﬁB aR|Q| | oz,R|

we split this sum into terms for which |k — x| < ¢ and terms for which [x — k| > ¢ :
in the first case, we use the inequality

1/1 1
Ya,b >0, |loga—loghl<—-[—-+-])Ib—al
2\a b

and the fact that |v, g — VR(|k|R)| < R2 for some constant C independent of R and
x. Hence,

R? — 7z —vr(R|kDk
1og(lx z — vr(RIk]) |>dz

Ve, r| O UO‘R |x — 2 — Vo, RK]

lk—x|<e

- Z R? ( 1
- 20 810| twk o\ |x —z — vr(RIKDK]|

|k—x|<e
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1
+ —)Ikllva,R —vr(|k|R)|dz
|x — 2 — vo,RK|
C R? d ¢ 1
<= > —yfc#(—ﬂBg(x))—=CR82,
R = 2v,zl0l Js, Iyl R R
R

which tends to zero as R — +o00. Next, we deal with |k — x| > &, and denote the
corresponding sum by Tg (x):

2 — o —
= Y K Qlog(pc z vR(R|k|>k|>dZ'

lk—x|>e vOl,R2|Q| VO‘RER |-x — I vﬂl,Rk|

2
Using the equality vg(R|k]) = 1 + % valid for any |k| < o, we deduce that

R?
(1)
R? o —z—k — LD
Tr(x) = Z 50 [our log fz(iz)
kxlee Vo R Q] J2%r o x —z—k— SR k|
Wehave [x —z —k| > |x —k| —|z| 2 e — § = e(1 — &) forz € “2X 0, 50 that

for R large enough, we get |[x — z — k| > 5. Hence, developing the quotient in the

logarithm, we get

2
2 |- ik G -2-b+0 (ﬁ)

TR(x) =Z —1 [, 108 5 1

W STede 21O ik o™\ | - L@ g gy 0( )

T R2x—z—k[? &2R*

dz,

where the O (ﬁ) are uniform with respect to x and k. Developing the logarithm,
we thus obtain

2 2 NP
TR(X)ZZ( R fle?) — JkD k- &~z k)dz>+0(;>.

e\ v 2000 Jupy R X —z— kP £2R?

Using the fact that f is smooth in [0, «], and recalling that the sum is a sum over the
set % N By N Bg(x)¢, we find that it converges to the corresponding integral, namely

. _L 2y 2 y-(x—1y)
Jim Tr(x) = |Q|/3a (F@ = FUyP) 7

xX—y

We then point out that ]

7 = —V,log|x —y|, so that, integrating by parts, we have

Glim we(Rx) = ﬁ /B v () = £y P)y) toglx = yldy.

This limit is a radially symmetric function, which solves the partial differential equa-
tion Au = %div (f(a2) — f(|y|2)y) in By, Au = 0 elsewhere. For any primitive
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F of f. the function 3 (f (e®)|y* = F(1y") 15, (0)+3 (7 £ (@) = F(@?) 155()

is such a solution, so we have (5.47) almost everywhere. In addition, the above proof
2

allows us to bound 2wg (Rx) + (1/(1)5,13) — 1)R2|x|2 by C — %bclz for some con-

stant C independent of R and x, which allows us to apply the dominated convergence

theorem.

We now prove (5.46). We fix n = 1, the general proof following exactly the
same pattern. It is sufficient to show that the following convergence holds for any
measurable bounded set D:

[e“R(Rx) —> |DI{ €". (5.58)
D

R—+00

Hence, we are going to prove that for any a > 0,

_c! +R«/_|x|

gVRW) _ ,v(x)

for |x| <aR. (5.59)

This, together with the fact that e*®*) converges in L>° weak-* to f " (because e’
is continuous and periodic), will give (5.58). Let j, be the point of £ that is the closest

to x. As R goes to infinity, |(Ag(|jx|) — D jx| = O (%) uniformly with respect to x

since |x| < aR. Hence, for R large enough, Ag(]jy|)jy is the closest to x among all
Ar(1j)Jj, j € €. Hence, for j € €\ {j}, we have, for some ¢ > 0,

VyeQ, Ix—j—yl=ze and |x—j—Agr(jD(G + I =e (5.60)
We then isolate j, in the sum defining vg, and write

PLIICONNRPUICY)

< ’egmfmm\)jx) _ o8k | (X gk —ArUIDD  (561)

+ 8RO —Jx) eZ#,}. gRx—ARWJD) _ EZ_/#_;X gr(x—j) , (5.62)

where gr(z) = g (ﬁ) . We first bound (5.61). For this purpose, we point out that,
according to Lemma 5.6, one can find a constant C, such that

(&
Vze B, |g@)| < W (5.63)

Hence, the sum appearing in (5.61) may be bounded as follows:

N Ceve, R®
D lgr(xr = Ar(UiDDI < Y ——

which is bounded independently of R. Moreover, we have
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< Cllx = Ar(LjxDjxl = Ix = Jjiell

|x —y — jxl
+C ‘/ (log — dy
0 lx —y — Ar(ljx D Jjx|

= C (1 = AR(jx D) jxl

1 1 . .
+cf< 4 __ )|1—AR(|JX|)||Jx|dy
lx—y—Jjxl  |x—y—=Agr(jxDJjxl

x| x| dy x|
C—+C 2 C—z.
R B3 |Y| R

‘ eSROAR(xDx) _ p8R (=)

Hence, the left-hand side of (5.61) is bounded by C%. Next, we deal with (5.62).
Since g is bounded from above, it is sufficient to show the following:

+J|7

> gr( —ar(iDi) = Y grlx — j)| < C———— (5.64)

J#Jx J#Jx

In order to prove (5.64), we define A > 0 depending on R and x, to be fixed later on,
and distinguish in the above sum between terms for which |j — ji| < A and those
for which |j — ji| > A. We have

> Igr(x = r(1jDJ) — gr(x = )

O<[j—jxl=A
<IVglizee Y Lillrr(ih — 1|
O<|j—jxl=A
C . C
s D =A%+ A,
O<|j—Jjxl=A

We have used here the fact that g is Lipschitz continuous in Bf. Considering the case
|j — jx| > A, we have, using (5.63),

C C
<-—.
A

Y lgrG—ar(iDi) —grx— NI < Y TP S

A>|j—jx] A>|j—jx]
We thus may bound the left-hand side of (5.64) by % + CA ‘xl + €4 Choosmg

A= ‘/E] , we thus obtain (5.64), thereby concluding the proof of (5.59).
I+|x|4

5.4 Infinite number of zeros

In this section, we prove Theorem 5.4.
1. The proof first requires another formulation of (5.27). The projector IT has
many properties [110, 9]; in particular, one can check, using an integration by parts
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in the expression of I, that TI(|z]?f) = (z/ )3, f + f. As for the middle term in
the equation, one can compute that

M (e P f) =1 (P ) iy

= (F)M(e L 2 = 7 @3) (e 2" £2),

A simple change of variable yields

Il (E—Q\zﬁfz) (2) = %fe—szz?—zsz|z/\2fz(z/)dzr/

(D))

Thus, we obtain the following simplification of (5.27):

2 (1 2 (< NV
(1 — )20, f + Naf (581) [f (5)] —Qu-1+9)f=0. (565

2. Now we assume that f is a polynomial of degree n and a solution of
(5.65). We are going to show that there is a contradiction due to the term of
highest degree in the equation. Indeed, if f is a polynomial of degree n, then
(0)F[f%(z/2)] is of degree 2n — k. But (5.65) implies that f(d,)[ f?(z/2)] is of
degree n; hence f must be equal to c¢z”. This is indeed a solution of (5.65) if
n(1—-Q2%)+Nalc|*(2n)!/ (22" n!1Q")—2uu+1-Q? = 0. Using that | | f2e= e = 1,
we find that |c|>7Q"*"!n! = 1. The Stirling formula provides the existence of a
constant ¢q such that

Na
”(1_92)+620nan <2u4+1-—Q2

For the minimizer, p is bounded by twice the energy, thus by C+/1 — €, so that if
is close to 1, this implies that

coNal2
VT =4 — 0T
N )

and no n can satisfy this last identity. The minimizer is not a polynomial.

3. If f is a holomorphic function with a finite number of zeros, then there ex-
ist a polynomial P(z) and a holomorphic function ¢(z) such that f = Pe?. The
fact that f € JF provides a decreasing property on f [44], which implies that
Re (¢(z)) < |z|?/2. A classical result on holomorphic functions then yields that ¢
is a polynomial of degree at most two, and f(z) = P(z)e‘”‘"ﬁzﬂ’Z2 with |y| < /2.
A similar argument to that of case 2, but with more involved computations, provides
a contradiction with the degree of the polynomial P if €2 is close to 1. We conclude
that f has an infinite number of zeros. The detailed proof is given in [9].
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5.5 Other trapping potentials

In the previous sections, we have studied a harmonic confinement, which is the
case of most current experiments. The results of [7, 8] apply a more general trap-
ping potential, where in (5.2), (1 — 22)r2/2 is replaced by (1 — Q2)r2/2 + W(r),
and perform a similar analysis. Then, the limiting distribution replacing the inverted
parabola should be

—(1=-Qr2—-Ww
lef|2=(““ a-or (’))+, (5.66)

Nab

where 4 is such that [ |y |2 = 1. There are two necessary conditions for applying our
previous analysis: we need a small parameter (replacing 1 —2) such that Epy1.(¥) —
€ is small and the extent of the condensate (where | |? is non zero) is large. The first
condition is required so that the lowest Landau level is indeed a good approximation,
and the second to apply the double scale convergence.

In recent experiments [40, 150], W(r) = kr4/4. One can check that if Q >
Qe = 1 + VA, where A = (3k*Nab/8m)?/3, then the limiting distribution (5.66)
has its support in an annulus of inner and outer radii R+ = 2(Q — 1 £ +/A)/k. An
interesting regime to study is that of k small and Q — 1 = «k?/3, with « such that
Q > Q.. Then the large scaling parameter replacing R is k~'/®, which is the order
of magnitude of R4. The vortex lattice is located in the annulus (R_, Ry) and is
distorted towards the inner and outer edges, the inner disk corresponding to a giant
vortex.

This approach does not allow us to study the case when 2 is large and the annu-
lus gets thin [62], since in that case, we are no longer in the setting to apply double-
scale convergence: there are few circles of vortices in the condensate. At even larger
2, there is a phase transition in which the circle of vortices disappears into the giant
vortex.

5.6 Open questions

5.6.1 Lower bound and I" convergence

Our results deal with an upper bound for the energy. A natural question is to get also
the lower bound and prove a I' convergence result.

Open Problem 5.1 Prove that if |V]l;2 = 1, and Wemz‘zﬂ is a holomorphic func-
tion, then

22 [Nab
liminf Eppp () > 22 YO0 —q). (5.67)
Q—1 3 T

The present gap between the lower bound (5.15) and the upper bound (5.5) lies in
the coefficient b. We believe that an optimal lower bound should match the upper
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bound and that the limiting inverted parabola should have a radius given by (5.19)
instead of (5.14), that is, the optimal inverted parabola should have the coefficient
b: reproducing an inverted parabola profile in the space (5.4) requires many vortices
and thus creates a contribution in the energy through 5. We have proved that the
minimizer has an infinite number of zeros, but getting that these zeros are located
on an almost regular lattice seems very difficult and is probably related to similar
difficulties in crystallization and sphere packing problems.

Several paths can be sought. One of them could be to look for a homogenization
expansion of the wave function. The main issue is the scale at which we expect the
convergence, since there are two scales in the problem, the one of the lattice (order
1) and the other of the inverted parabola. If we use the scale of the lattice, we expect
the following:

Open Problem 5.2 Assume that Vg is a minimizer of (5.1) among functions yr(z) =

f(z)e‘gzmz/2 such that f € F. Fix a compact K and prove that in K, as 2 tends to
1, Yo converges to n(z) given by (5.12).

If we rescale the problem on the inverted parabola profile we conjecture this:

Open Problem 5.3 Assume that V¢ is a minimizer of (5.1) among functions ¥ (z) =
f(z)e’sz/2 such that f € F. Prove that as 2 tends to 1, if R is given by (5.28),

then Yq(Rz) converges to n(z/R)p(Rz) in some weak sense, where 1 is given by
(5.12) and p by (5.28).

Another direction is to use the structure of the Fock—Bargmann space and the
calculus with pseudo-differential operators. For instance, one could hope to prove
that close to the test function IT( p(z)n(z))e‘mzw 2 there is a critical point of the

energy. This would require a precise study of the Hessian about this test function.

5.6.2 Restriction to the LLL

Another issue is to check that the lower bound of the energy restricted to the LLL
should provide the lower bound for the full energy (5.2) or that the reduction to the
LLL well describes the full minimization of the energy.

Open Problem 5.4 Prove that if  is a minimizer of (5.2) with | ||;2 = 1, then ¢
and E () — Q2 are respectively close to Yo and Ey 11, (Vq), where Vg is a minimizer

of (5.1) among functions ¥ (z) = f(z)e_mz|2/2 such that f € F.

More precisely, if i is a minimizer of (5.2), we can project it on the LLL and
its orthogonal through ¥ = vy 11 + ¥ . The upper bound and the properties of the
operator (5.3) imply that ||y |2 is close to 1 and ||| ||;2 is small like /1 — €2.
This, and elliptic estimates, allow us [6] to prove that the energy of i decouples
into Q + Eppp(YrLL) plus a lower order term, and eventually that E(y) — Q is of
the same order as Eyjp (¥q), where ¥q is a minimizer of (5.1) among functions
Y(z) = f(z)e’m“z/2 such that f € F. We do not know how to prove that ¢ and
Y are close in L norm, or equivalently that ¥y 11 and ¥q are close.
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5.6.3 Reduction to a two-dimensional problem

A related question is to prove that the reduction from a three-dimensional to a two-
dimensional problem is justified.

Open Problem 5.5 If Q is close to 1 and  is a minimizer of the full three-
dimensional Gross—Pitaevskii energy

1 1
Esp(y) = /R SIVY —i@xry P+ S =)l DY (5:68)
1 1
+ 3P+ o Nglyl,

with || Y|l 2 = 1, then  is close to Yaq(x1, x2)§(x3), where & is a Gaussian in the
x3 direction and ryq minimizes (5.2), witha = g fR .‘34(x) dx.

Indeed in the fast rotation regime, the effective trapping frequencies in the x;
and x; directions, +/1 — Q2 are much smaller when € tends to 1, than the frequency
in the x3 direction which is fixed, so that the wave function is expected to be on its
ground state in the x3 direction, which is a Gaussian. What we can prove for the
moment [6] is that the projection of a 3D minimizer onto higher excited states w.r.t.
the x3-variable is small and one can take the projection on the lowest excited state
&, as a test function for the 2D functional. From this we get Ezp(¢) = inf E(¢¥) +
o(«/1 — Q), where E(¥) is given by (5.2), with a = ng £*(x) dx. Recall that
E() = O(W/'1 — ). The fact that the wave functions are close is still open.

5.6.4 Mean field model

Studying the energy (5.2), known as the mean field quantum Hall regime, is accept-
able only if the number of vortices is much smaller than the number of atoms in the
condensate, which is the case of the present experiments. Otherwise, one has to con-
sider other models, as in [50, 148]. The reduction of the N-body Hamiltonian to the
Gross—Pitaevskii energy is an open question for this fast-rotating regime. It has been
derived only in the case of fixed rotation by Lieb and Seiringer [98].






6

Three-Dimensional Rotating Condensate

In this chapter, we are interested in a three—dimensional rotating condensate, in a set-
ting similar to that of the experiments. In particular, we want to justify the observa-
tions of the bent vortices. Thus we want to study the shape of vortices in minimizers
of the following energy:

1 1
Es(u) = / {§|W|2 —Q xr- (iu, Vu) + — (|ul* - pr(r))2] dxdydz,
D 4e
6.1)

where r = (x, v, z), Q is parallel to the z axis, prp(r) = po — (x> + a?y? + B%2?),
D is the ellipsoid {pr > 0} = {x? + &®>y? + B%z% < po}, and py is determined by

/ ,OTF(I') =1, (62)
D

which yields ,03/ 2= 15a8/8x. If B is small, as in the experiments, this gives rise to
an elongated domain D along the z direction.

We intend to find an asymptotic expansion of the energy in terms of ¢ and de-
termine the critical velocity for the existence of a vortex. Our mathematical results
mainly deal with the single-vortex solution and are aimed at proving the bending
property. In this derivation, the vortex can be represented by an oriented curve, which
is a Lipschitz function y : (0, 1) — D. We are going to prove that if the minimizer
has a single singularity line y, then the energy decouples into a contribution from the
density profile 1, (which is the minimizer of E; among vortex-free functions) and a
contribution from the vortex line y, that is, as ¢ tends to 0,

Ec(ue) — Ec(ne) -

Ely], (6.3)
7 |log €|

where
Qe

T adioasl (6.4)

E[y]=/pTFdl—s‘z/p%Fdz, with &=
Y Y
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The energy E[y] reflects the competition between the vortex energy due to its length
(first term) and the rotation term. Note that the rotation term is an oriented integral
(dz not dI, which comes from the product €2, - dl), which tends to force the vortex
to be parallel to the z axis, while the other term wants to minimize the length. This is
why, according to the geometry of the trap, the shape of the vortex varies. The study
of the minimizer of E[y] will allow us to justify the bending property. This expansion
(6.3) is analogous to the case of a single vortex in a 2D condensate, except that now
the weight ptr is integrated along the singularity line, instead of being evaluated at
the vortex point p. The main difference with the 2D analysis is that there is no such
lower bound as Proposition 3.10 to characterize the vortex tubes in terms of energy.
This is at the origin of the less-precise results in 3D.

In the first section, we will present numerical simulations illustrating the dif-
ferent patterns for vortices. Then, in the next section, we will explain the formal
asymptotic expansion for the energy, derived in [16]. In Section 3, we will describe
the " convergence results of R. Jerrard [85], which prove that the reduced energy
Ely] is indeed a I' limit of (E(u.) — E(us)/)/m|log €|. This uses the splitting of
the energy into the energy of n, and an energy of v, = u./n,. Vortices are identified
through the study of the Jacobians of v., namely

Jv = vaj A Uy, . (6.5)
Jj<k

The convergence of Jacobians to a limiting current is proved and allows us to get
regularity on the limiting singularity line y. Finally, in Section 4, we will study the
properties of the reduced energy E[y] and in particular get that the vortex line is
indeed bending. This is based on [14, 15].

The main results can be summarized in the following theorem, which character-
izes the critical velocity below which the minimizer is vortex-free:

Theorem 6.1. Ler Q = lim,_o 2. /(1 + ?)|log &| and
Qi = inf{Q, 3y with E[y] < 0}.

Then 1 < Qipy < 5/4. For Q < i, the global minimizer u, is asymptotically

vortex-free in D, that is, the Jacobian of v. = u¢/n, tends to 0. For Q2 > Q1, the min-
imizer has vortices. The straight vortex does not minimize the reduced energy E[y] if

B < 2/13.

6.1 Numerical simulations

In order to illustrate better our analytical results, we first present numerical sim-
ulations [10] of the different types of vortex patterns that we will study in the
next section. Numerical simulations of solutions of the full Gross—Pitaevskii equa-
tions have been performed by I. Danaila [10]. Critical points of the original energy
E¢(u) are computed by solving the imaginary time propagation of the corresponding
equation:
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(©

Fig. 6.1. Single U-vortex configurations for ¢, = 0.42 (a), 0.58 (b), 0.78 (c).

ey §V2u +i(Q x1).Vu = %u(pnw —|u?), (6.6)
with 4 = 0 on dD. A hybrid three-step Runge—Kutta—Crank—Nicolson scheme is
used to march in time. Various initial data, with or without vortices, are taken.

Three different types of single-vortex configurations are observed, as shown in
Figure 1.5 in Chapter 1: planar U vortices, planar S vortices, and nonplanar S vor-
tices. The U vortices are the global minimizers of the energy. The S configurations
were observed experimentally recently [132] and are only local minimizers of the
energy.

As will be explained in our analytical approach below, the U vortex is a planar
vortex formed of two parts: the central part is almost a straight line that is very close
to the z axis, and the outer part reaches the boundary of the condensate perpendicu-
larly. When €2 increases, the central straight part gets longer, as illustrated in Figure
6.1. The U vortex lies either in the xz or yz plane. Starting with an initial condition
that is not in one of these planes yields a final state in the yz plane, which is the plane
closest to the z axis (we have taken « slightly bigger than 1). The U vortices exist
only for €2, bigger than a critical value ¢. It is interesting to note that at 2o, the
energy of the U vortex is bigger than the energy of the vortex-free solution; €2 is
very close to the angular velocity €21 for which the energy of the vortex-free solution
is equal to the energy of the U vortex, yet slightly smaller. The angular momentum
L, = fD e; X r - (iu, Vu) of the U vortex for Q, = Q¢ does not go to 0. This sug-
gests that in fact there could be another U solution for 2, > . Using an ansatz,
another type of U solution is obtained in [113], which is a saddle point of the energy:
it is away from the axis and has lower angular momentum. We will discuss this issue
below.

