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|
Optimal Stopping Problems

Consider the following discrete time optimal stopping problem:

Yo= sup E[Z],
7€{0,...,J }

where
@ (Z)j>0 is an adapted process on a probability space (€, (F});>o0, P)
@ 7 is a stopping time with values in {1,..., 7}, i.e. {1 =/} € F;

Question

How to approximate Y in the case when the expectation E[Z] cannot
be computed in a closed form ?
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Dual Upper Bounds
Dual upper bounds

Consider a discrete martingale (M;),_,  with Mo =0 w.r.t. the
filration (7;),_, ;. Observe that

Yi= sup E’[Z —M,]<E’ max [Z — M].
0 TE{O,..F.),J} [ ] < OS/'SJ[ ] /}

Hence the r.h.s. with an arbitrary martingale gives an upper bound for
the Bermudan price Yj.

Question
What martingale does lead to equality ? J
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Dual Upper Bounds
Dual upper bounds

Theorem (Rogers (2001), Haugh & Kogan (2001))

Let M* be the (unique) Doob-Meyer martingale part of ( Yj*)og i<, l.e.
M: is an (F;) -martingale which satisfies

Y =Yi M - A, j=0,..7

with Mg := A, := 0, where A; is increasing process which Fj_+-
measurable. Then

Yo = max [Z/ — M/*} , as.
0<j<T
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Riesz upper bounds
Doob-Meyer decomposition:
and Y7 = Z7 imply Riesz decomposition:

Y: = ENZ; + ETI(AG - AY)

Since A, — Ar = Y7 — EFiY7 = [Z — EFiY74]T, we get
J—1
Y =EfiZ; + E7 Y 12 - ET Vi)
i=j
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Riesz upper bounds
Riesz upper bounds

Theorem
It Y; is a lower approximation for Y, i.e., Y; < Y a.s., then

J—1
YP=Ef1Z;+ES Y [Z-EF Y]t
i=j

is an upper approximation for Y;*, that is
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Riesz upper bounds
Riesz upper bounds

Proposition
@ Monotonicity

Vs Y, VP <y

@ Locality
Let{Y/, a € I;} be a family of local lower bounds at i, then

J—1
Y = ENiZy + B Z[Z—rgax EFYRLT
a€liyq
=/

is an upper bound.
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Doob-Meyer Martingale
Doob-Meyer Martingale

For any martingale My, starting at My = 0,

Y, P(M) .= ET° Z— M
(M) = £ | max (2, M)|

is an upper bound for Yj.

Exact value Yj is attained at the martingale part M* of the Snell
envelope:

= Y6+ M - A,
where M; = Aj = 0 and A;-* is Fj_4 measurable.
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Doob-Meyer Martingale
Doob-Meyer Martingale

Let Y; be an approximation for the Snell envelope Y;* with the Doob
decomposition

Yi=Yo+M -4
where My = Ay = 0 and A, is F;_1 measurable.
It then holds:
M1 — M = Yy — E[Yjq]

Observation
The martingale M can be used to obtain an upper bound Yé’p via

Yo" =E L_fgf?}?f (2 - M/)} :

4
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Doob-Meyer Martingale
Andersen-Broadie Approach

Doob martingale corresponding to Y:
j
IVIj:Z<\/I_E]:,,1[\/I])* /:07\7
i=1
Estimate the conditional expectations by Monte Carlo to get
j 1 ()
k .
i=1

where, conditionally on F, all random variables 5,.(0, I=1,..,Kk,
i=1,..,J,are independent and

Er )] =Ex, [€"] =E5, €] =E5_, V1.
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Doob-Meyer Martingale
Andersen-Broadie Approach

Fix some natural numbers N and K, and consider the estimator:

N
’
yNK _ L 7 _ k()
N 2 (57 - M)
1 N
=5 > z(MK)
n=1

based on a set of trajectories
{(Zj(”),MjK’(”)), n=1,..,N,j= o,...,j}

of the vector process (Z, MK).
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Doob-Meyer Martingale
Andersen-Broadie Approach

Denote
Y“p:E{ ma Z-—M} =E[Z(M
0 j:O,‘..),(j( j ) [Z(M)]

Observation

1 M2 1y
= 2 E[Ex 1€ < L DEVFI = O(1/k).

provided E[YF] < oo forj=0,...,J.

V.
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Fast upper bounds Doob-Meyer Martingale

Andersen-Broadie Approach

Then it holds
2
E {YMK . Y(;’P} < N~ Var(Z(M¥)) + CK~*#
= N'w+CK', K= .

In order to get \/E [YNK — Y(M)]2 < ¢, we may take

[2C
K=|—1,
52l ’
and then Y
Vk
N=|—
g2 —‘

with [x] denoting the first integer which is larger than or equal to x.
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Doob-Meyer Martingale
Andersen-Broadie Approach

If v is non-increasing, then, given an accuracy ¢, the complexity is, up
to a constant,

Observation
IfVar(Z(M)) =0 (e.g., M = M*) we have

vk = Var(Z2(MX)) < E(Z(MK) — 2(M))? < BK™',
and as a result

B 1
N,K < = 7
¢ (€)N2C52'
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Doob-Meyer Martingale
Multilevel Approach

LetLe Nand k = (ky,... .k ) with1 < kg < k1 < ... < kL

L
Y(MA) = Y(M®) + Y [Y(M9) = Y(MH-1)]
=1

L
= E[Z(M)]+ > E[2(M") — Z(M"-1)]
I=1
with
Y(MK) = E[ max (z Mk)} = E[Z2(M")]

.....
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s e il
Multilevel Algorithm

» Fixasequencen = (ng,....n)eN-with1<ny<...<n
» Simulate the initial set of trajectories:

{(zjﬁ")? Mjkoi’?) L i=1,..n, j=0,.. .,J}

of the vector process (Z, M)
» Foreachlevel I=1,... L, generate independently a set of

trajectories:
{(ngi)?,V,ij,(i)v,V,jk/,(f))7 i=1. .., j:o,_.,,j}

of the vector process (Z, M1, M").
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s e il
Multilevel Algorithm

Consider the approximation

L

1 X, . 1 . .
nk . _ (1 ( pg Ko _ (D pky — =z (D) pgki-1
ynk . HO;Z (M )+;HI;[Z (M) — 2D (Mh-1)]

with

Z0(MK) = max (zﬁ’)_/v/.“")), i=1,...,n keN.
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s e il
Multilevel Algorithm

Theorem
Letkj = ko', 1=0,...,L, forsome ky € N and k > 1. Set
- \/k*oﬂ
L=|—(yInk)"In
{ (vInk) NG
Let
ny = {25—2(“ 1)k0*1f<,_q ,
Then

VEIY™k — Y(M < <,

while the computational complexity of the estimator Y™X is of order

e 2In?e.

v
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