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Muoro4nen TarTa 1 MOJenb CIYIalHBIX KIaCTEPOB

FO.M. Bypman

1. BBEIEHUE: PA3HBIE IPUMEPKI

1.1. XPOMATUYECKUN MHOT' OYJIEH

[ycre G — xoHewHBIN rpad, BEPUIMHBI KOTOPOTO MEPEHYMEPOBAHBI M-
caamu oT 1 g0 n. Mbr 6ygeM packpamnBaTh BepIIAHBL Tpada B k Pa3IUTHBIX
[BETOB; PACKPACKY HA30BEM TPABUILHOU, €CAW MBE BEPIIUHBI, COETUHEHHBIE
pebpom, packpalieHsl mo-pasHoMy. Koam4ecTBO MPaBUIbHBIX PACKPACOK I'Pa-
da G B k useros obosznauaum C (k).

B sTom pasgene, kak u B faJbHERIEM, MBI paspelnaeM rpady nMeTh KpaT-
HBIE pe6pa (T.e. OJIHY W Ty XK€ mapy BEPIIMH MOXET COENWHATH HECKOJIBKO
pebep), a Takxke merTan — pedpa, HAYMHAIIUECA U KOHIAIOIUECA B OJHOU 1
TOU Xe BepuuHe. HeTpyaHO, OMHAKO, 3aMETUTh, ITO €CIN 3aMEHUTH KAKOe-
HUOYAb KpaTHOE pe6po rpada Ha oguHO4IHOE, BeaundnHa Cg (k) He uameHUTCA,
a ecau B rpade mMeeTcd NeT/d, TO NIPABMIBHBIX PACKPACOK HE CYIIECTBYET,
u Cg(k) = 0 gua mo6oro k. 3ameTum Takxke, ITO ecau rpad G cocTouT us
IBYX KyckoB — (G 1 (G2, MeX 1y KOTOPLIME pebep HeT (MBI 3allUCHIBAEM DTO

kak G =G U GQ), TO Cg(k') = CG1 (k)CG2 (k‘)

ITpumMmEeP 1. Iycts rpad G — mepeso m3 n Bepmwma (1 (n — 1) pebep).
Toraa ero BEepIIUHLI MOXHO KPACHTH TIOCICOBATEILHO: HAIATH ¢ TPOU3BOIb-
HOU BEPIIUHBI — €€ MOXHO OKPACUTH B JIOOOU U3 k MBETOB. 3aTeM BHIODATD
[BETA BEPIIWH, COEJUHEHHLIX ¢ HAYATLHOM — MJIA KAXKAOM U3 HUX 3ANpEIeH
B TOYHOCTH | IBET — MBET HAYATBLHOM BEPIIMHBI — Tak 910 mmeerca (k — 1)
BO3MOXHOCTEH. 3aTeM MEPEUTH K BePIIUHAM, COCIUHEHHBIM ¢ TeMU, 9TO OB
OKpAIIeHBI HA, BTOPOM IIATe, U T. A. Il0CKOIbKY rpad — AEpeBo, Ha KaXKAOM
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pTame, KpOMe HAUAILHOT'O, OKPAIINBAEMasA BEPIINHA OYJEeT COCENCTBOBATL B
TOYHOCTH C OJHOM BEPIINHON, OKpallleHHOu pamee. CaenqoBaTenbHO, ofiee Ko-
JWYIeCTBO TPABUILHBIX PACKPACOK HE 3ABUCUT OT CTPYKTYPHI JI€PEBa, & TOIb-
KO OT KOJIWYECTBa ero sepumH, u pasao Gg(k) = k(k —1)" L.

IIpuMmEP 2. [Masa nmoamoro rpada K, u3 n BepmnH, TONAPHO COEINHEHHBIX
pebpamu nmeem, ogesuguo, Cg(k) = k(k—1)-... - (k —n+1); B vacTHOCTH,
Cg(k) =0 mpum k < n.

Bergenum Teneps B rpade G HEKOTOpOE pedpo e, COeIUHAIONINEe BEPIINHBL
im j, m o6o3Hadmm G \ € rpad, TONYIeHHBIN PA3PBIBOM PEOPA €: BEPUIMHBI T
®e, 9T0 U y rpada G, pebpo e OTCyTCTBYeT, a OCTAIbHBIE pedpa — Kak B (.
[IpaBmibubIe packpacku rpada G\ e B k IBETOB JeIATCA HA ABa KIACCA: Pac-
KPAaCKH, B KOTOPHIX [IBETA BEPIIKH | M j COBIAJAIOT, U PACKPACKU, B KOTOPHIX
DTU UBETA PA3AWYHBL. BO BTOPOM CiIydae MBI MOXEM BOCCTAHOBUTH Pe6GpO
e, TIOMYUB TMPABUILHYIO PACKPACKY MCXOAHOTO rpada G — cregoBaTesbHo,
IUCA0 TPABWIBHBIX PACKPACOK BTOporo kmacca pasuo Cg(k). Uro kacaerca
PACKPacOK TepBoro Kracca, To oHO pasHo Cg/.(k), e G/e — rpad, nomry-
deHHBIN U3 (G «cTArMBaHMEM» pebpa e: BepumHbl (/e — BTO BCe BEPIIMHLI
G, xpoMme j; pebpo e OTCyTCTByeT; pebpa, COeUHABIINE j C OPYTUMHU BEp-
NIMHAMY, TeNephb UAYT B ¢, 8 OCTAJIbHBIE pefpa He MEHAITCA. 3AMETUM, ITO
naxe ecau B rpadge G OTCYTCTBOBAIN METIN WIN KPATHLIE peGpa, OHE MOTYT
nosasuThesa B G /e.

IMockorbky Kaxmaa packpacka sepmmH rpada G\ e npuHamexuT ambo K
MEePBOMY, Au0G0 KO BTOPOMY KJAACCY, UMEET MECTO PABEHCTBO

Ca\e(k) = Calk) + Cge(k). (1)

CJIQ,IICTBI/IQM €r0 ABAAECTCA TAKOE yTBEPX[JCHUE!

YTBEPKAEHUE 1. Beauuuna Cg(k) das arobo20 epada G asasemcs mno-
eousenom om k. Cmenenv mnozousena pasna wucay sepwun 2pada, a cmap-
wut KoadPuyuenm pasen 1.

