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BBEJAEHUE

Hapsiy ¢ roMOTONMMYecKUME TPYTIaMU, PPYTITB TOMOJIOTHIT (a4 TakyKe KOJbIA KOro-
MOJIOTHIT) HPEeICTABISIIOT COGOI OJMH U3 OCHOBHBIX ajreOpandecKuX MHCTPYMEHTOB JIJIist
pabOTHI ¢ TOMOJOIHICCKUMHE IIPOCTPAHCTBAMU U MHOTI'OOODA3USIMH.

Ompeesnerne TPYII TOMOJIOTHI TPOCTPAHCTBA TEXHUYECKHU CJIOXKHEe, 4eM oIIpeiese-
HI€ TOMOTONMYECKHX Ipymil. TeM He MeHee, Ipeoa0eB HEKOTOPbIe TEXHHUIECKHE TPYIHO-
CTH IIPHU OIIPeJeJeHUN IPYII TOMOJIOTHN 1 BBIBOJE X OCHOBHBIX CBOMCTB, MBI IIOJIYyYaeM
BechbMa 3P OEKTUBHBIE alredpandecKre NHBAPUAHTHI, BBIYUCIEHHE KOTOPHIX Ha OCHOBHBIX
pUMepax MPOCTPAHCTB U MHOTO00Pa3uii OKA3bIBAETCS 3HAYUTEILHO MPOIIE, 9€M TOMOTO-
MAYEeCKUX TPYIIIL.

B mesom, roMoTonuyuecKrue rpyIbl B TPYIIL TOMOJIOTHI COJepzKaT IIPUMEPHO PAaBHO-
MEHHYTO (XOTsl M HeIKBUBAJICHTHY 0 ) HHGOPMAIIUIO O TIPOCTPAHCTBE B OTHOCBI3HOM CJIyJae.
CooTHoIIeHne MeK/IY HUMH OIMMCBHIBACTCS TAK HA3BIBAEMOM d80lcmEeHHoCmbl0 IKMAHHG—
Xuamona, KOTOPOH MbI KOCHEMCS B CAMOM KOHIIE Kypca.

['pynmnsl roMOJIOTHiE TOMOJIOTHYECKOTO TPOCTPAHCTBA X ONPENeNsTIOTCS MPH TOMOIIH
noMoIu moHsTus yukaa. Lluks pazmepuoctu k B X npejcrapisier coOOil HEIPepbIBHOE
orobpazkenne «k-MepHON mOBepxXHOCTH» (He 00sizaresibHO chephl) B X. OTHOIIEHHE 1O~
MOTOIHOCTH C(HEPOUIOB 3aAMEHSIETCS OTHOIIEHUEM 20MO0A02UYHOCU TTHKJIOB — UK/ T'0-
mMostoruded (), ec/ii OH OrPAHMYMBAET KYCOK TMOBEPXHOCTH HA 1 OOJIbITe pa3MepPHOCTH.

Yro cunrarh «k-MepHOil MOBEPXHOCTHIO» B ompeaenennu nukiaa? Hanbosee ecrecTBen-
HO GbLIO GBI paccMaTpuBaTh 0TOOparKeHUs1 k-MepHBIX TJIaJKuX MHOroobpasuii B X (sra
uiest Bocxomut K Ilyankape). OmHako, HorydaemMasi TAKMM 00pA30M T€OpHUsl, Ha3blBaeMast
meopueti 60pduzmos, OKa3bIBAETCS HAMHOTO CJIOKHEe TeOpPUU roMosioruit. C ToUKu 3peHus
BBIYUC/IUMOCTH, 0ojiee 3(PPEeKTUBHBIM OKA3BIBACTCS TOJAX0JL K OLPEJICJCHUIO IUK/I0B KaK
00beNHEHNIT HEKOTOPBIX CTAHJAPTHBIX 3JEMEHTOB, POJIb KOTOPHIX HIPAIOT CHMILIEKCHI.

B kiaccmyueckom moaxo/ie mpocTPAHCTBO X MPEI0IaraeTca pa30uThIM Ha, CHUMILIEKCHI,
T.e. HA HEM TIPEJIIOIATAeTCs 33JaHHON CTPYKTYpPa CUMNAUUUGALHO20 Komnaexca. Pac-
cMaTpuBaiOTCst (hOpMaIbHbBIE JIMHEHHBIE KOMOMHAIINN CUMILIEKCOB, HA3BIBAEMBIE CUMNAU-
YUGAOHBMU UETLAMU, § BBOJIUTCS CUMILTUIUAIBHBIA IPAHIYHBIN omtepaTop. Torma muKIb
ONpeIeIIOTCd KaK CUMILTUIUAJIbHBIE Teld, IPaHuIla KOTOPBIX paBHa Hywaio. I'pymnna k-
MepHbIX Tomostoruit Hy(X) ompenensiercs Kak (pakToprpymna rpynnbl k-MepHBIX IUKJIOB
IO TOATIPYIIE HUKIOB, TOMOJOTHIHBIX HY/II0. DTO NPUBOJAUT K YHCTO KOMOMHATODPHO-
aJirebpanvIecKoil TeOPUH CUMNAUYUUGADHBLL 20M0A02UT, KOTOPO#H mOCBAmEH pasmesn 1.
JI1s1 TOMOIOTNYeCKUX MPUIOKEHUH eCTeCTBEHHO HEOOXOINMO JOKA3bIBATH HE3ABUCHMOCTH
rpynnbl Hy(X) or criocoba pasbuenust mpocTpancTBa X Ha CHMILIEKCHI.

Bouee obruit mo1xo/1 K Ompeie/IeHu0 IPY I TOMOJIOTHI, TP KOTOPOM HA MPOCTPAHCTRE
X He npejnosaraeTcsd HaJudHe HUKAKON JIONOJHUTETbHON KOMOMHATOPHOW CTPYKTYPHI,
3aKJTI0YACTCA B PACCMOTPEHIH CUNHYAAPHYT CUMNAEKCOS, T.e. oTobpazkennit AF — X rue
AF — cuvmnexe pasmeprocTn k. @opMasbHbIe TUHEHHBIC KOMOMHAIINYE CHATY ISPHBIX CHM-
IJIEKCOB HA3BIBAIOTCI CUHRYAAPHBMU UENAMU. DTO TPUBOJUT K IMOHATHUIO CHHIYISPHBIX
TOMOJIOTH, KOTOPBIM IIOCBAIIEH pa3aes 2.

['oBopst 0 MpocTpaHCcTBE MbI BCEI/IA MMEEM BBUJLY TOIOJOTHYECKOE ITPOCTPAHCTBO, a BCe
0TOOpaKeHus IIPEII0IAral0OTC HEIPEPhIBHBIME, €CJIM He OTOBOPEHO ITPOTUBHOE.



1. CI/IMHHI/ILLI/IAJTbeIE roMoJIOIrnnu

1.1. CumMmnuaabHble KOMILIEKCHI U TpUaHryaauuu. Mbl y2ke BcTpedanuch ¢ 1o-
HATUAME CUMILIEKCA W CUMILTHIITATIBHOTO KOMILIEKca B Kypce «lomosiorus-1» mpu JoKa-
3aTeTbCTBE TEOPEMbI O KJIETOYHON alpOKCHMAIUN.

HamoMu#M, 9TO n-MepHBIH cumnierc — 3TO BBITYKJIas 000J1049Ka Habopa u3 n+ 1 Todyex
V0, V1, - - ., Up B HEKOTOPOM eBK/IMI0BOM IpocTpancTse RY | me pexamux B oamoit (n — 1)-
MEPHOH IJIOCKOCTH (IJIe TOJ| IIOCKOCTHIO MBI mojpasyMeBaeM abdUHHOE O/ IIPOCTPaH-
CTBO). DKBUBAJIEHTHOE YCJIOBHE COCTOUT B TOM, 9TO BEKTOPbI U1 — Vg, - . . , U, — Uy JHHEHHO
HE3aBUCHMBI. TOYKH Vg, V1, . . ., U, HA3BIBAIOTCS BEPUIUHAMYU CUMILIEKCA, & CaM CHMILIEKC
MBI OyjiemM 0603HaYATh [V, . . . , Uy|. BeIyKIble 060109KH TOAHAGOPOB MHOZKECTBA BEPITHH
CUMILJIEKCA HAa3BIBAIOTCH €ro 2paHamu. ['paHn aBAIOTCA CUMILIEKCAMU Pa3MEPHOCTH < 1.

IIpumep 1.1. Ilpasusvrvii n-MepHBIA CUMILIEKC €CTh

A" = {(to,tl,...,tn) e R Zti =1mut; >0 g Beex z}

Ero BepIIHHaAMHI ABJIAIOTCA KOHIBI e JUHUYHBIX BEKTOPOB BJ0OJIb KOOPDAUMHATHBIX OCel.

Jlajiee BepIIMHBI CUMILIEKCOB MbI OyJIeM BCEr/ia CUYUTATH YHOPSJAOYEHHBIMU, U TOJ <7~
MEPHBIM CUMIIJIEKCOM» MBI OYeM UMETh BBUJLY «N-MEPHBIl CHMILIEKC C YKA3AHHBIM TTOPSIJI-
KOM €ro BeplInH». BepIuHbl rpaneil cCuMILIEKca Beeryia OyAyT yIOPs10UNBATHC COIVIACHO
UX TOPAJIKY B OOJIBIIIEM CHMILIEKCE.

Bananue MOpsiIKa BepIInH Olpeie/deT KAaHOHHIECKUil JuHedHbIi roMmeoMopdu3M mpa-
BIJIBHOTO N-MepPHOTO cuMiLiekca A" Ha JT1000ii n-MepHBIi CHMILIEKC [V, . . . , U], COXpaHSs-
O1IMHA 1IOPSIJIOK BEPIIUH, 8 UMEHHO

(t(), . 7tn) — Z t;v;.
%

Kosdbdunmentsr ty,...,t, HASBIBAOTCI 0GPUUEHMPUYECKUMY KOOPOUHAMAMY TOIKH
> tiv; B cUMILIEKCe [V, . . ., Uy).

OObenuHeHne BCeX COOCTBEHHBIX IpaHeil cuminiekca A" Ha3bIBAETCS €ro 2paHuyet n
oboznagaercs 0A". Buyrpennocts A" \ 0A™ cummiaekca A™ Ha3BIBACTCS 0MKDHUINbIM
cumnaercom u obosnadaercs A" Ilpu s1oM mig n = 0 IPUHEMAETCS COIVIAILCHHE, UTO
BHYTPEHHOCTH (-CHMILIeKca (TOYKH) COBIAJAET ¢ HUM CAMEM.

CUMNAUYUGADHBLT KOMNACKC — ITO TAKON HADOP CUMILTIEKCOB IPOU3BOJIbHON pa3sMepHo-
cru B HeKoTopoM RY | uTo 106BI€ IBA CHMILIEKCA U3 9TOr0 HAbopa 60 He MepeceKaloTcs,
JinhO MEePeCceKarOTCs 110 1eJI0H rpanu. [0BOPAT, YTO HEKOTOPOE MOAMHOXKECTBO K €BKJiH-
nosa npocrpanctsa RY mpuanzysuposaro, eciim OHO TIPEACTABICHO B BUjie 00be IIMHEHNS
CUMILIEKCOB, KOTOPbIe 00Pa3yioT CUMILTHITHAIbHBI KOMILTEKC. TpuaH2yssyued TOTOIO-
TUYECKOTO mpocTpaHcTBa X Ha3biBaeTcsa romeoMopdusm f: K — X Mexay HEKOTOPHIM
TPHAHTYIIPOBAHHBIM HoamHoKecTBoM K C RY n X. YacTo roBopsr, 4To Ha IPOCTPAH-
crBe X 3adana cmpyrmypa CuUMNAUYUUAALYHOZ0 KOMNACKCE, UMesi BBHIY, UTO 3aJjaHa ero
TPHAHT YIS,

Takum obpazom, TpHAHTYJIAIUS TpocTpaHcTBa X 3amaércsd HAOOPOM OTOOparKeHwHit
04: A" — X (orpanuuenuii romeomopdusma f: K — X Ha CUMIJIEKCH MHOYKe-
crea K C RY) u kangias Touka npocrpanctsa X COJAEPAUTCS B 00pa3e POBHO OHOTO
OrPAHUYCHUS 04| jn, HA BHYTPEHHOCTH CHMILICKCA. JIpyruMu cioBamu, X IPEJCTABICHO
B BHU/JIE HECBSI3HOIO OO'beINHEHUs] TOMEOMOPQHBIX 00pa30B BHYTPEHHOCTEH CHUMILIEKCORB.



ITpumep 1.2.

1. panuna n-meproro cumiiekca A" 3agaét Tpuanryanuio (n— 1)-meproit cdepor. B
JACTHOCTH, TPAHUIA TeTpadpa 33JaéT TPUAHTYIANNA 2-MepHO# cdepbl. Ipyrumu mpu-
MepaM¥ TPUAHTYIAAII 2-MepHO cephl ABAIIOTC TPAHUIIBI OKTA3Ipa WM UKOCAdIPa, a
TaKzKe IPAHUIIA JOO0r0 3-MepHOTO MHOTOIDAHHUKH, Y KOTOPOTO BCe 2-MepHble TDaH:d —
TPEYTOJTbHUKU (TaKHe MHOTOIPAHHUKA HA3BIBAIOTCS CUMNAUYUGADHbLML).

2. Ha puc. 1 a) nokazama Tpuanrynamusa topa 12 ¢ 9 sepummuamvu. Ha puc. 1 6) mo-
Ka3aHa TpuaHryisanusa Topa 12 ¢ 7 sepumaaMu. [IpOTHBONONIOKHBIE CTOPOHBI KBaIPATOB
OTOZKJIECTBJIAIOTCH B COOTBETCTBUH CO CTPEJIKAMH.

a) 0) B)
Puc. 1. Tpuanryasmun Topa 12 n npoexTusnoii miockoctn RP?.

3. Ha puc. 1 B) mokasana TpHAHTYJIANMS NPOCKTUBHOM miockoctw RP? ¢ 6 Beprmu-
Hamu. Ha rpanumie MHOTOYrobHUKA TPOU3BOAATCS OTOXKIECTBIEHUS B COOTBETCTBUU CO
CTPEeJIKAMU U HyMepalueil BepIIuH.

Tpuanryasarnun va puc. 1 6) 0 B) MUHHMAJBHBL 10 YHCJIY BEpIMTHH (3a7a4a).

B kiraccmyeckoM MO/XO0J/le CUMILTUITHAJIbHBIE TOMOJIOTHH ITPOCTPAHCTB ONPeIessInuCh
Yepe3 UX TpUAHTyAdruu. OJHAKO MBI BHJIUM, UTO JaKe JJI MPOCTBIX JIBYMEPHBIX IO-
BEPXHOCTE! TPUAHTYISAIUE COMEPIKAT OOTBINOE KOTUIECTBO CUMILIEKCOB, YTO TPUBOIUT
K TPOMO3JIKUM BblaucaeHusM. O000IeHne noHATs CUMILIAIAAIBHOTO KOMILIEKCA, HPU
KOTOPOM CHUMILJIEKCHI MOT'YT IPUKJIEUBATHCS JAPYT K JIPYTy 110 YaCTH I'PAHUAIILI, & HE TOJIb-
KO TI0 OJIHOMY CUMILIEKCY, TPUBOJIUT K 00Jiee SKOHOMHBIM Pa30MeHusaM TPOCTPAHCTB Ha
cuMILiekchl. [Ipumepsl n306paskeHbl Ha pUC. 2, a Olpe/ie/IeHIe TPUBOIUTCS B CJIETYIOIIEM
IOJpas3naese.

v v w v v v

b b b

U U U
a c a a c a a c a
b %4 V \%4
b b b
v v v w v v

a) St 6) T B) RP? r) Byreuika Kneiina

Puc. 2. Tlosycuminiuiuaibable KOMILJIEKCHI
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1.2. MTonycumMnaumuanbHble KOMIJIEKChI. CTPYKTYpPa NOAYCUMNAULUGADHOZO KOM-
n.aekca Ha IpocTpancTBe X — 3710 Takoit Habop orobpaykennii o, : A™ — X, rae n 3aBucHT
OT WHJIEKCA (v, 9TO BBIITOJTHSIOTCS CAeAYIOIINEe YCIOBHUSI.

a) Orpanmnuenue 0, i, HHHEKTUBHO, U KayKJask TOUYKA MPOCTPAHCTBA X COAEPIKUTCS
B 06pa3e POBHO OHOTO TAKOTO OTPAHUYCHUS Og in-

6) Kaxoe orpanuuenue oToOpaykeHusi o, Ha rpanb cuMiviekca A" — 970 ofHO u3
orobpazkenuii og: AF — X, k < n.

B) MuoxkecrBo A C X OTKPBHITO TOTJIA W TOJBKO TOTJA, KOTJIA MHOXKECTBO o, ' (A)
oTKpbITO B A" jUIs1 BCeX 0.

I3 ycnoBust B) caeayer, 9ro X MOYKHO MOCTPOUTH Kak (haKTOPIPOCTPAHCTBO HAGOPA
HeIIEePECEeKAIOMINXCA CUMILIEKCOB AL, 10 OJHOMY IS KaK/I0r0 0TOOpazkeHus o,: A" —
X. Orcroga caeayer, 9To IpOCTPpaHCcTBO X HOJIZKHO OBITH XayCaopdOBbIM, a KazK10e orpa-
HUYCHUE O, i, ABAAETCHA FOMEOMODGHU3MOM Ha CBOil 00pa3, KOTOPBIL IIOITOMY SIBJISETCS
OTKPBITHIM CHMILIEKCOM B X (3aﬂaqa). Tem caMbIM OTKPBITHIE CHMILIEKCHI O'alA'n 3a1a-
0T KJIETOYHOe pa3duenne mpocrpancTa X. OIHAKO MOIYCHMILIAIAAIBHBIE KOMILIEKCH

00pa3yoT BecbMa OIPAHUYEHHBIN K/JIACC KJIETOIHBIX MPOCTPAHCTB.

ITpumep 1.3.

1. Ha puc. 1.1 a) n300pazkeHO HOJYyCHMIIUIHATLHOE pa3bueHne OKPYKHOCTH ¢ OTHOM
BEPIIHHON v U OXHUM Pe6poM (1-MepHBIM CHMILIEKCOM) €.

2. Ha puc. 1.1 6) n306pazkeHo TOJTyCUMILTHIHATHLHOE Da3OueHne TOpa ¢ OTHON BEPITHHOI
v, TpeMsi pébpamu a, b, ¢ U AByMs TpeyroJbHukamu (2-mMepHbiMu cumiuiekcamu) U, V.

3. Ha puc. 1.1 B) u306pazkeHO MOJYCUMILIAIUATBHOE pa3ObueHne MPOEKTHBHOMN TLI0CKO-
CTH C JBYMSI BEpIIUHAMU v, w, TpeMd pédpamu a, b, ¢ u apyms Tpeyroabuukamu U, V.

4. Ha puc. 1.1 r) m3o6parkeHo MOJyCUMILTHIUATIBHOE pas3buenne GyTouiku Kireiina c
OJTHO# BEepIIHHON v, TpeMsa pédbpamu a, b, ¢ u aByMs Tpeyroabuukamu U, V.

1.3. Cummunmuanbubie romosoruu. [lycts X — moJycCUMILTUITUAIBHBIH KOMILIEKC.
Ompegenum cBoboauyto abeney rpynmy A, (X), TOPOKIEHHYIO N-MEPHBIME CHMILIEKCA-
Mu 0,0 A" — X kommiekca X . DiemenTs! rpymnsl A, (X)) HA3LIBAIOTCS N-MEPHBIME CUM-
nAUUUAALHOMY yenamu 1t X . Kaxkaasg cUMILIMIIAIbHAS Iellb MOXKeT OBITh 3allucaHa
B BHJe KOHEYHOH OpMATIbHON CyMMBI ) koo, ¢ Kodbdurmenramu k, € Z.

Omnpenemum epanuunvit 2omomoppuam Oy : A, (X) — A,_1(X), 3a1aB ero 3HaUeHNST HA
sJIeMeHTax basuca o, [vg, ..., v, = X:

i
(1) On(0a) = § (=1) Ua|[vo,---75¢,---7vn]a
i

1€ Oaljo,...5:,...0,] 0003HAUAET (1 — 1)-MEPHYIO I'DaHb CHMILIEKCA U, HOJLYYAEMYIO OIyC-
KaHueM i-it BeprmuHbl v;. Hampumep,

81[?10,111} = [Uﬂ - [UO],

aQ[UOJ U1, U2] - [U17U2] - [U07 UQ] + [U(bvl]'
Bribop 3HakoB 00yCJIOB/IEH COTTacOBAaHUEM OPUEHTAINH, 33/ aBaeMbIX TOPSIKOM BEPIIHH,
Ha CHMILIEKCE W ero IpaHsX.

(’)n 8n— 1

JIlemma 1.4. Komnosuyus A,(X) — A, 1(X)
omobpastceHuem.

A, o(X) asasemea nyseevim



Joxazamenvemeso. U3 coornomenns (1) BorTekaer

_2:_i_j N }:_i_j—l L
871—1871(0-) - ( 1) ( 1) U|[vo,‘..,vj,..‘,vi,...,vn] + ( 1) ( ]-) 0|[vo,...,vi,...,vj,...,vn]-

j<i J>i
[Toceanue aBe CyMMbI COKPAIAIOTCs, TAK KaK TOC/Ie IEPECTAHOBKY ¢ U J BO BTOPOil cyMMe
OHA CTAHOBUTCH MEPBOI CyMMOI CO 3HAKOM MUHYC. 0

Tem caMbIM MBI HAXOJZHMCS B CIeAYIOIMEH ajredpandeckoii curyamun. Vmeercs mocre-
JIOBATE/ILHOCTH TOMOMOPMDU3MOB abesIeBBIX IPYIIII

On On 0 17
...—>Cn+1j)CnHCn,1—>...—>01H100—O>O,

upuaém 0,0,+1 = 0 mag Beex n. Takast nocaenoparenbaocts Cy = {C),, 0, } HazbIBaeTCs
uenuom Komnaerxcom. N3 pasercrsa 0,0,.1 = 0 creayer, aro Im 0,1 C Ker 0,,. [Toaromy
MBI MOYKEM OIPEJICIUTh N-10 2PYNNY 20M0A02ULl NEeMHOT0 KOMILIEKCa KaK (haKTOPrpyImny
H, = Kerd,/Im0,1. Duements siipa Ker 0,, HA3bIBAIOTCS YuKAGMU, & STEMEHTHI 00pa3a
Im 0,11 — epanuyamu. DaeMeHTH TpyHbl H, Ha3BIBAIOTCH KAaaccamu 20mono2utl. Kirace
romodioruii nukia ¢ € Ker d,, obosnagaercst yepes [c]. Ipa MuKIa, TpeJICTABISIONINE OTHH
U TOT 7K€ KJIACC TOMOJIOTHN, HA3BIBAIOTCS 20MOA02UMHBLMY., DTO O3HAYAET, YTO X PA3HOCTH
ABJIACTCA IPAHULE.

Bosspammasics k cayuao C, = A, (X), rpynny romosoruii Ker 9,/ Im 0,41 Gynem o6o-
snagarh H2(X) u naspiBath n-it 2pynnoti CuMnAUYUGALHOLT 20M0A02uli KoMTLTeKca X .

Ipumep 1.5. Tlycrs X = S! ¢ oanoit Bepuunoit v u oguum peGpom e, cm. puc. 1.1 a).
Torma o6e rpynmbr Ag(X) u Ay (X) paBubl Z, a rpaHndHOe 0TOOparkenne J; HyJIeBOe, TaK
kak Oje = v — v. Kpome toro, A,(S') =0 npu n > 2, Tak Kak B 3THX Pa3MEPHOCTAX HET
cumiekcoB. CrieoBaTeTbHO,

H(S)

I

Z upun=0,1;
0 npun > 2.

ITpumep 1.6. Ilycts X = T2 — TOp c oJHOI BepmHuHON v, TpeMsd pébpaMu a,b,c u
asymst rpeyrosbaukavu U, V., em. puc. 1.1 6). Kak u B nupeapigymem upumvepe, 0; = 0,
nostromy HE(T?) = Z. Tax xak U = 0V =a+b—c, a a,b,a+ b — ¢ — 6azuc rpymmb
O1(T?), nonyuaem, uro H{ (T?) = Z @ 7 ¢ 6asucupivMu Kiaccamu romosoruii [a] u [b]. Tax
KaK TPEXMepHBIX cuMiitekcos wer, Hi (T?) = Ker 0y, a rpynna Ker 9, & 7 noposkaena
nukjgoM U — L. Takum ob6paszom,

Z&7Z mupun=1;
HMNT?) 2! 7 upu n = 0, 2;
0 npu n = 3.

ITpumep 1.7. Ilyers X = RP? ¢ 1ByMs BepIImHAME v, W, TpeMd péopaMu a, b, ¢ 1 1ByMs
tpeyroibaukamu U, V', ¢m. puc. 1.1 B). Torma rpynma Im 0; mopoxkjieHa lenbo w — v,
nostromy HE(RP?) = 7, npnuéM B KadecTBe obpasyiomeii MoKHO B3ATb [v] miam [w].
Tak kaxk U = —a+b+cu 0,V = a — b+ ¢, mpl BuauM, 9to Ker 0, = 0, mosromy
HA(RP?) = 0. Hanee, Ker 0, & Z ® Z ¢ 6asucom a — b u c. Orciona suano, uro Im d,
siBIsieTcs noArpynmnoit uajgekca 2 B Ker 0y, tak kak B kauecrBe Gasuca B Ker d; MOKHO
B3Th a —b+c u ¢, a B KauecrBe Gaznuca B Imdy —a—b+cu (—a+b+c)+(a—b+c) = 2c.
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Taxum obpazom, H(RP?) X Z, u mbl umeem

Z upun =0;
HARP?) =2 Zy upun=1;
0 mpun=2.

CuMILIAIIAJIBHBIE TOMOJIOTAN B JIEHCTBUTEIbHOCTH SIBJISTIOTCSI TOMOJIOTHYECKMMU HHBA-
pUaHTaMu HpocTpaHcTBa X, T.e. HE 3aBUCAT OT CIOCO0A ero pa3dueHusi Ha CUMILIEKCHI.
Boustee Toro, rpymibl CHMILIAIUAIBHBIX TOMOJIOTHH TOMOTOITMYECKH SKBHBAJIEHTHBIX ITPO-
CTPaHCTB OJUHAKOBHI. /7151 TOTO, 9TOOBI JOKa3aTh STU CBOWCTBA, MBI OIPEIEINM JAPYTOit
THUI TOMOJIOTHI TTPOCTPAHCTB — TPYIIBI CHHTYJISPHBIX TOMOJIOTUHN, OITPeIe/IeHIne KOTOPHIX
He OyJIeT UCI0JIb30BATh pa3bueHne IPOCTPAHCTBA HA CUMILIEKCHI. 3aTeM MBI JOKazKeM, 94TO
IPYHIBI CAMILTUITUAIBHBIX U CHHTYJIAPHBIX TOMOJIOTHM ITOTYCUMILIHIIHAIHEHOTO KOMILIEKCa,
COBIAIAIOT.

3amaun U ynpakKHeHus.

1.8. /lokaxkuTe, YTO MUHAMAJIbHOE UHUCJO BEPIINH B TPUAHTYJIANUN TOpa PaBHO 7, a B
TPUAHTYJIANUN TPOEKTUBHON TI0CKOCTH — 6.

1.9. /lokaxKkuTe, 9TO CTPYKTYypa HOJYCUMILTAIUAILHOIO KOMILIEKCA Ha MpocTpancTse X
3a/1aéT Ha HEeM CTPYKTYPY KJIeTOYHOrO IMPOCTPAHCTBA.

1.10. TlpuBeaure npuMep KJAETOYHOTO pa3OMEHUs MPOCTPAHCTBA, KOTOPOE HE SBJIAETCS
CTPYKTYPOil OJIYCUMILIMIUAIBHOTIO KOMILIEKCA.

1.11. Tlocrpoiite Kakyto-HUOY b TpUaHTyAAIIO OyTHIKN Kieiina. Kakoe MmunumMaibuoe
IUCJIO0 BEPITUH Y TAKOW TPUAHTY/ISIIIAN’

1.12. Buruuciaure cuMmiunuaibubie roMojiorun OyTeliku KiieiliHa, BOCIIOJIB30BaBIIUCH
CTPYKTYPOH TMOJYCAMILJIUIUAIBHOTO KOMIIJIEKCA.

1.13. BelumeanTe CHMILTHIAIBHBIE TOMOJOTHH 2-MepHOi cdepbl S? BOCHONB30BABIINCEH
TPUAHTYJIANHUEN WU CTPYKTYPOil MOJYCUMILIATIHAJIBHOTO KOMILIEKCA.

2. CUHIVJISIPHBIE TOMOJIOTUN

2.1. OupepnesieHue u nepBbie CBORCTBA. CUHYAADPHOIM N-MEPHOM CUMNALKCOM (AT
IPOCTO N-CUMNAEKCOM) B TPOCTpAHCTBe X HA3BIBAETCS HENPepBIBHOE OTOOparKeHHe
o: A" — X. Oupegennm cBobonyto adesesy rpymmy C,(X), MOPOXKAEHHYIO MHOKECTBOM
CUHTYJISIPHBIX NI-MEPHBIX CUMILTEKCOB B X . DiaeMentsl rpynnst C), (X ), Ha3bIBaeMbIe cuH2y-
AAPHOMU T-MEPHOLMU YETAMY, SBJIAIOTCS KOHEYHbIME (POPMAJIbHBIME CyMMaMu ), k;o;,
rne k; € Z u 0,0 A" — X. Ipannanoe orobpaxkenune 0,: C,(X) — C,_1(X) 3anaéres
TOM 2Ke POPMYJIOi, IYTO U I CUMILIMIHATIbHBIX TeIeii:

_ i .
an<0) - Z<_1) O—|[U0,...,vi,...,vn]7
i
rae o: [vg, ..., v, = X — CHHTYASPHDBIH CHMILICKC.
bl 4aCTO eM IHCaTh 1IPocTo O BMecTo 0,. Tax ke, Kak U JJjid CUMILIMIUAILHBIX
M Oyt 0 Op. T : pit 11
nerneii, mokasbBaercs, 9T0 0,0, = 0, T.e. 0% = 0. TakuM 06Pa30M, MOXKHO OIpeIeTHTD
rpynny cuneyaaphux 2omonoeuti H,(X) = Ker d,/Im 0,,41.



U3 onpejesenusi 04eBUIHO, 9TO TOMEOMOD@HbBIE MPOCTPAHCTBA HMEIOT OJMHAKOBBHIE
TPYIIBI CHHTYISIPHBIX TOMOJIOTHIT H,,, B OT/IMYNe OT CATYaIlun ¢ CUMILIATAAILHBIMA T0-
mostoraavu H2. C Ipyroit CTOPOHBI, TaK KaK YHCJI0 CHHTYJASPHBIX N-MEePHBIX CHMILIEK-
coB B X 00bIYHO HecuéTHO, rpymisl neneii C,(X) ¢ToIb BEJUKH, YTO HEMIOHSTHO, HOYEMY
JIJTs1 KOHETHOT'O CHMILIAIIMAIBLHOTO KOMILTEeKca X TpyIa CHHTYIapHbIX romosioruit H, (X))
JIOJI?KHA, OBITH KOHEYHO IOPOXKIEHHON W HyJeBo# npu n > dim X. DT cBoiicTBa OBLIN
TPUBUAJIBHBI JIJIST CUMILTAITAAIHHBIX TOMOJIOTHIA.

CunryagdpHable TOMOJOTUU B JIERCTBUTEJIHHOCTH MOXKHO PAacCMaTPUBATL KaK YaCTHBIN
caydail CHMIUTHITAIBLHBIX TOMOJIOTHI HPHU IIOMOIIH Caeayiomieil koncrpykiun. /st mpo-
H3BOJBHOTO MPOCTPAHCTBA X ONPERETUM NoAHul cuneysaprol komnaiexe S(X) Kak mo-
JIYCUMILIUIHAIBHBI KOMILIEKC, UMEIOINH 10 OJHOMY CHMILIEKCY JJIs KayKJI0r0 CHHTY-
JgpHoro cuminiekca o: A" — X, U3 onpegenennii scho, uro H2(S(X)) = H,(X) nna
Beex n. Kommaeke S(X) 3amaér Ha X CTPYKTYpYy MOJYCHMILTHIUATBHOIO KOMILIEKCA.
Dra KOHCTPYKIUst 0b6nagaer cBoiictBoM dhyHKTOpHaibHOCTH (T.e. oToOpaykenue X — Y
ungynupyer orodopaxkenue S(X) — S(Y), mepeBojsinee CUMILIEKCH B CHMILIEKCHI), OJI-
HAKO KOMILIEKC S (X)) CJUIIKOM BeJIMK, YTOObI €10 MOYKHO ObLJIO UCHOJIB30BATH JIJisl BHbBIX
BBIYNCJICHAT.

[lepeiiiémM K ONUCAHUIO TPOCTEHIITNX CBOMCTB CUHTYISAPHBIX TOMOJIOTHIA.

IIpennosxkenne 2.1. Ecau npocmparcmeo X npedcmasaeno 6 sude obsedunenus | |, Xo
Komnorenm aunetinoti ceasnocmu, mo H,(X) = @, H,.(Xa).

Joxazameavemeo. Tak Kak obpa3 CHHTYJISIPHOINO CHUMILIEKCA JIMHEHHO CBSI3€H, Mbl HMe-
em C,(X) = @, Cr(X,). I'panuanoe orobparxkenne 0, COXpaHIeT ITO PA3IOKEHHE, T.e.
0,Cr(X,) C Ch_1(X,), mosromy noanpocrpancrsa Ker 9, u Im 0,, anamornano packiia-
JBIBAIOTCA B NpaMyto cyMMy. OTCIofa Cleayer pasjioKeHne s TOMOJIOIHIA. O

Jlng naabheiiniero HaMm NOHAIOOUTCS CJeAyIoNas MOAUMUKAIUASA CUHTYJISPHOTO TEl-
HOTO KoMItekca. Onpenesnm romomopdusm ayemenmayuy €: Co(X) — Z mo dopmyte
e(D> 0, kioi) = >, ki. Tenepp paccMOTPHM IIOCJIEOBATEIBLHOCTD

(2) o Co(X) B (X)) D Cy(X) - Z — 0

Msbr umeem €0y = 0, Tak Kak s jgioboro l-cummiaekca o: [vg,v1] — X BBIIOJHEHO

£01(0) = e(olp,) — 0lyy) = 1 =1 = 0. CaenosarenbHo, (2) dBJIA€TCS IEIHBIM KOMILIEK-

COM, HA3BIBACMBIM GY2MEHMUPOSAHHBIM CUHZYAAPHOM YenHvim Komnaekcom mias X. Ero

TOMOJIOTHE HA3BIBAIOTCS NPUGEOEHHUMU 2pynnamu 20mon02uti u 0bo3nauatorcs H,(X).
Tak kak ayrmenTamnus € obpalraercs B HyJb Ha Im 0y, oHa HHAYIHPYeT 0TOOparKeHue

Hy(X) — Z ¢ aapom Hy(X). Crnenosarenso,

Ho(X) = Ho(X) ® Z.
Ouesnano, uro H,(X) = H,(X) upn n > 0.
IIpenmoxkenune 2.2. FEcau npocmparncmeo X aunetno ceasno, mo Ho(X) = 7Z, m.e.

