Penrenns.

1. Cymma cra gucesn paBua 1000. Camoe 0oJibllioe U3 HUX yBEJMIUIN B JIBa pa3a, a €Ile OJIHO UUCJIO
yMmenbIuan Ha 10. Okaszajock, 9To cyMMa He u3MeHnach. Haliure camoe MajieHbKOe U3 UCXOIHBIX UNCET.

Otser: 10.

Pemtenwne. I[lycts x — mHanboJibiliee U3 JAHHBIX YUCENI, & Y — TO YHUCJIO, KOTOPOE YMeHbIIm. Torma
r+y=2r+y—10, 7. e. x = 10.

Tak kak cpejHee apudMeTHIECKOEe UCXOIHBIX duces paBHO 10 u camoe OOJIBIIIOE U3 STUX UHCE TaK¥Ke
paBHO 10, TO KaK/10e U3 JaHHBIX unces paBHo 10.

2. Ha nocke namucano uucyo 19941995 . ..20032004. PazobbeM ero gecaTuanyio 3aich MPOU3BOJILHBIM
obpas3oM Ha Ba 9nucia u ca0KuM uX. C MOJIyIeHHBIM YUCIOM MPOJIEIaeM AHAJTOTUIHYIO OITEPAINIO U TaK
JIO TeX TOp TOKa He TOJyYUM OJHO3HaYHOe Ymcio. Kakume oJfHO3HAYHBIE YHCIAa MOYKHO TOJYIUTH TAKIM
obpazom?

Orser: 2.

Pemenue. IIycts B pesysbraTe HEKOTOPOro pasOHEHNs TIOJIYI€HbI YUCIA T U Y, TOLJA UCXOJHOE THCIIO
umesto Byt 210 . . . 04y, a qucsio, mosrydeHHoe B pe3yJsibTare yKa3aHHOil omepalyn paBHo £+y. Pacemorpum
pasHocTb 3tux qncest: (x-10...04+y) —(x +y)=99...9-x.

Tak Kak dTa PasHOCTb KpaTHa 9, TO MCXOJHOE U TIOJYYEHHOE YUCJIO UMEIOT OJMHAKOBBIE OCTATKH OT
nenenns Ha 9. CileloBaTe/IbHO, KayKJIblil pa3, NPH BBIIOJHEHUM YKA3aHHON ONEpaIuy 3TOT OCTATOK He
U3MeHSIeTCsl (SBJISIETCSI MHBAPHAHTOM ).

Ocrarok npu jenennn Ha 9 gucaa 19941995 .. .20032004 pasen 2.

3. Buyrpu npsamoro yriia M PN muposenen jiya PO. B kaxkbiit m3 00pa3soBaBIIUXCS OCTPBIX YIJIOB
BIICAHa OKPYKHOCTD, IIpudeM obe oHn Kacatorces Jiyda PO B Touke O. Haitaure jpauny orpeska PO, ecin
paJinychbl OKpPYKHOCTEl paBHBI 2 U 3.

OrBer: © = 6.

Pemenue. I[Iycts O u Oy — 11eHTpbI MeHbIIE 1 OOJIbITIeH OKPY2KHOCTEN COOT- M
BETCTBEHHO, A 1 B — To4ukHM uX Kacauus co croponamu yria, PA = PO = PB = .
0
IMepssbriii cioco6. Ilpogmum 10 mepecedenus B touke K jyun AO; u BOs. Lo
Jlerko Bugers, uro APBK — xsazpar. Torna KO; = x — 2, KOy = v — 3 u 110
teopeme [Tudaropa B rpeyrobauke KO0y umeem 25 = (v —2)% 4 (x — 3)?, orkya P Z N

xr = 6.

Bropoii crioco6. Taxk kak ZAPB = 90°, a PO; u POy — OHCCEeKTPUCHI YTJIOB

ZAPO u ZOPB coorsercrBenno, o ZOPO; + ZOPQO, = 45°. Torma tg45° =
2 3
tgLOPO, +tgZ0PO; 5 T S B R,
= T b | = ———F—~5, OTK —=1—=— 1TOor
1— tg ZOPO, - tg ZOPO,’ 2 3T 22 O

r X

x = 6.