[OKA3ATEJLCTBO. IlycTts n — wmeno Bepuiuma rpadga G. Ecau rpad He
umeeT pebep, To, oueBugHo, Ci(k) = k™, u yTBepx geHue gokasano. Jlarbuen-
niee J0Ka3aTelhCTBO TPOBOIUTCA COBMECTHOU WHAYKIIMEU MO YUCTY BEPIITUH
u pebep. I'pad G \ e umeer n BepmwmH U MeHbIne pebep, vem G — caegoBa-
TeIBbHO, TI0 mpeAmonoxenuto uagyknud, Ca\ (k) — 3T0 MEOTOWIEH cTeneny n
co crapumm Koddpdunmentom 1. I'pad G /e umeer (n — 1) BepumH, Tak 4TO
no npeanoroxenuto uHayknun Cg (k) — mMEOrowen crenenu (n — 1). Cae-
mosatensto, Cg(k) = Cene(k) — Cge(k) ABIACTCA MHOTOTWICHOM CTETEHH 7
co cTapimuM KoadppuiuerToM 1.

Muorowren Cg (k) HABBIBACTCA IPOMAMUUECKUM MHOLOUACHOM 2pada.
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[TpuMEP 3. Ilycts G = Z,, — unka u3 n sepuun. Torga G\ e — memouka
L, w3 n BepumH, a G/e = Z,_1. Cornacao dopmyre (1), Cz = Cr, —
Cy, . lenouka ssasercs aepesom, orkyma Cp (k) = k(k — 1)"! (s cuny
npumepa 1). CrenosareasHo,

CZn + Oanl = /-C(k — 1)n—1. (2)

Ipad Zs ssasercsa nmoausiM rpadgoM u3 2 BepumH (pedpo — KpaTHOE, HO DTO
He BINAET HA XPOMATUYECCKUM MHOTOWICH), TAK TTO

Cz,(k) = k(k—1). (3)
3HaKOIEpeMeHHAs CyMMa PaBeHCTB (2) mpu BceX 1 U paBeHCTBa (3) gaer
Cz, =k(k—1)((k—1)"2—(k—1)"? 4. + (-1)"?) =

(k — 1)71_1 + (_1)71_2 _ _ _1\n—1 _1\n
3AIA4YA 1. Hangure Cg(k), ecium rpadp G — 5T0 a) OpAMOYTOJIBHAA De-

meTka 2 X 1, 6%) npaMOyroasHAs pemeTKa m X 1, B) TPEYTOAbHAA PEIIEeTKA,

2 X n, m300paXKeHHAs HA PUCYHKE, T'*) aHAJOTMYHASA TPEYrOJbHAS PENIeTKA,

1.2. PA3BPBLIB CJAYYAUHBLIX PEBEP

— k(k—1)

PaccmoTrpum emme pas rpad G (KOTOPBIT MOXET UMETDH IIETIAN U KPATHBIE
pebpa); Ha DTOT Pa3 IPEANONIOKMM €r0 CBA3HBIM. ['pad moasepraeTcs ciery-
IOIIEMY CIyHUaHOMY Ipeo6pa3oBaHuo: Kax Joe 13 pebep, He3aBUCUMO OT APY-
IUX, ¢ HEKOTOPOH BEPOATHOCTDHIO P OCTACTCA HEU3MEHHDIM, a ¢ BePOATHOCTLIO
1 — p paspeBaerca (yaanserca w3 rpada). O6osnaumm R (p) BepoaTHOCTH
TOr'0, YTO MOy IMBHIAUCA MOCAE TPeoOpasoBaHua I'pad OCTAHETCA CBA3HBIM.

[TpuMEeP 4. Ilyctes G — mepeso ¢ n BepmwmHamMu. TOrjga OHO OCTAHETCA
CBABHBIM TOJLKO B CJAy4ae, KOUAa HA OAHO pebpo He OyaeT pasopsano. Ilo-
CKOJIBKY YMCIO peGep paBHO N — 1, a pa3phIBAIOTCA OHU HE3ABUCUMO APYT OT
Zpyra, BEPOATHOCTH TaKoro cobbiTua pasHa Rg(p) = p"~ L.

[TPUMEP 5. [las 3ama4u O pa3pbiBe CAYYaHBIX pebep, B OTIWYre OT 33,14~
au nyakTa 1.1, kpaTHOCTH pebep cymecTBenubl. Tak, eciu G — JABe BEPIIVHEL,
coemHeHHBIE a pebpaMu, TO rpad CTAHET HECBA3HBIM TOILKO €CIN Bce pebpa
6ynyT pasopsaubl. Orcioga Ra(p) =1— (1 —p)®.
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OtmeruMm B rpacde G pebpo e. BepoaTHOCTL TOro, ITO MOCTE Pa3phIBa
caygalHbIx pebep rpad 0CTaHeTCA CBI3HLIM, NP YCA068UL 4mo pebpo e 6ydem
pazopsano, pasHa Rg\.(p) — BeposTHOCTM pacmajenus Ha UacTu rpada, B
KOTOPOM pebpo e cTepTo 3apanee. BepoaTHocTh TOro, 4To rpad G ocTaneTcsa
CBA3HEIM, NPU YCAOBUL UMO PebPO € COTPANUMCA, PABHA, OIEBUAHO, Re /0 (p).
BepoaTrocTs paspeisa pebpa e pasaa (1 — p), COXpaHEHUA — P, TOITOMY TIO
dopMyie TIOTHON BEPOATHOCTH TOLYIAEM, UTO

Ra(p) = (1 = p)Ra\e(p) + pRe/e(p)- (4)

YTBEPXKAEHUE 2. Beauuuna Rg(p) asasemcea muozouienom om p, cme-
newb KOMOPo20 He npesocrodum wucaa pedep 6 2pade G, cuumasn ¢ Kpammo-
CTMAMYU U HE CUUMAA NEMAL.

JIOKABATEJNBCTBO. OdYeBuAHO, PA3PHIB METIA HE BIUSET HA CBA3HOCTD
rpada, Mo3TOMY MOXHO C CAMOTO HAYUAIA CIMTATD, ITO METEIb B rpadge HeT.
Ecau B rpade 1 Bepmuna (1 pebep wer), To Rg(p) = 1. Janrbuenee nokasa-
TENBCTBO — MHAYKIMA 10 ducay pebep (rpad G\ e umeer va 1 pe6po menbIe,
gem G; rpad /e — no kpanren Mepe Ha 1 peGpo MeHbIe).