Jlokazamenvemeo. Yrobsl qokazarsb, aro Hy(X) = 0, moctaTouno yoeaurbes, uro Kere C
Imdy, em. (2). Iyere (>, kioy) = 0, me. Y .k = 0. Cunryaspasie 0-CHMIIEKCHI
oi: [vo)] = X — s10 mpocro Toukn B X. s xaxkgoro o; seibepem nyth ;i [ — X
u3 GUKCHPOBAHHON TOYKN g € X B TOUKY 0;(vp). [Tycth 0o — cunryasgpubiii 0-cummiekc
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¢ obpazoMm xg. Kazkaplii myTh 7; MOXKHO pPacCMaTPHBATh KaK CHUHIYJIAPHBINA 1-CHMILICKC
7;: [vo, v1] = X, upnuém O1; = 0; — 0¢. MbI nmeem

8(2 kﬂ}) = Z k’iai — Z kiao = Z kiaia

Tak KaK y . k; = 0. Ciegosaresnsno, » . k;0; — rpanuia, a 3uaunt Kere C Im 0. O

IIpennoxenue 2.3. Iomonozuu mouxu X = pt umerom sud Hy(pt) =7Z u H,(pt) =0
npu n > 0.

Hoxazameavemeo. s X = pt umeercst eJIMHCTBEHHBIH CHUHIYJSIPHBIT N-CHMILIEKC 0,
JUISE JIIOOOTO N, TPUIEM

n

0(0n) = S (— 1)y =4

— On_1, ecau n 9€tao u n # 0.

ecan n HedéTHO mwian n = 0,

TakuMm oOpa3oM, CUHTYJISPHBIN EMHOM KOMILIEKC a1 X = pt UMeeT BH]L
o~ 0 o~ 0
cii — b — 1L — 1L — 17— 7 — 0,

a ero roMOJIOTUHM TPUBHUAJIBHBI 3a HCKI0UYeHuem Hy = 7. Il

2.2. OYyHKTOPUAIBHOCTh U TOMOTOMUYECKASd MHBAPUAHTHOCTb. 3/1€Ch MBI MTOKa-
JKeM, 9TO TOMOTOMHUYECKH SKBUBAJEHTHBIE TPOCTPAHCTBA MUMEIT W30MODPQHbBIE TPYIIIbI
romoJtoruii. /I 3170ro Ml cHadaia yoeauMcest, 9T0 TOMOJIOTHH SBISIOTCA (DYHKTOPOM W3
KaTerOPUHU TOIMOJOTHIECKHUX IPOCTPAHCTB B KATETOPUIO abeIeBbIX TPYII, T.€. HEIIPEePBIB-
noe orobpazxenue f: X — Y unaynupyer romomopdusm fi: H,(X) — H,(Y). 3arem Mbr
JTIOKAZKEM, UTO fy ABJISETCS H30MOP(MUIMOM, eCIH [ — FOMOTOIMHYECKAst IKBUBAJIEHTHOCTb.

Hna orobpazkenus f: X — Y onpegenum romomopdusm neneit fi: Cp(X) — Co(Y),
B34B KOMIIO3UIUIO CHHTYJISPHBIX cuMIltekcos 0: A" — X ¢ f, re. fu(0) = fo: A" =Y,
¢ TOCJIeAYIONTHM TIPOAOJzKeHneM 110 auHelinocTu. [Ipnm srom fx0 = 0f4, Tak Kak

f40(0) = f#(Z(—l)ia\[vo,...,@-,...,un]) = Z(—l)ifal[vo,...,@,...,vn} = Ofy(0).

Takum obpa3zoM, Mbl UMeeM KOMMYTATUBHYIO JHATIDAMMY

— s Con(X) =25 (X)) L5 Cpi(X) ——

[
— s O (V) =25 oY) 25 0 (YY) ——

Dra CUTYyalus OMUCHIBACTCS CJIeAyIomumMu ajredpandeckumu nousgruamu. lycrs Cy =
{C,,0} m C, = {C!,0} — nBa nennsix kommiekca. HaGop romomopdusmos f =
{fn: C, = C! n > 0}, HasbiBaeTcs yennum omobpasicenuem temHoro Komiaerca Cl
B 1enHoil komitekce C, ecjin BBIOJHEHBI cooTHOTeHusT fO = Jf.

IIpennoxenne 2.4. Ilennoe omobpascernue f: Cy — CL undyuyupyem z2omomopgusmoi
epynn 2omono2uti smuz komnaercos, fo: H,(Co) — H,(CL), npuuém

a) (f9)« = fegs 0na xomnosuyuu omobpascenuti C, AN c L s
6) (id). = id, ede id obosnauaem mostcdecmesernoe omobpascenue.
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Jlokasameavemso. CoorHotienune fO = Of Biredét, 910 f HepeBOUT IUKJIBI B IUKJBI (13
dc = 0 caenyer, uro Jf(c) = f(Oc) = 0) u MepPeBOANT IPAHUIBI B TPAHUIBI (TAK Kak
f(0b) = 0f(b)). Crenosarensuo, f unaymupyer romomopbusm f,.: H,(C,) — H,(C)).

CeoiicTBa a) 1 6) OYCBH/THBL. O

Bosppammasich K TOHOJIOIHYECKON CHTYAIINH, MBI [OJIy4aeM, ITO OTOOparKeHne TOIOJIO-
rudecKux npocTpancTs f: X — Y mHaynupyer roMoMOpGU3IMBL HX TPYII CHHTY/ISPHBIX
romogtoruit f,: H,(X) — H,(Y), yI0BAETBOPSIONINE COOTHONIEHUIM &) U 0) U3 TPeJIo-
Kerust 2.4. DTO CBOWCTBO U HA3BIBACTCH (PYHKTOPUAJIBHOCTHIO I'PYIIIT TOMOJIOTHI.

Jlajiee Mbl TIOKa)KeM, 4TO IOMOTOITHbIE OTOOparKeHUs IIPOCTPAHCTB UHIYIUPYIOT OJU-
HAaKOBbie TOMOMOPMU3MBI X rpyI romoaoruit. g sroro nam nonaaoburca anrebpan-
YeCKHU aHajI0r FOMOTOINH.

Jpa nerabix orobpaxkenus [: Cq — CLu g: Cy — C. HA3BIBAIOTCS UENHO 20MOMONHbL-
MU, €CIIH CyIIecTByeT Habop orobpaxenuit P = {P,: C, — C},, n > 0} (na3piBaeMblii
uennotli 2omomonuets MeXKIy f ¥ g), VIOBIETBOPAIONINX COOTHOIICHUSM

DTO OMHUCHIBAETCI KOMMYTATHBHONW JHATPaMMOil

On+1 On
T n+1_>Cn_> n—1—">...
/ /
g#f#l Py L P,
/
’ / /
L n+1a—>0n—a>0n_1—>...
n+1 n

IMpennoxkenne 2.5. I[enno 2omomonnve omobpascenusn f,qg: Co — CL undyyupyrom
00UH U MOM. 2HCE 20MOMOPPUIM 20MON02UT: [y = Gx.

Aoxazamenvemeo. Ecau ¢ € C,, — nuki, 1o g(c) — f(¢) = 0P(c) + PO(c) = 0P(c), Tak
kak Oc = 0. Takum obpasom g(c) — f(c) — rpamuna, T.e. g.[c] — fi[c] = 0. O

Tenepb MBI CHOBa BepHéMCH K CUHTYJIAPDHBIM I'OMOJIOTHAM.

Teopema 2.6. Tomomonnvie omobpastcenun npocmparcms f,g: X — Y undyyupyrom
00UH U MOM HCE 20MOMOPPHUM CUHRYAAPHBLL 20M0N02UT: [ = (.

Jlokasamenvcmeo. JInsg 10Ka3aTebCTBa JOCTATOYHO TOCTPOMTH MENMHYI TOMOTOIWIO
P: Co(X) — Cpa(Y) mexny fgz u gyp. Ham nomagoburcs tpuanryssius (pasoue-
HUe Ha cuMIiiekchl) mpusambl A" X I. Ilycrb v, ...,v, — BepuiuHbl ocHOBaHug A" X
{0}, a wo,...,w, — Bepmuubl ocHoBanuss A™ x {1}. Hama tpuanrygsinus OpuU3MbL
A" x [ umeer n + 1 cUMILIEKCOB pa3sMepHOCTH N + 1, KaKIblii U3 KOTOPHIX MMeeT BH]L
[Vo, -, U, Wiy .. wy], @ = 0,...,n. MoxkHO TpoBepuTh (3a7a4a), 4TO ITO — JeliCTBH-
TEJIbHO CUMILIUIUa/IbHbIH KoMIuieke. Ciyuan n = 1 u n = 2 nokasanbl Ha puc. 3.

[Iycts Temeps mana romoronust F: X X [ — Y mexay orobpaxenusmu f u g. Onpe-
neauM npuamernvie onepamopu, P: Cp(X) — C,1(Y) no dopmyie

P<0> = Z<_1)1F © ((7 X id)’[U07---7viuwi7---vwn]7
i
e 0: A" — X, a Fo(oxid) — komnosunusg A" x I — X x I — Y. MbI nokazeM, 410
IpU3MEHHbIE OLEePATOPHI 3a4a10T HEeMHYI0 TOMOTONNIO MEKAY fu U g4, T.e. YI0BJIETBOPAIOT
COOTHOIITEHNIO
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wo w2

wo w1 /

Vo V2

Vo U1

U1

Puc. 3. Tpuanrynamus npusmbr A" X I.

[eomeTpudeckn JieBast YaCTh STOTO COOTHOIIEHUsSI MPEJCTABISIET TPAHUILY MPU3MBI, & TPU
QieHa B MPaBOil 4acTu npecraBiasior sepxuee ocHopanne A" x {1}, Huzxuee ocHoBanue
A" x {0} u 6okoByto moBepxHocTh QA" X I npusmbl. JIjis 10Ka3aTeIbCTBA COOTHOTITEH ST
MPOBEIEM BHITHUC/IEHHE!

OP(c) = Z(_Ui(_l)jF 0 (0 X 1) v, 5oy s08, e w0m]
i<i

+ Z(_Di(_l)jJAF o (o x id)’[UO7---7Uiawi,---7@7---awn]'

>
YuteHb! ¢ 7 = j B 3TUX JIBYX CYMMaX B3aUMHO COKPAIAIOTCS, 38 UCKJIIOYCHHEM YJIEHOB
Fo (o xid)g,uwp,..wn) =900 = gg(0) u  —Fo(oxid)|p,. ez = —foo=—fz(0).

Yutenst ¢ i # j — 910 B TouHOCTH —PJ(0), Tak Kaxk

PO(0) =Y (1) (=1)F 0 (0 X i) |fug..i1 0] T

i<j
+ Y (1) TN F 0 (0 X 1) gyt oin-
i>j
Mpr gokazany, 910 P — 9TO menHas roMOTONUST MeXK1y fx U g, a 3HA4UHUT f, = g,. [

13 Teopembl 2.6 u cBoiicTB a), 6) u3 npenIoKeHus 2.4 HEMEJIEHHO BBITEKAeT

CaencrBue 2.7. Ecau f: X — Y — 2omomonuveckas sKeusaieHmHocmo, Mo uroyyu-
posanroe omobpascenue 2omonozuts fr: Hy(X) — H,(Y) asasemes usomopdusmom oas
A106020 N.

CaencrBue 2.8. [omomonuuecky sK6USAAEHMHBLE TPOCMPAHCMEA UMEIOM U3OMOPHHbLE
epynnot 2omonozuti. B uacmuocmu, ecau X cmazusaemo, mo H,(X) =0 das awbozo n.

2.3. JInuHHasa TOYHAS IOCJIEA0BATEIBHOCTh ToMoJioruii. Hanmomuum, 4ro nocieio-
BAaTEJIbHOCTH TOMOMOP(MHU3MOB abeJIeBbIX I'PYIIII

s Apy A, T

HasbiBaeTcsa movwkot, ecan Ker f, = Im f,.1 mra moboro n. Takas moc/ieoBaTeibHOCTH
ABJIdeTCd IeIITHbIM KOMIIJIEKCOM C TpI/IBI/IaﬂbeIMI/I prHHaMI/I TOMOJIOTHA.
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Tounasg mocae 0BATEILHOCTD BHIA

0—A-SsB 2500

HA3BIBAETCS Kopomkoti mounoli nocaedosamenvrocmoio. B Heit romoMopdusM [ nHbeK-
TuBeH, g clopbekTused u C' = B/Im f.
KomMmyTaTusHast quarpamMva BHIA

0 0 0

—B 2B, 2B, —— ...

0 0

O 2 = 0 ——

0 0 0

B KOTOpOﬁ CTPOKHU ABJAIOTCA HEIMMHBIMU KOMIIJIEKCaMH, a CTOJI6I_[bI — KOPOTKHUMHU TOYHBIMU
II0CJIe J0BATC/JIbHOCTAMU TI'PYIIIL, HA3bIBAE€TCA nopom%oﬁ mouHotl nocaedosamenbHoCcmbio

i J
UENHBLE Komnaekcos. Mbl OyaeM ncnosib3oBaTh obo3Hadernne 0 — A, — B, — Cy — 0.
Tak kak oTroOpazkeHus ¢ U j B KOPOTKOH IMOCIEI0BATEILHOCTH SBJISIOTCS MEMHBIMH, OHU

MHJLYIHPYIOT ToMOMOPMbM3MEL TpyI romosoruii H,(Ay) — H,(B,) — H,(C,).
Hanee Mpl onmmem emé oaun romomopdusm 0: H,(Co) — H,_1(A.), Ha3bIBaeMbIil
epanusHvLM 20MoMOopdhusmom. Pacemorpum kiace romosoruit [¢] € H,(C,), mpeacraBien-
ublil nukjom ¢ € C,. Tak kak j — suumopdusm, ¢ = j(b) mist vekoroporo b € B,,. Torua
j(0b) = 0j(b) = 0c = 0, 1e. 9b € Ker j = Imi. CaenoBaresbro, 0b = i(a) ayist HEKOTOPO-
ro a € A,_1. Ilpu srom da = 0, Tak kak i(0a) = di(a) = 00b = 0, a i — MoHOMOPDU3M.
Tenepw onpegenm J[c] = [a]. Heobxoaumo mpoBepuTh, 9T0O MOMYyUeHHOE OTOOparKeHHe
0: H,(C,) — H,_1(A,) onpe/iesieno KOppeKTHO (T.e. He 3aBUCAT OT MPOU3BOJIA B BBHIOODE
¢, bu a) w aBasgercs roMOMOPMU3MOM. DTH MPOBEPKH Mbl OCTABJISIEM B KAUECTBE 33JIaUH.
Bor oaHa n3 nepBbpIX TEOPEM FOMOJOTHYECKOH aareOphl.

Teopema 2.9. Kopomkas mounas nociedosamesvbHOCMb UENHBLL KOMNAEKCOS8

0— A, -+ B, 15 ¢, — 0

UHOYUUPYEM «OAUHHYIOS> MOYHYI NOCALIOBAMENBHOCTL 2PYNN 20MOA02UT:

= Ho(A) =5 Ho(By) 25 Ho(Cy) -2 Hyoi(As) = Hy_y(By) — ..
Jloxasamenvcmeo. PaccyKaeHns, HCIIOIb3yeMbIe IIPH JT0KA3ATEILCTBE HABIBAIOTCA « 1A~
IrPAMMHBIM ITOUCKOM». Heofxomumo moKa3arh 6 BKIIOUEHHIA.
Imi, C Ker j,. leiictBuTebao, paBencTso ji = 0 BaevueT j,i, = 0.
Im j. C Kerd. Eciu [c] € Im j,, To ¢ = j(b), rne b = 0. Tak kak npu oupejeseHun
rpaHraHOro roMoMopduama Mbl osaraem i(a) = 0b, nonyuaem a = 0, T.e. d[c] = [a] = 0.
Im 9 C Keri,. ITycrs [a] = O[¢|. Toraa i(a) = 0b, a 3naunt i.[a] = [0b] = 0.
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Kerj. C Imi,. Ilycrs j.[b] = 0. Torma j(b) = ¢ ans mekoroporo ¢ € Cy4q, Tak
kKak j — smumopdusm, ¢ = j(b') ans vekoroporo V' € B, ;. IIpu srom j(b — V') =
Jj(b) = 0j(t') = j(b) — 0c = 0. Caenosarenbno, b — O = i(a) ana wekoroporo a € A,.
DJIeMeHT a ABJseTcs MUKJIOM, Tak Kak i(0a) = 0di(a) = (b —0b') = 0b = 0, a i —

monomopduam. CrenoBaTensbno, i.ja] = [b — 0] = [b], re. [b] € Im i,.

Kerd C Imj,.. Ilycts O] = 0. B obo3madeHusix U3 ONpEJETCHUsS TPAHUIHOTO T'O-
mMoMopdusma 0 Mbl uMmeeM OJ[c¢] = [a], T.e. B mamteit curyamun a = Oa’ A1 HEKOTO-
poro @’ € A,. Hanee, i(a) = 0b. Paccmorpum saement b — i(a’). 910 — nuki, T.K.
d(b —i(a)) = 9b —id(d') = 0b —i(a) = 0. Kpome Toro, j(b —i(a")) = j(b) = ¢, a
sHaunT J. [0 — i(a’)] = [¢].

Keri, C Imd. Iycrs i,[a] = 0. Torma i(a) = 0b ans mekoroporo b € B,. Diement
j(b) aBaserca mukiaoM, Tak Kak Jj(b) = j(0b) = ji(a) = 0. Torma mo ompesmeseHHIO
rparnaHoro romoMopdusma mbl umeeM 0[j(b)] = [a]. O

2.4. OTHOCHUTEIbHBIE TPYIIIHLI TOMOJIOTUNA U TOYHAA MOCJIEI0BATEJIbHOCTD MaPHhI.
Tenepb MBI IPUMEHAM AJATeOpATICCKHE MOCTPOCHUS TPEABIAYIIErO pas3aeaa B TOMOJOIH-
4eCKOil curyanuu.

[lyctb A C X — nmomnpocrpancrso, T.e. (X, A) — monoaoeuveckas napa. O6o3Ha-
qum wepes C, (X, A) bakroprpymmy C,(X)/C,(A). Tak Kak rpaHuaHBI TOMOMOPGU3M
0: Cp(X) = Cp1(X) nepesogur C,(A) B C,,_1(A), OH MHIYIHUPYET IPAHUIHBIA TOMO-
mopdusm 9: Cp, (X, A) — C,_1(X, A). B pesyibrare Mbl TOJydaeM MEMHON KOMILIEKC

e Cot (X, A) D Cl(X,A) - O (X A) —

(coorromenne §? = () BHIMOJHEHO, TAK KAK OHO BHITIOJHSIOCH JIO TIepexoa K (hakToprpy -
nam). Ero romomnorun H,(X, A) Ha3BIBAIOTCA OMHOCUMEALHBMU 2PYNNAMYU 20MOA02UT
napsr (X, A). Takum obpaszom

a) sstementol u3 H, (X, A) IpegcTaBieHbl 0mHOCUMEALHUMY YUKAGMU, T. €. TAKUME
nersamu a € C,(X), aro da € C,,_1(A);

6) orHocuTeNbHBIH MUK @ npeacTasiasger 0 B H, (X, A) Torga u TOJIbKO TOTIA, KOTIA
OH SIBJISIETCS OMHOCUMEALHOT 2panuuet, T.e. a = Ob + ¢ JJisi HEKOTOPHIX b €

Croit(X) 1 ¢ € Cy(A).

Mpr nMeeM KOPOTKYIO TOUHYIO TOCTIEI0BATEIbHOCTD MEMHBIX KOMIITIEKCOB
0 — Co(A) == Co(X) L5 Co(X,A) — 0
3 Tteopembr 2.9 BbiTEKaeT

Teopema 2.10. /as napw npocmparcms (X, A) umeem Mecmo mouHas nociedosamen-
HOCMY 2PYNN. 20M0A02UL

o= Ho(A) 22 Hoy(X) 25 Hoy (X, A) -2 Hyy(A) 25 Hy (X)) — ..

I3 anrebpanteckoro onpenesieHusi FPAHNTHOTO TOMOMOPMU3MA B JIJIMHHON TOIHOIT TI0-
CJIeI0BATEIBHOCTH I'PYIII TOMOJIOTHI HEIOCPeICTBEHHO BBITEKAET CJIeJYIONee ONHCAHUE
rpannanoro orobpazxkenus 0: H,(X,A) — H,_1(A). Ecau kiacc [a] € H,(X,A) npexn-
CTaBJICH OTHOCHTEJIBHBIM IUKJIOM a, TO J]a] — Kiacc mukaa da B H,,_1(A).

Huzke MBI IOKazKeM, ITO JJIs TOCTATOYHO Xoponmux nap (X, A) oTHocHTeIbHAS TPYIIIA
romovioruit Hy, (X, A) B TOYHOH 1M0CJI€I0BATEIHBHOCTH BBIIIE MOXKET ObITh 3aMeHeHA Ha «a0-

cosotay0y rpynny H,(X/A). [oaygaemas To9Has TOCI0BATEIBHOCTD TACT HAM Hep-
BBl 3PMEKTUBHBIA HHCTPYMEHT 11 BHIYHCICHUS CHHTYIIPHBIX TOMOJIOTHI MPOCTPAHCTB.
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2.5. Teopema Bbipe3anusda u €€ caeacTBug. CBONCTBO BHIPE3AHUS SIBASETCS OIHUM
73 KJIIOYEBBIX CBOMCTB CHHTYIAPHBIX TOMOJIOTHI, HAPSY TOMOTONNYECKON MHBAPUAHTHO-
CTBIO M TOUHBIMH I10CJII0BATEILHOCTAME Tap. B KauecTse c/1e/ICTBUA U3 TEOPeMbl BbIpe-
3aHUsI B CJIEAYIONEM Mopasfene Mbl mokaxkem uzomopbusm H, (X, A) = H,(X/A) ans
«xoponux» nap. Bor kjaaccudeckas (GopMyJIMPOBKA T€OPEMbI BbIpe3aHus.

Teopema 2.11. Ilycmo danv npocmparncmea Z C A C X, npuuém samvikarue npo-
cmpanemea Z codepotcumcs 60 enympennocmu npocmpancmea A. Toeda exaruenue
(X\ Z,A\ Z) — (X, A) undyyupyem uzomoppusmoi

Hy(X\ Z,A\ Z) = H,(X,A), n>0.

Nmeercs caeayionias skBuBajeHTHas (HOPMYJIUPOBKA TEOPEMbl BbIpe3aHus, KOTOpas
Takzke Oy/1eT MoJe3Ha JIjId MPUI0ZKEHHUI.

Teopema 2.12. ITycmv danv. nodnpocmparcmea A, B C X, 6HympenHocmu Komopols
nokpusarom X. Tozda sxarouenue (B, AN B) — (X, A) undyyupyem uzomopgusmoi

H,(B,ANB) — H,(X,A), n>0.

Yro0bl yoeauThesd, 94To JBe (POPMYJIMPOBKH TEOPEMbI BbIPE3aHus SKBUBAJIEHTHDI, M10OJI0-
wnvm B=X\ZuZ=X\B. Torna ANB = A\ Z, a yciosue Z C int A sKBuBaseHTHO
yerosmo X = int A Uint B, tak xak X \ int B = Z.

JlokazarejibcTBO TEOpeMbl Bbipe3aHusd OyjerT JaHo B cjejylonieM aparpade, a moka
MBI TIOJTyIUM PsiJi €€ BayKHBIX CJIeJCTBUIA.

Mg napwr (X, A) pacemorpum npocrpanctso X UC A, koTopoe nosydaercst usz X mnpu-
coegmuennem konyca C'A wan A (r.e. xkonyc omobpascenua Biaoxenust A — X).

IMpennoxkenue 2.13. Hmerom mecmo usomophusmol

H,(XUCA) =2 H,(X,A), n=>0.
Zlokxaszameavcmao. Mbl numeem
Hy(X UCA)~ Hy (X UCA,CA) = H (X UCA\ {v},CA\ {v}) = H,(X, A),

/e epBbiii 130MOpGhU3M BBITEKALT U3 TOYHOMN [MOCJIEI0BATEILHOCTH Haphl (TaK KaK KOHYC
C'A craruaem), Bropoii mzoMopdusM ciaeayer U3 TeopeMbl Bbipe3anus (Teopema 2.11;
3/1eCh U — BepIINHA KOHyCa), a TPeTuii n30MOopMU3M MPOUCXOAUT n3 aedOpMAIOHHOM

perpaximn CA\ {v} — A. O

Hanmomuum, aro orobpakenune Biaokenus A <> X Ha3BIBACTCS KOPUCCAOEHUEM, ECITH
OHO YJIOBJIETBOpsieT CBOHCTBY tpososzkerns romororun (cMm. |[Tomnl, §4|). Tlpumepamu siB-
JISIOTCS BJIOYKEHUS KJIETOTHBIX MOAIPOCTPAHCTB B KJIETOYHBIE TIPOCTPAHCTBA (KACTNOUHbLE
napw, (X, A)), a Takxke noamuokecrBa A C X, KoTropble sABISAIOTCS J1eOpPMAUOHHBIME
perpakTaMu CBOMX OKpecTHOCTel B X .

IIpennoxenue 2.14. Ecau eaovicerue A — X asaremea xopaccaoenuem, mo Gaxmop-
omobpancenue q: (X, A) — (X/A, AJA) = (X/A, pt) undyyupyem uzomoppusmo.

¢: Ho(X,A) = H (X/A, pt) = H,(X/A), n>0.

Hoxasamensvcmeo. Ecim A — X aBisiercs kopacciaoenueMm, 10 pakroporodpakenune X U
CA— (XUCA)/CA = X/A asnsiercss romoTonungeckoii sxsuBasenTaocThio (cm. [Toml,
caencrrue 4.5]), Tak 9TO yTBEpKIEHHE Cleayer U3 mpejioxenns 2.13. O
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IMpennoxkenue 2.15. /s chepvr S™, n > 0, umeem
~ Z npui=n

Hy(5") = { pe

0 npui#n.

Joxazameavcmeo. Tlpu n > 0 pacemorpum napy (X, A) = (D", S™1); rorma X/A = S™.
Tounasg mocsie10BaTeILHOCTD /I IPUBEAEHHBIX TOMOJIOIUI UMeeT BU:
ﬁZ(Dn> — HZ<Dn, Sn—l) — ﬁ[i,1<sn_1) — ﬁ-l,l(Dn)
0 H;(S™) 0
I3 TouHOCTH CJIEmyeT, ITO ]:vIl(S”) =~ ]Tli_l(Snfl). [Ipr moMoIu MHAYKIHHA MBI CBOIUM
yrBepuienne K ciaydaio n = 0, Torga S° — JBe TOUKHM U Pe3yibTaT Cjejyer u3 IIpejiio-
Kennit 2.2 u 2.3. ]
O60061eHneM IPEALIAYIIEro yTBePKACHUS ABIACTCA CJICAYIOIAT TeOPEMA.

Teopema 2.16 (u30omopdusm HagcTpoiiku). iz 406020 npocmpancmea X umerom me-
cmo u3omophusmol

Hi(XX) = H_1(X).

Joxazamensvemeo. DTO BHITEKAET U3 TOYHOM TOMOJIOTHYECKON MOCIe10BATEIbHOCTH Iaphl
(CX,X), tne CX craruBaemo, X — CX sBisiercst KopaccaoenueM s oboro X u
CX/X =XYX. O

Teopema 2.17. llyemv (X,,x,) — HabOP Npocmpancme ¢ OMMEYEHHBLMY MOYKAGMU,
ONA KOMOPBLL BAONHCEHUA Lo —> X ABAAIOMCA KOPaccroenuamu. Tozda umerom mecmo

u30MOPPHU3MDI
A, (\/ Xa) ~ (D H,(X.), n>0.

Hokazamensbcmeo. JTo BbITEKaeT 13 TOIHOM nocaenoBarensrocts mapst (||, Xo, | |, {Za})
u onpenenenns oykera \/ , Xo = ||, Xo/ | %} O

[Ipm moMoTII TOMOJIOTHH JIETKO JTOKA3BIBACTCA CJAEAYIONNIH KIACCUIeCKUH pe3yIbTar.

Teopema 2.18 («HHBAPHAHTHOCTH PASMEPHOCTU» ). ECAU Henycmuie omKpbumvle MHOMCE-
ecmea U CR™ u'V C R™ 2omeomopdrin,, mo m = n.

Joxazamenavemeo. s jiio60it Toukn x € U Mbl uMeem

Z upui=m,

Hi(U, U\ {z}) = Hy(R™, R™\ {}) = H,_(R™\ {2}) & H,_,(S™1) = {O pi i £ m

rJie MepBbIil 30MOpPGU3M CJIejIyeT U3 TeOPeMbl BbIPE3aHWsi, BTOPOW — W3 TOYHON ITO-
cnenoBaresibrocT mapsl (R™ R™ \ {z}), a Tpernii — u3 gedopmMannoHHoil peTpaxiuu

R™\ {z} — S™ 1. Amanoru4no,
Z tupmi=n,
0 1upu i #n.

Hy(V, VA {y}) = {

o)

Tak kak romeomopbusm h: U — V wunagyuupyer uzomopdbusmer H;(U, U \ {z}) —
H;(V,V\ {h(z)}) nnst Bcex i, MOMKHO OBITH M = N. O
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2.6. JJoxka3aTeJbCTBO TeOpeMbl BbIpe3aHmd. /lokazaresbcTBO Oyler OCHOBAHO HA
KJIIOU€BOIl JIeMMe, ITO3BOJIAIONIENl BBIUUC/IATD IPYHIBI TOMOJIONHI, UCIOJIb3Ys JIUITL «Ma-
JIbley CHHTYJISPHBIe cuMILIeKCchl. MaaocTb MBI OyJieM oIpeeaTh B TePMUHAX OKPBITHH,
a OCHOBHBIM KOMOWHATODHBIM HHCTPYMEHTOM OyzeT OapHIleHTpUdIecKoe Hoapas3/iesIeHue.
Ilycts U = {U;} — orkpbiToe mOKpbiTHe mpocrpancTBa X. OupeneauM HOATPYyIIy
CYU(X) B C,(X), COCTOANIYIO U3 TAKUX MeTeii Y . n;0;, 9TO 00pa3 KazKI0ro 0ToOpazKeHus
;0 A" — X comepKHUTCA B HEKOTOPOM MHOXKeCTBe U3 HMOKPBITUs . 'panmdnoe 0T00-
paxenue 0: C,(X) — C,_1(X) nepesomur CY(X) B CY¥ | (X), mosromy rpynmsr C¥(X)
obpasyior nenuoit komrieke. O6o3HauuM ero rpymnsl roMosoruit yepes HY (X).

Jlemma 2.19. Brarouenue 1: CY(X) — C,(X) asaaemea uennoti 2omomonunecroti o%-
GUBAACHIMHOCTIDIO, M. €. cyuecmeyem makoe yennoe omobpasicenue p: Cp(X) — CY(X),
WO LP U PL YENHO 20MOMONHLL Modcdecmeentvim omobpasicenuam. Caedosamenrvro, L
undyuupyem usomoppusmo, HY(X) = H,(X), n > 0.
Jlokasameavemso. Hamomunm, 910 GapuiieHTpOM (WM HMEHTPOM THAMKECTH) CHMILIEKCA
[vo, ..., v,] B mpocrpancTee RY maswiBaercs Touka b = n%l(vo + ... + v,). Bapuyen-
mpuveckum nodpasbueruem CAMILIEKCA [Ug, . . ., V,] Ha3bIBAETCS CHMILIUIIHAIBHBIA KOM-
IIEKC, BEPITHHAME KOTOPOTO SIBJSIIOTCSI OAPUIEHTPHI BCEX IPaHell CUMILTEKCaA [y, . . ., U]
(BKJIIOYAST cAM CHMILIEKC); TIPU 9TOM HAGOp GAPUIEHTPOB IpaHeil FBJISETCST MHOKECTBOM
BEPIIMH CAMILIEKCA B GAPUIEHTPUIECKOM TTOAPa30UeHnd TOJbLKO TOTA, KOTJAa STH I'PaHu
00pa3yoT 1ENOYKY BJIOXKEHHBbIX Jpyr B jpyra. [lo-jgpyromy OapuiieHTpUdecKoe 1mojipas-
OueHne CUMILIEKCA, MOYKHO OIPEJACJNTHh WHYKTHBHO: OAPHIEHTPUYECKOE NOAPA3OneHIe
0-MepHOTO cUMILTEKCa (TOYKH) eCTh caMa 3Ta To4YKa, a npu k > 0 6apuIieHTpUIecKoe moji-
paszbuenne k-MepHOTO CUMILIEKCA TOJyvaeTCss B3ATHEM KOHYCOB HaJl OapUIeHTPHIeCKIMA
0/ipa3bMeHuIAME BCeX ero rpaHeil. AHAJOMMYHO, HHJYKTHBHBIM OOPa30M OIIPEIeNsIeTcs
GapUIEHTPUYIECKOE TTOAPA3OUEHUE IIPOU3BOIBHOTO CUMILIUIMAIBHOIO KOMILIEKCA.

Bapunenrpudeckoe nojpasduenne obaagaer CJAeLyIONUMM BazKHBIM CBOHCTBOM: eCjin
JUAMeTpP CUMILIEKCA [vg, ..., U,] (MAKCHUMAJIbHOE DACCTOSHHE MEXKIY €r0o TOYKAME) pa-
BeH d, TO AMAMETPHl CUMILICKCOB ero GApPHIEHTPUICCKOrO HOAPa3OneHusa He TPEeBOCXOIAT
—ed (3amaga). Takum 06pa3oM, MHOTOKDATHO HPUMEHsIsi HAPUIIEHTPHYECKOe Hopa3oue-
HUE, MOKHO IOJIy4aTh CKOJIb YTOAHO MEIKHE TPHAHTY/ISINH.

Hasnee mbr moctponMm oneparop noapazouerns S: Cp,(X) — C,(X) u nmposepum, 910
OH IIEMTHO TOMOTOIIEH TOKIECCTBEHHOMY OTOOPaYKeHUIO.