4. Pemmure ypasnenue: (2z + 2) (5 — 2z) (42 + 8z + 11) = 10(2x + 3)2.
1417
—

Pemtenwne. [Ipeobpasyem janHoe ypaBHEHUE:
(22 +2) (5 — 2z) (42% + 8z + 11) = 10(2z + 3)* & (—42? + 62 + 10) (42 + 8z + 11) = 10(2z + 3)%.

Tak kak = —1,5 He gBJIgeTCAd KOPHEM YpPaBHEHUS (HpOBepﬂeTCH HO,ZLCTaHOBKoﬁ), TO IIOJIy4YE€HHOE
YpaBHEHNE PaBHOCUJIBHO YPaBHEHUIO

OrBer:

422+ 62+ 10 4x? +8x+ 11 _

10.
2z + 3 2x+ 3




1 —42? + 62 + 10 42% +8x + 11 N 14z + 21
CTh =9y, —————————— = z, TOTJA 2=—=
Y 2% + 3 T 2w +3 Tty 2 + 3
Takum obpaszom,
y=2,
=
y+Z:7 :5’
z = 2.

Jastee, B KaxKJI0# U3 MOJTyYEHHBIX CUCTEM JIOCTATOYHO PACCMOTPETH OJTHO U3 YPaBHEHUIA.

42 + 8 11 1+ V17
1) w:5@2x2_$_2@x:—
2v+ 3 4
422 + 8 11
2) % = 2 & 422 + 42 + 5 = 0. D10 KBajpaTHOE YpaBHEHHE He UMeeT KOPHeil.
x

5. CymMMa IJIOCKHUX YTJIOB TIPHU BepIrHe nupamuasl Oosbime 180°. JlokaxknuTe, 910 Kaxk1oe €€ DOKOBOe
pebpo KopoUe TOoJIyIIepruMeTpa OCHOBaHUSI.

Pemenmne. [Iycte SA1 Ay ... A, — naHHas mupaMua.

PaccmorpuMm  cireyioniyio eé pa3BépTKy: pa3perkeM IUpaMuLy 10 pédbpaM OCHOBa-
Hust u 1o pebpy SA;. OcHoBanue nupamMuisl yiaajinm. Pa3zséprka Oymer mpejcTB/IsTh
u3 cebst MHOrOYrosbHUK SAj Ay ... A, A (41006 He TIeperpykaTh 3aIHch, Mbl COXPa-
HIJI 0003HAYEHNs BEPIINH 3a MX obpasaMu Ha pa3BépTKe), y Koroporo yroa A;SAj 1
10 YCJIOBUIO DOJIbIIE Pa3BEPHYTOTO. o

Paccmorpum Torya cepenuunblii neprenukyiasp K orpesky AjAj. Iockonbky syum SAs, SAs,. ..,
S A, pasbuBaror jonosHerue K yriy ZA;S A Ha n yrioB, yKa3aHHBIH MEPIEHAUKY/ISIP TPOHAET BHYTPH
WM TI0 CTOPOHE OJIHOTO M3 HUX. 3HA4YNT, OH HepecedeT jgomanyio AjAs ... A, A} B Touke K, jexarmieiil Ha
KaKOM-TO orpe3ke A; A;. 1.

Torma mpuMeHNM JIBa M3BECTHBIX CJIEJICTBUS HepaBeHCTBa TpeyrosbauKa: A1 K < A1 Ay + AsAs+ ...+
+ A; K (slomanast He KOpode oTpesKa, coejpuusonero eé kounpl), KA| < KA; 1 + A1 Ao + -+ + A A
(ro xxe) u A1.S+ SA] < A1 K + K A) (eciin u3 1BYX TPEyroJbHUKOB ¢ OOIIUM OCHOBAHUEM OJINH HAXOJUTCSI
BHYTPH JIDYTOTO, TO CyMMa €ro GOKOBBIX CTOPOH MEHBIIE CyMMbI GOKOBBIX CTOPOH JPYTOro).

U3 stux mHepasercts caemyer 2415 < AjAs + AyAs + - - - + A, A, aro u TpeboBaoch.