3ANAYA 2. Hauwmnre muorownen Rg(p), rae G — rpadbl, yIOMAHYTHIE B
3agaqe 1.

1.3. AIIMKJMNYECKHUE OPWUEHTAILINU

IIycrs G — rpad. Mt 6ygem gaBaTh peOpaM rpada pasiudHbIE OPUEH-
Tanuu (= CTaBUThL HE PEOPAX CTPENTKHN); OPUEHTANMA HASBIBACTCA AITMKINIE-
CKOU, €CAU B TIOJYy9IEHHOM OPUEHTHPOBAHHOM rpade OTCYTCTBYIOT OPUEHTH-
POBAHHBIE UKL, T. €. HEAb3A MIPOUTH TI0 CTPEIKAM U BEPHYTLCA B UCXOAHYIO
BepimHy. O6G03HAYMM AG KOIUYECTBO ANMKINIECKUX opumeHTaumu (3; Tak,
Ag =0, ecin B rpade UMEIOTCA TETIN.

I[IPUMEP 6. Ecau G — gepeso ¢ n sepmunamu (u (n — 1) peGpamu), TO
mo6asg ero OpUEHTAINA ABIACTCA amuKImaecKon. IloaTomy Ag = 271

Brigeaum B rpade G pebpo e. llo anmamorum ¢ myaktamu 1.1 u 1.2 mo-
npo6yeM yCTaHOBUTDH CBA3L Mex Ay BeauauHamu Ag, Ag\. 1 Ag/.- B nanmom
CJAydae CBA3b 3aBUCUT OT CBOUCTB pebpa e:

1. Ecam pebpo e — meras, To Ag = 0.

2. IlycTe pebpo e — meperneek. DTO 03HAYAET, 9TO TPHU YAAIEHUU DTOTO
pebpa rpad pacnagaeTca: KOTHYIeCTBO KOMIOHEHT CBA3HOCTH y rpada G\ e
6ouanine, geM y rpada G. Wim, 9o TO ke camoe, depe3 pebpo € He MPOoXOo-
IUT HY OiuH nuka B rpade G (HeopueHTHpOBaHHEN). B 5TOM Cayuae ecim Ha
Bcex pebpax rpada G, KpoMme e, y&Ke pacCTaBIeHBI CTPEIKU, U OPUEHTUPOBAH-
HOT'O IIWKJIA HeT, TO Ha pebpe e CTPEeIKY MOXHO IOCTABUTL MPOU3BOJLHLIM
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06pa3OoM — OPMEHTHUPOBAHHLIA IUKI HE BO3HUKHET. TeM caMbiM, KOTJa € —
mepenIeex,

Ag = 2AG\e' (5)

3. IlycTh Temepb e — He TETIA U He TEPeIIeeK; DTO 03HATAET, UTO B rpade
G cymecTByeT myTb, COSNUHAIOIIANA KOHILI ¢ U j pebpa e v He TMPOXO AN
gepes e. B sToM cayuae anukiauaeckue opuenTanuu rpada G\ e geaarca Ha
oBa Kaacca. [Ias opueHTanmy mepBoro Kaacca Bce pebpa Ha BCeX MyTAX, CO-
eIUHAIINX | U j, ODUEHTUPOBAHBI B OMHY M Ty Xe CTOPOHY. B nToM ciayuae
7“3 ABYX BO3MOXHBIX OpMeHTanuu pebpa e OfHa NPUBOAUT K TOABICHUAIO B
rpade G OpUEHTUPOBAHHOTO IUKIA, a Apyrad He mpuBoawnT. [laa opmenTa-
mar G\ € BTOpOro Kiacca Ha KaXJOM IIyTH, COEUHAIONEM § U j, UMEIOTCA
KakK pebpa, OPUEHTUPOBAHHBIE OT ¢ K §, Tak u pebpa ¢ 00OpaTHOU OpUEHTA-
muen. B sToMm cayudae o6e opuenTammm pebpa € TOIMyCTUMBL (He MPUBOIAT K
HOABICHUIO OPUEHTUPOBAHHOIO nukia B G).

OueBnano, ecnm B G\ € 331aHA AIMKIMIECKAA OPUEHTAIUA BTOPOTO KJIac-
Ca, TO MOXHO CKJICUTDHb BEPIINHDBI Z n j — HNOJY'IUTCA AIUKINICCKAsSI OPUCHTAITUA
rpada G/e; 06paTHO, U3 KAX JOU AMKINICCKON opueHTanuu G /e MOXHO mo-
JY9UTh aIIKIMIECKyo opuerTammio G\ e Broporo kaacca. CaegoBaTenasHo,
KOJIMYECTBO ANMKINIecKux opumeHTanun G\ e Broporo kaacca pasao Ag Jes
nepsoro knacca — Ag\e — Ag /e, OTKYa BEITEKACT PABEHCTBO (414 pebpa e —
He IIeTJIU U He HEePelIerKa)

Ag = AG\e - AG/e + 2AG/e = AG\e + AG/e (6)
Papercrsa (5) u (6) nossonser BeraucanTs Ag 1060ro rpada.

[MpuMmeP 7. Ilycte G = Z, — uuka u3 n BepmwuH u n pebep, n = 2.
Pebpa nukma He ABIAITCA METIAME U nepemenkavu; rpad Z, \ e apagerca
IZepeBoM, a Zp/e = Zp—1. Otcioga noxydaem (npu n > 2) paseHcTso Ay =
= 2"t 4+ Ay . Tpad Z; cogepxut mermo, mosromy Az, = 0, oTKyaa mo
uaaykiuu Ay = 2" — 2.

2. MHOTO4YJEH TATTA

2.1. OOPEIEJEHUE U IIPUMEPLI

ONPENENEHUE [1]. Muozousenom Tamma HaseiBacTca pysxmuma G —
Te(x,y) M3 MHOXECTBA HEOPUEHTUPOBAHHBIX I'PAdOB (BO3MOXHO, C METIA-
MU ¥ KPATHBIMEA PEOPAMH) B MHOXECTBO MHOTOWIECHOB OT ABYX MEPEMEHHBIX,
00JaIAT0IAA CTEAYIOUIMMU CBOUCTBAMMU:

1. Ecau rpad G e umeer pebep, To To(z,y) = 1.

2. Ecim pe6po e — me meTaa u me mepemteex, 1o To(w,y) = To\(z,y) +
+ TG/e(xu y)
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3. Ecam pe6po e — mepemeek, To T(7,y) = 11g/(2,y).

