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Ïåðâîîáðàçíàÿ è íåîïðåäåëåííûé èíòåãðàë

Äèôôåðåíöèàë

Íàïîìíèì, ÷òî äèôôåðåíöèàë � ëèíåéíàÿ îòíîñèòåëüíî ∆x ÷àñòü ïðèðàùåíèÿ ôóíêöèè.

df(x) = f ′(x)dx èëè f ′(x) =
dy

dx
.

d(cu) = cdu; d(uv) = vdu + udv; df(u(x)) = f ′(u) · du(x).

d(u + v) = du + dv; d
(
u

v

)
=

vdu− udv
v2

;

256. Ñîñòàâüòå òàáëèöó äèôôåðåíöèàëîâ ýëåìåíòàðíûõ ôóíêöèé.

257. Íàéäèòå äèôôåðåíöèàëû: à) d

(
3x2 +

1√
x

)
; á) d log sinx; â) d

x2 + x

x− 1
.

258. Íàéäèòå äèôôåðåíöèàëû ñëåäóþùèõ ôóíêöèé:

à) y = cos
√

5x− π

3
; á) y = ex

α
; â) y = x2 arccosx; ã) y = ex sinx.

Ïåðâîîáðàçíàÿ

Ïðèìåð 1. Êîîðäèíàòà òåëà ìåíÿåòñÿ ïî çàêîíó s(t) = 5t2 − 2t + 1. Íàéäèòå ñêîðîñòü è óñêîðåíèå

òåëà ÷åðåç 3 ñåêóíäû.

Ïðèìåð 2. Íà ïîêîÿùååñÿ òåëî ìàññîé 5 êã íà÷èíàåò äåéñòâîâàòü ñèëà 10 Í. Íà êàêîå ðàññòîÿíèå

ïåðåìåñòèòñÿ òåëî çà 3 ñåêóíäû?

Êàêîé èç äâóõ ïðèìåðîâ áîëåå åñòåñòâåíåí?

Îïðåäåëåíèå. Ïåðâîîáðàçíîé äëÿ äàííîé ôóíêöèè f(x), çàäàííîé íà íåêîòîðîì ïðîìåæóòêå, íà-

çûâàåòñÿ ôóíêöèÿ F (x), çàäàííàÿ íà òîì æå ïðîìåæóòêå, ïðîèçâîäíàÿ êîòîðîé ðàâíà f(x).
Òàêèì îáðàçîì, F ′(x) = f(x). Äðóãàÿ çàïèñü: dF (x) = f(x)dx.
Ïðîöåññ îòûñêàíèÿ ïåðâîîáðàçíûõ íàçûâàåòñÿ èíòåãðèðîâàíèåì ôóíêöèé.

Òåðìèí ïðîèñõîäèò îò ëàò. "integrare"¾âîññòàíàâëèâàòü¿, äàëåå îò "integer"¾íåòðîíóòûé, öåëûé¿, èç

in- ¾íå-, áåç-¿ + tangere ¾òðîãàòü, êàñàòüñÿ¿.

Ïðèìåð 3. Ïðîèíòåãðèðóéòå ôóíêöèè: à) f(x) = 2x + 3; á) f(x) = sinx.
Îñíîâíîå ñâîéñòâî ïåðâîîáðàçíîé. Åñëè F (x) � ïåðâîîáðàçíàÿ äëÿ f(x) íà íåêîòîðîì ïðîìåæóòêå,

òî äëÿ ëþáîãî ÷èñëà C ôóíêöèÿ F (x)+C òîæå ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ f(x) íà ýòîì ïðîìåæóòêå.

Äðóãèõ ïåðâîîáðàçíûõ ó f(x) íà ýòîì ïðîìåæóòêå íåò.

Îïðåäåëåíèå. Ñîâîêóïíîñòü âñåõ ïåðâîîáðàçíûõ ôóíêöèè f(x) íàçûâàþò íåîïðåäåëåííûì èíòå-

ãðàëîì ýòîé ôóíêöèè è îáîçíà÷àþò
∫
f(x)dx.

Òàêèì îáðàçîì,
∫
f(x)dx = F (x) + C, ãäå F (x) � îäíà èç ïåðâîîáðàçíûõ ôóíêöèè f(x), à C

ïðîáåãàåò ìíîæåñòâî âñåõ äåéñòâèòåëüíûõ ÷èñåë.

f(x) íàçûâàþò ïîäûíòåãðàëüíîé ôóíêöèåé, f(x)dx � ïîäûíòåãðàëüíûì âûðàæåíèåì, x �

ïåðåìåííîé èíòåãðèðîâàíèÿ, à C � ïîñòîÿííîé èíòåãðèðîâàíèÿ.

Ôîðìóëó
∫
f(x)dx = F (x) + C ìîæíî çàïèñàòü òàêæå â âèäå∫

F ′(x)dx = F (x) + C èëè
∫
dF (x) = F (x) + C.

×òîáû èç áåñêîíå÷íîãî ìíîæåñòâà ïåðâîîáðàçíûõ âûäåëèòü îäíó, íàäî çàäàòü íà÷àëüíûå óñëîâèÿ.

