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8.2. YCNOBUE. Haiitu muckpumunanT muorowiena P(z) = 22903 4z + 1.
AUCKD

PEmMEHUE. PaccmoTprM Gosmee OOIIyH 3a4ady: HAWUTH JAUCKPUMUHAHT
muorowrena Py(z) = 2209 4+ z 4 ¢. Cravana 3aMeTuM, 9T0 TUCKPUMUHAHT pa-
BEH Pe3yIbTAHTY MHOTOWIEHA W €0 IMPOU3BOTHOM, U IO U3BECTHOU (HOPMY.Ie
(cm., manpumep, B. JI. Bar nep Bapaen, «AareGpay) pesyabTaHT MHOTOYWIEHOB
aox” + a1z N+ ...+ ap 1 box™ + b1zt + ... + by, PaBEH OIpEIEIUTETO

ag a1 ... ap 0 ..ol 0 O
0 ap a ap, 0 ... ... ... 0
.................... 0 ay a1 Qp
bo b1 ....... b 0 ... 0 O
0 by by ....... by 0 ... 0
................ 0 b by ....... by

Hockombky P'(x) = 200322°2 1, BuaHO, ITO B HAIIEM CIy<ae PE3yILTAHT
ecTs MHOTOWIeH oT t cremenn 2002 u crapmuMm kodddunuenTom 20032903,
Boraucaum sToT muaOrOwren. [las sToro mocmoTpum, mpu Kakwx ty P u

P’ ectb o6mmit kopens. Kopan P’ cyts z, = 2003~1/2002 exp (M),

2002

k = 1,...,2002. [loaTroMmy wckoMmbie 3HaYeHUS t CyTh t)y = —Tf — x%oos =
2002 90022002

= 003"k MEOFOWICH ¢ KOPHAME ty eCTh | oot (t—t),) = t2002+W. o-

STOMY MCKOMBIM MHOTOICH MOIY9ACTCSA U3 HECO YMHOXEHUEM Ha TUCIO (pa3
OH TOU Xe cTemneHu). MbI 3HaeM ero crapmuil Ko3QQUUuenT, IoITOMY 0CTa-
JIOCh BEIICATH OTBET: JUCKPUMUHAHT MHOro4wieHa P (x) pasen 2003200342002
+ 20022092 5 muckpuvuEaET MEOrOWIeHa P(z) momywaeTca mpu t = 1.
OTseT: 20032093 4 20022002, (B. B. Jouenxo)

8.3. YCJIOBUE. MoxHO Jau KPyr C AByMA AbIpKaMu 0TOOpas3uThb B cebsa
6e3 HemOIBUKHBIX TOYEK !

PEmEHUE. B ycaoBum 3aga<in gomyiieHa ommbka. Bompoc cocrout B cy-
MIECTBOBAHUM HENPEPBIBHOTO B3aMMHOOJHO3HATHOI'O OTOODAXKEHUs (TOMeo-
MOPGhU3MA).
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Kpyr ¢ aBymsa gpipkamMu romeoMopdeH cdepe ¢ TpeMsa anipkaMu. MoxHO
CUUTATH, 9TO OTU ABIPKU MMEIOT HebGoabuion pasmep (ckaxem, 1°) m pac-
MOJOXKEHBI Ha dKBaTOpe CPePHI TAaK, 9TO PACCTOAHUA MEXKIY WX IEHTPaAMU
OJMHAKOBEI U paBHbBL 120°.

T'omeomopdusM 6e3 HeNmOABMKHLIX TOYEK MOXKHO TeIeph OMKUCATL TaK: 3TO
KOMTO3UIIAA TOBOPOTa Ha 120° BOKPYr MOJAAPHOU OCH M CHMMETPHUU OTHOCH-
TEJIBHO IIOCKOCTH 3KBATOPA. [locKoabKy momymapusa MEHIIOTCI MECTaAMU, TO
BHE HKBATOPA HEMOABUXHLIX TOYeK HeT. C APYyroMl CTOPOHHI, OTPAHUYCHUE
BTOr0 0TOOPAKEHUA HA DKBATOP ABIACTCA MOBOpoTOoM Ha 120°, y KOTOpOTO
HETO[BUXKHBIX TOYEK TOXKE HET.

3AMEYAHUE. [lanHas KOHCTPYKIus 0600IIAETCA LA KPYra, ¢ 1 = 2 JbIp-
KaMu. (M. JI. Konyesuu)

8.4. YCNOBUE. [loka3aTh, 9T0 HA ONUCAHHOU OKPYXHOCTHU KAX JOTO TPe-
YTONBHUKA CYHUIECTBYET POBHO TPU TOUKU, IS KOTOPBIX COOTBETCTBYIONIUE
npsambie CHMCOHA KACAIOTCSA OKPYXKHOCTH IEBATH TOYEK TPEYTOIbHUKA, IPHU-
9eM DTH TOYKU ABIAIOTCA BEPIIUHAMYA MPABUILHOTO TPEYTOIBHUKA.