[Tockosbky pebpo SA; O6bLIO BEIOpAHO MPOU3BOJIBLHO, 33/1a9y MOXKHO CUATATH PEIIEHHON MOJTHOCTHIO.

6. 13 jucra KiaeryaToit OyMaru BbIpe3aJid 10 JUHUAM CEeTKH MHOT'OYTOJBHUK 0e3 nbIp. 3BecTHO, UTO
€ro MOYKHO pa3pe3aTrh 10 JIMHUSM CeTKH Ha MPAMOYToabHUKE 2 X 1. /lokaxkuTe, ITO y HEroO €CTh XOTsl Obl
OJIHa CTOPOHA YE€THOU JIJIMHDI.

Pemmenne. Packpacum kjeTkn B maxMaTHOM mopsijike. Tak KaK MHOTOYTOJIbHUK MOYKHO pa3pe3aTh Ha
MPSMOYTOJIBHUKH 2 X 1, TO KOJIMIeCTBO OEJIBbIX KJIETOK M KOJUIeCTBO Y€PHBIX KJIETOK paBHBI. Torma obiree
KOJIMYIECTBO CTOPOH OEJIBIX KJIETOK PABHO KOJIMYECTBY CTOPOH YE€PHBIX KJIETOK.

[TockobKy BHYTPH (DUTYDPBI K KaXKJ0lf CTOPOHE 0eJIoil KJIeTKH MPUMBIKAET CTOPOHA YePHOMN KJIETKU, TO
koJsindecTBa "6esbix" u "vepubix" cropon BayTpu hurypst pasubl. Cie10BaTeIbHO, KOJIMYECTBA HA TPAHUIIE
TakyKe paBHbl. HO ecjin Bce cTOPOHBI MHOTOYTOJIbHIKA HEUETHBI, TO HAYAJIO KaXKJOW CTOPOHBI IPUMBIKAET
K KBaJIpaTy TOTO K€ I[BeTa, YTO U KOHEI] 3TOI CTOPOHBI, I KOHEIT KayKJI0H CTOPOHBI IPUMBIKAET K KBaJIPATY
TOTO K€ I[BeTa, YTO U HAYAJO CJEIYIONe CTOPOHDI.

CitetoBaTeIbHO, CTOPOH KJIETOK KAKOTO-TO I[BETA HA I'PAHUIE MHOTOYToIbHUKA OostbIte. [IpoTuBopeune.

7. Cpasnure log, 5 —logg 4 n 1.

Pemenmne. [Iycts A =log, 5 —log;4 =1log,2,5+1—2logs2 =y + 1, rne y = log, 2,5 — 2log; 2. Tak
Kak 0 < logz2 <1, 10 0 < 2logy2 < 2.

Tak kak log, 2,5 < log,4 =2, o y < 0. Cinenosaresnsuo, A =y + 1 < 1. 3naunt, log, 5 — log; 4 < 1.

KommenTapwmii. I3 Toro, uto log, 2,5 < 2 n 2logy 2 < 2 He ciegyeT, 9TO UX Pa3HOCTb MeHbIIe (.



Bepnoe pemenne. Jlokaxkem, uto log, 5 — logs 4 > 1.
5
DTO 3KBUBAJIEHTHO TOMY, 4TO log, 5 —2 > logs4—1 & log, ;51 > logs % & 3loe2d > %. Bocnoibzyemest

TOJKIECTBOM a'°%¢ = (%% (11 ero JOKa3aTeabCTBa JOCTATOYHO HMPOJIOrapHpMIPOBATL 06€ YaCTH MO
4
3

5
OCHOBAaHMIO b) U OYeBHJHBIM HepaBeHCTBOM log,3 > 3. Urak, 3'°%21 = (2)ls23 > (2)2 >

Gy =8>8 =(4p 2
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8. Cymma yriioB TpeyroybHuKa paaa 180°. B

HokazareabcTBo. [lycts S— cymma yrios tpeyronsuuka ABC. I1posenem orpe3ok D
U IPOHYMEPYEM TOJIy YUBIITHECsT YTl (CM. PHC).
Torma £14+ /24 /3=8 (*)u L4+ 45+ £6 =S (**). A C
1+ 224+ /54+/6=85u 43+ £4 = 180° — Tak Kak 3TU YIJIbl— CMeXKHBIE. b
Cnoxnm pasencrsa (*) u (**): L1 + 42+ £3 4+ £4 + 45+ £6 = 2S; S + 180° = 2S5. CrnenoBaresibHo
S =180° u. . 1.