Ïðèìåð 4. Íàéäèòå ïåðâîîáðàçíóþ F0(x) äëÿ ôóíêöèè f(x) =
1

x2
íà ïðîìåæóòêå (0; +∞), ïðèíè-

ìàþùóþ çíà÷åíèå 1 ïðè x = 1.
Ïðèìåð 5. Ôóíêöèè F (x) è G(x) ÿâëÿþòñÿ ïåðâîîáðàçíûìè äëÿ ôóíêöèé f(x) = (x + 5) ln(7− x)

è g(x) = (x− 2) ln(x + 4) ñîîòâåòñòâåííî. Ñðàâíèòå F (2) è G(4), åñëè F (3) = G(3).

Àðèôìåòè÷åñêèå ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà

1)
∫
kf(x)dx = k

∫
f(x)dx. Ïîñòîÿííûé ìíîæèòåëü ìîæíî âûíîñèòü çà çíàê èíòåãðàëà.

2)
∫

(f(x) ± g(x))dx =
∫
f(x)dx ±

∫
g(x)dx. Èíòåãðàë ñóììû ðàâåí ñóììå èíòåãðàëîâ, åñëè îíè

ñóùåñòâóþò.



Òàáëèöà îñíîâíûõ èíòåãðàëîâ

1
∫
xαdx =

xα+1

α+ 1
+ C;

2
∫

sinxdx = − cosx + C; 3
∫

cosxdx = sinx + C;

4
∫ dx

cos2 x
= tg x + C; 5

∫ dx

sin2 x
= − ctg x + C;

6
∫ dx√

1− x2
= arcsinx + C; 7

∫ dx

1 + x2
= arctg x + C;

8
∫
exdx = ex + C; 9

∫
axdx =

ax

ln a
+ C;

10
∫ dx
x

= ln |x|+ C;

Ïðîñòåéøèå ïðèìåðû èíòåãðèðîâàíèÿ

1)
∫

(x4 − 6x2 + 5x− 7)dx; 2)
∫ (x2 + 5x− 7)dx√

x
; 3)

∫ (
x 3
√
x− 6

x2

)
dx;

4)
∫

(3− x2)3dx; 5)
∫ (1− x

x

)2
dx; 6)

∫ √x− 2
3
√
x2 + 1

4
√
x

dx;

7)
∫ (

1− 1

x2

)√
x
√
xdx; 8)

∫ x2dx

1 + x2
; 9)

∫
(1 + sinx + cosx)dx;

10)
∫ 2x+1 − 5x−1

10x
dx; 11)

∫
(2x + 3x)2 dx; 12)

∫ e3x + 1

ex + 1
dx.

áåç íîìåðà)
∫ dx√

x+ 1 +
√
x− 1

259. Íàèìåíüøåå çíà÷åíèå ïåðâîîáðàçíîé äëÿ ôóíêöèè f(x) = x2 + 10x + 28 íà îòðåçêå

[−5; −2] ðàâíî -15. Íàéäèòå åå íàèáîëüøåå çíà÷åíèå íà ýòîì îòðåçêå.

Äîìàøíåå çàäàíèå

260. Íàéäèòå äèôôåðåíöèàëû ñëåäóþùèõ ôóíêöèé:

à) y = 5x3 − 2

x3
; â) y = sin 8x + tg 2x; ä) y = (x3 − 1)ex

3
; æ) y = x2 cosx;

á) y = 6
√
x + 2 3

√
x; ã) y =

x

1 + x2
; å) y = log2 arcsinx; ç) y = arctg

√
x.

261. Òî÷êè K(3; 9) è Ò(3; −1) ëåæàò ñîîòâåòñòâåííî íà ãðàôèêàõ ôóíêöèé y = F (x) è y = G(x),
ÿâëÿþùèõñÿ ïåðâîîáðàçíûìè äëÿ ôóíêöèè f(x) =

√
3x+ 3 ln(x− 2). Íàéäèòå ðàññòîÿíèå ìåæäó

êàñàòåëüíûìè ê ãðàôèêàì, ïðîâåäåííûìè â ýòèõ òî÷êàõ.

262. Ïðè êàêèõ a óðàâíåíèå x2 + 2x + |4x− 4| = ax + 3 èìååò ðîâíî 2 ðåøåíèÿ?

Ëèíåéíàÿ çàìåíà ïåðåìåííîé

Åñëè
∫
f(x)dx = F (x) + C, òî

∫
f(kx + b)dx =

1

k
F (kx + b) + Ñ.

13)
∫ dx

(x− 2)k
, k 6= 1; 14)

∫ dx

x+ 2
; 15)

∫
cos 3xdx;

16)
∫

(2x− 3)10dx; 17)
∫

3
√

1− 3xdx; 18)
∫ dx√

2− 5x
;

19)
∫

cos 7x cos 4xdx; 20)
∫

sin2 3xdx; 21)
∫ dx

x2 + 4x+ 5
.

Åùå 4 òàáëè÷íûõ èíòåãðàëà:

11
∫ dx√

a2 − x2
= arcsin

x

a
+ C; 13

∫ dx

x2 − a2
=

1

2a
ln
∣∣∣x− a
x+ a

∣∣∣+ C;

12
∫ dx

x2 + a2
=

1

a
arctg

x

a
+ C; 14

∫ dx

a2 − x2
=

1

2a
ln
∣∣∣x+ a

x− a

∣∣∣+ C.

Ïðîèíòåãðèðóéòå, èñïîëüçóÿ òàáëè÷íûå èíòåãðàëû:

22)
∫ dx

2 + 3x2
; 23)

∫ dx

2− 3x2
; 24)

∫ dx√
2− 3x2

.