Motivated by the experiments of [132], we compute critical points of the energy,
which are S configurations (see Figure 1.5). The planar S looks like a U, with the
half-part in the plane z < 0 rotated with respect to the z axis by 180 degrees. But
the analytical study will show us that the U vortex remains at finite distance (though
very small) from the axis, while the S vortex goes through the origin. The difference
in energy (and angular momentum) between U and S vortices is very small but S
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Fig. 6.2. Single S vortex configuration for 2 = 0.38 (a), 0.44 (b), 0.48 (c).

vortices are critical points of E[y] for any €2, never minimizers of E[y]. As already
mentioned for the U vortex, stable planar S configurations lie either in the xz or yz
plane. The nonplanar S are such that the projections of the branches on the xy plane
are orthogonal, i.e., the rotation of the branches is of 90 degrees. We could check
that nonplanar S configurations with an angle between the branches different from
90 degrees do not exist. The § vortices exist for all values of 2., while the U exist
only for 2, > Q9. When 2, decreases, the extension of the S along the z axis goes
downwards, as shown in Figure 6.2, and the vortex tends to the horizontal axis. Note
that a vortex along the horizontal axis has L, = 0, but a positive energy. On the other
side, when €2, increases, the S gets straighter and it tends to the vertical axis.

Numerical simulations in [10] also include the case of several vortices, which
we do not reproduce here.

6.2 Formal derivation of the reduced energy E[y]

Before presenting the rigorous I" convergence result in the next section, we want to
indicate formally the origin of the terms in the expansion of the energy. The main re-
sult of this section is the exact decoupling of the energy E; into three terms in (6.12):
a part coming from the profile of the solution without vortices, a vortex contribution,
and a term due to rotation. Then, each of these terms is formally evaluated in (6.21)
and (6.22), but this will be made rigorous the Section 3. The analysis described in
this section relies on [16].

6.2.1 The solution without vortices

Firstly, we are interested in the profile of solutions, so we will study solutions without
vortices. Thus we consider functions of the form n = fe'S, where f is real and does
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not vanish in the interior of D. We first minimize E. over such functions. Then 7, is
a solution of

) 1
V20e = 20(@ X ).V + e (ot — [el*) = 0. (6.7)
If the cross section is a disc, the phase is zero. When ¢ is small, since the ellipticity
of the cross section is small, the zero-order approximation of fg2 is prE. As for the
phase, when the cross section is not a disc, its behavior is given by the continuity
equation div ( fgz(VSg — Q x r)) = 0. This implies that there exists E; such that

f2(VS: —Q xr)=Qecurl E,. (6.8)

One can think of &, as the equivalent of a stream function in the case of fluid vortices.
Dividing (6.8) by f and taking the curl, we find that &, is the solution of

1
curl (—zcurl ES> =-2inD, E,=0ondD. (6.9)
&€

When ¢ is small, the function E, is well approximated by the solution & of

1
curl <—curl E) =—-2inD, E=0o0ndD. (6.10)
PTE
One can easily get that E(x, y) = —,o%F(x, y)/(2 + 2a?)e,. This exact expression

is due to the harmonic potential: any other trapping potential does not allow an exact
computation. Using (6.8), we can define Sp, the limit of S,, to be the solution of
ptE(VSy) — 2 x r) = Q curl E with zero value at the origin. We have Sy = CQxy
with C = (a2 — 1)/(oe2 + 1). We see that Sy vanishes when o = 1, that is, when
the cross section is a disc. The function n, = fsei S that we have studied gives the
profile of any solution. It will allow us to compute the energy of all solutions.

6.2.2 Decoupling the energy

Let n, = fgeiss be the vortex-free minimizer of E, discussed above. Let u, be a
configuration that minimizes E, and let v, = u,/n.. As in the previous chapter, we
use the trick introduced in [97] to decouple the energy: since 7, satisfies the Gross—
Pitaevskii equation (6.7), we multiply it by n.(1 — |ve |2) to get

1 1
[ uel = D385 - 20w 12
D 2 &
+ |V fe'Se > = 2f2(VS, - Qe x 1)) = 0. 6.11)
This leads to the following exact decoupling of the energy E.(u;):

Ec(ue) = Ec(ne) + Gy, (ve) + I, (ve), (6.12)

where
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1 Ime|*
Gmwa=1égma%v%ﬁ+-éza—wwﬁf 6.13)
is the energy of vortices and
%4%ﬁ=ﬁym%V&—98xmww&v%) (6.14)

is the angular momentum of vortices. The first term E(n,) is independent of the
solution u,, so we have to compute the next two and find for which configuration u,
the minimum is achieved. We use that at zero order |n,|> = fg2 is approximated by
ptr When ¢ is small, so that we can approximate Gy, by G /5 = G, and I, by
! e = I

Assuming that the solution u, has a vortex line along y, that is, u. vanishes
along y with a winding number equal to 1, our aim is to estimate the energy of u,
depending on y. Our approximations rely on the fact that the ellipticity of the cross
section is weak and that ¢ is sufficiently small. We refer to [16] for details.

6.2.3 Estimate of G, (v;)

We want to estimate
1 2 'O%F 2.2
Ge(ve) = | 5p1EIVUe|" + —5 (1 — [ve]7)".
D 2 4e

The mathematical techniques to approximate G are similar to those used in the
previous chapter, inspired by [32] in dimension 2 and extended by [131] in dimen-
sion 3.

We define

Tie = {x € D s.t. dist(x, y) < re}, (6.15)

and assume that Ae is small, A being our matching parameter to be fixed later on.
Then we split G, into two integrals: one in 7),, the energy of the vortex core, and
the other in D \ T),, the energy away from the vortex core.

At each point y (¢) of y, we define ! (v (2)) to be the plane orthogonal to y at
y (t). Since Ae is small, we assume that prF is constant in H_l(y (1)) N Ty and we
define the value p; = prr(y (f)). We want to compute

g2

o o
~/i/ Vv + 5= (1 = Jve )2
y 2 Jn-1 ;. 2e

This computation is valid as long as kA¢ is small, where & is the curvature of y. The
zero-order approximation of v, is given by u;(r./p;/€), where ui(r, 0) = fi (r)e'?
is the solution with a single zero at the origin of the cubic NLS equation

1 2 /’%F 2\2
= PTFIVVe|” + —= (1 — |ve )
The 2 4,
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A 2
Au~+u(l — |ul”) =0in R”.

Thus,
0
f Vol + 2= (1 = [ ]H)?
=1 (y (1)NTe 2e
N PTE\ io\|? . Pt 2 PTF\\2
/B V(o)) + gz (1= 20y )
1
= / |w1|2+5<1—|u1|2>2

~ ¢y + 2mlog(A/pr), (6.16)

a1 fio1 R
o= [ Waza-gre [ A I

R2\B, r? By

where

The last line of (6.16) would be an equality if the first two integrals in the expression
of ¢, were taken in B; 5 instead of R2. This approximation is correct if AP 18
large (in fact bigger than 3 is enough).

The final estimate is

Ge(ve) 13, ~ / pTF(%* + mlog(ry/prE))dl. (6.17)
1

We are going to estimate G in D\ 7. In this region |v.| &~ 1, and we have seen
that A ,/p; is large, so that only the kinetic energy of the phase has a contribution:

1 03 1
/ S prE|Vve | 4+ 2 (1 — [ve[})? ~ / S prEl Ve,
D\Ty, 2 4e D\Ty. 2
where ¢, is the phase of v;. We let ¥ be a stream function that is div ¥ = 0 and
curl W = prpVe.

Then W is the unique solution of

1
curl (—curl \p) =278, W =0on dD, (6.18)
PTF

where 8,, is the vectorial Dirac measure along y. Thus,

1 1 1
/ —pTF|V¢s|2=[ —|cur1\v|2=——/ W Vo, x v,
D\Ty 2 D\Ty, 20TF 2 Jor,,

where v is the outward unit normal to the tube T5.. We will see that ¥ is almost
constant at a distance A¢ from y and we call this value ¥, (y). Since the vortex line
has a winding number 27,



130 6 Three-Dimensional Rotating Condensate

1
/ —pTF|V¢e|2~nf%(y>-dl.
D\Ty 2 y

We have to compute ¥ on d 7). The computation is inspired by the paper of Svidzin-
sky and Fetter [152]. Let xo € y. We set e3 = y(xo) and suppose (e, €2, €3) to be
an orthogonal base in local coordinates. Then W has coordinates v; in e; and the
variations of i3 are the only ones of influence in the equation for W, since we want
to compute ¥ - dl. Let £ = yr3/\/prF- Then & satisfies

—A§ + ué =2n./predy,,

where

1 1
n=PIFA—— = /p1FAL .
«/ PTF ~/ PTF
Here A is the Laplacian in the plane perpendicular to e3 = y(xp). If the cross
section of the condensate D is a disc, one can compute n. We denote by 6 the angle
of e3, that is, e3 = cos fe, +sinfe, and (r, z) are the coordinates of x¢ in the original
frame. Then

(1 + sin?6) + 2 cos? 6 N 3(r sin6 — B2z cos 6)?2
n= :
PTE Pir

Note that © > 0. We locally approximate the curve y near the point xo by the
parabola x = kz?/2, where k is the curvature of y at xo. Note that in our approxima-
tions, we are only taking into account the shape of y close to xp. The justification for
this relies on the fact that u is large enough. We rewrite (6.2.3) in local coordinates
to get

—A (eikitl E) + ((E)z + M) (e 71(2)(1 S) = Zn\/m&s.

2

The solution of this equation is

kK2
v pTE(X0) Ko ‘/M+Zdlst(x,7/) ,

where K( is a modified Bessel function. In particular, Ko(x) ~ —log(e0x/2) for
small x, where Cy = 0.577 is the Euler constant. Hence, we deduce

e©o 125 _
W(x) ~ —prFlog TR + Zdlst(x, v) | y.

Thus we conclude by the estimate for G, (vg) in D \ Tj, that

eCo k2
G:(ve)D\13, ~ —nf prrlog > M+ZA£ dl. (6.19)
Y
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Here we have used that Ae is sufficiently small. In the previous section, we
needed A,/p; large. The existence of A is justified by the fact that ,/prF/€ is much
bigger than 1, except very close to the boundary. But in this region, the contribution
of the energy is negligible.

We find that each vortex line y provides a contribution

c
Ge(ve) ~ / OTF ?* +7log | — p Tsz dl, (6.20)
14 ee uw—+ T
which can be approximated by
G:(vg) ~ mllog €| / pTE dl. (6.21)
Y

6.2.4 Estimate of /. (v,)

The estimate for I, is very similar to that in the 2D case. Recall that the unique
solution of (6.9) satisfies prp(VS; — 2 x r) = Q curl E,. Hence we integrate by
parts in the expression for I, (ve) to get

I, (ve) = Q/ 8, - curl ({vg, Vug).
D

Let ¢, be the phase of v,. Since v is tending to one everywhere except on the vortex
line, then (ive, Vve) ~ V¢y; hence we can approximate curl (ivg, Vv,) by 27é,,.
We use the value of E and the fact that y(¢) - e, = dz, to obtain

Qnr
I, (vp) ~ ) /y o3 dz. (6.22)

6.2.5 Final estimate for the energy

We use (6.12), (6.21), and (6.22) to derive the energy of a solution with a vortex line.
The energy of any solution minus the energy of a solution without vortex is roughly
the vortex contribution in the sense (E; (1) — E¢(n:))/|log €| ~ E[y], where E[y]
is given by (6.4).

Let us point out that Svidzinsky and Fetter [152] have studied the dynamics of a
vortex line depending on its curvature. For a vortex velocity equal to 0, the equation
obtained in [152] is the same as the equation corresponding to the minimum of our
approximate energy, though the formulation in [152] was not derived from energy
considerations. Following our work, Modugno et al. [113] have also derived an ap-
proximate expression for the energy. Note that the energy that we actually derive in
[16] is slightly more involved than (6.4). In the regime of the experiments, it is rea-
sonable to restrict to this expression (6.4), taking into account the fact that the vortex
core is sufficiently small (it is of size ¢ in our units) and neglecting the interaction of
the curve with itself.
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When there are several vortices, the energy has an extra term due to the repulsion
between the lines 1 (y;, yx):

Ec(ue) — Ec(ne) = Y Elyil+ Y 1(vi, v, (6.23)
i ik

where
Ii ) =7 / prr log(distCr, 1) d.
s

i

6.3 I" convergence results

6.3.1 Main results

A rigorous mathematical derivation of E[y] using I'-convergence has been per-
formed in [85]. The proof uses the splitting of the energy (6.12) and the definition
of v = u./ne, where 5, is a minimizer over vortex-free solutions. Since u, and v,
have the same phase singularities and since |vg| ~ 1, the asymptotic singularities of
ve can be understood by finding the limits of the Jacobian (6.5) of v.. This is used
to identify the limiting objects as currents and prove regularity results to deduce that
they are Lipschitz curves representing the vortex filaments.

The precise statement of the theorem requires the introduction of some notation
and tools. It is helpful to reformulate E[y] as a functional acting on currents: if y is
a parameterized curve, one can define a current T,, corresponding to the integration
along y by

1
Ty(¢)=/ O (y@)y' (t)dt, for ¢ =¢'dx' e C(D; A'RY),  (6.24)
0

where AKR" denotes the space of k-covectors in R”, with the basis {dx%' A --- A
dx% 1 < a) < -+ < ar < n}. We define ArR”" to be the space of k-vectors with
the basis {e“! A---Ae% 1 <a] < .-+ < ar < n}. The dual pairing between vectors
and covectors is denoted by (., .).

More generally, a k-dimensional current 7' on an open set U is a bounded linear
functional on the space of smooth k-forms with compact support in U. The bound-
ary of a k-dimensional current is the (k — 1)-dimensional current 97 defined by
0T (¢p) = T(d¢). A current T is said to have locally finite mass in U C R" if it can
be represented in the form

T(¢>>=/<¢,?>d||T|| for ¢ € CX(U: A'R™, 6.25)
U

where ||T|| is a nonnegative Radon measure, locally finite in U, and T isa 1T
measurable function taking values in AxR", normalized by |7>| = 1 almost every-
where.
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Using these definitions for currents, we now point out that the functional E[y]
can be extended to 1-dimensional currents with locally finite mass such that

Mpy(T) = /PTF||T||(dX) = sup {T(¢>), ¢ € C®°(D; A'RY), % < 1}
> (6.26)
is finite by
E[T] = / prellT [ (dx) — QT (pigdx?), (6.27)

where the first term is the weighted mass of the current. If y is a parameterized
Lipschitz curve, if we compare (6.4), (6.24), (6.27), we indeed have E[y] = E[T, ].
The currents that we will consider will be rectifiable 1-dimensional currents with
locally finite mass. It is proved in [85] that they can be identified as a countable sum
of oriented Lipschitz curves y;, thatis, T = Zi T,,.

Recall that the definition of the Jacobian of an H'! function is given by (6.5). It
is convenient to associate with Jv a 1-current defined by

*Ju¢y=/'¢AJv, ¢ € C(D; A'RY). (6.28)
D

We are now going to state the main result, with notation close to that of Section 6.2.1.

Theorem 6.2 (R. Jerrard, [85]). Assume that Q./(1 + az)llog g| tends to Q, and
that ug is a sequence of minimizers of E. Let f, be the minimizer in H'(D; R) of

Y T S SR
Fe(f) = VA" + = (otr — f9)". (6.29)
D2 4e
Let
‘0 2 9
Ne = foe' 50 with %zﬁiﬁm' (6.30)

Assume that G, (ve) < Cllog¢|, where v; = ug/ne, and Gy, (v;) is defined by
(6.13). Then there exists a one-dimensional rectifiable integral current J with locally
finite mass such that as ¢ tends to 0,

(Ec(ue) — Ec(ne))
llog ¢|

where E[J] is defined by (6.27).

The precise statement of I'-convergence will be given below in Theorem 6.5. The
study of minimizers of E[J] allows us to get more properties of J, as we will see
in the next section. The detailed proof of this theorem is quite delicate and requires
a topological framework for the study of currents due to the degeneracy of prr near
dD. We will try to explain the main ideas of the proof. A specific assumption that we
want to point out is that G, (v¢) < K|log |. This does not come from the a priori
estimates of the energy and implies in some sense that there is a bounded number of
vortices in D.

I'-converges to E[J], (6.31)
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Remark 6.3. The definition of 1, given by (6.30) is not the same as in the previous
section. Indeed, instead of writing S, we directly take the limit Sy in the phase. This
slightly complicates the computation of the splitting of the energy but avoids proving
convergence results for S;. We have in particular the following property for Sp:

2
prE(VSo — Q x 1) = —curl (%) (6.32)

Let us mention several consequences of this theorem:

Theorem 6.4 (R. Jerrard, [85]). Assume that Q < Q| defined in Theorem 6.1, and
let ug be a minimizer of E¢. Then for vy = ug/ne, we have xJv, — 0, as ¢ tends to
0, that is, u, is asymptotically vortex-free.

Another consequence of the I convergence properties proved in [85], which is
an application of the Kohn—Sternberg scheme [94], states that if ) is a local mini-
mizer of E[y], then there exists a local minimizer of E, whose vorticity is close to
0, in the sense of the Jacobians of v.. The precise statement of this theorem [85] in-
volves the introduction of a topology on currents to define local minimizers of E[T],
and in particular of seminorms, due to the degeneracy of prr close to the boundary.
In fact, we will see in the next section that the problem of minimizing E[7T'] can be
reduced to a two-dimensional domain in the plane x = 0. There, the current can be
expressed in terms of a BV function.

The limiting energy E[J] is either positive or unbounded below, depending on
the value of Q: if y minimizes E[y] then the curve y taken k times has energy
kE[y]. But this does not reflect the finite ¢ behaviour. Indeed, the derivation of E[J]
erases lower-order terms in &, taking into account the interactions. These terms can
be neglected in studying suitable local minimizers. We refer to [85] for more details.
A more careful analysis of the interaction terms would be needed for a complete
analysis of the minimizers of E,.

6.3.2 Main ideas in the proof

Here is a more refined version of what we will prove, which provides a detailed
formulation of the I convergence results. This requires a norm for the convergence
of currents:

¢

£

where f; is defined in Theorem 6.2. The exact statement of the following theorem
is given in [85] and requires the introduction of seminorms for currents, due to the
degeneracy of prp close to the boundary. We have chosen here to present a simplified
version of the result.

T := sup {T(¢), ¢ € CCOO(D; AIRS), s.t.

] )

Theorem 6.5 (R. Jerrard, [85]). Assume that Q. /(1 + a?)|log ¢| tends to Q as ¢
tends to 0 and that
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G (vg) < Cmg  withl <m, < |log ¢, (6.34)
llog

where we use the notation of Theorem 6.2. There exists €y such that for all ¢ < &,
there exists a current Jovg close to xJ v, such that

e Ve

. J
3(Jeve) =0, My, ( -

) <C, |Jeve —*Juelle <& (6.35)

&

for some §. Moreover, xJ v,/ mg is precompact as a sequence of distributions, and if
J is any limit of a convergent subsequence of xJ v /mg, then M. (J) is finite and

lim inf#(Ee(us) — Ec(ne)) = E[J]. (6.36)
e—>0 mg|log ¢|
In addition, if m; = 1, then (1/m)J is a 1-rectifiable locally finite current with no
boundary.
For any such J also satisfying that M. (J) is finite, there exists a sequence of
functions u, such that xJv, — J in the sense of currents and

lim ;(Ee(us) — Ec(ne)) = E[J]. (6.37)
e—0 |log €|

The current J, v, is obtained from J v, /m¢ by modifying it in two ways: Jv; is reg-
ularized by convolution with a smoothing kernel. This is necessary since G, (v,)
does not control Ju, in L' but controls the smoothed current. Then the regularized
current is modified near the boundary since all estimates on the energy are for G, ,
and thus require lower bounds for f;, which are true only away from the bound-
ary. The properties proved for the current J:v; allow us to obtain properties for the
limit J.

Theorem 6.2 is stated with m, = 1 for simplicity. We will see that if m, =
|log ¢, then in fact (6.34) is no assumption, because it directly comes from the energy
estimates.

In the proof of Theorem 6.4, the difficulty is to get from the general estimate
mg = |log €| that in fact m, = 1. The rest is a consequence of (6.36), which is a
negative quantity, and the definition of €1, which implies that J = 0.

We will now present the proof of Theorem 6.5. Let us write the proof for m, = 1
(m. = |log ¢| is useful for Theorem 6.4).

Basic estimates and splitting the energy

Let us define the energy density

1 2 1 252
8e(u) = ZVul” + =5 (1 = Jul)". (6.38)
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Lemma 6.6. Let u, be a minimizer of E;. Then

Ee(ue) < Cllog ¢, /Dgg(ug) < Cllog ¢|.

(6.39)

Proof: The first inequality comes from the construction of a test function, equal
to \/prp in the bulk of the condensate and linear close to the boundary. We define

&(s) = y (ptE(s)), where

s, ifs > e2/3,
y(s) =

8%, if s < &2/3.

Using the coarea formula, we obtain

20
/D Vel = / Y (pre(r )V prel? < € / ()2 ds < Cllog &|.
0

For the other term,

2/3

/D (pF — ¥ (pTR))? < /0 (s — y(s)H*ds < Ce2.

Hence, the energy of this test function is bounded by |log ¢]|.

The second inequality follows from the Cauchy—Schwarz inequality:

IA

'/ Q. xr-(iu, Vu)
D

1
/DZ|Vug|2+csz§|ug|2

IA

2
Lemma 6.7. The splitting of the energy holds:

Ec(ue) = Ec(ne) + Gy, (ve) + I (ve) + I (ve),

where G, (ve) is defined by (6.13) and
I} (ve) = /D F2(VSy — e, x r)(ive, Vvg),

QZ
7 (ve) = f/pffumz — D(IVSol* — ez x 7 - VSp).