PEMEHUE. [asa peureHus HaM MOHAA00ATCA ciaegyomue ABa GakTa o mps-
MeIx Cumcona.

1°. Ecim H — Touka mepecevuenud BuICOT Tpeyroabunka ABC, P — Tod-
Ka Ha ero OMUCAHHOW OKPYXHOCTH, TO TmpaMas CuMcona Touku P mpoxoauT
gepes cepeauny orpeska PH (pwuc. 1).

2°. Eciu Py u P, — To4K7 ONUCAHHOU OKPYX)HOCTH Tpeyroabauka ABC,
$1 M $§9 — COOTBETCTBYIOMME UM TpaMbie CHMCOHA, TO OPUEHTUPOBAHHBLIN
YyTOI MEXJy TPAMBIMEA $1 W So (M3MEPEHHBIX OT $1 K $2) PABEH TOJOBUHE
opuenTupoBaHHOTO yraa PoOP; (O — neHTp ONMCAHHOM OKPYXKHOCTH Tpe-
yroasuuka ABC), puc. 2.

Ucnonbsys Ty yTBepXK eHUA (MX TOKA3aTEALCTBA MOXHO HAUTH, HAIDH-
mep, B kaure B. B. TIpacoaosa «3aga<au no naasuMerpum, 3anaqaum 5.92 u 5.96),
MOMYYUTEH PENIeHue 3313491 O9eHb JEerKo.

A MMeHHO, TOCKOIBLKY OKPYXHOCTE JUIEPA TPEYTOJLHAKA TIOMY TACTCA U3
€ro ONUCAHHOW OKPYXHOCTU ToMOTeTHer ¢ neHTpoMm H u kodxdduiumenTom
1/2, To, cornacuo yrepxgenuto 1°, mobas upsamas CUMCOHA uMeeT XOTsA Obl
OHY OOLIYI0 TOYKY ¢ OKPYXKHOCTBIO Duiaepa (Ha puc. 3 5Ta TOUKA — cepe-
muHa oTpeska PH — o6osnadena wepes L). Utober npamas CumMcona kaca-
JACh OKPYKHOCTH DUIEPA, 3TA TOYKA JOJKHA, OBITH UX €MWHCTBEHHOU OOIIen
TOYKOW, T. e. IpaMasd CUMCOHA JOMKHA OLITH MEPIEHUKYIAPHA OTpe3Ky F L
(£ — uenTp okpyxuOCTH Juiepa). Paccmorpum Teneps Tpeyroasauk OH P
nockonbky HE = FQO, orpesok EL saBasgercs ero cpeiHer JUHUEH, TEM Ca-
mev, EL || OP. 3uadur, npavas CUMCOHA KAaCAETCA OKPYXHOCTH JWIEpa
TOT/a U TOJABKO TOT /A, KOTAa OHA MEPIEeHIUKYIAIpHa oTpe3ky OP.
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UcmoansyeM yTeepxkgemme 2°: MpM MPOXOAe TOUKOM P BCeH OMMCAHHON
okpyxHOCcTH (T.e. korga orpe3ok OP moopaudusaerca Bokpyr O Ha 360°)
npsmas CuMmcona nosopouuBaeTcsa ua —180°. Ilpu arom ycaosue neprienauky-
JAPHOCTH BBIIIOAHACTCA POBHO TPHUX ABIL, HpH‘{éM MexXay COOTBCTCTBYIOHNIMMU
nonoxenusamu Toukamu P (Ha puc. 4 ouu o6o3uadensr Py, Py, P3) otpesox OP
nosopauuBaercsa Ha 120°. Tak aro Py Py Py — paBHOCTOPOHHUYN TPEYTOJLHUK.

3AMEYAHUA. 1. Ilycrs Bepmmuaam Tpeyroabauka ABC cOOTBETCTBYIOT
KOMILIEKCHEIE STUCIA G, b, ¢, & MEHTPY e€ro Omucanuon okpyxuocTd — 0. Mox-
HO MOKa3aTb, 9TO TOrgaa TodkaMm Pi, Ps, P3 cOOTBETCTBYIOT TPHU 3HAYEHUA
V —abc.

2. YTBepXK eHne 3303491 OCHOBAHO HA TOM, ITO orubatomen npameix Cum-
COHA NAHHOTO TPEYTOALHUKA ABIAETCA AEAbTOMAA (MHOONUKIONA ¢ TPEMS
OCTPWAME), OMUCAHHAA BOKPYT €r0 OKPYKHOCTH DWIepa, puc. 5.

(M. FO. Ianos)

9.4. YCJOBUE. [JaHa mOCIefOBATEABHOCTL {aj}pC |, Takad 910 a1 = 1,
ap = ag—1 + apj2) opyw k > 1. JlokaxwuTe, ITO HA OJUH €€ LICH HE NEIUTCA
Ha 4.