Kommenrtapuii. [IpuBenennoe paccyzk/ienne onupaercs Ha TOT (haKT, 9TO BCe TPEYTOJHHUKU UMEIOT
OJTHY M TY K€ CyMMY VIJIOB.

9. Ecrh oxkepesibe u3 AT OYCHHOK pasHoro pasmepa. CKOJbKUME CIIOCODAMHI MOXKHO ITOKPACHTDH Oy-
CcUHKH He Oojiee UeM B IIATH I[BETOB TaK, 9TOOBI HUKAKNE JIBe COCe/IHMe OyCMHKY He ObLIN OJHOrO IBeTa’

OTset: 960.

Pentenwne. [lepByio OYCHHKY MOXKHO ITOKPACUTDH B JIFOOOH U3 IATH I[BETOB, TO €CTh HATHIO CIIOCODAMU,
KaXKIyI0 U3 JIByX COCETHUX — YEeThIPbMSI CIIOCOOAMU, & U3 JIBYX OCTABIIMXCST: OJHY — YeThIPbMSI CIIOCOOAMM,
a apyryio — tpema. Uroro: 3 -43 - 5 = 960.

KommenTapuii. Ectb BapuaHT, KOrja IBeT BTOPOil M3 JIBYX OCTABIINXCHA OYCHHOK TOXKE MOYKHO BBI-
6parb 4 criocobamu (ec/im OHa OKa3aJach MEXK/IY OJIHOIBETHBIME OYCHHKAMN).

Bepmnnbriit orsBet: 1020 criocobos.

Bepnoe pemenne. Sadukcupyem omay Oycumuky. [lycTh, 7715 onpejie/leHHOCTH, OHa IOKpalleHa B

nser 1. Torya paceMoTpuMm JiBa cirydast:

1. Bycunku cieBa u cupasa orT (GDUKCHPOBAHHON OJHOrO 1BeTa x (cM. puc. 1), @
KOTOPBIN MOYXKHO BBIOpaTh 4-Msi criocobamu (r0boii 1Bet, kpome 1). Torma msera @ puc. 1 @
9eTBEPTON ¥ MATON OYyCHHOK MOXKHO BBIOpaTh 4 X 3 criocobamu (y — He Takoil, Kax &,

TO €CTb BbIOUpaeTcs 4-Ms crocodbaMu, z — He TaKo#, KaK & U ¥, TO €CTh BHIOMPaAETCs @ O
3-ms criocobamu). Utoro: 4 X 4 X 3 = 48 crocobos.

2. Bycunku ciieBa u cripaBa oT (DUKCHPOBAHHOW PA3HOrO IBeTa T U Y (CM. PHC. 2), KOTOPbIE MOXKHO
BeIOpaTh 4 X 3 crocobamu (a He 4 X 4, Tak Kak CJIydail, KOIjia OHI OJJHOTO I[BETA, MBI YK€ PACCMOTDEJIH).

@ @ @
@ puc. 2 @ @ puc. 3 @ @ puc. 4 @

O O @ O @ &

Jlnst KaxKJi0il pacKpacKu yzKe PacCMOTPEHHBIX OyCHMHOK CYIIECTBYIOT €IIe JIBa CJIyUas:

a) OyCHHKa PsiZIoM € & MOKpariena B 1BeT y (em. puc. 3). Torma ocrapiiytocst 6yCHHKY MOKHO TIOKPACUTh
4-M criocobamu.

b) GycurKa psIOM ¢ T MOKpAIlleHa B KAKOHW-TO JIpyroii mser z (cM. puc. 4), oramgnbiii or y. Torga mper
Z MOXKHO BBIOpPATh 3-Msl CIIOCODaMU, I[BET JIJIsi TIOKPACKH IOCJIe/IHEell OYCUHKN — TOXKeE.