1
—ngs(ua)Jrcszg(HeZQg). o (6.40)

(6.41)

(6.42)

(6.43)

The proof is the same as in the previous section. It consists in substituting u, =
1e Ve in the energy and multiplying the equation satisfied by f: by (|v¢|> — 1) to get

the result.

Lemma 6.8. Let f. be the minimizer of F.. Then there exists a constant C such that

0< . /prF— fe < Cce'/% vx eD.

(6.44)



6.3 T convergence results 137

Proof: Since f; is a minimizer of Fg, it satisfies

2
—A(f)? + 2V fe* + 8—2(112 — p1R) fe = 0.

Since Aptr < 0, we deduce that

2
A(f? = pF) > 8—2<f,3 — P1E) fe»

and the strong maximum principle implies that fg2 < ptr in D. The second in-
equality is proved in [85] and relies on the Jensen inequality and the fact that f; is
superharmonic. O

Jacobian estimates

In this section, we recall earlier estimates of [86] on Jacobians that show how the
energy density g.(vg) controls the Jacobian.

Lemma 6.9. There exist C, a such that for any open set U C R> andv € H' (U, R?),

f\fﬁwv’ SC/ Ppac
U v lloge|

FC 1+ 19l (04 W0l + [ (141905 ))  (645)

supp ¢

for all functions ¢ € C?’I(U, AR?).

This result is proved in [85] and is a refinement of earlier estimates of [86]. It ex-
presses how the Jacobian is controlled by the energy g;.

Another lemma, stated for this problem in [85], and whose results were first
proved in [86] for the case m, = 1 and in more generality in [137], is the following:

Lemma 6.10. Assume that K is a compact subset of D and v, € H' (D, R?) a se-
quence of functions such that

1
llog ¢]

/ 8e(ve) < Cmy (6.46)
K

for some sequence of numbers mg such that 1 < m, < C|log ¢|. Then xJv;/mg is
precompact in the dual norm C?’a(K)*for everya > 0.Ifmg =1, then (1/m)J is
1-rectifiable and without boundary in K. Moreover, if J is any limit of a subsequence
*Jve /mg, then J has finite mass in K. If in addition, | is a nonnegative measure
such that

dlJ
_8:(e) dx — p weakly in measure, then || J || < ., 471 <lae, (647)
me|log | dp

where ||J|| denotes the total variation measure associated with J. For any
1-rectifiable current with no boundary and finite mass in D, there exists a sequence
of functions v, € H! D, R2) such that xJv, — J in Ua>0Cg‘“(K)* and
g:(ve)/m|log e| dx converges to || J || weakly in measure as ¢ tends to 0.
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Construction of J; Vg
Letb € (0,1/6),8 = &® and
Ds = {x € Ds.t. pre(x) > [IVorF[o0d}- (6.48)

Lemma 6.8 implies that

1- 2% . 0inD;. (6.49)

f2
We want to approximate Jve/m, in order to be able to control it, by a mollified and

boundary regularized current J,v,.
Given ¢ € C2°(D, A'R?), we claim that there exist functions ¢!, ¢2, ¢ with

¢ =l +¢? + ¢, and:
1. ¢! is supported in Ds, ¢ > ¢, is linear, dp! = (d¢)!, and

| ;’i—i e IVall < €| . (6.50)

2. ¢§ and ¢;’ are error terms satisfying
E| ez S+ 1%2) e
[z e (|l 1) e

This claim is proved in [85]. The error term ¢§ arises from mollification (convolution
by a smoothing kernel) and ¢§ from boundary regularization. Then we define the
current J. v, by

Jeve (@) := *Jue(¢)) Vo € C(D, A'RY). (6.53)

In order to satisfy 0 (J~5 ve) = 0, the modification of the initial current near 0D cannot
be carried out by simple multiplication by a cutoff function. The boundary regular-
ization in effect sends small vortices, which were near the boundary, away from the
condensate where they do not interact with the test function ¢.

We want to check that (6.35) is satisfied. By the properties of ¢51 and the fact
that d(xJve) = 0, we deduce

3Jeve(P) = Jpve (dp) = xJ v ((d)}) = xJve(dg)) = d(xJv)(B)) =0

for all compactly supported 1-forms ¢. In order to get the rest of (6.35), we are going
to prove that

‘/1///\'108

<c|% 5| HCTAHIVYIRA + IVl (6.5
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This implies (6.35), since for any smooth compactly supported 1-form ¢ with
lo/otElloo < 1, (6.54) and (6.50) imply that

Jov Jv
l(@‘ — ‘/ ¢81 A LVe
me D me

which implies a uniform bound on M pTF(js ve/m;) by the definition (6.26).
To prove (6.54), we define ¢ = csl_(y/2), where ¢ is chosen such that £2 >
2/ fs2 in Ds. This is possible thanks to (6.49). The choice of & implies that

SC?

/ fgzgé(vs) = Gns(vs)- (6.55)
Ds
For ¢ with compact support in Ds, we deduce that
14 gz (ve)
L A N Rt I
ms|10g8| f&lleo Jp, °F me|log | fé

We use (6.45) with ¢ replaced by € and (6.56) to get

font

. CHKH +CeU D1+ |V lao)e ™ llog el (1 + [ lo0)-
72 oo

(6.57)
If y < a/4, this proves (6.54).
The proof of the convergence of currents relies on
1 ~ 2 3 Jg Vo
’m_s(*”f — T @) = \f(qbg rohalE (H 5 | +]= 7 21

The last estimate comes from (6.54) and (6.51) for the part related to ¢’32- To control
the integral for ¢§’, one needs an integration by parts to obtain that it is equal to

(%) | f d¢§'/\(iv£, Vu,)| and estimate it using (6.52), Holder’s inequality, and (6.39).

Compactness and properties of limiting currents

The second estimate of (6.35) implies, using a measure theory lemma, compactness
in some norm that we have not introduced here. This norm is stronger than ||.||, so
that the last inequality of (6.35) implies that xJ v, /m is precompact as a sequence
of distributions.

We assume that J is the limit of a convergent subsequence, still denoted by
*Jve /mg. It follows from (6.35), and the arguments just mentioned above, that
J;vg /m. converges to J in the sense of distributions, and in fact also in some lo-
cal norms. The first two properties of (6.35) are inherited by J. Additional properties
of J are a consequence of Lemma 6.10.
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Proof of (6.36)

We assume that xJ vg /|log €| converges to J and use the splitting of the energy (6.41)
to get the lower bound. We have to prove that

1
liminf ———Gy, (ve) Z/ pred || J1l, (6.58)
e—0 mg|10g6‘| D

1 _
lim —— 1! = —QJ (p?pdx>). 6.59
lim -~ og oy e (pipdx?) (6.59)

For the last term in the energy splitting, we easily get
17 (ve)] < CQIIFE(1 — [ve)*|l2 < CeQ2(G, (ve))'/? < Celloge’.  (6.60)

Hence (6.36) follows from (6.58), (6.59), and (6.60).

The proof of (6.58) is performed on compact subsets K and thus uses a lower
bound for f; there and the convergence of the currents.

The proof of (6.59) relies on the equation (6.32) satisfied by Sp. In order to
exploit this equation, we rewrite fg2 in Inls as

XePTE + Xe(fE = pre) + (1 = xo) f2, (6.61)
where y. is a smooth function such that

C
Xe =1inDysand xo =0inDs,  [Viye| < 3
and D is given by (6.48).
The last two terms arising from (6.61) are easily estimated as small errors. After
using (6.32), integrating by parts, and estimating a small error term, one finds that
the main contribution to 1,718 is

—1

T5a? /D XeOFpes - (ive, V).

Since ||X8p%Fdx3 le < C, we can use the third estimate in (6.35) to replace Jv, by
Jove. It is then not hard to conclude the proof using the second estimate of (6.35).
We refer to [85] for details.

The only point at which the proof fundamentally uses the assumption that the
trapping potential is harmonic is the estimate

2
IxeElle < C for & = ﬁez, (6.62)
at the end of the argument. For more general ptr and corresponding stream functions
& defined by (6.10), the argument works as soon as |[E| < C p%F near dD. Here, this
is immediate from the explicit form of E. Other complications can arise, however,
if prF is such that D = {ptr > 0} is not simply connected, or if Vprp vanishes
near 0D.
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Proof of (6.37)

We need to establish the existence of sequences for which the lower bound is
achieved when m, = 1. Let us give the proof in the case that J has finite mass,
the general case following by diagonalization arguments and considering the appro-
priate norms on currents (see [85]). If J has finite mass, one can apply Lemma 6.10,
and get that there is a sequence v, such that xJv, — J and

1 (ve)
—Gm,(vg)s[ prroee e/ pred|| T .
llog ] » Flogel  Jp

We also have (6.59) and (6.60) and thus get

1 1
lim sup (E(ug) — E(ne)) = limsup ——G,, (ve) + —Inlg(vg) < E[J].
e—0 |10g Sl e—0 |10g 8' |10g 8'
The opposite inequality has been proved in the previous step.
Proof of Theorem 6.4
Since E.(u.) < E.(n.), we derive from (6.41) that
G, (ve) < |1, (ve) + I (ve) . (6.63)

We deduce from the Cauchy—Schwarz inequality that

1 1
|1, (ve)] < /D fowmz + CQ2 f2ve)? < 5 G (o) + CQ2(1 + £20Q2).
(6.64)

We get from (6.60), (6.63), and (6.64) that G,,_(ve) < C|log 8|2, which matches the
hypotheses of Theorem 6.5 with m, = [log ¢|. Thus there exists a current J such
that xJ v, /m, converges to J in the sense of distributions, and

1
E[J] £ ———(E¢(ue) — Ec(ne)).
me|log &|

Since Q < Q, this implies that J = 0. To finish the proof, we have to get that m, =
1. Let us assume that this is not the case, and define m, = max{1, G, (v¢)/|log €|}.
Thus |
0 > liminf ———— (G, (ve) + I} (ve) + 12 (ve)) = 1.
mg|log €| Ne Ne
The last inequality is a consequence of (6.59) and (6.60) since J = 0 and provides a
contradiction.
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6.4 Single Vortex line, study of E[y]

The previous section has allowed us to obtain as a I" limit a reduced energy for rec-
tifiable 1-dimensional currents with locally finite mass. These currents, as explained
in [85], can be identified as a countable sum of oriented Lipschitz curves y;, that is,
T = ) ; T),,. We will see that the minimization of E[T] can thus be reduced to a
planar problem for an oriented Lipschitz curve y.

In this section, we will be more precise about the setting of minimization. Then
we will analyze the critical velocity Q; and the shape of minimizers, proving that
the straight vortex is not a local minimizer under certain conditions. Finally, we will
study various types of critical points of E[y].

The analysis described in this section relies on [14, 15]. We use the notation of
(6.4) and for an oriented curve y such that y(0) = y (1) or y(0), y(1) € 9D,

1 1
Elyl = /0 PreE(Y ()Yl ds — 5_2/0 Py (9))y - e; ds.

6.4.1 Setting of minimization of E[y]

Theorem 6.11. If « > 1, then the energy E[y] is minimized when the vortex line y
lies in the y z plane, that is, the plane closest to the axis.

Indeed, if we have a curve y parameterized as y(r) = (x(¢), y(¢), z(¢)), then
we can define the new curve y(r) = (0, y(¢),z(t)) by z(t) = z(¢t) and y(r) =

—v/x2/a? 4+ y2. Then prr(y (1)) = pre(P(1)). Since & > 1, )'72 < x2 4+ y2, we have
pe)IY | — Qpte(7)Z = pre(¥)1y| — Qptr(y)z. It follows that the energy of the
new curve E[y] is less than or equal to E[y]. If @ = 1, that is, the cross section
is a disc, then our arguments imply that the vortex line is planar, but of course all
transversal planes are equivalent. O

IfT = Zi T,, is a minimizer, then by the previous theorem, all y; lie in the
same plane; hence the problem reduces to planar Lipschitz curves.

From now on, we will assume that the curve lies in the plane yz, so that x = 0,
and we denote by p the value of prp that depends only on y and z. In studying
minimizers it therefore suffices to consider vortices in the domain

Do :={(y.2) 1 p(.2) > O}, p(y,2) = po — y> — p*z* for (y,2) € Dy. (6.65)

The variational problem in Dy can be rewritten by considering only vortices of
the form y = 90U, where U C Dy is a set of locally finite perimeter and dU is
oriented in the standard way, so that Stokes’ theorem holds. (Strictly speaking y is
the reduced boundary 9, U, see [70].) If we write x for the characteristic function of
such a set U, then

L= [ sz [ 2ppdvaz=2 [ gpp,ana i = [ p19x1. 666)
U U Dy
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We therefore define A = {x : Dy — {0, 1}, x € BVjo} and for x € A we write

Eqlx]=H[x] - QL[x] = /

Do

PIVxl— 252/ XPPy-

Do
Then Eq[x] = Ely]l when U = {(y,2) € Do : x(y,2) = 1} and 3U = y. In the
rest of this chapter, we will write Q2 instead of €2; we restrict our attention to the yz
plane and study the problem of minimizing Eg in A.

Proposition 6.12. (i) For every Q > 0, there exists a minimizer of Eq in A. Any
minimizer is either the vortex-free state x = 0, or has a vortex parallel to the z axis
(x = 1iny < 0)oris supported in the set {y < 0} and is bounded away from the z
axis.

(ii) For every Q2 > 0, there exists a minimizer of Eq in{y € A: x(y,2) #
x (—y, —z) a.e.}. For any such minimizer, the associated curve y solves the Euler—
Lagrange equations for the line energy.

(iii) For every £ such that Ay := {x € A : L[x] = £} is nonempty, a minimum
h(€) of H[x] in Ay is achieved.

Proof: (i) The existence of minimizers follows from standard facts about BV func-
tions: Eq[x] is bounded below for x in .4, and taking a minimizing sequence, we
can pass to the limit and obtain convergence to a minimizer. In [85], it is shown that
any such minimizer can be identified with a local minimizer in a suitable sense of
E[T].

Note that if y = (y(¢), z(¢)) is a curve in Dy and if y = (—|y(¢)|, z(¢)), then
Eqly] = Eqly]. So we may assume that y(¢) < 0 for all ¢ for y minimizing E. By
regularity, it follows that if y(zp) = O at some fy, then y’(zy) = 0. Then the Euler—
Lagrange equations imply that y(#) = O for all 7, and hence that y is the straight
vortex. If this does not hold, then regularity implies that y is bounded away from the
Z-axis.

Existence of minimizers in cases (ii) and (iii) follows by exactly the same argu-
ments, once one observes that the constraints are preserved by L' convergence. In
case (ii), the curve y associated with a minimizer x must pass through the origin. It
is easily seen that y solves the Euler—Lagange equations away from the origin, and at
the origin the Euler—Lagrange equations are satisfied if and only if the curvature van-
ishes, which must occur due to symmetry. Regularity follows from standard theory;
see for example [71]. |

The minimization in (ii) gives rise to curves y that pass through the origin and
are called S vortices. They are never global minimizers of Egq but are observed ex-
perimentally [132]. They exist whatever the value of €2, since the vortex-free solution
never satisfies the constraint. On the other hand, if 2 is small, there are no U vortices
that are critical points of the energy, as we will see below.

The shape of the U vortex and its preferred location in the yz plane can be
analyzed using the approximate energy E[y]. There also exist U-vortex solutions of
the Euler—Lagrange equation in the energetically less favorable xz plane, but there
are no critical point of the energy in any other plane. In fact, if y is not in the xz or yz
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plane or is not planar, then one can construct small perturbations of y that preserve
ptr and lower the energy. This implies that ¢ cannot be a critical point of the energy
because the gradient is not zero. Of course, if the ellipticity of the cross section is
small, the gradient is small, which may allow us to observe these configurations. The
same reasoning holds for the upper or lower part of an S vortex, since they can be
matched at the origin.

The energy of the vortex-free solution is zero. Thus, a vortex line is energetically
favorable when 2, 8 are such that inf, E[y] < 0. Recall that 8 determines the
elongation of the trap and is included in the expression of pTr. We will see that there
exists a critical Q called Q, with 1 < Qjp9 < 5/4, such that for @ > i, the
vortex-free state x = 0 does not minimize E, and for 8 small enough, a straight line
parallel to the z axis is locally unstable. We want to estimate € and the curve y
that minimizes E. Given the constrained minimization problem 4([), €2 can also be
viewed as a Lagrange multiplier and €| can be defined as

_ h(l
Q) = irllf¥. (6.67)

6.4.2 The bent vortex

Taking the straight vortex y, as a test function in E[y] allows us to compute the
critical angular velocity S_Zi for which a straight vortex has a lower energy than a
vortex-free solution, and we obtain Q09 = 5/4.

For E to be negative, we need ptp — Qp%F to be negative somewhere, that is,
Qpo > 1. Hence

1 S_Z 1Y —
< < .
10 I

We are going to look at the stability and instability of the straight vortex and
prove that when the condensate has a cigar shape the first vortex is bent, while when
it is a pancake, the first vortex is straight and lies on the axis of rotation.

Let us investigate the existence of a bent vortex. Notice from the expression of
E that for E[y] to be negative, we need p — 2p? to be negative somewhere, that is,
Qp > 1. For fixed €2, we define the regions

Di={(y,2): Q(y,2) > 1}, D, :=Do \ D;. (6.68)

Fig. 6.3. Bent vortex.
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We will refer to these sets as “the inner region” D; and “the outer region” Dg respec-
tively. In the outer region, the energy of a vortex per unit arc length is necessarily
positive, since p — 2p? > 0, whereas in the inner region, for appropriately oriented
vortices it can be negative since p — 2p? < 0. One can see easily that for y to have
a negative energy, part of the vortex line has to lie in the inner region, that is, close to
the center of the cloud. Note that for D; to be nonempty, we need at least Qpp > 1.
We define y' = y N'D; and y° = y N'D,. We assume that y (0) and y (1) lie on 8D.

In the region D;, we will see that the vortex is close to the axis for all 8. On
the other hand, in the region D,, the vortex goes to the boundary along the quickest
path: if B is small, perpendicularly to the boundary, which gives rise to a bent vortex,
and if B > 1, the vortex stays parallel to the axis of rotation. In [14], we prove the
following:

Proposition 6.13. For all B and all <, in the inner region D;, the straight vortex
minimizes the energy restricted to D;, that is, E[y'], for y* =y ND;.

Proposition 6.14. For 8 > 1, in the outer region D,, the straight vortex minimizes
the energy restricted to D,, that is, E[y°], for y° =y ND,.

Note that in the outer region, Proposition 2 holds only for 8 > 1. If 8 < 1, the
situation is somewhat more complicated: /. vo P dl is minimized by a path that joins

D; to 3D along the y axis, whereas — [ p2dz is minimized by the straight vortex
running along the z axis. The minimizer of the full energy reflects the competition
between these two terms, and hence is bent. In particular, as a corollary of the above
propositions we deduce the following:

Theorem 6.15. For § > 1, E[y] > inf(0, E[ys]), where ys is the straight vortex
parallel to the z axis. If E[ys] < 0, the equality can happen only if y is the straight
vortex.

Note that for each z, there is a critical velocity €24(z) for the existence of a vortex
in the two-dimensional section where z is constant. The region D; corresponds to
points z such that Q > Q54(z). To prove Proposition 6.13, first note that

/ pdl — Qp*dz > / pldz| — Qo*dz > | (o — Qp?)dz. (6.69)
Vi Yi Yi

Since we have assumed that y does not self-intersect, we can identify y with the
(oriented) boundary of an open set V' C D. Then y; can be identified with D; N9V =
3(D; NV)\ (3D; N V). Since p — Qp? = 0 precisely on dD;, this implies that

(o — QpP)dz = / (o — QpP)dz. (6.70)
Vi a(D;NV)

And by Stokes’ theorem,

/ (p — QpHdz = / (1 —2Qp)py dydz. (6.71)
a(DinV) DNV
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The definition of D; implies that 1 — 2Qp < 0, and so this integral is clearly mini-
mized if D; NV is just the subset of D; where p, > 0, so that

/ (p — Qp>dz > f (1 —29Qp)py dydz. (6.72)
3(D;NV) {(y,2)€D;:y<0}

Again using Stokes’ theorem and the fact that p — 2p? vanishes on 3D;, we find that
this is equal to

/ ) (p (0, 2) — 2p%(0, z))dz, (6.73)
—Zx

where (0, £z,) are the points where the z axis intersects 9D;. Combining these in-
equalities, we find that

/ pdl —Qpdz > / ) (p(o, 2) — 220, z)) dz. (6.74)
;

T

It is easy to see that equality holds in (6.72), and hence in (6.74), exactly when y is
the straight vortex, and so we have proved Proposition 6.13.

To prove Proposition 6.14, fix y such that ¥’ is nonempty. The beginning and
end of y must lie in the outer region, and y intersects the inner region, so y“ must
consist of at least two components. Let (a1, b1) denote the first such component and
(az, by) denote the last, and write y; and y» to denote the corresponding portions of
y?, so that yj is parameterized as y; = (v, z), (a1, b1) — D,, with y1(a;) € 0D
and y;(b1) € 0D;. We need to show that y; and y» both have more energy than
the corresponding parts of the straight vortex. We will consider only y; since the
argument for y» is exactly the same.

Define y; = (0, ¢) to be a parameterization of the part of the straight vortex

joining (0, —zZmax) t0 (0, —z4), where zmax = /p0/B:
~ 1 ~
{0 = =g 00"+ F200'2 1) = max (). (6.75)

Recall that we have y; = (.y(t), z(t)). The definition is arranged so that ¢ — (¢) is
nondecreasing and |y,| = ¢. To prove the proposition, it thus suffices to show that

eIV — Q212 = p(r)lys| — Q2 (r)E. (6.76)

If ¢(r) > E (t), this is clear, because then { = 0, so the right-hand side van-
ishes, while the left-hand side is nonnegative, by the defining property of the outer
region D,,.

