
Óðîêè �35-36 08.12.09Ïîêàçàòåëüíàÿ è ëîãàðè�ìè÷åñêàÿ �óíêöèÿ1. Ñòåïåíü ñ íàòóðàëüíûì ïîêàçàòåëåìÎïðåäåëåíèå:
an := 1 · a · . . . · a︸ ︷︷ ︸

n

, a ∈ R, n ∈ N (1)Ñâîéñòâà:
ax+y = ax · ay; (2)
(ax)y = axy. (3)Íåðàâåíñòâî Áåðíóëëè:

(1 + x)n > 1 + nx, x > −1, n ∈ N \ {1} (4)
2. Ñòåïåíü ñ öåëûì ïîêàçàòåëåìÏóñòü äëÿ a ∈ R, x, y ∈ Z âûïîëíåíû ñâîéñòâà 2 è 3. Äîêàæèòå, ÷òî

a0 = 1, a ∈ R; (5)
a−n =

1

an
, a ∈ R, a 6= 0, n ∈ N. (6)Ýòè ðàâåíñòâà ïðèíèìàþòñÿ çà îïðåäåëåíèå ñòåïåíè ñ öåëûì ïîêàçàòåëåì.Ñâîéñòâà (a, b ∈ R, a, b > 0, x, y ∈ Z):
ax+y = ax · ay; (7)
(ax)y = axy; (8)
ax−y =

ax

ay
; (9)

(a

b

)

=
ax

bx
; (10)



x = y ⇔ ax = ay, a 6= 1; (11)
a = b ⇔ ax = bx, x 6= 0; (12)

ax > 0; (13)
x > y ⇔ ax > ay, a > 1; (14)
x > y ⇔ ax < ay, 0 < a < 1; (15)
a > 1 ⇔ ax > 1, x > 0; (16)
a > b ⇔ ax > bx, x > 0; (17)
a > b ⇔ ax < bx, x < 0. (18)3. Àðè�ìåòè÷åñêèé êîðåíüÀðè�ìåòè÷åñêèì êîðíåì ñòåïåíè n ∈ N èç ÷èñëà a > 0 íàçûâàåòñÿ òàêîå ÷èñëî n

√
a,÷òî

n
√
a > 0; (19)

(
n
√
a
)n

= a. (20)Àêñèîìà Äåäåêèíäà:Åñëè ìíîæåñòâà A,B ⊂ R óäîâëåòâîðÿþò ñëåäóþùèì äâóì óñëîâèÿì:
1. ∀a ∈ A, ∀b ∈ B âûïîëíÿåòñÿ íåðàâåíñòâî a 6 b;

2. ∀ε > 0, ∃a ∈ A, b ∈ B | b− a < ε;òî ñóùåñòâóåò è åäèíñòâåííî òàêîå ÷èñëî c, ÷òî a 6 c 6 b äëÿ âñåõ a ∈ A è b ∈ B.Òåîðåìà 1: Àðè�ìåòè÷åñêèé êîðåíü ñòåïåíè n ∈ N èç ÷èñëà a > 0 ñóùåñòâóåò èåäèíñòâåíåí.



Ñâîéñòâà:
n
√
a · k

√
a =

nk
√
an+k; (21)
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=

nk
√
ak−n; (22)
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√
b =

n
√
ab; (23)
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√
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; (24)
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√
a
)k

=
n
√
ak; (25)

n

√

k
√
a = kn

√
a; (26)

nk
√
amk = n

√
am; (27)

n
√
ank = ak. (28)4. Ñòåïåíü ñ ðàöèîíàëüíûì ïîêàçàòåëåìÏóñòü äëÿ a ∈ R è âñåõ ðàöèîíàëüíûõ ïîêàçàòåëåé âûïîëíåíû ñâîéñòâà 2 è 3. Äîêà-æèòå, ÷òî

a
m

n = n
√
am, n ∈ N, m ∈ Z. (29)Ýòî ðàâåíñòâî ïðèíèìàåòñÿ çà îïðåäåëåíèå ñòåïåíè ñ ðàöèîíàëüíûì ïîêàçàòåëåì.Òåîðåìà 2. Çíà÷åíèå ñòåïåíè ñ ðàöèîíàëüíûì ïîêàçàòåëåì íå çàâèñèò îò ïðåä-ñòàâëåíèÿ ïîêàçàòåëÿ â âèäå äðîáè.

Ñâîéñòâà (a, b ∈ R, a, b > 0, x, y ∈ Q):
ax+y = ax · ay; (30)
(ax)y = axy; (31)



ax−y =
ax

ay
; (32)

(a

b

)

=
ax

bx
; (33)

a = b ⇔ ax = bx, x 6= 0; (34)
a−x =

1

ax
; (35)

ax > 0; (36)
x > y ⇔ ax > ay, a > 1; (37)
x > y ⇔ ax < ay, 0 < a < 1; (38)
a > 1 ⇔ ax > 1, x > 0; (39)
a > b ⇔ ax > bx, x > 0; (40)
a > b ⇔ ax < bx, x < 0; (41)

∀a > 1 ∀ε > 0 ∃δ > 0 | aδ < 1 + ε. (42)
5. Ïîêàçàòåëüíàÿ �óíêöèÿÏóñòü a > 0��èêñèðîâàííîå ÷èñëî. Ôóíêöèÿ y = ax áûëà îïðåäåëåíà äëÿ âñåõ x ∈ Q.Íóæíî äîîïðåäåëèòü ýòó �óíêöèþ íà âñåé ÷èñëîâîé ïðÿìîé òàê, ÷òîáû âûïîëíÿëèñüñâîéñòâà 30-41.Òåîðåìà 3. Ïóñòü a > 1. Äëÿ ëþáîãî x ∈ R \Q ñóùåñòâóåò åäèíñòâåííîå ÷èñëî yòàêîå, ÷òî

ap < y < ar,äëÿ âñåõ ðàöèîíàëüíûõ p è r òàêèõ, ÷òî p < x < r.



