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O matpunax ['pama

B. A. O quu

PaccMoTpuM HECKONBKO M3BECTHBIX 33134 U3 NUCKPETHOUW reoMeTpuu. Pernenus
NIPAKTUYECKN BCEX CErOJTHA HEM3BECTHHI.

Yepes zy = z1y1 + ... + TpY, 0003HAYUM CKAJIAPHBIE POU3BEIEHUS BEKTOPOB
T W Yy U3 N-MEPHOT'0 €BKINIOBOTO mpocTpaHcTBa R". /lng mpom3BOIBLHOrO HabOpa
W = {ei1,...,€;} PA3IMIHBIX €JUHUTHEIX BEKTOPOB BBHINMIIEM MX Marpuiy ['pama
1 €1€2 ... €1€4
eseq 1 ... ege
GW) = ! (1)
eqe1 e€gea ... 1

(B ganpHenmeM GygeM OTOXAECTBIATD €IUHUYHBIE BEKTOPBL C TOYKAMU €IUHUIHON
cheprr S"L = {r e R* : zx =1}).

1. BOCCTAHABJIUBAEMBIE KOHOUT'YPAIIANA

Bce pasmuunbie CKaJApHBIE TPOUW3BENEHUd, BCTpedammmecs B (1), sanumem B
CTPOYKY

S(W):{]_,tl,,ts}, 1>t1>>ts (2)

Hanpuwmep, eciu W coctout uz (n + 1)-# BepUIMHBI TPABUIBHOTO CAMILIEKCA, BIIA-

carHoro B S"~! to S(W) cocront Bcero ms aByx umcen {1,—1/n}. Ecim W —
COBOKYITHOCTH BEPIIUH IPABUIBHOTO 2¢-yTOJbHUAKA, TO

S(W) = {l,cosg,cos 27”,...,—1}.

IIycTs MBI 3HAEM BCIO CTPOUKY (2) M1 HEKOTOPOU CHEPUIECKON KOHMUTY AN
W. MoxeM 1 Mbl € IMHCTBEHHBIM 00Pa3oM BOCCTAHOBUTL W7

Brauasne onpezneanmcs ¢ eguacTBeHHOCTRIO. [IBe Kordurypamun Wi, W,y cuntaem
OJMHAKOBLIMU, €CJIN CyIIECTBYeT BpaiueHue p takoe, uro Wy = pWs. llox Bpamenun-
eM p TIOHUMAeM JUHenHoe mpeobpasoBanue R B R ocymecTBageMoe mOCPeICTBOM
oproronansron Matpunsl T, TT' = T'T = E ¢ det T = +1. Usmenerue opuenTanum
ponyckaeTcs. OpTOroHANIbHAA MATPUIA «COXPAHAET» CKAJIAPHBIE TTPOU3BEIEHILI

TaTy = 2T'Ty = xEy = xy,
CJIeJOBATENBHO, M «oBopoTay p crpouku S(W) u S(pW) oauHakoBEL
B o6men curyanun oTBeT Ha BONPOC, KOHEYHO, OTpulaTeabHbN. O THAKO HEKO-

TOPHIM 3araJOYHBIM 06pa3oM cdepudeckre KOHGUIypauny JIeIATCa Ha JBA KIACCA:
BOCcTaHaBauBaeMble o S(W) u HeBoCCTaHABIMBAEMBIE.
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YTBEPXKIEHUE 1. Jlobas chepudeckas koudurypanus W = {e;, ez, e3} us R",
n > 2 no S(W) BoCCTaHABIUBAETCA €QUHCTBEHHBIM 00ODPA30OM.

YTBEPXKAEHUE 2. Ilycts chepuueckas xoundurypamms W = {e;, ..., es} uz R
TaKOBa, 9ITO
1 1
S(W) = {1, —, —— —1}.

Torma W — Bocemb BepmuH Ky0a.

YTBEPKAEHUE 3. (Hantjes, 1948) Ilycre cdepudeckas xondurypauus W =
={e1,...,e12} m3 R® Taxosa, uto

1 1
S(W) ={1,——, —, —1}.

W)y ={-7 2z~
Torxza W — ngBenHaanaTh BepiuH nkocanapa. CKantspHbE IPOU3BEIEHUs €r0 MOTHO-
CTBHIO XapAKTEPUIYIOT.