And if ¢(r) = g:(t), then p(y1(¢)) = p(ys(t)), and so in this case 0 < 1 —
Qo(y1(t)) =1 —Qp(ys()) < 1. So we need to show only that

Iyl —cz > |yl —ct (6.77)
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for any ¢ € [0, 1]. We will apply (6.77) to ¢ = Qp(y5(2)).
To do this, first note that

.= 1 fyy . . 1y
-t (G (t)

1/2 1/2
. 1y 9 BT+ 2P
1Kl = Il = (57 +29) =\ Z==27=) -
2B B2y* +z
Since B > 1, we conclude that || < |yi]. Also, it is clear that |z] < |y1]. So if
0 <a <1,then

So

Iyl —cz > Imld —c¢) = (1 —¢) = |ys] — e,

which proves (6.77), and hence Proposition 6.14. We now investigate further on the
stability of the straight vortex. We parameterize the straight vortex as y;(z) = (0, z)
for —Zmax < 2 < Zmax» With Zmax = \/00/B-

We consider perturbations of the straight vortex of the form ys(z) = (6v(z), z +
82w (2))+0 (83) for |z| < Zmax. We require that w be chosen such that p (y5 (£zmax)) =
0, thereby respecting the condition that the vortex line terminate at the boundary of
the cloud.

Writing a Taylor series expansion for E, one finds that

52
Elys] = Ely]+ = (v, E"[yslv) + 0(8%), (6.78)
where
Zmax 2 P
(v, E"[ys]v) =/ 22Qp — DHv” + pv/7dz. (6.79)
—Zmax

To get this it is necessary to integrate by parts and use the fact that the straight vortex
solves the Euler-Lagrange equations for E. In particular, this eliminates all terms
involving w. No boundary terms arise from integration by parts because p(ys) = 0
at the endpoints. In the case 2 = 0, this equation has been studied in [152].

We say that the straight vortex is stable if (v, E”[ys]v) > 0 for all v, and unstable
if (v, E"[ys]v) < 0O for some v.

Theorem 6.16. The straight vortex is stable if

- 3 1
Qoo > — +

—. 6.80

it (6.80)
The straight vortex is unstable if B < 1/+/3 and
- 1 1

Qpo < =+ (6.81)

6 682
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Proof: To prove the instability of the straight vortex, we will find explicit pertur-
bations v for which (v, E”[ys]v) < 0. These also indicate the shape of good test
functions.

We define a perturbation v (depending on a parameter 6, which for now we
regard as fixed) by

Zmax

0 if z < 0Zmax,
v(z) = (L _ 9) (1 —=0)7" if z > Ozmax.

Here v is normalized so that v(zmax) = 1. For this choice of v, a lengthy but straight-
forward calculation shows that

3/2 3/2
2820 5 0 220
CE"Tyslo) = =2~ [(1=0)*(0+4) — —(1-0)— B2 (1+ )] = —2—A(0).
(v, E"[ys]v) 308 [(1-6)"(0+4) on( )—B( +2)] 308 )
It follows that the straight vortex is unstable if
2 5 2 0
1-60)"0+4)<—|0-60) -1+ = (6.82)
Qp() 2

for some 6 € [0, 1). It is helpful to write § as & = 1 — nB> for some > 0 to be
determined. Then (6.82) can be written in terms of 7, as

gy = 5 (LB /D = B/2m
np>(5 —np?) '

This is satisfied if

Q _ B
00 2

np? 2n - np?
The maximum of the right-hand side is achieved for 5 close to 3, so we can take
n = 3 to find that (6.81) is a sufficient condition for instability. Because 6 = 1 —
nB% > 0, this conclusion holds only if 8 < 1/+/3. For larger values of 8, one can
make different choices of 6 to find thresholds for instability.

To derive the sufficient condition for stability, note that for every z,

1+ (B%/2)—@3/2n) 1 1( 3)
< = 1 .

30 (@) _
200 2p0 '

Multiplying v? by the expression on the left and integrating by parts, we obtain

<max <max 31)2
/ v2dz = / p| —+ 2o | dz.
—Zmax —Zmax 2'00 P0

Since [z]/p0 < zZmax/po = 1/B/po for |z| < Zmax, we have
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/Zmax 2d - /Zmax |: 3 2 4 1 | | | /|i| d
vaz = Pl —V V| |v Z.
—Zmax —Zmax 2/00 ﬂx/ﬁo

Now we use the inequality ab < a*/2 + b?/2 to deduce

/Zmax 2d - /‘Zmax |:< 3 n 1 ) 2 n 1( ,)2:|d
vedz < oll=— v+ —(v z.
—Zmax —Zmax 2,00 2100/32 2

In particular, if

3
Q 4
,00>4—|—4/32

then this implies that (v, E”[y;]v) > 0 for all v. O

Note that the two values are consistent in the sense that they both scale like
1/8% when B is small. For  large, one expects several vortices in the condensate,
but the fact that a straight vortex is stable gives an indication that for €2 large, each
vortex should be nearly straight, which is consistent with the observations [1]. Recall
that the stabilization of the cloud requires that the rotation be not stronger than the
trapping potential, which reads in our notation Q < 1/e.

Remark 6.17. 1t is interesting to see what happens in Theorem 6.16 when Qpy =
5/4, that is, when the straight vortex has zero energy. The first inequality yields that
if 8 > 1/+/2, then the straight vortex is stable for all Q such that Qpg > 5/4,
that is, when E[y;] < 0. If 8 > 1, we have seen that y, is not just stable but in
fact minimizes E. The second inequality implies that if 8 < /2/13 & 0.39, then
the straight vortex is unstable at the velocity Qo9 = 5/4 at which E[y,] = 0. As
a result, for these values of 8, the first vortex to nucleate as Q increases is a bent
vortex. Note that it has been observed in [152] that for 8 < 1/2, the ground state
of the system exhibits a bent vortex. Numerical results of [68] also show that bent
vortices are energetically favorable when g is small.

Our results imply that under certain conditions there exists a nontrivial and non-
straight minimizing vortex. This minimizer is seen in experiments and is called a U
vortex.

In the case B < 1, that is, when the vortex line is bent, we will prove that the
vortex has a minimum length. This is related to the fact that the vortex has to go to
the center of the cloud and spend some time in the inner region.

For an open set U C D with Lipschitz boundary, we endow dU with an orien-
tation in the standard way, so that Stokes’ theorem holds.

We will deduce a lower bound on the vortex length from the following isoperi-
metric-type inequality:

Theorem 6.18. For every0 < 8 < 1,

32
‘ [ el < evm'” ( / pdl) (6.83)
U 10

for every connected open subset U C D.
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Proof: 1. We use Stokes’ theorem to calculate

/ p’dz =2 f ppydydz <2 f ppydy dz, (6.84)
oU U U-

where U™ = {(y,2) € U : y < 0}, since pp, <0 for (y, z) € D such that y > 0.
So the coarea formula implies that

/pzdz 52/ PRI
au v- Vol

*

L |py|
=2 s ——dl )ds,
. [(r,20eU™ : p(y,0)=s} VP

where p, = inf{p(y,2) : (y,2) € U}, and p* = sup{p(y,z) : (y,2) € U}. Thus
Py

/ p?dz| < |p* —psl sup <S/ —dl>-
U s {(v,2)€U : p(y,2)=s} Vol

Thus to prove the theorem it suffices to establish the following two claims:

s/ py_dl < / pdl (6.85)
(D)€l < p(r.2)=s}) VPl SU
for every s, and
12
0% = pul = /p0)"/2 ( /a ,odl) . (6.86)
U

2. We first prove (6.85). Fix some s € (px, p*) and write 'y to denote
{(v;2) e U™ : p(y,z) =s}. Also, let Iy denote U N {p > s}.

First assume for simplicity that I'y is connected, so that it consists of the short
arc of the ellipse {p = s} joining two points, say po = (yo, z0) and p; = (y1, 21)
with zo < z1. We can represent 'y as the image of the mapping

2> (¥(2),2) = (— (S—,Bzzz)l/z,z), 20 <2z <121.

Differentiating the identity p(y(z), z) = s we find that p, y'(z) + p; = 0. Thus

2 24 2 172
'i@(z),z) =(1+yf(z)2)” _ (M) _ Vol
dz A

:0% B [0yl

It follows that

Py B
S/ & dl = S/ dZ.
{(v,2)€U : p(y,2)=s} [Vl 0
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On the other hand, the one-dimensional measure of Iy is certainly greater than
[p1 — pol = z1 — z0,and p > s on I'y, and so

f p(z, ydl > sI(Fs) = s(za—z21).
This proves (6.85) if T’y is connected. If not, one can apply the same argument on
each connected component of T'y.

3. Next we prove (6.86). Let g, and g* be points in dU such that p(g.) = px,
p(g*) = p*. Since we have assumed that U is connected, dU contains a path joining
g« to g*. In fact it contains two such paths. If we write P to denote the set of all
Lipschitz paths in D joining the level set {p = p,} and the level set {p = p*}, it
follows that

/ pdl >2 inf/,odl.
AU veP Jy

Arguments in the proof of Proposition 6.14 show that for 8 < 1, inf, ¢p /, P dl is
attained by a path that goes in a straight line along the y axis. Thus

s
inf/,odl:/ (po — ¥ dy,
yeP % y*

where y. = /00 — px, Y* = /00 — p*. And since y,, y* < Py

/y* (o -y dy = —— /y* (po — yH)2y dy
y* 2«/% y*
1 p*
RN
~ ﬁ (092 = ). (6.87)
Since b2 — a? > (b — a)? when 0 < a < b, we deduce that (6.86) holds. O

Remark 6.19. The exponent 3/2 is the best possible. An inequality similar to (6.83)
is valid for 8 > 1, but the proof needs to be modified a bit. For the straight radial
vortex,

16 (o372 4 (pm)3/2
/ D2z = 18 (0) and / pdl =2 (0) ’
U 15 B U 3 B

-3/2
(/ pzdz) (/ pdl) ~0.52 B2 (pg) /4.
10 U

This shows that the constant (2./p)/2 in (6.83) is fairly close to sharp for % <B<
1, say.

and so
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A short calculation starting from (6.83) shows that if E[y] < O then

1
pdl > ——. (6.88)
/y (292 /po)
We expect that even for a configuration with multiple vortices, each vortex line will
satisfy a lower bound of the type (6.88). In a configuration with several vortices y,
the energy derived in [16] is Y E[yx] + I (v, ¥j), where

I(yk, vj) = | [Nog(dist(x, y;)| dl.
Vk

Adding a vortex to a stable configuration with n — 1 vortices requires

Ely.] + Z I (yn, Vj) < 0.

Since I > 0, this implies in particular that E[y,] < 0 and hence the bound on the
length.

6.4.3 Properties of critical points

As we have seen above, the minimizer is a U vortex, but it does not exist as a critical
point for all values of :

Proposition 6.20. If Qpy < 1/2, there cannot exist a critical point of the energy that
lies in the yz half-plane y < 0.

Proof: Suppose that y is a vortex, parameterized by y (t) = (y(¢), z(¢)), where y, z
are smooth functions on an interval (a, b). We are going to construct a perturbation
along which the energy gradient has a sign when Qo9 < 1/2. For s > 0 define
¥s(0) = ()5, 2(0)), ys() = max (y(t) +s, —(po — B*2*(1))'/?), and let I :=
{t € (a,b) : p(y(t)) > 0}. We compute

d i . .
%E[VYnszo = / , —2y(#) (w/y2 +z2— ZQ,OZ) dr.
te

If y staysin y < 0 and Q2p9 < 1/2, this is always positive, and thus y; cannot be a
critical point of the energy. |

Let us define

!
Qo = inf PO =D (6.89)
L 1=
Then Theorem 6.18 implies that Qo < Q. Itis proved in [85] that for 2 > Qo, Eq
has a local minimizer that is not straight only if 8 is small enough.
The following theorem explains a fact seen both in experiments and in numerical
simulations, where it is observed that as €2 increases, the area in the yz plane enclosed
by the vortex curve increases, so that the curves get closer to the z axis.
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Theorem 6.21. Fix Q1 < Q», and fori = 1,2, let x; minimize Eq, in A, and let U;
be the support of x;. Then Uy C Us.

Theorem 6.22. For almost every Q > 0, there is a unique minimizer of Eq in A.

Our results require some preliminary definitions and lemmas.
Let £ := max{L[x] : x € A}. Let 0h(€) denote the subgradient of & at £, where
h is defined in Proposition 6.12,

h() ={Q2>0:h()>h)+ QU —¢) forall0<? <4},
and let i, denote the convex envelope of & on the interval [0, £], that is,
he(€) =sup{u(€): u < h, uisconvex on [0, Z_]}.

Finally, define ¥ = {¢ € [0, €] : dh(f) is nonemepty} = {€ € [0,£] : h(£) =
h:(£))}. Note that 2 € 9h(£) if and only if £ € ¥ and Q € 9h.(£). Theorem 6.16
implies that /4 is convex for £ close to £ if 8 is sufficiently small, which ensures that
¥ is nonempty. On the other hand, Theorem 6.18 shows that 7 (¢) > c0?/3 Thus we
expect that 4 is concave near £ = 0.

Lemma 6.23. If x € A minimizes Eq = H — QL, then H[x] = h(L[x]). Also,
Lix] € X, and Q2 € dh(L[x]). Conversely, for any £ € X and Q € dh(L), if x € A¢
satisfies H[x] = h(£), then x minimizes Eq in A.

To prove the first assertions, fix y minimizing Eq, and let £ = L[x]. For any x
suchthat L(x) = £, H{x] = Eqlx]+ QL[x] = Eqlx]+ QL[x] = H[x], which
proves that x minimizes H in Ay, i.e., that H[x] = h(¥).

To prove that £ € X, fix any £’ # £ and find x’ such that L(x") = ¢/, H(x') =
h(€'). Then h(¢') — Q€' = H[x'] — QL[x'] = Ealx'] = Eqlx] = h(€) — Q.
Rearranging this gives 1(£") > h(£) + Q' — ¢),and so £ € ¥ and Q € 0h(¢) as
claimed.

To prove the other assertions, fix £ € X and x € Asuchthat L[x] =¢, H[x] =
h(£), and fix Q € dh(L). Forany x' € A,let £’ = L[x']. Then Eq[x'] = H[x'] —
QU >h()— Q' >h(t) — QL =Eq[x]. O

Lemma 6.24. If x1, x2 € A, then for . = x1x2 and x* = x1 + x2 — X1X2
L)+ Lix2l = Lix« ]+ LIx*1,  Hlxil+ Hlx2l = Hix«] + Hlx"].

Note that if x; is the characteristic functions of U; fori = 1, 2, then x, and x*
are the characteristic functions of U; N U, and Uy U U respectively.
The first conclusion is obvious. The second follows from noting that

IVxil +1Vxal = IVOa + x2)l = IV + 20l = [Vl + VX7

as measures. The last equality is a consequence of the fact that U, := supys is a
subset of U* := supp x*. Thus if 9U, N dU™ is a set of positive one-dimensional
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measure, then their outer unit normals must be parallel (rather than antiparallel) along
this set. Hence there can be no cancellation. |

Proof of Theorem 6.21: Fix Q1 < € and let x; be a minimizer of Eq,, i = 1, 2.
Let ¢; = L[x;] fori = 1,2. Define x4 and x* as in Lemma 6.24 and let £, =
L[xs], £* = L[x™*]. From Proposition 6.12 we know that minimizers are contained in
the region where the integrand in L is positive, and it follows that £, < £;, £, < £*.
Moreover, to prove the theorem it suffices to show that £* = £,, since this will prove
that xo = x*, or in other words, that Uy U Uy = Uy, for U; = supp ;-

To do this, write i, := H[x4] and note that h, > h(ly) > h; + Q1 (£y — £y).
Similarly, i* = H(x™) > hy + Q2(£* — £3). Lemma 6.24 implies that &, + h* <
hi+hy and that Q (£* — £1) = Q1 (£ — £*), and so by adding the two equations and
rearranging, we find that 0 > (2 — Q1) (£* — £3). Since ) > Q and £* > £, we
deduce that £, = £ as required. m]

Proof of Theorem 6.22: First we claim that the set M := {2 > 0 : Q € 9h(£*) N
dh(L,) for some £, < £*} is at most countable. Indeed, if 2 € M, then also Q €
Ohe(Ly) N Oho(£¥). And because k. is convex, it follows that, in the interval £, <
¢ < £*, h, is affine with slope €. Clearly, there can be at most countably many
values 2 with this property, proving the claim.

Now suppose that 2 is a value such that there are distinct minimizers x| # x2
of Eq. Define x. and x™* as in Lemma 6.24. In view of Lemma 6.24, Eq[xs] +
Eqlx*] < Eqlxi] + Eqlx2], and so it follows that x., x* are also minimizers.
Because (by Proposition 6.12) x; and x, are supported in the set {y < 0}, the form
of p implies that £, := L(xx) < L(x*) =: £*. Then Lemma 6.23 implies that Q
belongs to the countable set M defined above. This proves uniqueness of minimizers
away from a set of measure zero. O

For small /, we believe that there are minimizers of the constrained problem 4 (1)
that are not minimizers of E[x] and thus provide the existence of nonminimizing,
critical points of Eq with U shape. For 8 small, given the isoperimetric inequality
from Theorem 6.18, which implies that h(¢) > cl?/3 near | = 0, the curve h(l)
should be concave in this region. On the other hand, if x minimizes Egq, then h(/) is
locally convex near L(x). Thus the simplest possible behaviour that we expect for
the curve i (/) when S is small is to be concave close to / = 0 and then convex.

6.5 A few open questions

6.5.1 Small velocity

The result of Theorem 6.4 is only asymptotic and one would be interested in a finite
& statement:

Open Problem 6.1 If Q < Q, prove that uy is vortex-free for small ¢.
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Fig. 6.4.a = —0.1,b = 1.1, B = 1/7. Side view of the condensate for Q2 = 0.12 (a), 0.2 (b),
0.28 (c), 0.32 (d). Isosurface of lowest density.

6.5.2 Critical points of Eq[x]

Open Problem 6.2 For fixed 2, estimate the number and types of critical points of
Eqlx]. In particular, study the problem h(l) for small l.

6.5.3 Finite number of vortices

An analysis as in the two-dimensional case where the interaction energy between vor-
tices is rigorously derived is not available at the moment for this three-dimensional
problem.

6.5.4 Other trapping potentials

Our arguments depend very little on the specific geometry of Dy and p, and with
small modifications would apply quite generally to families of isoperimetric-type
problems. On the other hand, the derivation and shape of the line energy strongly
rely on the special function p.

A natural open question is to consider the case of trapping potentials of the type
ar?+br*/164p2z%. Numerical simulations in Figures 6.4, 6.5 illustrate the 3D shape
of vortices in this case. In Figure 6.5, in the xy plane, the condensate is an annulus
with vortices located on two concentric circles. The convexity of the bending differs
according to the two circles. We refer to [11] for more details.

6.5.5 Whole space problem

Open Problem 6.3 Prove the equivalent I convergence result of Theorem 6.2 when
the energy E; defined in (6.1) is posed in R® instead of D, and with the constraint
that |\ug|l2 = 1. A natural question is the shape of vortex lines: are they closed curves
or do they go to infinity in the region of low density?
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Fig. 6.5. Vortex details for 2 = 0.48.

6.5.6 Decay of vortices

Numerical simulations of the time-dependent problem with Schrodinger dynamics
[102] show that the long-time behaviour of the solution is that of the correspond-
ing minimizer of the stationary problem in D. Though the Schrédinger dynamics
preserve the total energy, it turns out that the excess energy is eventually located in
waves in the low-density region.

Open Problem 6.4 Consider an initial solution of the time-dependent problem with
Schrodinger dynamics, which is either a U or S vortex, and analyze its decay when
the rotation Q2 is equal to 0 or stopped slowly.

The decay of the U vortex is expected to be similar to what is displayed in Figure
6.1. The decay of the S vortex is more mysterious, since a horizontal S still carries
energy.



7

Superfluid Flow Around an Obstacle

In this chapter, we address another issue related to superfluidity: the existence of a
dissipationless flow induced by the motion of a macroscopic object in a superfluid.
The nucleation of vortices corresponds to the breakdown of this dissipationless phe-
nomenon.

A classical experiment on superfluid helium consists in flowing helium around
an obstacle. If the velocity ¢ of the flow at infinity is sufficiently small, the flow is
stationary and dissipationless, as opposed to what happens in a normal fluid. On the
other hand, beyond a critical velocity, the flow becomes time-dependent and vortices
are emitted periodically from the north and south poles of the obstacle. Numerical
simulations illustrating this behaviour have been performed by Frisch, Pomeau, Rica
[67] and are displayed in Figure 7.1: a pair of vortices has been emitted and is flow-
ing behind the obstacle, while the next pair is being formed on the boundary of the
obstacle. In [67], the authors have also computed the critical velocity for nucleation
of vortices. Other related works, which we will describe below, include [78, 83]. The
absence of dissipation at low velocity can be explained by the existence of a station-
ary solution to some two-dimensional nonlinear Schrodinger equation, on which we
will focus. The superfluid velocity is given at any point in the flow by the gradient

Fig. 7.1. Numerical simulation of a superfluid flow around an obstacle: the velocity at infinity
is along the x axis and vortices are emitted. Courtesy of Y. Pomeau and S. Rica.
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/

Fig. 7.2. Stirring a laser in a condensate

of the phase of the wave function: if the wave function does not vanish, then the
velocity is well defined everywhere. The vortices are points where the wave function
vanishes and around which the circulation of the velocity is quantized.

