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ITamaTtu Mropsa PoctuciaBoBuya
[lladapeBuua

A. H. Ilapuun

Joporue Huna liBanoBHa, Onbra MiropesHa u Anzpeii Mropesuy!

YBaxaemsble KosLieru!

Mgl cobpanuch 3ech, 4YTOOBI MPOCTUTHCS ¢ IropeM PocTrciaBoBUYEM
[TadapeBrdeM, HAUIUM y4UTeTIeM, YeJIOBEKOM, ZOPOTUIM U OJIU3KUM He
TOJIBKO POZHBIM, YY€HUKaM, KojjeraM B HayKe, HO U MHOI'MM JIIOZAM,
JlaJleKuM OT HayKU U ee UHTepecoB. Bechb >kusHeHHBIN myTh Urops Po-
CTUC/IABOBMYA CBA3aH ¢ MaTeMaTHkKod. OH Bolles B HayKy B IOC/IEBO-
€HHBIE TOJbI, PELINB TPYAHEHIIYI0 MPOOIeMy TEOPUU YHCET: HaXOXKJe-
HUe ABHOM GOPMBI 3aKOHA B3aMMHOCTH, UAyIero ot l'aycca, I'mibbepTa
Y MHOTHX JPYTHX. DTO €0 BKJIaJ B IeBATYI0 npobnemy ['wibbepra. 3ateM
OBUIO TIOIYYEHO pellleHre 06paTHOH 3aga4yu Teopuu [anya i pa3pelnd-
MBIX TPYIII, TI03/iHee, B KOHIle 50-X IT., 6bUIM OMyOIUKOBAaHBI PabOTHI IO
Teopyuu AUOGAHTOBHIX YPaBHEHUH, CBA3aHHBIX C JUIMNTUYECKUMU KPU-
BBEIMU U abeyleBBIMM MHOT006pasusaMu. B aTux paboTax mosBmiIach 3Ha-
MeHuTasa rpymnmna IllapapeBnya—TeiiTa, o603HaYaeMasi Telepb BO BCel
JiTeparype pycckoit 6ykBoii III. B ato ke Bpems Urops PocTuciaBoBUY
MMOHUMAaeT HEOOXOAUMOCTb U BaXXHOCTh Pa3BUTHUA alirebpandyecKoii reo-
MeTpUH, 0 TOTO IOYTH HEeM3BeCTHOM B Hallleil cTpaHe. /IBa roga, ¢ 1961
mo 1963, paboTaeT ceMHUHAap MO TEOPUU anrebpanvyecKux IOBEPXHOCTEN,
OCHOBAHHBIHM Ha CTApBIX PaboTax UTAJIBSIHCKUX T€OMETPOB, He MOHATHIX
JI0 TeX IIOp HUTZe B Mupe. Anrebpardeckue KpUBBe OBUIM K TOMY Bpe-
MEeHH JI0CTaTOYHO XOPOIIOo U3y4deHHl. B pesymbraTe paboThl ceMUHapa BHI-
IIJIa KHUTA TI0 alre6pandecKuM IIOBEPXHOCTSAM U TIOSABIIACH TPYIIIa y4e-
HUKOB — ZIp0 GyAyIell OTPOMHOM IMIKOJMBI alrebpandeckux reoMeTPOB
U anrebpancToB, TPUOOPETIIEH MUPOBYIO U3BECTHOCTL. Cpei aBTOPOB
kxHuru u l0puit ViBaHoBuu ManuH, u AHzapeit Hukonaesuu Tiopus. 13
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IJIaB KHUTH BBIPOC/Ia Hamia OupanvoHaibHasA anrebpandecKas reoMeT-
pus, pasBuTan Bacuiuem AnekceeBudeM VICKOBCKUX U €70 YU€HUKaMHU.
BMecrTe ¢ yueHMKaMU y4eHUKOB IKosa [[ladapeBuya HacUUTHIBaeT 6osee
JBYXCOT YeJIOBEK.

B nocnepyromue roasl VIrope PocTuciaBoBrUY 3aHUMaJICA MHOTUMU
TPYAHBIMU 33/ja4aMy airebpandeckoii reomerpun. Cpesin HUX TeopeMma
Topestu, M3BecTHasA AJIT PUMAHOBHIX ITOBEPXHOCTEM, HO cHopMyIHpo-
BaHHafA W JOKa3aHHasA Jisg HoBepxHocTeil Tuma K3 (BMmecre ¢ Vibeid
Hocudosuuem Iarerkum-1lanupo), TeOpeMbI O CTPOEHUU GECKOHEYHO-
MEPHBIX I'PYIIT aBTOMOPGU3IMOB anrebpandecKux MHOT00Opa3uii U MHO-
rue Jpyrue.

3anumasich anrebpaudeckoit reomerpueti B 60-70 rr., Mirops Poctu-
CJIaBOBUY HAXOZAWI BPeMs U AJISA pellleHus 3alad B TEOPUU YUCET U B ajl-
rebpe. B 1964 r. 6pu1a pelreHa npobiema H6anIHu B TEOPUU MOJIEH KIaCCOB
(coBmectHO c EBrenuem ComomonoBudeM lonozom). OTcroza pa3BUIKCh
HOBBIE HAIlpaBjeHUs B aarebpe, B TEOpHUU TPYIII U TEOPUH KOJell, I10-
JIYYWJIN U3BECTHOCTh HepaBeHCTBO T'omoga—IlladapeBuya, anre6psr To-
nopa—IlladpapeBuya. Jlpyroe HampapieHue paboT (COBMECTHBIX ¢ AJeK-
ceeM VBaHOBMYeM KOCTPUKUHBIM) OTHOCUTCS K KiIaccubuKanuu 6ecko-
HEYHOMEpPHBIX IICEBAOTPYIN Impeobpa3oBaHuii Jnu KapraHa u ux mpu-
MeHeHUs K KiaccuUKaIHU MPOCTHIX KOHEYHOMEepHBIX anrebp Jlu Hag
KOHEYHBIM IojsieM. [lepBble BOSHUKAIOT B AubdepeHInaNIbHON reoMeT-
puH, BTOpBIEe IPUHAJIEKAT K COBCEM JaseKoi anrebpe.

Yuenuku Urops PocTuciaBoBUYa MOMHAT O TOM OTPOMHOM, MOXHO
CKa3aTh MarHETUYECKOM BJIMSTHUU, KOTOPOE OH OKa3bIBaJI Ha HUX, /]a U Ha
MHOTUX Kosuter. Ero cTuib paboTH B HayKe IPUTATMBAI OYeHb MHOTHX.
MHe gymaeTcs, 4TO CI0Zla MOXKHO OTHECTH TaKUe YepPThI.

o [lozxoz X TPYAHBIM 3a/iadaM, HAYMHAaA C IPOCTHIX, NHOT/A IpOCTel-
IIUX IPUMEPOB (3TO 0COOEHHO MPOSIBUIOCH B €T0 TAJAHTe IeJarora, ero
JIEKIUAX, CEMUHapax, yue6HuKax). [MIaBHBIM TYT GBUT BEIGOP IpaBWJIb-
HOTO IIPOCTOr0 IIpUMepa KaK MCXOZHOIO IyHKTA Ui Iepexoza K 6onee
CJIOXKHBIM, YTOOBI HAKOHEI] MPUMTH M K PEIIeHUI0 caMol 3azauu. S Obl
CPaBHWI 3TO C JOCTIKEHHEM TPYAHOZOCTYITHOM T'OPHON BepIIMHEI, KO-
rJa UHTYMIMA JO/KHA TOJCKa3aTh, C KAKOTO HalpaBJIeHUs HavyaTh BOC-
XOXKJEeHUe, YTOOBI He TOIACTh B TYIUK, a JOWTH O CaMOU BEpIIWHBL.
BcnomumM, uto Viropb POCTHCIaBOBUY ¥ MHOTHE €I'0 YU€HUKH OBUIH ellle
U aJIbIIMHUCTaMHU.

e [lopasuTenbHAsA WHTYULIUs, YMEHUe IONTy4aTh TAaKUe pe3y/bTaTHl,
B KOTOPBIX COZIEPIKATCS B CKPBITOM dpopMe GyAyliyie TOUKHU POCTa B COBCEM
pPa3HBIX M HEOXHUJAHHBIX OOJACTAX MaTeMaTUKH M He TOJbKO Mare-
MaTuku. TaKUX IPUMEpPOB y HEro MHOTO. K HUM OTHOCHUTCS U TEOPUS
apudMeTHIECKUX MOBEPXHOCTEH cepeAuHbl 1960-X ToJI0B, M3 KOTOPOM
BBIPOCJIAa 3HAMEHUTAsA reoMeTprsA ApaKeoBa, CO3Z[aHHas ellle OZHUM ero
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ydeHukoM, CypeHoMm FOpseBrueM ApaxenoBbelM. OHa Hanula IpHMeHe-
HUSA U B TEOPETUUECKOM (U3MKe, B TEOPUU CTPYH U B PU3MKe BBICOKUX
SHeprui.

e Brecralee HaxoXXJeHUE U UCIIOIb30BAHNE AHAJIIOTUH MEX/Y, Kasa-
JIock GBI, HUKAaK He CBfI3aHHBIM (aHAJIOTHA MeXZAY CHMBOJIAMH B TEOPUU
Yycesl ¥ BEIYeTaMH Ha PUMaHOBBIX IIOBEPXHOCTAX WIH IIepexo/; OT IPYIIII
nmpeo6pasoBanuii KapTana Ha/l TI0leM BellleCTBEHHBIX YKCeN K anrebpam
Jlv HaJ KOHEYHBIM ITOJIEM, O Y€M MBI YK€ TOBOPIIIN).

B KaKOM-TO CTeleH!U 3TO ObIIKe YepTHl POCCUIICKOM MaTeMaTHYeCKOM
IIKOJIBI, KOTOPEIMU VIrops PoCTHC/IaBOBHY BIa/leNl B COBEPIIIEHCTBE.

Ero paboThl B TaKUX 06J1aCTSIX MaTeMaTHUKH, KaK airebpa, TeOpus Iu-
cen u anrebpamyieckas TeOMETPUs, O KOTOPHIX 3/IeCh TOBOPWIOCH, €AM-
HOZYIIHO IIPU3HAIOTCSA BHIAAIOUIMMUCA AOCTKeHUsAMU Mrops Poctucia-
BoBuya. Ho chepa ero mHTepecoB u BauAHMA 6bUIa Topaszo mupe. Tak,
B 60-e rozpl OH 3aHUMAJICS BOIIPOCOM O TIpeJEeNbHBIX ITUKJIAX OOBIKHO-
BEHHBIX AN depeHIIUANbHBIX YPaBHEHUH Ha TwiocKkocTH (16-1 mpobiema
T'wipbepra) U IBITANCS HAWTH JOKA3aTeNbCTBO 3TOU runore3sl. Ero uaes
ObUTa B TIOMyYeHUH aHaJIoTa U3BECTHOH B Tonosoruu GpopmMysisl Jledirera
JUI HETIOABIKHBIX TOYEK aBTOMOP(U3MOB MHOr006pa3uii Ha cirydali He
aBTOMOPGU3MOB, a BEKTOPHBIX Moseil. Torza npesenbHble ITUKIBL OYAyT
BBICTYTIaTh B KaUeCTBE «HEIOABIDKHBIX» KPUBHIX 3TUX Iosell. B cemuHa-
pax I1oJ] ero pyKOBOZACTBOM IIPU Pa3bope MHOTHX APKUX JOCTIKEHUHN BTO-
PO mosoBUHKI XX BeKa HaXOAWIOCh MECTO U SJUTUNITUYECKUM YPaBHEHU-
M Ha MHOT000pa3susx, U TeopeMe ATbU—3UHTepa 06 UHEKCe, U TEOPUU
Mopca Ha IPOCTpPaHCTBaxX KAINOGPOBOK B TEOPHUAX moss SIHra—Muuica.

B cepezuHe XX Beka B MaTeMaTHKe Ipousolles epeBopoT. Ciuio-
TWINCh ITOYTH BOEJUHO TaKWe HayKH, KaK TOIOJOIHs, anrebpandeckas
U mIafKasi, anrebpandeckas u guddepeHInansbHasA reOMETPUSA, aIreOphl
Y TPyIIE JIU, TEOPUS MPEACTaBIEHUH, IUCKPETHBIE TPYIITBI M aBTOMOP®-
Hble GYHKIUU, anrebpamdeckas TEOpPUSA YUCENT U JaXKe KOMILIEKCHBIN
aHaJIM3 ¥ AUHAMUYeCKUe CUCTEMBI, XOTSA 1 B MEHBIIeN CTelleHu. BaxXHbIM
00bEeJUHAIOIUM MPHUHIUIIOM OBUT S3BIK TOMOJIOTUYECKOUN anre6phl. ITO
ObUIa, KOHEYHO >Ke, He BCA MaTeMaThKa, HO O4YeHb OOJbIIas ee 4YacTh.
B 60-70-x rr. Virops PocTHC/IaBOBUY CHITPaJl OTPOMHYIO POJIb B CTAaHOB-
JIEHUU Y Pa3BUTUU B Halllell CTpaHe 3TUX HAIpPaBJIEeHUN B MaTeMaTHUKe.

ITo UIMpoTe UHTEPECOB U TIOHUMAHUIO BHYTPEHHUX CBSA3€H s MOTY CO-
nocrasuth ropsa Poctucnasosuua ¢ Agzpeem Hukonaesuuem Kosmmoro-
poBBIM. VX objsacTu IOYTU He IlepeceKalnch, HO, CJIOXKEHHBIE BMECTE,
OXBAaTHIBAJIM [TOYTH BCIO MaTeMaTHUKY, Ty, YTO paHbllle Ha3bBajach Reine
Mathematik, a Terepb 30BeTcs TeopeTH4decKoi. Tak Ba BEJIMKUX Mare-
MaTHKa Hallel CTPaHbl IPeACTABIIOT MaTEMATUKY Mlepes BCEM MHUPOM.

BriszapiBasich B XXU3HEHHBIN ITyTh Mropsa PocTuciaBoBuYa, Mbl BUAUM
CWIy, C KOTOPOM OH He TOJIbKO pellaj TpyZHeHIiue 3a7adyud HAyKH, HO
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Y OTCTaWBaJI CBOU B3IVIAABI Ha cyAp0Oy Haulell cTpaHbl. MBI BUAUM My»Ke-
CTBO, C KOTOPBIM OH BCTpeYas BCe XKU3HEHHbIE HEB3TOHBI, VAaphl CYAbOHI,
BBINIABIIVE HA €ro JOJIIO.

C Uropem PoctuciaBoBuueM IlladapeBuueM yiiuia Ieias 31o0xa, Be-
JIMKasi 31oxa Hamlel Hayku. [Ipomaiite, oporoii Mrops PoctuciaBoBud.
Ceetnad Bam naMATsh.



Wrops PocTtuciaBoBuy IlladapeBuy —
BEJIMKWM MaTeMaTUK U YUUTeb

Buk. C. Kynuxos, I. b. [llabam

§ 0. BBeaeHue

ABTOpBI oTOH CTaTbU — y>K€ HEMOJIOAbIE MaTE€MaTHKU 1), KOTOPBIM

B IOHOCTH BBHITNIAJIO CYACThe HAYaTh MPOdeCcCHOHATBHYIO XKU3Hb 110/ PYKO-
BoacTBOM Uropsi PoctuciaBoBuya IlladapeBuya. IlepBble TeMBI HCCIIe-
JIOBaHUH, Npe/jioKeHHbIe HaM HalllUM Y4IUTeJeM, ero uzeu, ero obimee
IIOHUMaHUe MaTeMaTHKH, ero Cepbe3HOCTb B OTHOLIEHUM K HAy4IHOU
paboTe — BCE 3TO ONpeeNwIo CoAepKaHUe U CTWIb HAUIUX 3aHATUN
Ha MHOI'He JiecaTwieTusa. B aHHON cTaTbe Mbl XOTUM IIOAEIUTHCA C YU-
TaTeJleM 4acThI0 TOTO, YTO BEIHEC/U U3 06meHus ¢ ropem PocruciaBo-
BUYEM U U3 YT€HUA U IPOJAYMBIBAHUA HAIIMCAHHBIX UM TEKCTOB.

Brigaronuiics MaTeMaTUK CHIEH He CTOJIbKO CIIOCOGHOCTBIO peliaTh
3aJja4yy, IOCTaBJIeHHblE CBOMMMU NpeJIIeCTBEHHUKAMU, CKOJIBKO HETIOCTH-
)KUMBIM YMeHHEM 3a/laBaTh KJII0OUeBble BOIPOCH; B XOJ€ pPa3MbIIUIeHUN
Ha/I HAMM €ro IOCJeJoBaTeNXd PasBUBAOT HayKy. K sTomy ke yme-
HUIO IIPUMBIKaeT IIOMydeHue pe3y/lbTaToB (MHOrZa Aake He IOJHOCTBIO
000CHOBAHHBIX), MPOAYMBIBaHME U 0000IIeHNe KOTOPHIX NPHUBJIEKAET
uccaefoBaTesell MOCAeAYIOUMX IIOKOJIEHWM U oIpefenseT Hallpasie-
HUA pa3BUTUA MaTeMaTHUKU. BelnKue MaTeMaTHKU IIpoluioro — diliep,
Taycc, Puman, [Tyankape, ['ipb6epT — B BeICOYaUIIEel CcTeeHU 061ajaau
VIIOMAHYTBIMHM BbIIle cBoMcTBaMu, U Krope PocTuciaBoBUY BIIOJNHE
MOJKeT OBITh ITOCTaBJIEH B UX PAL.

Hrops PocTrciaBoBUY IPOXKWI JOJTYIO KU3Hb. PoauBince B 1923 ro-
Iy, OH YMep COBCEM HeZJaBHO, B Bo3pacTe 93 sieT. Emé 6osnblite BrievyaTiser
ero npodeccoHATbHOE JOITOXKUTENBCTBO: MEX/Y IIepBOH KypPHAIbHON
nybukarueii B 1943 roay ([4]) u mocneaneit B 2013 roxy ([11]) mpouwio
70 net! CTaThy MOCBALIEHE BechbMa pa3sHOOOpa3HOH TeMaTHKe, U Cpeir
HUX HET HU OZHOM MaJo3HaYUTEeNbHON. CKOMBKO—HUOY/b TIOMHBIN 0630p

Maremarndeckoe mpocsemienue. — 2018. — Cep. 3, Bbir. 22. — C. 37-63.
DMer ApPyXuM ¢ 1967 roga, ¢ Tex Iop Kak OKa3aluch OHOKJIACCHUKAMH BO Bmopoil wikoe
B IIOpYy €€ paciBeTa.
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MaTeMaThdeckoro Haciezaus [lladapeBrya HEBO3MOKEH B paMKaX CTaThbu
Pa3yMHBIX pa3MepoB, /la U KOMIIETEeHLIMA aBTOPOB BPsAZ JIU JOCTaTOYHA
JUIs TaKoTo 0630pa. YaCTUYHBINM aHaIN3 TOTO HaC/TIeAus IIPOBEAEH B [24]
u [2]. Bo BTOpyIO YacTh CTAaTh¥ MBI BKJIIOUWJIN HECKOJIBKO MareMaTude-
CKUX TE€M, KOTOPbIE 3aTParuBakCh IIPHU HAIIEM JTUYHOM OOIIEHUY C HUM,
0 KOTOPBIX MOXKHO PaccKas3aTh JOCTAaTOYHO LUIMPOKOMY KpyT'y MaTeMaTH-
KOB. MBI paccKakeM O HeCKOJIbKHX ITOCTaBJIeHHBIX UM IIpobjieMax ¢ BeCh-
Ma OTPaHUYEHHBIX U JIUYHBIX TIO3UINH — C TOYKU 3pEHUS ABYX (U3 MHO-
THX) €ro OBIBIINUX CTYZEHTOB, MOMYYaABIIMX OT HAYYHOTO PYKOBOAUTES
TEMBI J/Is KyPCOBBIX paboT U ZuiccepTaliiii. DTO OrpaHUYEHUE He ABJAET-
cA IpUHIMNUANBHBIM — Vrops PocTHciaBoBUY 1Iepo JeIuIcs ¢ yYeHu-
KaMU HAesIMH Ha 10601 cTaguy IPOAyMBIBaHUsA 1, BUAUMO, He TIPOBOIII
TPaHUIIBI MEXKAY TEMaMU «JJIs1 CeOsI» U «IJIT YIEHUKOB».

K coxanenuto, [llapapeBrud uMes BO3MOXHOCTb Peainu30BhIBATh CBOU
Wgen depe3 HAyYHOE PYKOBOJCTBO CTYZE€HTAMH JIWIIb B TeYeHUE TPEX
¢ HeGOMBIIUM ZAecATIIETUH. Ero mepBeIM y4eHUKOM OBLT €r0 CTyAeHYe-
ckuibt apyr, AHapelt ViBaHoBud JlanuH, kotoporo Mrops PocTuciaBoBud
060rHa B «<Kapbepe», 3aKOHYMB MeXMaT 3a OAUH rof. [locieaAHuMY ObLTH
aBTOPHI HACTOSIIEN CTaTbU: KOTZa MBI B 1974 roxy 3akanuwmBasu MIY,
[TadapeBuy 61 yBOJMEH U3 MIY 3a «aHTHOOIIECTBEHHYIO» [ESITENb-
HOCTb — OH BXOZWI B co3faHHbiii A./l. CaxapoBbiM KomuTeT 3amiuThbl
TpaB YesoBeKa.

[lepBas yacTh CTaThbU COZEPKUT HAIIM JUYHbIe BoclioMMHaHuA o [1la-
dapeBrYe U O HEKOTOPHIX COOBITUAX, CBI3AHHBIX C HHUM, CBUAETEISIMU
WIW YYaCTHUKaM{ KOTODHIX MbI ObUTH. M3-3a HeJoCTaTKa MeCTa MbI
B JaHHOM CTaThe COBEPIIIEHHO He KacaeMcs 06IeCTBEHHO—TIOMUTHYECKUX
cratelt u kuur U. P. [llagapeBuya (cM. [12]) 1 HammX pa3roBOpPOB ¢ HUM
Ha 3TU TeMBI, HO OOIleHre C HUM OKa3ajJo OrPOMHOE BJIMSHKE Ha Halle
MHPOBO33peHHUE.

