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O600IIeHHBIE CYTIEPTapMOHIIECKIIE
MIOCJIeIOBATENBEHOCTH

M. 1. Bormanos I'. P. Yeanoxos

B sron 3ameTke mpuBOAUTCA pemeHue 3agacm 5.9a) u3 sagadnuka «Ma-
TEMATHIECKOTO IpocBemennsy. HamoMauM GpopMyIupoBKy:

B kreTkax 6€CKOHEIHOU KIETYATON JEHTHI 3ATTUCAHBI TOJOXKUTEMb-
HBle 4mcaa. V3BECTHO, UTO KaxXgoe UCI0 He MeHbIIe CPegHero
apupMeTHIECCKOTO TPEX COCeAeN CIeBa W Tpex cupasa. [okaxmu-
Te, YTO YMCJIa, PABHHL

DopMaTbHO YUCIA, 3ANUCAHHBIE B KIETKAX OCCKOHEYHOU KIETIATOU JIEH-
THI, MOXHO PaccMaTpuBaTh aub0 Kak GpyHKInn Z — R 13 MHOXECTBA IEABIX
YUCENT B MHOXECTBO JEUCTBUTEILHBIX YHUCE, Ju00 KakK OECKOHEYHBIE B 00e
CTOPOHBI TOCAEIOBATEABHOCTH JEUCTBUTEIBHBIX TUCET

'7f_n7‘"7f_1’f0’f1""7fn7"‘

Mper BeIGEpaeM BTOPOU COCO6 U fajiee TOBOPUM TOJBKO O TOCAE[0BATEIBHO-
CTAX.

OnPEAENEHUE. llycts F' — HemycToe KOHEYHOE MHOXKECTBO HENBIX UH-
CeJl, CHMMETPUYIHOEC OTHOCUTEABHO HYJ/A, IPDUYEM YUCIa B F B3aMMHO IIDOCTBI
B coBokymuOCTH. [locienoBaTeabHOCTD a, HazoBeM F-cynepzapmonuueckot,
ecau [ 1106070 71 BBITOJAHAETCA HEPABEHCTBO

1
Qg 2 ‘_Fj Z (Zn+f .
fer
Haan/IMep, {—1, +1}-CyHepFapMOHI/I‘IeCKI/Ie II0CJAeIOBATECIBbHOCTH — 3TO

TO XKe caMoe, UTO CylmeprapMoHmdeckue Ha Z! (pyHKmm.

TEOPEMA. Ecau F-cynepzapmonuueckas nociedosametsbrocms Heompl-
YAMEALHA, O OHA NOCMOAHHG.

3agaga 5.9a) ABIAETCA YACTHBIM CIYyYaeM 5TOU TEOPEMBI, B KOTOPOM
F = {-3,-2,-1,1,2,3}. [lag upoCTOTEI M3JI0XKEHUSA MbI TIPUBOAUM TOIBKO
IOKA3aTEILCTBO DTOT0 YacTHOrO caydad. Qbiree HOKa3aTEIbCTBO MOLYIaeT-
cA aHAJOTHTHO.

MaTemaTu4eckoe npocseyenue, cep. 3, sbin. 10, 2006(232-235)



O6o6uieHabIe CyHEepPrapMOHAIECKHE MOCTE[OBATEILHOCTH 233

Beckoneumnbie B 06€ CTOPOHBI TIOCIEOBATEILHOCTH TUCET OOPA3YIOT BEK-
TOPHOE MPOCTPAHCTBO OTHOCUTEIHHO OMEPAITUN TOKOMIIOHEHTHOT'O CIOXKEHUA
U YMHOXEHUA BCEX 9JICHOB HAa KOHCTAHTY. SaAaAHM Ha 9TOM BEKTOPHOM IIPO-
crpaHcTBe JuHEHHBIN omepaTop X casura BreBo: X(ap,) = (by), rae
bn = Aap+1-