[Iycts o: [vg,...,v,] — X — cunrynspasii cummiaekc. is mo6oro Habopa ToUek
Wo, ..., Wk € [vg, ..., V,] OrpaHHYeHHE OTOGPAZKEHUS 0 33JIaéT CUHTYJISPHBIH k-CHMILIEKC
[wo, . .., wi] = X. OnpegeauM Ha TAKUX CHUMILIEKCAX orepatop b, mo dbopmye

bo’[w07 ce ,wk] = [b, Wo, - - - ,wk},
rae b — OGapuIeHTD CUMILIEKCA [V, . .., U,]. Ilo onpemenennto rpaHudHOTO oneparopa O

MBI MeeM COOTHOIIEeHIe
Obs[wo, . .., wi] = [wy, ..., wr] — b,0wy, ..., w,
KOTOPOEe MOXKHO LIepelucaTb B BUJIE

0b, + b,0 = id.
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Puc. 4. Tpuanrynanus npusmbr A" X [.

Teneps onpenesnm oneparop noapaztuennst S: Cp,(X) — Cp(X), mast n = 0 moaoxus
S =id: Cy(X) = Co(X), a st n > 0 opu MOMOIITH UHIYKTUBHON hOpMYITHI

(3) So =b,S00.

[eomerpudecku 3ra GopMyta o3HaYaer, 4To S MEPeBOJUT CHHIYJSIPHBIH CHMILIEKC
o: [vo,...,v] — X B CHHI'YJIADHYIO LENb, MPEJICTABIAIONIYI0 COOOH CyMMy OrpaHHYTe-
HUIl 0 HA CEMILIEKCH GAPUIEHTPUICCKOTO MOAPA3OUEeHNs CAMILIEKCA [Vg, . . ., Up|, B3ATHIE
€ HEKOTOPBIMHU 3HAKAMHU.

Oueparop S: C,(X) — C,(X) aBusiercs nenubim orobpazkenunem. JleficrBureibHO, 1pu
n=0wmb umeem S =idu 90 =0, .e. 05 =50 =0,anupun >0

0So = 0(b,S00) = (id —b,0)S00 = Sdo — b,0500 = SO — b,S0Jo = Sdo,

rJe B MPeIINoCIeIHEM DAaBEHCTBE Mbl BOCIIOJIB30BAINCH MPEINOIOKEHIHeM HHIYKIUH (CO-
orHotenne 05 = SO uMeeT MecTo st CHHTYJIIpHOIT (n — 1)-MepHoil renu Jo).

Teneps oupemenum omeparop rennoil romoronuu 1': Cp(X) — Cpi(X) Mexay S u
TOXKIeCTBeHHBIM oToOpazkerueM. g n = 0 moaoxum To = b,0 (370 — CUHTYIAPHBIH
1-MepHbIi CUMIUTEKC, TepeBosnmii 06e Bepmmubl B TOUKY o[vg]). st n > 0 onpeaennm
T 1pu TTOMOITN UHIYKTUBHON (DOPMYJIBI

To =b,(c —T0o).

[eomeTpuveckast HHTepPIPeTANnst Toi (DOPMYJIBI 3aKII0UAETCsI B coreytomneM. Onpeaenm
UHJLYKTUBHO 110pa3buenne npusMbl A" X [ 10oJy4eHHOE B PE3yJibTare COCAMHEHUS BCEX
cumiiercoB B A X {0} U OA™ x I ¢ bapunenrpom cumiiekca A x {1}, cm. puc. 4. Torga
cunryaspaas (n + 1)-mepras nenb T'o ecTh cymMMa OrpaHUYEHUT KOMIIO3UIIHH

A" < T 25 A" = (g, ... 00 = X

Ha CHMIIJICKCBI HO,ZLpaS6I/IeHI/IH OPpU3MbI, B3ATbIe C HEKOTOPBIMU 3HaKaMU.
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®opwmyaa nennoit romoronuun JT + TO = id —S seinonnena na Cy(X), rae S = id,
0=0wuJdT =0. Inga cuuryasspHOro n-MEePHOTO CUMILIEKCa 0, n > (), MBI UMeeM

ITo = 0(by(c —Tdo)) = (id —b,0)(c —Tdo) = 0 — TIo — b,(id —0T)do =

=0—T00 —b,(TO+ S)0o =0 —Tdo — b,S00 = (id —=T0 — 5)o.

3/1ech MBI BOCTIOJIB30BAIUCH MPENOJIOKeHneM HHAyKiuu (coorHontenne id —0T = TO+ S
MMeeT MeCTO JIJIsl CHHTY/IsIpHOit (n — 1)-Mepnoit enn do) u dbopmy.oii (3).

PaccMmoTpuM omepaTtop m-KpaTHOTO GapuiieHTpudeckoro mogpasbuenns S™: C,(X) —
Cp(X). Torma oneparop Dy, = > o 0, TS 3amaéT nennyio roMoronuio Mexay id n S™:

0Dy + D0 = > (0TS'+TS0)= > (0TS +TdS") = Y (9T +T9)S" =

0i<m oi<m 0i<m
= ) (d-9)S'= Y (§-5")=id-5"
o<i<m o<i<m

st KaxKaoro cuHry/asspaoro cuMmiuiekca o: A" — X u 10crarodHo O0JIbIIOrO 1M CHH-
ryjsphas tenb S™o Gymger sexarh B CY(X), Tak Kak auamerpbl cuminiekcos B S™(A™)
npu OojabImux M OyAyT MeHbime duciaa Jlebera mokpeiTust cuMmiiekca A" OTKPBITHIMI
muozkectBamu o (U;). (Uncao JleGera OTKPBITOrO MOKPHITHS KOMIAKTHOIO METPHIECKO-
IO MPOCTPAHCTBA — 3TO Takoe 4ucjo € > 0, 94To J11060€ MHOXKECTBO JHaMeTpa MeHb-
e £ COMCPIKHUTCS B HEKOTOPOM MHOYKECTBE HOKpPBITHs.) Eciam 6bI MOXKHO OBLIO BbI-
6paTh OJHO YHCJIO M JIs BCEX CHHIYJISIPHBIX CHMILIEKCOB 0, TO MBI MOIJIU OBl TIOJIO?KATH
p=28m": C,(X)— CY(X), u Torna coornomenue dD,, + D,,0 = id —S™ oznauaso 6uI,
aro D, ABISETCS MEemHON roMoronmeil Mexkay tp u id (a Takzke MexIy p u id).

Ha npakTtuke, 0HAKO, MBI HE MOZKeM BBIODATh OHO M /st Beex o. [loaromy onpenennm
m(co) kak Hanmenbiiee m, g koroporo S™o € CY(X). Onpenenum Tenepsb ornepaTop

D: Ch(X) = Crop1(X), Do = Dyey0.

Huke Mbl TOKazKkeM, 910 D gBJIsieTcs MemHoi roMoTonueil Mexk ity id u tp /st HEKOTOPOro
nennoro otobpazkenns p: Cp,(X) — CY(X). PaccMoTpuM cOOTHOMIEHHE

8Dm(0)0 + Dm(o)aa =og— Sm9g.
Mot umeem 0D, 0 = 0Do, 1o D,y 00 # DOo. Ilpubasus Ddo x obeum uacrsam
COOTHOIIEHUSI BBIIIE, MOCAE TPEodPA30BAHUS TIOJLY UM

0Do + DOo = o — (Sm(g)a + Dyy(oy00 — D).

Tenepb MOJIOKHM

plo) = SO g 4 Din(sy00 — DOo.
Torga npeanocieHee COOTHOIEHHE TIPUHIMAET BH/T
(4) 0Do + Ddo = o — p(0)
[Ipu s10M p sBAsiercss nenHbiM orobpaxkenueM. [lefictBurenpro, us (4) caemyer, 410
Op(o) = 0o — 0DIo = p(do).

Ioxazkem, uto p(o) € CY(X). Dro ouesnano mis wiena S™ g, [laa ocTalbHOM qacTH
D ()00 — D00 3aMeTnM, 4TO eclu 0 0003HaYaeT OrPaHIIeHAe 0 HA j-10 TPAHb CHMILIEKCA
A" rom(o;) < m(o), nosromy xaxaptii wien 7S (0;) B Do 6yner Bxoautb n B Dy 00
Taknm o6pazoM, Dy, ,00 — Ddo — cymma anenos T'S(0;), tae i > m(o;), a Bee Takue
wrenbl gexar B CY(X) (zamernm, uro T nepesomur CY | (X) B CY(X)).
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Takum 06pa3oM, MbI MOXKEM paccMaTpUBaTh p Kak renHoe orobpaxkenue p: Cp(X) —
CY(X). Toraa coornommenue (4) nepenutercs & suge 0D+ DO = id —up, rae v: CY(X) —
C(X) — Braouenue. Kpome toro, pr = id, Tak kak D TOXKJIECTBEHHO PABHO HYJIIO Ha
CY(X), nockombky m(o) = 0 gz o € CY(X). Utak, oTobpaskeHne p MEemHO TOMOTONHYe-
CKH 0OPATHO K L. O

Tenepb MbI MOXKEM JI0Ka3aTh TEOPEMY BbIpE3aHUs.

Jloxazamenvemeo meopemo, 2.12. Ham jnanbl noanpocrpancrsa A, B C X, BHyTPpEHHOCTH
KoTOpbiX nokpbiBaoT X. Ilepexoss, ecim HEOOXOAUMO, KO BHYTPEHHOCTSM, Mbl MOYKEM
cuntath, 970 X = AU B — OTKPBITOE MOKPHITHE, KOTOPOe Mbl 0003HaunM 1depe3 U. Mot
oynem obosnauars rpynmsl CY(X) uepes C,(A + B), 4To ykasbiBaeT Ha TO, 9TO OHHU
cocToaT U3 cymMm 1eneit B A n nemneii B B.

B konme gokazarejnbcrBa JiemMMbl 2.19 mbl noayamin dopmyias 0D + DO = id —up
u pr = id. Bee orobpazxkenusi B s1ux dbopmynax mnepesoasar C,(A) B C,(A), mosromy
BKJIIOUCHUE

Cn(A+ B)/Cn(A) = Cn(X)/Cn(A)
uHyupyer ndoMopdusm romosoruit. C apyroi cTOpOHbI, 0TOOpaXKEeHUE

Co(B)/Cn(AN B) — Coa(A + B)/Co(A),

WH/IyIHPOBAHHOE BKJIIOUEHHEM, SIBJIAETCS U30MOPGMU3MOM, TaK Kak 00e (haKTOPIPYIIIbI
BBINIE CBOOOMHBIE U UX 0A3MCOM CIYZKAT CHHTYJIAPHBIE N-CUMILIEKCH B B, He JeKalye
B A. CiieioBaresibHO, MbI 110/1y4aeM Tpedyembiii uzomopbusm H,(B, ANB) = H,(X, A),
UHIY TUPOBAHHBIN BKJIIOYCHUEM. O

2.7. Tounaga nocemoBaTeabHOCTh Maiiepa—Bueropuca.

Teopema 2.20. [Tycmwv dann nodnpocmpancmea A, B C X, enympennocmu Komopu
noxpusatom X . Toeda umeem mecmo mouHaA NOCAEIOBAGMEALHOCTL 2PYNN, 20MOA02UL

= Hy(ANB) £ H,(A)& H,(B) 2 Ho(X) -5 Hy_1(ANB) = ... — Hy(X) = 0

Jloxasameavcmeo. Kak m B J0Ka3aTeJbCcTBe TeopeMbl 2.12, paccMOTPHM HOATPYIILY
Cho(A+ B) C C,h(X), cocrosinyio u3 Teneit, KOTOpble SBISIOTCS cymMMamu memeii B A
u meneil 8 B. MBI nMeeM TOYHYIO HOCAEI0BATENLHOCTD HEIHLIX KOMILICKCOB, 00pa30BaH-
HYIO KOPDOTKHMHU TOYHBIMH I10CJI€10BATEJIbHOCTAMU

0 — Co(ANB) -2 Cu(A) ® Co(B) —% Cu(A+ B) — 0,

e p(z) = (z,—x) u Y(z,y) = x + y. CooTBETCTBYIOMAS ITHHHAS TOTHAS ITOCTEI0BA-
TEJbHOCTHh I'OMOJIOIUMI U ecTh 1ocJiejgoBaresbiocts Maitepa-Bueropuca, Tak Kak BKJIIO-
genue Cp(A+ B) — C,(X) unpynupyer u3oMopdu3M rpyIin roMOIOTHii COIIACHO JIEM-
Me 2.19. [

["'parnunoe orobpaxkenne 0: H,(X) — H,_1(AN B) serko onucark sBuo. llycTs Ki1ace
a € H,(X) npencrasien nukaoM a. C mOMOIIBIO 6apUIIEHTPAIECKOTO MOAPAIOUEHUST UK
@ MOYKHO BBIOPATH TaK, 9T00BI OH ObLT CyMMO#t x + y nieneit B A u B coorBercTtBenHo. Mbr
umeem da = Ox + 0y = 0. Torga saement da € H, (A N B) upeacrapjied MUK/IOM
oxr = —0y.
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2.8. DKBUBAJEHTHOCTh CUMILIAMUAIBHBIX UM CHHLYJIAPHBIX romoJoruii. [Tycrs
Ha X 3a7aHa CTPYKTYpa MOJYCHMILUIMIUAILHOTO KOMILIEKCA, T. €. 33aHbl 0TOOPasKeHUs
0o: A" — X, yaoBieTBopsitoliue cBoiictBaMm a)—B), cMm. naparpad 1.2. Mbl onpeaenuin
KOMILIEKC CUMILTHIUAILHBIX Tenelt { A, (X), 0} u cummmunuaibube romosorun H2(X).

Onpejie/tuM TakzKe IPYIIIBI OTHOCHTeNBHBIX CHMIUTMIHAIBHBIX romosoruit HA (X, A).
[Iycts A C X — MOTyCHUMILTHITHATBHBINA MOAKOMILIEKC, T. €. TOJYCAMIUIAITATLHBI KOM-
IJIEKC, 0OPA30BAHHBIN 00bEIMHEHHEM HEKOTOPHIX CHMILIEKCOB Komitekca X . Torma rpym-
na HA(X, A) onpejenserca Kak rpylia TOMOJOIHH KOMILIEKCA OTHOCHTETHLHBIX Temeit
Ay (X, A) = A, (X)/AL(A). Kak u g5 CHETYISIPHBIX TOMOJIOTHIT, HMEET MeCTO [JINHHAS
TOYHAS TOCJAEI0BATETBHOCTD Tapbl (X, A) 11 CUMILTUIUATBHBIX TOMOJIOIHI.

Nwmeercst kanorndecknii romomopdusm H2 (X, A) — H,(X,A) w3 cuvminmmas-
HBIX B CHHIY/ISIPHBIE TOMOJIOTHHU, HHIYIUPOBAHHBIH menHbiM otobpazkennem A, (X, A) —
Cn(X, A), mepeBOmANTM KazK/Iblii n-MEpHbIH CHMILIEKC KOMIUIEKCa X B €ro XapaKTepH-
cruaeckoe orobpaxkenue o,: A" — X. Ilpu A = & orHOCHTEIBHBIC TPYIIBI TOMOJIOTHIT
cBosiATes K abcomorapiv: HA(X, @) = HA(X) u H,(X, @) = H,(X).

Teopema 2.21. Iomomoppusmo, H(X, A) — H, (X, A) aeasomea usomopdusmamu.

Joxazamenvcmeo. PaccMorpuM cHadasia cjydail, KOrja KOMILIEKC X KOHEYHOMEpeH, a
A = @. llyers X* — 310 k-MepHEIT 0cTOB KOMILIeKca X, COCTOSIINI U3 BCEX CHMILICKCOB
pasmepuoctn < k. Torga mMbl mMeeM KOMMYTATUBHYIO JUATPAMMY TOYHBIX TOCJIEI0Ba-
TeJbHOCTeNl

HZ (X5 XM = HRXMY) = HRXF) = HR(XM XM — HE (X

S ! ! ! )
Hn+1(Xk,Xk71) — Hn(kal) — Hn(Xk) — Hn(Xk,kal) — Hn_l(kal)

[TokazkeMm, 9TO MepBOE U YeTBEPTOE BEPTUKAIbHBIE 0TOOpakeHust — u3oMopdus3mol. ['pyn-
I8 CHUMILINIUAJILHBIX IeIei ATL(X’“,Xk_l) HyJieBas Ipd N # k u cBoOOaHAsA abeseBa C
OazucoM u3 k-MEpHBIX CHUMILIEKCOB KoMminiekca X npu n = k. CiemnoBaTebHO, TPYIIILI
CHMILTHIMAIBHBIX romoornit HA (X*, X*~1) umetor Togno Taxoe ke onucanme. Jjis BbI-
qUCyIeHus IPYII CHHTYIAPpHBIX romosoruit H, (X" X*~1) pacemorpum oTobpaskenue

o: | (AL 047) — (X*, X,

06pa30BaHHOE XapaKTepUCTHIecKIMH oTobpazkenuamu AF — X nra Beex k-MepHBIX crM-
mwIekcoB KoMiniekca X . Orodbpazkenue @ UHAYIUPYET roMeoMOpu3M

| |Ak/| Joak = x*/x*,

a 3HAYUT OHO MHIYIHPYET H30MOPGU3MBI IPYII CHHIYISPHBIX rOMoJOrnii. B jeBoit ga-
CTH BblIe cTOMT GyKeT k-MepHbIX cdep, nosromy rpymna H,(X* X*~1) papna nymo npu
n # k u gBisgercsa cBoboaHOM abeeBoil rpynmoi ¢ 6a3ucoM, COOTBETCTBYONINM XapaKTe-
puctnueckuM otobpazkenuam AF — X peex k-MepHBIX CHMILIEKCOB KOMILTeKca X, TpH
n = k. lostomy orobpazenne HA (X Xk-1) — H, (X* X*k1) apraerca nzomopduzmom
JITST BCEX N.

[Ipumensis MHIYKITHIO 110 k, MbI MOZKEM HPE/NOJIOKHUTD, 9TO BTOPOE U NATOE BEPTUKAIb-
Hble OTOOpazKeHns B KOMMYTATHBHON JimarpaMMe BbIIe TakzKe u3oMopdu3Mbl. Torga u
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cpejiHee BepTUKAJIbHOEe 0TODparkeHne — M30MOP(PU3M COIVIACHO aaredpanvieckoMy yTBep-
KJIEHUIO, U3BECTHOMY KaK AeMMG 0 NAMU 20MOMOPHUIMAT (S-aemma), cm. 3amaay 2.39.
lrak, yrBep:KaeHne JOKa3aHO B CiIydae, Korda X KOHeIHOMepeH, a A = &,

PaccmorpuMm Tenephb ciaydaii, korga X — 6eckoHedHOMepPHBIN KoMILieke. /lokazkem cJie-
ayomuit (pakT: KOMIakKTHOe moaMHO:KecTBO K B X MOXKeT mepecekaTh TOJBKO KOHeU-
HOE 9MCJI0 OTKPBITHIX cuminiekcoB. (Ha camom jene sro — obmuit dakr o KIeToqHbIX
upocrpancrBax.) JlefictBurenbHo, npeanonoxumM, 9T0 K mepecekaer GeCKOHEYHO MHO-
0 OTKPBITBIX CHUMILIEKCOB. BbIiOupast mo OHOI TOYKE BHYTPU KarKJIOTO U3 TAKUX OT-
KPBITBIX CHMIIJIEKCOB, TOJYYUM O€CKOHEUYHBIH Habop To4ek x;. Kaxkioe w3 MHOXKECTB
U = X\ Uj#{xj} OTKPBITO, TAK KaK OTKPBIT €ro mpoobpas IpH JII0OOM XapaKTepH-
CTUYECKOM OTOOpazkeHMH 0,: A" — X. MuoxkecrBa U; 00pa3yioT OTKPBHITOE IMOKPHITHAE
MHOZKeCTBa K, U3 KOTOPOro Hejib3sl BBIJAEIUTH KOHEUHOE HOAIOKpbiTHE. [I[poTuBopedne.

Tenepn joxazkem, uro H2(X) — H,(X) ects nzomopdusm. CHauama J0KaxKeM Coph-
eKTUBHOCTE. [lycTh smement v € H,(X) npencrabien numkioMm c. Tak Kak ¢ — KOHeIHAsI
JMUHeiHasS KOMONHAIIIA CHHTYISPHBIX CAMILIEKCOB, ero 0opas coaep:kuted B X Y 11a Heko-
Toporo N, COrTacHO yTBepzKJIeHNIO I3 IpepLiymero adzana. Tak kak XV komednomepem,
H2(XN) — H,(X") ectb uzomopdusm. CrenosaregbHo, UK ¢ romosoruuen B X (a
3HAYUT, U B X ) CUMILIAIHATHLHOMY TIHKITY. DTO JOKA3BIBAET CIOPBEKTUBHOCTH OTOOpazKe-
g HA(X) — H,(X). Teneps mokaskeM HHBLEKTHBHOCTD. 11ycTh s — CHMILTHITHATHHEIH
MUK, TpuaémM s = Od ajasa HekoTopoii cuuryagpuoi memu d B X. llens d umeer Kom-
IMAKTHBIT 06pa3, a 3HAUNT coaepKuTcsa B HekoTopoM X V. T1oaToMy MUK § IPeACTABILeT
sieMent u3 sypa ortobpaykenns H2(XYN) — H,(XY). Ho ato orobpaxenne — H30MOp-
dbu3M, a TOTOMY § ABJASETCS TpaHUIel CHMILTAIHAALHOH menn B XV, a sHaunt u B X.

Ocrasoch paceMoTperh ciaydait, korga X npou3BosibHo u A # @. B aromy ciaydae Mbl
OPUMEHUM JIEMMY O TATH TOMOMOPMU3MAX K KAHOHWIECKOMY OTOODAarKeHWIO JIJIHHHBIX
TOYHBIX TOCJAEJOBATEIbHOCTEN CUMIIIAIUAIBHBIX U CHHTYJISAPHBIX TOMOJIOTHIA:

HJ(A) — HJ}(X) = H}X,A) — H2,(A) — HZ,(X)

1 \ 1 3 3 O
H,(A) — H,(X) — H,(X,A) — H,1(A) — H,(X)

3amaun U ynpakHeHus.

2.22. Jlokaxkwute, uro pazbumenne mpuambl A" X | HA CHMILJIEKCHI, ONMUCAHHOE B HAYAJIE
JIOKA3aTe/IbCTBA TeOPeMbI 2.6, NeHCTBUTEIHLHO AB/ISAETCH CUMILTHITUAIBLHBIM KOMILIEKCOM.

2.23. IlocTpoiiTe Kakyo0-HIOYIb TPUAHTYJIANMIO MPOM3BedeHNs cuMILIekcoB A" x A™,

2.24. Tlokaxure, uro ecan A — perpakr npocrpancTsa X, To otobpaxkenne H,(A) —
H, (X), naxynupoBantoe BraodeHneM A < X saBisiercss MOHOMOPQOU3MOM.

2.25. llokaxkuTte, 4TO IemHAs FOMOTOIMS IEIHBIX O0TOOpaKeHHil — OTHOIIEHHE SKBUBAa-
JIEHTHOCTH.

2.26. IIposepbre, uro rpanudroe orobpaxkenue 0: H,(C,) — H,_1(As) romomnoruii men-
HBIX KOMILIEKCOB OTPEJEJCHO KOPPEKTHO U SABISAETCA TOMOMOP(U3MOM.

2.27. Jlokaxure, uro H, (X, zq) = f]n(X) Juts Jiobbx xop € X un > 0.
2.28. BpiBejuTe TOYHYIO MOCIE0BATEILHOCTD HAPBI JIId MPUBEJIEHHBIX TOMOJIOTHUIL:

o Ho(A) 22 Hy(X) 25 Hy(X,A) -2 Hyy(A) 25 Hy (X)) — ..
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2.29. Hanomumnm, aro omobpascernuem nap f: (X, A) — (Y, B) nazsiBaercs oTobpazKkeHue
f: X — Y, ana koroporo f(A) C B. Jlokaxure, 9T0 0TOOparkeHne map WHILYIUPYET
romomopdusmst f,: H, (X, A) - H,(Y,B), n>0.

2.30. Jlokaxknre, uro ecau orobpaxenns f,g: (X, A) — (Y, B) roMoTomHbl B Kjacce
orobpaxkenuii map (r.e. cymecrsyer romoronust F: X x I — Y mexnay f u g, Takad,
qro F(A x I) C B), T0 uHAyIHpYyeMble UMH OTOOpasKeHHsI TOMOJIOTHIl Map COBHAIAIOT:
fe=gs: Hy(X,A) —» H,(Y,B), n>0.

2.31. [loka:kuTe caeayroliee CBOMCTBO ecmecmsenrocmuy TOMOJOTHIECKOH IMOCTe/10Ba-
TeJIBHOCTHU Taphl: Jyist otobpazkenust map f: (X, A) — (Y, B) umeer MecTO KOMMYTATHB-
Had JuarpaMmMa

e Ho(A) = Ho(X) — 2 Ho (X, A) =2 H,y 1 (A) —— ...

b e

7

. —— H,(B) —> H,(Y) —2> H,(Y,B) —2~ H,_(B) —~ . ..

2.32. OnpenenanTre n JOKAXKUTE TOUHOCTD 20M0A02UYECKOT NOCACIOBAMEALHOCTIU MPOTIKU
st (X, A, B), tne BC AC X:
... — Hy(A,B) == H,(X,B) 25 H, (X, A) -% H,_1(A, B) % H,_(X,B) — ...

2.33. okaxwure, uro Brodenne A — X unpynupyer u3oMopdu3Mbl BCEX IPYIII IOMO-
JIOTHil TOTa U TOJIbKO Toraa, Korma H, (X, A) = 0 s Beex n.

2.34. Jlokaxkure 1pu MMOMOIIH T'PYII FOMOJIOTHI 06uyro meopemy bpayapa: HenpepbiBHOE
orobpazkenue mapa D" B cebg umeeT X0Ts Obl OJIHY HEMOJABUIKHYIO TOUKY.

2.35. Berumcanre rpyunbl rOMOJIOTHI I JIONOJHEHUs JIBYX 3allelJIEHHBIX U JIBYX He3a-
MeIUTeHHBIX OKpy KHOCTel B R3; cpaBHnATe ¢ BRIYHCIeHNEM (DYHIAMEHTATBHBIX TPYIII.

2.36. BorumcamTe TOMOJIOIHH JAOMOIHEHHS TPEX KoopamHaTHeX oceii B R? u C3.

2.37. Jlokazkure, 9TO €CJIH JHAMETD CHMILIEKCA [V, . .., U,] paBeH d, TO AHaMeTDhl CHM-

IJIEKCOB €10 DapHUIeHTPUIECKOr0 Mo Ipa30neHust He ITPeBOCXOIAT niﬂd.

2.38. Borancanre romosnornu cdepbr S” u gokazkure uzomopdusm H; (X X) = H; 1(X)
IIPU IIOMOIIY TOYHOU IocaenoBaTeabnocTn Maitepa—Bueropuca.

2.39. Jlokaxkure cjejyioniee yIBepzK/IeHHe, U3BECTHOE KaK AEeMMaA O NAMU 20MOMOPHUS-
Mmaz. llycTh maHa KOMMyTaTUBHAA JuarpaMMa

A1 AQ Ag A4 AS

N

Bl BQ B3 B4 B5

abeJieBbIX I'PYIIT ¢ TOYHBIMHA CTpOKamu. Tora

a) ecu fo u fy — MoHOMOPDU3MBL, a f1 — 3MuMopdU3M, TO f3 — MOHOMOPGhU3M;
6) ecmu fo u fy — suumopdusmbl, a f5 — MoHOMOPGDU3M, TO f3 — ITUMOPDUIM.

Takum obpasoM, ecnu f1, fa, f1, f5 — u30MOpdU3MBL, TO U f3 — H30MOPGDU3M.



24

2.40. Jms orobpaxkenuss f: S™ — S™ n > 0, uHAYDUPOBAHHBIH TOMOMOP(pU3IM

fo: Ho(Sn) — Hyp(S,) ects orobpaxkenue Z —%y 7 ymHOKeHns: Ha HEKOTOPOE /06
YUCJIO d. DTO YUCTO HABBIBACTCA cmenenvio omobpascenus [ n oboznadaercs deg f.
JlokaxkuTe cjaenyIolue CBORCTBA CTEIeHH:
a) degid = 1.
6) deg f = 0, ecam orobpaxenue f: S™ — S™ He CIOPBHEKTHBHO.
B) Ecsn orobpazkenus f u g romoronnsr, o deg f = deg g. (Bepno u obparnoe yrBep-
xenne: ecom deg f = deg g, To f U g TOMOTOIIHBI. DTO BBHITEKAET M3 YTBEPZK ICHUS
T (S™) = Z, u3BecTHOTO Kak meopema Xonga, cM. reopemy 4.7.)
r) deg(f og) = deg f degg.
n) Ecomm f: 8" — S™ — cuMMeTpusi OTHOCHTEJIBHO THIEPILIOCKOCTH, HAIPUMED,
f(zo,z1,...,2,) = (—x0,21,...,2,), TO deg f = —1.

e) Amrunonanbaoe orobpaxkenwne —id: S — S™ x +— —x, nmeer cremens (—1)"T

2.41. Jokaxure, uro eciu orobpazxkenue f: S™ — S™ ne uMeer HEMOABUKHDBIX TOYEK, TO

degf — (_1)n+1.

2.42. Jlokaxkure, 9T0 Ha chepe S” CyIIECTBYET HEPEPHIBHOE 016 HEHY/IEBBIX KACATETh-
HBIX BEKTOPOB TOT/Ia U TOJBKO TOTJIA, KOTJA 71 HEYETHO.

2.43. l'opopsr, uro rpynna G deticmeyem Ha mpocTpaHcTBe X |, €CJIU JJId KazKI0TO dJIe-
MeHTa ¢ € G 337aHO HempepbIBHOE oToOpakenue ay: X — X, takoe, 910 o = id (TOXK-
JeCTBEHHOE OTOOpayKeHHe) U (ygp = 4 © a, (Kommosunus). eiicrsue rpynnst G Ha X
HA3BIBAETCH C60000HbIM, €CJTH J1JIsl II0O0T0 g # e u x € X BBIIOIHEHO oy, (T) # .

Jokazkure, 4T0 JIJist 4ETHOIO N €JIMHCTBEHHO HETPUBUAJILHON I'PYIIIONH, KOTOPast MOZKET
JeiicTBoBaTh CBOOOIHO Ha S, aBjsiercs Zo.

2.44. Jlng nwobeix n > 0 u k € Z nocrpoiite orobparkenne f: S™ — S™ crenenn k.

3. KJIETOYHBIE TOMOJIOTUN

[Tycts X — kaerounoe npoctpancTso (omnpeenenue cm. B [Tonl, §4]). Bymem o6o3na-
4aTh N-MepHbI 0CTOB MpocTpancTBa X depe3 X.

Kierounbie romostornu 0000IIAIOT CHMILIMIHAIBHBIE TOMOJIOTHH. DJIEMEHTAMU TPYTI-
bl N-MepHBIX Kjaerounbix meneil C,(X) apisiorca dopMaibHble JTHHeRHbe KOMOTHAIINH
N-MEPHBIX KJIETOK €' mpocTpancTBa X, 0 uMeeTcs bosee-Menee sipHas hbopMyJsIa JJisi OIH-
CaHUs KJIETOYHOTO rpannvnoro orobpazkenus 0°: C,(X) — Cp—1(X).

[Tepeiiném K GopMaTbHBIM ONpEJIEIeHUIM U KOHCTPYKITASIM.

3.1. KierouHblii eOHON KOMILJIEKC 1 ero romoJjornu. CHadaaa J0KaxKeM HECKOJIb-
KO BCIIOMOTI'aT€JIbHBIX CbaKTOB.

Jlemma 3.1. ITycmov X — xaemournoe npocmpancmeo. Toeda
a) I'pynna Hi(X™, X" 1) pasna nymo npu k # n u asasemes c60600noti abeaecol
2pynnoti, NoOPoAHCIENHOT N-MePHBIM KAEMEAMU Npocmparcmea X, npu k = n.
6) Hy(X"™) = 0 npu k > n. B wacmnocmu, ecau npocmparncmeo X KOHEUWHOMEPHO,
mo Hi(X) =0 npu k > dim X.
B) Brawuenue i: X" — X undyyupyem usomopdusm i,: Hy(X™) — Hu(X) npu
k <n.

Joxasamenvemeo. Tax kak iaoxenne X" 1« X" gpjsgercs KOPaCCJ0EHIEM, Mbl HMEEM
Hp(X™, XY = Hy(X"/ X)), a X"/ X" 1 — Gyker cdep, 110 oanoit cdepe jitst Kaxk 10t
n-MepHOi KJIETKH TpocTpancTBa X . DTO JOKA3BIBAET YTBEPKJICHUE a).
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Jasnee paccMorpumM pparMenT TOUHOH noc/iepoBarebaocTH napsl (X, X"
= Hpp (X" XY = Hy (XY = Hy(X™) — Hy (X", XY —

Eciu k # n,n — 1, To o6e BHeIIHUE TPYHNBI PABHBI HYJIIO COLJIACHO YTBEPKICHUIO &), U
Mer osryaaem Hy (X" 1) = H (X™) npu k # n, n — 1. Torga npu k > n nmeem

Hy(X™) 2 Hy(X" )=, = H(X% =0,
9TO JOKA3bIBAET yTBEPXKIECHUE 6). [Ipu k& < n MBI uMeeM
Hy(X™) 2 Hy(X™Y) 22 Hy(X"2) =

9TO JOKA3bIBAET YTBEPK/EHHE B), ecin X KOHEYHOMEPHO.

Jlns 6eckornednoMepHOTro X BOCIOJIB3YEMCS T€M, YTO KOMIIAKTHOE TMOJMHOXKECTBO B X
mepeceKkaeT JIMITh KOHEYHO YHCJIO KJIEeTOK. TakmMm 00pa3oM, Kazkaasl CHHTYISpPHAS Ielb
Je’KAT B HEKOTOPOM KoHedHoM octoBe X V. Ilosromy k-mepHblit mukna ¢ B X daBidercd
IMKJIOM B HeKoTopoM XV, a Torja corjacHo KOHeYHOMEPHOMY CIy4alo yTBep:KICHUA B)
[UKJI ¢ roMosoruder mukay B X" opu n > k, a 3Ha9uT roMmoMopdusm i, : Hp(X™)
Hi(X) cropbekTuBen. AHAJIOTHYHO JTOKA3BIBACTCS €r0 HHBEKTHBHOCTD: €CJid k-MepHbIi
MUK ¢ B X" gBiaserca rpanuneit nenu d 8 X, To d 1exuT B HeKoTopoM XV, N > n, a
IIOTOMY COIJIACHO KOHEYHOMEPHOMY CJiydalo ¢ siBjsiercd rpanuneit 8 X" nupun > k. [

Ipymma C,(X) = H,(X", X" ') naseBaerca 2pynnot n-mepnus xaemounws yenet
kieTounoro mpocrpanctsa X. Cornacuo jsemme 3.1 a), KJIETOUHYIO IEMb MOYKHO MPe-
CTaBJIATDH JIMHEHHONW KOMOMHAIUEN N-MEePHBbIX KJIETOK.