Uroro: 4 x 3 x (44 9) = 156. Takum o6pazom, KoJuIecTBO criocobos " moKkpacuTs"6ychl, ecyin GycHHKa
npera 1 dpukcuposana, paBHo 48 + 156 = 204. A ob1ree KOJIUIeCTBO CIIOCOOOB B 5 pas boJbiie, T.e., 1020.

10. Haityure Bce ypasHeHnus suga a2 + pr + ¢ = 0, Takue, 9T0 9UCIA P U ¢ ABAAIOTCA €TI0 KOPHAMIA.

Pemienue.
[Tepswrit ciocob. Ilo Teopeme Buera:




p+q=—p, p=0, q= -2,
= njin

Pqg=q q=20 = 1.

Takum 06pas3oM, uckoMble ypasHenus: r2 =0 u 22 + 2 — 2 = 0.
Bropoii criocob. [lojgcraBum ducia p u ¢ B JaHHOE ypaBHEHUE:

pP+p*+q=0, 2p° +q =0,
9 =
¢ +pg+q=0, qglg+p+1)=0,

:07 = - _]-7
g_ JI 23 _p_ =
2p” =0, 2p"—p—1=0,
p:07 p:17 p:_1/27
nJIn nJjim
=0, q= -2, q=—1/2.

Takum obpazoM, uckomble ypasuenus: 2 =0, 22+ —2=0u 2% — (1/2)z — 1/2 = 0.

Bepnoe pemienue. Hecmorpst Ha pa3judHbie OTBETHI, TMOJIyUIE€HHBIE B IIEPBOM U BTOPOM PEIEHUSIX,
oba pereHns MOXKHO CUYNTATh BEPHBIMHU. ABTOPBHI 9THX PEIIeHni Mo-pa3sHoOMy TOJIKOBaJm ¢pasdy "p u ¢
SIBJISIIOTCSL €10 KOpHAMu'".

ABTop nepsoro pemnienusi onumaer 310 Kak "{p; ¢} (wu {p} upu p = ¢) ecTb MHOKECTBO KOPHEIi JlaH-
noro ypasuenus". [Ipu Takom moHuMaHUM KOPHU JIOJI?KHBI YJIOBJIETBOPATH TeopeMe Buera, cocraBiiennast
cucTeMa peleHa BepHO. ABTOpP BTOPOTO peleHusi MOHUMaeT (hppasdy yCI0BHUs KaK '"p— KOPEHb JTAHHOTO
ypaBHEeHHS U ¢ ToxKe ero Kopeub'". Ha ocHOBaHumM omnpejieienns moHATUS "KOpeHb ypaBHeHHUs " cocTaBieHa
U BEpHO pellleHa CUCTeMa ypaBHEHN. KcTecTBeHHO, YTO OTBETHI, IMOJyYeHHbIE B XOJIe BTOPOTO peIleHus,
BKJIIOYAIOT B ce0st OTBETBI, MOJIyYeHHbIE IPU epBOM, a ypasaenue x2 — (1/2)z —1/2 = 0 umeer jBa KopHs,
OJIH U3 KOTOPBIX P (M OH Ke (), a BTOPOIl — COBEPIIIEHHO JPYTroe YUCIIO.

CocTaBuTesisiM BTOPOE TOJIKOBAHUE YCJIOBUS KAYKETC 9y Th 00JIee eCTeCTBEHHBIM, OTHAKO U [IEPBOE MMe-
eT MpaBo Ha CYIIeCTBOBaHUE — IPOOIeMa 3/1eCh B HEKOPPEKTHOCTH (DOPMYJIMPOBKHY 33/ IaHUsT U HEOTHO3HA-
HOCTHU TIEPEBOJIA YCJIOBHS 3a/[a9 ¢ €CTECTBEHHOIO S3bIKa, Ha (POPMATIbHO-MATEMATUICCKUN. 3aMETHM, UTO
B 000UX pellleHnsx He TpedyeTcs MPOBEPKa TOr0, UYTO HallJIEHHbIE YPABHEHUS YJ/IOBJIETBOPAIOT YCIOBUSIM.

11. Cpeau nepBooOpa3HBIX JIIOO0I TTepHOAMIecKoil (DYHKINH, HellpepbiBHON Ha R, Haiiercs xoTs Ob
o/iHa Tepuoinieckasi (PyHKIUS.