4. Ecmm pe6po e — meras, 1o Ta(w,y) = yTene (T, y)-

Pasywmeercs, cymecTBoBaHue W e[WHCTBEHHOCTH MHOTOWIeHa TaTTa emre
HyXHO NOKa3aTb. MuI crenaeM 5To mosgHee (pasgen 2.2), a IOKa BBIACHUM,
KaK MHOT'OY1JICH TaTTa CBsA3aH C TEMMU 3aJa9aMU, KOTOPBIC MbI paCCMaTPpUBAJIN
IO CUX TOP.

[IPUMEP 8. Muorotwien TaTTa IpOU3BOALHOTO AepeBa ¢ 1 BepIIUHAMHA (1
(n — 1) pe6pamu) pasen z"~!. DTo mOKa3LIBaeTCA MHIYKIMEH 1O N: B Jepe-
BE€ MPOU3BOALHOE PEOPO ABIAETCA MEPENIEUKOM, MOCIE CTATUBAHUA KOTOPOTO
HOJLY9aeTCs OIATh AepeBo — ¢ (n — 1) BepmuHaMu.

I[TpuMEP 9. Ilycts G = Z, — muka u3 n Bepinud. Torga Aas TpOu3BOIb-
uoro pebpa e rpadp G \ e — nenouka L, w3 n sepmun, a G/e = Z,_1. Co-
rraco coitersy 2, Ty, (z,y) = Tr, (2,9) + Tz, (3,9) = 21 + Ty, _, (2,y)
o gopmyse npuMepa 8; 3TO PABEHCTBO BEpPHO Tpu BeakoM 1 > 1. I'padp Z; —
neTad, Tak IT0 Tz, = YTrouka = Y 0 cBoucTBaM 4 um 1. CregosaTernto,
Tz, =y+z+--+z" L

Oka3bIBaeTCs, 9TO BCE KOMOMHATOPHBIE XaPAKTEPUCTUKU rPadoB, O KO-
TOPBIX ILJIA PeYb B pa3fene 1, BEIPAXAOTCA Yepe3 MHOrowIeH TaTTa.

YTBEPXKIAEHUE 3. Hycme G — 2epad ¢ n sepuunamy u k KOMNOHERAMU

ceaznocmu. Tozda ezo xpomamuuecnuﬁ MHO20UACH BbIPAHCACINCA gﬁopMyJLOﬁ
Cg(s) = (—1)n+k8kTg(1 — S, 0).

JTOKABATEJNBCTBO. [loKa3aTeabCTBO MPOBEIEM UHAYKIIUEN IO YUCAY Pe-
6ep rpada G. Ecau pebep met BoBee, 1o k = n, Ta(z,y) =1, a Cg(s) = s" —
paBeHcTBO BepHO. IlycTh Temeps B rpade umeeTca pebpo e. Jaa rpados G\ e
u G /e yTBepXAeHVE BEPHO 10 NPEANOIOKEHWIO MHAYKIMA. [lycTh BHauUame
e — He nerias u He nepeureek. Torga rpadgst G\ e u G/e 06a cogepxar 1o
k KOMIIOHEHT CBA3HOCTH; KOAWYIecTBO Bepmu B G \ e paBuo n, a B G/e —
(n —1). Torga

Ca(s) = Cane(s) — Cgye(s) = (mo dopmyae (1))
= (=1)"FM e (1 = 5,0) = (1) kT (1 - 5,0) =
= (=1)"FsH(Ta\e(1 — 5,0) + Tg/e(l — 5,0) =
= (1) Te(1 - 5,0),

9T0 W TPebHOBATIOCH.
IIycTs Temepn e — mepelneek, COeUHAIIINY BepiuuLl ¢ u j. Torga rpad
G\ e umeer (k + 1) xommonenT ceasuocTu u n Bepum. U3 Becex Cp\(s) ero
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PACKPACOK B § IIBETOB POBHO /i 1/$-0M YacTH IBETA BEPIIUH i U j COBIAIA-
for. CregoBaTenbHO,

Ca(s) = (1= 1/5)Cane(s) = (1 = 1/s)(=1)" T, (1 - 5,0) =
(MO MPEATIONOKEeHUIO WH Ty KITIWY)
= (1 —1/s)(—=1)"TFFLskH(1 — 5)Tg(1 — 5,0) =  (mo coitcTsy 3)
= (—1)"" s T (1 — 5,0).
Ecmn e — merna, to Cg(s) = 0. C apyroum croponsr, Te(1 — 5,0) =
— 0 Tge(1 — 5,0) = 0.
YTBepXK IeHne JOKA3AHO.

YTBEPXKAEHUE 4. IIycmv G — ceasuviii epad. Muozouaen Rg(p), onpe-
deaennviti 8 pasdeae 1.2, zadaemces dopmyrot

_ _ 1
Rg(p) = (1 —p) " p"*16(1, E))
eden u k — me oce, umo u 6 ymeeprcdenuu 3, a T — uucao pebep epaga.

[TOKA3ATEJIBCTBO. OnaATh HHAYKIUA TI0 “mCIy 1 pebep rpada. [ia rpa-
da ¢ 1 Bepumuon 6e3 pebep Rg(p) = 1 m Tg(p) = 1, 9To cooTBeTcTBYET
dopmyse, TOCKOTBKY B oToM caydae r =0un =k = 1.

Bergeanm B rpade pe6po e. Ecam 0HO He ABAAETCA HA MEPENIenKOM, HI TIe-
Taen, To rpad G\ e mmeer n Bepmu, (r— 1) pe6Gep u k KOMOOHEHT CBA3HOCTH,
a rpad G/e — coorBercrsenno, (n — 1), (r — 1) u k. Imeem Torza

Ra(p) = (1 = p)Ra\e(p) + PRg/e(p) =  (mo dopuyme (4))

= (L) M T (1 )+ (L) T M T (1 ) =
(110 IPEeAIOTOKEHUIO UHTYKIIUK)
= (1 —p)" " thpFT,(1, ﬁ) (mo cBomcTBy 2 MHOroOwIeHa TaTTa).