Omupeaennm xaemounwl eparusnoi comomoppusm 05 : Cp(X) — Cp—1(X) Kak rpanmd-
ublit romomopdusm H, (X", X" 1) — H, (X', X""2) B rounoii nocjienoBare/ibHOCTH
tpoiiku (X", X" 1 X" re. 0° = j, 10,, CM. KOMMYTaTUBHYIO JuarpamMmy Huke. B
9TOIl JarpaMme HaK/JIOHHbIE JIMHUK — (DpArMEeHTBI JJIMHHBIX 110C/Ie0BATeTbHOCTEH Hap:

(5) 0

\ () Ho(X)
/ \
n+1 n 8;+1 n n—1 8;‘; n—1 n—2
Hpr (X", X™) W (X7, XY Ho 1 (X™71, X72)

Hn 1(Xn 1)
O/
I3 sroit xe amarpammer ciaeayer, 9to 0°0° = 0, Tak xak 0,05, = Jn—10nJnOnt1, @

Onjn = 0.
Hennoit komitere Co(X) = {Cn(X), 05} Ha3BIBACTCH KACTIOUHBIM YENHM KOMNAECK-
com, a ero roMostoruu H,(X) — epynnamu KAemounur 20M0402ul TPOCTPAHCTBA X .

Teopema 3.2. Umeem mecmo usomoppusm H,(X) = H,(X).
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Hoxazamenvemeo. U3 mmarpammor (5) crenyer, aro H,(X) = H,(X")/ImJ,4;. Tak
KaK j, — MoHOMOpPdU3M, oH oTobpazkaer Im 0,1 n3omopduo ua Im(j,0,+1) = Ima;,

u orobpaxkaer H,(X") uzomopduo wa Imj, = Kerd,. Tak kak j, 1 — MOHOMOp-
dbuzm, Kerd,, = Kerd:. Takum obpazom, j, uHAyIHEpPYeT n30MOpdu3M (HaKkTOPrpyIIIbl
H,(X™)/Im 0,11 = Hy(X) na Ker 05/ Im oS = H,(X). O

13 uzoMopHOCTH CHHTYISPHBIX U KJIETOYHBIX TOMOJIOTHN CPa3y BHITEKAIOT CJIeIYIONINe
BazKHBIE cBOiicTBA.

Caencrue 3.3.

a) Ecau X umeem k xaemox pasmeprocmu n, mo epynna H,(X) noposcdena ne
boree wem k anemenmamu. B uacmuocmu, ecau X He umeem KAEMOK padmepHo-
cmu n, mo H,(X) = 0.

6) Ecau X e umeem nap kAemok 6 COCeOHUT PASMEPHOCTIAL (HANDUMED, eCAl 6Ce
kaemxu 6 X umerom uémuyro pazmeprocmy), mo H,(X) — ceobodnasn abescsa
2pYnna, nopoHCIEHHAA N-MEPHLMU KAEMKAMU npocmparcmea X .

ITpumep 3.4. Kommekcaoe npoekTuBHOe mpocrpanctBo CP™ mMeeT 10 OIHOH KJleTKe B
Kaxk10it uérHoit pasmeproctu 2k < 2n. Takum obpazom,

Z upui=0,2,4,...,2n,

0 wuHaue.

H,(CP") =

3.2. dBubit Bua rpasmvHoro romomopdumsma. [Ipu n = 1 kjieroyHoe rpaHuyHoe
orobpazxkenue 0°: C,(X) — C,—1(X) npeacrasiser coboii rpaHrndHbIii TOMOMOPGU3M

0: H1<X1,XO) — H(](XU>

Ecan X cBga3HO  uMeeT TOJBKO OHY (0-MEpHYIO KJIETKY, TO 3TOT TOMOMOPMU3IM JTOIKEH
OBITH HYJIEBBIM. DTO CIeAyeT W3 TOUHOM mocaemopaTeabaoctd maphl (X1 X%) n uzomop-
busma Hy(X!) = Hy(X) 2 Z.

Jlamee MBI OymeM OTOXKIECTBJIATH KJaeTKy eh C X ¢ cooTBeTCTByMOIeil obpasyromeil
rpynmnbl KaeTogHbix remnei Cp,(X).

Teopema 3.5. IIpun > 1 umeem mecmo pasercmeo
(6) 0°(en) = D dapel ",
B

ede dop — cmenenv omobpastcerus
— % — qﬁ —
fag: S"TH 2D X 5 g

npedcmasaawezo coboli KoOMNOZUUWIO NPUKACUSaIOULe20 omobpasicenusa pqo: S™ 1 —
X kaemmu e u omobpascenus daxmopusayuu qg: X" — STl emazusarwezo
X"\ s 6 mouny.

Jlokasamenvemso. Tlpexe Bcero 3ameTnM, 94to cymma B dopmylie (6) coaepKuT KoHed-
HO€e YNCJI0 Y/I€HOB, TaK KaK 00pa3 MPUKJIENBAIONIEr0 OTOOParKeHUs ¢, KOMIAKTEH, a I0-
TOMY TepeceKaeT JUITh KOHETHOe YHCJIO KJIeTOK e%’l

Iycts @,: D! — X" — XapaKTepHCTHYeCKOe OTOOpazKeHue KJIETKHU €l ero OrDaHH-

vyernne Ha S”"! = OD" ecTh npukJenBamoliee orobpazkenue p,: S”1 — X" dcho
[0 (0% (6% )
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aro orobpaxkenne dakropusannu qz: X" — Sg_l PacKIaIbIBaeTCd B KOMITO3UIIHIO

q _ ~
Xt xrlyxn—2 Ss ! g HekoTOporo oTobpazkeHus {p.
PaccMOTpIM KOMMYTATHBHYIO THATPAMMY

faB*

Q
$z
)

i

H,(Dy, 537"

léa* L@a*
qpBx

]{n()(n7 anl)

H,-1(S57)

Hn—l (Xn—l’ Xn—Q)

Orobpazxenne P, NepeBoJUT cranjapTHyio obpasyiontyio [D?] € H, (D", S"!) B obpa-
sytontyio e? € H, (X", X" 1), I3 koMMyTaTHBHOCTH JIeBOii 4acTH JUATPAMMBI CJIeJlyerT,
aro 9°(€) = jPax0[D"]. B Tepmunax Gazuca st H, (X" X""2), cOOTBETCTBYIONIETo
(n — 1)-MepHBIM KJIE€TKaM, OTOOPAzKEHHE (g, — 9TO TpoeKnus rpymusl H,, 1 (X" 1 X""2)
Ha cJlaraeMoe, COOTBETCTBYIOINIee KJIeTKe eg_l. Tenepp Tpebyemasi hopmyaa ciaeayer u3
KOMMYTATHBHOCTH IIPABOH YAaCTH AMATPAMMEL. O

ITpumep 3.6. Ilycrs S, — cdepa ¢ g pyukamu, T. e. 3aMKHyTas OpHEHTHPyeMasd HOBepPX-
HOCTh pofa ¢. Beeném na S, cranaapTHyIO KJETOYHYIO CTPYKTYPY C OJHOH HyJbMepHOI
KJICTKOli, 2g OTHOMEDHBIMU KJIeTKAMU A1, . . ., 0g, b1,...,by 1 O1HOI ABYMePHOI KJIeTKOI,
IIPUKJIECHHOM [0 TIPOU3BEIEHIIO KOMMYTATOPOB a1, by] - - - [ag, by|. CooTBeTCTBYIOMIMIL KITE-
TOYHBIN IEMMHOA KOMILIEKC UMEET B

0—z 27w Ny o

Mur mmeem Of = 0, Tak xak S, nmeeT Bcero oany 0-mepnyio k1etky. Kpowme Toro, 05 = 0,
TaK Kak Kaxkgoe pebpo a; u b; BXomut B [a1,by]---[ay, b,] BMecTe ¢ ero obparHBIM, 2
3HAYUT BCe OTOOpazKeHus fo5: S' — S romoromuer oroGpazkennio B Touky. Ilosromy
IPYIIBI TOMOJIOTHI HOBEPXHOCTH S, COBIAJAIOT ¢ IPYIIIAMHI KJICTOYHBIX Ieleif, T. e.

Ho(S,) = Ha(S,) = Z, Hi(S,) = 7%, H)(S)=0npni> 2.

ITpumep 3.7. [Iycts X = RP™ — BeriecTBeHHOE IPOEKTUBHOE MPOCTPancTBo. OHO nMeeT
KJIETOUHYIO CTPYKTYPY C OTHOH KiIeTKoil ¥ B Kaxkmoif pasmepnoctn k < n. Ilpukrensa-
folee OTOOPaskeHHe I/ KJIeTKH eF — 3To IBYJHCTHOe HakpeiTHe ¢: SF~1 — RPFL
Coracno dgopmyae (6), 9¢(e*) = dpe*™!, rae d, — 310 cTEmEHb KOMIO3UIHUHA

Skl 2, RpFt L RPEL/RPR2 = SR

[Ipu orpanmIennn Ha KasKIyl0 KOMIIOHEHTY cBasHocTH mpoctpancTsa SF~1\ S¥~2 orobpa-
JKeHHUe ¢ aBasgercs romeoMopdusMom. OUH U3 3THX TOMeOMOPGhH3MOB — TOXKIECTBEH-
HBIH, a IPYTOii ABJIgeTcs OrpaHuYeHIeM aHTUIIONAIbHOTo oTobpazkenus cdepn S~ 1, Ko-
Topoe umeet crenenb (—1)F. [lostomy deg g = 1+(—1)*, aro ects 0 wim 2 B 3aBECHMOCTH
ot uérHoctu k. TakuMm oOpa30M, KJIETOUHBIA HMEMHOU KOMILIeKC 11 RP™ uMmeer BUI

2 0 2 0 2 0 .
0 —2Z—>72—... —7L—72—7—7Z—0, eciun 4€THO;

0 2 2 0 2 0 .
0 —2—42—...—12—7— 17— 7Z—0, ecau n HEIETHO.
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CrenoBare/ibHO,

Z  upu k =0 u npu neuéraom k = n;
Hy(RP") =< Zy upm meuétaom k, rme 0 < k < n;

0 B OCTaAJIbHBIX CJIy4dadX.

3.3. DiisiepoBa XapakTepPUCTUKA. JUAEPOGA TAPAKMEPUCMUKG KOHETHOTO KJIETOIHOTO
npocrpancTsa X olpeesisiercs Kak

X(X) =) (~1)"en,

rae ¢, = rank C,(X) — 9ucsio n-MepHbIX KJIETOK mpocTpancTBa X (paHr KOHEYHO MOPOK-
néunoit abeesoit rpymnmst C,(X)).

Knaccuueckasg meopema Jiaiepa YTBEPKIAET, UTO A BBIIYKIOTO 3-MEPHOTO MHOTO-
rpannuka umeer mecto ¢gopmyiaa B— P+ I'= 2, rne B, P u I' — 4ucJyo Bepuiux, pédep
u rpaneii coorBercTBeHHO. O600MEHneM 5TOro (hakTa ABAIETCS CJICAYIOMMIT Pe3yabTar,
KOTODBIN TIOKA3bIBAET, UTO 3ilIepOBA XapaKTEPUCTHKA SIBIASETCS TOMOJOTHYeCKUM (¥ J1a-
JKe TOMOTOTINYECKIM) WHBAPHAHTOM KJIeTOYHOro mpocrpancTBa X. B wacrrocTn, ona He
3aBUCUT OT KJIETOYHOI'O pa3OUeHUs.

Teopema 3.8. Jlisa KoHeunoz0 Kiemounoz0 npocmparcmsa X cnpasediuso cOOMHOUEHUE
X(X) =) (=1)"rank H,(X).
n=0

Hoxasamenvcmeo. D10 — uucto anredpanmdecknuit pakt. PaccMoTpuM KOHEUHBIN METHOM
KOMILTIEKC
O o
0—C, 5Chy—...—C; - Cy—0

KOHETHO MOPOKIEHHBIX abeneBbix rpyumn. Obosnaunm 7, = Kerd, — mukias, B,
Im 0,41 — rpauunp, H, = Z,/B, — romosorun. /13 KOPOTKAX TOYHBIX MOCJIEI0BATEb-
wocreit 0 > 7, - C, - B, 1 —>0u0— B, — Z, — H, — 0 moiy4aeM COOTHOIITEHHUS

rank C,, = rank Z,, + rank B,,_;
rank Z,, = rank B,, + rank H,,.

[TocTaBUM BTOPOE COOTHOIIEHNE B IIEPBOE, YMHOKUM MOJIYYeHHOE COOTHOTIeHHe Ha (—1)"
7 MPOCYMMHUPYeEM 10 n. B pe3yabpraTe mOTyIuM

Z(—l)” rank C,, = Z(—l)" rank H,,.
n=0 n=>0

Ocranock TpuMeHATH 3T0 cootHomenne K caydao C, = C,(X) = H, (X", X" 1). O

IIpumep 3.9. DiljlepoBa XapaKTePHCTUKA 3aMKHYTOH OPHEHTHPOBAHHON IIOBEPXHOCTH Sy
posa g paBHa 2 — 2¢g. Takum obpazom, Bce 3aMKHYTble OPUEHTUPOBAHHbBIE TOBEPXHOCTH
pPasInyaoTcda uX 3MIepOBBIMA XapaKTEePUCTUKAMM.

3amaun U ynpaXHeHUs.

3.10. Borumcsmre romosorun npoussegerus cgep S™ x S™ mpu n > 2, HOJB3YICH KJle-
TOYHBIM pa3OUEHUeM.
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3.11. Ilycrs N, — 3aMKHyTad HeOpHEHTHpyeMasl IOBeDXHOCTL poja ¢, T.e. cdepa ¢ ¢
BKJIeeHHBIMU jincTamMu Mébuyca. BurauciuTe roMos1orui nosepxuocTu Ny, HOIb3yAch KJle-
TOYHOI CTPYKTYPOIi € OJHOII HyJIbMEpPHO# K/IeTKO#, g OJHOMEDHBIMH KJIETKAMH Cq, . . . , Cq
U OAHON ABYMEPHOHN KJIETKOW, IPUKJCECHHON 110 CJIOBY cfcg ce cg.

3.12. BolumcanTe TOMOJOTHH IPOCTpaHCTBa X , MOJYIeHHOro IpHKIenBanmeM K SV S?
JIBYX JIBYMEDHBIX KJETOK IO MPOU3BOJIBHBIM CJIOBaM. B 9acTHOCTH, pacCMOTpHUTE CIydail
IPUKJIEHBAHUA KJICTOK 1O caoBam a’b~> m b3(ab) 2. YTo MOXKHO cKazaTh O (DyHIaMeH-
TaJbHON I'PyIIe TAKOTO TPOCTPAHCTBAT

3.13. Brruncaure romosoruu Tpéxmeproro Topa 1% = S1x St x St moan3yach KaeToaHbIM
pazoueHueM.

3.14. Jlokaxkure, 4TO Jijid KOHEYHBIX KJIETOYHBIX HpOCTpaHCTB X, Y MMeeT MecTo cooT-
momrenue Y (X x Y) = x(X) x x(Y).

3.15. Jloxaxutre, uto ecau X = AU B, rme X — KI€TOYHOe MPOCTPAaHCTBO, a A, B —
kyeTounble noanpocTpancTsa B X, 1o x(X) = x(A) + x(B) — x(AN B).

3.16. /lokaxkute, 9TO /I N-JTUCTHOTO HAKPBITHS p: X — X Ha/l KOHETHBIM KJIETOIHBIM
mpoctpancTBoM X uMeer Mecto coorHomenne x(X) = ny(X).

4. 'OMOTOIINYECKHUE I'PYIIIIBI M I'PYIIIBI TOMOJIOT UL

3/1eCchb MBI PACCMOTPHUM B3AUMOOTHOIIEHUsST MeKJIy TOMOTONUYECKHUMHU IpyTHamMu (Ko-
TOpBIe U3YyUYaTuCh B Kypce Tomonorug-1) u rpynnamu romoaoruit. Mbl moc/ie1oBaTebHO
JIOKazKeM yTBEPKJEHUS O TOM, 4TO IepBas I'PyIiia FOMOJIOIUi coBIaaeT ¢ abejimann3a-
neii dbyngamenTanabHoil Tpynnbl (Teopema I[lyankape), /st OJHOCBSI3HOTO MTPOCTPAHCTBA
nepBasd HETPUBHAIbHAS TOMOTONMYECKAS IPYITA U IepBasd HeTPUBUAJIbHAS TPYINA TOMO-
JIOTUii TOSIBJISIIOTCS B OJHON pasmepHocTH U u3oMopdHbI (Teopema ['ypesnda) u orobpa-
JKEHUe OTHOCBABHBIX KJIETOYHBIX IPOCTPAHCTB, HHYIUPYIONee H30MOP(MU3M I'PYIII I'OMO-
JIOTHUi, SIBJISIETCsI TOMOTONUYECKOiT 9KBUBATIEHTHOCTHIO (TOMOJIOTHYeCKask TeopeMa YaiTxe-
na). st moKa3arebeTBa MOCTETHAX ABYX YTBEPKIEHUIT HAM MOHAT00ATCS PE3YIBTATHL O
TOMOTONMYECKUX T'PYIITIax, He Bomrearmne B Kypce Tomonorus-1, a mmMenHo Teopema Ppeii-
JIEHTAIs O HAJICTPOliKe W BRIUUCAeHne Tpyni m,(S™). Onn BrItoueHsl B maparpad 4.2.

4.1. dyngamenTagbHag rpynna u romojgoruu. Ilycrs (X, xyg) — upocrpancrso ¢ or-
MeUYeHHON TOUKOil. Djaemenramu dyHIaMeHTaAbHON rpytnbl 71 (X, Tg) ABASIIOTCA KJIACCHI
romoronusix merenns ¢: I — X, rae ¢(0) = ¢(1) = zp. Kaxayo rakyo meraio Mox-
HO PACCMATPUBATH KaK CHUHTYJISAPHBIN 1-CUMILIEKC, KOTODBI SIBJISETCS IIHKJIOM, TaK KakK
dp = (1) — ¢(0) = 0.

HamomuuMm, 4uro abeauanusayueti rpynnbl G uassiBaerca dakroprpynmna G/[G, G
o HopMmaJsibHOH moarpymnme [G, G|, MOPOXKIAEHHONW BCEBO3MOKHBIMH KOMMYTATOPAMHU
ghg™th™! (sTa moarpynma masmiBaerca xommymarmom rpynnsl G). Hanpumep, abena-
Hu3amueit ceoboaHol rpynnnbl F,, saBasercs cBoboaHas abesneBa rpymma Z".

Teopema 4.1 (Ilyankape). Pacemampusas nemau kak cuneysaproie 1-yukavl, Mbl no-
ayuaem 2omomopdusm h: m (X, xg) = Hi(X). Ecau X aunetino ceasno, mo h asasemca
anumoppusmom, a e2o A0po — Kommymarm zpynno, 71 (X, xo). Taxum obpazom, epynna
H(X) usomoppra abeauarnusayuu epynno, m (X, o).
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Joxazamenvcmeo. Mul GynemM ucnosb3oBaTh 0003HAYEHUE (0 ™~ 1) JijIg OTHOIIEHUS TOMO-
TOIWN TeTeTh U @ ~ ) JJIsi OTHONIEHHsI TOMOJIOTHH COOTBETCTBYIOIIUX 1-IHKJIOB (T. €.
@ ~ 1, ecau Y — 1 ABJIsIeTCd IPaHuUIeil 2-MepHOii 1ernu ).

Cuavajia HIpPOBEPHUM, YTO COIOCTABJEHHE T'OMOTOINHYECKOMY KJaccy IeTJId ¢ KJiac-
ca TOMOJIOTHH 1-MepHOro MHKJIa (¢ 33JaéT KOPPEKTHO OIpeaeéHHOe O0TOOparKeHue
h: m(X,xy) — Hi(X). T.e. mpoBepuM, 9T0 ecau @ =~ 1), TO @ ~ 1. 3aMeTUM, UTO
ecaIn  — TOCTOsIHHAS neras [ — g, T0 ¢ ~ 0. D1o caeayer uz Toro, uro Hy(pt) = 0.
Teneps paccmorpum romoronuio F': [ x [ — X mexkiy nerisamu ¢ u . Pa3bus kBajpar
I X I Ha TPEYTONBHUKY [Ug, V1, V3] 1 [Vg, U2, V3] KAK HOKA3aHO CJIEBA HA PUC. D, MbI Oy IUM
CUHTYJISIPHBIE 2-CUMILIEKCHI 01, 0. Mbl mMeem

8(0-1 - 02) - a[UO, U1, U?)} - a[UO, V2, Ug} =
= [v1,vs] — [vo, vs] + [vo, v1] — [v2, v3] + [vo, v3] — [0, Vo] ~ [vo, V1] — [v2, v3] = @ — 7,

TaK Kak OOKOBBIE CTOPOHBI [Vg, Us| 1 [U1, V3] 0TOOPAKAIOTCS B OTMEYEHHYIO TOUYKY, & 3HAYUT
roMmosiorndubl Hy 0. Clie10BaTeIbHO, (0 ~ 1.

V2 ¢ V3 V1

02

01

Vo ® U1 Vo % 1/) U2

Puc. 5

Teneps mposepum, ato h: (X, zg) — Hi(X) — romomopdusm, T.e. p-1) ~ @+, Tae
¢ - 1) 06o3HAUAET NPOU3BEIEHHE TIeTeIb. PacCMOTPHM CHHIYISPHBIN 2-cuMILIekc o: A? —
X, sajasaeMblil Komuosuiueil npoeknuu rpeyrojibuuka A% = [vg, v1, va] Ha pebpo [vg, vs)
u orobpazkenus ¢ - 1 [vg, v2] — X, KaK mokasaHo cupasa Ha puc. 5. Torga

do = [v1,v2] — [vo, va] + [vo, 1] =¥ — @ - Y + o,

T.e. Y — -1+ ¢ ~ 0, 9T0 u TPeHOBAIOCH.

B npenpiaymiem paccyKIeHUE MBI He UCTIOTB30BAIH TOT (PAKT, UTO (0 U Y — TETIN, TaK
9TO Mbl UMEEM @ - 1) ~ @ + 1) Jijist JIIOOBIX 1Ly Tell p, 1), yI0BAETBOPSIONHUX yejioBuio ¢(1) =
¥(0). B wactHoCcTH, @ ~ —@ (T71€ @ — OOpATHBI Iy Th IS @), TaK KakK @ + @ ~ @@ ~ 0.

[Tokazkem, uro h: m (X, xg) — Hy(X) — snumopdusm, ecan X auneiino casuo. [ycrs
> ;M0 — OJHOMEPHBII I[UKJI, IPeICTABIONAI JanHblit s1ement rpynmsl Hq(X). Tlepe-
HYMEPOBAaB CUMILTEKCHI 0;, MOKHO CUHTaTh, YTO n; = +1. Tak Kak —0o; ~ 0;, MBIl MOXKeM
CYMTATH, YTO HAII l-IUKJI WMeeT BT » . 0;. Ecaum Kakoii-ro W3 myreil o; He dABISeTCH
neTéit, To u3 ycnosus 0() . 0;) = 0 ciefyer, 4To B cyMMe HainéTcs APYTodt mMyTh 0, IIs
KOTOPOT'O oIpejie/IeHo IpousBe/ieHue myteit o; - 0;. Tax Kax o; + 0 ~ 0; - 0, MBI MOXKeM
B 3allUCH » . 0; 3aMEHUTb 0; + 0; Ha 0; - 0. IloBTOpAa 3Ty Npouenypy, Mbl IPHXOIUM
K CJIy4alo, KOIJIa KayKJblil IyTh 0; SBJISETCS HeT/iell ¢ HA4YaJOM U KOHIIOM B HEKOTOPOil
Touke x; € X. Tak kak X jimHEHiHO CBA3HO, CYNIECTBYIOT IIYTHU 7Y; U3 OTMEYEHHONW TOYKH
o B x;. Tak Kak 7y; - 0; - y; ~ 0;, Mbl MOYXKEM CUHTATb, YTO BCE 0; — METJIU C HAYAIOM
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I KOHIIOM B TOYKE Z(. 1OTJa IUKJ » . 0; TOMOJOTHYEH NPOU3BEIEHNIO BCEX IeTelb 0,
KOTOpOe TpeJicTaBsieT 3aeMeHT obpasa romomopdusma h: m (X, o) — Hi(X).

KomMmyranT rpymmst 7 (X) Jexur B sijpe romomopdusma h, tak kak rpynmna Hp(X)
abenepa. YTobbl mOMYyUNTH 00paTHOE BKJIOUEHWE, MOKaykeM, 910 ecau [p] € Kerh, To
HeT/Is  TPEJCTABISICT TPUBAAILHBIN d1eMenT B abeaunanu3anun my(X)p.

[Iycrs [p] € Ker h. Torna ¢, Kak 1-MepHBIN TUKJI, SIBJISETCS TPAHUIEH 2-MepHOI 1enu
> nio;. Kax u Bblle, epeHyMepoBaB CHHIY/ISIPHBIE 2-CHMILIEKCH 0;: A? — X, MBI Mo-
KeM caurarh n; = +1, a U3MEHUB NOPA/I0K BepIIUH cuMILiekca A? Mbl MOKEM 3aMEHUTh
—0; Ha 0;. B pesymprare mbr nomy«unm ¢ = 0(>_, 0;). Mbl comocraBum 1enu ) . o; ABY-
MEPHBIH TTOJYCUMILTHITUATLHBIA KOMILIEKC [, KOTOPBIH TO/y4daeTcsd CKAEHKOH 2-MepHbIX
cuMILIeKcoB A?, cOOTBETCTBYIONIUX CUHTYJISPHBIM cuMILIeKcaM 0;: A? — X cieryonum
obpazoM. 3amucas do; = T,) — T;1 + T2 AJid CHHTYIAPHBIX 1-CHMILTEKCOB T;;, HOTydaeM

(7) p =00 0) =Y (-1)7;.
% 1,J

Otcroma ciienyer, 9TO MBI MOZKeM CIDYNIIIPOBATH BCE T;j, KPOMe OJHOIO, B IIaPbI TaK, 9TO
B KayKJIOf nape CUHTY/ISpHBbIE |-CUMILIEKCHI COBHAIAIOT, a KOI(MDMUIIMEHTH MPU HUX —
1 m —1. Ocrasimuiics CUHTYJIAPHBIN 1-cCUMILTIEKC ecTh . Temepb MBI OTOXKJIECTBUM PEO-
pa cuMIIeKcoB A?, cOOTBETCTBYIOINE 00BEIMHEHHBIM B APl CHMILIEKCAM T;j, C YI6TOM
opueHTauu pédep. B pe3ynbrare moayduM HOJYCUMILTAIAAIBHBIN KOMILIeKC K, Jiid KO-
TOPOro 1-THUKJ ( OYJIeT «IpaHuleits.

OtobpazkeHust 0; COIVIaCOBaHbI M BMecTe JaioT orobpaxkenue o: K — X. OTobpazke-
HUEe 0 MOYKHO 3aMEHHTL Ha TOMOTOIHOE €My OTODparKeHHe o', KOTOpOe HEePeBOJUT BCe
BepiuHbl v € K B OTMEYEHHYIO TOYKY T, HPUIEM TOMOTOLMIO MEXKJY 0 U 0 MOKHO
BBIOPATH TOCTOSAHHON HA pPedpe, COOTBETCTBYIOMIEM MUKJIY . DTO BBITEKAET U3 CBONCTBA
[POJIOJIZKeHNs TOMOTOIINH: BBIOpAB /it KazKa0i Beprmnabl v € K myTh u3 o(v) B To MBI
TeM caMBIM 331aanM romorormio Ha KU ¢, a 3aTeMm mpogoskuM eé Ha Bech K. OTobpa-
xerne o' 1 K — X 3a1aéTt HOBYIO 2-1lenib » . 0, TPAHMIA KOTOPOil PaBHA @, IPUIEM BCe
eé pébpa Ti/j — IeTJIH ¢ HAaYaJ0M B KOHIIOM B Z.

Tak kKak B mpaBoii gactu coorTHommenus (7) Bce 7;;, KPOMe OJHOTO, pa30HBAIOTCS HA

_1yi
COKDAIIAIONINECs apbl, Mbl TakKe umeem coornotenne [p] = [T, ; [7]Y B abesmann-

samun 1 (X )gp. Vcmonn3yst aiauTuBable 0603HATEHUS, MBI TTOJIYYaeM

[l =D (~17[r] = > 1001l = > ([rio] — [th] + [7h)-

irj i i

Tak Kak KayKIblil CHMILIEKC 0; 337a6T CTATUBAHUE TETIH Tjy — T/ + Ty (B MYJbLTHILTHKA-
! =l ! —

THBHBIX 0003HAMCHUSX Ty Ti Ty ), MBI OTydaeM, 910 [¢] = 0 B 71 (X)ap. O

ITpumep 4.2. Hanomuuwm, uto pyHpaMenTaaibHas rpynna OPUEHTHPYEMON TOBEPXHOCTH
posia g uzomopdna dakToprpynie csodoHoM Tpynnnl Fo, 110 0JHOMY COOTHOIIEHUIO, 3a-
JTAHHOMY TPOU3Be/IeHnEM KOMMYTAaTOPOB:

T1(S,) 2 (ay, ... ag,b1,. .., by | arbia; byt - agboay byt - .- agbgay b ).
B pesysbrare abe/MaHu3anuy Mbl I0JIy9aeM ¢BoGoaHYI0 abeseBy rpynuny Z29 = Hi(S,).

4.2. Cpabag roMmoTOnNnU4YeCcKasd 3KBUBAJEHTHOCTDh U KJIETOYHAd alIPOKCUMAIUs.
[Tycrs (X, xp) — mpocTpaHCcTBO ¢ OTMEYEHHON TOYKOH. HamoOMHIM, 9TO TOMOTOMIYECKAsT
rpynna 7, (X, zg) onpeeasercs Kak MHOKECTBO FOMOTONMIECKAX KIACCOB OTOOparKeHHi
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f: 8" — X, nmepeBomsdimux OTMEYEHHYIO TOUKY Sg cdepbl S™ B xg. DT 0TOOpaZKEHUS
Ha3bIBAIOTCS chepoudamu,. MHadwe cdhepons MOKHO TPEJACTABUTH KaK OTOOparKeHUe map
f: (I 0I") — (X, xo).

Otrobpaxkenue f: X — Y Ha3bIBaeTCd cAGOOT 20MOMONUYECKOT IKGUBAAEHMHOCNDIO,
ecau HHAynHpoBaHubie orobpaxenus f.: m,(X,xo) — m,(Y, f(zo)) saBasioTes uzomop-
dbusmamu g 066X n > 0 u 9 € X. Cornacuo teopeme Yaiitxena (em. [Toml, Teope-
ma 10.10]) caabas roMoTonuyeckast SKBUBAJIEHTHOCTh KJIETOYHBIX MTPOCTPAHCTB SIBJISTETCS
TOMOTOIUYECKOl 9KBUBAJIEHTHOCTHIO.

Mpubr morsim 661 Ha3BaTh HpocTpaHcTBa X, Y c1ad0 TOMOTONHYECKH SKBUBAJICHTHLIMU,
eCaM MeXKJIy HUMH CyIIecTByeT cjabas TOMOTONMYecKas dKBuBajgeHTHOCTH f: X — Y.
DTO OTHOIIEHWE, 0YEBUIHO, PeIEKCUBHO W TPAH3UTUBHO, HO OHO HE SIBJISIETCS CHUMMET-
PUYHBIM: U3 CYIIECTBOBAHUA CJIa00U TOMOTONMMYECKO# IkBWBaseHTHOCTH f: X — Y He
cliejlyeT cyliecTBoBanue caaboil romoronndeckoii sxsuasentaoctu g: Y — X. (Ilpu-
Mep: JIr060e B3aUMHO OJTHO3HaUYHOe oToOpazkenne 7Z — (Q HeIpephIBHO U SBJseTCs Caa00i
TOMOTOTIMYECKOH IKBUBAJIEHTHOCTHIO, HO HETTPEPBIBHOTO B3AUMHO OTHO3HAYHOTO OTOOpa-
xkenust Q — 7Z we cymecrsyer.) [Tosromy ciabasi roMOTONIYECKAS] 9KBUBAJICHTHOCTH 11PO-
CTPAHCTB OIIPEJIE/ISIeTCS KAK OTHOIIEHNE SKBUBAJEHTHOCTH, TIOPOXKIEHHOE OTOOPAKEHMSI-
MH — CJA0BIMH TOMOTOIMUYECKIMHI SKBUBAJTEHTHOCTSIMHU. TakuMm 00pa3oM, TPOCTPAHCTBA
X nY caabo comomonuvecku osxeusasenmns, (obozmadaercs X o, Y), ecan Mexiy
HUME CYIIECTBYET IMOCIeJ0BATEIbHOCTD (<«3Ur3ary ) 0To0pazkeHuit

X1 =2y ... 7, Y,

B KOTOPO#i BCe CTPEJIKH SABJSIOTCS CIA0BIM TOMOTONMMYECKAMH SKBUBAJICHTHOCTSIMH.
Cnabast romoTonuyeckas dKBUBAJIEHTHOCTb f: Z — X, rae Z — KJIETOYHOe TPOCTPaH-
CTBO, HA3BIBACTCS KAELMOUHOUT annpokcumayued npocrpancrsa X.

Teopema 4.3. /laa arwboz0 npocmparcmsa X cywecmesyem KAemowHoe NpocmpaHcmeo
Z U caabas 2omomonuseckas skeusarenmuocms f: 7 — X.

Hoxasameavcmseo. MoOKHO OrPaHUIATHCA CIydaeM JIMHEHHO CBSI3HOI'O IIPOCTPAHCTBA X
B IIPOTHBHOM CJIydae IIOCTPOEeHMe HHYKe HYKHO IIPOBECTH I KarXKI0W KOMIIOHEHTHI JIH-
HeliHO# cBa3HOCTH. MBI MOCTPOMM IO MHIYKIIUH IEMOYKY BJIOXKEHHBIX KJIETOYHBIX IIPO-
CTPAHCTB Zy C Z1 C ... W CHCTEMY HPOJOIKAIOININX APYT Apyra oToOparxKeHuit fi: Z, —
X, rakytwo, aro (fx)«: m(Z;) — m(X) — monomopdusm npu ¢ < k u snuMopdusM npu
1 < k. Nanyknug naunnaerca ¢ k =0 u Zy = pt.

[Ipeamno/ioKuM Ternepb, 4TO KJAETOYHOE TPOCTPAHCTBO Zj yKe IOCTPOEHO, W OIUIIEeM
IPONEYyPY MOCTPOCHUS Ly 1.