Very recently, an experiment was conducted at MIT by Raman et al. [128] (see
also [117, 129]) in Bose—Einstein condensates, to study there the existence of a dis-
sipationless flow. Instead of a macroscopic object, the obstacle is a blue detuned
laser beam. The condensate is fixed and the obstacle is stirred in the condensate, as
illustrated in Figure 7.2. Similar features to those of helium are observed, namely
the evidence of a critical velocity for the onset of dissipation. The energy release is
measured as a function of the velocity of the stirrer: if the velocity is small, the flow
is almost dissipationless and the drag on the obstacle is very small, while above a
critical value of the velocity, the flow becomes dissipative. Numerical simulations
have been performed by [13, 83], relating the increase in energy dissipation to vortex
nucleation. The mathematical description of the experiments is quite involved, since
one has to take into account the three-dimensional geometry of the condensate and
the effect of the inhomogeneous potential trapping the atoms. Thus we will study a
model case, which still allows us to understand the main features of the experiments
and the geometry of the problem.

In the first section, we describe the mathematical framework. The next two sec-
tions will be devoted to the proofs of two specific results.

7.1 Mathematical setting

The first part will be devoted to a two-dimensional problem modelling helium, its
mathematical properties and open questions. In the following part, we will focus on
a simplified problem related to the experiment on BEC, where the inhomogeneity in
the density is at the origin of different behaviours.

7.1.1 Two-dimensional flow

The problem of a superfluid helium flow around an obstacle can be formulated as
follows: understand the properties of the solutions ¥ of
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2i0y + AY — 2icdey + (po — WY =0, (7.1)

forx = (x,y)inw = R? \B_l, where B is a ball modelling the obstacle, and ¥ = 0
on dBy. Here c is the velocity of the flow at infinity (oriented along the x axis) and
po some fixed number. This equation is invariant under Galilean boost. Here, we
choose to work in the frame where the obstacle is fixed. We are going to prove that
the modulus of the solution tends to pp as |x| goes to infinity, but we do not put
this as a hypothesis. If the flow is dissipationless, that is, for small ¢, we expect the
existence of a stationary stable solution of this equation, while if ¢ is increased, the
flow becomes times dependent and vortices are nucleated.

Behaviour at small ¢

Our main result consists in a rigorous proof of the existence of stationary solutions
of (7.1) for small ¢, such that || does not vanish in w, which implies that i does
not have vortices. This is based on [4] and will be proved in the next section:

Theorem 7.1. There exists co > 0 such that for all ¢ € (0, cg), the problem
AY —2icoyy + (1 — YDy =0 in o=R>\B, (7.2)
Y =0 on{r=1} (7.3)
has a vortex-free solution V., that is, || > 0 in w.

Let us first explain the main steps and difficulties that arise in the proof. A natural
setting to prove the existence of solutions is to minimize the energy corresponding
to equation (7.2), namely

E (¢, ) = Eo(r, w) — cL (¥, ), (7.4)
where
1 2 1 272
Eo(w,w>=/ SIVUP 4+ (= PP, (7.5)
LY, 0) = f AV, dc). (7.6)

But it turns out that for i € Hch (w) such that Eg(1) < 400, the momentum term
L is not well defined, and we believe that for the solution that we will construct
below, this term is not finite. Hence, we want to minimize E. in bounded domains
wr = @ N Bp and pass to the limit as R is large. As such, it is very difficult to find
good bounds on the solutions at finite R and pass to the limit. Thus we will need
to do a constrained minimization to get extra information on the solutions, and then
check that the constraint is not active. This will require a careful estimate of L in
terms of Ey, which is inspired by [71], where the existence of a solution of (7.2) in
the whole space R? for small ¢ is derived, but no analysis of the absence of vortices
is made.
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A first step is to study the solution v at ¢ = 0, which is real-valued, radial, and
increasing. This solution is also unique in the class of functions with finite energy
Ey. The uniqueness property is crucial for our existence result for ¢ small. Indeed,
there are many solutions of (7.2)—(7.3) with ¢ = 0 of the type f(r)exp(idf), for
any integer d, but if d # 0, then Ey is not finite. The uniqueness is obtained by a
Pohozaev identity, using an idea of Mironescu [112]: the idea consists in taking the
quotient of two solutions and to use the framework of the Pohozaev identity to derive
that the quotient of two solutions is in fact identically equal to 1, and thus provides
uniqueness.

The constraint that we prescribe on a possible solution v is that Eo(¥.) —
Eo(o) be small. The a priori estimates rely on the fact that for ¢ small, we expect
Ye/¥o to be close to 1. This allows us to pass to the limit in R and check that the
constraint is not active. This existence proof is not very far from an implicit function
theorem, though we have not found the right functional space in which to apply it.

We do not prove the stability of the solution that we construct, but only that it
is obtained as the limit of stable solutions (local minimizers of E.) as R tends to
infinity.

Open Problem 7.1 For small c, the solution constructed in Theorem 7.1 is stable.

Behaviour at large ¢

A natural mathematical question is to study what happens when c is large. In [78],
a numerical study of the number of solutions of (7.2)—(7.3) is made as a function of
c: at low velocity, there are three stationary solutions, the one minimizing the en-
ergy, which is vortex-free, but also a one-vortex and a two-vortex solution. The three
branches meet at the critical value of c. For ¢ larger than this critical velocity, there
are no solutions. The rigorous mathematical description of the branches is still open.
Beyond the critical velocity, the solutions of the time-dependent problem cannot be
stationary (or close to a stationary solution) and vortices are emitted periodically
from the obstacle, as illustrated in the numerical simulations of [67] and [78].

Open Problem 7.2 For c large, there are no solutions of (7.2)—(7.3).

This has been proved by Gravejat [73] when o is replaced by R?, if one restricts
to finite energy solutions. The proof relies on a Fourier transform, and thus, it is
important to be in the whole space. His methods cannot be applied as such to our
case with the obstacle.

One could hope to prove that at least there are no stable solutions for ¢ large.
Since vortices appear near the top and bottom of the obstacle, this gives an intuition
on where the instability is likely to take place. One could hope to argue by contra-
diction, assuming that there is a branch of stable solutions for all ¢ and constructing
a specific direction (with vortices on the north and south poles) that could provide a
negative Hessian. This issue has been addressed formally in [149] and the computa-
tions there and in [52] could give hints towards a rigorous proof.
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For c large, we expect the time-dependent problem to give rise to solutions that
emit vortices from the north and south poles of the obstacle almost periodically, with
a period that decreases as ¢ — ccyj; is increased.

Open Problem 7.3 For large c, there exist solutions of (7.1) that are periodic in
time.

Other mathematical results related to this problem are concerned with travelling
wave solutions in R [36] or R? [34]. In the whole space, the situation is very differ-
ent: there are vortex solutions, even at small speed. Here, at small speed, the presence
of the obstacle prevents the existence of stationary stable vortices.

Another issue is the decay of solutions at infinity. The solutions that we have
constructed in Theorem 7.1 have finite Ey, and in fact we will prove that they tend
to 1. Gravejat [72, 74, 75] has obtained a more precise expansion of solutions in the
case of R?.

Hydrodynamic formulation

As mentioned above, this problem was first addressed by Frisch, Pomeau, and Rica
[67]. They have studied the case when the obstacle is a small disk of radius ¢ in the
frame where the obstacle is fixed. Thus, they make the change of variable = &t,
X = ex and the transformation ¢ = ﬁe“"’“xw ¢, which is now justified at small
velocity since we know that ¢ does not vanish by Theorem 7.1. The equation can be
rewritten using the hydrodynamic formulation, which allows us to identify V¢ with
a velocity:

op | .

Vi div (pVe) =0,

¢ _ 2AVP

ot P
They look for stationary solutions and assume that the quantum pressure term

e?Ap/ J/p is negligible, which is a kind of long-wave approximation, and are led
to the following problem:

- - . (7.7)
p+po+c”— V|-

div (oV$) =0, p=po+c* = Vo[, (7.8)

with boundary conditions d¢/dn = 0 on d By, p — po, and V¢ — ¢ at infinity. Note
that the second equation in (7.8) is a Bernoulli law for this problem. The system (7.8)
has the same mathematical formulation as that of a stationary irrotational flow of a
compressible fluid about an obstacle. The existence of solutions for such a related
subsonic problem (¢ small) and the nonexistence for ¢ large were proved in [56, 146]
using a fixed-point theorem.

Open Problem 7.4 Prove rigorously the semiclassical limit: as € tends to 0, if c is
sufficiently small, the stationary solutions of (7.7) converge to solutions of (7.8).
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Note that the system (7.8) is elliptic as long as
2 1 2
max |Vo|* < §(’OO + ¢9). (7.9)

The critical velocity for vortex nucleation corresponds to the value of ¢ such that
the system turns from elliptic to hyperbolic. In [67], in analogy with the case when
the operator is the Laplacian, it is assumed that the maximum of |V¢| is reached on
the north and south poles of the obstacle and the value is 2¢. Then, this and (7.9)
yield cgrit = po/11, which is consistent with the numerical results. It is interesting
to notice that |V¢| tends to ¢ at infinity, but its maximum value is reached on the
boundary of the obstacle and is bigger than c. This is proved in [56], Chapter 1V,
Theorem 8.

The nucleation of vortices has been addressed in [89] using an Euler—Tricomi
equation. The supersonic problems are much more involved. The rigorous study of
the vortex nucleation near crj; seems a challenging issue.

Lin and Zhang [101] address the difficult issue of whether time dependent so-
lutions of (7.1) (or equivalently (7.7)) are close for small ¢, to the solutions, with
the same initial data, of (7.7) with ¢ = 0 (also called the compressible Euler equa-
tion). They prove it whenever the latter has a classical solution in some time interval
[0, T]. The size of such time interval will depend on the initial data and the value
of c. If the limiting equation (7.8) has a static solution (which is the case for small
c as explained above [56, 146]), then there is global existence in time for (7.7) with
& = 0. An issue is to prove that this solution is vortex free for large time. For large
c, the effect of the quantum pressure term in the nucleation of vortices is probably
essential, and whatever the initial data, the solution of (7.1) should nucleate vortices.

7.1.2 Three-dimensional flow around a condensate
Experimental setup

In the MIT experiment [128, 117, 129], the condensate is cigar-shaped with the long
axis along the x direction. In nondimensionalized units, the radii of the condensate in
Figure 7.2 are Ry = R; = 0.65 and R, = 2.18. The stirring laser beam is modelled
by an obstacle that is a cylinder C of axis z and radius / = 0.19. It moves along
the x axis in the plane y = 0, as illustrated in Figure 7.2. In the actual experiment,
the stirring laser is moved backward and forward. For simplicity, we will work in
the frame in which the laser is stationary and assume that the condensate is flowing
around the laser, ignoring the rapid turnaround. In order to model the experiment,
one has to take into account the potential trapping the atoms, usually a harmonic
one, such as V(x, y,z) = A2x%2 + y2 + 22 It implies that the number pg in (7.1)
has to be replaced by an inhomogeneous term: ptgr(x, y,z) = po — V(x, y, z), with
po = 0.42 in the experiment considered. The domain where prp > 0 is roughly the
location of the condensate, since when there is no obstacle, |/ |> & prg. Outside the
obstacle, the analogue of equation (7.1) is satisfied, namely,
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209 + Ay = 2009 + 5 (pre — Y HY =0,

where ¥ is the velocity of the stirrer and ¢ is a small parameter of order 10~3. More
precisely, ¢ = (d/(8w Na))?/3, where d is the characteristic length of the harmonic
potential, a the scattering length, and N the number of atoms in the condensate. We
refer to [13] for more details.

There are two interesting regions of space: one is close to the center of the con-
densate x = y = z = 0, where pTr(x, y, z) is bounded from below, and in any
section where z is constant, the problem is similar to the 2D problem treated in the
previous section; another interesting region is where the laser beam passes through
the boundary of the condensate. This latter region can be analyzed by blowing up
the boundary layer close to the obstacle, so that prr depends only on z [13]. The
allowed domain is approximated as unbounded in the xy plane. In order to have
two terms of the same order in the equation (the kinetic term Ay and the poten-
tial one (porr — |¥|?)¥), this boundary layer must have a thickness of order £2/3,
so that we rescale the domain with ¥ (%, 3,%2) = ¢'Pu(x, y, z), where x = %/&/3,
y=73/¢*3 and z = (VPo — 7)/e?3, v = ve?/3. The obstacle is now a cylinder of
radiusa =1/ ¢2/3 = 5.6. In the frame of the obstacle, the equation becomes

2idu 4+ Au — 2ivdu + 2z/po — [ulHu =0, x,y e R*\C, z € (0, L),
(7.10)

where L is the rescaled layer thickness. It involves a dependence in z in the potential
term. The boundary conditions are

u=00ndCU{z=0}, wu=uyponiz=0L} (7.11)

where upp is the solution of (7.1) with pg replaced by 2.,/poL. Far away from the
obstacle, that is, for |x| and |y| large, we do not expect the solution to be almost con-
stant as in the 2D case, but to be given by the solution of the first Painlevé equation

P+ 2zy/po — pp =0, p(0) =0, p(L) = /2{/poL. (7.12)

The main difference with the 2D case is the dependence in z and the fact that z
vanishes close to the boundary of the obstacle (z = 0). Our aim is to understand the
structure of solutions of (7.10)—(7.11).

If one applies the computation of the critical velocity for the existence of a sta-
tionary solution of [67] to problem (7.10), one finds that the critical velocity is locally
proportional to /Z and thus is zero, since z vanishes near the boundary. Hence vor-
tices should appear close to the boundary for any small speed. However, experiments
show the existence of dissipationless flows for small speed, and the numerical results
in [13] indicate that for low velocity, there exists a stationary solution without vor-
tices, while beyond some positive critical velocity, all solutions are nonstationary and
vortices are nucleated close to {z = 0}.



164 7 Superfluid Flow Around an Obstacle
Numerical results

In [13], we choose the size of the boundary layer L so that ¢2/3L = 3./p0/10. This
is based on the consideration that, on the one hand, ¢2/3 L should be suitably small
so that 2z, /09 is a good approximation for ptg = po — z2 in the boundary layer, and
on the other hand, the critical velocity at z = L is not too different from the critical
velocity at the center of the cloud. Let us point out that the choice of the box size in
z is rather arbitrary and one could imagine posing the problem for z € (—00, 00).
When v is small, we find that the solution of (7.10)—(7.11) has surface oscilla-
tions near z = 0 but no vortices, even very close to the boundary, as illustrated in
Figure 7.3. We will prove the existence of stationary solutions for v small. Formal

L &

Fig. 7.3. Isosurface snapshot of |u| for v = 0.08 and v = 0.2. Here z = 0 is the boundary of
the cloud, and z > O inside the cloud.

computations allow us to understand the patterns of solutions: close to z = 0, it is
reasonable to look for u with the ansatz

u(x,y,z) = p(QyYx, ye'™. (7.13)

We can approximate p(z) in this region by an Airy function given by the solution of
p" +2zp/po = 0. Then, outside the obstacle, v is a solution of the 2D Helmholtz
equation Ay 4+ v>y = 0 with ¥ = 0 on the boundary of the disc, and ¢ ~ ¢~¥*
at infinity. This solution can be computed [114] in terms of Bessel functions J; and
Nj: it oscillates in space but has no vortices. These solutions are quite close to those
computed close to z = 0. It is an open question to study the loss of stability close to
z = 0. When v is increased, the surface oscillations develop into small handles that
move up and down the obstacle without detaching, as illustrated in Figure 7.4 (the
solution is periodic in time). There is no stationary solution, but no vortex shedding
either: the small handles move up the obstacle to a critical z value and down. This

Fig. 7.4. Isosurface snapshots of |u| at + = 0.12 and + = 0.16 respectively for v = 0.24:
formation of vortex handles.
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[

Fig. 7.5. A sequence of isosurface snapshots of |u| for v = 0.28: (a) formation of vortex
handles + = 0.04, (b) detachment from obstacle r = 0.08, (c) bending of vortex tubes r = 0.12
and (d) formation of vortex half-rings t = 0.16.

instability may be related to the one discussed by Anglin [24]: in our scaling, the
critical velocity found in [24] is 0.2. This critical velocity corresponds to the Landau
criterion.

It is only for larger velocities (v > 0.25) that the handles move up to the top and
detach from the obstacle. This is a wholly nonlinear phenomenon, which cannot be
described by a linear analysis. The vortex handles seem to first nucleate near 7 = 0
and are connected to the obstacle. As time increases, the bottom ends move away
from the obstacle in a slightly downstream direction while the top end moves up
along the obstacle (Figure 7.5a). When the top ends of the vortices become close to
z = L, the bottom ends reverse their trend of moving away from obstacle. Instead,
they move back to the bottom of the obstacle, as if the handles preferred certain
curvatures (Figure 7.5b). Eventually, the top ends of the handle move away from
the obstacle and produce a pair of vortex tubes with their bottom ends at the bottom
of the obstacle (Figure 7.5c). The handles merge into a half-vortex ring, this half-
ring moves both upward and downstream (Figure 7.5d). Near z = 0, the solution
can be approximated by the solution (7.13) and this solution does not have vortices,
so the instability creates the vortex but the vortex moves away. Vortex detachment
happens only at sufficiently high density, in the region where the nonlinear term
in the equation dominates. The direction of the vortex displacement is due to the
velocity of the flow and the self-interaction of the vortex on itself, which gives a
movement along its normal vector. Meanwhile, while the vortex ring starts to detach
from the obstacle, another pair of vortex handles is forming near the obstacle. The
above process repeats itself periodically.

Note that we have truncated the domain close to the boundary of the cloud, so
that the half-ring we compute would correspond to a closed ring in the experiments.

We have to point out that the critical velocity that we have found for the onset of
vortex shedding is lower than the critical velocity for the 2D problem at z = L. In this
case, vop = 0.35. So the inhomogeneity in the condensate lowers the critical velocity
from the 2D value. There are formal works computing the critical velocity in 2D
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[113, 149], that is, taking into account the inhomogeneity in the x, y directions due
to the trapping potential, but not in the z direction. One can check that for different
L, the critical velocity does not change.

Rigorous results at low velocity

We want to extend the 2D result and prove the existence of stationary solutions for
small v. To be consistent with the previous notation, we will set ¢ = v, and for
simplicity, we will set 2«/50 = L = 1. The variables are x = (x, y, z), and we

will set ¥ = /x2 + y2 when necessary. In this setting, the stationary solutions are
solutions of

Au—2icdu—+(z—|uPHu=0 in Q= R>\ B x (0,1). (7.14)
The boundary conditions are
u=0on{z=0}and {r =1}, u =1.on{z =1}, (7.15)

where /. is the solution of the corresponding 2D problem (7.2)—(7.3). Let us explain
these boundary conditions: {z = 0} corresponds to the outer boundary of the con-
densate; hence there are no atoms and the wave function vanishes. On the other side,
{z = 1} corresponds to the rescaled interior of the cloud, and the boundary condition
is a stationary version of the 2D problem (7.1). The obstacle is a cylinder in the z
direction of radius r = 1. In the next section, we will prove the following theorem
based on [4].

Theorem 7.2. There exists co > 0 such that for all ¢ € (0, cg), problem (7.14)—(7.15)
has a vortex-free solution u., that is, luc| > 0 in 2.

As in the proof of Theorem 7.1, we first derive properties for the solution u( at
¢ = 0: uniqueness and nondegeneracy. An extra difficulty arises, namely, that even
the first part of the energy & is not finite:

1 1
so(u,sz)zf E|W|2+Z(z—|u|2)2. (7.16)
Q

Indeed, we will see that for r large, that is, away from the obstacle, the wave function
u does not tend to some constant (as in the two-dimensional case), but behaves like
p(z), the solution of the following Painlevé equation:

p'+@—pHp=0, p0)=0, p(l)=1 (7.17)

Thus, & (1) cannot be finite, since & (p) is not.

In order to overcome this difficulty, we need to introduce an energy that is finite.
An idea of Mironescu [97, 112] is that all solutions for ¢ small should have a similar
behaviour at infinity. In particular, if ug is a solution of (7.14)—(7.15), with ¢ = 0,
then, if Qg = (Bg \ B1) x (0, 1),
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lim & (u, Qr) — Eo(uo, 2r) (7.18)
R— o0

should be written in terms of a finite energy depending on u/ug. Let us define
15 2, Uy 2,2
Fow) = | zuglVw|” + —=(1 — |w|9)~, (7.19)
Q2 4

where w = u/ug. A simple computation shows that if Fo(u/ug) is finite, then the
value of (7.18) is indeed Fo(u/ug).
The existence part of the theorem is proved using bounded domains

Qr=Br\ B x(0,1),

and passing to the limit in R. The proof follows the same lines as in the 2D case,
except that now uo vanishes on z = 0, which is a set of infinite measure on
which the energy becomes degenerate. In particular, the estimate of the momentum
L(w, QR) = fQR u%(iw, dyw) in terms of the energy Fo is more involved because
near z = 0, the momentum density goes to zero on a set of infinite measure, and it
cannot be directly estimated by the energy. This requires extra devices.

The uniqueness property of ug is crucial for our existence result for ¢ small. We
do not prove global uniqueness, but only in the special class of solutions with finite
energy.