Ecmu pe6po e — mepemeex, To Rg(p) = pRg/.(p). Tlo mpexnomoxenuio
WHIYKITAN,

_ _ 1 _ _ 1
pRae(p) = (1 —p)" ek pn kTG/e(la E) = (L —p)" " Hp" T, E)
(mo cBomcTBy 3 MHOrOWIeHa TaTTa).
Eciu pe6po e — neras, o Rg(p) = Ra\((p). Tlo npeanonoxennio wa1yk-
w,

1 _ 1 _ _ 1
RG\e(p) =({1-p)F ! n+kpn kTG\e(la m) =(1-p) n+kpn kTG(L ﬁ)

(mo cBomcTBy 4 MHOrOwIeHa TaTTa).
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YTBEPXKIEHUE 5. Koauuecmso ayukauueckur opuewmanut epaga G
pasro Ag = T(2,0).

[lokazaTenbcTBO — CTAaHZAPTHAA MHAYKIUA 110 uuciy pebep rpada ¢ uc-
MOJB30BAHNEM CBOUCTB BEIUIUHBI A, TOKA3aHHLIX B pasgere 1.3.

2.2. CYNIECTBOBAHUE U EAMHCTBEHHOCTb

[lna moKa3aTerbCTBa CyNIECTBOBAHUA M €IMHCTBEHHOCTH MBI OIIPEIETIAM
CHAvAMA I Kax 10ro rpada G BCMOMOraTelbHBI MHOTOWIEH Z (¢, V) OT ABYX
nepeMmennbix. OH 3agaeTcsa GopMyIon

ZG(C], /U) = Z qk(H)UE(H)a (7)
H

rie cymma Gepercs mo Bcem noarpadam H rpada (G, MHOXECTBO BEPIITUH KO-
TOPBIX COBOAJAAET ¢ MHOXECTBOM BepiiuH (G, a MHOXeCTBO pebep — a6oe
O IMHOXECTBO MHOXeCTBa pebep G (Tak 4To Besakuu H ummeet, B 0603HAMC-
HUAX TIPEBIAYIIETO pa3jiena, POBHO 1 BepmuH u He Goxee r pebep). B dop-
myae (7) k(H) o6o3HadaeT KOAMHYECTBO KOMIIOHEHT CBs3HOCTH rpada H, a
e(H) — umcao pebep.

Oxa3spiBaeTCsa, MHOTOWIEH /¢ XOPOLIO BefeT ce6s NMpu Pa3pbiBax U CTATHU-
BaHUU pebep: A Npom3BOIBLHOrO pebpa e rpada G mMeer mMecTo Qopmyaa

ZG(Qav) = ZG\e(%'U) +UZG/e(q7U)' (8)
JlercTBuTenbuo, Bece moarpapel H rpada G MOXKHO pa3ielnuThb HA ABA HEIe-
PeCceKamImXca Kaacca: cogepxaine pebpo e u ue copepxkairue ero. [loarpad
BTOPOTO K1acca — T0 mpocto moarpad B G \e, Tax wro cymma Y 5 ¢F(H et
B3ATAA 10 TOATPadaM BTOPOTO KIacca, pasBHa Za (¢, v). Bo Beakom moarpa-
(e mepBOro KiIacca MOXKHO CTAHYTL peGpo e, moay4us moarpad rpada G/e.
[Tockonbky mpu cTAruBaHuUU 4uCIO pebep YMEHBIIASTCSA HA €IUHUILY, CYMMA
doH " yeH)  pagrag no moarpadaM mEpBOro KIACCA, PABHA vZee(q,)-
Popwmyaa (8) Bepra mis a060ro pebpa e. B cayuae, ecaun pe6po e — meris,

To rpadul G \ e u G /e cOBOAaOT, ITO AAE€T PABEHCTBO

Za(g,v) = (1 +v)Ze\e (g, 0)- (9)

[Iycrs Teneps e — mepemeek. Beskomy moarpady H rpada G/e moxHO
comocTaBuTh ABa noarpada rpada G: ogvu w3 Hux, Hi comepxut Bce peGpa
H u eme pe6po e, a Bropon, Hy — Bce peGpa H , 1o pebpa e me cogepxut. Ode-
BugHo, e(Hy) = e(H)+1, k(H1) = k(H),ue(Hs) = e(H) u k(Hs) = k(H)+1.
Orciopa cregyer, uro ¢FHDye(H) 4 gh(Hz)ye(H) — (g 4 4)gh(H)ye(H) 1o ecrn

ZG(CL'U) = (Q+U)ZG/8(Q7U)' (10)

ITpuMEP 10. IIycts rpad G — gepeso ¢ n Bepumuamu (u (n — 1) pe6pa-
mu). Ilockoabky Kaxmgoe pe6po AepeBa ABIAETCA MEPEIerKoM, U3 (HOPMYJIbL
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(10) BerTeKaeT, aTo Zg = (q + )" ' Zrouxa. OUEBUAHO, Zrouxa = ¢, OTKYIA
Zg =qlg+v)" L.

Temeps MBI MOXeM BHIpa3uTh MHOTOWIeH TarTa rpada (G depes MHOTO-
wieH Z¢, HOKa3aB TEM CAMBIM TEOPEMY CYIIECTBOBAHUA W €IWHCTBEHHOCTH:

TEOPEMA 1. Jas scaroeo epaga G muozouaen Tamma Tg(x,y) cywec-
meyem, eduncmeen u 3adaemcs Gopmysot
1
To(r,y) = ——%4c((z — 1)y — 1),y — 1), 11
(@.9) = e Zalle = D=1y - ) (1)

2de n — uucao BEPWIUH, @ k — KoAUNECNMBO KOMNOHENM, CBAZHOCTIU apaéa.

[ OKABATEJLCTBO. IlokaxeMm, 9TO BEIMYWHA B IPABON IACTU PABEHCTBA
(11) o6aanaer Bcemm cBoucTBamu MHOrowieHa Tarra. Eciu G — rpad ¢ n
BepmuHaMu 1 6e3 pebep, TO ero eINHCTBEHHBIN TOATpad — OH caM, TaK 9TO
Za(q,v) = q". Hockombky k = n, umeem

1
e g lele D -Ny-1)=1,

kak u Tpebyerca (csoucTso 1). CroncTsa 2, 3 u 4 1erko BEIBOAATCA U3 HOP-
My (8), (10) u (9) coorBercrBenno. Hecroxnon nugykimen no quciy pedep
e Zo(e - Dy -1y 1)
(z-1%@y—-1)

MHOTOWIEH OT £ ¥ Y. TeM caMbIM JOKa3aHO CyIIECTBOBAHUE MHOTOWIeHa TaT-
Ta u popmyaa (11).