Orobpaxkenue (fr)«: mx(Zx) — mE(X) CIOPBHEKTHBHO, HO, BO3MOMKHO, HE HHBEKTUB-
HO. BrIGepeM KJeTOYHBIE OTOOPasKeHHA (o: S¥ — Zj, TpejcTaBidgionne obpasyiomnme
anapa orobpazkenus (fi).. Ilpukiaenm kiaetrku el x 7, mocpemcrsoM sTHX 0TOGpazke-
HIH g, W O0O3HAYMM MOIYyHYeHHOE KJIETOYHOE MPOCTPAHCTBO Z; ;. Tak Kax KoMmozumus
frga TOMOTOIHA HYJIIO [ JTIOO0I0 (v, OTOOparKeHHEe fi MPOLOJIZKAETCS 10 OTOOPAKEHHS
frs Zpp = X0

Sk Jo Zk T X

7
e
e
’ e
e
e

Dk"‘rl o Zk: Uga Dk-‘rl
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Torma (fi 1)« 7i(Z},1) — m(X) — monomopdusm npu i < k 10 Teopeme 0 KIeTOYHOI
anmpokcuManuu: npukaensanne (k+1)-MepHBIX KJIeTOK K Zj, He MeHsIeT IpyTbl m; ¢ § < k,
a m;(Zy) = mi(X) — monomopdusm upu i < k. Kpome toro, (fi 1)« m(Z41) = m(X)
— Taxske MOHOMOPDU3M, Tak Kak 1006oii cchepony S* — 7 41> IPeJICTABIIAOMUI 3/1eMeHT
si/ipa 3TOT0 TOMOMOPQHU3Ma, TOMOTOIEH KJIETOYHOMY OTOOparKeHUIO, T.e. 0TOOpaXKeHHIO,
obpa3 KOTOPOTO JIEKAT B Zj, a BCe TaKHe OTOOpPayKeHWs TOMOTOTHBI HYJIIO B Z) ; TO
IIOCTPOEHUIO.

Tenepnr BbIOepem orobOpazkenus hg: S’g“ — X, nopoxmaomniue rpymnmny 71 (X), u
noNMoKUM Zii1 = Ziq V (Vg Slg+1). Orobpazkenuda f;,; 1 hg 3a7a10T oTOOpazKenue
fri1: Ziyr — X Torma (fri1)s: Moo (Zrs1) = Trp1(X) — smmmopdusm Mo ToCTPOeHH .
Kpowme toro, (fri1)s: mi(Zks1) = m(X) — snumopdusm npu i@ < k, Tak KaK KOMITO3UIH

T Zk) — Tl(Zhan) — Tl Znr) T m(X)

coBaiaet ¢ (fy)«, KOTOPBI gBasiercs smuMopdusMom mpu i < k M0 TPEII0NI0KEeHHIO HH-
nykiun. Hakoner, nokazxkeM, 910 (frr1)s: mi(Zkr1) — mi(X) — Mmornomopdusm npu ¢ < k.
ycrs ¢ € Ker((frs1)s: mi(Zis1) — (X)), i < k, u j: Zj, — Zyy1 — Baoxenne. Tak
KaK Ziy1 HOJIydaercd u3 2., upukiensanueM (k + 1)-MepHBIX KJIETOK, U3 T€OPEMBI O
KJIETOYHOM aNpPOKCHMAIHH CJIeJlyeT, 9To ¢ = j.1) Jiid Hekotoporo ¢ € m;(Z; ). Torma
0= (fi1)e = (fisr)odetd = (fu)oth. Tax kax (ff,). — wonovopdmsat (cxi. npesyy-
muii abzan), noaydaem 1 = 0. CiegoBaresbto, ¢ = 7,3 = 0 1 mar HHAYKIUA 3aBEPIIEH.

Jljis1 3aBepIIeHus NOKA3aTeabCTBA MOTOKIM £ = |J, Zi, a orobpaxenne f: Z — X
onpejeauM ycaosueM f|z, = fi. O

4.3. Teopema Ppeiigentana o Haacrpoiike. [Iycrs (X, A) — napa upocrpascrs ¢
OTMedYeHHOH TOouKOoW g € A. HamomHWM, 9TO OTHOCHTE/JbHAST MOMOTONUYECKAs T'PYIIIA
(X, A, xp), n > 1, onpefiensieTcst Kak MHOXKECTBO TOMOTOTMYIECKUX KJIACCOB 0TODparKe-
uuit map f: (D", S"1) — (X, A), nepepoadiux oTMedeHHYI0 TOUKy so € S"~ ! = 9D"
B o (Takue 0TOOpazKeHusl HA3BIBAIOTCS 0MHOCUMeAbHuMU chepoudamu). Ha KyGuaeckom
A3BIKe OTHOCHTENBHBII cdepons — 910 orobpazkenue f: (I, 91", 0I"\I" ') — (X, A, x),
rae rpanb I"71 C I" 3agaéTea ypasHenueM t, = 0.

B ob6mem coydae Jiisi romoronmyeckux rpyui m; (X, A) He BBIIOJIHIETCS CBOHCTBO BbI-
pezanus (oTcyTcTBYIOT aHagoru Teopem 2.11 u 2.12, cm. 3amady 4.21). OxHAKO 3TO CBOIi-
CTBO MMeET MECTO B HEKOTODOM JHAla30He DPAa3MEPHOCTEH i, KOTOPBIH 3aBUCUT OT CTe-
nenn ceasuocTn napbl (X, A). CrangaprHble CJIeJCTBUs W3 CBOHCTBA BbIpe3aHHsi, TAKHEe
kak uzomopdusm (X, A) = m;(X/A) nias KIeTOYHBIX map W H30MophU3M HaACTPORKH
mi(X) = w1 (X X) TakKe MMEIOT MECTO JIUIIb B HEKOTOPOM JHAIIA30HE PA3MEPHOCTEN.

HamomuuMm, aro npoctparcTBo X HasbiBaeTcst n-céastwvim, ecau m; (X, xg) = 0 mpu
i < n s Beex xg € X (3amerum, uro (X, 2g) — 9TO MHOKECTBO KOMIIOHEHT JIMHEHHOM
CBSIBHOCTH, TaK 9TO 0-CBSI3HOCTH — 9TO JinHEilHast ¢BA3HOCTD). [Tapa (X, A) HasbiBaeTcs
n-ceasnoll, eciu (X, A, xg) = 0 upu ¢ < n s Beex ro € A M KaxKjias KOMIOHEHTA
JIMHEHHO# ¢Bs3HOCTH npocTpancTBa X cojgepkuT Toukd w3 A (muO)kecTBO To(X, A, 0)
He ONpe/ejeHo, Tak 910 npu n = 0 0cTaéres JIUNTh BTOPOE YCJIOBHE). 3aMeTHM, 9TO IPO-
crpaHcTBO X SIBASIETCS N-CBSI3HBIM TOTJA M TOJIBKO TOT/A, Korja mapa (X, xg) sBasiercs
N-CBA3HON 71 HEKOTOPOM (aKBHBaﬂeHTHO, IS JHO60171) TOYKH T € X.

ITpumep 4.4. [Tycrs (Z, A) — kaerodnas nmapa, npudéM Z HoaydeHo n3 A npukIenBaHu-
eM KJIeTOK pasmeproct > n. Toraa (Z, A) — n-cBsi3Has mapa; 9T0 CJIeJyeT U3 TeopeMbl
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0 KJeTO4YHO# anmnpokcumaruu. Hecnoxknaa Mmonudukausa paccyKIeHus U3 J0Ka3aTe b
cTBa TeopeMmbl 4.3 TOKa3bIBaeT, Jitobas N-CBA3HAS KJAETOYHAs Napa UMeeT TaKOil B C
TOYHOCTBIO 10 TOMOTOIMYECKON SKBUBATEHTHOCTH (cM. 3aja4y 4.22).

Teopema 4.5 (cBoiicTBO BBIpe3aHus Jyisi roMoronndeckux rpymm). [Tyeme X = AU B,
2de X — waemounoe npocmpancmeo, A u B — ezo xaemounve nodnpocmparncmea u C =
ANB ceasno u nenycmo. Ilpednososcum, wmo napa (A, C) aeasemes m-ceasnot, a napa
(B, C) asasemcan-ceasnotl. Toeda omobpascenue m;(A, C) — mi (X, B), undyyuposannoe
BRANUEHUEM, ACAALMCA USOMOPPUMOM NPU T < M +N U INUMOPHUSMOM NPU T = M ~+N.

[Ipex e 1em M0Ka3bIBATH CBOMICTBO BbIpe3aHusi, CPOPMYIUPYEM U JTOKAZKEM €r0 BaK-
Heiilree cjeAcTBe, N3BeCTHOE Kak Teopema DpeiieHTasst win TeopeMa O HaJICTPOIKe.

Paccmorpum cdeponn f: S” — X, mnpeacraBiagionuii 37eMeHT TOMOTOIHYECKOil
rpynmbl m,(X). g kaxkaoro takoro cdepoua paccMOTPUM 0TOOpazKeHHe HAJICTPOEK
Yf: X8 = S"tl — YX, koropoe apagerca (n + 1)-MepHBIM ¢hepOMIOM MPOCTPaH-
crBa X X. Ecm chdepounnt f,g: S™ — X TOMOTONHBI, TO TOMOTONHBI U C(HEPOHILI
Xf, Xg: S" — Y X. Kpowme roro, cdepous X(f + g) romoronen chepouuy X f + Xg.
Takum 06paszom, mMbl mojaydaeMm romomopdusm X m,(X) — 1,41 (X X), KoTOPBIT Ha3BI-
BAETCS 20MOMOPHUIMOM HAICMPOTKU.

Teopema 4.6 (@peiinentans). [ycms X — (n— 1)-ceasnoe xiemounoe npocmparcmeo.
Tozda 2omomoppusm nadcmpotivu X m;(X) — w1 (X X) ssanemesn usomopgdusmom npu
1< 2n — 1 u anumopdusmom npu © = 2n — 1.

Hoxasamenvemso. Mul umeem VX = CL X UC_X, rne C. X u C_X — «Bepxumii» u
«HUKHAE> KoHychl Ham X, a CL. X N C_X = X. 'omomopdusm HaJACTPORKH MOXKHO
LPEJICTABUTD B BUJIE KOMIIO3HIIHI

7T1(X> = 7TZ'+1(C+X, X) — 7Ti+1(ZX, C,X) = 7Ti+1(2X>,

rjie 0oba m3oMopdu3Ma MOJYYAIOTCI U3 TOYHBIX MOCJIEIOBATETHHOCTEH map, a cpeiHee
oTo0OpazkeHne MH/YUPOBAHO BKJOYeHneM. Tak kak X sjsiercs (n — 1)-CBA3HbIM, Hapa
(C1 X, X) apnsiercs n-cszuoii. [Tosromy u3 teopemst 4.5 Beirekaer, 410 m;41(Cy X, X) —
mir1 (XX, C_X) — u3omopdusm npu i + 1 < 2n u snumopdusm npu i + 1 = 2n. 0

Teopema 4.7 (Xoud). I'pynna 7,(S™) usomoppra Z u noposcdaemes 20MoMONu4eckum
Kaaccom moscdecmeennozo omobpascenus id: S™ — S™. B wacmnocmu, omobpasicenue
T (S™) = 7Z, conocmasaaowee KaHcooMy 0MoOPANCENUIO €20 CMENEHD, ABAAETNCA U30-
MODPUZMOM.

oxazamenvemeo. 13 Teopembl OpeiigeHTa st BHITEKAET, 9TO B TOCJIEI0BATETBHOCTHA T'O-
MOMOPMDU3MOB HAJICTPOIKU

71 (SY) = m(S?%) = m3(S?) — ...

mepBoe oTobpazkeHne — 3MuUMOPGU3M, a Bce mocaeayionme — uzomopdusmsol. 13 Tou-
HO¥l TOMOTONMYECKO} HOCJIe10BATeIbHOCTH pacciaoenns Xonda ST — 83 — S§? caenyer
uzomopdusm 2 (S5?) = mp(St), Tak uro 7,(S") = Z npu n > 1. O

ITpumep 4.8. PaccMoTpuM caemyiommuit ¢pparMeAT TOMOTONHYECKOH MOCIeI0BATEILHO-
ctu pacciaoenna Xonda S? — S? co caoem S

o= (ST = w3(S?) = m3(S?) = m(ST) — ...

Tak xax 73(S") = m5(S') = 0 u 73(S®) =2 Z, M1 nonyuaem ms(S?) = Z.
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4.4. JToka3aTeJbCTBO TeOPEeMBI BbIpe3aHud. /[0Ka3arebcTBO OCHOBAHO HA UCIOJIb-
30BAHUHU «COOOpPaYKEHUs OOIIEro MOJIOKEHUST.

Jloxasamenvcmeo meopemnv 4.5. MBI mocaen0BaTeIbHO PACCMOTPUAM HECKOJIBKO BCE 6O-
Jee o0mux caydaes. [IepBulii ciydail BKIIOYAET KJIACCHICCKOE JTOKA3ATEILCTBO TEOPEMBI
Opeitienralis.

Cayuat 1. A nonydeno w3 C' nNpHUKIENBAaHHEM KJIETOK €
KJIeMBaHHeM OHON KjeTkn e 11,

g mokazarenabcrBa ciopbekTuBHOCTH TomMomopdmama m;(A,C) — m(X, B) nupn
i < m + n paccMOTpUM OTHocUTesbHBIE cdepous f: (D' S — (X, B), upejicras-
JSAOIH HeKoTOpbIi smement u3 m;(X, B). O6pa3 f KOMIakTeH, a MOTOMY IepeceKkaer
JIMIIL KOHETHOE IHCI0 KIeToK €™l u ¢" ™!, Bribepem Touku p, € ¢! u g € e"1,

Hazopém noausdpom pasmeproctu < k o0beuHEeHTE KOHEYHOTO YUCIa BBITYKIBIX MHO-
TOTPAHHHUKOB pasMepHocTH < k. JloKaskeM JBe JIeMMBI.

m+1

m+t a B nonyueno uz C' upn-

Jlemma 4.9. Cywecmeyem omobpasicenue g: (D', S — (X, B), 2omomonnoe f ¢
Kaacce omobpasicenutd nap (u cxkoav y2odno bausroe % f ), maroe, wmo g~ (ps) — noausdp
pasmeprocmu < i —m — 1 daa am06oz20 o, a g~ (q) — noauadp pasmeprnocmu <i—n— 1.

oxasamenvcmeo. B ocHOBe 10Ka3aTeIbCTBA ITOM JJEMMBI JIEKUT KOHCTPYKITUS KYyCOYHO-
JIMHEHHOM allllpOKCUMAIINH, y7Ke U3BeCTHAA HAM 110 JOKA3aTeIbCTBY «JIEMMbI O CBOOO/IHOM
troukes |Toml, memma 4.7]. HamoMHnM OCHOBHBIE TATH 3TOH KOHCTPYKITHH.

1) OKpYXKUM KaxKIYI0 U3 TOUEK Do, ¢ TATHIO MATBIMH KOHIIEHTPHYECKUMH IIADAMEU:
[} (e
pa€BY c. .. cBY qeB c...CB;
2) BuiGepem B D' (KOMIaKTHEI) MEOrOrpanHNK, copepzxamuii f~1(Bs U, Béa)).
3) Tpuanrysupyem 5TOT MHOTOIDAHHHK HACTOJBKO MEJKO, 9TO ecju f-obpa3 cum-
nexca 3agesaer B\, 1o om co B B;u B;
I BN JIEPXKUTCA B B 1, n 1O xe Jisa B; u By .
4) O6ozuaunm uepe3 K obbenHeHNE CUMILIEKCOB, f-00pa3bl KOTOPHIX T€PECEKAIOTCSI
(@)
5) Monmpasum orobparkenne f Ha K, 3aMeHNUB ero oTobpaykeHneM ¢, COBNAIAONINM
¢ f Ha BepIIMHAX TPUAHTY/IAINNA U JUHEHHBIM Ha KaXK/IOM CHMILICKCE.
6) «Combém» ¢ ¢ f, 1. e. mocTpoum oTobpazKkeHue ¢, coBnajamiiee ¢ f BHe MHOKECTBA

f(Bsul, Béa)) ucg s f(BUl, Béa)) M TaKoe, 9TO ¢-00pa3 JOIOJHCHUS
k f7H(B:UU, Béa)) me sagesaer By U], B\”) (310 cimmpanue omucano B komie
nokazarespcra geMMbl 4.7 u3 [Toml]).

lTax, MBI AIIIPOKCUMAPOBAIN OTOOpasKeHHe f 0OTOOpazKeHHEeM ¢ ¢ TAKAM CBOMCTBOM: IPO-
00pa3 OKPECTHOCTH KaxI0f M3 TOYEK Py, ¢ HOKPHIBAETCH KOHEYHBIM YHUCJIOM CUMILIEK-
co A’, Ha KarKJOM M3 KOTOPHIX OTODOpazKeHue JimHeino. Mbl MOJKeM CUUTaTh, YTO €CJIu
Pa € g(AY), 1o dim g(A?) = m+1 (1. e. ne 6biBaer dim g(AY) < m+1; unave capuneM p, ¢
«3aNpengHHOr0» MHOKeCTBa IPU MOMOIIH ToMeoMopdusmMa mapa int D™ 2 ™+ 6 ys-
KOTO K TOKJIeCTBeHHoMY ). Ananornuano, ecam g € g(AY), To dim g(A?) = n+ 1. TTockoabKy
1poo6pas3 TOYKH NMpH JuHEeHHOM oToOpazkenun g: A' — R™ ! mveromem (m + 1)-Mepubrii
06pa3, ecTh BBITYKJIbII MHOTOIPAHHUK PA3MEPHOCTH < ¢ —m — 1, oTOOpazKenue ¢ yaoBJIe-
TBOpAET TPCOOBAHUAM JICMMBI. O

Crenyromas jiemma (hopMaan3yer TMOHITHE «ODIIEro MOJI0KEHUT >, UCIOIb3yeMOe B 10~
Ka3aTeJbCTBE TEOPEMBI.
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Jlemma 4.10. Iyecmv K, L C RP — noauadpv pasmeprocmeti < k u < I coomsememeen-
Ho. Feau k+1+1 < p, mo K u L ne sauenasenv.. 9mo o3nauwaem, 4mo cyu,ecmeyem
UBOMONUA (20MOMONUA MONHCIECTNEEHH020 OMOOPAHCEHUA, COCTNOAULAR U3 20MEOMOPPHUS-
mog) fi: RP — RP maxaa, wmo f1(K) u fi(L) pasdeasromes ¢ RP zunepnaockocmuio.

Aoxazamenvcmeo. Beibepem runepiiockoctb H C RP, takyio, uro HNK = . JlokaxkeM,
4qTO cyimecTByeT Touka x € RP, takasd, uro x u K Jexkar 1o pasHyio cropony or H wu
HUKakKas IpaMasi, IpoXoIdiiasd depe3 x, He IepecekaeT ogHoppemenHo K u L. Iloaumaap
K nexur B o0beauHenun miockocteit Ky, ..., K, pasmepHoctn < k, a monusgap L j1eKut
B 00beauHeHHH miaockocTeil Ly, ..., L, pasmepnoctun < (. Ilyets P; — MuHEMaabHad
IJIOCKOCTD, conepxxkamas K; n Lj; rorga dim P < dim K; +dim L +1 < k+1+1 <p.
B kagecTBe * MOXKHO B34Tb JIOOYIO TOYKY B HOJIYIIPOCTPAHCTBE, He cojepzKkariem K, He
JiezKallyo B 00beuHeHnn miockocteit ;. Ternepb Heo0OX0AUMYI0 H30TOINIO IPOCTPAHCTBA
R? nocrpoum caemyiomum obpazom. Kaxkmas touka y € RP jaBuzkercs npsaMOJIUHENRHO
[I0 HAIIPABJIEHUIO K T, IPUUEM CKOPOCTH HPOIOPIHMOHAIbHA PACCTOSHUIO OT Y JO X, a
KO3 PUIUEHT MPONOPIUOHAJBHOCTH CBON Ha KarKIOMY JIyUe, BBIXOJSIINEM W3 T, PaBeH
HYJII0 Ha Jydax, mepecekalonmux K, U MOJOXKATeTeH Ha Jydax, mepeceKaomux L. ]

Tenepb 3aBepIINM J0KA3aTEILCTBO CIydad 1 TeopeMbl BhIpe3aHus. PaccMOTpUM 0TO0-
paxkenue g: (D', S71) — (X, B), nocrpoentoe B jemme 4.9, Tak uto ¢~ (ps) — NOJUIAD
pasMepnoctn < i —m — 1, a g '(q) — nmommsap pasmepuoctn < i — n — 1. Tak Kak

(i—m—1)+G—n—-1)+1=2—(m+n)—1<i—1<4i,

MBIl MOZKeM npuMenutb jemmy 4.10, T.e. MoxkHO cunrars, uro nomusapst ¢~ (U, pa) ®
g1 (q) pazmenenst B D' runepmiockocTsio (eMm. puc. 4.4).

4 )

gil(Uapa)

N /

Puc. 6

[Tycrs Temeps g;: (DY, S1) — (X, B) — romoronust 0ToGpazkenus g = go, IpH KOTOPOii
nosynpocrpancrso mapa DY, conepxxamee g (U, Pa), IOCTENEHHO PACTAIIBAETCS HA BECh
map, a MoJyIPOCTPAHCTBO, cojepzaliee ¢ '(q), MOCTeNeHHO CTATUBAETC Ha IDAHUILY
mapa (cm. puc. 4.4). Torna ¢,(S"1) me nepecekaercs ¢ |J,, po Anst moboro t, a g1(D") ne
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MEPECEKALTCS C . DTO O3HAUALT, ITO B KOMMYTATUBHOM auarpaMmme

(8) mi(A, C) - mi(X, B)

l~ L~

mi( X\ {g}, X\ {q} UUoApa}) — mi(X, X\ U {pa})

maunbiit ssement [f] € m(X, B), paccmarpuBaembiii Kak aeMenT rpymnbl 7w (X, X\
U {Pa}), pasen snementy [¢g1] € m(X \ {q}, X \ {¢} UU,{pa}) = mi(A, C). Tem cambim
CIOPBEKTHBHOCTH ToMoMopdm3ma e: m; (A, C) — m;(X, B) npu i < m + n goka3aHa.
Tenepnb 10KaxKkeM HHBEKTUBHOCTH TOMOMOpdu3Ma e npu ¢ < m + n. Ilycts aBa oTHOCH-
TesbHbIX cepouna fo, fi: (DY S — (A, C) Takoss, uro e([fo]) = e([f1]) € (X, B).
Torma cymectsyer romoronua F: (DY, S x I — (X, B) mexny efy u ef;. [Ipumenus
gemmbl 4.9 1 4.10 k F'u D' x [ = D" mb1 MozkeM cautars, yro FHJ, pa) — mosu-
51p pasMepHocTH < i —m u F~1(q) — nommsap pasMepnocTn < i — n, NPUIEM ITH JIBa
no/m3pa pasjeienst 8 DY x I = D! runepiiockocrbio (orpanuienue Ha pa3MepHOCTH
BBITIOJTHEHO, TaK Kak ¢ —m +i—n+1 = 2i — (m+n) +1 < i+ 1). Kak u Bbimte, u3
paceMoTpenns nuarpaMmbl (8) BeITEKaeT, 4T0 F' IOTHUMAETCS ¢ TOYHOCTHIO IO TOMOTOITHI

10 orobpaxkenust (D', S x I — (A, C), r.e. [fo] = [f1] B m(A,C).

Cayuati 2. A nomnydeno uz C upukjeusanuem kjerok e kak B ciydae 1, a

B nonyaeno n3 C' upukjienBanmeM KJIeTOK pasmepuoctu > n + 1. Utobwl jgoka3arh,
qro, e: (A, C) — m(X,B) — snumopdusm npu ¢ < m + n, paccmorpuMm cdepo-
un f: (D', S — (X, B). Tak xak obpa3 f KOMIAKTeH, OH lepeceKaeT JIUIIL KOHeY-
HOE 9HCI0 KJIeTOK. [IpuMensist paccyzKaeHne u3 ciaydas 1, Mbl MOXKeM MOC/IeI0BATETHHO
«cABUHYTB» [ ¢ Kaxjoi kierkun u3 B\ C, B mopsjke yObiBaHus pasMepHOCTH. VHb-
eKTHBHOCTH TOMOMOPMU3MA € JTOKA3BIBAETCS aHAJOTHYIHO, «CIBHUTasg» 0Opa3 MOMOTOIHA
F: (D", S™1) x I - (X, B) ¢ xnerox u3 B\ C.

Cayuat 3. A nomxyderno n3 C' TpuKJIeHnBaHWEM KJIETOK pasmepHocTn > m + 1, a B
nosrydeno u3 C' IpHUKJIeUBaHUEM KJIETOK pasMepHOCTH > n + 1, Kak B cay4dae 2. MoxKHO
cuuTarh, 9o Kierku u3 A\ C uMeT pasMepHocTh < m~+n+1, Tak KJIeTKu 6oJiee BHICOKOM
pasmeproctu He BaugiorT Ha 7;(C) u m(B) upn i < m + n, u Mpl umeeM T;(A,C) =
(X, B) = 0 B 9TOM cJyuae.

[ycrs Ay C A — obbepunenune C' u kaerok A pasmepuoctu < k, u nycrs X = AU B.
Mpr gokazkeM pesyiabrar st orobpaxkenus ey : m;( Ay, C) — m; (X, B) nnayknueii no k.
bBaza ungykmun — caydait k = m+1, 1. e. ciy4ait 2 Beimie. /lanee paccMOTpuM guarpaMmmy,
06pa30BaHHYIO TOYHBIMHU TOCTeI0BATETbHOCTSIMI Tpoek (Ay, Ax_1,C) u (X, Xi_1, B):

7Ti+1(Ak7 Ak71> - Wi(Akfla C) - 7Tz‘<Ak7 C) - Wi(Ak, Akq) - 7Tz'71<Ak717 C)

e

Tiv1(Xi, Xpm1) — mi(Xy—1, B) — mi( X, B) — mi( Xy, Xpo—1) — mim1(Xj—1, B)

[Ipu i < m + n nepBasg U 4eTBEPTasE BEPTHKAIbHBIE CTPEJIKA — U30MOPMU3MBI COTJIACHO
CIAyYaIo 2, a BTOpad U MATasdg CTPEIKH — U30MOPMUIMBL O MIPEAIOJIOKEHHIO WHIYKIIHH.
CiiejioBaTe/IbHO, CPeJIHSIST BEPTUKAJIbHAS CTPEJKA — n30MOpdu3M coryacuo H-yremme. [Ipu
1 = M+ n BTOpasd U 4eTBEPTAA BEPTUKAJIbHBIE CTPEJIKN — MUMOPMU3MBI, & IIATasi CTPeJI-
Ka — MOHOMOP(U3M, TaK 4TO CPEJHAA CTPEJIKA — SMUMOP(U3M COTIACHO H-JIeMMe.
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O6umit ciydaii cBOAMTCS K CJy4al 3, Tak Kak Jrobas m-CBA3Has KJI€TOYHAsI Hapa
(A, C) nmeer ¢ TOYHOCTHIO JIO TOMOTOIMH TAKOW BHJ, KAK TaM OMHCAHO, ¥ aHAJOTHIHO
s (X, B) (sro — 3anaga 4.22). O

4.5. 'omoTOonmYyeckme rpynnbl KJIE€TOYHBIX HTPOCTPAHCTB. BoT emé ogHO BayKHOE
CJIEJICTBEE TeOPeMBbl BbIpe3aHHsl (CpABHHUTEe TpeijiozkeHueM 2.14, BHIPAZKAIONIAM AHAO-
TUYHOE CBOCTBO IPYII TOMOJIOTHIA):

IIpeniyoxxenune 4.11. I[Tycmo (X, A) — k-ceasnan wiemounas napa, a A asasemcs -
ceasnvim. Toeda 20momoppusm

7TZ'(X, A) — 7TZ<X/A),

undyyuposannwl gaxmopomobpasiceruem (X, A) — (X/A, AJA) = (X/A, pt), asasemes
udomoppuamom npu t < k + 1 u anumoppusmom npu 1 =k + 1+ 1.

Jlokasameavemso. Tak kak (X, A) — k-cBsasnas kierognas mapa, a (CA, A) — (I + 1)-
cBsI3HAsI KJerouHas napa, romomopdusm m; (X, A) — m(X UCA, CA) apisierca n3oMop-
dusmom 1pu i < k + [ u snumopdusmom npu ¢ = k + [ + 1 corsmacHo teopeme 4.5. C
apyroit croponst, (X UCA, CA) = m(X UCA) = 1;(X/A), vae nepsbiit uzoMopdusm
BBITEKAET u3 TOUHON mocaenoBareabaoctr napsl (X U CA,CA) co craruBaembim C'A; a
BTOPOil m30MOpMU3M creyer u3 romoronuveckoit sxkpupantentTaoctn X UCA ~ X/A. O

IMpennoxenne 4.12. IIpu n > 2 epynna m,(\/, SY) ceobodnasn aberesa, noposrcoérnan
2oMOMOnuUYeCKuUMY Kaaccamu sxaovenui St — \/, Sh.

Joxasameavcmeo. CHadaza paceMOTpuM ciaydaii koreanoro oykera. Torma \/ , SI ects n-
MEpHBI#l OCTOB Ipou3BejieHusd chep Ha S co craH/IAPTHON KJIETOYHOU cTpyKTypoil. Tak
Kak B [ [, S pa3MepHOCTH BCeX K/IeTOK KparHsl 1, mapa ([ [, S, \/,, S&) asiserca (2n—1)-
ceazuoit, T.e. m; ([ [, S%, V,, St) = 0 npu i < 2n—1. 113 To1HO{I MOCTIE10BATETBHOCTH AP
nosty4aes, ato m,(\/, Si) — m, ([, %) = D, Z — usomopdusm mpu n > 2.

B caydae Geckorednoro 6ykera paccCMOTPUM KAHOHUYECKUH TOMOMOP(U3IM

@: @aﬂ-n(sg) - ﬂ-n(\/aSZ)'
Torma @ asngerca smuMopdu3MoM, Tak Kak 06pas joboro chepouna f: ™ — \/_ SP
COoJepKUTCS B KOHedHOM Oykere, nosromy [f] sexxkur B obpase @ coriacHO KOHEUHOMY
caydaw. Ananorudno, ¢ sBisgercss MOHOMODGMU3MOM, TaK KaK TOMOTONHsS Mexjay [ u
oToOpakeHrneM B TOUKY TaKzKe nMeeT 00pa3, COoeprKaluiics B KOHEIHOM OyKeTe, a st
KOHEYHBIX OYKeTOB ¢ — MOHOMODP(U3M. [

Culeiyolee yTBepzK IeHHe SABJIAETCA MHOIOMEPHBLIM aHAJIOTOM TeOPEMbl, OMUCHIBAIOIICH
dbynmamentatpHyo Tpymnmy KierodHoro npocrpancrsa (em. [Toml, Teopema 7.2|).

IIpennosxenne 4.13. Iycmo npocmparncmeo X noaywero us byxema cep \/, S, n > 2,
NPUEACUSIHUEM KEACMOK € no omobpasicenuam pg: S™ — \/ S Tozda m,(X) — dax-
mopzpynna c60600notl abesesot epynnw m,(\/,, S%) = D, Z no nodepynne, noposrcoénno
Kaaccamu [pg).

Hoxasameavcmeo. Pacemorpnm TownyI0 mocaegoBaresbrocTs napst (X, \/  SP):
0
7TTZ+1(X’ \/aSZ) Trn(\/aSZ) ﬂ-n(X) 0

Takum o6pasom, m,(X) — daxroprpynna rpynmst 7,(\/, Si) 10 06pa3y romomopdusma 0.

[

Mot nveem X/V Sy ~ V4 Sg“. 13 npennoxenns 4.11 caenyer, uro m,.1(X,\, Sh) =
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Tnt1(X/ Vo S8) = map1 (Vg Sg“) — cBobosiHAS abesieBa TPYIIIA, MOPOKIEHHAS XapaKTe-
PHCTHYCCKHME OTOOpazKeHnsaME K1eToK €. Ipanmdnoe oroGpazkenue ¢ IepeBoiuT 1X

B KJIACCHI [P, 94TO U TpebyeTcsl. O

4.6. CtabuabHbIe TOMOTOIINYECKNE I'PYIIIIbI.

IMpennoxenne 4.14. k-xpamuasn nadcmpotiva XFX 1ad 11066M KAEMOUHLM NPOCTPAH-
cmeom X aeasemes (k — 1)-ceasnod.

oxazamenavemeo. 1lpoeném unayknuio mo k. Ilpm & = 1 yrepxkaaercs, uro XX
JAMHEeHHO CBA3HO, 4To odeBuaHo. llpemmonoxum, uto Y = X*X apngerca (k — 1)-
cBazubiM, T.e. m(Y) = 0 upu ¢ < k. CorsacHo reopeme 4.6 romomopdusm Ha/i-

crpoiiku m;(Y) — w1 (XY) aBasercs uzomopdusmom npu i < 2k — 1. B gacrnocrn,
i (XFX) = 1 (DY) 2 m(Y) = 0 npu i < k (rak xak k < 2k — 1). Dro ozuauaer,
gro YFTLX gpnsiercs k-CBSA3HBIM. [

B nocsegoBarebnoctn roMoMopdu3MOB HAJACTPOKN
’/'Tz(X) — 7TZ'+1<EX) — 7Ti+2(E2X) — ...

HAaYMHAST C HEKOTOPOrO MOMEHTa BCe TOMOMOP(HU3MBI CTAHOBSITCA H30MOpdusmMamu. A
nmenno, Tak kKak LFX apaserca (k — 1)-ceasubiv, T, (X5 X) — 71 (ZFLX) Gyaer
m3omopdusmvom npu i + k < 2(k—1)+ 1, ne. mpu k > i + 1.

Ipymma 74 (X% X) npm k > i + 1 HasbiBaeTca cmabuavhoti 20Mmomonuseckoti 2pynnot
KJIeTOYHOrO TpoctpancrBa X u obo3nadaercs 75 (X).

[Ipu X = S° mbl noayuaem rpymnny m;4x(S*), & > i + 1, Koropag Ha3biBaeTca i-1i
cmabusvrot 2omomonuneckot epynnoti cep 1 0603HaTaeTcs pocto ;. Hanpuwmep, 7§
m2(S?) = Z, w5 = m4(S?), 75 = 76(S?) m . 1.

Brorunciienne crabujibHBIX TOMOTOIUYECKUX IPYIIT cpep — Kjaaccuuyeckas 1npobdsema ro-
MOTOIMUYECKOH TOMOJIOIWH, KOTOPAs HE PEIIeHa J0 CHX TIOP.