Hac 6yayT uHTEpecoBaTh MHOIOWIEHBI OT X OTHOCATENHHO CTAHAAPTHHIX
onepanyii: TIPOU3BECHNE OTIEPATOPOB €CTh UX KOMIIO3UIINAA, HATTPUMED, Ollepa-
Top X? HepeBoJUT HOCIeI0BATEILHOCTD (Cy) B (Cpy2); CIOXKEHHE OHEPATOPOB
MEPEBOUT TOCAENOBATEILHOCTE B CYyMMY €€ 00pa30B, HAIIPEMED, OMEPaTOP
X?24+2X 41 nepeBoauT NOCAAOBATEABHOCTD (Cp) B (Cpqo+2¢h11-+Cy); aucao A
ITOHUMAECTCA KaK OIICPATOD YMHOXKECHUA KAaX OO0 WICHA IOCJIACA0BATECIBHOCTHU
ma A. Kaxaui Takon MHOTOWIEH ABAACTCA JHHEUHLIM OMEPATODOM.

HamoMHAM, 9T0 B 3TOM CIydae KOMIO3UINA JUHEMHBIX OEPATOPOB COBIIA-
JaeT C MPOM3BENEHNEM MHOT'OWIEHOB, T.e. KoMmosunma onepatopos P(X) u
Q(X) ects onepaTop PQ(X). Hampumep, X2+3X +2 = (X +1)(X +2), T.e.,
MOMENCTBOBAB HAa TMOCIEJ0BATEILHOCTE CHaYUala omepaTopoM X + 1, a sarem
X + 2 (mm HA060POT), MBI IOLYIMM TOT XK€ PE3yJbTAT, KAK MPHU NEUCTBUN
omeparopom X2 + 3X + 2.

Ha 5ToM A3bIKe yI0OHO 3aMUCHLIBAIOTCA MHOTTE TIOHATHA. TaK, MHOXECTBO
JUHENHBIX PEKYPPEHT C YPABHEHUEM Uy 1k = AolUpn +G1Unt1+ - -+ Cp—1Un1k—1
— DTO MHOXECTBO MOCIEAOBATEALHOCTEN, IIA KOTOPHIX

XFup) = (ag + ar X 4 - + ap_1 XY (up),

WM, MPOIIe TOBOPS, MPOCTO MHOXKECTBO BCEX MOCAEI0BATEILHOCTEN, OOHY.I-
eMbrx omeparopoM X¥ —a,_1 X1 — ... — g X — ag, T.e. ero agpo. Orcona,
PACKIATBIBAA STOT MHOTOWIEH Ha JUHEUHLIE COMHOXUTEIN, HETPYIHO TOILY-
YUTL O0LLYI0 (POPMYIY JUHENHON PEKYPPEHTEHL.

Ycaosue 3agaau 5.9a) dpopmyampyeTca Temeps B cregyromem Buge. lana
TakKas [MOCAEA0BATEALHOCTD (Gy,) NONOKUATENIbHBIX IUCET, UTO

6an+3 2 ap + apt1 + apt2 + Gpa + apgs + apae,
Wiad, APYTUMU CIOBAMU, IPUMEHEHUEC MHOI'OY/ICHA
PX)=1+X+X?-6X>4+ X"+ X%+ X6

K TOCIeJOBATENbHOCTH (Gp) AT HEMOMOKUTENTbHYIO MOCIeJ0BATEIbHOCTD.
Tpebyercsa moka3aTh, 91O (ay,) €CTh koHCTaHTA. D)

Samernm, ato P(z) = (z — 1)2Q(z), mpuwaem Bce KoadpummenTor Q(r)
HeoTpuIaTerbHEL?) [[eRCTBATENLHO, JOCTATOMHO TPOBEPUTL 3TOT BaKT A

1)Hpu NOKa3aTeIbCTBE TeOpeMbl MHOrowIeH P(X) HyXHO 3aMEHATH HA4 COOTBETCTBYIO-
mwmy MHOXKeCTBY F' Bo3BpaTHBIZ MHOrOwIeH (F-MHOrOwIeH).