EnuacTBerHOCTE MHOTOWIEHA, TaTTa NOKA3BIBACTCA HE3ABUCAMO OT (POp-
myast (11) magyknmen no quciy pebep. Jenctsurensno, ecau peGep Her (6asa
muaykuuu), 10 TG (z,y) = 1 mo csouctBy 1. Ecan xe mmeercsa pebpo e, TO
BhraucaeHure 1 OTHO3HAYHO CBOJUTCA C TOMONILIO CBOUCTBA 2, 3 wid 4 K BEI-
qucieHuio MEOrowiena Tarra aas rpados G\ e u G/e, umeomwux Ha OQHO
pebpo MeHbIIe.

OTCIOOa BBIBOAUTCA, ITO BEIUINHA

2.3. [IPYTUE CHENUAJU3AIINN MHOTOYIEHA TATTA

HOACTaBJIﬂH Pa3JIMIHBIC BEIWYUHBI BMECTO & W Y B MHOI'OYICH TaTTa
T (z,y), MOXKHO TIOAYIUTH ONUCAHWE MHOTHX KOMOMHATOPHBIX CBOWCTB I'pa-
da G. C HEKOTOPHIMI IPUMEPAME MBI YK€ MO3HAKOMIINCH B pasgene 2.1; BoT
ele HECKOIBKO YTBEPXKACHUI TAKOrO ke PO (3aMMCTBOBAHHBIX W3 3aMEYTa-
TenbHOro o63opa [2]):

1. Ecau rpad G ceasubin, T0o T;(1,1) paBHo dnciay moarpadoB-1epeBbeB B

G.

2. Ilycre G — cBasuwm rpad, n f;(G) — komm4aecTBO €ro noaTpadOB-TeCOB
¢ poBHO i pebpamu (1ec — 5To rpad 6e3 TUKIOB, HEe 0OA3ATENLHO CBA3-
meiit). Tora mMeeT MecTo paBencTBo Y iy fi(G)s' = s" ' Ta(1+1/s,1);
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31€Ch N — KOIUYIeCTBO BepiiuH B rpadge G (caeqosaTeasHo, moarpad-iec
cogepxut ot 0 go (n—1) pebep). lloaaras s = 1, moay«mm, aro T (2, 1)
paBHO 06mmeMy [ucry moarpados-1ecos B G.

3. Illyctes G — cBasubin rpad, u ¢;(G) — KOIUIeCTBO €ro CBA3HBIX HOADa-
doB c ¢ pebpamu. Torma
r—n+1
Z ci(G)s' = s" " Te(1,1 + %)7
=0
rie r — KOIu4ecTBO pedep, a n — KOoaudecTBo BepuH rpada G. [lonaras
s = 1, moayuum, aro T (1,2) pasHO umcay cBasabix noarpadgos B G.

4. T(0,2) paBHO 4HCIy BOOJIHE UMKIXYECKUX OpueHTauuu rpada G, To
€CThb TaKuX Cnoco60B PACCTABUTH CTPEIKM Ha pebpax, 9To Kaxaoe ped-
PO BXOOUT B OpHeHTHpOBaHHbeI ONKJIL.

5. T (1,0) paBro wncry anmkandeckux opuenTanui rpada G (cp. yTBepx-
AeHue 5), UMEIUX POBHO OJHY BEPIIMHY-UCTOYHUK, TO €CTh BEPIIUHY,
B KOTOPYIO HE BXOJWT HU OJHA CTPEJIKA.

6. Tg(—1,—1) = (=1)"2¢, rge r — =mcao pebep rpada, a d — pPa3MepHOCTH
TaK HA3BIBAEMOT'O (BETOCHIIEIHOTO TIPOCTPAHCTBA Tpada, CM. ONpeaee-
Hue B pabore [3].

r[[OKaBa.‘TeJH)C’TBa, BCEX DTHUX CBOUCTB IIOXOXW Ha, NOKa3aTCIbCTBa YTBEP-
)KrLLeHI/II;JI 3-5 U OCTABIAIOTCA IMTATENIO B KAIECTBE YIOPpaXHECHUA.

3. MOIEJb CJAYYAWHBIX KJACTEPOB

«Bcmomorarenbabin MEOTOWIEH Z; (¢, v), onpeaerennbin gpopmyaon (7),
mMeeT HCOXHWJaHHOE TPUMEHCHUE B Ma.TeMa.TH‘IeCKOEI (l)I/I3I/IKe: OH OIINCHIBAET
CTATUCTUIECKYIO CYMMY IIPOCTENIIEN MO AN KPUCTALIA-MATHETUKA — MOJe-
AU CAYUATHBIE KAACTNEPOS.

Kpucramn B sTou Mogean n3obpaxaercs rpadpoM (O6BIMHO PEleTKON, TH-
4 PACCMOTPEHHEIX B 3a4at4e 1). AToMBI — BepumHbL rpada, 1 KaxX Iasd BePII-
HA COEUHEHA PEOPAMU ¢ HECKOILKUME IPYTUME — «OIUKANNIAMY COCETAMUY.
Kax sl aTOM MOXET HAXOAUTHCA B OAHOM W3 ¢ COCTOAHUM (3HAYECHUU CIu-
HA), TaK 9TO COCTOSHME BCEIO KPUCTALIA ONUCHIBaeTca mapou (G, o), rae
o:V(G) — {1,2,...,q} — dyskuma wa murOXecTBe Bepmuu rpada G (cp. ¢
pazgeaom 1.1).