[lokasaTenbCTBa TMEPBBIX ABYX YTBEPXKICHUU HECJIOKHBI, OTHOCUTEJIBLHOTO Tpe-
Thero cM. [1], rae Takxke o6cyx)gaercsa psaj 6amskux Bompocos. Hama mems — mo-
Ka3aThb, 9TO IPU 7 > 3 HEBOCCTAHABIMBAEMAS KOH(MUTYDPAIUA CYIIECTBYET yXKE TPU
q = 4. Jocrarouno B R® mpusectn gBe pasmele Kordurypammu Wi, Wy ¢ onuna-

koMU cTpoukamu (2). Ilycts W) COCTOMT M3 BEKTODOB €1 = {%, %,O}, € =
= {%,—%,O}, es = {—%,O,%}, €4 = {—%,0,—%}, a Wy — u3 BekTOpOB
er = {1,0,0}, e2 = {0,0,1}, e = {—%, g,O}, eq4 = —%,—?,O}. Beraucanm ux
MaTpuilsl I'pama
r _1 17 1 1
0 =5 Lo -3 =
0o 1 _% _% 0 1 0 0
GWy) =1 1 o G =| 4 o 1 1l
3 T3 10 2 2
1 1 1 1
-3 -z 0 1] 2 0 3 !

u yBuguM, yro S(Wp) = S(Wy) = {1,0,—1/2}. Ognaxko Wy u Wy — pasuble KoHDU-
rypauuu, nockoabKy uyaen B G(W;) gerwipe, a B G(Ws) — wmects.
Yecaoxuum Teneps Bonpoc. [locrasum mabopy W B coorBeTcTBHE TabIuily

Lt |t |- ] ts
: 3
AR AR ®
rie BepxHssa cTpoka ectb S(WW), a HIKHAA ONpefeaseTcss KPATHOCTAMA
Ni= Y L N+..+N.=¢-q
z,yeW, zy=t;

s KaKOoTo HAaMMEHBIIIEr0 ¢ MOXKHO MOCTPOUTHL ABA pasHbIX Haoopa Wi, Wy, numero-
IUX OJHY U Ty Xke Tabauiy (3).
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2. KOJIMYECTBO PA3JIMYHLIX DJIEMEHTOB MATPUIILI I'PAMA

CKOIBKO pasInvIHbIX 3JI€MEHTOB cogepxkutca B MaTpuie (1)? Ecau ve yanTweBaTsh
IIaBHYIO IMarOHAIb, TO BepXHAA rpanuma (¢° — q)/2 oueBugHA, U OHA JOCTUTACTCA.
IIpu ¢ — 0O OTHOCUTENBHO HMKHEU TPAHUIILI TIPU 7 > 3 HEM3BECTEH JaKe €€ TTOPSAI0K
pocra. Cayuau n = 2 mpocT.

YTBEPXKAEHUE 4. IlycTh HA €MUHUTHON OKPYKHOCTHU PACIOIOKEHO ¢ PA3TUIHBIX
Touek. Torga KOIMYeCTBO § PA3IMYHBIX PACCTOSHUNM MEXKIY HUMHU YAOBIETBOPSET
HEPABEHCTBY

qg—1
5 4 HEUeTHO,
s> q (4)
9 q — Y9eTHO.

[lencTBATENLHO, BO3BMEM NMPOM3BOJILHYIO TOYKY 2 Hammen koHndpurypanmm W m
nposegem [depes mee auamerp. OH pazobbeT OKPYKHOCTH Ha ABe ayru. HyxHo pac-
CMOTpeTh ABa caydas: Touka —¢ € W u —x € W. Ecim —x € W, To Ha ogHOU u3
Iyr GyIeT pacmosaratbcsa He MeHee deM (¢ — 2)/2 mouex W, ecim ¢ — 9€THO, U He
menee (¢ — 1)/2 Touex W, ecin ¢ — HedeTHO. [TOCKOMBKY BCE PACCTOAHUA OT & JO
STUX TOYEK PA3HEBIE, TO MOLYIAETCA OUEHKA

q+1
= q — HEYEeTHO,
s> g
2 q — Y€THO.

AHaIOruIHO paccMaTPUBAETCA W BTOPOU caydan. Huxusas oneHka (4) Todna, oHA
NOCTUTaeTCA MJIA ( BEPIIMH MPABUILHOTO ¢-yTOJTLHUKA.