%) AHATIOTUYHOE YTBEPK JCHUe CIPABEINBO U I TPOM3BOIBHEIX F-MHOTOWIEHOB, I0Ka-
3aTeIbCTBO MOBTOPAETCA MOYTH JOCIOBHO.
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muorowrenor ¢ — 2zF + 277 moromy wro P(z) = (28 — 22° + 1) +
+ (2% — 203 + ) + (z* — 22 + 2?). [J1g MHOTOWIEHOB YKA3AHHOTO BHIA
YTBEPXK ACHUE OIEBHUTHO:

$k+T o 2$k +$k—r — wk—r(wr _ 1)2 — (]7 _ 1)2$k—r($r—1 +$r—2 4ot 1)2

Manee, kopum @Q(z) mo momymaio He pasubl 1, T.e. Q(z) # 0 npnm mo6om
KOMILIEKCHOM 2, |z| = 1. [leicTBurensno, |P(2)| > (623 —1— |z — 22| — |24 —
—|2%| — |2®| = 0, npuuem paBeHCTBO MOXKET NOCTHIATHLCA MWL KOT A Tmcaa, 1
U Z MIMEKT PaBHBIE apryMeHThl, T. €. 2 = 1. Ho Q(1) # 0 u3 noaoxureasnocTR
KOBCbeI/II_II/IeHTOB.S)

O6osramm Q(X)(an) = (by). Torga saementsr (by,) momydatoTcsa us sie-
MEHTOB ((y,) JMHENMHON KOMOWHAIMEN C TOJOXUTEIbHBIME KOd(MDOUIMEHTAME
(a mMmenHO, ¢ KO>OUIMEHTAMY MHOTOWICHA ()); TAKUM 00Pa30M, HMOCAEI0-
BaTeIbHOCTH (by,) monmoxurenbua. Ilo ycroBuio, nociegoBaTensuocTs (dy) =
= (X — 1)%(b,) = P(X)(an) menomoxurervra. [lokaxem, aro (b,) mocro-
suHasd. Ilycrs (¢,) = (X — 1)(bn), Torga (d,) = (X — 1)(¢p). o ycaosuio
noxy4daeM d, = cpt1 — ¢y < 0, T.€. (¢,) He BospacTaetT. Ilpeamonoxum, 910
cymectryet ¢ # 0. Feim ¢ < 0, To m Bce ¢; < ¢ < 0 mpm | > k. Torga
biy1 — b <cpupul >k, T.e. by c BospacTanueM [ Ha Kax oM mare yonBaeT
XOTA OBbL HA |ck|; 5TO HeBO3MOXHO, Tak Kak (by,) HOIOXKAUTENIbHA. AHAIOTUTHO,
eciu ¢ > 0, To mpu Bcex [ < k ¢ ymenbinenueM | BeauvuuHa b yMeHbIIaeTCA
x0T ObI HA Ck, 9TO HEBO3MOXHO. UTak, ¢ = 0, aro m o3Havaer, aTo (by)
MOCTOAHHAA.

Tak kax KO>(pHUIUEHTHL ¢; MHOTOWIeHA (Q(Z) M “WIEHBI IOCIEA0BATEILHO-
et (ay) TOTOKUTEIBHBL, TO by = qoan+q1ant1+- - = qoan, T.€. an < by/qo =
= by/qo, ¥ TOCIEAOBATEILHOCTS (Gy,) OrpanudeHa. [lamee, 3ameTumM, ITO TpU-
MeHeHme onepaTopa Q(X) K HOCTOIHHOU IOCACIOBATEILHOCTH YMHOXACT €€
Ha Q(1). Hockoabky mocaenoBarensHocTh Q(X)(ay) nocrosuuas n Q(1) # 0,
TO U3 (Gp) MOXHO BBIYECTH IIOCTOAHHYIO NOCIELOBATEILHOCTL ¢ = by/Q(1)
U HOTY"IWTH TAKylo (OrpaHmdeHHyIo!) MOCIeI0BATEABHOCTE d), = Gp — C, ITO
Q(X)(ay) = (0).