Open questions

Analogous open questions to the 2D case hold (Open Problems 7.1, 7.2, 7.3), in
particular the nonexistence of stationary solutions for ¢ large and the stability of the
vortex-free solution. The branch of vortex-free solutions should lose stability close
to z = 0, and a study of the linear equation in this region should help.

Open Problem 7.5 Let cop be the critical velocity for the existence of solutions of
(7.2)—~(7.3). Prove that the equivalent c3p defined for problem (7.2)—(7.3) is strictly
smaller.

In this section, we have not written the hydrodynamic formulation of the prob-
lem. An analogous system to (7.7) holds but it is not possible to remove the quantum
pressure term, that is, the term in A,/p/,/p. Indeed, this term is always dominant
close to z = 0, which is a supersonic region. Thus it seems hard to derive information
from this formulation of the equations.

7.2 Proof of Theorem 7.1

Firstly, we will prove the following properties of solutions at ¢ = 0:
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Theorem 7.3. There exists a unique nontrivial nonnegative solution o of
Ao+ (1= Yol )P0 =0 in o =R*\By, (7.20)
with boundary condition (7.3), namely
Y =0o0n{r =1} (7.21)

It is radial increasing in r, tends to 1 as r tends to 0o; 1 — Yo and v, tend to 0
exponentially fast when r is large. If W is a solution of (7.20)—(7.21) in

X = {y € Hy (0. C), Eo(y) < o0},

where Ey is defined by (7.5), then v is equal to woei"‘, where « is a real number.

This will allow us to derive the following theorem, which will imply Theo-
rem 7.1:

Theorem 7.4. There exists co > 0 such that for all ¢ € (0, cy), problem (7.2)—(7.3)
has a vortex-free solution V., that is, |Y.| > 0 in w. Moreover, as c tends to 0, V.
tends to Yoe'® in L (w), for some a. For all M, there exists c| such that for ¢ < cy,
up to multiplication by a complex number of modulus 1, V. is the unique solution

with |Eo(Yc) — Eo(Yo)| < M .

Remark 7.5. Let us point out that the results still hold if instead of being the ball B,
(respectively the cylinder By x (0, 1)), the obstacle is a doubly symmetric domain D
(respectively D x (0, 1)), star-shaped with respect to the origin, and convex in the x
and y directions.

The proof relies on the fact that for ¢ small, we expect /v to be close to 1,
so that the energy Eo () — Eo(10) is small. We are going to perform a constrained
minimization on bounded domains, constructing approximate solutions on the sets
wr = wN Bg, and then let R go to infinity. For this purpose, we define the following
energies for w = ¥/vo:

F.(w, wr) = Fo(w, wr) — cL(w, wg), (7.22)
where
Fo(w, wg) = /C;R %w§|vw|2 + %1//6‘(1 — |w|2)2’ (7.23)
Lw,wr) = | ¥3(iw, dw). (7.24)
R

If the domain is not mentioned, it means that the integrals are taken in the whole
domain w. We will prove the existence of V. g, a solution of the following mini-
mization problem:

Ig = inf{FC <£,a)R>, v e H'(wr), Fo (i,a)R> < 5}, (7.25)
W Yo

0
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where 6 > 0 will be made precise, and with boundary conditions
Yv=0 on {r=1}, and Y =vyy on {r =R}, (7.26)

the function vy being defined in Theorem 7.3. First we show that the constraint
in (7.25) is qualified, which is provided by the uniqueness result on . Then,
we show that the constraint is not active, which implies that v r satisfies (7.2)
in wg. This relies on a precise estimate of the momentum L in terms of the en-
ergy Fo (Lemma 7.11), and on the fact that if § is chosen sufficiently small, then
Fo(y/vo) < 6 implies that ¥/ is bounded below by 1/2, and in particular does
not have vortices. Many similar techniques were first developed in the context of
Ginzburg-Landau problems by Bethuel, Brezis, and Helein [32, 33]. With appropri-
ate additional bounds on . g, we pass to the limit as R tends to infinity, to find a
solution of (7.2) in w. In order to get the convergence in L°°(w), we need a precise
estimate on the decrease of the energy density at infinity (Lemma 7.13), inspired by
[72, 74].

7.2.1 Solutions at ¢c = 0

In this subsection, we prove Theorem 7.3. We first solve (7.20) in the bounded do-
main wg = Bg\ B to find a solution v, r and pass to the limit as R tends to infinity:
we minimize

1 1
Eo(¥r, og) = / SIVUE 4+ (1 = 2

among real functions, with boundary conditions + = Oonr = 1 and ¥ = 1 on
r = R. The minimizer ¥y g exists and is a positive solution of (7.20) in wg. The
maximum principle implies that v, g is less than 1. Moreover, by an extension of the
symmetry proof of Gidas, Ni, Nirenberg [69] by W. Reichel [130], ¥, r is radially
increasing. Classical elliptic estimates yield uniform bounds that allow us to pass to
the limit in R and obtain a positive solution g of (7.20). At the limit, we also get
that v is radially increasing and less than 1.

We need to prove that f = 1—1 tends to O as r tends to co. Note that f satisfies
—Af+ f(1 - f)2— f)=0.Let fr =1 — Yo, g. This function satisfies the same
equation as f in wg. There exists k > 0 such that for R large, k < Yo r(2) < 2k.
Hence 1 — fr > k forr > 2, and f is a subsolution of

—Af+kf=0 (7.27)

in wg \ B,. Since (1 —k) exp(—«/%(r —2)) is a supersolution of (7.27) in wg \ Bz, we
find that for R large, fr(r) < K exp(—+/kr), which is also true at the limit R = oo.
Returning to the equation for ¥, we see that elliptic estimates provide that ) goes
to 0 exponentially fast at infinity. In particular, Eo (o) is finite.

Now we prove that any finite energy solution v of (7.20)—(7.21) is equal, up to
multiplication by a constant of modulus one, to the solution .
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This relies on the Pohozaev identity and ideas developped by Mironescu [112].
Let ¢ be a complex-valued solution of (7.20)—(7.21) with Eo () finite. The maxi-
mum principle implies that || is bounded by 1 (this can be seen on the equation for
|2 — 1). The function w = /v is well defined in w since ¥y does not vanish.

First we show that w is bounded: let us recall that || is bounded by 1, and by
Gagliardo-Nirenberg inequality (see [32] for instance), Vi € L*°(w). Since ¥y is a
radially increasing function, one can derive from the ODE that it is concave, so

Vrell,2], o) = Yo —1).

Thus, we infer that for € [1, 2], |w| < %.Forr > 2, we have Yo (r) > Vo (2),

so that |w(r, 0)|* < %22)2. This proves that w is bounded.

We also have that near 9B, w behaves like (9y/dn)/y(1): this uses Taylor
expansions of i, 9,1, ¥, and W(/) nearr = 1.

We are going to see that it is equivalent to say that Eq(y) is finite or Fo(w) is

finite, where

_ (1. 2 I/f_g 242
Fo(w) = 2I/fo|Vw| + 4(1 lw[*)*. (7.28)

Indeed, let us multiply the equation for vy (7.20) by (1 — |w|2) and integrate. We
find the following exact decoupling for the energy:

1 9o

Eo(y, wgr) = Eo(Y0, wr) + Fo(w, wg) —i—/ wow(l —[wl»). (729

dwR 2

The boundary term on 9 By is 0 since |w| is bounded and v is 0. The boundary term
on dBg tends to 0 as R tends to infinity, since |w|, Yo are bounded and R)(R)
tends to O exponentially. Hence, we find at the limit

Eo(¥) = Eo(Y0) + Fo(w). (7.30)

Thus, it is equivalent to say that Eq(y) or Fp(w) is finite. Note that this will no
longer be the case in 3D.
Using the equation for 1, we find that w is a solution of

div(WZVw) + i — [wHw =0 inw. (7.31)
Let us multiply (7.31) by x - Vw, integrate in wg, and add the conjugate:

2 2 2 2 4 (1 —wl??
—/ 20ix- V(Vw) + 493 Vul + yix- v | ————)  (1.32)
R

+ Wa—wx vw+w28—wx Vw=0. (7.33)
0 9n 0 9n - ’

SwR
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We integrate by parts the x - V terms to obtain

Yo (1 — [w)? + 295 (1 — [w??x - Vg + 40| Vw|>x - Vigy  (7.34)

wR

1
:'/1 Y —|w)?x-n  (7.35)
Bsz
L _ 0w 2 2
-5 EX.VU)_FEX.VU) + Yox - n|Vw|®.  (7.36)

Since the energy Fp(w) is finite, we can find a sequence R, that tends to infinity such
that the boundary terms (7.35)—(7.36) onr = R,, tend to 0. On r = 1, the boundary
terms are zero, since |w| is bounded, g is zero, Yoo, w = 0 (this comes from the
fact that 9,1 and d; Y are zero), and ¥/¢d,, w tends to O as r tends to 1 (this requires
an asymptotic development of d,% — (y/v0)9, V0o as r tends to 1). Hence the sum
of the three volume terms (7.34) is zero. We know that v is radially increasing so
that x - Vi > 0, and all the terms of (7.34) are nonnegative. Hence the integrand is
identically zero, which implies that w is equal to a constant of modulus 1.

Remark 7.6. The same kind of proof allows us to obtain uniqueness of solutions in
wpg with w = 1 on 9 Bg, since in this case, the boundary term (7.35) is zero and the
others (7.36) have the same sign as the volume terms.

Remark 7.7. In the proof, we do not use that the energy Fj is finite, but only that we
can find a sequence R,, such that the energy density on r = R, times |x| tends to 0.
This still holds if we assume that F'(w, wg) = o(log R) as R — oo.

7.2.2 Existence of a solution to /g

In this subsection, we prove that for problem (7.25)—(7.26), the minimum is achieved:
Lemma7.8.Let R > 1, ¢ > 0, and § > 0. Then problem (7.25)—(7.26) has a
minimizer \ that satisfies

_a_C P =0 i
AY =20+ (1= [y =0 in g, (7.37)

for some X > 0.

Proof: First, note that the minimization space, namely

Xgr = {1# € H'(wg), Fo (%, a)R> <48,  satisfies (7.26)},
0

is not empty. Indeed, {9 € X since Fo(1, wg) =0 < 4.
Next, we point out that /g > —oo. Let w = % We have
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1/2 1/2
w§|w|2) ( vféwa)
WR
1/2 1/4
w§|Vw|2) ( wa‘|w|4>
WR WR

< KVRYFo(w, wg) (

< K (VR (Fo(w, 0p))** + R (Fow, wog))'?),

IL(w, wg)| < K(

WR

51{@(

1/4
v (wl* — 1) + R2>

WR

which is bounded. Since F, = Fy — cL, this shows that F.(w, wg) is bounded from
below by some constant depending on R, but not on w.

Consider now a minimizing sequence of problem (7.25). This sequence is
bounded in H'!(wg), so that we may extract a subsequence converging weakly in
H'(wg) and strongly in L? (wg) for all p < +o0. This allows to pass to the limit in
the energy, and thus find a solution ¥, g of (7.25).

We want to apply Theorem 9.2-2 of [46], to know that the solution . g of
(7.25) satisfies the corresponding Euler—Lagrange equation, namely (7.37), and the
Lagrange multiplier X associated with the constraint is nonnegative. For this purpose,
one needs to know that the constraints are qualified, that is, if there exists ¥ € Xg

such that Fj (%, a)R> = §, then the derivative Fé (%) is not zero. This is a conse-

quence of the fact that Fj(w) = —div (¢ Vw) + ¥ (|w|> — Dw, and that w = 1 is
the unique solution of the equation such that w is in the space X, as pointed out
in Remark 7.6.

7.2.3 Bounds on the solutions of /3

In this section, we prove bounds on the minimizer . g of I (7.25)—(7.26).

Lemma7.9.Let R > 1, A > 0, and ¢ > 0. Let Y. r be a solution of (7.37) with

boundary conditions (7.26). Let w = wc—OR Then there exists a constant K indepen-
dent of R, A, and c such that

(i) 1Ve, Rl oo (ggy < 1+ €2

(ii) Ve, R I () < K (142,
(D)W o) < K (1473,

(W) I VW oy < KL+ A

Proof: Since A > 0, we have l‘ﬂ < ¢, so that we may consider without loss of

generality that A = 0. Hence /. r satisfies

AYe R —2icd Ve g + (1 — [V rIDVe,r = 0.

Consider now n(x) = Y, r(X)e™ " This function satisfies

An+(1+c*—n*n =0.
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Hence, setting f = ||%, we have
Af +200+ = ff =2(VpP =0 in wg.

Consider an interior maximum of f. At this point, Af < 0, so that f < 1 4 ¢2.
Since on dwg, f <1 <1+ 2, this shows that f<1+ c2. Since |1,0C,R|2 = f, we
obtain (i).

Next, (ii) follows from the Gagliardo—Nirenberg inequality (see for in-
stance [32]):

IVl @e) < K (Il @) + 18012 @g) < K(1+¢

for some constant K independent of R.
We next prove (iii): a similar proof to that in Section 2.2 yields that forr € [1, 2],

IV¥e.rllLoo 2 142 .
lw| < EEORE and forr > 2, lw(x)|* < IR This proves (iii).
We now turn to (iv), and use the same property of 1, together with the identity

Vuw = % — “’Z{‘fo and (i) and (iii). This shows that |[Vw(x)[> < %ﬂf} if
x| < 2, and that [Vw(x)|> < K (14 c?)? elsewhere. Next, we use Taylor expansions
of Y r, 0-Y¥¢ R, Y0, and Wé near r = 1. This will prove the desired inequality for
1 < |x] < 2, concluding the proof. Indeed, consider first the tangential derivative:
391//5,[{ _ "//z‘.R
Yo vl

2y3/2,

we have dgw =

dp Y. A proof similar to w bounded allows us to obtain

<K(1+4+c»?> in B\B.

‘1
—agw
r

Turning to the radial derivative, we have 3, w = d’:[/f—(‘)R — wl;'zk 9-10. We claim that
0
Yo =y, — 1)+ 0@ — 1?2,
Uy =Yy + 0@ — 1),
Yer = (r — Do, Yer(1,0) + (1 +cH?00 — )2,
Ore.r =0, Yer(1,0) + (1 +cH200 — 1),

(7.38)

where the terms O (r — 1)* involve constants independent of R and c. Inserting this

into the definition of 8, w, we find that 3,w = (1 + “ﬁff) 0(1), where the O(1)
0

involves constants independent of R and c. This concludes the proof of (iv).

We next prove that |w| cannot be far from 1 in some sense:

Lemma 7.10. There exist K > 0 and 8o > 0 depending only on the unique solution
Yo of (7.20)—(7.21) such that for any R sufficiently large, any w € W (wg), and
any

8 < inf 50,7},
{ Vw12

Fo(w, wg) < 8 implies that

<lw| =

(7.39)

N —
N1 W
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The proof is similar to [32]. We just need to take into account that near r = 1,
the weight v is small. The key point here is that this region is of small measure.

Proof: We prove only the lower bound, the same method applying to the case of the
upper bound. Without loss of generality, we may assume that ||[Vw||z~ > 1. Let
a=38"12" 5=32"3

If § < inf{ép, (256\|Vlw|| 7 (SI\I@ﬁ) )12}, where 8y depends only on v, the follow-

ing inequalities hold:

o 1
a <Yy = Vol 1< 57—, < oo,
0 ~ 2IViollco 8[Vwlloo

pe W@ @)
S 8Vuls’ T2

(7.40)

We argue by contradiction and assume that there exists X € wg such that
lwxo)| < 3.

1st case: Yo(xo) > a. This implies that [xg| —1 > ﬁ
o. It may be that B(xg, ) ¢ wg, but at least |B(Xo, n) Nwg| > %nz. Let us compute
Fo(w, B(xg, n) Nwg). Using respectively the second and third inequalities of (7.40),
one shows that Yo > 5 and |w| < 3 in B(xp, n) N wg. Hence,

> 1. Hence, B(xg, n) C

Raw.on = 5 [ R P L LA . T
o(w, wr) > — w >—-—n -5 >
4 JBaomnor 43" 1616 3

which is a contradiction to the hypothesis Fy(w, wg) < 8.

2nd case: Yo(Xo) < «. Since ¥ is radially symmetric and concave with respect
to r, we then have ‘X} 1%0(X0) > ¥o(2); hence |xo| — 1 < w (2) Letx; = (1 +
|XO|I‘/{O(2))XO Then, |x1| = |Xo| + (2) > 14 = e (2) and |x1| < Rif R > 2. According
to the fifth equation of (7.40), we thus have

5

Yo(x1) > (Ix1| = DYo(2) >, and  [w(x1)| < [wXo)| + Bl Vwlleo < 3’

where we have used the fourth equation of (7.40). We thus come to a case similar to

the first one, and the same computations give ¥ > % and 1 — |w| > % on B(xy, n).
Hence

Iz et 1

1
Fo(w, > = 1— 2 =8>3,
0w wR)_4/B(X1’n)x/f0< PPz T = T8 >

which is here again a contradiction.

7.2.4 Estimating the momentum

In this subsection, we prove an estimate of the momentum L in terms of the energy
Fp. This will allow us to show that the constraint in (7.25) is not active, and therefore
that A = 0 in (7.37).
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Lemma 7.11. Let R > 2, ¢ > 0, and let € HY(wp) satisfying (7.26) and such that

w = ]Z satisfies (7.39). Then there exists a constant K independent of ¥, R, and c

such that
L, 0p)| < K (Fow, 0r) +VFow, wp)) . (7.41)

Proof: Since w satisfies (7.39), we know that there exist p, ¢ € H'!(wg) such that

p >1/2and

w = pel@+d0),

where d € Z, and 6 is the polar angle of x. In addition, the fact that Vw € L2(B§)
implies that d must be zero. Using the equality above in the definition of L, we obtain

i
L(w, wg) = f 5 V6 (W — Ww) = / Vo0 0.
WR WR

Let ¢ € (%, 1) (which will be made precise below), and consider separately the
integral over {r < 1 4+ «} Nwpg and over {r > 1 + o} N wg. We have

1 1
2 2
f vor 5(/ w§|Vw|2> (/ w§|w|2>
l<r<l4a l<r<l+4oa l<r<l+4o
)\ 2
Fo(w) (f 1ﬁo)
l<r<l+4o

= KIIVyollocay/Fow) (1 +e)? — 1)
< Ko’/ Fy(w), (7.42)

where K depends only on .
Turning to the integral over the set {r > 1 + «}, we have

f VP 0c = / Vi (0% = 1Doxd + / (V5 — Do
1+oz<r<R l+a<r<R l4+a<r<R

/ 3. (7.43)
1

+a<r<R

[(SE

We consider separately the three terms above:

1 1
/ V2 — 1)ax¢‘ < (/ V2 — 1)2>2 (/ woax¢2)2
14+a<r<R l+a<r<R l+a<r<R
1
K 2
;( Vg (p* — ) ( vip |V¢|2)

EFo(w). (7.44)
o

IA

IA
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Here we have used the fact that p > 1/2 and there exists a constant K independent
of « such that in {r > 1 4 «}, we have {9 > K«. The second term is dealt with in a

similar way:
w3 =17 é( . 2>%
2 — Ox
</I+a<r<R wg wR wop (p
K
;\/ Fo(w). (7.45)

This is due to the fact that vy is bounded below and Eg(v) is finite. Finally, we
integrate by parts the last term and get (recall that¢ =0 onr = R)

/ x| = / pny f <¢_ inf ¢) ny
I+a<r<R r=1+a r=1+«a r=l+a

£ </ 1#3/)2|V</>|2>7 : (7.46)
o r=1+a

We next point out that since f1<r<2 w§p2|V¢>|2 < 2Fy(w), there exists o € (%, l)
such that

IA

/1 W2 - 1>ax¢‘

+a<r<R

IA

IA

/ Y50 IVeI* < 4Fy(w).
r=1+4ua
This inequality, together with (7.42), (7.43), (7.44), (7.45), and (7.46), implies (7.41).

The results above allow us to show that the Lagrange multiplier A is in fact zero.

Proposition 7.12. There exist 1 > 0 and K > 0 such that for all R > 2, § < 4y,
and ¢ € (0, K+/3), any minimizer Ve r of (7.25) with boundary conditions (7.26)

satisfies Fy <¢126R) < 6. In addition, . g is a solution of

AY —2icdy +(L— YD)y =0 in wg. (7.47)

Proof: Consider ¢, § < 1, and let ¥ r be a minimizer of (7.25). Applying Lemma 7.8
and then Lemma 7.9, we find that there is a constant K1 > 0 independent of R, c,

and § such that if w = I/IC'OR , then |Vw|»x < K. Hence, applying Lemma 7.10, we
find that there exists some §; > 0 independent of R, ¢, and § such that if § < §,
Fo(w, wg) < & implies that w satisfies (7.39).

We now apply Lemma 7.11 and find that for some constant K, independent of R,
c,and &, we have |L(w, wgr)| < Kx(Fo(w, wg)++/Fo(w, wr)) < 2K/ Fo(w, wg).
We want to prove that the constraint in (7.25) is not active, that is, the minimizer
cannot satisfy Fo(w, wg) = . Assume that this is the case. The estimate on the

momentum implies that

Fe(w, wg) > 6 — 2CK2«/§.
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Now, ¥ = vy is a test function for problem (7.25). Hence, we must have F.(w) <
F.(1) = 0. Thus,
0> 68— 2cKoV/s.

