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0. Ôîðìóëèðîâêà è êîììåíòàðèè

∑
n∈Z

qn
2
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1 + q2m−1Z
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1 +

q2m−1

Z

))
(jac3)

Ýòà ôîðìóëà ïîíèìàåòñÿ ëèáî àíàëèòè÷åñêè ïðè q ∈ Ḋ1, Z ∈ Ċ,
ëèáî êàê ðàâåíñòâî â Q(Z)[[q]].
Íèæå ïðèâîäÿòñÿ èëè íàìå÷àþòñÿ òðè å¼ äîêàçàòåëüñòâà

• Ýëåìåíòàðíîå;
• Êîìïëåêñíî-àíàëèòè÷åñêîå � êðàòêèé íàáðîñîê ;
• Êîìáèíàòîðíîå.

Ýëåìåíòàðíîå äîêàçàòåëüñòâî âîñïðîèçâîäèòñÿ ïî
[ÏîëèàÑåãå1978]. Êðàòêèé íàáðîñîê êîìïëåêñíî-àíàëèòè÷åñêîãî
äîêàçàòåëüñòâà (ñ ñóùåñòâåííî èçìåí¼ííûìè äîêàçàòåëüñòâàìè)
ñëåäóåò [ÃóðâèöÊóðàíò1968].

1. Ýëåìåíòàðíîå äîêàçàòåëüñòâî

Îíî ïðåäñòàâëåíî â [ÏîëèàÑåãå1978] äâóìÿ çàäà÷àìè íà ñòð.
27 (ìû çàìåíÿåì îðèãèíàëüíîå z íà íàøå Z):

52. Îïðåäåëèòü êîýôôèöèåíòû C0, C1, C2, . . . Cn â òîæäåñòâå

(1 + qZ)(1 + qZ−1)(1 + q3Z)(1 + q3Z−1) . . .

. . . (1 + q2n−1Z)(1 + q2n−1Z−1) =

= C0 + C1(Z + Z−1) + C2(Z
2 + Z−2) + . . . Cn(Z

n + Z−n).

53. Èç òîæäåñòâà çàäà÷è 52 ïðåäåëüíûì ïåðåõîäîì âûâåñòè ôîðìóëó

∞∏
n=1

(1 + q2n−1Z)(1 + q2n−1Z−1)(1− q2n) =
∞∑

n=−∞
qn

2
Zn (|q| < 1).
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Ðåøåíèÿ ïðèâîäÿòñÿ ñî ññûëêîé íà [Lacour1897], ñòð. 398, è íà
[Jacobi1881], Werke, ò.1., ñòð. 234.

52. Îáîçíà÷èì ðàññìàòðèâàåìîå âûðàæåíèå ÷åðåç ϕn(Z). Èìååì:

ϕn(q
2Z) = ϕn(Z)

1 + q2n+1Z

qZ + q2n
.

Îòñþäà

Cνq
2ν+1(1− q2n−2ν) = Cν+1(1− q2n+2ν+2) (ν = 0, 1, . . . , n− 1),

Cn = qn
2
,

ñëåäîâàòåëüíî,

Cν =
(1− q2n+2ν+2)(1− q2n+2ν+4) . . . (1− q4n)

(1− q2)(1− q4) . . . (1− q2n−2ν)
qν

2
(ν = 0, 1, . . . , n− 1).

53. Ïðåäåëüíûì ïåðåõîäîì ïðè n→∞ èç çàäà÷è 52.

Çàìå÷àíèÿ
(à) Õîòÿ ïðèâåä¼ííîå äîêàçàòåëüñòâî êàæåòñÿ äîñòóïíûì øêîëü-

íèêó, îáå ññûëêè ñâÿçûâàþò åãî ñ ìîíîãðàôèÿìè ïî òåîðèè ýë-

ëèïòè÷åñêèõ ôóíêöèé. Òàêèì îáðàçîì, õîòü è áóäó÷è ïîïëíûì è
ôîðìàëüíî áåçóïðå÷íûì, äîêàçàòåëüñòâî îñòàâëÿåò ñêðûòûì íåêî-
òîðûå âàæíûå ñòðóêòóðû. Ñì. äàëåå.
(á) Êðàòêîå �ðåøåíèå� çàäà÷è ïðåäëàãàåò ïåðåéòè ê ïðåäåëó ïðè

n→∞ â ðàâåíñòâå

(1+qZ)(1+qZ−1)(1+q3Z)(1+q3Z−1) . . . (1+q2n−1Z)(1+q2n−1Z−1) =

=
(1− q2n+2)(1− q2n+4ν+2) . . . (1− q4n)

(1− q2)(1− q4) . . . (1− q2n−2)
+

+
(1− q2n+4)(1− q2n+6) . . . (1− q4n)

(1− q2)(1− q4) . . . (1− q2n−2)
q(Z + Z−1)+

+
(1− q2n+6)(1− q2n+8) . . . (1− q4n)

(1− q2)(1− q4) . . . (1− q2n−4)
q4(Z2 + Z−2)+

+ . . . qn
2

(Zn + Z−n),

òî åñòü óñòàíîâèòü, ÷òî ïðè |q| < 1

lim
n→∞

(1− q2n+2)(1− q2n+4) . . . (1− q4n)

(1− q2)(1− q4) . . . (1− q2n−2)
=

1∏∞
m=1(1− q2m)

.

Ýòî íå âïîëíå òðèâèàëüíîå óïðàæíåíèå.
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2. Î êîìïëåêñíî-àíàëèòè÷åñêîì äîêàçàòåëüñòâå

Îíî çàâåðøàåòñÿ â [ÃóðâèöÊóðàíò1968] íà ñòð. 208 è èñïîëü-
çóåò ðåçóëüòàòû ïðèìåðíî 20 ïðåäøåñòâóþùèõ ñòðàíèö.
Êëþ÷åâûì ÿâëÿåòñÿ ðàâåíñòâî

θ′00(0|τ) = πθ01(0|τ)θ10(0|τ)θ11(0|τ),

â êîòîðîì ôèãóðèðóþò ôóíêöèè θab, ðîäñòâåííûå íàøåé θ = θ11.

3. Î êîìáèíàòîðíîì äîêàçàòåëüñòâå

Èçâåñòíî ïðîçðà÷íîå äîêàçàòåëüñòâî ôîðìóëû∑
n∈Z

qn(n+1)Zn ?
=
∞∏
k=1

(1− q2k)
∞∏
m=1

((
1 + q2mZ

)(
1 +

q2m−2

Z

)
,

)
â êîòîðîé íàøà Θ−Θ11 çàìåíåíà íà ÷óòü âèäîèçìåí¼ííóþ Θ10.

Ñïèñîê ëèòåðàòóðû

[Jacobi1881] Carl Gustav Jacobi, Fundamenta nova theoriae functionum

ellipticarum. Berlin, G. Reimer, 1881.
[Lacour1897] E. Lacour, Principes de la th�eorie des fonctions elliptiques et

applications. Paris, Gauthier-Villars, 1897.
[ÃóðâèöÊóðàíò1968] À. Ãóðâèö, Ð. Êóðàíò, Òåîðèÿ ôóíêöèé. Ì., �Íàóêà�,

1968. (Ïåðåâîä ñ íåìåöêîãî Ì.À. Åâãðàôîâà).
[ÏîëèàÑåãå1978] Ã. Ïîëèà, Ã. Ñåãå, Çàäà÷è è Òåîðåìû èç Àíàëèçà. Ì., �Íà-

óêà�, 1978. (Ïåðåâîä ñ íåìåöêîãî Ä.À. Ðàéêîâà).

3