ATOMEI KpHUCTAaLIA B3AUMOJENCTBYIOT MEX Y COOOM, M DTOMY B3aWMOIEH-
CTBUIO OTBEYAET HEKOTOPAA TMOTEHIMAJIBHAA DJHEPTUA. B3aMMOJENCTBHE 3a-
BHUCUT OT COCTOSHMA ATOMOB W OT WX PACIONOXEHWA. B MOJEIM CIyIamHBIX
KIACTEPOB MPEITONAraeT A, 9TO aTOM B3aMMOAEUCTBYET TOJIBKO CO CBOUME
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OIMKANMIUMY COCENAMHE (T. €. BEPIINHA — C BEPIINHAMHA, COCTUHEHHBIMU C HEIO
pe6paMu), ¥ TOIBKO B TOM CIAydae, KOUQa 3HAUCHUA WX CIUHOB COBIATAIOT.
Tem cambiM Kax oMy pebpy e rpada G ¢ xonnamu e, e~ € V(G) oTsevaeT
noTeHuuanbHas sHeprus, pasHaa J.o(o(eT),o(e”)). 3necy J. — koucTanta,
XapaKTePU3YIOIAsi MHTCHCUBHOCTD CBA3K BAOIb TAHHOTO pebpa, a d(a,b) = 1,
ecmm 6 = b, m 0, ecim a # b. TloTeHIMATBEHAA DHEPTUA BCErO KPUCTALIA B
cocrosanu, xapakrepusyemom napou (V) o), CKIaapIBaeTCa U3 DHEPrum Imo-
MAPHLIX B3aIMOIEUCTBUL:

M(G,0) = > Jeb(o(eh),o(e)). (12)

e€E(G)

[lox BAMAHUEM TEILIOBOTO ABUKEHUA KPUCTALI CIYIAAHEIM 00Pa3oM mepe-
XOMMT U3 OJHOTO COCTOAHMA B APYToe. B KIacCHIeCKON CTATHCTHIECKON (hu-
3UKE MPUHAT MOCTYJAAT BOJIBIMAHA, COTIACHO KOTOPOMY BEPOATHOCTD JUIS CHU-
CTeMBI HAXOUTHCA B JAHHOM cocTosuuu o pasaa P(o) = exp(—pIl(0))/Z(5),
rge [ ceasama ¢ (aGCOTIOTHON) TeMIepaTypor 1 CHCTEeMBI PABEHCTBOM [3 =
= 1/kT (k — dusuveckas KOHCTAHTA, HA3BIBAEMAs MOCTOSHHOU BosbiMaHa),
a Z(f) — HOPMUPOBOYHBIN MHOXKUTEMb, DABHBIA (ITOOBI CyMMa BCEX BEPOAT-
HOCTEH PaBHATACH 1)

Z(B) =) _exp(—pI(0)),

rie cymMMa 0epeTca IO BCeM COCTOAHMAM CHCTEMBI (B HALIEM CIydae — IIO
BceM dyukuuam o : V(G) — {1,2,...,q}). Bemuuna Z(f) HasbiBaercsa cma-
mucmuyeckol cymmotd CECTEMBL.

IIycTs f — HEKOTOpaAsA PU3WIECKasT XaPAKTEPUCTUKA CUCTEMEL, T. €. (PyHK-
OUA ee COCTOAHMA (I OUPEIEJCHHOCTH, C BEICCTBEHHBIMU 3HAYCHUIME).
Toraa cpeanee 3HaveHre [ 1O BCEM COCTOSHMAM CUCTEMBI DABHO

(fy=>_Fflo)P(o) = f(o)exp(—BIL(c))/Z(B).

I[TpuMEP 11. Cpegnee 3HaUEHVE DHEPTUU MTPOUIBOJLHOU CUCTEMBI PDABHO

(11) = 5=, 11(0) exp(~BLL(#)) /Z(8) = — 1 I Z(B).

Mol gokaxeM CAeAyIOUIYIO TeOpeMy, BIepshie moaydennyio I1. Kacrenen-
woMm u C. Popriosaom B 1969 r.:

TEOPEMA 2 ([4]). Ilyemv J. = J ne 3asucum om pebpa e. Tozda cma-
MUCTUYECKAA CYMMA MODEAY CAYUAUHBIT KAGCTNEPOS PABHA

Za (g, exp(=fJ) — 1),

ede mnozouaen Z onpedeaen gopmyaot (7).
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MOKABATEILCTBO. Ilycts 0 : V(G) — {1,2,...,q} — cocroaume cucre-
mbt. O6o3naqum v = exp(—FJ) — 1; Torga

exp(—pll(0)) = exp(=BJ Y _(a(et), a(e7)))
= [T exp(-875(c(e™),0(e7)) =
= [[( +vi(a(et),a(en))) = > [T vdlo(e™),o(e7)),

ACGecA
UHBIMU CJI0BaMH,

exp(—pll(0)) = Y v,
ACG
rae cyMmMma HepeTca mo BeeM noarpadam A C G, 4aa KOTOPHIX 3HAMEHnEe HYHK-
UM 0 OOWHAKOBO HA 0OOMX KOHIAX KaXJOT'O BXOAAIIEr0 B HUX pebpa. ITO
03HAYAET, 9YTO (PYHKIMA 0 MOCTOAHHA HA KOMIIOHEHTAX CBA3HOCTH MOATPa-
da A. Tem caMbIM CTATHCTUYECKAA CYMMa MOJAEIU CAYIAUHBIX KJIACTEPOB
paBHa

> exp(=p(0)) =

A o
= E v x #YHKIME 0, IOCTOAHHEIX HA KOMIOHEHTAX CBA3HOCTH A =
ACG

=Y " = Zg(q,v).
ACG

[TPUMEP 12. [las 0ZHOMEPHOIO KPUCTALIA («IenoIKm») 3 [N aTOMOB, CO-
rnacHo npumepy 10, uveem (B mpeamosoxXeHun, 9TO Beca Beex pebGep onuHa-
koBHI) Z(q,v) = q(g+v)V~!. OTciona BEITEKAET, 9TO CTATUCTUICCKAA CYyMMA,
paBra ¢(q — 1 +exp(—£.J))N !, a cpegnas sHEprus MarHITHOTO B3AKMO,TCH-
CTBUA aTOMOB CHCTEMBI, COTJIACHO nipuMepy 11, paBHa

) = (N - 1)—2eRCED
qg—1+exp(—BJ)
Cpepusis DHEpPrus B pacdere Ha OQUH aTOM Kpuctawia pasHa (E)/N u B upe-
Jexp(—BJ)
q—1+exp(—BJ)