Åñëè a > 1, îïðåäåëèì y = ax ïðè x ∈ R \ Q êàê y èç òåîðåìû 3. Åñëè 0 < a < 1,ïîëîæèì
ax :=

(
1

a

)−x

.Ïîëó÷åííàÿ òàêèì îáðàçîì �óíêöèÿ íàçûâàåòñÿ ïîêàçàòåëüíîé �óíêöèåé.�ðà�èê �óíêöèè:

Ôóíêöèÿ f(x) íàçûâàåòñÿ íåïðåðûâíîé â òî÷êå x0 ∈ D(f), åñëè
∀ε > 0 ∃δ > 0 | |x− x0| < δ ⇒ |f(x)− f(x0)| < ε.Ôóíêöèÿ f(x) íàçûâàåòñÿ íåïðåðûâíîé íà ìíîæåñòâå M ⊂ D(f), åñëè îíà íåïðå-ðûâíà â êàæäîé òî÷êå ìíîæåñòâà M .Òåîðåìà 4. Ïîêàçàòåëüíàÿ �óíêöèÿ ìîíîòîííà è íåïðåðûâíà íà âñåé ÷èñëîâîé ïðÿ-ìîé.



Ñâîéñòâà (a, b ∈ R, a, b > 0, x, y ∈ R):
ax+y = ax · ay; (43)
(ax)y = axy; (44)
ax−y =

ax

ay
; (45)

(a

b

)

=
ax

bx
; (46)

a = b ⇔ ax = bx, x 6= 0; (47)
a−x =

1

ax
; (48)

ax > 0; (49)
x > y ⇔ ax > ay, a > 1; (50)
x > y ⇔ ax < ay, 0 < a < 1; (51)
a > 1 ⇔ ax > 1, x > 0; (52)



a > b ⇔ ax > bx, x > 0; (53)
a > b ⇔ ax < bx, x < 0. (54)6. Ëîãàðè�ìè÷åñêàÿ �óíêöèÿ.Ïðè a 6= 1 �óíêöèÿ y(x), îáðàòíàÿ ê ïîêàçàòåëüíîé, íàçûâàåòñÿ ëîãàðè�ìè÷åñêîé�óíêöèåé. D(y) = (0; +∞), E(y) = R. Ôóíêöèÿ ÿâëÿåòñÿ ìîíîòîííîé è íåïðåðûâ-íîé íà âñåé îáëàñòè îïðåäåëåíèÿ. �ðà�èê ëîãàðè�ìè÷åñêîé �óíêöèè ñèììåòðè÷åíãðà�èêó ïîêàçàòåëüíîé �óíêöèè îòíîñèòåëüíî ïðÿìîé y = x:

Ëîãàðè�ì ÷èñëà b > 0 ïî îñíîâàíèþ a > 0, a 6= 1 � ýòî òàêîå ÷èñëî loga b, ÷òî
aloga b = b. (55)(Îñíîâíîå ëîãàðè�ìè÷åñêîå òîæäåñòâî)Ñâîéñòâà:

loga 1 = 0; (56)
loga a = 1; (57)
loga bc = loga b+ loga c; (58)
loga

b

c
= loga b− loga c; (59)

loga b
c = c loga b; (60)



logac b =
1

c
loga b; (61)

loga b =
logc b

logc a
; (62)

loga b =
1

logb a
; (63)

b > c > 0 ⇔ loga b > loga c, a > 1; (64)
b > c > 0 ⇔ loga b < loga c, 0 < a < 1. (65)7. �àçáîð çàäà÷è ñ ïðîøëîãî óðîêà×òî áîëüøå, log10 11 èëè log9 10?I ñïîñîá: âû÷åñòü èç êàæäîãî åäèíèöó, ïðåäñòàâèòü, êàê ëîãàðè�ì îò äðîáè, è ñðàâíèòüêàæäîå ñ ëîãàðè�ìîì (1 + 1

10
) ïî îñíîâàíèþ 9.II ñïîñîá: ðàññìîòðåòü êîðåíü èç ÷àñòíîãî è èñïîëüçîâàòü íåðàâåíñòâî Êîøè (ìîæíîðàññìîòðåòü ðåøåíèå â îáùåì âèäå).8. Äîìàøíåå çàäàíèå1. Ñðàâíèòå log 1
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80
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1

15+
√
2
;2. Âû÷èñëèòå

log3 2·log4 3·log5 4·log6 5·log7 6·log8 7; 3. Ñðàâíèòå log17 19 è log19 20;4. Ñðàâíèòå log7 10 è log11 13.