§1. BocmomuHaHuA

1.1. [Ia¢papeBuy Ha MmexmaTte MI'Y

Harra cTyzeH4YecKass FOHOCTb, KOHEIL IEeCTUAECATHIX — HAaYaJa0 CEMHU-
JIECATHIX T'OZIOB MPOIIOTO BeKa, MPUIIIach Ha pasrap 3acmos. Bo3aMox-
HOCTH JUUIsl CAMOPEeIN3alUH Y COBETCKUX JIIOZIell ObUTM BeCchbMa OTpaHU-
YeHBbI, ¥ YXO/J B HAyKy, B YaCTHOCTU B 3aHATHUS YUCTOM MaTEeMaTHUKOM,
6BUT OZHO# U3 HUX. YTeUKa MO3IrOB eIlé TONbKO HauyMHaIach 2 . COBETCKHE

2 OHa Torza HoOCHIA ropaszo Gojiee TparudyecKuil XxapakTep, YeM B IMOCIEAYIOIIUE Je-
CATWIETHA: C ye3Kalol[MMHU, Hallp¥Mep, C HalllUM 3aMedaTelbHbIM LIKOJbHBIM yYuUTeleM
MaTeMaTuku V. X. CUBalIMHCKUM, IIPOLAIMCh HaBCEr/a.
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MaTeMaTHKU paboTajy Ha pOJWHE, B OCHOBHOM — B HECKOJBKUX OOJb-
mmx ropogax. KoHneHTpanua MmaTeMaTUKOB MUPOBOTO kjiacca B MockBe
6bUTa YHUKATBHOU U HE CPABHUMOU C IPYTHMU BeAYIIUMH MaTeMaTude-
CKUMU JepKaBaMu — Hampumep, ¢ @pannueit wm CIIA, rae cuibHBIE
MaTeMaTUKU OBUIM paclipefiesieHbl 10 MHOTHM ropogam. IIpu aToM mex-
maT MI'Y 6bUT eITUHCTBEHHBIM MecTOM B MOCKBe, T/ie CTYAEHTHI ITOTyJYaan
«4HCTOE» MaTeMaTH4eckoe obpasoBaHue. Ha Jocke 0ObsABIEHNUL O CITel]-
Kypcax U CIelceMHHapax MOXHO OBUIO HAWTH MMeHa ApHOJIbJA, ['eb-
danza, KupwuioBa, ManuHa, CuHas... — I1a3a pa3beraauch!

Ho u Ha 3ToM 6ucTaTenbHoM ¢oHe Mropb PocTHCIaBOBUY OBUT Of-
HUM U3 CaMBIX «MOJHBIX» IIpodeccopoB Mexmara. CIIeI[KypCHl, YUTaeMble
¥M, cobupasy mojHble ayauTopur. CIymaTeNsIMU 3THX CIIENKYPCOB OBI-
JIU He TOJIbKO CTYZEHTHl M aCIUPAHTHI, HO U YK€ BIIOJIHE COCTOSIBLIMECS
maremartuku. Jlekiuu [ladapeBrya OTIMYAINUCh TPO3PAYHOCTHIO U SIC-
HOCTBIO U3JIOKEHUA, 00wirieM HehOpMaTbHBIX IPUMEPOB U MOTHBHUPO-
BOK, ITIOCTeIIEHHBIM IIePEXO0ZIOM OT IIPOCTEHIINX CUTyaluil K 6ojee CI0X-
HBIM. Ha ero cemuHapax pasbupanuch paboTel IIOOOTO YPOBHS CJIOKHO-
CTH, U UX YYACTHUKH, HECMOTPS Ha Jcesie3Hblil 3aHasec, He YyBCTBOBAIU
cebs1 OTOPBAHHBIMU OT MUPOBOH HayKH.

Ocobyto posb B HallleH XKU3HU chirpal creukypce lladapesuya mo teo-
pyu anreGpandecKux Yuces, MPOYUTAHHBIM UM B 1970 roxy. [lepexa Ha-
MU OTKpBIBaJach 6e3ZiHa KJIacCHYecKOl MaTeMaTHKH, uMeHa KpoHeke-
pa, Bebepa..., monydeHHble UMHU PyHAaMEHTaNbHbIE PE3YIbTATH U OCTA-
IOIIMECS OTKPBITBIMU TIpo6sieMbl. Ho Haubosblliee BlieYaTIeHe TIPOU3BO-
JIVUT caM JIEKTOP, IPEKPACHO BIAJEIONINI MaTEPUAIOM U ITOCIIE[0BATEND-
HO, BHeITHe HE3MOLMOHAIBHO Iepealouil CIyIaTeIsiM CBOIO JTI0O0Bb
K YHCJIaM U K CTPYKTypaM, [TOMOTalol¥M IIPOHUKATh B MX TaWHBL. MBI
VYUIMCh HA BTOPOM Kypce, U HaM HaZlo ObUIO BRIOMpPATh HAYYHOT'O PYKO-
BOZUTEJISA; TPUMEPHO K CEPeAMHE CIIELKYPca COMHEHUA, €CJTU U OBUIH, TO
Pa3BesUIUCH.

1.2. CemuHap mo ajre6pandeckoiil reoMeTpuu

Cemunap Ilagapesuua pabotan ¢ caMoro Havyajua MECTUECATHIX I'o-
J0B (M Tpozo/bKaeT paboTy MO CETOAHALIHUMN AeHb, HECMOTPS Ha YXOZ
Uropsa PoctuciaBoBuya). O6CTaHOBKA Ha ceMHHape ObUIa OYeHb JeMO-
KpaTUYHOM: JTI000H yJacTHUK, CTYAEHT OH WIH aKaJeMUK, eCId YTO—TO
He IIOHSUI WIX YTO—TO He 3HaJI, MOT OCTAaHOBUTH B JII000I MOMEHT JJOKIAJ-
YHKa 1 IOIIPOCUTH €T'0 IOSCHUTH 60siee MOoAPOOHO HEIIOHATHOE MECTO WIN
JlaTh HEOOXOAUMBIE CCBLUTKHU.

Cemunap paboTanm Ha MexMaTe IO BTOPHHUKAM Ha YeTBEPTOM ma-
pe BIUIOTh 0 oceHH 1974 roza. OceHbI0o TOro roza pabora ceMuHapa
Ha MexMaTe CTaja HEBO3MOXKHOM, Tak Kak Vrops PocTuciaBoBHY ObLI
yke yBosieH u3 MI'Y 3a «aHTHOOIIECTBEHHY0» AeATENbHOCTh U KaXKABIN
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pa3 MUHYT 4epe3 15 mocje Hayajaa ceMUHapa B ayAUTOPUIO 3aIIsA/bIBas
OAVH U3 3aMecTUTesNell gekana (dpamwiua 3abbiTa), mpephiBag paboTy
ceMWHAapa U TOBOPWI, yTOo VIrops PoCTHC/IAaBOBUY HE MOXKET HAXOJAUTHCS
B ayJUTOPHH, TaK KaK OH YBOJIEH. B uTOre OBUIO pelmIeHO TepeHEeCTH
paboty cemuHapa B CTEKJIOBKY >, T/ie OH CYLIeCTBYeT U II0 Ceil ieHb.

B TeueHUe HECKONBKUX JECATWIETHH MBI OBUTH YYaCTHUKAMU 3TOTO
ceMUHapa — CIyllalu 4dyXue JOKJIaZbl, MHOTZa Jenanu cBou. Ero ponb
B Halllel JKU3HU HEBO3MOXKHO TIEPEOTIEHUTH; OTKPBITOCTh, YBAKUTEIHHOE
OTHOIIIEHVE K JIOKJIAAYUKy B COUYETaHUU C TpebOBaHUEM NOHAMHOCMU
(Uroppb PoctuciaBoBUY Bcerzia MOHMMAas BCE) HABCETZA OCTAHYTCA s
Hac uzieajioM COTPYZHUYECTBA MaTeMaTUKOB Pa3HbBIX MMOKOJEHUM, MHTe-
p€eCcoB U ypOBHEM.

Jlanbiite Mbl 6yzZeM JeTUThCS BOCIIOMUHAHUAMU 110 OTAETHHOCTH.

1.3. Bocnomuuanuda Kyinukosa

BecHnoii 1971 roga, korza Hazo OBUTIO BEIOMpATh KadeApy U HAYIHOTO
PYKOBOZMTEJSA, S AyMaJl, 9TO IONacTb B yueHUKU K [lladapeBuuy Oyzer
OYEeHb MPOCTO, TaK KaK B MOEH «3a4éTKe» OBLTH TOJBKO OZIHU OTIUYHBIE
OLIEHKU U, KpoMe Toro, Mo¥ 6paT BajleHTUH, CTyZeHT IIATOro Kypca, ObUI
yueHuKoM Mrops PocTHciaBoBUYA U K TOMY BpeMeHHU y)Ke ObUT pEKOMEH-
JOBaH UM B acnupaHTypy. OfHaKo Bc€ oKasajoch He Tak Ipocto. Ilpu
BcTpeue Vropp PocTHC/IaBOBUY CIIPOCIUT MEHS, UTO s 3HAIO M3 obiacTu
anrebpanyeckoli reoMeTpur. Ha MO#M OTBeT, YTO A CJIYIIAIO €ro CIell-
KypC U IIPOYUTAJI IIEPBHIE /IBe IVIaBBl €ro KHUTH «OCHOBHI anrebpaude-
CKOU TeOMeTpUH», OIyOJMKOBAHHEIE B «YCIleXax MaTeMaTUYeCKUX HayK»
B 1969 rozy, oH IpeAJIoXWI MHe caTh 5K3aMeH II0 3TUM JByM IJlaBaM,
KOTOPBIN Yepe3 napy HeZesb 5 YCIellHO U CAall.

Kak HayuHbIN pyKoBoAuTENh, VIrops PocTHcIaBoBHY cTapascs BbIpac-
TUTb U3 CBOMX YUYEHHUKOB CAMOCTOATENIbHBIX MaTeMaTHKOB, CIIOCOOHBIX
caMUM HaXOJUTb KOHKpEeTHbIe TeMbl CBOUX HcciefoBaHui. OH HUKOTAA
He CTaBWI KOHKPETHYIO 3aZayy A KypCOBBIX M JAWUIUIOMHBIX paboT
cBouM y4yeHuKaM. OOBIYHO KaXKZABIM roji Ha IPOTKEHUM MOeH yJEOBI
Ha MexMaTe MBI BCTpedyaluch B Havaie CeHTAOpsa Ha kadeape anreb-
pel (aya. 13-01), g cuzgen Ha AWBaHe, a OH, CTOS Y HEOOJBIION JOCKH,
B TeyeHHe HeCKOJbKHUX YacOB PaccKasblBal O TeX TeOPeTHUKO—UKCIOBBIX
U anrebpo-reoMeTpuUUecKUx IMpobieMax, KOTOpPHIE €ro MHTEepecoBaId
B TO BpeMA. 3aTeM A HECKOJIbKO [Hel «llepeBapUBal» IOIy4eHHYIO
nHOpMAIUIO, THITAsICh BCIOMHUTb BCE, O YEM pacckasbiBan Hrops
PocruciaBoBud. OT0 GBUIO TPYAHO CZeIaTh, OCOOEHHO Ha TPETHEM KypCe,
BO-IIEPBHIX, U3—3a HeJOCTaTKa Moel «00pa30BaHHOCTH», & BO—BTOPBIX,
€ro pacckasbl OBUIO MPAKTUYECKU HEBO3MOXKHO KOHCIIEKTHPOBATD, CU/A

$MaTtemaTrueckuit UHCTUTYT UM. B. A. CrexsioBa PAH.
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Ha auBaHe. [Tocie aTux Bcrpey Mropb PocTHcIaBOBUY KaK OBl «3a0bIBA»
060 MHe, HO eC/IM Y M€eHA BO3HUKAIU BOIPOCH WIKM €CJIU ST XOTeNl CO00-
IIUTh €My O XOZie MOel paboTHl, TO MBI IO TejnedOHY JOTrOBaPUBAINCH
0 BCTpeuax, KOTOPbIe 3aTeM 0OBIYHO IIPOXOAWIN Y Hero foMa. Ha geTBép-
TOM Kypce OFZHOU W3 3ajiay4, NnpeoxeHHbIX Miropem PocTuciaBoBudeM,
ObUTa 3ajavya MCCIeJOBAaHUA CBOHMCTB K3-moBepxHOCTEN 9, Pesynbra-
TOM MOHUX HCCJIeJOBaHUil ObUla KypcoBas paboTa, HamucaHHasA OT PyKU
Ha YeTHIpEX JINCTAaX y4YeHUYeCKON TeTpaZu «B KJIETOYKY», B KOTOpPOH
JIOKa3bIBAJIOCh HEKOTOpoe yTBepxkJeHHe o K3-moBepxHocTAx. OfHAKO
B HOYb Ilepej mojadyell KypcoBoi Mropro PocTrciaBoBUYY S 3aMeTHI,
YTO B JlOKa3aTe/JbCTBE MMEEeTCH «Jblpa», U U3—3a OTCYTCTBUA BpeMeHU
repenucaTh TeKCT A TOJbKO NMOAYEpPKHY/I HeJJoOKa3aHHOe MeCTO U czesasn
Ha TIOJIAX COOTBETCTBYIOIIYIO MMOMETKY. Yepe3 iBe HeZenu ObUIa 3alura
Moeli KypcoBoii. Pertensentom 66T A. H. TiopuH. MBI BCTPETHINCH BTPO-
éM Ha kadeape anrebphl U «3allUTa» MPOXOAWIA CIEAYIONUM 06pa3oM.
Urops PocTtuciaBoBUY U A CUZENU Ha AuBaHe, a AHzApeil Hukonaesuy,
CTOSI Y JIOCKH, TIBITAJICA «3aKJIEUTh JbIpy» B MOel KypcoBoi. B TeueHue
JIBYX 4acoB s yOexxJal ero, 4YTo HeZOKa3aHHOE YTBEpXKAeHUE, CKopee
BCEro, HEBEPHO, U B UTOTEe CMOT yOeAuThb. B pesysbsraTe Mosi KypcoBas
pabora 6blia olleHeHa Ha «OTIUIHO»

Korza B 1974 rozy BCTaja BOIPOC O Hadajle BpeMeHU paboThl ceMU-
Hapa B CTeKJIOBKe, TO OBUIO IIpeJIOKeHO HAaYMHATh B TO XK€ BpeMf, YTO
u Ha Mexmare. OZiHaKO MHe OBUIO 3TO KpaiiHe HeyZoOHO, TaK Kak f TO-
r7a moceiran U ceMuHap B. . ApHosba 1o Teopunt 0cO6eHHOCTEM, KOTO-
PHIii ToXKe paboTay Ha MexXMare MO0 BTOPHHUKAM Ha IATOH mape. [ToaTomy
VYaCTHUKU CEMUHapa, coOJIo/ias IeMOKPaTHIO, PEIIIN HaYNHATh pabo-
Ty ceMuHapa B 11 4acoB, 4TOOHI 1 MOT yCIIeBaTh Ha CEMUHAP APHOJB/A.
Heckonbpko mo3xe, Tak Kak OAMH K3 aKTHMBHBIX YYaCTHUKOB CeMUHAapa,
®. A. BoroMoJI0B, OGBIYHO OMa3ZbIBAI Ha 15 MUHYT, pellid HauWHATh
paboty cemuHapa B 11:15, a y>Ke B JeBSHOCTbIE TOZABI OBLIO PEeIIeHO Ha-
yrHaTh B 15:15. BpeMs okoH4aHUA pabOTH ceMHUHapa HE OTOBapUBAIOCh
U 3aBUCEJIO OT KOJIMYEeCTBA MaTepuasa, KOTOPHIH XOTeNl COOOIINUTD CITy-
IaTeAM JOKJIAAYUK, ¥ OT GU3NIECKUX BO3MOKHOCTEH CiyInaTesei Boc-
MPUHUMATh 3TOT MaTepuai. Ecu KoIuuecTBO MaTepraa 6bUI0 CITUIIIKOM
BEJIMKO, TO B cCeMUZecAThbIe — BOCbMU/IeCAThIE T'OZbI IIPOILIOro BeKa opra-
HU30BBIBAJIUCH BHIE3ZHBIE ceccuu 6o Ha gade . A. BoromosoBa (ruiat-
¢dopma Cemxo3 fpociaBCcKoro HampasieHus), ubo Ha gade U. P. Ilada-
peBuua (twiardpopma Typuct CaBETOBCKOTO HAITPaBJIEHUS).

B koHIle ceMuzecAThIX r'oZoB B MOCKBY Ha HECKOJIbKO AHel IpresKal
J.Mamdopg. Ytobsl uMeTh 60JIbllle BpeMeHU i OOLIEHUs C HUM, pe-
VUM OTBE3TH ero Ha ady boromosnoBa. OH oueHb 6osiics exaTh (y Hero

D Onpegenenue K3-moBepxHocTedt cM. B IyHKTE 2.6
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ObUTa BU3a, pa3pemaBmias ye3kaTb U3 MOCKBH He gaiee 4eM Ha 20 KM,
a CeMx03 HaXOJUTCSA HA pacCTOSHUU B IBa pa3a Jajblile), HO MBI BCE—TaKU
yrosopwiu Mamdopzaa nmoexats. [lys1 6€30MacHOCTU OJIENTU €T0 B BaTHUK,
pEe3UHOBLIE Callor'y U II0COBETOBAIM B d/MeKTPUUKe He pasroBapuBaThb
Ha aHIJIMHCKOM (PYCCKOTO OH He 3HaJ), YTOObI He TIPUBJIEKaTh BHUMAaHUS
JAPyTUX maccaXupoB. K coxxkaseHuio, HUKTO U3 Hac TOrZAa He Aorajajicsa
B3ATh ¢oToamnmapar, 4Tobbl AJaI UCTOPUM 3amedarierb Mamdopzaa B Ta-
KOM 3KCTPaBaraHTHOM OJleAHUU.

B Te e ToABl MHe TaK)Ke MPUILIOCh Ha Aade IladapeBuua B Teue-
HUe [BYX AHeU MOoAPOGHO pacCcKa3hIBaTh ZOKA3aTENIbCTBO TEOPEMEL O IIe-
pecTpoiikax BeIpoxeHUi K3-moBepxHOCTeH, Tak Kak B HEKOTOPHIX pa-
60Tax, NOABUBLINXCA HA 3amaze, yTBepxKAanoch (6e30CHOBATENBHO), YTO
B MOEM ZI0Ka3aTelbCTBE AKOOBI UMEETCs KaKasg—To «JbIpa», U, KPOME TOTO,
Urops PocTrciaBoBUYa 04eHb MHTEPECOBAJIO, KaKue U3 IOMTyYeHHBIX pe-
3yJIbTaTOB O BEIPOXKAeHUAX K 3-1IoBepxHOCTel, onpeAeéHHbIX HaZ, II0JIeM
KOMILJIEKCHBIX 4YHCes, MOKHO IIepeHecTH Ha ciaydali KOHeJHOM xapakTe-
PHUCTHUKMU.

1.4. Bocnomuuaumus IllabaTa

Xots moit orer u [ladapeBuy XopouIo ApyT Apyra 3HaIU, MOE obie-
Hue ¢ Wropem PocTrciaBudyeM pefKO BBIXOAWIO 3a IIPeAesbl JOBOIbHO
dbopMaIbHEIX KOHTAKTOB YUeHUKA U YUUTEJIT; TeEM He MeHee, s He MOr'Y
Ha3BaTh HUKOTO JPYroro, KTO ObI TaK CUJIBHO MOBJIUAI Ha MEHS.

B deBpase 1971 roza B Bo3pacre 18 jieT 51 oTIIpaBWiICA Ha IIEPBYIO B Be-
CEeHHEM CEMECTpe JIEKIIMIO BHIIMIEYITOMIHYTOIO CIIeLIKypca IO aiarebpau-
4YecKO! Teopuu 4ucel— U BBIIIEN C He€ ¢ U3MEHUBLIMMUCA B3VIAZAaMU
Ha 13Hb. Ha 3ToM Jiekuy a1 MOHAN JaleKo He BCE: He XBaTalo MaTeMa-
TUYEeCKON KY/IbTYPhl U 06a30BBIX 3HAaHUN. HO ¥ IOCKU 51 BUJENI He TONBbKO
HaCTOsIIEro MacTepa, HO U 4esoBeKa, Jugyujlezo B MUpe Hacmosiuell Ma-
TeMaTUKU (0 BHeMaTeMaTh4iecKol JeaTenbHocTy ropsa PoctuciaBoBrya
A Torga He 3Hai). [lo Toro, MOCKOJIBKY f1 POC B ceMbe MaTeMaTHKa, A BOC-
IIpYHUMAJ 3aHATHA MaTeMaTUKON Kak OueHb eCTeCTBEHHBIM BHJ TBOD-
4eCKOH AeATeNbHOCTH — HO JIMIIb OAWH M3 O4eHb MHOI'MX BO3MOXKHBIX;
MeHsI B Te oAbl OOJIbIle BCETO MHTEPECOBAIN JUTEPATYPOBEAEHUE U Te-
aTp, ¥ JIUIIb 6y1arofiapsi COBETCKOU BJIACTH s He 3aAyMBIBAJICS O BeIGOpe
COOTBETCTBYIOIIUX TIpodeccuii. ITocie neKnuu 1 y:Ke 3HaJl, 9YTO IoCTapa-
I0Ch CZleslaTh MaTeMaTHKY IJIaBHBIM /IeJIOM CBOeM KM3HHU.