Ifc < ﬁ\/g , this is a contradiction. Hence, for any minimizer ¥ g, Fo (II:Z'OR , a)R) <

8. The constraint in (7.25) is not active, and the corresponding Lagrange multiplier
must be zero. Hence, v g satisfies (7.37) with A = 0, namely (7.47).

7.2.5 Proof of Theorem 7.4

We now conclude the proof of Theorem 7.4. We apply Proposition 7.12, and find that
for some ¢y = K +/81, there exists a solution Y g of (7.47) with boundary conditions
(7.26). In addition, this function satisfies

Ve R
FO <ﬁa WR < 85 ”wC,R”Wl-OO(wR) S K? (748)

for some constants K and § independent of R. Thus we can extract a subsequence
with weak convergence in HILC and strong convergence in Li‘oc. At the limit R —

+00, it yields a solution v, of (7.2)—(7.3) such that Fo(y./¥0) < 8, ¥, is bounded
in whoo % < %
the equation for ¥, we find that as ¢ — 0, ¥, converges to ¥ (up to multiplication
by a constant of modulus one) in L. To show that we have convergence in L™ (),
we point out that ¥ converges to 1 at infinity, uniformly with respect to ¢ — 0. This
is proved in Lemma 7.13 below.

The uniqueness of the solutions of (7.2)—(7.3) with finite energy will be proved

only in the 3D case, since the arguments are very similar.

< % It implies in particular that the solution is vortex-free. Using

7.2.6 Limit at infinity

Lemma 7.13. Let M > 0, and let . be a solution of (7.2)—(7.3) such that Eo({;) <
M. Then, up to multiplication by a constant of modulus one,

lim v¥.(x) =1, (7.49)

|x|— 00
uniformly with respect to c —> 0.

Proof: We follow the proof of [72, 74] , in which such a property is established for
the same equation in R3. The proof of [72, 74] does not work in dimension 2, but
with a more precise estimate on the decay of the energy, we are able to adapt it.

Step 1: Limit of |v|: limx— oo [ (X)| = 1, uniformly with respect to c.

Proof: This property may be directly derived from the upper bound on the gradient
and the fact that the energy is finite. We refer to [41] for the details. Here, the ad-
ditional property we need is that the limit is uniform with respect to ¢ — 0. We
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argue by contradiction and assume that there exists ¢ > 0, a sequence ¢, — 0, and a
sequence X, such that |x,| — oo and

[, )] — 1] > .

Consider now the function 1},1 = VY, (- +X,). Itis bounded in L°°, and satisfies (7.2)
and Eo(y¥,) < M. Hence, passing to the limit, we find a solution of (7.2) in R? with
finite energy and O degree. But this must be a constant of modulus one, according
to [41].

Step 2: Decay of the energy: Letr e(y) = %|V1ﬁ|2 + %(1 — |¥|?)?. There exist
K > 0,a > 1, and Ry > 1 independent of ¢ such that for R > Ry,

K
e(Ye) < —. (7.50)
Bj
The following argument is a slight improvement of the proof of Proposition 28
of [72] (see also [34]), to which we refer for details. The extra information we need
here is that in the decay, o > 1.

Proof: Let € be a positive constant, to be made precise later on. We consider R large
enough sothat 1 —¢ < || < 14¢ forr > Ry. This Ry may be chosen independent
of c. Moreover, as pointed out in the proof of Lemma 7.11, we know that there exist
p > 0 and ¢ such that /. = pe’?. Inserting this decomposition in (7.2), we obtain

Ap — p|VPI* + 2cpdcdp = p(p> — 1), (7.51)
div (p2V0) = ¢, (p?). :

Let ¢ = TIRZ /. sp @ where S is the sphere of radius R. We multiply the second
equation of (7.51) by ¢ — ¢r and integrate, and then multiply the first equation by
p?> — 1 and integrate over Bj%. Adding the results, we obtain

! Vol? 1 — p2)2
/ e(Ye) = 4_1/ p(1 —p2)|V¢|2 _|_/ (1—p) (| §| I ( 4p ) )
Br By B,

2 c 2
+c/ p(o —1)ax¢+5/ (1= p)(p* — Doy
BS Bg

4
C

2

1 2 1 2
__f bp(p —1)—5f P06 () — Pr)
SR SR

3, (¢ — dr) (P> — Dny. (7.52)

Estimating each term of the right-hand side of (7.52) separately and using the
Poincaré inequality on Sg, one easily gets

/ e(Ye) < (V2 + 3¢) / e(Ye)
B, B,

V14 c? 1
Rl—(1 — c)-
+ ( 3 ( +s)+cs+2ﬁR>/SRe(¢)
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Let J(R) = ch e(Y¥¢). Choosing ¢ and ¢ small enough (¢ < “/54*1 is sufficient
R

here), we find that there exists A < 1 such that J(R) < —ARJ'(R). This implies

that J (R) < KR~ %, and yields (7.50).

The key point that we have checked here is that indeed 1/A > 1. In the sequel, we
set, forany r > 1,

Ve (€) =Ye(r§), § €8

Step 3: Existence of a limit
> e LA(S)) suchthat i —> ¢ in L*(S)), (7.53)

uniformly with respect to ¢ — 0.

Proof: We first point out that if f(r) = fSr [Vire|?, we know that 1AL 400y 18

bounded independently of ¢, and that f I;r o f@rydr < R_[i" witha > 1and K > 0
independent of c. This clearly implies that ||7 /|1 ;o) 1S bounded independently

of ¢, and thus that | |x||V|?
Moreover, we have

, 2
[we—vie s [ | awe
S1 Sy |Jr
< [ ([ SN[ wereestas)a

|| L) inherits this property.

dg

r

1 1 2
<(--- x| Ve [Pdx,
r r B,/\B,

which proves that ¥, is a Cauchy sequence in L?(S;), uniformly with respect to
¢ — 0, from which we deduce (7.53).

Step 4: /2° is constant:

Proof: We know that for a sequence R, going to infinity, f S |x||V/e|? converges

to zero as n tends to infinity. Thus, using the inequality |V (r£)|> > rl2|v51 A 2,
we have

f |VSIyl |2 < f VY (ré)|*ride = / X[ V|2,
M S1 Sy

which proves that for a sequence R, going to infinity, V5! xpCR " converges to 0 as n
goes to infinity. Hence, vs' ¥ =0.

We now conclude by pointing out that H!(S) is embedded into L>°(S;), and we
thus have convergence of /. to 2° in L°°(S1), which proves that limx| o ¥ (X) =
¥ 2. Using the fact that Eg(.) < 400, we find that the constant ¥2° is a constant
of modulus one, concluding the proof.
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7.3 Proof of Theorem 7.2

Theorem 7.14. There exists a unique nontrivial nonnegative solution ug of
Aug + (z — lulHuo =0 in Q= R>\ B)) x (0, 1), (7.54)
with boundary condition (7.15) and ¢ = 0, namely
u=0o0on{z=0}and{r =1}, u=1voon{z=1} (7.55)

where VY is defined in Theorem 7.3. The solution ug depends onr and z, is increasing
inr and in z. Moreover, (ug — p) tends to 0 exponentially fast when r is large, where
p is the solution of (7.17), ug is the unique solution of (7.54)—(7.55) in

Y = {u e HL (2.0), F (i) < oo} ,
uo

where Fy is defined by (7.19).

Remark 7.15. Let us point out that the invariance with respect to multiplication by
a constant of modulus one, which appears in Theorem 7.3, is lost in the three-
dimensional case due to the boundary condition on {z = 1}, which fixes the cor-
responding phase.

Theorem 7.16. There exists ¢y > 0 such that for all ¢ € (0, cp), problem (7.14)-
(7.15) has a vortex-free solution u.. Moreover, as c tends to 0, if the upper boundary
condition Y. in (7.15) is the one tending to Vg, then u. tends to ug in L°°(2). For all
M, there exists c1 such that for ¢ < cy, u. is the unique solution with Fo(u./ug) <
M:

fc(vaR) ZFO(W,QR)—CE(ULQR)» (756)
where
L(w, Qr) = / ud(iw, d;w). (7.57)
Qr

The corresponding minimization problem is

g = inf{]—} (i,wR), ue H (Qr), Fo (1, wR) < 5}, (7.58)
uo

uo
with boundary conditions
u=0on{r=1}and {z =0}, u =upon{r =R}, u=vy.gon{z=1}, (7.59)

where ug is defined in Theorem 7.14 and ., g is the 2D solution constructed above.
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7.3.1 Proof of Theorem 7.14
Existence of u

In this subsection, we prove the existence of a solution of (7.54)—(7.55). As in the 2D
case, we first construct real-valued solutions in Qg = wg x (0, 1). We want to solve
(7.54) with boundary conditions (7.15) and u(R, z) = ¥o(R) p(z): 0 is a subsolution
and Y is a supersolution; hence there is a real positive solution ug in between.
Using the moving plane and sliding methods [28, 29], we can prove that u g depends
on r and z, and is increasing in r and in z. In particular, ||ugr|lcc < [Y0lloo < 1.
Classical elliptic estimates yield uniform bounds that allow one to pass to the limit
in R and obtain a positive real solution uq of (7.54)—(7.55) in 2. Moreover, uy is also
increasing in r and in z.

Properties of 1

Let ug be the solution obtained above. We prove here that u is the unique nonnega-
tive nontrivial solution of (7.54)—(7.55) and that ug — p goes to 0 exponentially fast
at infinity. The proof is divided into several steps.

Step 5: For all g, y > 0, there exists 3 > 0 such that dug/on > B on {r =
1} N{z = y}and on {z = 0} N {r > ro}. Moreover, there exists K such that for
r>ro, uo > Kz.

Note that we have to avoid the corner » = 1, z = 0 where the normal derivatives go
to zero.

Proof: On {r = 1}, this is a consequence of the Hopf lemma. On z = 0, let us
prove it by contradiction and assume that there is a sequence x,, on {z = 0} such that
|dug/on(x,)| tends to 0. Applying the Hopf lemma, we find that necessarily, |X;|
tends to infinity. Let u, (x) = ug(x + X,). Since u,, is bounded in L°° and in Hl%)c’ it
converges uniformly on every compact subset to %, which is a solution of

A +7(z—u)=0inR*>x (0,1), >0, (7.60)
#=0o0on{z=0}, u=1lon{z=1}. (7.61)

The boundary congition at {z = 1} comes from the limit of ¥ at infinity. We also
have at the limit % (0) = 0, which provides a contradiction with the Hopf lemma.
The last statement comes from the lower bound on dug/dn for z < y and the

fact that for z > y, u cannot vanish; hence uq is bounded below.

Step 6: Let xo € {r = 1} N {z = 0}, and let & be a direction at x, that enters 2
32u0
&2
suchthatu > Kz2 in{z < y} N {r < ro}.

nontangentially. Then (x0) > 0. In particular, for all y and ro, there exists K

Proof: The fact that ug = 0 on {z = 0} and on 9 B; x (0, 1) implies that %(xo) =0.
The property on the second derivative thus follows from the Serrin corner lemma
(see [145], lemma 1). This implies the bound from below for u.
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Step 7: Nondegeneracy of ug: Let ¢ € L°°(2) be a complex-valued solution of

AP+ (z—ud)p—udp+¢)=0inQ, ¢=00n{z=0}, =1}, {r =1}.
(7.62)

Then ¢ = 0.
Proof: Let us separate ¢ into real and imaginary parts, a and b. We have
Aa+ (z—3ud)a=0, Ab+(z—uj)b=0,

with homogeneous boundary conditions. We use a proof adapted from [29] to get
that b is zero. Consider the function w = %. It satisfies div (u(z)Vw) = 0in €2, and

vanishes on {z = 1} and {r = 1}. We claim that w is bounded in Q: for z > y and
r > rop, this comes from step 1, since ug is bounded below; near z = 0 and r = 1,
the proof is similar to that in Section 2.2 and uses the bound from below of dug/0n
derived in step 1.

We are going to use a cutoff function £ independent of z, defined by

E=1forr <R, &=0forr > 2R, é:l—éforR§r§2R. (7.63)

Multiplying div (u(z)Vw) = 0 by wé? and integrating, we have

/ .53214%|Vw|2 < 2‘/ u%éwvg . Vw‘
Q Q

1/2 1/2
2 (/ u352|Vw|2> </ u§w2|vg|2> )
QN{R<r<2R} Q

12
sc(/ ugsaw) ,
QN{R<r<2R}

which implies that [, £2u3|Vw|? < +oc, and in turn that [ u3|Vw|*> = 0. Hence,
Vw = 0, so that b = yug, for some constant y. But the boundary condition on
{z = 1} implies that y = 0, so that b = 0.

Next, we prove thata = 0: w = u“—o satisfies div (ung) — ZuSw = 0. Hence,
the same proof as above applies to this case, and yields

172
/ £2ul|Vw|* + 2/ ugg?w? < C (/ u(2)§2|Vw|2>
Q (0] QN{R<r<2R}

showing that [ u3|Vw|*> = 0 and a = 0.

IA

Step 8: Uniqueness of the real nonnegative solution.

Proof: Let ug be the solution obtained above, and consider a nonnegative solution u
of (7.54)~(7.55). We define w = - and get that div @3Vw) — ugw(w? — 1) = 0,
with w = 1 on {z = 1} and w 1s bounded. Thus, multiplying this equation by
£2(w — 1), with & defined by (7.63), and using the same argument as above, we
prove that w is a constant, and hence w = 1.
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Remark 7.17. Similar proofs allow us to get that there is a unique solution of

Au+uz—u>)=0inR>x (0, 1), (7.64)
u=0on{z=0}, u=1on{z =1}, (7.65)

which is also nondegenerate. This solution is p(z), the solution of (7.17).

Step 9: Behaviour at co: ug — p(z) tends to O exponentially fast as r tends to oo,
uniformly in z.

Proof: We first show that u( tends to p(z) as r tends to infinity, uniformly in z:
assume by contradiction that uy does not tend to p(z) as r tends to co. Then, one
can find a sequence X, = (X, Y, Z») in 2 such that [ug(x,) — p(z,)| = € > 0. Let
uy (X) = up(x+x),), where X, = (x,, yn, 0). Since uo is bounded, we can pass to the
limit in n and find that u,, converges uniformly on every compact subset to %, which
is a solution of (7.60)—(7.61), with |u(0,7) — p(z)| > €, where 7 = limz,. This
provides a contradiction to Remark 7.17, since the only solution of (7.60)—(7.61)
is p(2).

We are now in position to prove that there exist some constants K > 0 and
o > 0 such that

luo(x) — p(2)| < Ke™™", (7.66)
where r = /x2 4 y2. For this purpose, let us first define

M(R) = sup |uo(x) — p(2)|.

r>R
Then, (7.66) is clearly equivalent to the following statement:
3R >0, 3y e@,1) st. VI =1, MQR4+T)<yM(T). (7.67)

We argue by contradiction, and assume that there exist sequences Ry, y,,, T, satisfy-
ing the following:

R, — +00,

Yn —> 1a and M(Rn + Tn) > VnM(Tn)'
T, =1,

Thus, one can find X, € Q such thatr, = \/x2 + y2 > R, + Ty,

luo(Xn) — p(zn)]
MRy + Ty)

—_—

and |ug(X,) — p(zn)| > yaM(T,). We define the function f, by

uo(X + X, y + yn, 2) — p(2)

Su(x) = MR, +T,)
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This function is bounded in Bg, x (0, 1), so we may extract a subsequence and
pass to the limit in the equation. Since we already know that u#( converges to p(z) at
infinity. This equation reads

Af+(z=3p)f=0 in RZx(0,1), (7.68)

with | (0, ze0)] = 1 > || flleo, Where zooc = limz,. In addition, f vanishes on
{z = 0} and {z = 1}. Remark 7.17 implies that f is zero. This is a contradiction.

Remark 7.18. A similar proof allows us to get that u#¢/ p tends to 1 exponentially fast
as r goes to 0o, and in particular (1o — p)/p is in L*(S).

Uniqueness of i

In this section, we prove that any solution of (7.54)—(7.55) of finite energy (i.e., such
that Fo(u/ug) < oo) is in fact equal to ug.

Let u be a solution of (7.54)—(7.55) with F(u/ug) finite. Let w = u/ug. Then
w is a solution of

div (ugw) +ud (1 _ |w|2) w=0inQ. (7.69)

The boundary conditions are w = 1 on z = 1. Moreover, w is bounded. The proof
of this fact is similar to the 2D case close to the obstacle; when z is close to 0, it uses
step 5 of Section 7.3.1 and the bound below on u( by K z far away from the obstacle
and by Kz? close to the obstacle. The last estimate is a consequence of step 6 of
Section 7.3.1.

The key tool is to use the Pohozaev identity as in the 2D case, but here we
multiply by x/|x|- Vw instead of just x- Vw, integrate over 2z, and add the conjugate:

_ 2\2
—/ i V(IVw[?) +2 0IVwI2 X g (9= 790
QR x| x| | | 2

2|X-Vw|2 0w X _ L 0W X
+ 2u073+ uy—— - -Vw+ug—— -Vw=0. (7.71)
Qr x| sop | on x| on [X|

We integrate by parts the x - Vw terms and obtain

-Vu x-Vw uoX - Vu
| Gy X V0 ppy g R VR | e Vi g, o
o ] x || x

1y s X 28w X __  L0wx
= Zug(l — |w| ) — -n —ug VW —ug——-Vw (7.72)
9k 2 x| on x| on |x|

X
—i—/ u%—~n|Vw|2.
ar - IXI

We are going to prove that the sum of the boundary terms is nonpositive as R tends
to infinity. On {z = 0} and {r = 1}, the same reasoning as in the 2D case allows to
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get that ugVw = 0. Moreover, u%(l — |w|2) = u% — u? = 0, so that the boundary
terms are zero. On {z = 1}, w = 1, so the derivative is only in the normal direction
and the boundary terms are equal to

2
_ f w2
{z=13N3%2g

which is negative. On {r = R}, the terms tend to O for a suitable sequence R, tending
to infinity because the energy Fo(w) is finite. In total, the sum of the volume terms
is nonpositive as R, tends to infinity. Since X- Vu is positive, we find that each term
is zero. This and the boundary condition on {z = 1} yield that w = 1.

w|?

oz

s

Remark 7.19. The uniqueness result is also true for solutions in Qg with outer
boundary condition w = 1 on {r = R}. Indeed, on {r = R}, w = 1 and the gradient
of w is only in the normal direction, so that the boundary term is negative.

Remark 7.20. Let us point out that the power of |x| we use in the Pohozaev identity
is linked to the dimension: indeed, the starting point of the method is the following
formula, obtained by multiplying —Awu by |x|*x - Vu and integrating by parts in D,
a domain of RY:

d
/ (—Au) x| - Vu = / alx|* 72 (x- Vu)? + <1 — i) X|%|Vu|?
D D 2
1 3
+/ S1xx - n|Vu? — 2 xex - V.
D 2 on

Hence, in order to cancel one of the volume terms, we need to choose « = —d + 2.

Remark 7.21. A similar proof allows us to obtain that p(z) is the unique solution of
(7.60)—(7.61) among complex-valued functions such that F,(u/p) is finite, where
Fp is defined similarly to Fo, with ug replaced by p.

7.3.2 Proof of Theorem 7.16

We are going to use the same strategy as in Section 7.2, proving first that prob-
lem (7.58)—(7.59) has a solution u. g (Lemma 7.22). The proof that the constraint
is qualified cannot be made as in the 2D case. Then, we show that u. g satisfies an
equation similar to (7.14), derive bounds on u. g (Lemma 7.24 and 7.25), and check
that the constraint is not active thanks to an estimate of the momentum by the en-
ergy (Lemma 7.26). Then we pass to the limit as R tends to infinity, which yields a
solution of (7.14) with boundary conditions (7.3).

The extra difficulty compared to the 2D case comes from the fact that u( van-
ishes on z = 0, so that the estimate of the momentum is more involved.
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Existence of a solution to Z

In this subsection, we prove that problem (7.58)—(7.59) has a solution:

Lemma 7.22. There exist co, Ry > 0 such that for any R > Ro, any ¢ € (0, cp),

and any § > 0, problem (7.58)—(7.59) has a solution u. g that satisfies
Au—2il+%8xu+(z— wPu=0 in Q, (1.73)

for some X > 0.

Proof: We denote by X'g the set on which we want to minimize F.:

u

Xg = {u e H' (Qp), .7:0( QR) <48, u satisfies (7.59)}.

uo’
Let us first check that X is not empty. Consider the function u = uo%, where
Ye g 1S a minimizer of problem (7.25), the 2D functions being supposed to be con-
stant with respect to z. This function u clearly satisfies the boundary conditions
(7.59). For fixed z, we have ug(r, z) < ¥o(r), since uo is increasing in z, so that

u g ver\[* | up ver|’\
Fol — Qr) = —0V<C’> L ) pasl
0(140 R) /QR2 Yo +4 Yo
1 2 2 4 2\ 2
WO 1//c,R lp() I;0c,R
< "ZLJ%W) +—(1‘\ )
1
() e

4 Yo
Hence, u € Xg, so that the set is not empty.
Next, one easily proves using the same method as in the 2D case that

1£(w, @0)| = K (VR (Fow, 0r)™* + R (Fow, wr)'/?),

which implies that F, is bounded from below on X’z. Here again, any minimizing
sequence is weakly compact in H!(Qg), so we may pass to the limit in the energy
and find a minimizer u. g of (7.58) with boundary conditions (7.59).