[IEPBOE PEIEHUE. [Iycts n = 2Fm, rge m — mewerno. JlokaxeMm mH-
OYKIIIEH IO 7, <ITO

1. ecau k meweTHO, TO an = 2 (mod 4);

2. ecan k 9€THO M KOAWYECTBO UMD B ABOMIHOU 3AMUCHA IUCAA 1 HEYETHO,
1O ap, =1 (mod 4);

3. eciu k 9€THO W KOAMYECTBO UMD B ABOUYHOU 3AMMCUA IUCAA 7 IETHO,
TO ap =3 (mod 4).

[Mocnemame nBa caydas MOXHO OOBEIWHUTL B OJWH: e€cam k €ETHO, TO

an = 2s(n) — 1 (mod 4), rae s(n) — xoam+aecTBO TM@PP B ABOMYHOU 3amu-
CH SIHCTA N.
Baza n = 1 ouweBugna.llepexon: mycts »10 Bepuo maa 1,2,...,n — 1, no-

KaxeM 1 n = 2Fm.

1. Ecau k medeTHO, TO MO IPEANIONOKEHUIO MHAYKIWHA 4y = 28(n—1) — 14
+2s(n/2)—1 (mod 4). Yunrwisas, aro s(n/2) = s(n), s(n—1) = s(n)+k—1,
MOy IaeM
2s5(n—1)—142s(n/2) -1 =2s(n)—1+2s(n) —1+2k—2=2k =2 (mod 4).
2. Ecau k werno u k > 0, TO IpeIOI0XKEHIIO UHAYKIAK Gy = 25(n—1) — 142
(mod 4). U3z s(n —1) = s(n) + k — 1 moxygaem

2s(n—1)—14+2=2s(n)+2k—1=2s(n) —1 (mod 4).

Ecmuz k = 0, To mozaraem n — 1 = 2¢s, rae s mewerHo.
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Ecnu £—1 megerno, To us a, = 2+2s(n—1)—1 (mod 4) ms(n—1) = s(n)—1
noxygaeM 2 + 2s(n — 1) — 1 = 2s(n) — 1.

Ecim £ — 1 werno, To w3 a, = 2 + 2s([(n — 1)/2]) — 1 (mod 4) u
s([(n—1)/2]) = s(n) — 1 noayugaem 2 + 2s([(n — 1)/2]) — 1 = 2s(n) — 1.

VEAyKTUBHEIN IIepexX0/] NOKA3aH. SHAYUUT, 4, HE TEIUTCA Ha 4.

(A. Badaan)

BTOPOE PEMEHUE. /[loka3aTelbCTBO TOTO, 9TO Gy HE AETUTCA Ha 4, CJe-
AyeT m3 Tpex (paKTOB.

1. Eciu n HeweTHOE, TO G, HEIETHOE.

[enctBureasuo, mpu k > 0 uMeeM aspy1 = aog + G = Gok—1 + 265, TAK
YUTO Gok41 U G9k—1 UMEIOT OJMHAKOBYIO 9€THOCTB. [loCcKoTbKy a1 HEYeTHO, TO
7 BCE OCTAJNbHBIE (9k4] TAKXKE HEIETHBL.

2. [Ipu k > 0 BumonuAeTcsa aq, = ag (mod 4).

s k = 1 oTo cpaBuenue BuImOaHAETCA. [l OCTAIBHBIX k ero MOXHO
MIPOBEPUTH 1O WHITYKITU:

Qaftda = Qag4+3 + Q212 = Qafy2 + 200811 + Qg1 =
= Q4p+1 + 3A2%41 + Qg1 = Qag + 302k41 + Qo + Qg1 =
= aa) + 41 + k11 — ag,

HODTOMY G444 — Gft+1 = G4k — a (mod 4).

3. Eciu n 1eTHO, HO He genuTca Ha 4, TO NI Gy COPABENINBO TO XK€ CaMOe:
OHO YE€THO W HE METUTCA HA 4.

W3 0. 2 moaydaem:

O4k+2 = Q4f+1 + Q2k+1 = G4k + G2k + G241 =
= (a4x — ag) + 2a9+1 = 2a9,+1  (mod 4),

Iajee TPUMEHNM yTBepX aeHue 1. 1.

Tenepb yTBepXK JEHWE 33,1291 MOXHO JOKa3aTh OT MPOTUBHOIO: €CIN 11 —
HAMMEHBIIEE UUCTO0, IS KOTOPOTO dy AEAUTCI HA 4, TO 71 JOIKHO TEIATHCI
Ha 4 (B cuwry mm. 1 u 3), HO TOrga B cuiy . 2 a, /4 TAKXKe NOJKHO JEeIUTHCA
ma 4. [oxywwnmm npormBopedne, KOTOpPOE 03HAYAET, UITO BCE G HE MEJATCS
Ha 4. (A. Beaesuncruii)