HayuHBIiI pyKOBOZWUTENb OBUI BEIOPAH, M OCTABalIOCh IIOJIYYUThH €ro
corjyiace PyKOBOAWUTb MHOM. Omupasch Ha ombiT KynukoBa, s 6ersio
IIPOCMOTpEJ JOCTYIIHYIO Torza Bepcuio «OCHOB ajirebpandeckoil reo-
MeTpuu». 3aTeM ObLTa Ha3HaueHa BcTpeda ¢ Miropem PocTrciaBoBUYEM.
Ho oH ObLI COBEPIIEHHO HE YOBJETBOPEH MOWMU «IIO3HAHUAMU»! Tak
s Y3HQJI, 9YTO €CTh OI'POMHBIM pa3pbIB MeXJy TpeOOBaHUAMU MeXMaTa,



Urops PoctuciaBosud llladapeBry — BeUKUN MaTeMaTUK U Y4UTENb 13

ITO3BOJIAIOMIMMY HaM, BHITYCKHUKaM BTopoii mkossl, 6e3 ocoboro Tpyza
MOy4aTh MATEPKYU, HAYYUBIINCH BOCIIPOU3BOAUTD IIPOCTHIE JOKA3aTeNb-
CTBa U pellaTh CTaHAAPTHBIE 3a7a4yu, — U TpeboBaHusamu [ladapeBuya.
B TO seTO A BIlepBble MO—HACTOAIIEMY HalpSKEHHO 3aHUMaJcA MaTeMa-
THUKOM, IpopabaTeiBas «OCHOBBI» aparpad 3a maparpadom U BIAYMBIBaA-
JICb B MHOT'OYHCJIEHHBIE ITpUMepHl. OCeHBIO A ObLT BO3HAIDAK/EH 3a 3TU
TPYZbI IPUHATHEM B yueHUKU Vrops PoctuciaBoBuya.

Pacckaxy emé o6 0JHOM 3TH30/€e, CBA3aHHOM C uajedueHreM Mropem
PocTuciaBoBUYeM MeH:S OT MaTeMaTU4YeCcKOl moBepXHOCTHOCTH. Ha Tpe-
TheM Kypce £ IOJIy4WsI OT Hero 3aZlaHre OCBOUTD TEOPHIO K/IEPOBBIX MHO-
roo6pasuii Mo ZOCTYITHOMY TOrZa IepeBoAy KHUTU A. Beiisa. OgHaKabl
OH CIIPOCHI MeHs 006 ycrexaX, ¥ s C IOHOIIECKOM MCKPEHHOCTBIO TOXKa-
JIOBaJICA Ha TO, YTO B KOHIle KHUTH — OUEHb 2POMO30KUe HOPMYIbL C me-
ma-gyukyuamu. Vropb PocTuciaBoBUY cMepwI MeHA JeAAHBIM B3IJIA-
oM (OH BOODIIEe He ObLT M3/IUIITHE PA3TOBOPYUB) U IIEPECIIPOCHI: «O4eHb
rpomMo3zakue?» MHe CTBIIHO 32 IIPOM3HECEHHYIO0 MHOMN INIYTIOCTD 0 CUX
II0p, HO UMEHHO CO BpeMeHHU TOI'O IIOJyMHUHYTHOr'O pasroBopa fA 3Halo,
9YTO TeTa—bYHKIMHU 3aMedyaTeJbHbl U YTO COBPeMeHHBIM MaTeMaThK JOJ-
JKeH YMeTh obpalaThcs ¢ HUMU He Xyxke Kosier XIX Beka.

BbIOOp TeMBI KYPCOBOM MIPOUCXOAWI ceAyomuM obpazom. Yrops Po-
CTHCTIAaBOBUY CIIPOCIJI MeHA, YT, IOMUMO airebpandecKkoii reoOMeTpuH,
MHe HpaBUTCA B MaTeMaTuKe. I OTBeTWI, YTO B TOIIOJIOTMY MHE HpPaBUTCA
TeOPUs HAaKPHITUH U, B YaCTHOCTH, KOHCTPYKIIMA YHUBEPCAIbHBIX HAKPhI-
BaIOIUX — M 3TOT OTBET OMpeJeNwI TEMaTHKy Moeil paboThl Ha Aecs-
TOK JjieT. iropbs PocTuUc/iaBOBUY MIPEAJIOKWI MHE 3aHATHCA YHUBEpCalb-
HBIMH HAaKPHIBAIOIIUMU KOMIUIEKCHEIX alrebpandecKux MHOTr0OOpa3uii;
B CJlydae KPUBBIX 3Ta Teopus Obuia moctpoeHa B XIX Beke (B. Pumanom
Y HeCKOJIBKUMU €ro [0CIeZIoBaTesIMU), a B pa3MepPHOCTAX = 2 ObLIN U3-
BECTHBHI JINIIb pa3po3HeHHbIe IpuMepHl. ([J1aBHOe OTInYre OZHOMEpPHOM
TEOPUU OT MHOTOMEPHOU 3aKjIioyaeTcs B TOM, YTO OZHOCBA3HBIX KOM-
IUIEKCHO—aHAJIUTUYECKUX MHOT00Opa3uii B pa3MepHOCTU OAVH UMeeTCs
BCero TpH, TOIZiA KaK B BBHICIIMX Pa3MepPHOCTAX MX KJACC COBEpIIEHHO
He0003puM.) MeHA 3TO IpeUIoKeHHUE BIIOJIHE YCTPOWIO — BO3MOXKHEIE
TPYAHOCTU B 18 jieT He paccMaTpUBaIUCh.

Urops PocTuciaBoBUY NPUBEN Kjacc NMPHMepoB (CHUMMeTpUYecKue
KBaZIpaThl KPUBLIX), B KOTOPBIX > MPOMCXOAUT ABJIEHUE, HEBO3MOXKHOE
B OZIHOMEDPHOM CJIydae: KOMNJIeKCHAsl aleedpauueckas nogepxHocms 80c-
CMaHaenusaemcss nNo cgoell yYHUBepCanbHOU Hakpwlearouleli. MHe OBUIO
MIpEeJIOKEHO BBISICHUTH, HACKOJBKO 3TO fBJIeHHE THUIIMYHO; TOYHEe:
CO CBOel HeNOCTKUMOHN MHTynnmel Vrops PocTrciaBoBUY IIpeAIoso-
KW, 9YTO OHO OY€Hb TUINYHO, U MHE YZAaJ0Ch 3TO NPEeIION0KeHHe T10/-

3a uckTIoueHHeM PUMAHOBO chephr.
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TBepAUTh. COOTBETCTBYIOUINE PE3YJIbTAThl OBUIM OITyOIUKOBAaHH B [34]
U COCTaBWIM COZEep)KaHHe Moel KaHJWJaTCKOW JuCCepTalum.

XOTs B 3TOH 06JIACTH OCTAJIOCh MHOTO OTKPHITHIX BOIIPOCOB, MHTEpe-
CYIOIIMX MeH: U 1o celi feHb, B 80—e rogwl uzeu besnoro u I'porenauka,
KOTOpBIe OYAyT YIOMSHYTHl HIDKe, YBJIEKJIN MeHs HACTOJIbKO, 4TO 5 CMe-
HUI TeMaTuky. Mropes PoctuciaBosud npouén Haury ¢ B. A. BoeBoackum
cTaThio [43], ABISAIOINIYIOCS ITEPBOL MyOIUKAI[el 110 TEOPUU AeTCKUX PH-
cyukoB © | u ozo6pun Moit BeI6op. OAMH KoMMeHTapuii Mrops PocTuciia-
BoBHMYa (OH NMOAYEPKHYI: 30eck HA00 paccmampusams BCE enoxceHus an-
2ebpauueckoz0 3amvikanus Q nons payuonansHwvix uucen Q 6 none kom-
nuekcHbix uucesn C!) Ha MOEM ZIOKJIaZie Ha ero ceMUHape 00 3TOHM Teopuu
OBUT OUeHb Ba)KeH I AaTbHENIINX MOUX PaboT 1 pabOT MOUX YIEHUKOB.

B cTyzendeckue rofpl 1 3aHMMaJICA aJbIIMHU3MOM, U MHe ITOCYacT-
JIUBWIOCH OZHAXK/BI YYaCTBOBATh B 0COOOM IOXOZe anbIiceKiuu MIY —
B HéM npuHsa yaactue 80—tetHuit bopuc Hukonaesud /lesoHe, yauTenb
Urops PoctucnaBoBuva. OH 6bUT 04eHb 60ZpP; V KOCTpa OH, pa3yMeeTcs,
OBUI B IIeHTpe BHUMAaHUfA, paccKkasblBasg HaM pasHOOOpa3HblE MCTOPHH,
B OCHOBHOM Becénble. [IoToM oYTH Bce pa3oLUIMCh I10 MajaTkaM, a bo-
puc HukonaeBud, y3HaB, YTO B MOXO/i€ YIaCTBYeT YUEHHK €ro JIIOOUMO-
rO yUYeHUKa, 3aJiepKajcs, U B APyroM, bosee cepb€3HOM, TOHE TOBOPUII
06 Urope PocTuciaBoBUYe — U KaK O MareMaTHKe, U KaK O YeJIOBEKe
(B ToM uncie — o TpyZAHBIX noxozax Uropsa PoctrucinaBoBuua). b. H. [le-
JIOHEe — aBTOP KJIaCCMYEeCKUX TPYZOB U II0 TeOMETPHUU, U 110 TeOPUHU Uu-
ces, ¥ irops PocTuciaBoBUY pogosnkai TpaZuliiy yIYUTesd, BCIO XXU3Hb
U3y4asd CKPBIThIE CBA3U MEXJYy pasHBIMH pasZiejlaMu MaTeMaTuKU. B Ty
He3abbIBaeMy0 HOYb Y KOCTpa MHe OBUIO OYeHb BAXKHO ITOYYBCTBOBATh
IIpUYaCTHOCTb K MaTeMaTU4eCKOM IIIKOJe BYX BBIJAIOLIMXCA MaTeMaTHU-
KOB, poauBIIHuXxcs B XIX 1 XX BeKaxX U MOATBEPKAAIOIINX B CBOMX paboTax
edurcmao mupa. Ocraéres MmoxkenaTb HayYHBIM «BHyKaM» Mrops Poctu-
craBoBuya U B XXI Beke IIpozo/DKaTh pa3BUBaTh €ro WAeH U WJEU ero
IIpeAIIeCcTBEHHUKOB.

§2. O maremaruyeckom Haciaeauu llladpapeBuya

2.1. AnreGpa u e€ MeCTO Cpeliu [PYyTUX pa3fieJIoB MaTeMaTHUKH

[Ipu Bcell mMpOTe MaTeMaTHYecKux uHTepecoB [lladapeBud ObLI
npeXxzie Bcero anzebpaucmom. CBOE MOHUMaHUE U caMoOi anre6psl, U eé
MecTa CpeAu JPYTHX DasZiesioB MaTeMaTHKU OH C OCOOOH SICHOCTBIO
BBIpa3wi B cBoel kHuUTe [8] «OCHOBHBIE MOHATHS aire6pul». YHHUKa-
JIeH aZipecaT 3TOW KHUTHM: e€ C MHTEPEeCOM MOTYT YWUTaTh M MJajlle-
KYPCHUKU-MaTEMaTUKH, U YIUTENT MaTeMaTUKU (KOTOPBIM MBI GBI 3TO

) OcHOBOMONOKHAS pabota I'porenzuka [39] He 6buIa Omy6MKOBaHa Ao 1997 roza.
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HacTOATEJIbHO IIOPEKOMeHZAOBalINu), U yd€Hble-HeMaTeMaTHuKW, HHTe-
pecyrompecs MaTeMaTukou. [IpaBza, yuTaTenaaM BceX 3THX KaTeropui
MPUAETCS MPOIMYCKAaTh HEKOTOPhIE THIATENBHO pa3oOpaHHble TMPUMEpHL,
IIOCKOJIbBKY OHU aJipecOBaHBl MaTeMaTHKaM—-IIpPOpecCHOHaIaM, IPUIEM
Ha BecbMa COBPEMEHHOM U BBICOKOM ypoBHe! OZHAKO YHUTATeNb JO0Tr0o
YPOBH#, IPOYUTABIINI U IPOAYMABIINY 3Ty KHUTY, YIVIYOUT CBOE IIOHU-
MaHUe anrebprl U MaTeEMAaTUKU B 1I€JIOM.
[TpuBezséM HECKOTIBKO IIUTAT M3 3TON KHUTH:

9mo maxkoe anzebpa? fensemcs au oHA 061ACMbI0 MAMEMAMUKUL, Me-
mModoM UIU NCUXON02UUECKOLl YCMAHOBKOTL?

Aneebpa uzpaem npubAUUMENbHO Ny Jice POJib, UIMO U A3bIK UIU NUCH-
MEHHOCMb NPU KOHMAKMe 4eJl08eKd ¢ 8HeWHUM MUDPOM.

Aneebpo—zeomempuueckuil dyanusm 3aHumaem cyujecmeeHHoe Mecmo
8 amoll kHuee. IIpu conocmaeneHuU ¢ UCKYCCMBOM 2e0MeMpUuio MONCHO
CPABHUMb C HCUBONUCHIO, A12eOPY — C MY3bLKOLL.

Jiobble 06Bekmbl, A8AAOUUECS NpedMemom MAmemMamuueckozo uc-
C1e008aHUS, — KPUBble U NOBEPXHOCMU, 0MOOpANCeHUS, CUMMempUll,
KPUCMALIbL, K8AHMOBO-MeXAHUUECKUEe 8eJUUUHbL U M. 0. — MO2ym 6blmb
«KOOPOUHAMU308AHbL» U «U3MepeHbl». O0Hako 02 makoil koopouHamu-
3auuu «o0bIUHBLX Ylcea 0aneko He 00CMamouHo.

Oauna u3 1ejiel KHUru [8] — mmpokoe ob6CyXAeHre BO3MOXKHOCTEMN
aKCHOMaTHYeCKUX 000OIeHN MOHATUH Yucia. DTO oO6Cy:KaeHre Hauu-
HaeTcs ¢ meopuu nojeill; B COTJIaCUU C IPUBEAEHHBIMU HIUTaTaMU, 3Ta
TeOpUs — IleHTpabHasA B ajrebpe: B HEH aKCHOMAaTHU3UPOBAHbI YeThIpe
JelicTBUA apupMETHUKH.

2.2. Teopus nosei

B kJjlaccmyecKMx IMOJMAX — TaKUX Kak mose (Q palroHaJbHBIX YH-
ces, noje R BemecTBeHHBIX U Iosle C KOMIUIEKCHBIX 4uCesl — Hapagy
¢ anrebpanvyecKMMH IIPUCYTCTBYIOT U Jpyrye CTPYKTYPbI, Takue Kak
TOTIOJNIOTHS, HOpMa, a B MEPBBIX /ABYX — MOpPsAOK. IlepBas pabora Illa-
¢dapeBuya [4] ObUIa MOCBALMIEHA U3YYEHHUIO COOTHOMIEHUA MEXAY STUMU
JOTIOJTHUTENBHBIMU CTPYKTYPAMHU. YIUBUTENIBHO, YTO OHA, OyOIMKOBaH-
Has B 1943 roxy, 6bl1a 3aMedeHa MUPOBBIM co0b1ecTBOM. B paboTe [41],
omybIMKOoBaHHOW B 1948 rozy, M3BECTHBIM KaHAJCKO—aMepUKaHCKUH
MaTemaTuk V. KamaHnckuit mumieT ob anezanmuom pesynbrate [ladape-
BUYA, B KOTOPOM Ha OCHOBE ITOAXOAALINM 00pa3oM BBeJEHHOTO ITOHATHA
02DAHUYUEHHO020 MHOJMCeCmea oxapaKTepHU30BaHbI TOIOJIOIMYecKUe IO,
JIOTIyCKalolliie ollpe/ieieHre TOIIOJIOTMU Yepe3 HOpMHpOBaHue. B ganb-
HeiileM, 3alIMTUB II0 3TON TeMaTUKe KaHAMJATCKYIO JUCCepTalUio
B 19 nieT, Urops PocTucniaBoBud K Heil He Bo3Bpataica. OZHAaKO B TEOPUIO
Tosiel OH B JasbHelIIeM BHEC OTPOMHBIN BKJIa/]; OTedyeCTBEHHOe ITPHU3Ha-
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HUe ¥ MUPOBYIO U3BeCTHOCTH llladapeBUdy IPUHECTH €ro pe3y/IbTaThl
o obpammoii 3adaue meopuu I'anya.

3azava xiaccudukanuu (34ech U Jajiee — C TOYHOCTBIO 0 U30MOpP-
@Pusma) «pasyMHBIX» KJIACCOB Ionel /) o6najaeT AByMs BaXKHBIMH IIpe-
HMMYyIIeCTBaMU 10 CPABHEHUIO € 33/ja9aMy KjacCuUKaIuy MHOTUX JPY-
IUX aNrebpanvecKux CUCTEM.

Bo-TiepBbIX, Bce IOJSA M3 paccMaTpHBaeMOro Kjacca, KaK IpaBUIIO,
BKJIAZIBIBAIOTCS B HEKOTOPOE «yHUBEPCaTbHOEe» TIojIe (0O6BIYHO anrebpau-
4YecKH 3aMKHyToe). Tak, Bce noas aneebpauueckux uuces, T. €. KOHeuHble
paciipeHus TIONAA paIrMoHAMbHBIX uucen® Q, u30MOpQHBI MOAMIONAM
anre6pamdeckoro sambikaaua Q C C mosa Q, a Bee TO/A palOHAMbHEIX
byHKIMI Ha Bcex aarebpanvecKux KPUBBIX HaJ IOJEM KOMILIEKCHBIX
gucesn C (wiy, 4TO TO e camoe, Moz MepoMOpOHBIX GYHKIUN Ha KOM-
MaKTHBIX PUMAHOBBIX ITOBEPXHOCTSX) — MOAIONAM NOASL HOPMATLHBIX

b 1
psdos IMouso, T. e. (anre6pamdecku samkHyroro) nomsa” | Jy_, C((zV)),
rme C((w)) := {Zn>>_m cu | ¢, € (C}, C eCTeCTBEHHO oIlpeZieieMbIMU

omepalusaMu; MOz Zn>>_m TIOHMMAaeTcsA CyMMa 110 BCeM HeOoTpullaTesb-
HBIM U KOHEYHOMY MHOXXECTBY OTPHUIIATEIbHBIX LIeJIbIX YHUCeI N.

Bo-BTOpHIX, B JIIOOOM IOJIE UMEETCS camoe MAajieHbkoe noonosye, Ko-
TOPOE MOXKHO OIIpeZIe/INTh, HallpuMep, Kak IIepecedueHre BceX MOATOoe.
Ot1o nosne u3oMopdHO ogHOMY U3 Tonei: Fy, Fy, Fe, ..., Q, rae IE‘p —I10-
Jie 13 IIPOCTOTO YUCJIa P JIEMEHTOB, T. €. 3HAKOMOE BCEM II0JIE BEIYETOB
IO MOZYJIIO p.

B cuty mpuBeAEHHBIX IBYX 3aMeUYaHUH 3a/jaua KiacCuQUKaIK ImoJei
pacnaziaeTcss Ha pasjMYHbIE 33Ja4U KJIACCUDUKALIMH NPOMENCYMOUHBLX
rosie, T.e. onucaHus (YaCTUYHO YIIOPSZI0Y€HHOTO BKJIFOYEHHEM) MHO-
JKecTBa

[k, K]:={x |k < CK}

mpu GpuKcHpoBaHHOM mape moseit k C K.

7)Pasymeercs, 3ajiaun KnaccubUKALHH TI0/ei pealMCTUYHbL IAIIb IPH KAKHX—~THG0 orpa-
HUYEHUAX Ha MOLIHOCTh PACCMaTPUBAEMBIX IIOJIeH, HAa MOIIHOCTD NOPOXCOAUUX UX MHO-
JKECTB WJIU Ha THII PaCIlMpeHu.

8 Koneunoe pacummpenue moma () COCTOMT M3 UHCEN, KOTOpHIE IHOMy4eHbl M3 pa-
LMOHAIPHBIX 4YHCeJl ¥ KODHeH KOHEYHOrO 4YHMCJIa MHOIOWIEHOB C palOHAJIbHBIMU
ko3bOUIMeHTaMH TOCPEACTBOM YeTHIpEX JeiicTBuil apudmerwku. Tak, Hampumep,
QW2)={a+pv2|a, fQ}.

9B pamkax o6CyxZaeMoi HMXKe aHaJOTMH MeXy HoleM Q M MoJeM pallHOHANbHBIX
dynkumii C(z) momo anre6pandeckux ducen Q) cooTBeTCTBYeT He BCé moe pOpPMAaTbHBIX
pszgos [Tiouso, a ero mognoine C(z), cocrosiee U3 pasIoKeHUH B pszbl [Tion3o aneebpauue-
ckux (MHOTO3HAYHBIX) «pyHKIMiA» OT 2, T.€. PAZOB W=D, . cnz%, VIOBIETBOPAIOIINX
cooTHomeHuAM F(z, w) =0, rae F(z, w) € C[z, w] —3T0 MHOTOWIEHH!, cTeneHb deg,, F

JoF
10 W KOTOPHIX boblre 1 u o Z0.
Z
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Janee B ciydae rpymnmnsl aBTomopdusmoB o I' € AutK 6yzer wc-
MTOJIb30BAThCSA CTAHZAPTHOE 0603HAYEHME K':={xeK |T-x={x}} ana
MHOXXECTBA 3JIEMEHTOB II0JIfA, HEIOJBW)XHBIX OTHOCHUTENBHO JEHCTBUSA
aToit rpymmel. Hampumep, CHdes =2 =R,

Ecmu ana napsl k € K cymecTsyeT Takas rpymna I' € Aut K, uto k = K
(TakWe pacIIMpeHUs Ha3BIBAIOTCSI HOPMAIbHLIMU), TO TIPU HEKOTOPBIX
JOTIOMTHUTENbHBIX TIPEATIONOXEHUAX omrucanre MHoxkecTBa [k, K] moutu
CBOJUTCS K OIMCAHUIO MTOATPYII TPyIIel ['. TouHee, Ha TpyIie I' 0GBIYHO
BBOJUTCS TOMOJIOTHA (AMCKpETHAsA B C/Iydae KOHEUYHBIX TPYII), U pedb
HUJET 0 3AMKHYMbLX TIOATPYTINAX.