Bocnoabsyemcs onauM coobpaxkenueM I1. Spaéma [2] n gnsa pasmepHocTn n = 3
oaauM «Caa0yio» OLEHKY CHU3Y IJIUHBI CTPOUKY (2).

YTBEPWKAEHUE 5. Iycte W = {e1,...,e,} C S?. Torga
s =s(q) > ¢'/*.

Bce omenxu 6ygeM mpOBOAUTH, YUUTHIBAA JUIIL MOPAIOK. BO3bMEM TPOU3BOIL-
HyI0 TOUKY & € W u coefuHUM ee CO BCEMU OCTAIbHHIMU. IlycTb OKasamoce m pas-
JIMYHLIX PACCTOSHUN, 3HAYUT UMEEM OLEHKY

5> m, (5)
HO OHA TUIOXA, €CJIU M «MaJoy. B 3TOU CUTyauuu nNpooKUM PacCyXkaeHud. Beero B
W umeercs q Touek, ¢ — 1 U3 HUX PACHOJATAIOTCA HA M OKPYXKHOCTAX. SHAUUAT, HA

. -1
OJHOU W3 HUX PACIOJOXKEHO HE MeHee UeM [q—] Touek. 3 mpeabiaymmero yTBep-
m
XKIEHUA HAXOIUM

5> q/m. (6)
W3 (5) u (6) momy«um
5> max{m, q/m} > ¢*/%.
ITogHEUMAACH IO PA3MEPHOCTH, TIOBTOPAEM PACCYXKICHUA W HAXOIUM, ITO Tpu 1 = 4
s> ¢/t ur o
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B eBKIMIOBBIX TPOCTPAHCTBAX HA PACCMATPUBAEMBIN BBIIIE BOMPOC CMOTPAT U C
npyrou ctoponsl. MuoxkecTBo W n3 R Ha3zmIBaeTCA MHOXECTBOM C IBYMS PACCTOA-
HUSAMU, €CJIU BCEBO3MOXKHBIE PACCTOMHUA MEXKAYy TOUYKamMu W paBHBI TOJIBKO di U da,
0 < d; < dy. KakoBo mHaunGombiuee xkommdectBo Todek N = N(n) comepxurcs B Ta-
kux MHOKecTBax? To4HbIe 3HAMEHUA U3BECTHEI 3, 4] AUIIb 1711 MAIBIX PA3MEPHOCTEN.
Mopanox pocta N(n) mpu n — oo masecTen, 510 n°. HmkHAS ONeHKa JeT1aeTcsa Tak:
B R*™! paccmorpum corokymuocTs n(n + 1)/2 Towex W = {12,0"~'} — ame mpo-
U3BOJbHBIE KOODAWMHATHI PABHEL 1, & ocTaabHble N — 1 koopauHaTH paBHEL 0. MoxHO
cuntarh, yTo W C R", Tak kax kaxagas TOYKa & u3 W J€XWT HA IUIEPILIOCKO-
cTu 1 + ... + Tpt1 = 2. W ecTb MHOXKECTBO C ABYMs PACCTOAHUAMU di = V2 u
dy = 2. Bepxuss ouerka N(n) < (n+1)(n+2)/2 (A. Blokhuis) BeiBoguTcs TpyaHee
(nogpoGuocTn B [4]).

3. MHO>KECTBA C OJHUM PACCTOSIHUEM

B »ToMm pasgene MBI 0CTaeMCsl B KOHEYHOMEDHOM 0AHAXOBOM IPOCTPAHCTBE, HO
yKe He 00A3aTeTbHO €BKINJIOBOM. BymeM OIeHMBATH MOIIHOCTH MHOXKECTBA, V KO-
TOPOT'O BCE B3AUMHBIE PACCTOSHUA PABHBI OHOMY M TOMY Ke Jucay. Vcmors30BaTh
TEPMUHOJOT IO (PYHKIMOHAIBHOIO aHaau3a He xodeTcsa. O6cyx qenue OyeM BECTH B
TEePMUHAX PAa3HOCTHHIX MHOXkeCTB. MHOXecTBO

M ={z=z—-y : €M, ye M, z#y}, MCR",
HA3BIBAETCA PA3HOCTHHIM. B R" paccMOTpuM BBHIMTYKIYIO, HEHTPATbHO-CUMMETPUY-

HYI0 OTHOCUTEIBHO HyJsa obaacTsb D ¢ rpanunen .