Ecam Temneparypa cucremsr Beauka (T — +00), o 8 = 1/kT — 0, n
CpejHss DHEPrus Ha OAuH aToM npubamxkaerci K J/q. Ilosegenne xe cucre-
MBI pu HU3KUX TeMuepaTypax (T' — 0, To ecTs f — +00) 3aBUCAT OT 3HAKA
KOHCTAaHTHI B3ammMogeunctsus J. Ecau J > 0, To exp(—pSJ) — 0, u cpex-
HssA DHEPTUusg CTPEMUTCA K HYJIHO. TaKI/Ie KPHUCTAJJIIbI HA3BIBAIOTCA aHTHqﬁ)ep-
POMATHUTHLIME: B HAX COCETHUM ATOMAM DHEPTETUICCKU HEBLITOJHO UMETh
OMMHAKOBLIE CIMHBLI, U MOSTOMY TPHU HU3KOW TEMIEPAType, KOrAa TeILIOBOe

meqae N — 0O CTpeMHUTCA K
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MBYXCHUE TPAKTAICCKA UCIC3AET, TAKAA CATYAIIUA TMPAKTUICCKA HE BCTPE-
gaercia. Ecam xe J < 0 (deppomMarHuTHBI KpucTaLl), TO exp(—/p£J) — 400,
7 CPeJHAS DHEPruUsa Ha OauH aToM crpemurca K J. UupiMu caoBamu, B dep-
POMATHUTHOM KPHUCTAJIE [MPU HU3KOU TEMIIEPATYPE BCE ATOMBI CTAPAIOTCA
AMETDL OJWH U TOT XK€ CIIHH.

IlycTts Temeps ¢ = 2, TO €CTh COWH 0 TPUHUMAET TOJLKO 2 3HAYUEHUI.
Bygmem cuwmrars, 9uTo 5TM 3HadYeHus paBHbl 1/2 m —1/2. Torga moxHO pac-
CMOTPETH (DYHKIIMIO COCTOAHUA CUCTeMBI, paBHyto f(0) = Y o(v), rae cymma
6epeTcs Mo BCeM BepImmHAM Tpada.

Beemem Temeph B cHCTEMY BHEITHEE MATHUTHOE TOJE. TOT/a DHEPTUA CH-
CTeMBI CKJIAIBIBACTCSI U3 ABYX caaraeMsbix: sHepruu 11(o) nomaproro szammo-
neucTBuA, 3agaHHon (popmyaon (12), m dHeprum B3AMMOJEUCTBUA CIIUHOB C
MATHUTHBIM TOAeM, paBHou hf (o) (h — Beawauna mous).

Ber
o)

3AMAYA 3. Ilycts rpadp G = G — menovka, kax B mpumepe 12. a)
gucanre crarTucTudeckyo cymmy Zy(8,h) = Y exp(—F(I(0) + hf(o))
6) Beruucaure (f) kak dyuxumio S u h. B) Hangure npegen lim  lim i( f

h—+0N—oo N

~— ~—

[Ipegen B myHKTE 3B HABBIBACTCA CROHMAHKOU HamaHUveHHOCMbIo. OH

. . 1 o
HE paBeH HyJII0, B OTJIMIHE OT Ipegena lim lim N< f), KOTOPBIU PaBeH HYJIO
N—o0

h—0

o cO0OpaXEHUAM CUMMETPHH.

3AMEYAHUSA

1. W3 yrBepxaenun 3 u 4 creayer, 910 334241 1 1 2 MOXHO PEIIATh, €CAN
HAUTY MHOTOIEHBI TaTTa COOTBETCTBYIOMIMX rpadoB-pemeTok. [las perre-
TOK 2Xn (yHKTHI 1a u 1B) 5T0 HECIOKHO, HO ABHAA GPOPMYJIA, A MHOT OLICHA,
TarTa MPOU3BOALHBIX PEETOK (MyHKTHI 16 1 1r, OTMEYEHHBIE 3BE310IKON )
B HACTOAIIEE BPEMs HEM3BECTEHA (TAaK XK€ KAK U (POPMYJIBI [ MHOTOICHOB
Cg u Rg). lloucku Takou ¢popMyJIBl MHTEHCUBHO BEAYTCA. 3agatda Mpo Tpe-
YTOMBHYIO PEemeTKYy BBITVIAAUT HECKOJBKO MPOIIE: /1A Hee M3BECTEH Ipeell
MHOro4unreHa TaTTta mpu n — 00 (M QUKCUPOBAHHOM M), a TAKKe TOKA3AH
pAL IPYTHUX PE3yJAbTATOB, CM. cTaThio [5]. IIpo npamoyroabube pemeTku Jau-
TepaTypa OvYeHb BeIMKa; CM. HeJaBHIOK paboTy [6].

2. TlonyaspHbIM paccka3 O KpUCTaLIaX-MarHeTnKax cM. B kuure [7]. Oco-
OEHHO WHTEPECHOU OKA3LIBAETCS TEOPUS, KODJa B KAYeCTBE MONEIN MarHe-
THUKA BLICTYHAET He T'pad-IEenovKa, KaK B mpuMepe 12, a mByMepHasa peureT-
Ka, HamogoOme pacCMOTPEHHHIX B 3amatde 1. YCTpeMuUB pa3Mephl DelleTK! K
0€CKOHEYHOCTH, MOXHO BBIYUCINTE, KaK B 3aja49€e 3, CIOHTAHHYIO HaMaIHW-
YeHHOCTh. B naHHOM caydae ee 3aBUCUMOCTL OT TEMIEPATYPHI OKA3BIBACTCS
HETIATKON: TPU TEMIEPATYpPe HUXKE HEKOTOPOrO KPUTUUIECKOTO ypoBHA T,
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CTIOHTAHHAA HAMATHWYEHHOCTH OTIWYIHA OT Hyad, a npu 1 > T, — paBHA Hy-
J10. DTO ABJIEHUE HA3BIBAETCA (Ha30BLIM mepexogoM. Tounas (popmyaa misa Ty
6bua Haugena Suarom [8]; cm. xuwrm [9], [10] u [11]. OTmeru™m eme KHuUry
[12] (Bbuuegmyio B Tou xe cepuu «Bubamoreuxa ,Ksaur“y, aro u [7]) — B
Her pa30upaoTCA 3a0a<d MPO OOMLIINE PEIIeTKH, BEChMa OAU3KUE IO OYXY K
YIIOMAHY THIM BHIIIIE.
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