B mo6oM ciydae, BBeAsg (JaCTHYHO YIOPSAOYEHHOE BKIIOUEHHEM)
MHOKECTBO TOATPYTII

[{1}, I'] := {3amkHyTBIe OArpymnEl G C '],
MO)XHO omnpeeiuTh (obpalralolee OpsSAOK) coomgemcmsue Tanya
gal: [{1},T] — [k, K]: G— K,

Y TIPY YIIOMSHYTBIX BBIIIE JOTIOMHUTENbHBIX TIPEATIONOKEHUIX 3TO COOT-
BETCTBUE SBJISIETCS OUEKIMe.

[IpeAmnonoXeHNs 3aBeAOMO BBIIOJHIOTCA B IEHTPATBHOM /IS TEO-
pun ducen ciydae, korga k = Q, K=Q, u I' = Aut Q. Takum o6pasom,
K1accuduKalya mnojiei anrebpanveckux ducesn (U, TEM CaMbIM, KOpHEH
MHOTOWIEHOB OT OAHOM IepeMEHHOM C LEeJbIMU K03(pQPUIIMEHTaAMMU)
CBOAMUTCS K M3YYEHUI0 3aMKHYTHIX IOATPYIIN KOHEYHOTO WHZIEKCa Of-
HOl—eMHCTBEeHHOM rpynnbl Aut Q.

VisydeHue gcex paclIMpeHUH JaHHOTO IO/ B 3HAYUTEIBHON CTelleHU
CBOAUTCS K U3YUYEHUIO €T0 HOPMANbHbIX paciupenuii. B ciaydae k = Q Ml
MIPUXOAUM K 3a/la4de OIMCaHUA HOPMaJIbHBIX MOATPYIII KOHEYHOT'O UHAEK-
ca B AutQ.

Ora 3azaya Ha3bIBaeTcs obpamuotii 3adaueii meopuu I'anya. OHa He pe-
IIIeHa [TOJTHOCTBIO U 110 CeTOAHALTHUH IeHb, U UMeHHO B Heé IladapeBuy
ZIOBOJIBHO MOJIOJBIM 4eJIOBEeKOM BHEC BKJIA/, [TIOCTABUBIIUI €T0 B PsAJ Be-
JYIIUX MAPOBBIX CIIEI[UATUCTOB TI0 aare6pandecKoi TeOpUM YUCE.

3azaua UMeeT /IBe TpaZULMOHHEIE TepedOpPMYIHUPOBKH.

e KakoBbI KOHeYHbIe GaKTOPIPyIIIL! IPyIIIE Aut Q?
o Kakuve KOHeUYHBIe TPYIIIBI pealn3yloTca Kak I'pynmnsl [anya pacuru-
penuii o Q?

[NpeanonoxuTeNbHBINA 0TBET Ha 06a Bompoca — gce. Jloka3aTeabCTBO
DTOM TMIIOTE3BI COBPEMEHHOM MaTeMaTHKe HEeJOCTYITHO, U VAAETCA IIPO-
[BUTAThCA B HEM, JIUIIb [TOCTENIEHHO PACIIMPSA KJIaCC KOHEYHBIX TPYIII,
[UT KOTOPBIX obpaTHas 3a7a4a Teopur ['anya paspenimnma.
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B ciyuae xommymamueHslx 2pynn IOJOKUTENbHBIN OTBET ObUI U3Be-
CTEH y)Xe B JIEBATHAAIIATOM Beke. TpebyeMble MO TOMYIalOTCs MPUCO-
eAnHEeHHeM K (Q MOAXOAAMUX KOPHEHN 13 eVHUITHL.

Jlnsa p-zpynn, T.e. TPyNI MOpAAKa pX IIpH HPOCTOM p M HATypasb-
HOM k, MOJIOKUTENbHBIN OTBEeT ObLI monydeH IlladpapeBudem B paboTe
[5]. Pabora 6buta yzocTroeHa mpeMUr MOCKOBCKOTO MaTeMaTHYeCKOT'O
006I1IeCTBa, HO 3TO AOCTIDKEHNE OKAa3aJI0Ch JIUIIb IIPOMEKYTOUYHBIM.

st paspewumsblx epynn TIONOXUTENbHBIN OTBET ObUI mostydeH Ilada-
peBudeM B pabote [9], yaocToeHHO# JleHHHCKOM mpemun 2.

B cBsaA3u ¢ Teopuelt Tanya B mkone IladapeBrya MpPOU3OIUIO eIné
OZTHO BeCbMa BaykKHOE COOBITHE, ChIrpaBllee BAXKHYIO POJIb B MaTeMaTude-
CKOI >KM3HU ozfiHOTO 13 aBTopoB (I'II). A umeHHo, yyeHuk IlladpapeBryua
I'. B. Benbiii B paboTe [22], MOCBAMIEHHON peannsaiuii HEKOTOPHIX CepUit
rpynn IlleBasne kak rpynn lamya pacimupeHHii HEKOTOPBIX KPYTI'OBBIX
Tosieli, B KauyecTBe BCIIOMOTATENbHOU JIEeMMbI IIPUBEJ 3aMedaTelbHBIN
KPUTEPHUI OIpeJeNseMOCTd anreOpandeckoll KpHUBOM HaZ IOJNEM aj-
re6panveckux 4ucen: onpedenéHHas Hao C aneebpauueckas kpuedas
umeem modens ™Y nad Q mozda u monvko mozda, k02da oHa Moxcem
6bimb npedcmagsieHa 8 8ude HAKpbLMUs NPOEKMUBHOL NpsiMoll, pazgems-
JIEHHO020 8Ce20 8 MpPEX Moukax. JTOT pe3y/lbTaT IPOU3BEN CHIbHelIee
BlleyamieHue Ha A.['poTeHANKa, KOTOPHIM MCIIONb30BAJI €ro JJjIsa Ha-
IJIAHOTO OIIMCAHUA BCeX KPUBBIX HaJ, YKMCIOBBIMU IOJAMU C IIOMOIIbIO
BJIOXKEHHBIX TpadoB, pa3bUBAIOMIMX KOMIIAKTHBIE OPHUEHTHPOBAHHBIE
TIOBEPXHOCTU Ha KJIETKU. B «caMu3zaTCKO» 12) pabore [39] I'poTeHank
Ha3BaJ Takue rpadbl 0emcKuUMU PUCYHKAMU; pa3yMeeTcs, Takue 00b-
€KTBl 110/, HeCKOJIbKMMU JPYTMMH Ha3BaHUAMM H3y4YalWchb U [0 HETo,
HO I'poTeHAVK OOHApPYKWI COBEpIIEHHO HEOXHUJAHHYIO C83b MEXY
apupMETUKO-TEOMETPUYECKUMU U KOMOMHATOPHO-TOIOJIOTUYECKUMU
06BEKTaMU — TOYHEE, SKBUBAJIEHTHOCTD MOAXOAAIINM 06pa3oM ompeze-
JEHHBIX Kamezopuii ™.

19 Gymectryet Mud 06 «omutGKe» B cTatbe [9]. JleHCTBUTETLHO, OHA COZEPXKaa He BIIOTHe
KOPPEKTHYIO CChUIKY Ha paboTy [33], XOTs IIUTHPOBAHHBIX pe3ysbTaToB 13 [33] 6bL10 1O Cy-
LIeCTBY ZOCTATOYHO I paccyxaeHuil B [9]. OgHako B pabote [6] (HammcanHoi [lada-
peBudeM B KoHTakTe ¢ JK.-[1. CeppoM, OZHUM M3 CaMbIX «CTPOTHX» MAaT€MaTHKOB CBOETO
[IOKOJIEHUsI) Bce HEOOXOAUMbIE YTOUHEHNA GBUIN TPOU3BEJEHBL. YIUBUTEIBHO, YTO U [IOCIE
my6IMKanuy cTaThu [6] HEKOTOpPBIE ABTOPUTETHBIE MATEMATUKY IPO/O/DKAIOT PACIIPOCTpa-
HATh MHEHHE O TOM, YTO B /0Ka3aTesabCcTBe TeopeMs! [lladapeBrya o pa3pemnMbIX IpyImax
YTO-TO He TaK.

MTropopar, uTo anrebpamdeckas KpuBas umeem modes Had nonem k (T. e. onpedenena Had
nosem k), ecyiv mose pauiroHaMbHBIX GYHKIMI HA Hel M30MOPQHO OO paliiOHAIBHBIX GyH-
KIWP Ha HETIPUBOAUMOM IUIOCKOU KPUBOM, 3alaHHOM ypaBHeHUEM ¢ KoaddunreHntamu B k.

12 pagora [39] 6bUIa onybnukoBaHa B 1997 rozy, depe3 13 seT mocsie eé MOSBIEHUA,
a /10 3TOro UMPKY/IMPOBaa B BU/e KCEPOKOIIMIA IPENPUHTA, B TOM Yucie B MockBe.

1B Yyrareny, He3HAKOMBIE C IOHATHEM KATETOPUH, MOTYT OPAHHYHThCS [IPECTaBIEHIEM
0 TOM, 4YTO O6CyXKAaeMble 00BEKThI BOCCTAHABIUBAIOTCA APYT 110 APYTY.
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OTa SKBUBAJEHTHOCTh OIpeAeNseT JelCTBUEe abCOMIOTHON T'PYIIIIEI
Tanya Aut(Q) Ha I€TCKMX PUCYHKAaX M, TAKAM 06pa3oM, JaéT yHUKAIbHYO
BO3MOXKHOCTh 8uU3yanudauuu abcomoTHOM Tpymmbl Tanya. HekoTopoe
BpeMsI ITOCJIE MOSABIEHUS TEOPUH JETCKUX PUCYHKOB MHOTHE MaTeMaTUKH
HaZIesUTUCh, YTO C €€ MOMOINbI0 OyZeT pellieHAa obOpaTHasd 3ajavya Teo-
puu Tanya; ogHAKO 3a MpOIIeANINE AEeCATHIETHUS 3TOr0 He IPOU3OIIO,
HECMOTpPSI Ha /[IOBOJIbHO HMHTEHCHUBHYIO paboTy. [Io MHEHWIO aBTOPOB,
pe3y/bTaThl 3TOM paboOTHl MOKAa3hIBAIOT, YTO Ha JAaHHBIM MOMEHT MbI
HayYWINCh ITOHUMAaTh B KOMOWHATOPHO-TOTIOJOTHYECKHUX TEepPMUHAX
JeWCTBYE JINIIb BEeChbMa CIEIUANbHBIX M, KaK IPaBWIO, HEOONBIITUX
TPYII; A1 OOLIMX Ke KOHEYHBIX IPyIN TpebyeTcs AaibHeNIIee pa3BU-
Trie Teopuu. C €€ COBpPEMEHHBIM COCTOSHHUEM MOKHO ITO3HAKOMUTHCS
10 HECKOJIBKUM 0630paM, Hampumep 1o [42].

2.3. Yucaa u GyHKIIUU

AHasorus MexJy YHCJIOBBIMU U QYHKIMOHAJIBHBIMU KOJBIIAMU U3-
BecTHa ¢ XIX Beka; [lladapeBrya 3Ta aHAJIOTHSA BAOXHOBWJIA HA MEPBHIA
U3 pe3y/IbTaTOB, MIPUHECIINX €My MHUPOBO€ IPU3HAHUE U MTOCTABUBIINX
ero B psAZ KJIACCUKOB HaIeil HaykKy ‘.

XoTs peub UAET O BecbMa IPOJABUHYTON MaTeMatuke, Mrops Poctu-
CJIABOBUY YMeJl OOBACHAT GpyHAMEHTATIBHOE CXOCTBO MEXAY YHCIaMHU
¥ QyHKUIUAMU JJIA IIUPOKOH NyOsuKu. B kuure [8] oH muieT: ... Kommy-
mamugHoe KOolbUo OUeHb Uacmo moxcem 6blms UHMepNpemuposaHo Kax
KObYO yHKUULL HA MHOJNCecmae, «MOUKU» KOMOpPo20 COOmeemcmayom
20MOMOPPUIMAM UCXOOHO20 KObUA 8 NoAs. MCXOOHbIM NpUMEPOM S8~
emca konwyo k[V], 20e V — adpunmoe mnozoobpasue™ nad nonem k,
a ¢ Hezo 2eoMempuueckas URMyuyus pacnpocmpansiemcs Ha b6osee obujue
konbya. Takum 06pa3om, KOHUEeNYUs, C021ACHO KOMOopouU «8cakuUil zeomem-
puueckuil 06sexkm KOOpOUHAMU3UDYeM HEKOMOPbIM KOAbUOM YHKUULL
Ha HéM», donosHsiemcs Opy20ll, C02lacHO KOmopoll «itboe KoblYo KOOp-
JuHamusaupyem kaxkoti—-mo zeomempuueckuii 06sexm».

Jlna lladpapeBuya nMpuBeAéHHASA TTapa KOHIEMIUN UTpajia UCKIIOYH-
TEJIbHO BAXXHYIO POJIb, ITO3BOJIAA KaK IIPUMEHATh MHTYUIUIO BBIAOIIe-
rocs ajare6panvecKoro reoMeTpa K TPYAHBIM TEOPETHUKO—YHCIOBBIM 3a-
JladyaM, TaK U CTaBUTb aJrebpo-reoMeTpUIecKre BOIIPOCHL, OTTATKHUBAsCh
OT TEOPETHUKO—YVCJIOBBIX aHAJIOTUH. MEI 3/1eCh OrPaHUYUMCS WLTIOCTPa-
Iyeli uis ogHoro npuMeHeHus [lladapeBuyem reoMeTpruiecKoi MHTYH-
IIUY K TEOPUH YHCeJI, KPATKO pacckas3as 00 YIIOMAHYTOM BBIIIIE pe3ysbTa-

M0 passutuu mkossl M. P. [ladapeBuya cM. Takxke 0630pHYyIo craThio A. H. ITapmuHa
«Numbers as functions (the development of an idea in the Moscow school of algebraic ge-
ometry)» (https://arxiv.org/abs/0912.3785).— IIpum. ped.

15T ecTh MHOXECTBO pellleHHE CHCTEMbI TOTHMHOMHATbHBIX YPABHEHHH ¢ KoahdUIIHeH-
Tamu u3 noius k.
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Te, MPUHECIIEM eMy MUPOBYIO U3BECTHOCTh — OOHaApy:KeHHe 06uiez0 3a-
KoHa 83aumHocmu B pabote [7]; 06 anrebpo-reoMeTpudecKux mpobie-
MaX TEOPETUKO—YKCIOBOTO MIPOUCXOXK/EHNA MBI IIOTOBOPUM HIDKE.

3aKOHBI B3aMMHOCTH HWMEIOT MHOTOBEKOBYIO HCTODUIO; OHU HaYH-
HaJIUCh C 2JEMEHTAapHBIX, YyTh JU HE pa3BieKaTeJbHbIX (CM. Ha3Ba-
HHe KHUTH [35], IepBoil B eBpOIENCKON Teopuu uuvcesn) apudmeTmde-
CKUX HaOMoZIeHN, B KOTOPBIX OYeHb TPYAHO ObLIO OBl YBUAETH ajre6-
pPO-TeOMeTpUUIECKOE COEPIKaHHE.

B XVII Beke IInep ®epma uHTEpecoBajcs NMpeAcTaBIeHHeM HaTypasib-
HBIX YHCEJT B BUJIEe CYMM JIBYX KBaZpaToB. [IpOCThIe AETUTENN TaKUX YUCET
00J1aa10T HEKOTOPBIMU OPOCAIOIIMMHUCSA B IVIa3a CBOMCTBAMH, KOTOPBIE
0COOEHHO SIPKO IIPOSIBJISIOTCSI B BAXKHOM YaCTHOM ciydae (K KOTOpOMY
C TIOMOIIBIO 2AYCCO8bIX ulicesl, TTOSIBUBIIUXCA B XIX Beke, cBOAUTCA 06-
masA Teopus) IPOCTHIX AeauTeneil uncen Buza n’ + 1. JleficTBUTENbHO,
1241=2,2241=5,324+1=2-5,42+1=17,52+1=2-13uT.10 —
B PSAAY MPOCTHIX AETUTENENH dTUX YUCEN BCTPEYAETCS TOMBKO 2 U MPOCTHIE
YHCTa, ZAlOIIKe OCTaToK 1 Mpy AeieHUH Ha 4; 3To 66110 3amedeHo Pepma
U BEK CITyCTs 0Ka3aHo JiiepoM. Beeas koHeuHble mons [, aTOT daxT
MOXHO HepedOpMyIHpOBaTh TaK: ypasHeHue X = —1 paspewumo 6 nose
[, dns npocmozo p mozda u moabko mozda, kozda p =2 uau p=1 mod 4.
C nomo1bio cumeona Jlexcanopa

( c ) 1, ecmu xX*=c¢ paspemnmo B [,
p —1, ecnm x* = c Hepa3peImMo B F,,

Habmozenre ®epma MOXXHO cHOPMYIMPOBATH JJ11 HEYETHOTO IIPOCTOTO P

B BUJE
-1 ) o)
— ) =(1)"=;
()=
B MMOCJIEAYIOIINE CTOJIETHS 3Ta GopMy/ia HEYKIOHHO 06006111a1ach.

KBa,Z[paTI/ILIHHﬁ 3dKOH e3aumHocmu yCTaHaBJMWBAET JaJIEKO HE O4Ye-

BUZHYIO CBA3b MEXAY (2) u (%) Kak 3aMeTWI Diliep U JoKasall

q
Taycc '©, 1719 HEYETHEIX IPOCTHIX P U q

(5)(3)-c0.

OTOT pe3y/lbTaT MOXKHO HHTEpIIPETUPOBATh KaK CBA3b MEXJY PasJoXKu-
MOCTBIO MHOTOUIEHA X> — p B MoOJIe [F, ¥ pasioKUMOCTbIO x? — q B monte
F, (pasymeetcs, B 060uX Cllydasx UMEIOTCA B BUAY PEAYKIMN MHOTOYIE-
HOB IT0 COOTBETCTBYIOIINM MOZAY/IsIM). B Takoii popme 3aKOH B3aUMHOCTH
OBUI pacupOCTpaHEH Ha HEKOTOpble MHOTOWIEHH! 3-ii U 4-i1 creneHu

19 Tounee, Taycc, HA3BBABIIMM KBaJPATHIHEIA 3aKOH B3aUMHOCTH 3010MOtl meopemoil,
B TEUEHUE CBOEM ZOIT0M KU3HYU NPUBEI 8 CyIleCTBEHHO Pa3HbIX 0Ka3aTeIbCTB.
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camuM ['ayccom u D¥3eHIITEHOM, a Ha IIUKJIOTOMHYECKHe MHOToWIe-
Hbl — KymMmepom. CpaBHUTENIBHO COBPEMEHHBIM 0630p COOTBETCTBYIO-
VX Pe3y/IbTaTOB MOXKHO HaTH B [47].

B paspHENIEM BBISCHUIOChH, YTO IS TTOMyYeHUs 000OMIEHHBIX 3aKO0-
HOB B3aUMHOCTY BaXKHBI HE CTOJIbKO MHOTOWIEHBI, CKOIBKO PaCIIPEHUs
nonda (Q, mosydyaeMsle IpUCOeMHeHeM UX KOpHell; cyllleCTBEHHBIM Orpa-
HUYeHUeM, He IIPeOJoJIEHHBIM U Ha CErOAHAIIHUY leHb, 0Ka3aJocCh yCJI0-
BUE abeie8ocmu 3TUX paclIUpeHUi, T. €. KOMMYTaTUBHOCTH COOTBETCTBY-
fomux rpyni lamya. iMeHHO B 3TOM KOHTeKcTe paboTta . P. [IladpapeBuya
[7] 3aBepinia TPEXBEKOBOU ITUKJI UCC/IEZIOBAHNN BBIZAIONINXCA MaTeMa-
THKOB.

KBagpaTUYHBIM 3aKOH B3aMMHOCTH OKasajiCsAd YacTHHIM ClydaeM 06-
mero, Ipu n = 2, a nojue (Q okasanoch BO3MOKHBIM 3aMEeHUTh Ha IIOJIe
anrebpanyeckux guces ), cogepikaliee Bce KOPHU N-if CTETNeHU U3 eu-

Hu1pl. CuMBoI Jlexkanzapa (%), TIpUHUMAaIOINK 3HaueHusa 1, ctan uH-

TeprpeTHpoBaThcs (IIpH Mepexofe OT ypaBHeHMil Buja X2 = ¢ K ypas-
HeHuAM BuzAa ax? + by? = 1) kak 4acTHHIH CTy4ail cuUME0a HOPMEHHO20

a! ..
sbluema (Tﬁ)’ OTIpeJeIEHHOTO IS &, 3 € £ U A1 MPOCTOTO Heasna p

KOJIbIIA LIeJIBIX IToJIA () U IPUHUMAIOIIEero 3HaYeH!d B IpyIIIe KOpHel n-i
creneny u3 1. LleHTpanbHEIM pe3yIbTaTOM TeOpuH /) ABjsAeTca gopmyna

npousgedeHust
105

¥ UMEHHO B €€ OCO3HaHUU CXO/CTBO MEXAY YucaaMu U QYHKIUIMH UT-
paeT pemaromyio ponb '® . Kak mumer cam Illadapesuy B [7], udes o 21y-
60oxoll aHano2uU MeHcdy NOAAMU AN2eOPAUUecKUX UUCea U NOAAMU anzeb-
pauueckux ¢ynkyuil 6vuia nodzomosnena pabomamu I[aycca u Kymmepa
u enepsble 8blckazana, sudumo, Kponexkepom. BbL1o 3ameueHo, umo npo-
cmble udeaisbl 8 meopul aneebpauuecKux Yucea Uzpaom makyio e pob,

7) laxke MOHMMAHMeE TOYHBIX BOPMY/IUPOBOK YIOMAHYTHIX PE3yJIBTATOB TPEBYET ZOBOMb-
HO IIyOOKUX 3HAHUH anreGpanydecKoi TeOpUU 4Kces; 0630p /s HECIIELUATUCTOB MOXKHO
Haiitu B [45]. CoBpeMeHHOe U3JI0XKeHNe Teopuu cM. B [31].