4.7. TIpousBenenue Yaiitxena u npoussegenne Camenabcona. Ilycrs w: SF-1 —
Sk S! — npuknensatomee orobpaxenne nia (k -+ [)-xrerkn npoussegenna S* x S! co
CTAHJAPTHON KJIETOYHOH CTPYKTypoii (¢ 4 kierkamu). B siBHOM Buje oToGpazKkeHue w
OIIHCAHO B 3ajade 4.32.

Ipouseedenuem Yatimweda chepounos f: S¥ — X un g: S' — X naspiBaercs cdepon,
3a/1aBaeMbIil KOMITIO3uNUen

[f, glu: SEFTE 2 gk oy gt LY
MpubI osiygaeM KOPPEKTHO OIpPEJIe/IEHHBIH TOMOMOPMU3M
[+ Tt (X)) X (X)) = Tega-1(X),

KOTODBI#l TaKzKe Ha3bIBaeTcs NpousBesnenuem Yaiirxema. [Ipu k& = [ = 1 npoussejenue
Vaiirxena — 310 KommyTtarop B rpymme w1 (X), T.e. [f, glw = fgf 1ot

Mper umeem [f, gl = 0 B rpymme mg;_1(X) Torga u TOJBKO TOTIA, KOLJA OTOOpayKeHue
fVvg: S¥Vv S — X nponomxaerca 10 orobpazkenna S* x S' — X.

[IpousBenenue YaiiTxema 001a1aeT CACAYIONUME CBOKCTBAMMT:
a) g a € mp(X) u B,y € m(X) ¢l > 1 umeem

[a, B+ ’Y]w = [av 6]111 + [a/y]wQ
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6) ag a € m(X) u B € m(X) ¢ k,l > 1 umeem

[t Bl = (=1)M[B, aus
B) misg « € mp(X), B € m(X) uy € mpn(X) ¢ k,I,m > 1 nmeem

(=1 {ev, Blus Y + (=)™ (B, Y & + (=1)™[[7, @], Bl = 0.

HokazaresbcTBo cBoiicTB a) u 6) — 3agadn. /lokasaTh CBOHCTBO B) HEIOCPE/ICTBEH-
HO ciokHee. VMeeTcst HempsiMoil ¢rocod T0Ka3aTeIbCTBA, UCIONb3Y Ol TPON3BeIeH N T
Camenbcona u [TonTpsrnaa, KOTOpHIil TakyKe OyIeT W3JI0KEH B BHJE 3a/a9.

I[Ipu k = 1 cBoiicTBo a) gaér nuneiinoe orodbpaxkenue w1 (X)X m(X) — m/(X), [ > 1, ko-
TOPOE HA3LIBACTCS detcmeuem Pyrniamenmanrvrot epynno, Ha GolCUUL 20MOTNONUYECKUT
2pYnnaz.

Teriepb paccMOTPHM TPOCTPAHCTBO TeTesb 2X. Omepanuss KOMMYTHPOBAHUS TTE€TEb,
(z,y) = zyr 'y~ maaymupyer orobpaxenne c: X ANRX — 2X. (Ecnu GbITH TOYHBIM,
9TO OTOOPAKEHUE OLPEJIEJICHO JIMIIb ¢ TOYHOCTBIO JI0 TOMOTOIMH, TAK KAK METIH Y HAC
UMeT (DPUKCUPOBAHHYIO JIJINHY. DTOTO MOXKHO H30€KATh, PACCMATPUBASI HETJIN [IePEMEeH-
HOIi JIJTMHBI, TaK Has3biBaeMble nemau Mypa.)

IIpoussederuem Cameavcona chepoumon f: SP — 02X u g: S1 — 2X masoiBaerca

cdepon
[f,g)s: SPF0 = 5P A ST % X A QX -5 X
DT0 331a6T KOPPEKTHO OMPEAeIEHHOE MPON3BEIeHIe

[, - ]s: mp(02X) X 1, (02X) = 7y (2X),

KOTOpOE TaKzKe HasblBaeTcsa npoussegennem CaMelbcoHa.
Mo2KHO JOKa3aTh, YTO MPHU MOAXOsIIEeM BbiGope u3oMopdusma t: m,(X) — m,_1(2X)
npouspegennd Yajirxena n CaMelbcoHa CBI3aHBI COOTHOIICHHEM

tlor, B = (=1)*'[ta, ]
st € m(X) u B € m(X). C yaérom 5T0ro CoOTHOIIEH ! CBOMCTBA a)—B) IIPOU3BEIEHNUST
YaiiTxena nepexogar B caeayonme coiictsa npousseaenus CamenbcoHa:
a) mis ¢ € m,(2X) u ¢, n € 1y (2X) umeem

[907 Y+ 77]5 = [90, ¢]s + [907 77]5;
6) ansg ¢ € m,(2X) u ¢ € m,(2X) umeem

[()0’ w]s = _<_1)pq[wv (10]5;
B) ais ¢ € m,(2X), Y € my(2X) un € m,.(2X) nmeem

[gp, W, n]s]s = {[9071/1]577]]3 + (_1>pq[wu [90777]8}3-

OTH TPU CBOUCTBA HA3BIBAIOTCS OUAUHETHOCTY, 2PAdYUPOBAHHGA GHMUKOMMYMAMUG-
HOCMb U 2padyuposannoe moscdecmso Sxobu, cOOTBETCTBEHHO. 'paJynpoBaHHOE BEK-
TOPHOE MPOCTPAHCTBO V/, HA KOTOPOM BBejieHa omepanus | -, -|: V X V. — V| yaosie-
TBOPAIOIIAST STHM TPEM CBOHCTBAM, Ha3BIBACTCS 2padyuposannoti aneebpoti Jlu. Taxum
obpasom, npousseenne CaMeibCOHa PEBPAIIAET BEKTOPHOE HPOCTPAHCTBO Ty (2X) ® Q
(payuorarvHble 20MOMONUYECKUE 2PYNNbL) B TPALYHPOBAHHYO asireOpy Jlu, KoTopas Ha-
3BIBACTCS PAUUOHAALHOT 20MOomonuveckotl arzebpoti Jlu npoctpancrsa X.
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4.8. Tomomopdusm I'ypeBuua, Teopema I'ypeBuua u Teopema Vaiitxema. Omob-
pascernue Typesuua h: m, (X, x9) — H,(X) onpenensercs ciaenyronmum obpasom. Tlycrhb
saement [f] € m, (X, o) npencrasien chepoumom f: (S, s0) — (X,x9) m mycTb
a € H,(S") — dukcupopannas obpasywomas rpymnnst H,(S™) = Z. Torma momoxKnm
h([f]) = fe(a), tme fo: Hy(S™) — H,(X) — unaynupoBanibiii roMOMOpdU3M B TOMOJIO-
rusx. OrobpazkeHue h onpesieleHO KOPPEKTHO, TAK KaK FOMOTOITHBIE OTOOpaKeHHsT UH/ILY-
MUPYIOT OJAUHAKOBBIE TOMOMOP(hUIMBI B TOMOJOTHAX.

Ommuocumenvrnoe omobpasicenue I'ypesuua h: m,(X, A, x0) — H,(X, A) oupegensiercs
o dbopmyie h([f]) = fu(a), tne f: (D", S" 1 sg) = (X, A, z0) u « € H, (D", S"71) —
dbukcuposannas obpasyiomas rpyunst H, (D", S"1) = Z.

IIpenioxxenune 4.15. Omobpascenue Iypesuua h: m,(X, x9) — H,(X) asasemea eo-
momopguzmom npu n = 1. Omuocumenrvnoe omobpascenue Iypesuua h: m,(X, A, x9) —
H, (X, A) asasemca 2omomopduzmom npu n > 1.

Hoxazamenvemeso. Mbr yaxe mokazanu, aro h: m (X, zo) — Hy(X) — romomopdusm B
TeopeMe 4.1. Tak 4TO HYKHO J0Ka3aTh JIUIIL YTBEPK/IeHHEe 00 OTHOCUTEJIHLHOM OTOOpa-
xkenun ['ypesuya.

[ycrs f,g: (D", 5™ ') — (X, A) — orHOCHTETBHBIE CEPOUIBI, TTPEICTABIAIONHE Te-
MeHTBI Tpymmbl T,(X, A). Ham Hamo nposeputs, uto (f + g). = f« + g«, TJe + B JeBoii
JaCTH O3HAYAET CYMMY ChEepomIoB, a 3BE3J04YKa O03HAYAET WHIYIHPOBAHHBIA TOMOMOP-
¢du3m B romostorusx. Tormga Mbl OyaeM UMeTh

h(lf +9]) = (f + 9)«(a) = fila) + g.(a) = h([f]) + h([g]),

4TO U TpedyercH.

[Iycts ¢: D® — D™V D" — oTobGpaskenne, cTarupaomiee skpaTtop D"~ ! B Touky, n
qi1,q2: D™V D" — D™ — orobpazkeHus, TOXK/IECTBEHHOE Ha OJIHOM CJIaraeMoOM OyKeTa u
CTATUBAIOIIME JIPYToe cjaraeMoe B TOUKY. Torja, 1o onpeaeeHuio CyMMBI ¢(peporIoB,

f+g=(fVg)e: (D", S 1) = (D"v D" S"1vsS1) = (X A).
Terreps paccMoTpuM guarpammy

H, (D", S"1) —“ ~ H,(D" v D", §"~1 v §n-1) (fVg)s

(11*€Bf12* =

Hn(Dn, Sn—l) o) Hn(Dn, Sn—l)

H,(X,A)

Orobpaxkenue (i, D ¢or — uH30MOPGH3M, TaK KaK €ro OOPATHBIA €CTh i1, + foy, IIE
i1,00: D, — D™V D" — BkJHOYeHHs cjaraeMbix B OykeT. Tak Kak OTOOparkeHust
qc, gac: (D™, 8™ — (D™, 8™71) romoronnbl ToxkaecTBeHHOMY, (G1x @ @ox)ce = A —
JTraronasbHoe orobpakenue o — (o, «). Tak kax (fV g)iy = f u (f V g)ia = g, nmeem

(f V 9)sline +i2.)(a, 0) = file@),  (fV g):(ire +i2.)(0, @) = gu(e).
CiejtoBare/ibHO,
(fVgci(a) = (fV g)uline +1i2:) (q1x B o) (@) = (fV g)s(ins + i) (@, @) = (fi +9:) ().
C apyroii croponst, (fV g)«ce = (f + g)« (cM. BbIe). O

Tomomopdusm T'ypesnua h: (X, o) — Hi(X) omucan B Teopeme 4.1.
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Teopema 4.16 (I'ypesuu). ITycmo npocmpancmeo X asasemea (n—1)-ceazuvim, n = 2,
m.e. mo(X,x0) = m(X,20) = ... = mp1(X,209) =0. Toeda Hi(X)=...=H,1(X) =0
u h: (X, 20) = Hp(X) — usomopdusm.

Hyemo napa (X, A) asasemes (n—1)-ceasnot, n = 2, a npocmpancmeo A 00HOCEA3NMO U
nenycemo. Tozda H;(X,A) =0 npui <n uh: m,(X, A, x9) = H,(X, A) — usomoppusm.

Joxazamenvcmeo. PaccMOTpeB KJIETOUHYIO allllPOKCUMAIUIO, MOXKHO CUYATATH, 4TO X —
KJIeTOYHOe TPOoCcTpaHcTBo, a (X, A) — kaerounas mapa. Torma OTHOCHTEIBHBIN Cydaii
TeopeMBbl CBOAUTCA K abcosmoraoMmy, Tak Kak m;(X, A) = m(X/A) upu i < n cormacuo
npeozkenmio 4.11, a Hy(X, A) & H;(X/A) cormacuo upeamnozxenno 2.14.

B abcomoTHOM ciryuae HecsoxkHOe 0000mIenne peoxkenus 7.1 u3 [Tomnl| mokasbiBaer,
910 (n — 1)-CBA3HOE KJIETOYHOE MPOCTPAHCTBO X MOXKHO 3aMEHHTH HA OMOTONUICCKH
9KBUBAJIEHTHOE TPOCTPAHCTBO ¢ OfHOU (-MepHO KJICTKOU H 0e3 KJIeTOK pa3MepHOCTH
< n — 1. Tlosromy MoxknO cuutarh X"~ ' = pt, a suaunr H;(X) = 0 npu i < n. Taee,
MOYKHO cuuTaTh, uto X = X" Tak Kak KJeTKu pa3smMepHOCTH > n + 2 He BIUAIOT HU HA
T, 17 Ha H,. Taxmm obpasom, X uveer sug (V/,, Sy)U(Ug eg“), KaK B Ipe/ioykennu 4.13.

Torma romomopdusmer l'ypesuda m,1 (X, X™) = Hy, (X, X™) u 1, (X") — Hp(X") —
130MOPGU3MBL, TAK KaK BCe BXOJIINE B HUX TPYIIIbI — CBOOOMHBIE abeseBbl, MOPOXK/IEH-
Hble KJaccaMu cdep, BXOAAMuX B 6yKeTbl. PaccMOTPHM KOMMYTATHBHYIO JHAIDAMMY

o1 (X, X)) —— 1, (X") —— 7, (X) —=0

lg lg Lh

H, 1 (X, X") — H,(X") — H,(X) —=0
U3 5-nemmsbr caenyer, uto h: m,(X) — H,(X) — nzomopdusm. O

Teopema 4.17 (romosorudeckasi Teopema Yaiirxena). Omobpascenue f: X — Y 00-
HOCBAZHBLEL KAEMOUHBLE NPOCMPAHCING ACAACNCA 20MOTONUYECKOT IKGUBANEHIMHOCTIBIO
mozda u moavko mozda, ko2da undyuuposanHvie omobpasicenus fo: H,(X) — H,(Y)
ABNANMCA UBOMOPPUSMAMU ONSL BCEX M.

Jlokxazamenvemeso. Hy:KHO 10Ka3aTh JIUIIb YTBEPZKIEHIE «TOrIa». 3aMEeHUB [ Ha KJIeTOY-
Hoe orobpazkenue, a Y Ha (X x [)U; Y (mummuaap otobpaxkeHns f), MOKHO CIHTATD, 9TO
f — BJIOKeHUe KJIETOYHOTO MOANpocTpancTBa, T.e. (Y, X) — kiaerounas mapa.

Tak kax fi: H,(X) — H,(Y) asasaorcs u3oMopdusMamMu 715 BCeX 1, U3 TOMOJIOTHIe-
CKOH 11ocJieoBareibHocTu napbl ciaepyer, uro H, (Y, X) = 0 mua joboro n. Tak kak X
JIMHEHHO CBSI3HO, & Y OJHOCBA3HO, U3 TOMOTONNYECKO 110CAe0BATEILHOCTH TTAPhI CJIe/Ly-
er, uto m (Y, X) = 0, m.e. mapa (Y, X) oxnocsszna. Tak kak X OTHOCBSI3HO, U3 OTHOCH-
TesibHOI Teopembl ['ypesnua ciesyer, ato h: mo(Y, X) — Hy(Y, X) = 0 — usomopdusm.
Caenosarensho, mo(Y, X) = 0, 1. e. mapa (Y, X) 2-ceazua. [Iponosxkas mo WHIYKITUA, MbI
nonydaem 7,(Y, X) = 0. 13 roMOTONIIECKO TOCTe0BATENBHOCTH HAPBI CJIELYeT, UTO
fe: m(X) = m,(Y) aBagercs uzomopduzmom st soboro n. Crenobaresibno, f — ro-
MOTOIIYECKasT IKBUBAICHTHOCTD MO Teopeme Yaiitxemaa (em. [Torml, Teopema 10.10]). O

3amaun u ynpakHeHus.

4.18. Hamomunm, uro [X, Y] obo3HauaeT MHOKECTBO KJIACCOB TOMOTOIIHBIX OTOOpazKeH i
X — Y. Jlokaxurte, 4TO MPOCTPAHCTBA X, Y TOMOTONMYECKH SKBUBAJECHTHBI, €CJIU JIs
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JI060r0 Z CylIecTByeT B3aUMHO OjiHO3HAuHOe cooTercTiue ¢?: [Z, X| — [Z,Y], koro-
poe ecrecrBerno no Z. [lociennee o3nadaer, uro g Jjwoboro orobpaxkenus h: Z — Z'
JrarpaMmma

Z

Z,X] 2~ [Z,Y]

| |
Z/

2, X] (2", Y]
KOMMyTaTI/IBHa.

4.19. Jlokakure, uro mpocrpancTBa X,Y cj1ab0 TOMOTOIMYECKH SKBHBAJIEHTHBI, €CJId
JIJIST JTI000T0 KJIETOYHOTO MPOCTPAHCTBA /Z CYIIECTBYET B3aHMHO OJHO3HAYHOE COOTBET-
crue 97 [Z, X] — [Z,Y], koropoe ecrecrsenno 1o Z.

4.20. llpuBenuTe mpuMep c1ad0 TOMOTOTMYECKH IKBUBAJIEHTHBIX MpocTpancTB X, Y, nisa
KOTODBIX He CYIIeCTBYeT HH CJIa00i TOMOTOMMYECKOH dKBUBaJeHTHOCTH f: X — Y, Hu
caaboft roMmoTonMYecKoi SKBUBaJIEHTHOCTH ¢: Y — X.

4.21. Ilycrn Di u D? — BepxHAA U HIDKHAS 3aMKHYTHIe oaycdepst B S2, u N — ce-
BepHbIH mosmoc. Yoeaurecs, uro m3(S?, D3) = Z, a m3(S? \ N, D2\ N) = 0. Ananoruuso,
m3(S?, DY) = Z, a m3(D?, D2 N DY) = 0. Takum 06pa3om, CBOACTBO BbIpe3aHus HE Bbl-
nonneno s m3(S%, DY),

4.22. Jlokaxkure, 910 1Jis JI000i n-cBsi3HOM Kaerounoii napsl (X, A) cymecrByer Kie-
TOYHOE MPOCTPAHCTBO 7, MoaydaemMoe u3 A npukaenBaHueM KJIETOK Pa3sMEpPHOCTH > 1, U
TOMOTONIYECKAs SKBUBAJIEHTHOCTDb 4 — X, HEeMOABUKHAs Ha A.

4.23. INokaxurte, uto npoctpanctsa S? 1 S% x CP™ UMeIOT 0HHAKOBBIE TOMOTONNYIECKIE
IPYHIBI, HO Ppa3Hble TPYHIIBI TOMOJOT .

4.24. llokaxkurte, uro nmpocrpancrsa S™ X RP" u S™ X RP™ uMeoT 0JMHAKOBBIE T'OMO-
TONUYECKHe I'PYIIIb, HO IPHA M # N U n > 1 UX IPYIIBI TOMOJIOTUN PA3IAIHHI.

4.25. Tlokaxkute, uto mpocrpancTsa STV STV S% u S x S! mveroT onuHAKOBLIE TPYHIILI
TOMOJIOTHH, HO Pa3HbIe TOMOTOMNIECKHE TPYTIIIHI.

4.26. Boruucaure m, (St VvV S™).

4.27. Jlokaxure, 910 g Jiroboro n > 0 u JroO0OH I'pylIbl 7, KOTOpas J0JKHA OBITh
abesieBoit pu n > 1, CYIIECTBYET KJIETOUIHOE TPOCTPAHCTBO X, 7151 KOTOPOro m,(X) = m u
m:(X) = 0 mpu i # n. Takoe mpocTparcTBo X HA3BIBACTCS NPOCMpPancmeom Jisenbepea—
Maxaetina n obosunagaercs K (m,n).

4.28. Jlokazkure, 9T0 MPOCTPAHCTBO K (7, n) € IMHCTBEHHO ¢ TOYHOCTBIO IO TOMOTOMAYE-
CKOI 3KBUBAJICHTHOCTH.

4.29. Yoeaurecs, uro K(Z,1) ~ S', K(Zy,1) ~ RP>, K(Z,2) ~ CP>, a Taxxe 4T0
BCe JIByMepHble MOBEePXHOCTH, 3a uckaodenuem S? u RP?, aBagiorcs npocrpaHcTBamu
tuna K (7, 1).
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4.30. Ilycts X — cBga3HOE KJIE€TOYHOE MPOCTPAHCTBO. JloKaxKuTe, 9TO CYIIEeCTBYET KOM-
MyTaTHBHAS JIHarpaMMa ITPOCTPAHCTB U OTOOparKeHu it

X

)

Xﬁ-Xl

B KOTOPOil Kaxkjaoe orobpazkenne X — X,, HHAYIUPYET U30MOPGU3M Py T; TPH ¢ < N,
a m;(X,) =0 npu i > n. dra auarpamma HaseiBaetcst bawneld [locmuukosa niasa X.

4.31. /lokaxkuTe, 9TO TOMOTOINYECKHAM cJioeM oroOpaxkenus X, — X,,_1 B 6amrae Iloct-
HUKOBA sIBJIsieTCsi TpocTpancTBo tuna K (mw,n), tae m = m,(X).

4.32. JlokazkuTe, uTO IpHKJIeuBaoliee oTobpazkenue w: SF=1 — S*\/ St nng (k + 1)-
KJIeTKH mpom3senenus S x S! 3amaéres kommosunueit

SHH=L — 9(D* x DY) = D* x "' Ugror g1 S¥1 x DY — SF v St
rJie noc/eHee 0robpaKeHue COCTOUT U3 JIBYX HPOEKIUi
DF x S — DF — DF/SF 1 = Sk <y SFv ST n
S x D' = D' — D'/S'Tt = §h ey SRV S
u nepesoaut S¥1 x S=! B ormeuenHyo TOUKY.
4.33. Yo6eaurech, uro npousseenue Yaiirxema m (X ) X m(X) — m1(X) — kommMyTaTop.

4.34. Jlokaxwure, uro mig « € m(X) u 8,7 € m(X) ¢ [ > 1 umeer MecTo cOOTHOIIEHHE
[, B+ ]w = [, Blw + [, Y]w-

4.35. Jokaxure, aro masg o € m(X) u f € m(X) ¢ k,I > 1 umeer MecTo COOTHOIIEHHE

[, Bl = <_1)kl 13, .

4.36. Jlokaxkute, 9TO MPHU MOAXOJSINEM BhIOOpe m3oMopdusMa compsizkenus t: m,(X) —
Tn—1(£2X) mponssenenus Yaiirxena u CaMenbcoOHA CBSI3aHBI COOTHOTIEHTEM

tlor, Bl = (—=1)" " [ta, ]

st o € (X)) m € m(X).

BriBennte cBoiicrBa a)-B) nponspegennst CamenbcoHa (OMIMHERHOCTD, TPaynPOBaH-
HYIO AaHTHKOMMYTATHBHOCTH W DALy HPOBAHHOE TOXKIECTBO SIKOOM) U3 COOTBETCTBYIOTIIX
CBOICTB IpOU3BeIeHA YalTxea.

4.37. O6o3uaunM Uepe3 i, KAHOHUUIECKYIO 00pa3yIoNIyo TPYIIbl m,(S™) u depes 17y —
KAHOHMIECKYTO 00pasylomyio rpynnbl m3(S?%), T. e. Knace orobpaxkenusa Xomda S° — S2.
[TokazkuTe, 910 (L9, Lo]y = 21)0.
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4.38. Tlycts a € m(X) u f € m(X). Jokaxure, aro npoussegenne Yaiirxena [a, ]y,
JIEZKUT B siipe ToMoMopduamMa HaacTpoiikn X 7y 1(X) — mp (X X).

B wactrocTu, eciiu X — (n — 1)-CBA3HOE KJIETOYHOE MPOCTPAHCTBO, TO HPOU3BE/IE-
Hust Yaiirxega [, ], KiaccoB «, 8 € m,(X) mexar B sape roMoMopdusMa HaJICTPO-
K X o, 1(X) — 7o, (X X) B «IOrpaHUYHOil» PA3MEPHOCTH, KOTOPBIH SBJISETCS SIH-
Mopdu3MoM cornacHo Teopeme Ppeiinentand. « Tpyanad yacTb» TeopeMbl DpeiigenTansd
YTBEPKIAET, ITO AP0 STOTO SMUMOpdU3MA TOPOKIEHO KIaccaMu BUIA [, []q,.

4.39. Jlokaxute, 9ro ecaim X — TOMOJOrHYecKas rpynma, 1o |«, (], = 0 st aro6bix
a € m(X) u € m(X). Dro 0b6obuaer ror dakr, uro dyHjgaMeHTaJIbHas IPYLIIA TOIO-
JIOTHYECKON IPYyIIbl KOMMYTaTHBHA.

4.40. JTokaxure, uro 74(S%) = Zy uin 0. (Vkazanue: paccmorpure romoMopdusm HaJl-
crpoiiku m3(S?) — m4(S?) u ucnonwsyiire zanaun 4.37 u 4.38.) Tpyauas yacTh TEOpeMbl
Opeiinentans nadt 75 = m4(S°) X Zs.

4.41. Tlpusenure npumep (n — 1)-cBszuoit mape! (X, A), n > 2, ¢ HeomHOCBsI3HBIM A, 1151
koropoit h: m,(X, A, xg) — H,(X, A) ue aBasiercs nzomMopdu3mMom.

4.42. TlokaxKuTe, 9TO TPOCKIHUI
Stx St — (St x sY)/(stv St = S?

HHIYIHPYET TPUBHAIBLHBIE rOMOMOPMU3M B TOMOTOIUYECKHUX TPYIIIAX, HO HETPUBUAJIb-
HBIA TOMOMOP(U3M B IpYyIIaX OMOJOTHH.

4.43. Ilokaxute, 9To npoexnus p: S° — S? pacciaoenua Xomnda UHAYIUPYET TPUBUATb-
HBIA TOMOMOpPMHU3M B TPYINAaX MOMOJIOTHI, HO HETPUBHAIBHBI TOMOMOP(MHU3M B TOMOTO-
MUYIECKUX TPYIIIax.

4.44. Tlyers a € m(X) u f € m(X). Hokaxure, 9ro npoussejgenune Yairxena [a, ],
JeXKUT B gape romomopdusma Lypesnaa h: mpy1(X) — Hyy1(X).

4.45. okaxure, ato ecan X oguocsssuo n H;(X) = H;(S™) ansa moboro n, to X ~ S™.

4.46. IlokazkuTe, 9YTO YCJIOBHUE OTHOCBA3ZHOCTH MpocTpaHcTB X 1 Y B Teopeme 4.17 cyte-
CTBEHHO.

4.47. IlpuBeaure mpuMep OTOOPaXKEHUA CBA3HBIX KJIETOYHBIX HpocTpaHctB f: X — Y,
17151 KoToporo fy: m(X) — m(Y) — m3omopdusm u f.: H,(X) — H,(Y) — uzomopdusm
Jyist JiI060ro n, Ho f He aBjsercs caboil roMOTONMYeCKOH IKBUBAIEHTHOCTHIO. (MOXKHO
JIOKa3aTh, 4TO Takoe [ Oyger roMOTOIHYECKON SKBUBAJICHTHOCTHIO, e rpyuibl 71 (X)
u 71 (Y) abeseBbl U TPUBHAJILHO JeHCTBYIOT HA BBICIIHX TOMOTOMHYECKHX TDYIIIAX. )

5. 'OMOJIOI'MU C KODOOPULIMEHTAMU M KOIOMOJIOTI'MU

5.1. OnpeneneHns m OCHOBHbBIE CBOlicTBaA. HamoMHNM, 9T0 men3opHoe npouseedenue
G ® H abenepuix rpynn G u H omupenensieTcs Kak pakToprpymnmna adbeneBoil TPYIIIBI C
obpasytommumu g @ h, g € G, h € H, no cooruomenusam (¢ +¢)Q@h =g h+g @ h
ng® (h+h)=g®h+gh' Kpome toro, onpeaenena abenesa rpynna Hom(G, H),
37eMeHTaMu KOTOpOil saBag0Tcsa romomopduzmel G — H.
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[lycts Temeps mana pukcupoBanHas abesea rpynmna (. Torma onpeneneHsl, COOTBET-
CTBEHHO, KOBAPUAHTHBINA U KOHTPABAPUAHTHBIN (DYHKTOPHI

-®G:H— H®G, Hom(—,G): H — Hom(H, G),

u3 abesIeBbIX I'PYII B a0eIeBbl I'PYIIIIHI.
[Iycth Teneppr X — TomoJiorudeckoe mpocTpancTso. llpumenss dpyukTopsl — ® G n
Hom(—, G) x rpynmam cunryaspusix memeit Cy,(X), MBI TTOJlydaeM TPYIIIIbI

Co(X;G)=C(X)®G u C"X;G)=Hom(C,(X),G),

KOTODBIE HA3BIBAIOTCS 2DYNNAMY CUHRYAAPHBLT uenel ¢ koadduyuenmamu 6 G u 2pynna-
MU CUHRYAAPHBE Kouenell ¢ Kkoapduuuenmamu 6 (G, coorBeTcTBeHHO. B Gosiee sBHOM
Bujie cunryisgpras nemb a € Co(X;G) npeacraBiser cobOl JHHEHHYIO KOMOUHAIIIO

= ZZ kio;, tne k; € G n 0;: A" — X — cunryasgpabsle cuMILIeKCH. CHHIYIsIpHAS
korenb ¢ € C™(X;G) npeacrasisier coboit GYHKIMIO HA MHOYKECTBE 71-MEPHBIX CHHTY-
JISPHBIX CHMILIEKCOB MPOCTpaHCcTBA X €O 3HAYeHHIMH B rpyiie G.

[Tpumensis —® G u Hom(—, G) k rpanuunomy romomopdusmy 0, : Cp(X) — C,_1(X),
MBI oIy 9aeM rpanuanbii romomopdusm 0, : Cp(X;G) — C,1(X;G),

an(o-) - Z( ) U| [vo,.. csUn])
rae o: A" = [vg, ..., v, = X — CHHIYJIADHBI CUMIIEKC, U KO2PAHUYHOT 20MOMOPHUIM
(Quppepenyuan) d,_1: C"HX;G) — C"(X; G), 3anasaemblii hopmMy.I0ii
(dn—lc)(a) = Z(_1> (U|[vo, S0 Un])

Mot umeem 0,0, 41 = 0 1 dyd,,_1 = 0. Takum, 06pa3om, MBI TIOJYIAEM IEITHOH KOMILIEKC

s Ot (X56) 250X G) 2 Ot (X G) — 25 Oo(X5G) 25 0,
a TaKzKe KouenHol KOMNAEKC
0— COUX:G) 2 . — 0" YX;6) B2 onX: G) B 0nTYX G) —
[pymna romonornit H,(X;G) = Kerd,/Im0,,; nazsiBaercs n-it epynnot cuneyasap-

Holz 20Mon02ull npocmpancemea X ¢ xoafdpuyuenmamu 6 G, a epynna K020Mm0A02Ul
H"(X;G) = Kerd,/Imd,_, nazeiBaercst n-it 2pynnot CuHeyAapHOLT KO20MOA02ULT NPO-
cmpancmea X ¢ kosppuyuenmamu ¢ G. Komenn u3 Ker d,, Ha3pIBalOTCSI n-MEPHBIME KO-
yukaamu, a Korenu u3 Imd, 1 HA3BIBAIOTCH KOZPAHUUGMU.

dAcno, aro H,(X;Z) = H,(X). Hua koromosoruit H"(X;7Z) ¢ koaddunuenramu B Z
TaKKe 4acTO UCHOJIb3YyeTcs: coKpaliénnoe obosnadenue H"(X).

[Ipu ompeeneHnn TPUBEIEHHBIX TOMOJIOTHIT ﬁn(X ;G) MBI PACCMATPUBAIN TOMOMOD-
dbusm ayrmentamun €: Co(X; G) — G, 3anannslii dopmymnoi (>, kio;) = . k;. JBoii-
creennblii romomopdusm £*: G — C%(X; G) nepesoaur g € G B YHKIMIO, IPUHAMAIO-
YO MIOCTOSTHHOE 3Ha4YeHne g Ha Beex O-cumiiekcax. Mbl mojiydaem koayemeHmuposantviil
KOUENHOT KOMNAEKC

0— G =5 CYX;G) % ¢V (X;G) 5 XX G) —

ETo KOTOMOMOrnn Ha3hIBAIOTCA NPUGCIEHHBLMU 2PYNNAMU K020MOA02UT T 0003HATATOTCS
H"(X;G). Mt nmeem H® = Kerdy/Ime* = H°/Ime* w H® = H", n > 1.
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CaoiicTBa Tpynm roMosornit ¢ Ko3(pHUIHeHTaM TOJTHOCTHIO AHAJOTHYHBI CBOHCTBAM
OOBIIHBIX TPYI roMosioruii (¢ koaddunnentamu B 7). CpoficTBa TPy KOrOMOJOTHI
noJydaroTcs «(GopMaJbHBIM oOpaleHneM cTpeaok». [Ipuseném dopmyanpoBku yTBep-
JKJIEHUH, B KOTOPBIX UMEIOTCS HEKOTOPBIe OTJINYN; JIJIs IPOCTOTHI OYIeM paccMaTpUBATh
KOTOMOJIOTHH ¢ Koddpuiuenramu B Z.

Teopema 5.1. Henpepuvisnoe omobpastcerue npocmparncms f: X — Y undyuupyem zo-
Momopdusmu 2pynn Kozomonozuts f*: H*(Y) — H*(X).
Ecau omobpasicenus f,g: X — Y 2omomonno,, mo f* = g*.

Hng mapwt (X, A) rpynma omuocumenvhux xouenet C™(X, A) onpegensercs: Kak MojI-
rpynmna B C™(X), cocTosmast u3 Koremneil, 00paIaonuxcs B HyJIb HA CHHTYJISIPHBIX CHM-
iekcax, oopaspl KoTopbix jexkar B A. (Hanomuanwm, aro ornocuresnbubie nenu Cp, (X, A)
onpenessinchk kak gaxmopepynna Cn(X)/C,(A)). Tak kak d, nepesogur C™(X, A) B
C" (X, A), rpyrnsr C™(X, A) 06pasyloT KOIEnHof KOMILIEKC, KOTOMOJIOIH{i KOTOPOro —
ommocumenvuie kozomonozuu H™(X, A).

Teopema 5.2. /laa napw (X, A) umeem mecmo mounas nocaedosamesvHocmo

o YY) S BN A) S B(X A) LS HY(X) S HY(A) —

Ecau enoorcenue i: A — X asasemes xopaccaoernuem (nanpumep, ecau (X, A) — kae-
mounaa napa), mo H"(X, A) = H"(X/A).

Korpaununptit (wmn ceaswvearowud) romomopdusm d: H"1(A) — H"(X,A) B Tou-
HOH MOC/IeI0BATEIBHOCTH [APBI ONpejiesiseTcs ciepyomuM obpasom. Ilycers kiace [c] €
H"'(A) npencrasren komukiaom ¢ € C"1(A). Iponomxum ¢ mo konemn ¢ € C" (X)),
MOJI0KUB (DYHKIUIO € PABHON HY/II0 HA CHHTY/ISPHBIX CHMILIEKCAX, KOTOPbIe He JIesKaT
B A. Konens d,_1¢ € C™(X) na camom nese siBasiercst konukiaom B C"(X, A), Tak Kak
dy—1c = 0. Torma d[c] = [d,—1¢| € H"(X, A).

