
Óðîêè �60 09.02.10Áåñêîíå÷íûé ÷èñëîâîé ðÿä è ñóììà ðÿäà1. ÎïðåäåëåíèÿÎïðåäåëåíèå 1. Ïóñòü (xn) � ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü, òîãäà1) ∀n ∈ N Sn =
n
∑

i=1

xi íàçûâàåòñÿ å¼ ÷àñòè÷íîé ñóììîé, à ïîñëåäîâàòåëüíîñòü (Sn) � ïîñëåäîâàòåëü-íîñòüþ ÷àñòè÷íûõ ñóìì.2) ∞
∑

i=1

xi = lim
n→∞

Sn íàçûâàåòñÿ áåñêîíå÷íûì ÷èñëîâûì ðÿäîì ýòîé ïîñëåäîâàòåëüíîñòè.3) Åñëè ýòîò ïðåäåë ñóùåñòâóåò è ðàâåí ÷èñëó S, òî ðÿä íàçûâàåòñÿ ñõîäÿùèìñÿ, à S � åãî ñóììîé.Â ïðîòèâíîì ñëó÷àå ðÿä íàçûâàåòñÿ ðàñõîäÿùèìñÿ.2. Ïðèìåðû1) Ñõîäèòñÿ èëè ðàñõîäèòñÿ ðÿä ∞
∑

i=1

(2i− 1) = 1 + 3 + 5 + . . .? ×àñòè÷íàÿ ñóììà ýòîãî ðÿäà Sn = n2,
lim
n→∞

Sn = ∞, ïîýòîìó ðÿä ðàñõîäèòñÿ. Âîîáùå, ÷àñòè÷íûå ñóììû ëþáîé àðè�ìèòè÷åñêîé ïðîãðåññèè
(2a1+(n−1)d)n
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ñòðåìÿòñÿ ëèáî ê +∞, ëèáî ê −∞, ïîýòîìó ñîîòâåòñòóþùèé ðÿä áóäåò ðàñõîäÿùèìñÿ.2) Âû÷èñëèì ∞
∑

i=1

(
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2
+ 1
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+ . . .. Sn = 1−

(

1
2

)n → 1, ïîýòîìó ðÿä ñõîäèòñÿ ê åäèíèöå. Âîîáùåëþáîé áåñêîíå÷íî óáûâàþùåé ãåîìåòðè÷åñêîé ïðîãðåññèè ñîîòâåñòâóåò ñõîäÿùèéñÿ ðÿä, ïîñêîëü-êó lim
n→∞

b1(1−qn)
1−q

= b1
1−q

, à âîò äëÿ âîçðàñòàþùèõ ãåîìåòðè÷åñêèõ ïðîãðåññèé ýòî íåâåðíî ïî òîé æåïðè÷èíå.3) Ëþáóþ ïåðèîäè÷åñêóþ äåñÿòè÷íóþ äðîáü ìîæíî ðàññìàòðèâàòü êàê ñóììó áåñêîíå÷íîãî ñõîäÿ-ùåãîñÿ ðÿäà, ñóììîé êîòîðîãî ÿâëÿåòñÿ ðàöèîíàëüíîå ÷èñëî, íàïðèìåð,
0, 333 . . . = 0, 3 + 0, 03 + . . . =

∞
∑

i=1
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=
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.4) ∞

∑

i=1

1
i
� ãàðìîíè÷åñêèé ðÿä (êàæäûé åãî ÷ëåí, íà÷èíàÿ ñî âòîðîãî, ðàâåí ñðåäíåìó ãàðìîíè÷åñêîìóäâóõ ñîñåäíèõ). Îäíî èç ñàìûõ çíàìåíèòûõ óòâåðæäåíèé òåîðèè ðÿäîâ � äîêàçàòåëüñòâî, ÷òî îíðàñõîäèòñÿ!5) ∞

∑

i=1

(−1)i−1

2i−1
= 1− 1

3
+ 1

5
− 1

7
+ . . .. Êàê âû äóìàåòå, ñõîäèòñÿ èëè ðàñõîäèòñÿ ýòîò ðÿä? Îêàçûâàåòñÿ,ñõîäèòñÿ, ïðè÷åì åãî ñóììà ðàâíà π
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!6) �ÿä ∞

∑

i=1

(−1)i−1 = 1 − 1 + 1 − 1 + . . . � ðàñõîäÿùèéñÿ, ïîñêîëüêó åãî ÷àñòè÷íûå ñóììû íå èìåþòïðåäåëà.Æåëàþùèå ìîãóò ïðîäîëæèòü èçó÷åíèå ðÿäîâ, èñïîëüçóÿ ëèòåðàòóðó ïî ìàòåìàòè÷åñêîìó àíàëèçó.Íàì æå ïîíÿòèå ðÿäà è åãî ñóììû ïîçâîëèò âû÷èñëÿòü íåêîòîðûå áåñêîíå÷íûå ñóììû.3. �åøåíèå çàäà÷Âû÷èñëèòü:
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2) lim
n→∞

n
∑

i=1

3 · 2i−1

5 · 2n+1 + 3
= lim

n→∞

3(2n − 1)

5 · 2n+1 + 3
= lim

n→∞

3− 3
2n

10 + 3
2n

= 0, 3;

3) lim
n→∞









n
∑

i=1

(3i− 2)

2n+ 1
− 3n+ 1

4









= lim
n→∞

(

n(3n− 1)

2(2n+ 1)− 3n+1
4

)

= lim
n→∞

−7n− 1

8n+ 4
= −7

8
;

4) lim
n→∞

n
∑

i=1

(4i− 2)2 −
n
∑

i=1

(4i)2

4n2 + 3n+ 4
= lim

n→∞

−2
n
∑
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(8i− 2)

4n2 + 3n+ 4
= lim

n→∞

−8n2 − 4n

4n2 + 3n+ 4
= −2;

5)

∞
∑

i=1

a

i(i+ 1)
, ãäå a ∈ R, . . . = a lim

n→∞

(

1− 1

n+ 1

)

= a.4. Äîìàøíåå çàäàíèåÂû÷èñëèòü:
1) lim

n→∞
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; 2) lim
n→∞

n
∑

i=1
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n
∑
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4n− 6n2
;

3) lim
n→∞

(

n
∑

i=1

21−i · 2
n+1 + 3n+1

2n + 3n

)

; 4) Lim

(

1√
n
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n
∑

i=1
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;

5)
∞
∑

i=1

10

(100i− 99)(100i+ 1)
; 6) lim

n→∞









n
∑

i=1

i3

n
∑

i=1

i2
− 3n2 − 1

4n + 2









.Îòâåòû: 1) √
3+1
2

; 2) 1
3
; 3) 6; 4) √

2
2
; 5) 0, 1; 6) 0, 75.