18) [lpu 2 =Q ¥ n =2 cUMBOJ HOPMEHHOTO BbIYETA TpeBpaliaercs B cumeon [unsbepma,
KOTOPBIH onpezensiercs GopMyn1on

@b), = 1, ecmu ypasHeHHe ax? + by? = 1 paspemumo B Qp>
>7P T —1, wuHave.

st a, b € Q* dpopmyna npousBeseHUs IPUHIMAET BUZ, np (a,b), =1, rae npousseseHue
6epéTca 0 MHOXKECTBY IPOCTBIX YHCe P, K KOTOPOMY Zo06aBleH CHMBOJI © (II0ApasyMe-
Baerca Q. :=R); mpousBeZieHNe UMEET CMBICH, TIOCKOJAbKY B HEM JIMIIb KOHEYHOE YHCJIO
COMHOMXUTeJIEH OTIIMYHO OT 1.
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KaK MoukU PUMAHO8bLX NO8epXHOCMell 8 NOJSIX aizebpauueckux @yHKuuil,
npocmuim 0enumensim OUCKPUMUHAHMA COOMEemcmayom mouku eems-
JleHUs. pumanosotl nogepxnocmu u m. 0. Tanee IlladpapeBrd MUIIET O XKe-
JIaTEIbHOCTY TTEPEHECEHNsI B TEOPUIO airebpanvyecKux Yrcesl pes3y/ibra-
TOB T€OPUH abeieBbIX UHTErPAJOB U UYyTh—UyTh «IOTIPaBIsieT» [Ibbep-
Ta, yKa3aB, 4To $opMysa MPOU3BEAEHUS ABJIAEMCA AHAN020M He UHMe-
epanvHoll popmynst Kowi, a meopemst... 0 cymme gbluemog abesneaa oug-
depenyuana. ITo MpocToe 3aMevdanue MpuBoAUT [llapapeBrya K OfHOMN
13 KJIFOYEBBIX W/l paboTh:

a,p
CUMB0JL HOPMEHHOZ20 8blUema (—) aHanozudeH gviuemy abenesa
Jugpgdeperyuana a - df3 8 mouxe p.

Pa6ora [7] obnazaeT xapakTepHBIM i Hanbosee U3BECTHBIX paboT
[MTadapeBrya CBOKCTBOM: 3aBepiliasi HEKOTOPBIM 3Tall KIaCCUIECKUX HC-
C/IeIOBaHUM, OHA COAEPIKUT IIOHATHS U WU, KOTOPBIe OyAyT pasBUBaTh-
cs1 MHOTUMH MaTeMaTHKaMH B paboTax 6yayIiero.

2.4. TeopeMbl KOHEYHOCTH

B pamMkax aHaJIOTUM, KOTOPOM OBUT MOCBAIEH TPEABIAYIINAN pasjer,
Urops Poctuciasud B [10] chopmynupoBan anre6po-reoMeTpUIecKUil
aHasior TeopeMbl OpMmuta [40], yrBep:kzamouell KOHEYHOCTh YUcIa II0-
JIell anre6panyecKux 4Hces ¢ 33JaHHBIM AVCKPUMHHAHTOM (COBpeMeH-
HOe I0Ka3aTenbcTBO cM. B [23]). Popmynuposka [ladapeBuya B [10] Ta-
koBa: Koreuro iu uucso paccroenuti ' na kpueste poda g > 1, ecau duk-
CUpPOBAHA 6A3UCHASL KPUBASL U MHONCECMBO KPUMUUECKUX MOUeK pAccioe-
Hus? (B ganpHeHIIEM 3TU TOYKU OYAYT HA3bIBATHCA TOUKAMU NJI0X0L pe-
dykyuu). MapapeBUY MOMYYWUT YTBEPAUTENbHBIN OTBET Ha CBOM BOIPOC
B HEKOTOPBIX YACTHBIX CJIYYasX U OTMETWI, YTO 00KA3AMenbCmao 8 00-
ujem cayuae 00NHCHO OblMmb 3HAUUMENLHO MpYyOHee... AHAN02UUHO MOMY
KaK KOHEUHOCMb UUCAA PACWUPEHUT ¢ 3a0aHHbIMU MOUKAMU 8eMmeeHUs
noss anzebpauueckux uuces 0okasvleaemcsi eopazdo mpyoHee, uem meo-
pema Spmuma 8 meopuul anzebpauieckux uilces — MBI BUIUM aHAIOTHIO
MeXZy yucjaMu u GyHKIUAMU B feticTBuu! [IpeanonoxeHue oKa3anioch
[IPaBWIBHBIM: T'MIIOTe3a ObLTA ZI0Ka3aHa JIMIIb ABa JeCATWIETUSA CIIyCTS
B pe3yJbTaTe HANPSKEHHOU pabOTHI psiia BHIAAIOUIMXCS MaTEMAaTHUKOB,
MHOTHE U3 KOTOPBIX MMpUHaIexanu k mkose [lladpapeBuya.

T'unoresa [MladapeBuya chirpajna peuIarollyio pojib B J0KA3aTeIbCTBE
eunomesst MopOesiia — OZHOM U3 IIeHTPAJIbHBIX Pe3y/IbTATOB MaTeMa-
TUKY ABaZLIATOTO Beka, chopMynupoBaHHOi JI. Mopzennom B 1922 rozy
u pokasaHHou I. damerunHrcoMm B 1983 rozy. 'mmotesa dopmynupyeTcs

19) 3/1eCh UCKIIOYalOTCA U3 PacCMOTpEHNS UompusuaibHbole CEMBI‘I’CMBC!, T. €. CTAaHOBAIIU-
€CA TPUBUAJIPHBIMU I1OCJIE noAabéMa Ha KOHEYHOe HaKpbITHUE 6askl.
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MPOCTO: NYcmb 0AHA NPOU3BONbHASL Anzebpautdeckds Kpugash HAO uuc-
JI08bLM NOJeM; ecau e€ pod paseH 1, mo 2pynna payuoHANbHBLIX Mouex
Ha Hell KOHeYHO NopoXcdeHd, a ecu eé pod 6oablite 1, mo MHONcecmao pa-
UUOHANbHBIX MoUek Ha Hell koHeuHo. OZHAKO J0KA3aTENbCTBO TUIIOTE3EI
[MTadapeBrya pacTIHY/IOCh Ha /Ba JECATWIETUS U MOTPeOOBANIO OrPOM-
HBIX YCWINM, a TakKe pasBUTHA MHOTUX IIOHATUMN, KOTOPbIE OKa3aluch
BaKHBI U TIOJIE3HBI CaMU TI0 cebe.

[Toutu ogHOBpeMeHHO ¢ [10] mosBuIack pabota [30] ogHOrO U3 TMEP-
BhIX yueHHKOB [lladapeBuya 0. 1. MaHuHa, B Heli ObLT YCTAHOBJIEH (HyHK-
UYUOHANbHBLIL aHaoe TUTIOTe3BI Mopzesia; XOTs HallpsIMYIO B I0Ka3aTellb-
CTBe TUIIoTe3bl Mopzesia 3TOT pe3y/lbTaT He UCII0Nb30BasICs, ICUXOMOTH-
YecKW OH OBUI OYeHb BaXKEH: TIOC/E IOBOJBHO MPOAOIKUTETHHOTO 3aTH-
IIbsI CTAJIU MOSIBJIATHCA HEAOCTYIIHBIE PaHee TeOpeMbl KOHEYHOCTH; KPo-
Me TOrO, 3TO OBUI OZIUH M3 TIEPBHIX PE3Y/IbTaTOB HECOMHEHHO MUPOBOTO
KJIacca, moayvYeHHBIX B MockBe yyeHukamu [llagapeBuya.

Janee yuenuk llladpapeBuya A. H. [Tapmus B [32] gokasast, 4To TUIIO-
Te3a Mopzesa BeITekaeT U3 runoressl [lladapeBrda; 11 3TOro oH u306-
Pé Tak Ha3bIBaeMbIH TPIOK IlapimHa, cocToAmmi B MOCTpoeHUuH (¢ Imo-
MOII[BI0 OCTPOYMHOU reOMeTPUYECKON KOHCTPYKIIMH) 10 KaXKI0H panmo-
HaJIbHOM TOYKe KPUBOH poja = 2 Ha/| MoJIeM anrebpandecKux Yuces Apy-
roii KpMBOl HaJ pacmupeHyeM dToro 1mona 2% . Poz aToi HOBOM KPHUBOM
CYILIECTBEHHO OOJIbIIIe MCXOZHOTO, 2 MHOXKECTBO NPOCMbIX HUCeS NI0XOU
pedykyuu (3TO M €CTh YUCIOBOU aHAJIOT Kpumuueckux mouek B GopMyu-
poBke IlladapeBrya) KoHTpoMUpyeTcs. HekoTopble reoMeTpuiecKue co-
obpakeHUsI BMeCTe C meopemotil de Ppankica 0 KOHETHOCTH MHOXECTBA
HEMOCTOSHHBIX OTOOPAKEHUI JII060M KPUBOI B KPUBYIO pojia = 2 MO3BO-
JIAIOT CBECTU OZIHY THUIIOTe3y K JPyToM.

Cyl1ecTBeHHBIN BKJIaZ B JI0Ka3aTelbCTBO TUIIOTe3bl Mop/esiia BHeCIU
yuenuk [llapapesuya C. FO. ApakenoB ([21]) 1 yuenuk Maunusa FO. T 3ap-
xuH ([25]); UX UAeu U KOHCTPYKIUU CIMIIKOM CIeIValIbHbI, YTOObI 00-
CYXJaTh UX 3[€Cb; OTMETHUM JIMIIb, YTO 3aJI0XKeHHaA B pabote [21] zeo-
Mempus Apakenioga — OI'POMHBIH pa3ziel COBpeMeHHOU MaTeMaTUKH, BbI-
HIeIINHI AaeKo 3a IIpeJesibl PEIIEHHBIX B 3TOU paboTe 3azay.

HaxkoHer, ciipHeHIIee CpeZiCTBO U3YyIeHNs apUPMETUKN U reOMeTpPUU
anrebpanyecKiX KPUBBIX BBEN aMepMKAHCKHUiF MaTeMaTuk JIx. Teiir 2V,
MoOdynw Teiima abcTpakTHOM KpuBOii [44] usBiekaeTcs U3 AKOGMAaHa 3TOH
KPUBOH U MIPeCTaBIsAET COO0M KOHEYHOIOPOXK/AEHHBIN MOY/Ib HaJl KOJIb-

20 Ecnu sana kpusas X Haz 9McI0BRIM moteM K i Touka P € X(K), To cHaYana CTpOUTCA
HakpbITHE o: Y — X 110 NOArpyIIe ker(nl X\ {P}) - H; X\ {P}, ]Fz)), a 3aTeM HakpbITHe
X’ — Y no noarpymme ker(7t; (Y\ a1 (P)) = H; (Y\ a1 (P), Fy)).

21)CoaBTop [ITadapeBrya — oHU omybarkoBamu B 1967 pabory [19] B «/Joknasax Akaze-
muu Hayk CCCP». I'pynmnia Teiima — Illagapesuua annunTudeckoii KpuBoii E Ha Becex A3bIKax
o6osuauaerca III(E).
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oM {-azudeckux yucesn. OH OTYACTH UTpaeT pPOJb IIEPBBIX [OMOJIOTHH
PUMaHOBOM MOBEPXHOCTH, HO HeCET B cebe ropaszno 6osbiie uHpOpMa-
IIUU O KPUBOM — Ha HEM OIpeiesIeHO efiCTBHE IPyIIIsl [asya mosis onpe-
JleJIeHUs] KPUBOU.

. ®anpruHre B crathe [38] 3aBepurwn paboTy CBOUX IIpeIIeCTBEH-
HUKoOB. OH ZIOKa3ajJ TeopeMy O IOJIYNpOCTOTe JeicTBusa rpymnnsl lamya
Ha mogyse Tefita, emé ofHy (HECKOIBKO OOjiee TEXHUYECKYIO) TEOPEMY
U — IJIaBHOE /71 Hac — TUnoTe3y koHeuHoctu [ladapeBuya. [l BEIBOAA
runote3bl Mopzesuia U3 3TUX Pe3yJIbTaToOB BCE yike OBUIO MTOATOTOBJIEHO.

Tak 3aBeplUwics MPUMEPHO ABAJUATIIETHUN MEPHUOZ MaTeMaTHUKHU
MPOILIIOTO BeKa, HavyaBIwmiicsa ¢ pabor U. P. llladpapeuya u 0. V1. MaHu-
Ha. VcoezioBaHUA TPOZO/DKAIOTCS: U3YIAIOTCS KOJIMYeCTBeHHBIE U ajlro-
pUTMHUYECKUE TTPO6IeMBI 10GaHTOBOM TeOMETPHH, UILIYTCS MHOTOMEp-
HbIe 00001IeHud U T. [,

2.5. Kiaccuyeckas ajareopandeckasi reoMeTpU

Knaccudpukanua MagKiuX TPOeKTHBHBIX airebpandeckux >2 KpHBBIX
6bUTa rosyyeHa k cepeaute XIX Beka 6;arogapsa paboram Pumana, Kie6-
ma, M. Hérepa, bpuna u fp. IIpoekTUBHBIE KpUBBIE paclaZaloTcsa Ha TPU
KJIacca B 3aBUCUMOCTH OT YMCJIA g JIMHEHHO He3aBUCHMBIX PeryJIpHBIX
mnddepeHnnanbHbX 1-popM Ha HUX (poda kpuBoH): g=0,g=1ug>1.
C TOYHOCTBIO [0 M30MOpOU3Ma MMeETCs €JUHCTBEHHAs KpUBas poja
g = 0 —oaT0 mpoekTuBHasA npamasa P! (payuonansvhaa kpusas). Kpusbie
poza g = 1—>3To annunmuueckue Kpusble, T.e. KPUBble, HA KOTOPHIX
CyILIEeCTBYeT eAVHCTBEHHAs C TOYHOCTBIO J0 YMHOXEHUA Ha KOHCTaH-
Ty pery/sgpHas HUTZe He obpararmomasicsa B HyIb AuddepeHIuaibHas
1-dpopma. C ToOYHOCTHIO 0 M30MOpbU3Ma UIUIITUIECKIE KPUBEIE 0Opa-
3yIOT OJHOMEPHOE CEMEMCTBO U MOTYT OBbITh 3aZjaHbl OZHOPOAHBIM YPaB-
HeHHeM TpeThbeil cTeleHH B MPOEKTUBHOM MockocTu P2, I KaxAoro
g > 1 xpuBble pozia g 3aBUCAT OT 3¢ — 3 mapamMeTpoB (Tak Ha3bIBaEMBIX
MoOyneil). KpuBble posa ¢ = 2 MOTYT OBITH IIpEeZCTaBIE€Hbl B BUE [BY-
JIMCTHOTO HAKPHITHA IPOEKTUBHOM MpAMOii P!, pa3BeTBIEHHOrO B MECTH
TOYKax (APYTUMU CJIOBaMU, 3TU KpUBBIE OHUPAIMOHAIBHO H30MOPGHEI
KPUBLIM B C?, 3ajaHHBIM ypaBHEHUAMU BUJA w? = f(2), rae f(z) —aTO
MHOT'OWIEHBI CTelleHU IIecTh 6e3 KPaTHHIX KOpHei), a pu g > 2 3To JH160
TaK>Ke JBY/IUCTHbIE HAKPHITUSA TPOEKTUBHOM TTpsAMoii P, pasBeTBiéHHbIE
B 2¢ + 2 ToYKax, MO0 C TOYHOCTHIO ZI0 MPOEKTUBHOTO IIpeobpa3oBaHuUs
3TO KPUBBIE CTENEHU 2¢ — 2, BIOXKEHHBIE B IPOEKTUBHOE MPOCTPAHCTBO
P! ¢ momompio auddepeHranbHEX 1-GOpM Ha 3THX KpPUBHIX. Jljis

22)AIII‘€6PEII/I‘IGCKO€ MHOI‘OO6paSI/Ie Ha3bIBA€TCA NPOEKMUBHbIM, €CIHU IIpU HEKOTOPOM
n> 1 oHO MOXKeT GBITh 3a/laHO KaK MHOX€CTBO B IIPOEKTUBHOM IIPOCTPAHCTBE ]Pn_l permie-
HUH CUCTEMBI OZHOPOZHBIX ITOTMHOMHUAJIbHBIX ypaBHEHI/II‘/‘I OT n IepeMEHHBbIX.
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KaXZ0l KpUBOH poza g > 1 peryisdpHble cedyeHHs KpaTHOIO KaHOHWYe-
cxoro kinacca mK (T.e. zuddepeniuanbusie dopmsl Buga f(dz)™) npu
m =2 (ecm g = 2, To m > 3) 3a4al0T BIOXKEHUe KpUBoii B PZm—1DE-1,

B KOHIle [eBATHAJLIATOTO — Hadajle ABAZALIATOTO BEKOB Oiarogaps
paboram Kiebmra, Hértepa, IlyaHkape, a Takke OJecTAIIed IUIesabl
WTAJBbSIHCKUX airebpandeckux reomerpos: Kpemownsl, Cerpe, BepruHu,
KactenpHyoBo, DHpuKBeca, CeBepu u Jp. — Oblia HonydeHa Kiaccupu-
Kalus anre6panyecKux MOBEPXHOCTEHM, OCHOBHBIE ITOJIOXKEHUS KOTOPOH
6bUTH M37OXKeHbI B KHUTe [36] DHpukBeca. OCHOBHBIM WHBapUaHTOM
B 3TOH KiaccHUKAIU ABJAETCA K — MAaKCUMyM pa3MepHOCTH 06pa3oB
oBepXHOCTH X IIpU e€ O0TOOPaKEHUAX B IPOEKTHBHBIE IIPOCTPAHCTBA,
3a/laBaeMBbIX PETYIAPHBIMU CeYeHUAMM KPAaTHBIX KAHOHUYECKUX KJIacCOB
mKjy (t. e. zuddepeHunanbHIMU GopMamu Buza f - (dz; A dz,)™). VHBa-
PUAHT K MOXXET MPUHUMATh cyiegyoommue 3Havedus: —1,0,1,2 (k = —1,
eciu i roboro m > 0 KpaTHBIA KaHOHUWYeCKUi kinacc mKy He umeer
PETYIAPHBIX HETPUBHAIbHBIX cedeHMil). Ilocie sToro B kiaccuduka-
LMY JJI1 KaXAO0ro 3HaUYeHUA K JaéTcd XapaKTepUCTHKa ITOBEpPXHOCTeH
C JAaHHBIM 3HAa4YeHHEM K B TePMHHAxX TaK Ha3bIBAEMBIX YMCJIEHHBIX WH-
BapHaHTOB (MHJEKca caMollepeceuyeHUs KaHOHMYecKoro kiacca Ky,
KpaTHBIX POZOB P, paBHBIX pa3MepHOCTAM IIPOCTPAHCTB peryiApHBIX
CeuyeHUl KpaTHBIX KaHOHMYecKuX kiaaccoB mK, u uUpperyasapHOCTH g,
PaBHOH pa3MEPHOCTH NPOCTPAHCTBA PEryIApHBIX AuddepeHInaTbHbIX
1-¢popm Ha X), u Aaércsi KOHCTPYKTUBHOE OIMCAHHWE TAaKUX IIOBEPX-
HocTel. Tak, HanmpHMep, IIOBEPXHOCTU C K = —1 —3TO pallOHaJIbHbBIE
MTOBEPXHOCTH (T. €. IOBEPXHOCTH, OGUPALIMOHATHFHO M30MOPGHBIE TPOEK-
TUBHOU TUIOCKOCTU) M UPPEry/sipHbIEe JIMHENYaThle MOBEPXHOCTU (T.e.
IIOBEPXHOCTH, paccjJOo€HHble Ha palMOHaJbHBIe KPUBblEe HaJ KPUBOU
TIOJIOKUTEIBHOT'O Poza).

CrefyeT OTMETHUTD, YTO JOKa3aTeJbCTBA MHOTHX YTBep:XKAEeHHH, Co-
Jepxamuxcs B [36] HemosHBI, 10 O6GBIYAsIM TOTO BPeMEHM ODHPUKBEC
YacTO OTPAHUYMBAETCS PACCMOTPEHUEM «OOIIIero» ciydas, He pa3bupas
HauboJsiee HENPUATHBIE CJIy9al, KOTOPbIE MOTYT IIPEJCTaBUTHCS.