Teopema 5.3. ITycmo (X, To) — HAO0P NPOCMPAHCME ¢ OMMEUEHHOLMU MOYKAMU, OAA
KOMOPHLL BAOHCEHUA To —> X ABAANOMCA KOPaceroenuamy. To2da

ﬁ"(\/ Xa> ~[[A"(X.), n>o0.

Kak um B ciaydae romoJoruii, 9T0 BBITEKAET M3 TOYHOH MOC/IEJOBATEIHHOCTH IIa-
pot (], Xa: . {%a}). Oramdme (koTOpoe HpodABfeTCa TONBKO st OECKOHETIHBIX Ha-
oopos mpocrparcts) B ToM, uro H,(| ], X.) = @, Hn.(X.) — mpamas cymma, a
H"(, Xa) =11, H"(X,) — upamoe mpousBejeHne. TO BbITEKAET U3 alre6pamdaecKoro
dakra: Hom(P, Go, H) =[], Hom(G,, H).

JIjis KJAeTo4HOro npocTpaHcrsa X MOXKHO OIPEIEJUTh TPYHILY KACTMOYHUT KOUe-
net C"(X;G) mubo kax H"(X™ X" ';G), mubo kax Hom(C,(X),G), tne C,(X) =
H,(X™, X" 1) — rpynna KJeTo4HbIX Helleil. DTH JBa HOJX0/a SKBUBAJEHTHBI (33/124a).
Koromosnoruu H™(X; G) moy4aeMoro KOIEIHOr0 KOMILTIEKCA HAZBIBAIOTCS KACTILOWHbLML
Ko2omonozuamy pocrpancTsa X ¢ kKoaddunuentamu B G. Torma H"(X;G) = H"(X; G).

Knerounyto xonenmb ¢ € C"1(X;G) MOXKHO TpeacTaBiaTh cebe Kak (DYHKIHIO Ha
(n — 1)-MepHBIX OPHEHTHPOBAHHBIX KJIETKAX eg_l € X co spauyenuamu B (G, TaKyl0, 9TO



48

3aMeéHa OpHUEHTallun KJICTKHW HNPpUBOJAUT K U3MEHCHHNIO 3HAKA 3HAYCHHA q)yHKHI/H/I TOF,ZLa
KorpanndHoe orobpaxkenne d: C"1(X; G) — C"(X; G) zanaérca Gopmy.ioit

de(er) =) dage(el™),
B8

rje oupejejienue qucelsl dog € Z JaHO B TeopeMe 3.5.

IIpumep 5.4. HanmomuuMm (cM. mpumep 3.7), 9TO KJI€TOUHBIN MEMHONR KOMILTEKC i R P™
uMeeT BH/I

2 0 2 0 2 0 .

0 —2Z—>72—...—7—7L—7Z—7Z— 0, ecau n 46THO;
0 2 2 0 2 0 .

0 —2—>72—...—72—7L—7Z—7Z— 0, ecaun He4ETHO.

[Tocsre mpumenennst GyHKTOPOB — @ Zs u Hom(—,Zsy) Bce ToMOMOPGDU3MBI B TMOJTyYa-
eMOM KOMILIEKCe CTAHOBATCs myseBbiMu. [lostomy Hy(RP™;Zy) = HF(RP™Zy) = Zs
mpu 0 < k < n. OHako rpynnb HeJoqucIeHHBX Koromoaornit H¥(RP™) orimaaiores ot
rpymn romostornit Hy(RP™) (3aga4a).

5.2. KoaddpunmenTable TOYHBIE TOCJIEAOBATEJIBHOCTH. PaccMOTpUM KOPOTKYIO
TOYHYIO MOCJEI0BATEIBHOCTD aDeJeBbIX TPYIIT

(9) 0—F —G—H—0

[Mpumensig k weit yukropsr Cp,(X) ® —, nojiydaeM KOPOTKYO TOUHYIO HOCJIEJI0BATE b
HOCTD TIEIMHBIX KOMILIEKCOB

00— Co(X5F) — Co(X;G) — Co(X;H) — 0

(mpumenenue dbyukTopa G ® — He 00SI3aTENbHO COXPAHSIET TOYHBIE MOCIEIOBATENHHO-
CTH, CM. CJEJYIONUI [ojpas/ie, OJHAKO B HAIleM Cjydae 9TO BEpHO, TaK KaK I'pYIIIa
C(X) cobonna). Koporkast TouHas MOCTIEA0BATENBLHOCTD MEMHBIX KOMIIJIEKCOB MPHBO-
JUT K JJIMHHOW TOYHOW MOCJIETOBATEIBHOCTUA TOMOJIOTUN (CM. TeopeMy 2.9)

(10) ... — Hy(X;F) — Hy(X;G) — Ho(X; H) -2 Hy (X, F) —> ...

Ananornuno, npumensist kK (9) dyuakroper Hom(C,(X), —), moaydaeM KOPOTKYIO TOY-
HYIO IIOCIeI0BATCILHOCTD KOIEMHBIX KOMILICKCOB

00— C*(X;F) — C*(X;G) — C*(X;H) — 0
1 JJMHHYIO TOYHYIO IIOCJ 1€ JOBATEJIbHOCTD KOTOMOJIOTHI
(11) . — H"(X;F) — H"(X;G) — H"(X; H) % H"Y(X;F) — ...

[TocrenosaresnsuocTr (10) u (11) HA3BIBAIOTCA KOIPPHUUUEHMNBMU MOUHBLMU NOCALOIO-
BANENDHOCTNAMU.
Oco0blit HHTEpeC MPeJICTABISIOT KOPOTKAE TOYHBIE MOCIeI0BATEIHHOCTH

0——72"572—7,—0 u 0—Z,, — Zp2 —> Zp, — 0

['pasuynbie roMoMOpPQU3MbL b H,(X;Zp) —» Hy 1 (X)ub: Hy(X;Zp,) — Hy1 (X5 Zy,)
U3 COOTBETCTBYIOMNX KO(PMUIMEHTHBIX TOYHBIX MOCAEI0BATEIHLHOCTEH, a TaKKe KOrpa-
HUYHBIE TOMOMODPGMU3MBbI E: HY(X;Zy,) — H"Y(X;Z)u 8: HY(X;Z,,) — H"™ (X Z,,)
HA3BIBAIOTCA 20MOoMOpdusmamu Boxwmelina.
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Tomomnormaeckuii romomopdusm Bokmrreitna b: Hy, (X Zy) — Hy_1(X;7Z) onncssaet-
csl caeytomum obpasom B sisuoMm Buge. g o € H,(X;Z,,) Bbibepem upejcraBureis
a € Co(X; Zy). «Ilogunmem» nensb a € C,(X; Zy,) o netn a € C,(X;Z), paccmarpuBast
K09hDMUIUEHTHI-BBIYETH 0 MOAYJIIO M KaK TeJble 9ucjaa. Torma rpanuna 0a JeanTes
na m (eé npusegenne no Moaymo m ecrth da = 0). Togemnm: L9a ecth nesoncIeHHbI

IIUKJI, KOTOPBIH 1 ipecTasisier kiaace b(a) € H,_1(X;7Z). Ero npuseenue mo MOIYIIO M
ectp b(a) € Hy1(X; Zy,).

Koromostornueckuii romomopdusm Boxmreitna §: H(X;Z,,) — H""(X;Z) onu-
coiBaercd Tak. nga v € H™(X;Z,,) soibepem upeacrasutens ¢ € C"(X;Z,,). «llox-
anMeM» Kotenb ¢ € C"(X;Z,,) no xonenu ¢ € C"(X;Z), cautas eé 3HAYCHUS Tie-
JlbIMI/I qucCJlaMH, a HE€ BblY€TaMU. TOF,ZL& KOI'paHuLa dg AeJIMTCA Ha MM, U Mbl HMEEM
B(v) = [=dc] € H"(X;Z). Kpome Toro, mpusesenne knacca [--dc] mo Momymo m ectb
B(v) € Hpy1(X; Zyy,). D10 BbIpazKaeTcsi KOMMYTATHBHOMN JHATDAMMOIL

HY(X; Z) — HY(X; Zy) — H™Y(X;2) —" H'™L(X; Z)

X lp
H" (X L)

TJie p — NPUBEJIeHUE 10 MOJIYJIIO M.

5.3. @yukTops! Tor m Ext. Mur onpegesrmm Tor n Ext st Mmogysteit Ha 1 mpou3BOJILHBIM
KOMMYTATHBHBIM KOJIBIIOM R ¢ e IuHuIeil, Tak Kak 3T0 00Jiee eCTeCTBEHHbI KOHTEKCT, XOTS
JTsT HAIIAX TeJIell TOCTATOYHO OPAHUYATHCS abeseBBIME IpyInaMu (T. €. Z-MOLy ISMH).

HamomuuM, 910 Modysem Ha KoaboM R (wiu R-modyaem) HasbiBaeTcs abeneBa rpyi-
ma M ¢ omepanueii -: R X M — M, (r,m) +— 7 - m, KOTOpasi yAOBIETBOPSET YCJIOBUIM
(r1 +ro)m = rim + rom, v(my + mo) = rmy + rmo, (rire)m =ri(rem) u 1-m =m aus
Ja00bix 7; € R wom; € M. Tlpumepamu siBastorcst abesieBbl Tpynnbl (Momynau Hajx Z) u
BEKTODHBIE MPOCTPAHCTBA (MOJIYJIH HAJL TTOJIEM).

R-monynes F' HaswiBaercs c60600Hbim, ecin on m3oMopden npsmoit cymmve @@, Ro, Tae
KaxK bt R, ecTb KoJbio R, paccMaTpuBaeMoe Kak R-MOIy/Ib.

Tensoprom npoussedenuem moayiaeir M u N nan R (obosuagaercs M Qg N) HasbiBa-
ercst haKTOPMOIYJIb CBOGOIHOIO MOJIY/IsI ¢ MHOXKeCTBOM obpasytonux {(m,n) € M x N}
IO TTOAMOJIY.IIO, TTOPOXKIEHHOMY BCEBO3MOXKHBIMH dJIEMEHTAMHU BUIa

(m+m';n)— (m,n)— (m',n), (mn+n")—(m,n)—(m,n’),
(rm,n) - r(m,n), <m7rn) - T(man)7
rue m,m' € M, n,n’ € N, r € R. Tomomopdusmbl R-moxyneit M — N obpasyior
R-momynb, xoropsiit obosnadaercs Hompg(M, N).

Ceobodnoti peaorveenmoti R-monyns M Ha3bpIBaeTCss TOYHAS MOCJIEI0BATETLHOCTH MO-
Ayaei

(12) . — B —F — Fy— M — 0,

B KOTOpO#i Bce Mojy/in F; cBOOOHBI.
[Iycte N — apyroit R-momynb. [locie npumenenus dpynkropa — Qg N K cBOOOIHOIM
pesosbBente (12) mosmyvaemast mOCIe0BATETBHOCTh MOXKeT He ObITh TOYHOM, HO SIBJISIETCS
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IEIMHBIM KOMILTeKCOM. VCcKI09nB u3 31010 KoMiuiekca wied M ®pr N, moaydum menHoi
KOMILJIEKC

oo — Fy @ N — FiQr N — Fy®r N — 0.

Ero n-a rpymma romosornit obozrauaerca Tor’ (M, N), . e.

Ker(Fn RKrN — F,_1 Qg N)
Im(FnH Kr N — F, Qr N) ’

Tor® (M, N) =

Ananornano, npuvenus dbyurrop Homg(—, N) x (12) u uckatouaus wren Homg(M, N),
MOJIYYUM KOIETTHOW KOMILJIEKC

0— HOHIR(F(), N) — HOHIR(Fl, N) — I‘IOIIIR(F’Q7 N) — ...
Ero n-g rpynma koromosornit obosuadaercsa Exty (M, N), 1.e.

Ker (Hompg(F,,, N) — Homp(F, 41, N))

Ext™ (M, N) = .
xUp(M, ) Im (Homp(F,_y, N) — Homg(F,, N))

Bot ocnosuoie cpoiictsa Tor u Ext.

Teopema 5.5.

a) Modyau Tor®(M, N) u Exth(M, N) ne sasucam, ¢ mounocmuio do usomopdusma,
om ewbopa c60600H0l pesoaveenmu (12).

6) Torf(—, N), Tor®(M, —) u Ext}h(M, —) a6aa10mea xosapuanmmoim GyHEmopamu,
a Extl(—, N) asasemes Konmpasapuarmmom GyHKEmopom.

B) Torl(M,N) = M ®g N u Ext%(M, N) = Homg(M, N).

r) Tor® (M, N) = Tor(N, M).

Hoxazameavcmeo. Mbl Tuiih TpUBEAEM OCHOBHBIE HIIEH J0KA3ATEIhCTBA, OCTABJISIS JeTa-
JI B KadecTBe 3a7a4. [Ipu goKa3aTebeTBa CBOMCTBA &) UCHOIb3YeTCs CJIeIyolee yTBep-
xkaenne. [lycre Fy — cBOOOmHAsT pe3obBenTa Moayasts M, F. — c¢BobojiHast pe301bBEeHTa
mouyast M'. Torpa mo6oit romomopdusm R-monyaeit f: M — M’ nponosizKaercs 10 men-
HOrO oTOOpakeHus fo: Fy — F.:

FQ F1 Fo M 0

| | |
I fo I fi I fo Jf
\ \ \

FQ' Fll Fé M’ 0

npu4éM JIF00bIe J1Ba TAKUX MPO/IOIKEHNUSI ETTHO TOMOTOIHBI. DTO YTBEPK/IEHIE TPOBEPSI-
€TCd TuarpaMMHBIM ITOHCKOM.
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Jsa nokazaTenpcrTBa ) paccMOTPUM CBOOOAHYIO pe3osbBeHTy Fy Momynst M u ¢cBobos-
Hy10 pe3oabBenTy (¢ Moayast N. Torga Mbl mMeeM KOMMYTATHBHYIO JIHATPAMMY

= RrGy——=F,®r G —= F, ®r Gy —= [, Qp N —0

N QrGy ——F QG —F1®r Gy —F1 @ N —=0

=y QprGy ——Fy@pr Gy —= FyQ@pr Gy — [y Qp N —=0

[omosornu caMoro mpaBoro HenysaeBoro crobma — 310 Tory (M, N), a roMoJIOrHA caMoit
HuzKHed HenysieBoii crpoku uzomopdusl Tory, (N, M). MoxkHo JoKa3aTh, 9T0 rOMOJIOIHH
KaK/IOT0 U3 3TUX MEMHBIX KOMILTEKCOB n30MOP(HBI TOMOJIOTHAM KOMILJIEKCA, COCTAB/IEH-
Horo u3 mouysaei H, = @pﬂ:n F, ®r G,. O
5.4. ®opmyiibl yHUBepCcaJAbHbIX Ko3ddunumeaToB. Moayian nax koabnom R =7 —
910 abesesnbl rpymbl. CBOOOMHYIO pe30sibBeHTY abeeBoil rpymbl (G MOKHO TOCTPOUTH
caeayionumM obpazom. Bozbmém B KadecTBe Fy cBOOOAHYIO abesieBy TPYIILy ¢ Oa3mcom,
971eMeHThl KOTOPOTO COOTBETCTBYIOT JTI0O0MY HaOOpy oOpasytormux rpynnbl . Mbl nme-
eM smuMopdusm Fy — G, 91po KOToporo Mbl obo3naduM depes F. Torma F} — Tak:ke
cBoGoIHAsT abesieBa rpyIa (MOArpynna cBOGOAHON abeseBOil TPYIIBI CBOGOIHA, HO TOIMO-
JyJIb CBOBOJHOTO R-MOtyIist, BOOOIIE TOBOPSI, MOYKET He ObITh CBOOOIHBIM). B pesyibrare
MBI TTOJIYYaeM «KOPOTKYIO» CBOOOTHYIO Pe30JIbBEHTY Ipymmbl G-

0— F, — Fy— G — 0.

Takum obpazom, HerpuBuajabibiMu Tor-mojysismu 1upu R = ABJISIOTCS  JIUIITH
Tor¥(G, H) = G ® H u Tor’(G, H), xoropsrii o6ozuauaercs Tor(G, H). Mbr mveem

(13) Tor(G, H) =Ker(Fy® H — Fy @ H).

AnaslornyHo, HeTpuBHAIbHBIME Ext-Momynsavu ipu R = 7 aBJISIOTCS JIUIID Ext%(G, H) =
Hom(G, H) n Exty(G, H), xotopsiit o6o3nadaerca Ext(G, H). MbI nmeem

(14) Ext(G, H) = Coker (Hom(Fy, H) — Hom(Fy, H)).

HamomHEM, 9TO KOpOTKasi TOYHAS MOCJIEI0BATEJIbHOCTh abeneBbix Tpymn (wim R-

momyaneii) 0 — A 5 B 2 €' = 0 masbiBaeTcs pacuenumoti, eCIH CyMEeCTBYeT TOMOMOP-
duzm s: C' — B, giga koroporo js = id: C' — C. B atom caydae mbl umeem u3omopdusm

A®C S B, (a,¢) — ia) + s(c).
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Teopema 5.6 (dbopmysbl yHuBepcaabHbIX Ko3bdumenTos). Jis 4060l abeaesotl epyn-
not G u 06020 n = 0 cywecmsyrom ecmecmsennvie no X pPacuenumvie Kopomrue mo-
Hote n0CAedOBATNENDHOCTNY

a) 0— H,(X)®G— H,(X;G) = Tor(H,_1(X);G) — 0,
6) 0> H'(X)®G — H"(X;G) — Tor(H"™(X); G) — 0,
B) 0— Ext(H,1(X),G) - H"(X;G) — Hom(H,(X),G) — 0.
Bamenanue. Pacienumbie TOUHBIE MOCIEOBATEIBHOCTH BBIIIE JAIOT H30MOPMH3IMDI
H,(X;G) = (H,(X)®G) ® Tor(H,1(X),G),
(X, G) = (H"(X) ® G) & Tor(H™(X), G),
H"(X;G) =2 Hom(H,(X),G) ® Ext(H,_1(X),G),
KOTODbI€, OJIHAKO, HE SIBJISIFOTCS eCTECTBEHHBIMA 110 X .

Joxazamenvemeo meopemovs 5.6. TlepBble 1Be TOYHBIE MOC/IEIOBATEILHOCTH JIETKO BBITE-
KaIOT 13 KO3 DUIMEHTHBIX TOYHBIX moceoBaTeabrocreii (10) u (11). Buisemewm, manpu-
Mep, TOYHYIO IOCTIeI0BATETbHOCT 0). PAacCMOTPHM KOPOTKYIO TOYHYIO IIOC/IEI0BATE/b-
HOCTB (pe3osbeenty) 0 — F; — Fy — G — 0, tae Fy, Fi — cBoGoaHble abesieBbl MPYIIIIH.
Tora MBI OUEBHIHO HMeeM

H"(X;F)) = H"(X;®,Z) = ®H"(X;Z) = H"(X) ® F,.
Pacemorpum cieayiomuii bparMeHT TOYHO#M ITOCIe10BATEIHHOCTH (11):
— HYX ) 2 HY(X Fy) — HY(X;G) — H™W(XG ) 28 B (X Fy) —
Orcroga moaydaeM KOPOTKYIO TOYHYIO HOC/IE0BATEIbHOCTh
0 — Coker f, — H"(X;G) — Ker f,.1 — 0,
vae
Coker f, = Coker(H"(X) ® F; = H"(X) ® Fy) = H"(X) ® G,
Ker f,41 = Ker(H"™(X) ® Fy = H""(X) ® Fy) = Tor(H"™'(X), G),
CM. (13). [Toacrapisist 570 B MPeABIIYIILYIO TOYHYIO TOCTIe0BATEIbHOCTD, MOJIYYaeM 6).

OnHAKO 9TO MeTOJ He PaboTaeT Jjisi TOYHOU MOCJIEeI0BATEIBbHOCTH B). Mbl mpuBeéM
JIpyToil crmocob I0Ka3aTeabCTBa, KOTOPHI BMECTO Pe30JbBEeHTH IpyHibl (G HCHOJIb3yeT
pezosbBenty rpymmnst H, (X).

Byaem oboznauars C,, = C,(X), Z, = Kerd,, — nuknst, B, = ImJ,,y; — rpanuisi,
H, = Z,/B, — romosioruu. Mbl umMeeM KOPOTKYIO TOYHYIO HOCJIEJI0BATENbHOCTh

Bn
0—Z7,—C,— B,.1 —0,
KOTOpas PACIICIUIACTC, TaK Kak B Heil Bce abesieBbl rpymibl cBoboanbl. lIpumenus
Hom(—, G), moay4um TOYHYIO TIOCTI€I0BATEILHOCTD
0 — Hom(B,-1,G) — Hom(C,,,G) — Hom(Z,,,G) — 0.
DTy MOCIIEIOBATETHLHOCTH MOXKHO PACCMATPUBATH KAK KOPOTKYIO TOUHYIO TTOCJIETOBATE/ b
HOCTH KOIEITHBIX KOMILIEKCOB

0 — Hom(B,_1,G) — Hom(C,, G) — Hom(Z,,G) — 0,
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rae Hom(B,_1,G) uw Hom(Z,, G) — xommiekcsl ¢ wyaeBbiM auddepenmmanom. Coorser-
CTBYIOIIAS JITTMHHAS TOYHASA MOCJIeI0BATEIHHOCTH KOTOMOJIOTHI UMeeT B

— Hom(Z, 1, @) "2 Hom(By_y, G) — H"(X; Q) — Hom(Zy, G) =5 Hom(B,, G) —

CasspiBatomuM romoMopdusmom 3xaech sBasiercd i : Hom(Z,,G) — Hom(B,, G); ou
HpeJICcTaBasgeT coDOi MPOCTO OrpaHudeHue romomopdusmos 7, — G wa B, C Z,. U3
9TOM MOCIEI0BATEIHLHOCTH MbI HOJIYyYaeM KOPOTKYIO TOYHYIO HOCJIEI0BATEJIHHOCTD

0 — Cokeriy , — H"(X;G) — Keri; — 0

Teneps 3amerum, uro 0 — B, = Z, — H,, — 0 — pesosbsenta rpymus H,, mo3ToMy
Ker i} = Ker(Hom(Z,, G) — Hom(B,, G)) = Hom(H,, G),
Coker iy, = Coker(Hom(Z,_1, G) — Hom(B,_1,G)) = Ext(H,-1,G),

cM. (14). Tloacrapisst 5T0 B NPEABAYIIYI0 TOTHYIO TTOCTEA0BATEHLHOCTD, MOJTYYaeM B).

JlokazkeM pacIIenuMocTb TOYHOH TocaeoBaTe bHOCTH B). B Heii romomopdusm
h: H"(X;G) — Hom(H,(X),G) conocraBisger KJIaccy KOTOMOJOTHH [c¢| KOIHKJIA
c: C, — G romomopbusm H, = Z,/B, — G, 3a1aBaeMbiii orpaHd9IeHneM ¢ HA TPYIIIY
IUKJI0B 7, C MOCJEeIYIONAM IepexonoM K dakroprpymme. as h cymecTByeT mpasblit
ooparuwiit s: Hom(H,(X),G) — H"(X;(G), KOTOpBIH CTPOUTCS CIEAYIOMUAM 00PA30M.
Lomomopdusm f: H, — G 3anaér romomopdusm f: Z, — G, KOTOPBI# MOKHO IPOJIOJI-
KuTh 10 romomopdusma f': C,, — G (rak xak Z, C C, — npsmoe ciaaraemoe). Tormaa

nonoxuM s(f) = [f']. OueBnano, uro hs = id, Tak 4TO TOYHAsS TOCTIEIOBATEILHOCTD B)
paciennMa. Pacienmmocts 1 a) 1 6) TOKa3bIBACTCS aHATIOTHIHO. O

3amaun U ynpakHeHus.
5.7. Hokazxwure, uto rpynna H'(X) He conep:KuT KpyveHnus.

5.8. Tlycts A, B C X — moanmpocTpaHCcTBa, BHYTPEHHOCTH KOTOPHIX MOKphIBaoT X . BhI-
BEJIATE K020MON02UMECKYIO MOUHYI0 nociedosamenrvrocmsd Matepa—Buemopuca:

o — HY(X) 5 HM(A) @ H(B) 25 H"(ANB) % H™ (X)) — ...
¥ ONMIHTE SIBHO KOrpaHudHOE oTobpaxkenne d: H"(AN B) — H" 1 (X).

5.9. Onpenemnm d™: H* (X", X" 1. G) — H" (X" X" @) kak KOMIO3HIMIO 0TOOPa-
xenmit j*: H*(X", X" 1 G) - HY(X",G) n d: H"(X";G) — H""Y(X"™ X" Q) u3
KOTOMOJIOPHYECKIX TOUHBIX TIocjIeoBaTeabHocTel nap. JlokazKuTe, 4TO KOIENHbIe KOM-

wiekeol { H"( X", X" 1 G),d"} u {Hom(C,(X),G), 0} } uzomopdubi.
5.10. BrryucauTe Tpynnbl negoducaeHHbX Koromonoruit HF(RPY) u H*(RP>).
5.11. Onumure romomopdusm Bokmreiina 3: H¥(RP>; Zy) — H* Y (RP>; Zy).

5.12. Jlokaxure, uro Moxyan Tor (M, N) u Ext’y(M, N) He 3aBHCAT, ¢ TOYHOCTBIO JI0
n3omMopusma, oT BEIOOpa CBOOOIHON pe30JIbBEHTHI Moayass M.

5.13. Hokaxute, uro Tor(—, N), Torf (M, wu Ext}(M,—) aBiasiores KoBapHAHTHBIM
dbyurropamu, a Extl(—, N) gBagercs KOHTpaBapHAHTHBIM (BYHKTOPOM.

5.14. Jokaxute, uto Torg (M, N) = M &g N u Ext% (M, N) = Homg(M, N).
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5.15. Hdokasxure, aro Tor’ (M, N) = Tor®(N, M).

5.16. JlokakuTe, 9TO KOPOTKasgd TOYHAS ITOCJIEI0BATEILHOCTD R-MOomy et

00— My — My — M35 —0

JIAET ciejyloniue JJIMHHbIe TOYHbIe 110CJIe/10BaTeIbHOCTH:
... — Torf (M, N) — Torf(My, N) — Tor[*(Mz, N) — ...
... — Torf(My, N) — Tor{(My, N) — Tory (M3, N) —

— Torl (M, N) — Tor{(My, N) — Tor¥(Ms, N) — 0,

0 — Ext%(Ms, N) — Ext%(My, N) — Ext%(M;, N) —
— BExtyp(Ms, N) — Extp(My, N) — Extp(M;, N) — ...
oo — Exth (M3, N) — Ext%(Ms, N) — Extp(M,N) — ...,
a KOpOTKas TOYHAas MOCeI0BATeIbHOCTD [R-Moyneit
0— Ny — Ny — N3 —0
,ZLaéT JJUHHYIO TOYHYIO ITOCJIEe10BaTCJIbHOCTD
0 — ExtR(M, Ny) — Ext% (M, No) — Ext% (M, N3) —
— Bxth(M, Ny) — Ext(M, Ny) — Extp(M, N3) — ...
oo — Bxth (M, Ny) — Exth (M, No) — BExtly (M, N3) — ...

5.17. Jdokaxure, 910 Tor(Zp,, Zy) =2 Ly @ Lyy = L, T (M, 1) — Hanbosbimii obuuii
neauresb m u n, a Tor(Z,,,7Z) = Tor(Z, Z.,,) = 0.

5.18. JHoxaxure, uro Ext(Z,, Zn) = Limny, Ext(Zp,, Z) =2 Ly, w Ext(Z, Z,,) = 0.

5.19. [locrpoiiTe cBOOOJHYIO pe30JbBEHTY Z4-MOJYJA Zo W BBIYUCIUTE Tor%4 (Zo,Zs) u
EXt%4<Z2,ZQ>.

5.20. HokazkuTe, 94TO ecau oToOpazkenue npocrpancts f: X — Y HHAyIHPYET H30MOp-

dbusm f,: Hy(X) = H,(Y) ana mo6oro n, To OHO HHIYIEPYET H30MOPGhU3MBI TOMOJIOTHT
n KoromoJoruit ¢ koadgdunuenramu B 060i rpynme G. [Ykazanue: ucnonbsyiite dop-
MyJIbl YHEBEPCATIBHBIX KOI(DMOUIEHTOB. |

6. KOJIBIIO KOTOMOJIOT T

st mo60ro KOMMYTATHBHOTO KOJIbIA R ¢ equauneil Mpl onpeenmMm 0ToOpaskeHust
—: H?(X;R) x HY(X; R) — H"™(X; R),

KOTOpBI€ MpeBpaInanT npsamyo cymmy H*(X; R) = ®p>0 H?(X; R) B acconuaTuBHOE,
IPa/yiPOBAHHO KOMMY TATUBHOE KOJIBIO ¢ exuunneii. Hapsity ¢ rpynmavu (ko)romosiorui,
CTPYKTYPa 9TOro KOJIbIla ABJAeTCA BazKHBIM TI'OMOTOIIHMYECKHUM HHBAapPHaHTOM TOIIOJIOIH-
YeCKOr'0 IMMPOCTPAHCTBA X .



55

6.1. TIpoussenenne Koamoroposa—Ajekcangepa. Onpenesum —-npoussedenue
(Takrke m3BecTHOE Kak ) cHHTYAspubix komemeit a € CP(X;R) u b € CYX;R) kak
Korenb a ~ b € CPT9(X; R), 3HAUeHUe KOTOPOH HA CHHTYJIAPHOM cuUMILIeKce o: APTT =
[V0, - - ., Uptq) = X 3amaércsa dopmytoit

(15) (@~ 0)(0) = alo]u....0p)) D(Olfup..vpi])-
Jlemma 6.1. Jlas a € CP(X;R) u b € CUX; R) swnoaneno pasencmeo
d(a~b) =da ~ b+ (—1)’a — db.

Joxasamenvcmeo. ns o: APTTL = (v, .. vpigq1] = X MBI mMeem
p+1 _
(da ~ b) (0) = Z(_]‘)Za’(o—|[UO,...,’l/}tL',...,Up+1]) b(0-|[vp+1,...,vp+q+1])7
i=0
ptatl
(=1)(a = db)(@) = Y (=1)'a(0iop,.ts)) (O |f0pshrtpia))-
i=p

[Ipu CAOKEHUM 9TU BbIPAKEHUI NOCJEHUH WIEH NEePBOii CyMMbl COKPATHTCH C HEPBBIM
YIEHOM BTODPOM CyMMBI, a ocTapiuecs wienbl naayT d(a « b)(o) = (a «— b)(do), Tak Kak

p+q+1

do = Z (= 1) oyt sa]- O

1=0

Hanomunm, 90 2padyuposaniioe K010 — 3TO KOIBIO A, IDeJICTABICHHOE B BUJIE TPsi-
moit cymmbl @, A* noarpynn A* rakum obpasom, uro ecima € A'ub € A7, roab € A,
['pagyupoparnoe xomblio A = P, A’ HasbIBaeTCa 2padyuposanio KOMMYMAMUCHHLM,
ecan st 00X a € A' u b € A7 BeimosHeno coornomenne ab = (—1)7ba.

Teopema 6.2. ITycmv R — kommymamusroe kKoavyo ¢ edunuued. Tozda —-npouseederue
Kouenet sadaém na H*(X; R) = D, HP(X; R) cmpysmypy epadyuposannozo accoyua-
MUBH020, 2PadyupPOoBaAHHO-KOMMYMAMUBH020 KOALUG ¢ eduHUYed.

Hoxazameavemeo. 13 jgemmbl 6.1 cieayer, 9T0 —-IpoOU3BeAeHNE JIBYX KOIIMKJIOB CHOBA
ABJISIETCs] KOIMKJIOM, a IPOU3Be/IeHNe KOIUKJIA U KOTDAHUIBI (B JIIOOOM MOPSJIKE) SIBJIsI-
ercs Korpauunei. Ilosromy —-npousBejenue Kouemneid 3a1aéT —-IMPOU3BEJIEHHE B KOIO-
mostorusix, —: HP(X; R) x HY(X; R) — HPT(X; R), koropoe npespamiaer H*(X; R) =
@p>0 HP?(X; R) B rpasyupoBantoe KoJblo. Eaunureit 3Toro kosbia spiasgercs Kiaace (-
MEpPHOTI'0 KOIMKJIA, MPUHAMAIONIEro 3HavYeHne 1 Ha KayKJIOM CHHTYJIApHOM (-CHEMILIEKCe.
yMHO)KeHI/Ie B KOI'OMOJIOI'UAX aCCOOUMATUBHO, TaK KaK OHO aCCOIIMaTHBHO Ha YPOBHE KO-
neneit. OHAKO yMHOXKEHIe KOTeleil He sIBJISeTCsl TPAJIyHPOBAHHO KOMMYTATHBHBIM, I0-
ITOMY I'PadyUupOBaHHAA KOMMYTAaTUBHOCTb YMHOZKEHUA B KOTOMOJIOTUAX HYXKIA€TCA B J0-
IIOJIHATEJILHOW IIPOBEPKe.

Ilycts w: A" — A™ — addunnbIl aBTOMOPMU3M CHMILIEKCA, 00PAIIAONIHN TOPII0K
BepIuH. 11 CHHTYJISIPHOTO CUMILTEKCa o : [vg, ..., v,] — X obo3HauuM 0 = 0 o w, T.e.
7 (v;) = 0(vp—;). Tenepnb onpeneanm roMoMopdusm

p: Co(X) — Ch(X), o £,0,

e &, = (—1)""*)/2 — onpenenurens oneparopa w.
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Hnaae CP(X;R), be CUX;R) up*: C(X) = C"(X) umeem
(p*a ~ p*b)((f) = a(5p0|[vp,..-,vo}) b(5q0|[vp+q,..-,vp])
P (b ~ a)(‘7> = 5p+qb(0’[vp+q,---,vp]) CL(Ul[vp,---,vo])‘
Tak Kak €,4, = (—1)"e,e,, a KOO R KOMMYTATHBHO, OTCIONA HosydaeM (p*a — p*b) =
(—1)P9p*(b ~ a). Huzke MBI OKazkeM, 9TO p — IernHoe 0ToOpazKeHre, MemHO TOMOTOMHOe
TOKIECTBEHHOMY. [103TOMY PH TEPexo/e K KJIACCaM KOTOMOJIOTHI p* MOXKHO OyCTHTH 1
MBI oIy 9aeM Tpebyemyto dopmyay [a] « [b] = (—1)P4[b] « [al.
[IpoBepum, 4ro p — mennoe orobpaxkenue. s o: [vg, ..., v,] — X umeem

ap(o_) = En Z(_l)ia‘[vn,...,ﬁn,i,“.,vo}7
po(o) = P(Z(—l)ja|[UU,._.@,...,UTL]> =En_1 Z(—l)”_id[Um,__ﬁn%_ﬂvo].
J i
Tak kak €, = (—1)"¢,_1, monyaaeMm TpebyeMoe cooTnorenne dp = po.