Pemenne xoTenock Gb 3akoHIUTH TAakK. Mbl monyauium, 9o (a,) ecTh au-
HEMHAA PEKYPPEHTA, Y XapPaKTEPUCTUIECKOTO YPABHEHUA KOTOPOU HET KOp-
HeH, 110 MOAYII0 paBHBIX 1. [IpuMmenus o6myio ¢GpopMyLy IMHEHMHON PEKYPPEH-
THI, MOIy9IaeM, 9T0 (a)) eCTh JMHEeMHAS KOMOWHAIMA MOCIEN0BATEIBHOCTEN
Buga (R(n)a™), roe a mpoGeraer MHOXecTBO KopHen Q(z), a R(n) — mHO-
rowien. Kazamoch ObI, HOCKOIBKY || # 1, TO Takada mOCIEIOBATEILHOCTH

Ipn J0KA3aTEIBCTBE TEOPEMBI AHATOTIIHOE yTBEPXK JeHUe HYXKHO A0Ka3aThb OJIA IPO-
U3BOJBLHOTO F-MHOTOUTeHA. B 5TOM mOKasaTerbCTBe CYIIECTBEHHO MCIOIB3YETCSA YCIOBUE,
a0 yncaa u3 F' B3auMuHO mpocCTEI.

[anpHenmme pacCyXA€HWA OMMPAIOTCA HA yKa3aHHBIE CBOMCTBA F-MHOrO4I€HOB, a B
ocrambHOM OT Buga F' oHu He 3aBUCAT.
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OrpaHmYeHa Jumb Korga a, = 0. DTo m B caMOM Jene BEpPHO, HO U3BECT-
HEBIE HAM [JOKa3aTeIbCTBA OCHOBAHEL HA TOCTATOYHO TOHKUX PACCY XK JEHUAX C
IpuUMeHeHneM TeopeMbl KpoHekepa.

[Tosromy 3aBeplIMM A0KA3aTEABCTBO HECKOABKO MHA4e (U Lpouie).

MBI JOMKHEL HOKA3aTh, 94TO, npuMeHad (Q(X) K OrpaHnIeHHON HEHYJIEBON
HOCIe0BATENBHOCTH, Helb3sa noay«anth (0). Pasmoxum Q(r) Ha aunenHbIE
MHOXUTELY; TOIAA AOCTATOYHO NOKA3aTh HTO A OJHOI'O0 TAKOI'O MHOXUTE-
a1 X —a, vae |af # 1 (4eRcTBUTEIRHO, TOCKOIBKY STOT OIEPATOD HEPEBOLUT
OrpaHWYeHHbIE IIOCIeJOBATEILHOCTH B OTPAHNIEHHEIE, TO 110 HHAYKIWA CPA3y
noay4aercs Tpebyemoe). Oanako X — a, 049eBUAHO, OGHYAAET JMIIL TOCIEA0-
BATEILHOCTY BUAA Uy = &g, KOTOpBIE TpH |a| # 1 1wy # 0 He orpaHUtIeHEbl,
970 M TpebHOBAJIOCH TOKA3aTh.

3AMEYAHUE. [loxoxwumu METOJaMM JEI'KO PeIaeT s, HaIIpuMep, 3a1a9a

7.11 n3 3agaunuka «MaTeMaTUIeCKOT 0 TpOCcBenleHws . HamoMuum ee ycaoBue:

Bce KoMILIeKCHBIe KOpHE ypapHeHns Ag X"+ A X" 4.+ A, =0

1o Moyt crporo mensie 1. [locaeroBarensrocTs { v = Agtg1pn+

+ Ajugin—1+ -+ Apug} — cxomurca. [JokaxuTe, ITO TOCTIENO-

BATENLHOCTL {U)} TOXE CXOAUTCA.
[locTaTOYHO TMOHATH, YTO HA KIACCE OTPAHUIEHHBIX MOCIEI0BATEALHOCTEN
BepHO oneparoproe pasercTBo (1 — aX)(1 +aX +a?X? 4+ ...) = 1, ecim
la| < 1.
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