B 1961-1963 rozax Ha ceMHHape IO anreOpanyecKoll reoMeTpHH,
paboraBiieM Ha MexmaTe B MI'Y, . P. [lladapeBrd COBMECTHO CO CBO-
umu yuenukamu B.T. ABep6yxom, lO.P.Batin6eprom, A.B.Kiwk4eHKo,
10. . ManusnsM, B.T. MofimesoHnomM, I'.H. Tropunoit u A. H. TiopyuHBIM
paszbupany pe3yabTaThl 10 TEOPUH alrebpandecKux IIOBEPXHOCTEH, II0-
JIydeHHbIE UTAJbTHCKOU IKOION. VITOroM 3TO¥ paboThI CTAIO HAITMCAHUE
kuuru [20], B KoTopoi faHbl cTporve (OCHOBAaHHBIE Ha IOABUBIIEMC
B TO BpeMs TeOPUH KOT'€PEeHTHBIX IIYYKOB U Teopuu XoAKa) JoKa3aTelb-
CTBa OCHOBHBIX IIOJIOXKEHUH KIaccubUKauuy aarebpanvyeckux MOBEPX-
HOCTel, a Takke JoKa3aTeabcTBO TeopeMbl M. HéTepa o cTpyKType rpyi-
IIbl BCeX OMpalMOHAIBHBIX NIPeoOpa3oBaHUM MPOEKTUBHON ILIOCKOCTH,
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U3JI0KEHBI TEOpUs OWpalMOHATBHBIX MPeOOpa30BaHUN IMOBEPXHOCTEN
U Teopus MUHMMAJIbHBIX Mogesieil. KpoMe atoro, B [20] 6bUT M3JIOXKEH
U P/l OPUTMHAIBHBIX PE3Y/IbTATOB, OTHOCSIINXCA K TEOPUU ITOBEPXHO-
CTEW C IyYKOM DUIMNTUYECKUX KPUBbIX W Teopuw K 3-TIOBEpXHOCTEM.
Kuura [20] crasa HacTOMBbHON KHUTOM JJIS I€JIOTO MTOKOJIEHUS aarebpa-
nyeckux reoMeTpoB. OHa oKasasa OOJbIIOE BIWSHUE HA JaJbHEHIIHNeE
HcceZioBaHus anarebpandecKux MOBEPXHOCTEH BO BCEM MUpE U JOJITOE
BpeMS CIYXKWIA €IUHCTBEHHBIM CHCTEMATHYECKUM HW3JIOKEHUEM TEO-
PUM TTOBEPXHOCTEMN, COEMHUB KPACOTY KJIACCUYECKUX reOMETPUYECKUX
METOJOB HUTAJbAHCKON IIKOJBI C MOIIbI0 HOBEHMIINX aHAJUTUYECKUX
M TOIIOJIOTMYECKUX METO/OB.

2.6. Teopema Topesu aaa K 3-moBepxHOCTeH

OavH Y3 BOXKHEUIIUX W WHTEPECHEHIINX KJIACCOB aireOpamvecKux
TIOBEPXHOCTEMN, NCCIeJOBaHUIO CBOMCTB KOTOPOro, HaunHasa ¢ KymMmepa,
yZesI OTpOMHOe BHUMaHue (U yZesAT A0 CUX II0p) MHOTHE BbIJalo-
muecs aarebpandeckre reoMeTpsl, B ToM uucie u U. P. IllapapeBuy, —
aTo moBepxHOocTH TuMa K3 (Ha3BaHHBIE Tak B 4yecTb Kymmepa, Kanepa
u Kogpaupsl). Ilo omnpegeneHuro, majgxasd KOMIUIEKCHAsdA KOMIIaKTHas
OZHOCBSI3HAs IOBEPXHOCTH X, HA KOTOPOH CyIleCTBYeT HUTZle He obparra-
IoIasicsa B HY/Ib rojoMopdHas 2—-popMa w, Ha3bIBaeTCsA MOBEPXHOCTHIO
tuna K3 (wmu npocto K3-noBepxHocThio). [Tpumepamu K 3-noBepxHO-
cTeil ABAAIOTCA TMafKWe KBApPTUKU B MPOEKTHBHOM IIpOCTpaHCTBe P2,
IJIaZiKuie epecedyeHys KBaJpUKK U Kybuku B P* u riazkue nepeceyeHus
TpéX KBaApuK B P°. Emé ofHUM Ba’KHBIM IIpuMepoM K 3-TloBepxXHOCTeH
ABJIAIOTCA KYMMep08bl N08epXHOCMU — KOMIUIEKCHBIE ITOBEPXHOCTH, KO-
TOpbIe TOJYYalOTCSI B Pe3yJbTaTe paspelleHus MIECTHAAIATH OCOOBIX
ToYeK (paKTopa JByMepHOU abesieBOil MOBEPXHOCTH (ZBYMEPHOTO KOM-
IJIEKCHOTO TOPA) IO AeMCTBUIO NHBOMIOIUY X — —X.

[pexzae yeM chopMyaupoBaTh TeopeMmy Topesutu i K 3-MOBepXHO-
CTeli, HATOMHUM KJIaCCUYECKYIO TeopeMy Topesiu A anrebpandecKux
KpUBBIX. Kak X0poIIIo U3BeCTHO, C TOIIOJIOTUYECKON TOYKU 3peHU HeoCo-
6as mpoekTuBHas kpuBasi C poja g, omnpezenéHHas Haj norem C,—
3TO AByMepHas coepa ¢ g «pydkamu». [103ToMy mepBas IrpyIiia roMojo-
rui H; (C, Z) —aT0 cBObGOZAHAs abeneBa rpymmna panra 2g. Ha H,(C, Z)
olpezie/ieHa YHUMOZYIAPHAA KOCOCUMMeTpUdecKas OWIMHeHHas Ieno-
yuciaeHHas popma

('9 '): H](C7 Z) X H](C7 Z) _>Z

(MHAEKC TepeceyeHUsT OAHOMEPHBIX IIMKJIOB), OTHOCHUTEIBLHO KOTOPOM
MO’HO BBIOpaTh 6asuc B H; (C, Z), COCTOANINI U3 «MEPUAUAHOB» Y1, ..., Vg
U «IlaPAJUIENIEN» Vg yq, ---; Y og, T- €. U3 TAKUX JJIEMEHTOB, 4TO (Y, Yg4i) =1
mai=1,...,gu(y;,v;)=0, ecmn |i — j| # g. Ecnu Taxke BriOpaH 6asuc
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w1, ..., Wy TIPOCTPAHCTBA OAHOMEPHBIX TOMOMOPOHBIX GOPM Ha Kpu-
Bol C, To (2g X g)-MaTpuiia

Q(C)z( wj)

Yi

HaswIBaeTcs mampuueil nepuodog kpusoii C. Kiaccudeckas teopema To-
pesu ([46]) rnacut, yTo ABe KpuBble C; U C, NU30MOPHBI TOTZA U TOJIBKO
TorAa, Korga Ha C; U C, MOXHO BHIOpaTh Takue 0a3uChl IMPOCTPAHCTB
OJHOMEPHBIX roJIOMOPOHBIX GpopM, uto 2(C;) = Q(Cy).

Krnaccruueckaa teopema Topeitn ZaéT K04 K UCCIEJOBAHUIO IIPO-
CTPAHCTB MOZyJell KpUBBIX poZa g. AHaJOru 3TOU TeopeMbl, B KOTO-
PBIX VTBEpXKZAeTcs, YTO MHOroobpasus, IpUHaAIexammye K HeKOTOPO-
My kijaccy anrebpandeckux MHOroobpasuii, OJHO3HAUYHO OIpeessaioT-
¢ MaTpullaMu TepuofoB 6asumca mpocTpaHCcTBa AuddepeHIaibHBIX
(p, 9)—dopmM Ha 3THX MHOrOOOpasuax (paccMaTpUBAaEMBIMU C TOYHOCTBIO
[0 HEKOTOPOU SKBHUBAJEHTHOCTU), UTPAIOT Ty K€ POJIb B MHOI'OMepPHOM
reoMeTpHH, YTO U KJIaccuueckas Teopema Topesuin, U Takke Ha3blBaloTCA
meopemamu Topesnu.

Bepnémca k K3-moBepxHocTAaM. Kak nsBecTHO, Bce K 3-IOBEPXHOCTH,
KaK BellleCTBEHHBIE YeTHIpEXMepHBle MHOroobpasus, AuddeomMopdHEI
apyr apyry (Komaupa). VHAekc mepecedeHHs BO BTOPOU I'pylilie TOMO-
gorui Hy = H,(X,Z) K3-noBepxHoctu X ompezenseT Ha Hy Takoe
LIeJIOYMC/IEHHOE CKaJIApHOEe IIpOM3Be/leHHe, UYTO CKaJIAPHBIM KBajpaT
Joboro anemeHTa Y € Hy 4éTeH, ero omnpezenuTtenb ['pama paBeH —1
U CcUTHaTypa IICeBJoeBKJINZAOBa IpocTpaHcTBa Hy ® R paBHa (3, 19).
Kak usBecTHO, peméTka, T. e. cBobozAHas abeneBa rpymnmna H, Ha KOTOpOH
ollpezie/ieHO IeJIOYHCIEHHOE CKaJsIPHOE IMpOU3BeZeHMe, obJazarolee
IlepeyrcIeHHBIMU CBOMCTBaMH, OIIpeZiesIAeTcs OJHO3HAYHO C TOYHOCThIO
70 n3oMopdu3Ma 3STUMHU CBOHCTBAMU.

B [14] IlladapeBuueM GBLIO BBEAEHO IMOHATHE OTMeYeHHOH K 3-1o-
BepxHocTu THna . 3apukcupyem B H anemenr [, [2 > 0. [To ompezene-
HUI0, ommeueHHoll K 3-nosepxHocmobio HasbiBaeTcs Tpoitka (X, ¢, &), rae
¢: Hy — H—wu3oMopdu3M eBKIUIOBHIX PEMIETOK U & € Hy — TaKou
KJIacc rumnepIuiockoro cedeHus K 3-moBepxHocTu X (T. e. ToBepXHOCTh X
paccMaTpuBaeTcs BMeCTe C HEKOTOPBIM €€ BJIOXKEHUEM B IIPOEKTHBHOE
IPOCTPAHCTBO), uTo (0 (§) =1.

[lycte E = Hom(H, C) — MHOXeCTBO JHUHENHBIX GyHKUME Ha H
co 3HaueHusaMu B C. CkajApHOMy IIpou3BeZileHUIO B H coOTBeTCTByeT
cKajApHoe mnpousBefeHue B E, w; - w, € C ana w;, w, € E. TlycTh
P?! = P(E) — npoeKTuBM3aliA BeKTOPHOTO IIPOCTPaHCTBa E Haj moieM
C, v ycThb

Kzo:{(CwEIPZl: w?=0} wu Kgoz{CcoeKZO: w-ow>0}.
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OnemeHT | € H onpefesseT TUIEPIOBEPXHOCTh (0003HAYNM €€ TOH ke
6yksoit) | = {Cw € P! : w(l) = 0}. KommnekcHoe MHOroo6pasue D; =
= Kj, N | HasbIBaeTCA MPOCMPAHCMBOM Nepliodos ommeueHHblx K3-no-
gepxHocmell muna l. Kaxxzaasa oTmedeHHas K3-moBepxHocTb X Tuma [
onpeenseT Touky T(X) € D; ciexgytomum obpa3om. Ha K3-moBepxHO-
ctu X CyLIECTBYeT €AWHCTBEHHAs C TOYHOCTBIO 0 YMHOXXEHHUSA Ha KOH-
cTaHTy rojoMopdHas popma

w e H*°(X) c H*(X, ©).

Kommo3unusa

-1
HY>H —C

onpezenseT Touky B Koo, C P2 = P(E), rae

oM)=| o apna A€H,(X,7Z).
A

Tak kak § — anrebpanyeckuii kiacc, umeeM w (&) = 0 U, ciie0BaTENbHO,
aTa TouKa JexuT B D,;. [loryyaem omobpasieHue nepuodos T U3 MHOXe-
CTBa OTMeYeHHBIX K 3-moBepxHocTel Tuma [ B D;.

B [14] Y. P. IlladpapeBuy u U. U. ITarenkuii-lllanupo AoKa3aau Teope-
my Topesutu i oTMedeHHBIX K 3-moBepxHOCTEH. A UMEHHO, UMU OBbLIO
JI0Ka3aHo, YTO CyllecTByeT ceMelcTBO & — S oTMeueHHBIX K 3-moBepx-
HocTeit 22, cogepxamee (¢ TOYHOCTBIO 0 M30MOpdH3Ma) BCe OTMe-
yeHHble K3-moBepxHoct Thma [, dimS = 19, oTobpakeHue mepuo/ioB
T: S — D; UHBEeKTUBHO U T(S) fABIAETCA OTKPBITBIM BCIOAY IUIOTHBIM
MHOXeCTBOM B D;. Jloka3aTeJbCTBO 3TOM TeOpeMBl OCHOBAaHO Ha JOKa-
3aHHOM paHee ydacTHuUIlel cemuHapa [lladapeBuya mo anrebpandeckoit
reometpuu I'. H. TropuHoi 1okanbHOU Teopeme Topestu gt K 3-moBepx-
HOCTEeH, yTBepKAAIoIIeH, uro auddepeHnan orobpakeHus IEPUOAOB T
HeBBIpOXKZeH (cM. [20]), a TakKe Ha JieTaJIbHOM HCCIeJOBaHUM ITepPU0/I0B
OTMeYeHHBIX KyMMEPOBHBIX IIOBEPXHOCTel. B KaHANAATCKOM AriccepTanuu
OHOTO W3 aBTOPOB 3TOH craThu (cM. [26] m [29]), HamwmcaHHOU MO
pykoBozacTBoM IladapeBrya, 6puTa MosydeHa KiacCUPUKALMA TOTyCTa-
OWIBHBIX BBIPOXKAEHUH KOMIUIEKCHBIX K 3-IOBEpXHOCTEN, M3 KOTOPOM
ciefoBana SMUMOPPHOCTh OTOOpaKeHNA MEPUOJIOB T JJIA OTMEYeHHBIX
K3-noBepxHocreii. Bnocnezactsuu [ladapeBuy yzaenn 60blioe BHUMA-
HUe UCCIeZIOBaHUIO BEIpOXKAeHUN K 3-11oBepXHOCTeH, onpe/ieIéHHBIX Ha/
TOJIAMY KOHEYHOU xapaktepuctuku (cum. [17, 18]).

2ITo ecTb com X, ronoMopdHOro orobpakeHuss X — S HaJl TOUKAMHU S € S — 3TO OTMe-
yeHHble K 3-moBepxHOCTH THMA [.
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2.7. BeckOHeYHOMepHBIE anredpanyecKkue MHOTO0Opasus

Koneuno, Hropio PocTrciaBoBUYy Ha IPOTSHKEHUU €T'0 OJITOM XKU3HU
VAaJIOCh PEIIUTh HE BCE MAaTEMAaTHIECKUE TPOOIEMBI, KOTOPHIE BBI3bIBAIN
y Hero uHTtepec. TeM He MeHee, ero WU U MOAXOJBl K PEIIEHUI0 3TUX
nmpo6JieM UMEIOT GOJIBIIYI0 CAMOCTOATENbHYIO IEHHOCTh U MOTYT OBITh
MIPUMEHEHBI K PEIIEHUI0 MHOTHX APYTUX 3a1a4. OZHOMH U3 TaKUX Po6ieM
ABJIIETCA TaK Ha3bIBaeMas npobJiema sikobuaHd, KOTopas COCTOUT B CJie-
nytotnem. Ilycts sikobuaH

J(F) :det(g—f)

J

MTOJTMHOMMAJIBHOT'O OTOGPasKeHUs
F=(f1061, ce0 Xp)s eees (X1, ooy X)) 0 AT — AT

addunHHOTO MpocTpaHcTBa A" B cebs, onpeieIEHHOTO HaZl anrebpavye-
CKU 3aMKHYTBIM ITOJIeM k XapakTepUCTHKH HyJb, HUTZE He obpaliaeTcs
B HyJIb. Jlerko BuzeTh, uto Torga J(F) € k¥, T.e. ABIsieTcs HEHyNIEBOMR
KOHCTaHTOM. BepHo siu, umo 8 amom cayuae omobpaxcerue F obpamumo,
m. e. 18J1semcst U30MOPPUIMOM APPUHHBLX NPOCMPAHCNE?

OueBUZHO, YTO IpOb6IEMa IKOOMaHa UMEET MONOKUTENbHOE pellleHre
npu n = 1. Takke JIETKO BUZETh, UTO €€ aHAJIOTH UMEIOT OTPUIIATEbHOE
pellleHue B cIy4dae, Koraa k sBiseTcs moieM MoIoKUTETbHON XapaKTepy-
ctuku p (mpumep: F = (x + xP): A' — A') u B ciydae, korza F 3agaHo 1e-
JILIMH aHaTUTHYecKUMU GyHKIuAMU (ipumep: F = (xe”,e™): C?—-C?).

BriepBhle TpobyeMa skobuaHa Obuta chopMmyarpoBaHa B 1939 roxy
Kemtepoum (O.-H. Keller). Beuzy npocToTsl GopMynmrpoBKY 3Ta Ipobiema
npuBiekana (M MPUBJEKAET 0 CUX [TOP) BHUMAHHE OI'POMHOIO YMCIa
MaTeMaTHUKOB, OJHAKO OHA OCTA&TCs OTKPBITOU s n = 2.

Pasmbiniuisigs HaZ mpobieMoii skobuana, [lladapeBUd MIpemIOXKuI
paccMaTpuBaTh He OTJeNbHbIE OToOpaxkeHus F: A" — A" ¢ askobuaHoMm
J(F) € k*, a cpasy Bcio monyrpynmy augomopdusmos Endy: (A™) mpo-
crpanctBa A" ¢ sixobuanamu J(F) = ¢ € k* u ecTrecTBeHHOE BIIOYKEHHE
rpyamnsl aBTomopduamoB Aut(A™) mpocrpaHctBa A" B Endy(A"). s
aTOoro OH B [13] BBEN MOHATUA 6€CKOHEYHOMEPHBIX alrebpandecKux MHO-
roo6pasuii Haj 1moieM k Kak MHAYKTUBHBIX MpeiesioB X HampaBJIeHHBIX
cucrem {X;, f; ;} anrebpandecknx MHOroo6pasuii Haz monem k, nmpuuém
mopdusmbl f; ;1 X; — X, i < j, ABIAIOTCA 3aMKHYTBIMH BJIOXXKEHUAMH,
paccMmoTpen MOpQU3MBI MeXAy HUMH U B [3] HcciesoBas OCHOBHBIE
CBOWicTBa 3TUX MHOroob6pasuii. [lna adpduHHBIX GeCKOHEUHOMEPHBIX
MHoroobpasuii X (T.e. korga Bce X; B {X;, fi,j} SABJIAIOTCA aPpOUHHBIMU
MHOT000pasusAMU) OH OIPEJENUI TOHITHE KOJIblla PEryIapHBIX QYHK-
muii k[X] na X, monaTne KacaTeqbHOTO NMpOCTpaHCTBa Ty, B TOYKaX
Xx € X ¥ NMOHATHE TIAZKOCTA MHOroo6pasus X B TOUKeE, a TAKXKe J0Ka3asl
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cenyIolre YTBEpXKAeHUs. Bo-mepBrix, e f: Y — X — 3aMKHyTOE
BJIOXKeHHe 6OecKOHeYHOMepHBIX apPUHHBIX MHOT00Opasuii, X HeNpH-
BoAMMO, Y TIaZKo B TOuke y € Y u audbdepeHiiran (df)y: Tyy — Ty x
BJIOKEHUS f B TOUKE Y SBJIAETCS U30MOPPU3MOM, TO f TOXKE SBJISETCS
nszomopdpuaMoM. Bo—BTOPHIX, 6eCKOHEUHOMEPHAsA anrebpandeckas rpyi-
ma, omnpezenéHHas HaJ IOJeM XapakTepuCTHKu O, ABIAETCSI I[VIAAKUM
MHOTOoOOpasueM, W, B-TpeThbuX, Auddepeniuan (df);y eCTECTBEHHOTO
Binoxenus rpynnsl Aut(A") B Endy:(A") B TOYKEe, COOTBETCTBYIOIIEH
TOXKJECTBEHHOMY oToOpakeHuio id: A" — A", apiserca n3aoMophuaMoM.
[ToaTOMY ZAJIS1 OJIOXKUTETHHOTO PeIleHus Ipo6ieMbl SK0OMaHa 0CTalIOCh
JIOKa3aTh, YTO eCTecTBeHHOe orobpakeHue u3 Aut(A™) B Endy.(A")
ABJIAETCS 3aMKHYTHIM BIOXKeHUeM. B cBoéM zgokiaze [1] Ha ceMuHape
B CrexsoBke 17 utona 2008 roza IlladapeBrd HAMETWI IyTH IIPOBEPKU
3aMKHYTOCTHU BJIOXEHHA B IByMEPHOM ciIy4ae 2%,
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Igor Rostislavovich Shafarevich:
in Memoriam

Igor Dolgachev

The prominent Russian mathematician Igor Rostislavovich Shafarevich
passed away on February 19, 2017. He has made outstanding contribution
in number theory, algebra and algebraic geometry. The influence of his
work on the development of these fields in the second half of the 20th
century is hard to overestimate. Besides the fundamental results authored
by him and his collaborators he single-handedly created a school of Rus-
sian algebraic geometers and number theorists, many of his numerous
students consider their time spent under his guidance as the happiest time
in their life as mathematicians. He was awarded the Lenin prize in 1959 for
his work on the inverse Galois problem, had been elected to the Russian
Academy of Sciences in 1958 as a correspondent member and as a full
member in 1991. Shafarevich was also a foreign member of the Italian
Academy dei Lincei, the German Academy Leopoldina, the National Sci-
ence Academy of the USA (from which he resigned in 2003 as a protest
against the Iraq War), a member of the London Royal Society, and re-
ceived a honorary doctorate from the University of Paris. Shafarevich was
an invited speaker at the International Congresses of Mathematicians in
Stockholm (1962) and Nice (1970). His name is associated with such fun-
damental concepts and results in mathematics as the Shafarevich—Tate
group, Ogg—Shafarevich theory, Shafarevich map, Golod—Shafaevich
Theorem, Golod—Shafarevich groups and algebras, Deuring—Shafare-
vich formula and several Shafarevich Conjectures. His influential text-
books in algebraic geometry and number theory (jointly with Zinovy Bore-
vich) have been translated into English and served as an introduction to
these subjects for several generations of mathematicians. His book «Basic
Notions in Algebra» [46] is a bird’s-eye view on algebra that reveals its
vast connections with many other fields of mathematics and has become
a favorite book in the subject for many mathematicians. We quote from the
preface to a collection of papers «Arithmetic and Geometry» published in
two volumes by Birkh&duser in 1983 and edited by M. Artin and J. Tate [2]:

https://arxiv.org/abs/1801.00311
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«Igor Rostislavovich Shafarevich has made outstanding contributions in
number theory, algebra and algebraic geometry. The flourishing of these
fields in Moscow since World War I owes much to his influence. We hope
these papers, collected for his sixtieth birthday, will indicate to him the
great respect and admiration which mathematicians throughout the world
have for him.»