HokazarenbcrBo. [lycrs f(z)— nepuonnueckas dbyukius, To ectb, Vo € R f(x +T) = f(x). Torma
[ flo+T)dz = [ f(z) d.

Ecmun F(x)— oana n3 nepBoobpasubix f(x), To mepBoodbpasnas dyukiwn f(x +71') pasna F(z+T) (mo
TeopeMe 0 nepBoobpasHoii komnosunuu dyskiumii). CrenoBaTebHO, MOTyYeHHOE PABEHCTBO MHTEIPAJIOB
paBHOCHIBHO TOMY, ut0 F'(xv + 1) = F(z) + C, rne C € R.

B wacruoctu, npu C' = 0 nmoayunm: F(x +T) = F(x), 1o ectb, F(r) — nepuoaudeckas GyHKIHS.

KommenTapuii. Chopmyuposantoe yreepK ienne sesepro. Hanpumep, dynkuus f(x) = cosz+1—
nepuo/IecKast (PyHKIMs, a MHOKECTBO ee nepBoobpasubix F(x) = sinz + x + C. Cpeau HUX nepuojude-
CKUX (PYHKIIUI HET.

Ha camom sieste, n3 paBeHCTBa HHTErpaJioB ciemyet 1o, uro F(x+ 1)+ Cy = F(z) + Cy, tie Cy u Cy —
mobele JeficrBuTesbibe qucia. Ho nx pasnocts Cy — C) — yake He moboe uncio! (T.x. F(T') me Bcerna
pasua F(0)).

12. Ecimm 11eHTp OKpPYKHOCTHU, ITPOXOJIAIIEH Yepe3 cepe/IMHbI TPeX CTOPOH TPEYToJIbHUKA, JIEXKUT Ha
OUCCEeKTpUCe OHOIO U3 €0 YIJIOB, TO TPEYTOJIbHUK — PaBHOOEIPEHHBIII.

HoxkazareabcTBo. [Iycts nientp O okpyxkHOCTH S, TIpoxojdmeii yepe3 cepeaunbl K, M u N cropon
coorBercrBenno BC, AB u AC, nexur na 6uccexkrpuce yria A. I[lycrs 6uccekrpuca yria A nepecekaer



OKPYZKHOCTB 57, OIHMCAHHYIO OK0Jio Tpeyrojbauka AM N, B Touke P. Torma PM = PN (u3 pasencrsa
JIYT CJIeJyeT PaBEeHCTBO cOOTBeTCTBYIOMuUX Xopi). Kpome roro, OM = ON (kak pajychl OKpy:KHOCTH S).
[Tockombky Toukn P u O paBHOyIa/eHbl OT KOHIOB orpe3ka M N, To mpsmas O P, mpoxosinasi TakxKe
qepe3 TOUKy A, — cepenHHbIi epreHuKy/sap K orpesky M N. Crenosarenbuo, AM = AN u AB = AC.

KommenTapuii. ABTOpoM perrreHnst He pacCMOTPeH ellie OJuH caydaii: Korma Touku P u O coBIaaroT.
Torma, Tak Kak OKpyzKHOCTH S 1 S] OINMCAHBI BOKPYTD paBHBIX TpeyrojabHukos AMN u MK N, To oHm
cuMMeTpuaHbl oTHOCcUTeIbHO M N. ClieioBaTe/ibHO, IEHTP OKPYKHOCTH S1 MPUHAIIEXKUT OKPYKHOCTH S.
O6ozuaunm ero O1. Ecau yron ZMAN = a, to ZMO1N = 2, u a + 2 = 180° (Tak Kak cymMMma yrjioB
MAN n MPN pasna 180°). Crenosaresnsio a = 60°.

T.e., Ha camMoM Jiejie OTBeT B 3aj1ade Takoii: uian Tpeyroabunk A BC paBHOOeIpeH-
HBII, U YroJl, Ha OMCCEKTPUCEe KOTOPOTO JIEXKHUT IEHTP JTAHHON OKPYKHOCTH PaBeH
60° (1 TpeyroJibHUK HE 00sI3aTe/IbHO PABHOOEIPEHHBIIT ).