3AJAYA. [Taa sagasson I’ santn B R mEOXkecTBOo M HAmOGOJBIIEH MOIIHOCTH
N = N(n), yaoaersopsiowee ycaosuo M* C T.

Ecma T' = S" 1 — cdepa, To oueugno, ¥10 N(n) < n+ 1, m omeska 10cTATaeTCA HA
BEPIIMHAX PABUILHOTO cuminiekca. Ecau I' — rpanuna ky6a, To N(n) < 2". Ouenka
TO4HAA, B KadecTBe M crnenyer B3aATh 2" BepmuH Kyba. Ecim

F={zeR" : |z1|+...+ |zo| =1}, (7)
TO 3aja49a PelleHa JUIlb IIPU PA3MEPHOCTAX 1 = 1,2, 3, 4, npudeM NOCIeTHUN CILIyIan
pa3o6paH cosceM HenaeHo [5]. Paccmarpusas B kadectse M 2n TOUeK ¢ KOODAWHA-
1 1
Tamn { + 5,0, ...,0},...,{0,0,...,0, ii} noxydaem ouerky cuusy N(n) > 2n. Ouna
cayXkuT ocHoBaHueM s runoressl N(n) = 2n, n € N.
IocTanoBka 3a1aMu JOBOJIBHO OMM3KA K AHAJOTMYHBEIM U3 T€OPUM KOIUPOBAHMUA.

TTonpo6yem mcnoab30BaTH U3BECTHBIE METO Bl TAPMOHUYECKOTO AHAIN3A, CBI3AHHBIE
C TIOMOXUTEILHOU OMPEIEIEHHOCTBIO.

YTBEPXK/JAEHUE 6. IlycTh TpuroHoMeTpuiecKas CyMMa,

f((l?) = Z )\382771'51’ ST =81L1 + ...+ SpZy
S

yIOBIETBOpAET ycaoBuaM 1) As = 0, Ao > 0; 2) f(z) <0,z €T.
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Torga

Ny < I ®)

Tetcrurensno, mycts M = {z®)}N u M* C T, Torga no yciosuio 2

N
I=73 fa® —aW)=NfO)+)_ f=® —20) <NF(0).

k=1 k1
C Ipyrou CTOPOHBI, MO YCJIOBUIO 1
N

I=3 A 3 i) Z 5y

s k=1

2
2 AOJV27

E e2ﬂ'ism

zeM

OTKyza BeITeKaeT (8).
Hua T = {z € R” : maxigrgn [2x| = 1} HyxKHAT TpuroHoMmeTpumdeckas CyMMa
CTPOUTCSA MIHOBEHHO
n n
_ 2TL; _ o5—n .
flz) = Hcos - = 2 H(l + cosmx;).
Jj=1 Jj=1
Nmeem f(xz) = 0, x € T; B cuny GOpMya TPUTOHOMETPUU BCE KOIMDMUIMEHTHI g
HEOTPULATENbHEL, \g = 27 ". 3uauuT, u3 (8) Haxoaum Tpebyemyto omenky N (n) < 2™.
[nsa pasmuaseix [T MOXHO TOCTPOMTH COOTBETCTBYIOMIAE TPATOHOMETPUYIECKUE
CYMMBI, KOTOPBIE TIPUBOAAT K XopormM onerkaM N (n), no nas I, onpenenennon (7),
HYXKHAas TPATOHOMETPUIECKASA CYyMMa CTPOUTHLCA MOYEMY-TO HE XO4UeT.
Paccvorpum eme ogun mpumep. IycTh €1, €2, €3 — HOPMAIU K Pa3JIUIHBIM CTO-
POHAM HPABWIBHOI'O WIECTUYTronbHUKA (cM. puc.) [Tosoxum

1
f(x) =cosejx cosesx cosesr = Z(l + cos 2e; & + cos 2eax + cos e3T).

Ha pucyHKe 3aIITPIXOBAHO MHOXKECTBO
F={zeR: f(z) <0}

Bri6pas B kauectse I mpousBonbHOE mogMHOXKECTBO U3 F', u3 HepaBeHcTsa (8) moury-
qaeM, UTO MOIIHOCTE 110600 MHOXKecTBa M Taxoro, uro M* C I', He mpeBoCXOAUT
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qeTwIpex. M3 5TOro mpumepa BUIHO, MTO «TVIATKOCTHY ' 1 BEIMYKIOCTL D 0COGEHHO
7 «HE TIPU TEM».
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