In the Preface to [41] Shafarevich writes «At the end of the sixties
the perception of life began to change. The passiveness of thinking and
muteness became feel as irresponsibility. This new feeling seemed to turn
me to another road. Otherwise I would stay till the end of my life in my
profession as a mathematician, and my interest to history would remain
as a hobby. Instead of this I had acquired the second working profes-
sion to which I devoted with more and more strength.» The subsequent
non-mathematical activity that led to his numerous publications on social
issues had at the same time tarnished and magnified his reputation among
different layers of society in Russia and the West.

Biography

Igor Rostislavovich Shafarevich was born in 1923 in Ukrainian town
Zhitomir. The name of the town is explained by the old Russian word
«zhito» that means «rye». The same town was the birth-town for many fa-
mous Russians, for example, the pianist Svyatoslav Richter who remained
a life-long friend of Shafarevich.

Shafarevich’s father Rostislav Stepanovich graduated from the math-
ematical department of the Moscow State University (MGU) and, after
moving to Moscow, lectured in theoretical mechanics at one of the Insti-
tutes of Higher Learning. His mother Julia Yakovlevna was a philologist
and a gifted pianist. Apparently, she comminicated to his son his life-long
passion of classical music and the Russian literature.

Igor’s first serious interest as a child was in history to which he was
devoted till the end of his life. His other love was mathematics. Still at
school, he took exams in mathematics at MGU from which he had gradu-
ated in 1940 at age 17. Although he did not have a formal thesis adviser, his
advisor for the master thesis was Boris Nikolaevich Delone. Other mathe-
maticians whom he acknowledged as his mentors were Israel Moiseevich
Gelfand and Alexander Gennadievich Kurosh. He had finished the grad-
uate school at MGU with a Ph.D. dissertation with topic ‘On normiering
of topological fields’ in 1943 at age 20. During the World War II, together
with the university, he was evacuated to Ashkhabad, and later to Kazan.
After returning to Moscow, he had defended his second thesis (a Russian
version of German Habilitation) in 1946. In his thesis he described all
p-extensions of the field of p-adic numbers and non-ramified extensions
of the fields of algebraic numbers. His doctoral committee included such
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prominent Russian mathematicians as Dmitry Konstantinovich Faddeeyv,
Anatoly Ivanovich Maltsev and Nikolai Grigorievich Chebotarev. After the
defense of his thesis and until his death he worked at the Steklov Institute
of Mathematics. Also since 1944 he was teaching at MGU where in the
sixties he founded his famous Seminar in Algebraic geometry. In 1975 he
was fired from the university because of his dissident activity. His semi-
nar had been moved to the Steklov Institute where it still weekly meets
on Tuesdays. For many years he was directing the Algebra section of the
Institute and was credited to make it into the worldwide renowned cen-
ter of mathematical activity in algebra, algebraic geometry and number
theory. Although he was sometimes addressed by his students as a «boss»,
there was never anything bossy in his relationship with his students, col-
leagues and ordinary Russian people who later were coming to him for an
advice on social issues. He always respected his numerous students and
colleagues, treated them as equal, and was ready to help them in their
mathematical careers and difficult periods of their life. Some of them were
his true friends with whom he shared his passion for mountains hikes and
who helped him in his dissident activity.

Shafarevich’s scientific honesty is revealed clearly in his mathematical
writings. His attribution of known results and historical references should
serve as instructive examples for mathematicians of later generations. On
several occasions he stood up to express critical opposition to theses de-
fenses in the mathematics department at MGU (including the Habilitation
thesis of his former student A. Zhizhenko, now a full member of the Rus-
sian Academy of Science, who became a Soviet bureaucrat).

Students

Since late forties, Shafarevich began advising Ph.D. dissertations. If
he were not fired from the University his list of students would be much
larger. The following is, hopefully complete, list of his Ph.D. students.
Together with the descendants the list contains more than 300 names.

Scientific work: Number Fields

In his Habilitation dissertation Shafarevich studied non-abelian p-ex-
tensions of local and global fields. For example, he proves that given a
finite degree n extension of the field Q, of rational p-adic numbers that
does not contain p-roots of unity, the Galois group of its finite p-extension
is a quotient of a free group with n + 1 generators [20]. For this work
Shafarevich was awarded the prize of the Moscow Mathematical Society.
In his next work he made a major contribution to number theory by giv-

a,f

ing an explicit formula for the local symbol (T) [21]. The formula is
reminiscent of a familiar formula for the residue of an differential on a
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Ta6muna 1: Ph.D. Students

Abrashkin Victor MGU 1976
Arakelov Suren J. MGU 1974
Averbuch Boris G. MGU 1964
Belyi Gennady V. MIAN 1979
Berman Samuil D. MGU 1952
Demyanov V. V. MGU 1952
Demushkin Sergei, MGU 1959
Dolgachev Igor V. MGU 1970
Drozd Yurii A MGU 1970
Gizatullin Marat H. MGU 1970
Golod Evgeny S. MGU 1960
Koch Helmut MGU 1964
Kolyvagin Victor A. MGU 1981
Kostrikin Alexsei I. MIAN 1960
Kulikov Valentine S. MGU 1975
Kulikov Viktor S. MGU 1977
Nikulin VyacheslavV. MGU 1977
Lapin Andrei L. MGU 1952
Manin Yuri I. MGU 1961
Markshaitis Gamlet N. MGU °?

Medvedev P. A. MGU °?

Milner A.A. MGU °?

Neumann Olaf MGU 1966
Pavlov ? MGU °?

Parshin Alexei N. MGU 1967
Rudakov Alexei N. MGU °?

Shabat George B. MGU 1976
Todorov Andrey N. MGU 1976
Tyurina Galina N. MGU 1963
Tyurin Andrei N. MGU 1965
Vvedenskii Oleg N. MGU 1963
Zhizhchenko Alexei B. MGU 1958

Riemann surface. The theory developed in his dissertation gave a new
approach to the global and local class theory (see [14]). His next work was
even more impressive. In paper [22] of 1954 he solves the inverse Galois
problem for solvable groups in the case of fields of algebraic numbers.
A gap in the proof of this fundamental result pointed out much later by
H. Koch and A. Schmidt was fixed by Shafarevich in 1980 in one of the
footnotes to his Collected Works [36], p. 752. The proof was based on his
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earlier paper on construction of p-extensions of algebraic number fields
and uses new pioneer methods of homological algebra developed around
this time by D. K. Faddeev. A complete proof using new tools can found in
the book [19].

The next problem addressed by Shafarevich was the problem of em-
bedding of local and global fields k. Given a Galois extension L/k with
Galois group G and its Galois subextension K /k, the subgroup of G fixing
elements from K is a normal subgroup of G with quotient group G’ iso-
morphic to the Galois group of K /k. Giving a surjective homomorphism
of groups G — G’, the embedding problem asks whether there exists an
embedding of a Galois extension K /k with Galois group G’ into a Galois
extension L/k with Galois group G that realizes the surjective homomor-
phism as the quotient map. In the case when G is abelian and the surjec-
tion G — G’ with kernel H makes G to be a semi-direct problem H X G,
the problem was solved in 1929 by A. Scholz. Shafarevich generalizes this
result to the case where H is a nilpotent group of certain class. He returns
to the embedding problem later in a joint work with his former student
Sergei Demushkin first considering the case of local fields [9] and later
the case of global fields [10].

In 1963 he published an impostant paper in Publ. Math. IHES [25]
(a rather rare event after War World IT when a Soviet mathematician pub-
lishes in a Western journal) on the problem of p-extensions of algebraic
number fields by considering finite extensions of these fields with a fixed
set S of ramified divisors. In the case when S is the empty set, he shows
that the minimal number d of generators of the Galois group of the exten-
sion and the number r of minimal relations between generators satisfies
inequality r <d + p, where p is the number of generators of the group of
units of the field.

At his talk at the ICM in Stockholm, he remarks that if one proves that
r(G) — d(G) — =, where the limit is taken over the set of all p-groups,
then the class field tower problem on the existence of infinite unramified
extensions of an algebraic number field has a negative solution. In a joint
work with his former student Evgeny Golod [11] he proves that the limit is
in fact goes to infinity solving in this way a classical fundamental problem
in number theory of more than 40 years old.

Scientific work: Elliptic curves

The transition of Shafarevich’s interests from number theory to alge-
braic geometry was rather smooth and was based on his, now famous,
work on elliptic curves. Already in 1956 in his talk at a Third Congress
of Soviet Mathematicians he points out to the analogy between the prob-
lem of embedding of fields of algebraic number fields and the problem
of classification of elliptic curves over such fields. Both problems use the
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local-to-global approach: find a solution for all completions of the field
and decide whether it leads to a solution over a global field. In the case
of elliptic curves this leads to a question whether the set of elliptic curves
with a fixed absolute invariant isomorphic to a fixed curve over all com-
pletions of the field is finite. In a short announcement note [23] published
in Doklady AN SSSR he shows that the set of elliptic curves isomorphic
to a fixed curve over some extension of the ground field form a group
that admits a cohomological interpretation as the first Galois cohomology
group with coefficients in the group of points of the Jacobian curve. The
fact that such a set forms an abelian group was not new; in the case
when the ground field is the field of real numbers it was discovered by
Francois Chételet in 1947 whose construction uses the same cocycles. In
1955 A. Weil extends this result to the case of abelian varieties of arbitrary
dimension although he did not give a cohomological interpretation of the
group. The paper of S. Lang and J. Tate of 1958 gives a foundation of
the theory of principal homogeneous spaces over abelian variety based
on its cohomological interpretation (without reference to Shafarevich’s
paper). They call the group the Chéatelet group, later known under the
name the Weil-Chételet group. In the same paper Shafarevich proves that
the subgroup of the Weil-Chételet group of elements that admit a point
of degree n over the ground field (and hence birationally isomorphic to
an elliptic curve of degree n 4+ 1 in P") and isomorphic to its Jacobian
curve over all completions of the field is a finite group. In the subsequent
paper [24] in Doklady Shafarevich proves the existence of elliptic curves
of arbitrary degree n not isomorphic to any curve of smaller degree giving
a solution of an old problem in the theory of diophantine equations.

In 1967 during his stay in Paris, Shafarevich cooperates with John Tate
to construct examples of elliptic curves over the functional field k(t) with
finite field k whose Mordell-Weil group of rational points has arbitrary
large rank [50]. The analogous statement where the field k(t) is replaced
with the field Q of rational numbers is still a conjecture in number theory.

In 1961 Shafarevich publishes a paper devoted to a systematic study of
the Weil-Chatelet group H*(K, A) of an abelian variety A over a field K
of algebraic function in one variable over an algebraically closed field k.
Thus he divides this study into three parts by determining the structure
of three groups: the local group H! (K,, A,), where the field K is replaced
by its completion, the kernel and the cokernel of the restriction homo-
morphisms to the product of these groups with respect to the set of all
completions of K. The kernel group (where K is replaced by an arbitrary
field) was later named the Shafarevich—Tate group and Shafarevich’s
contribution to the theory of elliptic curves was specially honored by a
common acceptance of using the Russian letter for its notation I1I(A).
The similar theory and about the same time was independently devel-
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oped by Andrew Ogg in Berkeley. Later on, the theory was given a more
modern approach by Grothendieck who gave a cohomological interpre-
tation of III(A) as the first etale cohomology group with coefficients in
a sheaf over a curve C with the field k(C) of rational functions isomor-
phic to K which is represented by the Néron model of A. The main result
of Ogg and Shafarevich on the structure of I11(A) is now known as the
Grothendieck—Ogg—Shafarevich formula. In their work, Ogg and Sha-
farevich restricted themselves only with the part of the Weil—Chatelet
group prime to the characteristic of k. The subsequent work of several
people including Oleg Vvedensky, a student of Shafarevich, finished the
work by settling the p-part [5].

It is remarkable that the last published work of Shafarevich at the age
of 90 years was in number theory. In [35] he gives a new proof using
the theory of modular forms of Stark’s theorem that there are only nine
imaginary quadratic fields with class number one.

Scientific Work: Algebraic Geometry

It seems that Shafarevich was always interested in algebraic geome-
try, for example, in 1950 he authored an article on algebraic geometry in
Russian Encyclopedia. In his paper [24] he gives a reference to a paper
of Enriques of 1899 that contains some geometric analogs of some of his
results. It should be said that algebraic geometry and the theory of alge-
braic functions in one variable were always outside of interests of Russian
schools in mathematics. The only textbook in this field was Chebotarev’s
book [7] published in 1948 that gives an exposition of algebraic theory of
algebraic curves. In 1961-1963 Shafarevich and a group of his students
run a seminar on algebraic surfaces whose goal was to understand some
of the classical works of Italian algebraic geometers from a modern point
of view. The new techniques based on topological methods and the use of
the new theory of cohomology of algebraic coherent sheaves developed
earlier by Jean-Pierre Serre were common tools in their work. The same
activity was also undertaken about the same time by Oscar Zariski and
David Mumford in the USA and Kunihiko Kodaira in Japan. A book ’Alge-
braic surfaces’ had appeared in Russian in 1965 and had been translated
into English in the same year. For many years this book has been the only
source of learning the classification of algebraic surfaces from a modern
point of view. Shafarevich himself contributed two chapters to the book.
In one of them he translated his previous work on principal homogeneous
spaces of elliptic curve into geometric language, in particular, reconstruct-
ing Enriques’ work on elliptic surfaces. In another he gave a modern proof
of Enriques’s criterion of ruledness of algebraic surfaces. As his students
acknowledge, his influence on the book as a whole was much greater than
just contributing two chapters. A very appropriate epigraph chosen to the
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book reflects very well Shafarevich’s admiration of classical works «Ais-
chylos said that his tradegies were leftovers from great feasts of Homer.»

In 1971 Shafarevich turned his attention to the study of complex K3
surfaces which represent the most interesting two-dimensional analogs
of elliptic curves. Their occurrence in many areas of mathematics and
even mathematical physics is really remarkable. They share one common
property with elliptic curves: the existence of a unique, up to proportion-
ality, holomorphic differential form of highest degree. However they differ
from elliptic curves by the property that they are simply-connected. It is a
simple fact that the complex structure of an elliptic curve is determined by
its periods, i.e. the values of integrals of its holomorphic form on a basis of

1-homology of the curve. Considered as a vector ( f . @ fY w) modulo
1 2

proportionality and modulo of the group SL,(Z) acting via basis changes,
it represent a point in C that determines the curve up to isomorphism.
The proof of this fact follows easily from representing an elliptic curve
as the quotient of C by the lattice spanned by the periods. The absence
of this representation for K3 surfaces made André Weil’s guess that the
periods of K3 surfaces should also determine its holomorphic structure
seemed to be too daring to attempt to prove. Weil himself recognized this
by giving the naming K3 surfaces: «il s’agit des variétes kihleriennes dites
K3, ainsi nominées en 'honneur de Kummer, Kéhler, Kodaira et de la belle
montagne K2 au Cachemire.»

Nevertheless, a joint joint work with Ilya Iosephovich Pyatetsky-
Shapiro has done exactly this. They proved that a projective complex
algebraic K3 surface is uniquely determined by its vector of periods mod-
ulo proportionality and changes of a basis in the subgroup of 2-homology
group orthogonal to the class of its hyperplane section. This result became
known as the Global Torelli Theorem for algebraic K3 surfaces named after
an Italian algebraic geometer Ruggiero Torelli who proved a similar result
for algebraic curves [29]. A corollary of this theorem allowed them to
reduce the study of the automorphism group of a K3 surface to some
arithmetical property of an integral quadratic intersection form of alge-
braic cycles on the surface. This became an essential tool in subsequent
extensive study of automorphism groups of K3 surfaces.

The absence of topological and analytical methods in study of K3 sur-
faces defined over fields of positive characteristic seemed to be unsurpass-
able obstacle for the extension of study of K3 surfaces in this case. A paper
of Michael Artin [3] (which Shafarevich acknowledged to me as one of the
most beautiful paper he had read in his life) was a breakthrough in this
direction. In it Artin introduced the periods of supersingular K3 surfaces,
the surfaces that are distinguished by the property that they have maximal
possible number of linearly independent algebraic cycles. In a long series



42 Igor Dolgachev

of influential papers with his former student Alexei Rudakov, Shafarevich
undertook a comprehensive study of K3 surfaces over fields of positive
characteristic. Thus, they prove unirationality of K3 surfaces in this case,
prove non-degeneracy of supersingular K3 surfaces, the absence of non-
trivial regular vector fields on K3 surfaces and laid the foundations for
theory of inseparable morphisms of algebraic varieties. Using the non-
degeneracy results of Shafarevich and Rudakov, Arthur Ogus was able to
prove a Global Torelli Theorem for supersingular K3 surfaces over fields
of odd characteristic.

The Global Torelli Theorem for K3 surfaces together with the Surjectiv-
ity Theorem for K3 surfaces proved by his former student Andrei Todorov
allows one to construct a coarse moduli space for algebraic K3 surfaces
as an arithmetic quotient of a Hermitian symmetric domain of orthogonal
type. Apparently Shafarevich was interested in the theory of arithmetic
groups and automorphic functions for a long time. In 1954 he wrote a
preface and edited the Russian translation of Siegel’s book [48]. In his
paper with Pyatetski-Shapiro [26] he studies a pro-algebraic variety with
the field of rational functions equal to the limit of the fields of automor-
phic functions of subgroups of finite index of a discrete arithmetic group
of automorphisms of a bounded symmetric domain. The second volume
of his ‘Basic Algebraic Geometry’ ends with a discussion of a problem of
uniformization of algebraic varieties and makes his famous Shafarevich
Conjecture that suggests that the universal cover of a complex projective
variety X must be holomorphically convex. Equivalently, it conjectures
that its universal cover admits a proper map to a Stein manifold with
connected fibers. Another reformulation, due to Janos Kollar, is that there
is a proper map shy: X — III(X) onto a normal variety I11(X) with con-
nected fibers that contracts all closed subvarieties Y of X such that the
natural homomorphism of the fundamental group 7t; (Y”) of a a resolution
of singularities of Y to the fundamental group 7, (X) has finite image.
Kollar named a map with this property the Shafarevich map. His mono-
graph [15] contains an extensive study of the Shafarevich Conjecture and
culminates with a proof of an existence of birational map sh’, with the
similar properties. The Shafarevich conjecture is closely related to the
group-theoretical properties of 7;(X), for example, with the existence
of its faithful representation in a simple compact Lie group with dense
image.

The Shafarevich map shy should be considered as a non-abelian gen-
eralization of the Albanese map ay: X — Alb(X) that has the same prop-
erty with respect to abelian unramified covers of X. In his popular article
in Mathematical Intelligencer in 2009 [32] he proposes that the deep-
est challenges of the modern mathematic can be summed up as a «non-
abelianization of mathematics». He acknowledges that the «non-abelian
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mathematics of the future» philosophy also inspired him when he was
starting his work in mathematics.

The combining interest of Shafarevich to number theory and algebraic
geometry is explained by many close analogies between the two theo-
ries that goes back to Leopold Kronecker and David Hilbert. Shafarevich’s
talk at the ICM in Stockholm in 1962 is entirely devoted to the connec-
tions between the two fields. In particular, he stated two very influential
conjectures in his talk. The analog of the Hermite conjecture about the
finiteness of the number of finite extensions of an algebraic number field
with the fixed discriminant becomes his conjecture about the finiteness of
the set of algebraic curves of fixed genus g > 0 over a number field k with
fixed discriminant and an analog of Minkowski’s theorem that there are
no unramified extensions of Q that now states that there are no smooth
families of curves of positive genus over Spec(Z). The attempts to prove
the firt conjecture played a crucial role in Falting’s proof of the Mordell
Conjecture.

The beginning of the sixties was the time when many algebraic geome-
ters of the present and earlier generations had to reeducate themselves in
learning the new language of algebraic geometry developed by the funda-
mental work of Alexander Grothendieck. Bombay Lectures of Shafarevich
on minimal models of two-dimensional schemes over a discrete valuation
ring [27] together with Mumford’s Lectures of curves on algebraic surfaces
[17] were instrumental tools for accomplishing this goal.

In [39] Shafarevich stated a conjecture: the set of Picard lattices of
K3 surfaces defined over a field of algebraic numbers of degree n over Q
is finite. He proves this conjecture for K3 surfaces with maximal Picard
number equal to 20. He proves a geometric analog of this conjecture for
one-dimensional families of Kummer surfaces. In a paper [40] published
in the same year he studies the Shimura variety of abelian surfaces with
quaternionic multiplication (fake elliptic curves) and proves that the num-
ber of isomorphism classes of non-constant fake elliptic curves defines
over an extension K/C(t) of degree < n is finite.

Scientific Work: Algebra

The work of Shafarevich in number theory led him to some funda-
mental problems in group theory. Thus, the solution of the problem of
the existence infinite tower of class field towers led him and Golod to
proving that r > (%1)2, where r is the smallest number of generators of
a p-group G and d is the smallest number of its generators. It is known
the numbers r and t =r — d can be interpreted in terms of the group
cohomology as r =dim H'(G, Z/pZ) and t = dim H?(G, Z/pZ). Thus the
Golod—Shafarevich inequality becomes an equality on the Betti numbers
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b; of the graded algebra of cohomology H* (G, Z/pZ). The main implica-
tion of the Golod—Shafarevich inequality (later improved by E. Vinberg
and P. Roquette to the form r < d?/4) is that the small number of relations
compared to the number of generators implies that the group must be
infinite. In this way, a statement of this sort in different categories can
be proved by similar methods and is referred as a Golod—Shafarfevich
Theorem. This led also to the definition of a Golod—Shafarevich group
as a p-group with certain properties of its presentation that implies that
the group is infinite. There is an extensive study of Golod—Shafarevich
groups and their analogs in other categories. Also there are new applica-
tions of the Golod—Shafarevich theory. For example, Alexander Lubotsky
proved that the fundamental group of a hyperbolic 3-manifold of finite
volume contains a Golod—Shafarevich subgroup of finite index.