Ocra/ioch MOCTPOUTD TEIMHYI0 TOMOTONNI0 MKy p u id. DTO HOCTpOEHUE TOX0XKEe Ha
[IOCTPOEHUE [EIMHON TOMOTONNU B JOKa3aTe/bcTBe TeopeMbl 2.6. TaM ke Obljia mocTpoeHa

TpuaHTyaanusa npusmbl A" X [ ¢ BeprmmHaMu vy, . . ., v, Ha ocHoBanuun A" X {0} u Bep-
IIHAME Wy, . . . , Wy, Ha ocHoBannn A" X {1}. CuMIIeKch 5TO TPHAHTYIISIIIAE UMEIOT BH/I
Vo, -, U Wiy .oy wy], = 0,... n. Hyers m: A" x [ — A™ — npoeknusg. Onpejeaum

npusMmennbiit onepatop P: C,(X) — Cpy1(X) 1o dopmyme
P(U) = Z(_l)i‘gn—i(aﬂ—>’[007--~7vi,wn,-~~7wi]'
i
Yrobsl mokazarh, uto 0P + PO = p — id, cragaa Beraucaum 0P, omycTuB jijis Kpart-
KOCTH 0 U OT:

(16) OP = g Y en—ilVo, .y Vjy ey Uiy Wy o .. W3]+
VRS
z+1+n o~
+ E e iUy - Vi Wy o Wy Wi
Jj=i

YaeHsl ¢ 7 = ¢ B 9TUX JABYX CYMMax JaiOT
en[wn, Ce ,U)O] + E En,i[’Uo, ey Vi1, Wy, .. ,wl]—l—

+ Z(—l)””“en,j[vo, U Wy, e Wi1] — [V, -, U
i<n
B 3TOM BbIpakeHUU JIB€ CYMMBI COKDAIAIOTCHd, TaK KaK 3aMeHa j Ha ¢ — 1 BO BTOpOIi
cyMMe TIpUBOJIUT K HOBoMy 3Haky (—1)"Tie, ;.1 = —e, ;. OcTapimecs jBa djiena Jaior
En|Wn, ..., wo| = [vo, ..., v,] = p(o) — 0. [Tosromy, aTobsl TOKa3aTh, uT0 P+ PO = p—id,
OCTaéTCsl MPOBEPUTH, ITO WIeHbI ¢ j # i B (16) mator —P0J. Ml nmeem

PO = E €n i— 1[1)0,...,Ui,wn,...,wj,...,wi]—i—
1<J
+ g Y EnilVoy oy Dy ooy Uiy Wy« oo, W),
1>

n—1i

Tak kax €,_; = (—1)""e,_;_1, MBI zmeficTBuTesIbHO TOTyIaeM OP + PO = p — id. O
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IMpennoxkenue 6.3. Omobpasicenue f: X — Y undyyupyem comomoppusm xoney, xo-
eomonoeuts f*: H*(Y; R) — H*(X; R), m.e. f*(a~ )= f*(a)— f*(5).
Jlokasamenvemso. V3 onpesienenus npoussejierust (15) coemyer, 9410 yzKe HA yPOBHE KO-
merei mmeer Mecto dbopmynaa f*(a — b) = f*(a) « f*(b). O
6.2. OTHOCHUTEIbHBIE TPON3BEAeHUS U X-mpou3sBenenue. Dopmya
(CL ~ b) (U) = a(o-hv()v---vvp]) b<0-|[”pa---vvp+q])
i a € CP(X; R) u b € C1X; R) takake 3a/1a6T OTHOCUTE/IbHbBIE “—~1IPOU3BEICHU S
w: H?(X;R) x HY(X,A; R) — H""(X, A; R),
w: H?(X,A; R) x HY(X, A; R) — HP™(X, A; R),
Tak Kak ecan konenu a € CP(X;R) u b € CU(X; R) obpamarorcd B HyJIb Ha Iengax B A,
TO 9TO BEPHO H s a ~ b.

Ecau A u B — orkpeirsie mogmuozxkectsa B X win (X, A) u (X, B) — kieTo4Ynble HapHl,
TO UMeeTcs DoJiee 00IIMee 0OMHOCUMEALHOE —~-NPou3sedeHue

(17) w: H?(X,A; R) x HY(X, B; R) — H?™(X, AU B; R).
OHo ompejiesisieTcst CJICAYIOMEM 00Pa30M. —-IIPOU3BeIeHIe Kolleleil 1aéT oTodbpazkeHue
(18) CP(X,A;R) x CU(X, B; R) — CP*(X, A+ B; R),

rae C"(X, A+ B; R) — moarpynna B C™(X; R), cocrosiias u3 Koremneit, 06paniaommxcst
B HyJIb Ha cymMmax remneit B A u neneit 8 B. Briiouenua C"(X, AU B; R) — C"(X, A +
B; R) unaynupyioT u30MopdhU3MbI KOTOMOJIOTHIA; 9TO CJIeyeT U3 5-JIeMMbl U JJeMMBbI 2.19
(M3 KOrOMOJIOTHYIECKOTO BapuaHTa 3TOH JIeMMBI ciefyet, uro orpanudenue C" (AU B) —
C™(A+ B) unayuupyer u3oMopdusM B KOroMosiorusix ). Ciie0BaTebHo, —-POu3BeIeHIe
Korerneit (18) maér oTHOCHTEIBHOE w-TIpON3BeIeHne KoroMotornit (17).

Omnpegesinm Takzke abCONIOTHO M OTHOCHTEJBHOE X -npoudsederue (MM 6HEWHEE NPO-
useedenue)

x: HP(X;R) x HY(Y;R) — H""(X x Y;R),
x: HP(X, A; R) x HU(Y, B; R) — H" (X x Y,Ax Y UX x B;R)
dbopmymoit a X = pi(a) « py(B), tae px u py — npoektun X X Y va X una Y.

6.3. Kiierounoe onpeseseHne yMHOxkKeHusd. VMmeercs 1pyroi moaxos K onpeeaeHo
YMHOKEHHS B KOTOMOJIOTUSIX,, HCTIOJIB3YIONINH KJIeTOYHbIe KOTemd. Mbl H37102KUM 3TOT MO~
XOJ CXeMATUIHO, OCTABJsS JIOKA3aTEJIHCTBA OCHOBHBIX YTBEPZXK/ICHUN B KAUeCTBe 3a/1a4;
9TU JOKa3aresabcrBa MOKHO Hailitu B |DD| un [Xal.

[Iycts X, Y — kierounbie npocrpancrsa. Hamomuum, uro npoussenenue X X Y umeer
KJIETOYHYIO CTPYKTYDY, K/JI€TKaMH KOTOPOii ABJIAIOTCA NPOU3BEJCHNA €, X €] KIETOK €5’ C
X u e CY. Taknv 06pa3om, Mbl ostyqaem OuiamHelinoe orodpakenune

(19) X1 C(X) X Cp(Y) = Crpgn (X X Y), (e, e5) — e x eg.

Jlemma 6.4. Kaemownoid eparuunsit 2omomopdusm 0: C;(X xY) — Ci—1(X x Y) ydo-
BACTNBOPAEIM, COOMHOUEHUIO

(20) d(ey x ef) = ey x e+ (—1)"ey x dej.
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3 (20) cremyer, 910 TpOM3BEI€HNE JBYX IUKJIOB — IUKJ, & MPOM3BEIEHUE IHK/IA W
rpanuipl — rpasnna. CieloBaTesbHO, ONpPeIeJeHO 0TOOPaKeHHe B KJIETOUYHBIX TOMOJIO-
rusax (¢ koadpdunmentamu B Kosbie R)

(21) X: Hp(X;R) x Hy(Y; R) = Hpyn(X X Y5 R),

KOTODPOE HA3BIBAETCSI (20MOA02UNECKUM) X -NPOU3EEIEHUEM.
Teneps paccmorpum Kjaerodnbie Korernu. CyrmectByer R-OmanHeitHoe 0TOOparKeHme

(22) x:CP(X;R) x C1(Y;R) — C**(X x Y; R),

nepeBogiiee napy koueneil (¢1, ca) B KOLEIb ¢ X Cz, 3HAUYEHUE KOTOPOIl HA KJIeTKe €' X

" o1y Be
el pasno cy(ef))ez(ef). Tak kax waerounsiit quddepennman d: C'~(X; R) — C(X; R)
3asaéres coornomenueM (de)(e™) = ¢(de™), npocrasi npoBepKa ¢ uctosbzoBanuem (20)
IOKA3bIBAET, UTO HMeeT MecTo hopMyJia

(23) d(c1 X ¢o) =dcy X ca + (—1)Pey X dey, ¢ €CP(X;R),c0 € CUY; R).
Orcrofa moaydaeM oTo6pazkeHne B KJIETOTHBIX KOTOMOJOIHSIX

(24) x: HP(X;R) x H(Y; R) — H"™(X x Y; R),

KOTOPOE HA3BIBACTCH (KOMOAOZUMECKUM KACTIOUHbIM) X -NPOU3GEOCHUEM.

3ameuanue. B HexoTOpbIX MOHOTpadusx u ydeOHHKAX KJAETOUHBINH guddepertimalt
d: CP(X; R) — CP*}(X; R) 3amaércst cooTHOIIEHHEM

(de,e™) = (=1)P(c,0e"), ce€CP(X;R),
a X-IPOU3BeeHne KOIEIel 3a1a6TCa COOTHOIIEHTEM
(c1 X e, ey x €)= (—=1)"ci (e )ca(ef), c1 €CP(X;R),c0 € CUY; R).
[Ipu sToM dopmyna (23) mo-mpeKHEMY UMeeT MecTo.
Tenephb MBI MOKEM OTIPEIECIUTE KACTNOUHOE ~-NPOU36EIeHUue KK KOMIIO3HUITIIO
< HP(X;R) x HY(X; R) =5 HP™(X x X; R) =5 HPM(X; R),
e A* — orobpazkeHne, HHAyIHpoBaHHoe auaroHaabpio A: X — X x X.

Teopema 6.5. Kaemounnie X- u —-npoussederus cosnadaiom ¢ npou3cedeHuAM,
ONPEPENEHHDIMYU NPU NOMOWY CUHRYAAPHULT Kouenetl. B wacmuocmu, waemouroe -
NPOUIGEIEHUE HE 3ABUCUM OM KAELMOYHOU CMPYKMYPLL U ACAAEMCH 20MOMONUYECKUM
UHBAPUGHIMOM TPOCMPAHCTNEAE.

Samevanue. KaeTounoe —-mpousBejieHue HEJIb3sd €CTECTBEHHBIM 00pa30M OIPeIeTUTh s
korerneii. leao B oM, uro guarosaab A: X — X x X He gBJIeTCd KJIETOYHBIM OTOOpazKe-
HEEM, U JijIs mocTpoernst oTobpazkenus: CPT(X x X) — CPTI(X) neobxoaumo mepeitn K
KJIETOYHOHN armmmpokcumanuu guaronasim. OHaKO He CyHecTByeT KOHCTPYKIIUU KJICTOIHON
A POKCUMAITHT A X =5 XxX , KoTopas Obl1a Obl (DYHKTOPUAIBLHONW OTHOCUTEIHLHO BCEX
oroopaxkeruit X — Y. lHorma 310 MOXKHO cj/ielaTh OTHOCHUTEIbHO BBIJIE/JIEHHBIX KJIaCCOB
IPOCTPAHCTB U OTOOPAKEHHUIHA.
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6.4. ®opmyna Kronurera. [Tycrs 3amansr nenubie kommiaekcel C' = {C),,0,} n C' =
{C!,0,} abesenbrx rpymn uian R-monyneii. Tenszoproe npoussedenue C Qg C' onpezess-
€TCHd KaK IEeNHOM KOMILIEKC, COCTOAIIMNNA U3 MOyIeit

(C®rC)n = @ C; @r Cp—;

¢ rpaangabiM romomopdusmom 0: (C ®@p C'),, = (C ®r C"),_1, 3amanubivM HopMyI0it
(25) INexd)=0cxd +(-1)c®dd, ceC,ded ..
Henocpeicrsennas npoBepKa HOKas3biBaeT, 4To 0% = 0:

P*(cxd) = 0(0c@c +(—1)'c®dc) = e +(—1)"0c®0c +(—1)'0c@0d +cx0*c = 0.

I3 (25) caeayer, 9T0 TEH30pPHOE MPOU3BEICHUE ITUKIOB — MUK/, & TEH30PHOE MPOU3BEIE-
HU€ MUK/ U IPAHUIBl — rpaHuna. [losroMy Mbl mosydaeM HH/IYIHPOBAHHBIH FOMOMOP-
dbusm romosoruit H;(C) @p H,—i(C") — H,(C ®r C"). IlpocymMHpOBaB 10 i MOIyIaeM
roMoMOpu3IM

(26) P Hi(C) @r Hyi(C') = Ho(C @5 C).

®opmyna KioHHeTa OMUCHIBAECT ITOT TOMOMOPMHU3M IIPH HEKOTOPHIX OIPaHHYEHUSX Ha R
u C. OcHoBHOe €€ TpUMeHeHHe — B CAeIYIONIell TOMOJOTTIeCKOil CUTYaIInH.

ITpumep 6.6. Ilycts C' = {C,(X),0,} u C" = {C,(Y),0,} — KJIeTOUHDIE TENHbIE KOM-
wiekcbl Jyist X u Y. Busnneitabie orobpazkenust (22) paror uzoMopdusm

@CZ-(X) ®Cpi(Y) = Co(X xY), e, ® eg_i —ep X e

a dopmyna (20) mpesparaercs B (25). CiegoBaTeabHO, Mbl HMeeM H30MOPGU3M TIell-
p1x KOMILIEKCOB Cy(X) ® Co(Y) — Co(X x Y), a romomopdusu (26) npesparmaerca B
roMoMophu3M

P Hi(X) ® Hyi(Y) = Hy(X x Y).

Teopema 6.7 (anrebpandeckast dopmysna Kionnera). ITyems R — obaacms enaéHols
udeanos (nwanpumep, R = 7 usu nose) u yennoti komnaexc C cocmoum us c60600HvL
R-modyaeti C;. Tozda das 4106020 N cywecmsyem ecmecmeeH o Pacenuma KopomKas
TMOYHAA NOCACIOBAMENALHOCTIID

0— @D Hi(C) @r Huoi(C') = Hy(C @5 C') = @ Tor(Hi(C), Hy1-i(C")) — 0.

Jloxazamenvcmeo. PaceMoTpuM cHadasia ciydail, Korja Bce rpaHUdHbIe 0TOOPaXKeHUs B
koMmiutekce C uynessie, T.€. H;(C) = C;. Toraa 0(c®c') = (—1)'c®Ic u nenHoit KoMIaekce
CRprC" — 310 upstmas cymma KoMiiekcoB C; QR pC’ ) Kaxiplil 13 KOTOPHIX, B CBOIO 04epe/ib,
SIBJIsIETCst TIpsiMoii cyMMoii komiuiekco C’) tak kak C; — ¢BOGOHBIH MOy b, [ToaToMmy

Ho,(C & C") = H, (@ C; ®n C”) =P H.(Cior ") =

o~ @ C; @p Hyi(C') = EB Hi(C) ®@g H,_i(C"),

TaK 4TO B 3TOM CJAydae TeopeMa BepHA.
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B ob6mmiem ciaydae pacemorpum noarpynmnbl B; C Z; C C; TpaHAIl M IUKJIOB, KaK B J0Ka-
3aTeIhCTBe YacTh B) (bOPMYJ yHHBEPCATLHBIX KoahduimenTon (Teopema 5.6). Mbl nveem
KOPOTKYIO TOUHYIO HOCJIEI0BATEbHOCTD NEIHBIX KOMILIEKCOB 0 — Z, — Cq — Be_1 — 0,
COCTOLIINYIO U3 PACHIENUMBIX KOPOTKHX TOYHBIX IOCjenoBareabHocreit 0 — Z; — C; —
B;_1 — 0. YMHOXKag TeH30pHO Ha C’, IOIYYUM KOPOTKYIO TOYHYIO HOC/IEI0BATEIHHOCTD

0—(Z@rC"Ye — (CRrC")e — (BRr(C")e1 — 0

7 COOTBETCTBYIONLYIO eil JUIMHHYIO TOYHYIO IIOCJIeI0BATEJIbHOCTD FOMOJIOT U

s H(Z @p C") — Hy(C @ C") — Hy ((BRrC') "3 Hy ((Z@5C") —> ...

31ech CBA3BIBAIOIIMM TOMOMOPMU3IMOM SBJIACTCA TOMOMOPMDU3M, HHIYIIUPOBAHHBIN BJIO-
xeuueM i: B — Z. Tak kak B U Z — KOMILJIEKCHI ¢ HYJIEBBIM I'PAHHIHBIM FOMOMOPDU3-
MOM, YaCTHBIIl CIydail, pa300paHHbIl B Havaje TOKa3aTeIbCTBA, MO3BOJISET Mpeodpa3o-
BaTh IPEJIbIIYILYI0 TOYHYIO IT0CJIeI0BATEJILHOCTD B

= @(Z’ ®p Hoi(C) — Ho(C®R C') — @(Bz ®r Hyo1-:(C")) oy

E) @(ZZ KR Hn_l_i(C')) —_— ...

1

OTcrosa moJydaeM KOPOTKYIO TOUHYIO II0C/Ie0BATEIbHOCTD
0 — Cokeri,, — H,(C ®@r C") — Keri, 1 — 0

Temeps 3amerum, uro 0 — B; — Z; — H;(C)) — 0 — cBoboxmas pesonbsenta s H;(C)
(31eCh MBI HCIOJIB3YeM TO, 9T0 R — obsacThb mesoctHoctn). Iloyromy

Coker (B; @ Hy_i(C") 2 Z; @ Hyi(C")) = Hi(C) @ Hyi(C"),
Ker(Bi QR Hn_l_i(C') B Zz KR Hn—l—i(0/>) = ’]__‘OI'R<]'I7;(C’)7 Hn_l_i(C")).

CyMMuUpYy$ 10 ¥ IIOJACTABAASA 9TO B IPEIBIAYILYI0 TOYHYIO MOCIEI0BATEILHOCTD, Oy~
9aeM TOYHYIO MOCJIEI0BATEJbHOCTH U3 (POPMYIUPOBKH TEOPEMBI.

OcTaoch yCTaHOBUTD PACIIENMMOCTDL TOYHOM IocaeaoBaTeabaocTn. Mbl JoKazKeM pac-
MICIUMOCTD IPH JOIOJHATEILHOM YCAOBHH, 9TO HemHoil koMiuieke C’ cocrout u3 ¢Bo6o-
HbIX R-momysteit Cf. Droro 6yaer 0¢TATOTHO JJIs TOMOJIOTHYECKUX TpUIozkeHnit. Tak Kak
Z; C C; — npsmoe caaraemoe, roMmoMopdusMm dakropusanuu Z; — H;(C') npogomxkaercs
1o C; — H;(C). Auamormano noryaaem C; — H;(C"). Pacemarpusas romosnornn H(C”)
u H(C') kax nenHble KOMILIEKCHl € HYJEBbIM I'PAHUYHBIM IOMOMOP(MU3MOM, 110/1ydaeM
neraoe orobpazkenne C @ C' — H(C) ®@g H(C"). Tlepexonst K TOMOJIOTHAM, MOy IaeM
Tpebyemoe pacimemnsioniee orobpazkenune H, (C @r C') — P,(H,;,(C) @ H,—;(C")). O

Teneps npumenum anarebpandeckyio dpopmyny Kionnera B curyaruu u3 npumepa 6.6.

Teopema 6.8 (tonosoruyeckas dopmyna Konnera). Tycmo X,Y — wkaemounvie npo-
empanemea u R — obracms 2nashux udeanros (nanpumep, Z uru nose). Tozda dasn arwbozo
N CYWECTNBYEM ECMECTNEEHHAA PACUWENUMAL KOPOMKAL TOYHAL TOCACI0BAMEALHOCTIVD

0= @ Hi(X)® Hyi(Y) = Hy(X xY) = @ Tor(H;(X), Hy—i—1(Y)) = 0

(2de moL onyemuau koavyo Kosgduyuenmos R).
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JLng mpu/IozKeHnii BbIJAEIUM CJAEY IO BazKHbBIH YaCTHBINA CIy4ail, KOTOPBIi BKIIOYAeT
U KOTOMOJIOTHYECKYIO (DOPMYTUPOBKY.

Teopema 6.9. [lycmv X, Y — xaemounvie npocmpancmea, R — obaacmov 2aa6Hbx ude-
anos, npuuwém H;(Y; R) asasemcsa ceobodnvm R-modysem dasn ao0bozo i (smo ycaosue
ABMOMAMUYECKU 8uNOAHEHO, ecat R — noae). Tozda eomomopdusmol

P Hi(X;R)® H,_i(Y; R) — Hu(X x Y;R),

P H (X;R) @ H"(Y;R) — H"(X xY;R),

3adasaemole X -NPoussedeHuem, ABAAOMCES USOMOPHUIMAMU.

Hoxaszamenvcmeo. L1 TOMOJIOTHIT 9TO HETOCPEJICTBEHHO BBITEKAET U3 TeopeMbl 6.8, Tak
kak B Hamewm caydae Tor(H;(X), H,—1—;(Y)) = 0.

JLng koromoJioruit 3amMerum, 4To TpedyeMblil TOMOMOPGMU3M MOZKHO Pa3/I0KUTh B KOM-
HO3UTIATO

P HI(X:R)® H"(V;R) — P H'(X,H" (Y} R)) — H™(X x Y} R),

rjie 1epBblit u30MOpdu3M nojiydaercd u3 (popmysibl YHUBEpPCAIbHBIX KO3 dumenTon
(Teopema 5.6 6)), Tak kak H"(Y; R) — cBoboaubiii R-mo/y/ib. [To3ToMy 10CTATOUHO
JIOKA3aTh, 9TO BTOPOil roMOMOPMU3M B KOMIIO3UIIAU BBITIE — H30MODPQU3M.

PaccMoTpuM KOPOTKYIO TOUHYIO TTOC/IEI0BATEALHOCTH U3 POPMYJIH YHIBEPCAJTHHBIX KO-
s¢durnmentos (Teopema 5.6 B)):

(27) 0 — Ext(Hn_l(X X Y),R) — H' (X xXY;R) — Hom(Hn(X X Y),R) — 0.
HnmeroT MecTo m30MOPGU3IMBI
Hom (H,(X x Y), R) 2 Hom (@D Hi(X) ® H,_;(Y), R) =

o EB Hom (H,(X), Hom(H,_;(Y), R)) = @ Hom (H,(X), H" (Y} R)).

3mech B mepBoM m30MOpdH3Me Mbl BOCIIOJIB30BAIMCH YK€ JOKA3AHHBIM YTBEp:KICHHEeM
JI7IS TOMOJIOTHH, BTOPOi# m30Mopdu3M BbiTeKaeT u3 coortHomenuns Hom(A ® B, () =
Hom(A, Hom(B, C)) (3amaua), a Tperuii ciaeayer u3 hopMysibl YHHBEPCATBHBIX KO3 du-

MUeHToB, Tak Kak H, ;(Y) — cBobognas abesesa rpymma. /latee, mmeem m30MOpgU3MBL
Ext(H,1(X x V), R) = Ext (5 Hi(X) ® Hyo1_4(Y), R) =

o @ Ext(H;(X), Hom(H,_1_,(Y), R)) = EB Ext(H,(X), H" (Y R)),
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e BTopoii m3omopdusm BeiTekaer u3 coorHomenns Ext(A® B, C') = Ext(A, Hom(B, C))
Jtst cBODOTHOM abesieBoii rpymbl B (3a1ada). 13 nocaeaux AByX n30MOpdU3MOB 1 TOY-
HO¥i TIoCIe0BaTebHOCTH (27) HOJIydaeM KOMMYTATUBHYIO JUAIPAMMY C TOYHBIMU CTPO-
KaMu

0 = Ext(Hn—1(X x Y),R) ————— H"(X X Y; R) — > Hom(H.(X x Y),R) = 0

! | :

0 — @, Ext(H:(X),H" '""(Y;R)) — @, H (X, H" (Y; R)) — @, Hom (H:(X), H" " (Y;R)) — 0
Torya u3 H-jieMMbl cjiejlyer, YTO CpeiHs CTPEJIKa SIBJISeTCS U30MOP(MPU3MOM. 0

6.5. Ilpumepsl BbIYMCHEHU KoJien, koromoJioruii. llycte R — KoOMMyTaTHBHOE
KOJIBIO ¢ equHmIei. HamoManm, 9to R-a42ebpoti Ha3BIBA€TCs KOJMBIIO A, KOTOpOe Tak-
JKe sBisiercss R-momgymem, mpudem ymuoxKenne A X A — A apngercs R-OnInHeRHBIM.

Brewnet areebpoti ¢ n 00pa3ymIuMu Ha/l KOJIBIOM [X Ha3bIBAETCsl acCOIUATHBHAS aJl-
rebpa ¢ 1, HOpOXKIEHHAS SJTEMEHTAME (U, . . . , (t,, KOTOPBIE YAOBJCTBOPAIOT COOTHOIICHH-
am af =0, oa; = —ajq;. Bremnas anrebpa oGosnataercsa Aglay, . .., ] man npocro
Alag, ..., ap). BHemass anreGpy MOXKHO clejaTh rpaaynpoBarHoil, mogoxus dega; = 1.
[Ipu srom anrebpa Alayg, . . ., ay,| CTAHOBATCS IPaydiPOBAHHO KOMMYTATHBHOI, U MbI HMe-
eM Aoy, ..., a,] = @)_, A*, tie A¥ — cBoBomEBI R-MOIyIIb, TOPOXKISHHBI MOHOMAME
ooy, rae 1 <o << <.

IIpeanoxenne 6.10. [lycmo T™ = S' x ... xS — n-meprwiti mop. Tozda umeem mecmo
U3OMOPHU3M

H(T™) = Alay, ..., o),

npu Komopom «; € Aoy, ..., a,] nepexodum 6 pf(a) € HY(T"), 20e o € H'(S') X Z —
obpasyrowas, a p;: T™ — S' — npoexyus na i-4 commoocument.

Joxazamenvcmeo. Bynem Bectu wHyKIumio 1o n. [Ipu n = 1 yrBepkKjaeHne O4eBUIHO.
[IpemonoKuM, 9T0 yTBepsKAeHne BepHo a1 1™ u gokaxem ero qaa 1™, Toctarouno
JIOKa3aTh, 4To JJd Jiroboro k rpynna H k(T”“) ABJIdeTcd ¢BoOOIHOI abeaeBoil ¢ ba3mucoM
U3 MOHOMOB ...y, e 1 < 43 < ... < i < n+ 1. I3 Teopembl 6.9 mosnydaem
n3oMophusm

HYT™) @ (HY(T™) @ H'(S")) — HMT™ x 8') = H* (1),

LIPU KOTOPOM (0, ... QG + 0y ..., o, 1< < ... < <, 1< <0< g1 <1,
HEePEXONUT B v, ... Q5 + 0y, ... 0y, _, pyp. OTCIONA crtegyer TpebyeMoe yTBepaKenne. [

Hapsay ¢ BHemmmMu aarebpamMu BaykKHBIH KJIacC IPaJydPOBAHHBIX KOJel 00pa3yioT
KOJIbIIA MHOTOWIEHOB R[vq, ..., v,]. [pagyupoBka B Koubie Rvy,...,v,| 3amaéresa cre-
nensaMu obpasyomux, degv; = d;. Ecau Bce sjeMenThl KOJIbIa R UMEIOT HOPsIOK 2, TO
KOJIBIO R[vq, . .., v,] Gyaer rpajyupoBaHHO KOMMYTATHBHBIM HE3ABUCHMO IPHU JIIOOBIX CTe-
nengax oOpasyomux. Ecam ke B R HMEIOTCs 3JIeMeHTEI IIOPAIKa, OTAHYIHOTO OT 2, TO I
IPayPOBAHHON KOMMYTATHBHOCTH KOIBIA R[v1, . . ., U,] HEOOXOANMO, 9TOGHI BCE CTEIeHH
d; oblin yérabiMu. Hanpumep, MOXKHO 110J10KUTH degv; = 2.

TaxzKe paccMaTPUBAIOTCS «ycedsHHbie» Kombia R[v]/(vF), cocTosmue n3 Muorouienon
cTereHn MeHbie k.
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IMpennoxkenue 6.11. Hmerom mecmo usomopghusmol
H*(RP™ Zy) & Zolu)/(u™), H*(RP™;Zy) = Zslul, degu =1,
H*(CP%,Z) = Z[v]/(v"“), H*(CP>™,Z) = Z|v], degv = 2.

Hoxazamenavcmeo. Crauasa paszbepém cayqait RP™. Jlag yupoinenns 0603HadeHni OyaeM
nucarh P" Bmecto RP™ u e ykaswiBaTb fBHO Ko3(bduuuents Z,. Umeem H'(P") =
Zo upu i < n. Ecin MBI loKazkeM, 4TO Ipoussejienue obpasyiomieit rpynnsl H(P™") na
obpasyromyto rpynmusl H"1(P™) naér obpasytomyio rpynnst H™"(P"), To m3omopdusm
H*(P") & Zy[u]/(v™*) momyunTes unaykumeit mo n, Tak Kak BKiaiodenme P! — Pn
UHIyIEpyeT usoMopdusM rpynn H' npu i <n — 1.

Mbr goKaxkeM GOJIBINE, a UMeHHO, uTo «—: H'(P") @ H"'(P™) — H"(P") — u30MOp-
dbusm. Baokum PP u P"' 5 P" B KauecTBe CJIeAYIONNX IO MHOKECTB!

{[zo:...:xn) EP" 2jp1 = ... =3, =0} = P,
{[tzo:...:a) €EP  wg=...=x;_, =0} = P
Torma PN P"* — oapa touka p = [0 : ... : 1 : ... : 0], one 1 crour Ha i-M MecTe.

[ycts U; C P" — i-a adbdunnas kapra, 3amaBaemMas ycaopueM x; # 0. Torma U; =2 R”,
u upu 3roM uzomopcdusme p € U; nepexoaur B 0 € R™. Mbl umeem jeopmaninonuyio
perpakuuio P\ P"™" — P! romoTonus Mex iy Heil U TOXK/eCTBeHHBIM 0TOOPazKeHHeM
3ataéres popmynoit

fe: PP\ P = P"\ P"" [xo:...:2,) = [T0,. .. Ti1,ts, ... t2y,).

Terreps paccMOTPUM KOMMYTATUBHYIO JTHArpaMMy

Hi(P™) @ H"'(P™) H"(P")

Hi(p, P\ P~ @ H (P, P"\ P') —— H"(P",P"\ {p})

HY(R",R*\R") @ H"{(R*,R" \ RY) —— H"(R",R" \ {0})

YRR {0)) @ B (LR {0)) —— HP (BB (0))

Hz(]z7a]z) ®anz(jnfz7a]nfz) Hn(]n’aln)
Hi (Tl, Tz) ® Hnri (Ttnfi7 Tnfz) ~ H™ (Tn’ Tn)

31ech TOPU3OHTAILHBIE CTPEJKH IPEIACTABISIOT CO0OH pasHble BAPUAHTHI OTHOCHTE/Ib-
HOTO —-mpou3seenns (17), a T" oboznaugaer (n — 1)-MepHBIi OCTOB N-MEPHOTO TOpA
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€O CTAHAAPTHOI KJIeTOuHOi cTpykTypoii. [lepBas (cBepxy) mapa BepTHKAJIbHBIX CTPEIOK
apjisieTca uzoMopdusmamu, tak kak H'(P" P"\ P"%) = HY{(P" P!} (cum. Boime), a
H{(P") — HY(P", P"~') — uzomopdusm (310 cjieiyer U3 KJIeTOYHBIX KOIOMOJIOTHM, TaK
Kak Bce KieTounble quddepeHnuabl Hyiepbie). Bropas mapa BepTHKAIbHBIX CTPEJIOK siB-
JIsieTcst m30MOPp(MU3MaMU COTJIACHO BBIPe3aHUI0. TpeThs U 4eTBEpTas Maphl BEPTUKAJIBHBIX
CTPEJIOK SIBJISIOTCS H30MOpMU3IMaMM, TaK KaK TaM HMeIOTCsS OYeBUTHBbIE TedOopMAaInoH-
Hble perpakiuu. [Iaras mapa BepTUKAIBLHBIX CTPEJIOK SBJISIOTCS U30MOpdU3IMaMu WHIY-
nupoBaHnbiMu (pakTop-orobpazkenusmu [" — T". Huknss napa BepTUKaJbHBIX CTPETIOK
gapjsgercd n3oMopduMaMu, Tak Kak Bce audepenuanibl B KJIeTOYHOM KOIEITHOM KOM-
IJIEKCe TOpa HyJieBbie. HakoHer, HuKHssA rOPpU30HTAIbHAA CTPEJIKA ABIAeTCH N30MOpdu3-
MoM OJtarogaps mpejoxkennio 6.10. Utak, BepxHsas ropu3oHTAIbHAA CTPEJIKA — TaKyKe
m3oMopdusM, 4To 3aBepinaer omucanue Koabna H*(RP™; Zs).

Nzomopdusm H*(RP>; Zs) = Zs[u] cieayer n3 KOHETHOMEPHOTO CJIydasi, TAK KAK BJIO-
kenne RP™ — RP*™ unaynupyer nzomopdusm rpymn H* mpu i < n.

JoxkazarenbctBo g1 CP" u CP* aHaJOruvHO, HAJO JIMIIH PAacCMAaTPUBATh Kodhdu-
[UEHTHl B Z U YJIBOUTH PA3MEPHOCTU I'PYII U ITPOCTPAHCTB. 0

3amaun U ynpa*kHeHUd.

6.12. /Toxkaxkure, 1t MPON3BOJBHBIX R-Momyneit A, B, C' cymecTByeT ecTeCTBEHHbBIH H30-
Mophu3M
HOIIIR(A SR B, C) = HOIIIR(A, HOIIlR<B, O))

6.13. Jlokaxkure, 9T0 ecnum R — 06JacTh INIABHBIX HIAeAI0B, TO miasd R-moxyneit A,C u
¢BOOOIHOTO R-MOIy/Iss B cyIIecTBYeT ecTeCTBEHHBIH H30MOPGMHU3IM

EXtR(A QR B,C) = ExtR(A,HomR(B,C’)).

6.14. Jlokaxure uzomopdusm H*(RP>*;Z) = Z[v]/(2v), rae deg v = 2. Onuimure KOJIbIO
koromostoruit H*(RP™; 7).

6.15. Jlokaxkure uzomopdusm xosern, H*(CP>® x CP™) = Zlvy, vs], degvy = deg vy = 2.
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