Let us prove that the constraints are qualified, namely that there is no u such
that w = u/ug satisfies Fo(w) = 8§, w is a solution of (7.69), and uow satisfies the
boundary conditions (7.59). Thanks to our test function above, the minimizer of F
in the set Fo < § is such that Fy < §. Thus, if we prove the uniqueness of solutions
of (7.69)—(7.59) in the set Fy < §, this will imply that there cannot be a critical point
with energy Fo = 4.

Let us prove the uniqueness by contradiction, which is a consequence of the
uniqueness and nondegeneracy of ug. Let us assume that there is a sequence ¢, tend-
ing to 0, and R, to oo such that there are two solutions u1 , and u2 , of (7.69)—(7.59)
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in Qg, , with 7o < 8. The L bounds on the solutions and the gradient (see Proposi-
tion 7.24 below) allow us to pass to the limit in #» and get that #; ,, converges to some
u, which is a solution of (7.54)—(7.55) in 2, with finite Fq. The uniqueness result of
Theorem 7.14 implies that in fact # = ug. Similarly, u» , converges to ug.
Let
Ul,n —U2n

Uy = )
le1,n — u2.nlloo

which satisfies homogeneous Dirichlet boundary conditions on dQ2g,. By usual el-
liptic estimates, the maximum of |v,| cannot be achieved close to the boundary of
the domain: it is achieved at some point bounded away from the boundary uniformly
with respect to n. Assume that the maximum of v, stays in a bounded domain. We
thus find that v, converges to a solution of (7.62), which is impossible since the
only solution is zero by step 7 of Section 7.3.1 and the limit of v, is equal to one
somewhere. So it means that the maximum of v,, is achieved at a point x,, tending to
infinity. We define w, = v, (-+x,). Then w,, converges to a solution of the linearized
problem around p(z) (7.68), and we also know that it is zero by Remark 7.17.

Remark 7.23. Here, it is not possible to prove that the constraints are qualified in
the same way as in the two-dimensional case. Indeed, the equivalent of Remark 7.6
does not hold because of the boundary condition on z = 1: we have uniqueness for
equation (7.54), which indeed is the derivative of Fq, but with boundary conditions
(7.55), which is a different boundary condition from (7.59) due to the presence of
Ye r. The boundary condition (7.59) implies that the solution is complex-valued;
hence the uniqueness proof that we have used in Section 7.3.1 does not work as
such.

Bounds on the solutions of Z

This subsection is the equivalent of Section 7.2.3 for the present three-dimensional
case: we prove bounds on the minimizer V. g of (7.58)—(7.59).

Lemma 7.24. Let R > 1, ¢ > 0, and A > 0. Let u. g be a solution of (7.73) with
boundary conditions (7.59). Let w = M"—O. There exists a constant K independent of
R, A, and c such that

(i) N, R oo(qgy < 1+ €%

(ii) | Vite R oo () < K (14 ¢,
(i)Wl g,y < K (1 4¢3,
() VWl g,y < K (14D

Proof: The proof of (i), (ii), and (iii) follows exactly the same lines as the correspond-
ing ones in Lemma 7.9. Turning to the proof of (iv), we may carry out the same proof
to have

||Vw||L°°(QRﬂ{z>%}) < K(l +C2)3'
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In order to show that the same inequality holds near z = 0, we use Taylor expansions
Vue g
Tup
%. The proof follows exactly the same lines as those of (iv) of Lemma 7.9.

0

of uc,r, Vue g, uo, and Vug, with respect to z, and the equality Vw =

We next prove here again that if Fo(w) is small and if Vw is suitably bounded,
then |w| is close to 1:

Lemma 7.25. There exist K > 0 and 8o > 0 depending only on the unique solution
uo of (7.54)—~(7.55) such that, for any w € W*°(Qg) and any

S <1 f{(S K }
= 1m 0> = 75 ( »
[Vw]|12

Folw, Qr) < 8 implies that

! <|w| < 3 (7.74)
- <lw| < =. .
2~ -2
Proof: We use exactly the same strategy as in Lemma 7.10, with different powers of
8 for o and 7. For instance, o« = §'/% and = 48!/° is a suitable choice. The first

case is treated exactly in the same way (here, the inequality | B(Xo, n) N wg| > %nz

is replaced by |B(Xo, 7) N Qr| > %%”773, valid if R is large enough). The only slight

difference is in the second case, where one may need to shift xo away from {z = 0},
instead of shifting it away from By x (0, 1). If xg is close to {r = 1}, and away from
{z = 0}, we define x; as in the 2D case. If xq is close to {z = 0}, and away from
{r = 1}, we define x; = xg + zo//Be;, where B comes from step 5 of Section 7.3.1.
If xg is close to {z = 0} and {r = 1}, we use step 6 of Section 7.3.1: for any outward
direction v, 9%u /0 vZ has a sign. Hence moving X in the direction of v increases ug
and we can find a suitable x;.

Estimating the momentum

We now prove an estimate of the momentum £ in terms of Fy. The difficulty in the
proof is that near z = 0, u( vanishes, this time on a set of infinite measure. We have
to treat this region differently from the 2D case.

Lemma 7.26. Let R > 2, ¢ > 0, and let u € H'(Qg) satisfying (7.59) be such that
w = :—0 satisfies (7.74). Then there exists a constant K independent of u, R, and c
such that

IL(w, Qr)| < K (]—'o(w, Qr) + v Fow, szR)). (1.75)

Proof: We will use that p/uq is bounded for r large and ug — p is in L>(2). As
in Lemma 7.11, the fact that w satisfies (7.74), together with ugVw € L%(Q\ By),
implies that there exist p, ¢ € H'(Qg) such that p > % and
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w = pe'?.
Using this equality in the definition of £, we obtain
N L P 2 2
L(w, wg) = ~up (Wo, W — Wiy w) = Uy~ 05 .
Qpr 2 Qr

Let « € (0, 1) (which will be made precise below), and consider separately the
integrals over {r < 1+ o} N Qg and over {r > 1 + o} N Qg. The first one is dealt
with exactly as in the proof of Lemma 7.11, giving

f ugp*d.p| < Ko*'?/ Fo(w, Q). (7.76)
l<r<l+4+a

where K depends only on uy.
Turning to the integral over {1 + « < r < R}, we use the same kind of trick:

/1 ugp e = /1 ud(p* — 1)dyg + /1 (g — p?)o o

+a<r<R +a<r<R +a<r<R

+ / p2o,o, (1.77)
1

+a<r<R

where p = p(z) is the unique solution of (7.17). We consider separately the three
terms above: for the second term, we use that ug — p € L? and ”70 e L™

1 1
(l/l2 _ p2)2 2 3
<2 (f -2~ / u2 0?9, >
l4+a<r<R Uy Qpr

< 2K2Fo(w, Qr), (7.78)

[1 W§ — p*)ore

+a<r<R

N
uo

with K = (1 + .
L,

(7.77), we integrate by parts with respect to the first two space coordinates and get

/ p28x¢’= [ =] w (¢>— inf ¢>> s
1+a<r<R r=I+a r=I+«a r=l+o
| %
5/ p()? (/ |v¢|2) dz
0 r=14+a
p(2)? :
= Klplz20,1 (/ —2’4%,02|V¢|2>

r=14ally
V2Fo(w, Qg), (7.79)

‘E
Uo Il Loo (B, % (0,1))

for a suitable choice of a € (%, 1) . Finally, we deal with the first term of (7.77):

uy — . Turning to the third term of
x(O,l))) luo — pllr 2 g

= Kllpllr20,1
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1 1

2 2
/ 0 5(/ u%|V¢>|2) (/ u%<p2—1>2)
l+a<r<R l4+a<r<R 14+a<r<R

1
< V2Fo(w, Q) (/ ui(p? — 1)2)2 . (7.80)
1

+a<r<R

Collecting (7.80), (7.78), (7.79) allows to bound the term considered in (7.77),

and yields
7
'/ ujp? o | < }"o(w,SZR)<1+</ ug(p2—1)2>>. (7.81)
I4+a<r<R l+a<r<R

In order to bound the right-hand side of (7.81), we split the integral into an integral
over{f <z<1}N{l4+a <r < R}and anintegralover {0 <z < B} N{l + o <
r < R}, for some 8 > % to be made precise below. The first one is dealt with using
the fact that uq is bounded below:

[ sk [ e -vskRwen. a8
1 -%a<ir<<] R 1 -%a<< r<<l R

The second one is treated as follows:

/ ud(p? — 1% < K/ 2(p? = 1. (7.83)
l4+a<r<R, l+a<r<R,

0<z<B 0<z<p

We now integrate by parts with respect to z, getting

1
/ 2(p* =D = < f 2 = 1)? —[ z (,o — 1Dpd,p
l+a<r<R, 3 I+a<r<R, l+a<r<R

O<z<p z=P O<z<p

X
p

ug(p® —1)°
l+otir< s

Nl

k([ w0 | ([ wdiver

+a<r<R;
O<z<p O<z<p

uo(p —1) + K Fo(w, Qp). (7.84)

- 1+ R,
ﬂ ll<l‘ﬂ<

Here, we point out, as in the proof of Lemma 7.11, that 8 may chosen greater than %
and such that f1+a< ué(,o2 -2 < 16Fo(w, 2r). Hence, the right-hand side of

r<R,

(7.83) is bounded by K Fo(w, Qr). Inserting this estimate in (7.81) gives

f u%pzaxqb <K (\/Fo(w, Qr) + Fo(w, QR)) .
l+a<r<R
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This, together with (7.76), concludes the proof of (7.75).

The result above allows us to prove the following:
Proposition 7.27. There exist 81 > 0 and K > 0 such that for all R > 2, all § < 8y,
and all ¢ € (0, K«/g), any solution u. g of (7.58) with boundary conditions (7.59)

satisfies Fo (MIZ’OR , QR> < 6. In addition, u. g is a solution of

Au—2icou+ (1 —|uPu=0 in Q. (7.85)

Proof: Let ¢ < cp (where ¢ is defined in Lemma 7.22), § < 1, and let u. r be a
solution of (7.58). Applying Lemma 7.22 and Lemma 7.24, we find that there is a
constant K1 > 0 independent of R, ¢, and § such that if w = ";;f ,then |[Vwl|e <
K. Hence, applying Lemma 7.25, we find that there exists some 4; > 0 independent
of R, ¢, and § such that if § < §;, Fo(w) < é and w satisfies (7.39).

We want to show that the constraint is not active. We apply Lemma 7.26 and find
that for some constant K, independent of R, ¢, and §, we have |L(w)| < K (Fo(w)+
VFo(w)) < 2K2+/Fo(w). Assume that the minimum of F, is achieved by some w
such that Fo(w) = §. This implies that

Fe(w) = 8 —2cK2v/3.
Now, we may also apply Lemma 7.22 with % instead of §. We thus obtain w = ﬁ;bR

such that i, g is a solution of problem (7.58), Fo(w) < %, and all the estimates

above are valid with % instead of 8. This implies that

8
Fel) < 5 + cK3v/28.

But w is also a test function for problem (7.58); hence F.(w) > F.(w), which
implies

)

3 + cK3vV25 > 8 — ZCKQ«/S, and hence cK4 > V3.
Ifc < ‘Ié—f, we reach a contradiction. This implies that for the minimizer, Fo(w) < §,

so that the constraint in (7.58) is not active, and the Lagrange multiplier must be zero:
uc, g satisfies (7.85).

End of the Proof of Theorem 7.16

We now conclude the proof of Theorem 7.16. We apply Proposition 7.12, and find
that for some ¢9 = K+/8;, there exists a solution u. g of (7.85) with boundary
conditions (7.59). In addition, this function satisfies

Uc R
Fo< ” ) <8, lluerlyrogy < K. (7.86)
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for some constant K independent of R. We thus can extract weak convergence in

le)c and strong convergence in Lﬁ)c, allowing us to pass to the limit in the energy

bound above and in the equation.

The fact that this solution u. is vortex-free comes from the fact % < < %

Ue
u
and it also has finite energy, a property inherited from u, g.

The convergence part is proved exactly in the same way as in the proof of
Theorem 7.4, using the uniqueness of up to obtain convergence in L}, (2), and
Lemma 7.28 below to deal with infinity.

There remains only to prove the uniqueness part of Theorem 7.16, namely, that
VM, Jcp such that for ¢ < ¢p, there is a unique solution u, of (7.14)-(7.15) with
Fo(uc/ug) < M. The proof uses the nondegeneracy of u in the same spirit as the
proof of Lemma 7.22. It goes by contradiction, assuming that there are two such
sequences as ¢ tends to 0. We prove that they both tend to u¢ using the uniqueness
result of Theorem 7.14 and that their renormalized difference tends to a solution
of the linearized problem at ug or p(z), which contradicts the nondegeneracy of ug
and p(2).

Limit at infinity

We prove here the analogue of Lemma 7.13:

Lemma 7.28. Let M > 0, and let u. be a solution of (7.14)—(7.15) such that
fo(Z—g) < M. Assume in addition that the boundary data . in (7.15) converges
to 1 at infinity. Then,

Jim ue(x) = p(2), (7.87)

where p is the solution of (7.17). Moreover, this limit is uniform with respect to
c— 0.

Note that according to Lemma 7.13, it is always possible to impose the condition
above on V.

Proof: We use again the notation w = Z—; Hence, we know that (7.87) is true on
{z = 1}. Pointing out that the proof of Lemma 7.24 applies to the present case
(indeed, we use in this proof only the fact that u. g is a solution of (7.73)), we know
that Vw € L°°(2). Hence, using standard elliptic estimates, we infer that D?w €
L*®(QN{z > a}), for any o > 0. This, together with the fact that ugVw € L3(Q),
clearly implies that the function

1
fx,y) = f ud|Vw|?(x)dz

converges to zero as (x,y) goes to infinity. Now, |w(x, y,z) — ¥.(x,y)] <

1-z

1/2
- ( le u(z)|Vw|2) , so that w converges to 1 at infinity, uniformly on
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QN{z > «a}, for any ¢ > 0. We then note that uop converges to p(z) at infinity
and that |u.| + |uo| < Kz for some constant K to obtain (7.87).

The fact that this limit is uniform with respect to ¢ — 0 is proved by contra-
diction: assuming that the limit is not uniform, we have a sequence ¢, — 0 and
a sequence X, — oo such that |u., (X,) — p(z,)| > ¢, for some ¢ > 0. Consid-
ering the sequence i, (X) = u., (X + X,), we see that it is bounded in W1 and
thus converges in Lf(fc to some function u that satisfies (7.64)—(7.65). In addition,
Fp(u/p) < 8. Applying Remark 7.21, we find that u = p, which is a contradiction.
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Further Open Problems

Many open problems have been described in the course of the book, but we present
some extra ones in this chapter, corresponding to new directions.

8.1 Setting in the whole space for the Thomas—Fermi regime

The analysis described in Chapters 3, 4, 6 sets the problem in the bounded domain
D = {ptr > 0}. But the original problem consists in minimizing the energy in the
whole space:

1 1
Eew = [ SIVUP =@ xr Vi + s (P = pre@)? = (ore-)?)
(8.1)

under fRn |u|2 = 1, when n =2 or 3 and (pTF)- is the negative part of prp.

8.1.1 Three-dimensional problem

For n = 3, there are no results about of the properties of the minimizers of E, in R3.

8.1.2 Two-dimensional problem

For n = 2, the problem has been addressed by Ignat—Millot [80, 81] for prp =
0o — x> — a?y?. They prove that in R? \ D, |u| decays exponentially fast and the
properties that they obtain on vortices are only in D. Indeed, energetically favorable
vortices are located close to the origin. Information in R? \ D is missing: we do not
know whether |u| is small and does not vanish or whether u has vortices in this small

density region.

Open Problem 8.1 There exists a constant C such that for Q < C, minimizers of
E. do not have vortices in R2.
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This would require other tools than energy estimates.
The issue is to understand whether vortices start to exist in R? \ D and for which
value of the velocity. Do they appear on a circle in this low-density region?

8.1.3 Painlevé boundary layer

A first step towards the analysis in the low-density region would be to obtain more
information on the density profile 7., which is the minimizer of E, for 2 = 0.
We know that 773 is close to (prp)+. A lower bound for 1, in R? \ D would
be helpful. This would require us to prove that close to 9D, n.(x) behaves like
e'Bp(d(x, 3D)/e2/3), where p is the solution of

P+ @sypo = pHp=0. p(s) = 0. p() ~ J2/pos.  (82)

One may hope to use sub- and supersolution arguments.

8.1.4 Vortices in the hole

If D = {ptr > 0} is an annulus, then the understanding of vortices in the low density
region also concerns the inner ball B. The study of the minimization of E, in D leads
to the existence of a circulation for u/|u| on d B. A natural question is whether the
vortices exist in B under the shape of a giant vortex (single point where u vanishes)
or whether u vanishes at isolated zeroes close to the origin in this region of low
density. Numerical simulations do not help.

8.2 Other scalings

Other regimes than the small-¢ limit are of interest for two-dimensional condensates.
When ¢ is small, the vortex cores are small, while when ¢ is large, the vortex cores
get large and multiple-degree vortices can get stabilized. We go back to the initial
scaling of the energy (1.2) and define

1 1
EG(u) = /Rz 5|Vu|2 = QX X~ (iu, Vu) + SV (x, Wlul? + Glul* (8.3)

under fRZ |u|2 = 1, where G is our parameter and V (x, y) = x2 4+ yz, for instance.
When G = 0, the analysis in Chapter 5 leads to a very precise description of the
critical points of Eq: the eigenstates can be labelled by a radial number n (number of
nodes) and a quantum number g (degree). The eigenenergies are (1 — 2)g + (1 +n).
We shall concentrate on the states with no radial nodes because they have the lowest
energy for a given value of the angular momentum g. When 2 is less than 1, the
ground state is for ¢ = 0, while for Q2 = 1, all the states are degenerate. When G
is small, the interaction energy can be considered as a perturbation. The degeneracy
at = 1 is lifted: the critical frequencies €2, for which the minimizer has a total
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degree-q split. It turns out that wave functions that are superpositions of states with
different g; generate an array and have less interaction energy than the pure multiply
quantized eigenstate u, withg =), g;.

Nevertheless, for potentials stronger than harmonic, that is, V(x, y) = x* + y*
with s > 2 or V(r) = r? + kr*, the situation is different. In the noninteracting
case G = 0, pure multiply quantized vortex states have a smaller energy than any
superposition of eigenstates having the same total angular momentum or degree.
This persists for finite and small G. Numerical simulations have been performed in
[82, 105] and bifurcation diagrams are analyzed. No mathematical results have been
proved in this regime, where the use of perturbation theory could be helpful.

8.3 Other models

Experiments are moving fast and there are many possible directions of work. We
highlight a few of them here with appropriate references.

8.3.1 Optical lattices

There are experiments in which several condensates are confined in an array gener-
ated by an optical potential created by a standing laser wave. In this framework, the
trapping potential V (x) in (1.1) has to be modified to include the magnetic harmonic
potential as before and the optical potential

. 2
VX)) =V, +V, = (x2 + a2y2 + ﬂzzz) + vg sin? (Tz> .

The optical potential produces a one-dimensional array of wells separated by A/2.
The quadratic expansion of the optical potential around the local minima gives rise to
an additional harmonic potential with frequency ,/vo27 /. If this is much larger than
B, the magnetic harmonic trapping in the z direction can be neglected. Depending on
the values of A and vg, equivalent of tunnelling phenomena can be achieved giving
rise to collective effects. This is a first experimental step towards Josephson effects,
which have just been observed [18]. We refer to [95, 120].

8.3.2 Multicomponent condensates

One may consider a coupled model between multicomponent or spinor Bose—
Einstein condensates. It leads to two coupled Gross—Pitaevskii equations for which
many patterns have been observed. We refer to [31, 88] for details.

8.3.3 Condensate and noncondensed gas

The Gross—Pitaevskii energy is derived to model the condensate at zero tempera-
ture. At a higher temperature, a nonnegligible fraction of the atoms is no longer is



198 8 Further Open Problems

the lowest energy state but is excited. They make up what is called the normal gas
or thermal gas. The description of the condensate is then an open question. Some
authors believe that the Gross—Pitaevskii equation still provides a good description
of the whole system: condensed and noncondensed gas [30, 102]. Others [153, 156]
have proposed a model that involves coupled equations for the condensate and the
noncondensed gas that is a coupled system between the Gross—Pitaevskii equation
on the one hand and Boltzmann equations on the other hand.

8.3.4 Fermi gases

Two—component Fermi gases have been achieved experimentally and can exhibit su-
perfluid properties. In the superfluid regime, one expects that a mean-field descrip-
tion, as in the case of bosons, is appropriate. One of the major differences relies on
the coefficient a, which is fixed by interaction in the case of bosons. In the Fermi
gas of interest, there are only two populated spin components, up and down. The
interaction between these two is characterized by the s wave interspecies scattering
length a. By applying a magnetic field to a gas of ultracold atoms, it is possible
to tune the strength and the sign of a [38]. This phenomenon, known as Feshbach
resonance, offers the possibility to study the crossover between a molecular Bose—
Einstein condensate and a state described by the Bardeen—Cooper—Schrieffer theory
[39].

There is an equation for the wave function describing the relative motion of a
spin-up atom with respect to the nearest spin-down atom [126]. When a > 0, the
solution describes a molecular bound state or dimer. The small-a case corresponds
to a Bose condensate of molecules. On the other hand, in the case a < 0, there are no
bound states and one expects the well-known Bardeen—Cooper—Schieffer model for
superconductivity to be valid. The case |a| = oo is called the unitary gas limit. We
refer to the recent overview of [121] for references and prospects of experiments.
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