In 1964-66 Shaferevich run a seminar at the Steklov Insitute on Car-
tan’s classification of simple transitive transformation Lie pseudogroups.
A result of this seminar is a joint paper of Shafarevich and his former
student Alexei Kostrikin [16] in which they make a very important obser-
vation that Cartan’s classification is closely related with the classification
of restricted Lie algebras over a field of characteristic p > 0. A transitive
Lie algebra of a Lie pseudogroup admits a natural filtration defined by
transformations that preserve k-jets of function at a fixed point that be-
comes an infinite-dimensional graded Lie sometimes infinite-dimensional
Lie algebra. An important role in Cartan’s classification is played by four
algebras realized as subalgebras of the algebra of derivation of the alge-
bra of formal power series k[[¢,, ..., t,]1] over a field k of characteristic
0: algebra of all derivations 2,; all derivations 9 that preserve the vol-
ume form w =dt; A--- Adt,; all derivations that preserve a symplectic
form; all derivations d such that d(w) = fw for some f € k[[ty, ..., t,]1].
The algebras have ideals of finite codimension that consist of derivations

= fia% with f; € (¢}, ..., t,)P. In characteristic p > 0O they represent

new so-called nonclassical restricted Lie algebras. They further made a
bold conjecture that the class of restricted Lie algebras consists of classical
ones and the four algebras as above. In 1988 Richard Block and Robert
Wilson proved this conjecture [6].

The study of Cartan pseudogroups led Shafarevich to study of infi-
nite-dimensional groups of biregular transformations of affine algebraic
varieties. In his brief note [28] (named the «Italian paper») Shafarevich
announced some fundamental results about the structure of the group of
automorphisms of the ring of polynomials in n variables based on his the-
ory of infinite-dimensional algebraic groups. Answering some criticism of
the lengthy review of the paper by T. Kambayashi, he returns to this topic
15 years later by giving in [30] some detailed proofs of the announced
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results and laying a foundation for the concept of an infinite-dimensional
algebraic group. He proves that in the case when the characteristic is zero,
it is nonsingular infinite-dimensional algebraic variety. Another important
result is that the group of automorphisms Aut(k[x;, ..., x,,] is generated
as an algebraic group by affine transformations and de Jonquiéres trans-
formations and its subgroup Aut(k[x, ..., x,]%f automorphisms with
trivial jacobian is simple as an algebraic group. Note that both results are
not true for the group of abstract automorphisms of the ring. According to
I. Shestakov and U. Umirbaev [47], the group generated by affine and de
Jonquiéres transformation is a proper subgroup of Aut(k[x,, ..., x3] and
according to a result of Vladimir Danilov [8] the group Aut(k[x,, ..., xz]O
is not simple as an abstract group. In 2004 he returns to his theory
of infinite-dimensional groups by studying the group GL(2, K[t]). He
defines two different structures of an infinite-dimensional algebraic group
on GL(2,K[t]) and studies singular points of their finite-dimensional
closed subschemes.

In a paper [31] Shafarevich studies the algebraic variety .o, parameter-
izinng finite-dimensional nilpotent commutative algebras of dimension n
over a field. For example, in [31], he considers such algebras N of nilpotent
class 2, i.e. satisfying N®> = 0. In the case when the ground field is alge-
braically closed and of characteristic zero he proves that the irreducible
components of .¢/, coincide with its subvarieties ./, , parameterizing al-
gebras N satisfying dim N2 =r assuming that 1<r<(n—r)(n —r+1)/2.
He reveals an interesting behavior of the number of the irreducible com-
ponents of .«/,,.

Books

The name of Shafarevich is familiar to any mathematician, especially
to a student, who looks for a background in algebraic geometry. His text-
book ‘Basic Algebraic geometry’ first published in Russian in 1968, then
republished in 1972, and later published in an vastly extended version in
1988, and finally republished in 2007. The 1972 edition was translated into
English by K.A. Hirsch in 1974 and in German by Rudolf Fragel. The 1988
and 2007 editions were translated in English by Miles Reid in 1994 and in
2007.

Another well-used textbook written jointly with Zinovy I. Borevich is
«Theory of numbers». Its first edition was published in Russian in 1964
and republished in 1972. It was translated into German by Helmut Koch,
into English by Newcomb Greenleaf in 1966, and into French by Myriam
and Jean-Luc Verley in 1967.

Shafarevich published also several books for a broad audience. A
book «Geometry and groups» written jointly with his former student
Vyacheslav V. Nikulin and published in Russian in 1983 deals with 2-and
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3-dimensional locally Euclidean geometries and their transformation
groups. It was translated to English by Miles Reid in 1987.

A book «Discourses on algebra’ translated to English from Russian by
William Everett in 2003 is addressed to high school students and teachers.
In words of the author, the task of the book is to show that algebra is juts
as fundamental, just as deep, and just as beautiful as geometry.

For many years Shafarevich was one of the editors of several volumes
of «Encyclopedia of Mathematical Sciences» published by Springer as
translations from Russian originals published in Itogi nauki i tekniki.
Sovremennye problemy in matematiki. Fundamentaln’ya napravleniya.
He contributed to the volumes himself writing jointly with Vassily A.
Iskovskikh an article about algebraic surfaces in ‘Algebraic geometry’, vol.
3. His other contribution to the series is his book ‘Algebra I» published in
1990 and reprinted in 1997. This masterpiece gives a beautiful exposition
of main concepts and ideas of algebra from a broader perspective of a
mathematician working in different areas of mathematics. This confirms
Shafarevich’s life-view of mathematics as a whole body with ideas freely
circulating from one field to another.

Non-mathematical activity
Dissident movement

We refer to Krista Berglund’s dissertation [4] for a meticulously re-
searched comprehensive study of this part of his life. Another rather de-
tailed account of Shafarevich’s activity as a dissident can be founs in the
book of Robert Horvath [13]. Here we restrict ourselves only with a brief
summary of Shafarevich’s public life outside of mathematics.

Already in 1955 Shafarevich was courageous enough to sign a letter,
along with other 300 scientists, denouncing the works of the Soviet bi-
ologist Trofim Lysenko who, using his power under Stalin, opposed and
prosecuted scientists working in genetics theory. In 1968, he was one of the
99 cosigners of a letter in defense of a mathematical logician Aleksander
Esenin—Volpin who was forcible taken to psychiatric hospital. writing the
letter deprived many of them of a possibility to travel abroad. Since 1971
he took part in the Moscow Human Rights Committee organized by Andrei
Sakharov. In September 1973 Shafarevich wrote an open letter in defense
of Sakharov. In 1975, because of his dissident activity, he was fired from his
teaching position at the University (in 1949, for unknown reason, he was
also briefly fired from this position). It deprived the university of a brilliant
mathematician, a popular lecturer and a mentor of graduate students. As
in the case of Sakharov, the membership in the Soviet Academy of Sciences
and the worldwide fame as a scientist prevented the authorities to impose
a harsher punishment.
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In 1974 Shafarevich leaves Sakharov Human Rights Committee and
begins to collaborate with Alexander Solzhenitsyn in publishing an an-
thology «Is pod glyb’ (‘From under the rubble’) [49]). First published in
Russian by IMCA-Press in 1974, it had been translated next year in France,
USA, England and Germany. In this collection of articles, the authors who
resided in Russia at that time discuss the present and the possible future
of their country. It has been condemned by official Soviet propaganda as
expressing the hatred of socialistic ideas. The book had been also con-
demned by many left-inclining Russian dissidents as expressing Russian
nationalism, chauvinism and an attempt to replace a democratic society
with an autocratic one. Shafarevich contributed three essays, on ethics,
on the national problem, and on socialism. The latter one was the syn-
opsis of his book [43] which he has already written a year before but
would publish later with a foreword by Solzhenitsyn in 1977 by YMCA
Press. The book had been translated into French the same year. Even
before the book was released in the West, Solzhenytsyn was forcefully de-
ported from Russia, so Shafarevich had to take the responsibility to discuss
the book at several press-conferences for foreign journalists (New-York
Times, Frankfurter Algemeine, BBC). On many occasions Solzhenitsyn ex-
pressed his respect of Shafarevich. Thus he writes in his essay «Bodalsia
telenok s dubom» of 1975: «We have two thousand people in Russia with
world-wide fame, for many of them, it was much louder than for Sha-
farevich (mathematicians exist on Earth in weak minority), however as
citizens they are zeros because of their cowardice; and from this zero
only a dozen took over and have grown to a tree, and among them is
Shafarevich.» On another occasion he wrote: «The depth, the solidity of
this man, not only in his figure, but in all his live-image, were imme-
diately noticed and attach.» In 1973 Shafarevich was among a very few
members of the Academy of Sciences who protested against the malicious
campaign in Soviet Press directed at Andrey Sakharov. He writes an Open
Letter distributed in Samizdat and abroad. Next year he writes two letters
protesting against the deportation of Alexander Solzhenitsyn with a bit-
ter reproach to the Russian population for the unconcerned silence and
even supporting of this decision. On many other occasions Shafarevich’s
name could be found on various petitions in defense of unlawfully prose-
cuted human right activists (including mathematicians Leonid Plusz, Yuri
Gastev and a physicist Yuri Osipov). Together with Sakharov he continued
to appear at the court processes.

After 1979 Shafarevich had stepped aside from the dissident move-
ment. Although some of the dissidents tried to relate it to a crackdown
on the dissident movement that started this year, this is no way explained
by his cowardice as his whole life amply justifies. As Shafarevich writes
himself, he got disappointed with the movement causes (like the preoccu-
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pation with the right to the Jewish emigration) that he considered minor
comparing to the real problems of the Russian people.

Political activity

After Perestroika, Shafarevich began taking an active part in Russian
political life. First supporting Yeltsyn and Sakharov, in series of articles
in «Nash Sovremennik» he began to criticize the current regime for the
drastically economical changes that left ordinary people with shortages
and poverty. He also critizised the plans for the creation of the Soviet
Sovereign Republics which de facto should be dissolving the USSR. His
main complaint was this important issue had to be given a serious pub-
lic discussion. The announcement of the decision had appeared five days
before the date of its signature. The August Putsch of 1991 that followed
after this was a tragic event (unfortunately one of many!) in Russian his-
tory. In his post-putsch articles he compared the dissolvment of the Soviet
Union and the Communist Party with the revolution that led wide circles
of ordinary people to despair with the new idealogical and economical
situation.

As a result of this event Shafarevich made a decision to «to go into
politics». Joining the opposition camp to the regime that was claimed in
the Western media as a progressive one made another blow to his rep-
utation. In December 1991 he joined the All-Union of Russia and spoke
at its first congress. The new political body that united representatives
of many patriotic and democratic movements disillusioned with Yeltsin
was claimed in the West as «the new right», (proto)-fascist and the «red-
browns». The address of Shafarevich appealed to droping all sectarian
interests and work on behalf of the Russian people. In February 1992, he
was elected (although he did not stand for this) to the central council of
the similar new organization the People Gathering of Russia (Rossiiskoe
Narodnoe Sobranie, RNS). The biased coverage of this organization by the
official media, in particular blaming it for the assault of its members of
the Moscow TV station at Ostankino was the subject of sharp criticisim of
Shafarevich.

In October 1992 Shafarevich joins the organizing committee of the
National Salvation Front representing various idealogical doctrines. Very
soon, by decree, Yeltsin banned the Front. In his statement at the Front’s
press-conference, Shafarevich compared this with his experience as a
dissident 20 year ago. At that time, Yeltsin was able to consolidate
his power granted to him after the August Putsch and his relationship
with the Congress of the Deputies (DUMA) had reached its worst. The
statement of the organizing committee signed by Shafarevich demanded
that Yeltsin and his government take the responsibility for the hardship
of ordinary people and suggested that the Front is ready to take the
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new executive power to prevent the country from collapsing. As Krista
Berglund suggests «the moderation and sanity penetrating the Front’s
statement together with lucid style and many formulations and em-
phases familiar from Shafarevich’s statements make it plausible that he
significantly contributed to it."The subsequent confrontation between
Yeltsin and the Congress of the Deputies led to Yeltsin’s decision to
have a referendum that should choose his power versus the power of
the Congress. To this referendum Shafarevich vehemently opposed by
demanding instead of general elections of the President and the new
Congress. As is well-known this confrontation had ended in the bloodshed
near the building of the Parliament that left hundreds dead. Although the
Front did not play any organizational role in this conflict, many of his
members participated in it on the side of the Parlament, compromising
the Front itself. After an unsuccessful attempt to get elected in the new
Parliament as representative of the Party of the Constitutional Democracy,
Shafarevich ended his political activity. Ten years later, when asked by
Krista Berglund ‘whether he had a feeling that this thing [participating in
political organizations] was not quite «my own», his answer was emphatic
Yes except when he participated in the National Salvation Front. After
1995, he had left all the political parties. However, since 2012 he agreed
to be on the editorial board of the journal «Questions of Nationalism» of
the National Democratic Party of Konstantin Krylov.

Non-mathematical writings

A three volumes collected works of Shafarevich were published in 1994
[41]. In 2014 the Institute of Russian Civilization Later published a six-
volume collected works that contains a lengthy introduction [45]. The last
volume is devoted to his mathematical works. From the preface: «Sha-
farevich is a classic of Russian national thought. His books enter into the
golden fund of Russian national heritage. For millions of Russians, the
thoughts expressed in them become a guide in their spiritual and social
life.» Many of the non-mathematical works collected in the first five vol-
umes were published abroad in Russian or other languages. The first such
publication that appeared in YMCA Press in 1973 was his report «Zakon-
odatelstvo o religii v SSSR» (The legislation on religion in USSR») for the
Human Rights Committee. The French translation had been published in
1974 by Editions du Seuil, Paris. His second book «Socialism kak yavlenie
mirovoy istorii» («Socialism as a phenomenon of world history») was pub-
lished by YMCA Press in Russian in 1977 and translated into French in the
same year by the same publishers as the previous book. Later it has been
translated into English as «The socialist Phenomenon» by Harper Collins
in 1980 and published by Pegnery Publ. The first translation contains a
preface written by A. Solzhenitsyn.
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Around the same period of the seventies Shafarevich began writing his
most controversial opus «Russophobia» that brought him at the same time
love and admiration from wide circles in Russia and made him a person
non-grata among wide circles of Russian and Western democratic intel-
ligentsia. Although not invented by Shafarevich, the word «Russophob»
became often associated with his book. Being distributed in Samizdat in
Russia since 1982, it had been officially published (in abridged version) in
Russia in 1988 by a literary magazine «Nash Sovremennik». In the same
year the Russian original was by Munich-based journal Veche. It was fol-
lowed by translations into Italian (Insigna del Veltro, 1990), French (Edi-
tion Chapitre Douze, 1993), Serbian (Pogledi, 1993) and German (Verlag
der Freunde, 1995). It is amazing that no commercial English translation
has appeared so far (although Hitler’s Mein Kampf is widely available both
in Press and in Internet). A non-commercial translation was made by Joint
Publication Research Service of the US Department of Commerce in 1990
and by a mathematician Larry Shepp in 1992 on his own initiative. Never
considered by Shafarevich as his most important work, it nevertheless
made his name first time widely known in the West outside of mathemati-
cal circles. In this book Shafarevich borrows the theory of French historian
Augustin Cochin (1876-1916) who claimed that the French revolution of
1789 had been initiated by a small group of intellectuals constituting Malyi
Narod («Lesser or Small People») and was opposed to the «Large People»
who represent the organic basis of the given society. Although Shafarevich
did not claim that in the modern Russian history the «Small People’ con-
sisted entirely of Jews, he tried to demonstrate that they indeed occupied
the major part among this group. As probably happens in any historical
study, some of the factual material and citations were chosen rather se-
lectively to prove his point.

The second volume of the collected works reprints «Russophobia» to-
gether with other important articles written in the nineties. Among them
is one of the most important article « Dve dorogi k odmomu obryvu»
(«Two roads to the same abyss"). In this article written for the collection
«Iz pod Glyb» which we mentioned earlier, Shafarevich rejects both the
Socialistic and the Western Democratic style for the future development
of Russia and searches for a middle way via spiritual reborn of the nation.

Volume 4 of the collected works reprints another book of Shafarevich
«Three thousand years of mystery. History of the Jews from perspectives
of modern Russia» published in Russia in 2002. Volume 5 contains many
articles of historical and current political issues appeared in the Russian
Press, including three articles about Shostakovich and his music.

Many articles of Shafarevich were of not political nature but rather
of more philosophical, historical and religious nature. The leading thread
of his thinking was the eternal fight between the Good and the Evil.
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From this view he discussed the work of Plato as well as the music of
Shostakovich.

Accusation in anti-semitism

The accusation is based on Shafarevich’s attempt to defend Russia
from Russophobia by expressing Judeophobia in his works. According
Wikipedia, anti-semitism is based on religious, economic, racist, ideolog-
ical, anti-Israel, cultural and social prejudices toward Jews. Only the last
one may directly apply to Shafarevich. The main purpose of his book, as
well of his other writings and of his whole life outside mathematics, was
not to express his hatred of Jewish people and Jewish culture but rather
to defend Russian people, Russian Culture and Russian History from
accusation of their responsibility for bending under different political
regimes, incapability to grow into a democratic society, poor cultural
traditions (sic!), racism towards other nations and hostility to the Western
social ideas.

The reaction of the mathematical community to publishing «Russopho-
bia» is well known and widely available on Internet. Unfortunately, the
reason for the negative reaction of many mathematicians, many of whom
probably did not bother or were not able to read Shafarevich’s writings,
was not the understandable concern about the fate of Russia in its tur-
bulent time of the nineties but the outrage of what Shafarevich wrote
concerning the Jewish people. Some of the mathematicians (including,
for example, Jean-Pierre Serre) considered this nothing more as a witch-
hunt. Citing from a recent letter of David Mumford [18] «I did not believe
then and do not believe now that he was anti-semite, but rather that he
was a fervent believer in his country, its people, its traditions perhaps one
should say its soul.» For most people the love of their country, its history
and its traditions and less interest or indifference to other countries and
its traditions is natural. Unfortunately, Russia in modern time was excep-
tional in this way. The assault to the nationalistic feeling of Russian people
came from many sides: political, cultural, religious, intellectual, foreign
and domestic. Shafarevich and Solzhenitsyn were among a few people
who dedicated their life to defend the right of the Russian people to the
respect they deserve among other nations.

Shafarevich expressed his own creed in the following words: "A possi-
bility to influence the future depends on capability to evaluate and com-
prehend the past. Indeed, we belong to the species of Homo Sapiens, and
the mind is one of the most powerful tools that allows us to find our
own path in life. For this reason, it seems to me, this is now one of the
most important for Russia concrete questions: stand up for the right to
comprehend your own history without any tabu and forbidden topics.
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One may disagree with many of Shafarevich’s views, some of them
unwillingly historically distorted, but there is a good reason to remind
oneself Voltaire’s quotation: «I disapprove of what you say, but I will de-
fend to the death your right to say it."

Many accusations of Shafarevich being hostile to individual Jews and,
especially doing harm to Mathematics, have not been supported by any
evidence. Thus the foreign secretary of the NAS accused Shafarevich of
interfering in the careers of young Jewish mathematicians and prevent-
ing them from publishing their papers. He had never apologized for this
blatant lie. One in four of Shafarevich’s Ph.D. students were of Jewish
or partly Jewish origin. Among his non-Jewish students were students
of Armenian, Bulgarian, German, Litvanian, Tartar and Ukrainian origin.
His close associate, a friend and one of the contributors to «Algebraic Sur-
faces» was Boris Moishezon, one of the pioneers of the Jewish emigration
movement. The coauthor of one of his most influential paper on the Torelli
Theorem for K3 surfaces was Ilya Iosifovich Piatetsky-Shapiro. One of his
friends (for whom he wrote a memorial article) was the famous topologist
Vladimir Rokhlin. Shafarevich had taken a lot of efforts and troubles to
secure jobs for his students, Jewish or not, for example, arguing before
Vinogradov for the merit of giving a position at the Steklov Institute to
Yuri Manin. Since 1950 until his death, Shafarevich served on the editorial
board of the most important and prestigious Russian mathematical jour-
nal «Izvestia». In the period of 10 years 1967-1977, he was the associate
editor of the journal. The chief editor Ivan Matveevich Vinogradov played
only nominal role in editorial decisions. During this period many Jewish
mathematicians (e.g. Victor Kac or Boris Weisfeiler who later emigrated
to the USA) were able to publish their important papers in this journal.

Igor Shafarevich had lived a long and productive life as a mathemati-
cian, as a philosophical thinker, a publicists, a historian and a Russian
patriot. His mathematical heritage will certainly last forever, only the fu-
ture will tell whether his other contributions to intellectual life will be of
the equal value.
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Kynuxoe Bukmop Cmenaxosuu (p. 1952), Beayminii HaydHbIN COTPYZ-
HUK OTZena airebpsl MaTeMaTHUYeCcKOro MHCTUTyTa UM. B. A. CTekio-
Ba PAH.

IIabam Teopeuil Bopucosuu (p. 1952), mpodeccop Poccuiickoro ro-
CyAapCTBEHHOTO TYMaHHUTAapPHOTO YHUBEPCUTETA, MOCKOBCKOTO rocyaap-
CTBEHHOTO YHUBepcUTeTa 1 He3aBrucuMOro YHUBEpCUTETA.

Honezaues Heopv Bradumuposuu (p. 1944), npodeccop MUuuranckoro
YHUBepCcUTeTa.



