Solution of Gauss-Kuzmin equation

Theorem. Let fo(x);[0,1] — R be twise continuously differentiable function and

Moy = max |((z +1)fo(2))| = max |(z +1)f5(z) + fo(z)]-

z€[0,1] z€[0,1]

Suppose that fo(0) =0 und fo(1) = 1. Consider functions f,(x) defined by

=3 (1 (3) - (555)) )

log(z + 1) _
_°or 7 n < — — = 0. +
log 2 + O, (x)q"  mit max ;2[%% 1O, ()| <3My, ¢q=2¢(3)—¢(2)=0.759". (2)

then

fn(x) =

Remark. The series in the right hand side of (1) converges because of

1 1 1 1 maxgeo,1] | f ()]
i - < | = — . < : .
”(k:) f”<x+k)’\’k x—i—k‘ xe[%’f’n< 7)< 2

Substituting in (2) the values z = 0 and x = 1 we get

fa(0) =0, fu(l)=1 Vn. (3)

Lemma. Consider function f(zx):[0,1] — R. Suppose that f(x) T on [0,1]. Consider operator

o0

r+1
Z ( —|—k:) where Py(z) = CEICET T

k=

Then Uf(x) | on [0,1].
Proof. We observe that

ZPk(x) =1 forall x, (4)

because of

o oo o 1

P, 1) =

2 Bule) = (@ + Zx—i—k x+k+1 Z(:Hk x+k—l—1)

k=1 k=1 k=1
Moreover, it is clear that

1
Pi(z) = .
1) = — 5 \

We do not claim monotonicity of Py(z). We calculate the derivative

Pl(2) = ?+ k+ Dz +k(k+1)— (e +1)2e+2k+1) —(z+1)2+k>—k

R (z+k)2(z + k+1)2 (k)2 + k4 1)

So,as 0 < o < 1,
for k>3 we have P/(x) >0 and Py(z) 1. (5)
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Let 0 <z <y<1landso f(z) < f(y). We write
Uf(y) —Uf(x) = Si + S,
where
=3 r0 (¢ (55) -1 (555)) . %=X - A (55)
+k z+k))’ P r+k

it is clear that Pi(y) > 0. As f(z) T and — > y+k we have f (lerk) > f (ﬁ), and so S7 < 0.
Now we prove that Sy < 0. We use (4) to see that

Z(Pk(y) — Py(z)) =0 Va,y.

k=1

So

5 = S (Ay) - Pl ( - k) - (AW - A ( : 1) N

k=1

- ool (1 G5) -7 (555) ) ro-men == (1 (53) - 7 (555 ) (o= -
(x+1> (xi2>> (Po(y) — Po(z)) = i (f( _IH) - f (xik) (Pi(y) — Pi()).
s

By (5) in the last sum Py(y) — Px(x) > 0, while f (%) _

(
5 < —Z (7(557) -7 (53) ) Bo-ne) = -
2

- (1 ()~ (5)) a-rw-0men = (1 () - (555) ) (B@-R@)

(we use (4)). But Pi(y) < Pi(z) by monotonicity of P;. So, Sy < 0.0

~~

Proof of Theorem. Instead of (1) we consider equation, obtained by differentiation from (1):

- 1
fran Zl +/<: (x+k>

Moreover, we will deal with the functions

gn(x) = (z + 1) f(2), (6)

which satisfy
gn+1(x) = Ugn(l'),

because of

gni1(z) I On (x-i—k) e 1 1
x——l—l_z(x+k)2 L1 _Z(x+k)(:c+k+1)gn (:c—i—k’)

z+k k=1
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As

we see by differentiation that

= 1 = Pz 1
goi (@ le+k+ ( <x+k) g(:c+k+1)) le+k2g"<x+k)'

By Lagrange Theorem,

1N /(1 N (1 1 N\, 1
I \aexvr) "\arhr1) "ok 21k+1) "\ G 10.00)

for some 0 (z) € [k.k +1]. So

Inia (@ i(:p—kk—kl) ( (mik) I ( +k‘+1>) g:f <9“1Fk‘)

k=1 1
Denote
M, =
max |g |g,,()].
Then
M, < M, max i 5+ i Fi(@) (7)
TS T o \ = (v + k)(x +hk+1)2 = (z+ k)2

2 we see that the function

v ; (@ + k)2

By Lemma applied with f(z) =«

is decreasing, and so

NE

Pk(x) >
CESER ;m(kﬂ)‘

i

1

we have

\_/

As for the first element in max in (7),

Zx—H{: m—f—k:—l— Z

k=1 k=1

Now (7) turns into

< M, Z ( k41 k?’(/{:l—i— 1)) = Mn(QC(g) - C<2)) = M,q.

k=1

So

= M, < M,
max g, ()] = 0q".

Integration from 0 to z € [0, 1] gives

onl@) = 2,0) + 8)(w), Ow) = [ (o)t max [O1(w)] < Mog"
0



So by (6),

Now

(1]
O (1) dt, max |0 (z)| < Myg™.

B " 9u(0) + OL)(2) _ 2] 2] _/x
ﬁxx)ué dt = gn(0)-log(z+1)+077(z), O3 (z) = g1 b mex

t+1

Putting here x = 1 and using (3) we get
1= fu(1) = ga(0) log 2 + OF (1),

or

1 1017 (1)]
2(0) = —— + 0Bl 108l = R AL < onqn.
g ( ) 10g2+ n ‘ TL‘ 10g2 Oq
Finally
1 1
h@yzﬂ%%;l+@4@,wmm 1602 (2)] < 3Mog".

und alles ist bewiesen.[d



