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Pazbuenusa Ha JOMIHO

K.II. Koxacp*

M=e1 mpuBesieM HECKOMBKO (GAKTOB O PA30UEHUN KIETIATHX (PUTYP HA AOMUHO U
IaIuM KOMOMHATOPHBIE TOKA3ATEILCTBA 3TUX (PAKTOB. BOJbIIe BCero HAC UHTEPECy-
0T KOIAYECTBA PA30MeHuU HA JOMUHO NIPAMOYTOJbHUKOB U AUTEKCKUX TUAMAHTOB.
ANTeKCKUU OUaMaHT PaHra 1 — DTO «KJIeTYaTHIU poMOuK» co croponou n. Ha pu-
CYHKe HUXKe U300parkeHBl allTeKCKNE TUAMAHTHI panra 1, 2 u 3. AuTekckun fuaManT
pamra 4 MOXHO YBUAETH Ha puc. 6a, c. 140.

H BEH

KomiecTso paszbuenuin napuon GUrypsl Ha 10MUHO OyeM n300paaTh MMKTOrPaM-
MOH IaHHOU (PUI'YPHI, C CUMBOJIOM «#» nepen meu. Hampumep, #EB =2

Crarba manucana Bo MHOroM Omarogapsa X VI JletHen kondepenmum TypHUpPaA
TOPOJOB, '€ aBTOP MIPENCTABIAL 334349y O Pa3sOMeHusaX KJAeTHATHIX QUryp Ha I0-
muuo BMmecte ¢ C. Bepioseiv, U. Borganoseim u K. KyioMxusaH, KOTOPBIM OH O4€Hb
6JaroapeH 3a IPYIKEeCKUEe COBETHI U IeHHBIE 3aMETaHMUs.

1. TEOPUA OETAJIEA

OnPEAENEHUE 1. Bynem Ha3wBaTH 11-demaabto KBAIPAT 11 X N, ¥ KOTOPOTO, BO3-
MOKHO, BEIPE3aHBEI HEKOTOPBIE KJIETKU BEPXHErO MM mpaBoro kpas. I[Iporymepyem
CTPOKHU M-AeTatu ducaamu 1, 2, ..., n CHU3Y BBEPX, a CTOJOLBLI — CJIEBa HAIPABO.
Kaerky O6ygem 0603Ha4aTh IapOl HOMEPOB €€ CTPOKM U CT0.01a. ByaeMm HasbiBaTh
n-AeTAlb NPAEUALHOT, eCaIu U3 Napbl KAeTOK (n,4) u (i,n) upu i < n BEIPE3aHA POBHO
ONHA, & TAKXKE BHIPE3AHA KIeTKa (1, 7).

Ha pucyuxe B kxadecTBe mpumepa m3o0pazkeHa HempaBWIbHAA 9-neTanb u IIpa-
BUJIbHAA 8-1eTajlb.

*Toapepxkano rpantom HIM-2251.2003.1

MaTemaTu4eckoe npoceewerune, cep. 3, sein. 9, 2005(143-163)
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Kretku npasoro croabua u BepXHEW CTPOKU KBAAPATa 1 X N HA30BEM KAEMKOW.
Bcee k1eTKu KaeMKH, KpOME TTPABOr'0 BEPXHETO Y (HA30BEM ero yIVIOBOU KJIETKOM),
MOKHO Pa30UTh Ha Mapbl CUMMETPUYHBIX OTHOCUTENBHO TUATOHAIN KBAIPATA.

TEOPEMA 1. Koauuecmeo pazbuenuii n-demanu na Jdomuno newemmno mozda u
moabko mozda, Ko2da demasb — NPAGUALHAA.

HOKABATEJBCTBO. Uunyknmsa o n. Baza n = 2 ogeBugua. [Joxaxem mepexo.

Pacemorpum cravana npasuabayio (n + 1)-gerans D. BoipexeM w3 Hee TOMUHO-
IITIKY, TMOKPBIBAOIINE KJIETKU KaeMKU. B pesyibraTre MOIyYnTCA N-MeTATb, KOTOPAsI
OyZeT MPABWIBLHOU TOJBLKO B TOM CJAyYae, €CAU KAXKAAsd U3 BBIPE3AHHBIX JTOMUHO-
[IEK COJIePIKANa POBHO OTHY KJIETKY KAEMKH. 3aMETUM, 9TO TAKOU CIOCOO MOKPHITH
KIeTKN KaeMku getasu D nomwmHOomkamu eguHcTBeneH. Wrak, cpeim Bcex croco-
OOB MOKPHITUA KAEMKHU geTaiu ) TOMUHOIIKAMHU TOJIBLKO ONUH CIOCOO TPUBOIUT
(mocae ynaneHUs TUX NOMMHONIEK) K TPABUIBHOU 7i-T€TAIN, & OCTAJIBHBIE CIIOCO-
OBl TPUBOAAT K HENPABUIBHLIM 7i-AeTaaaM. [IpuMeHsas mpeamnoJoKenne WHIYKITAY,
BAKJIOYAEM, UTO YUCAO CHOCOGOB pasbuTh npasuabhylo (n + 1)-gerans Ha JOMHMHO
HEYETHO.

Mycts Temeps D — menpaswibhasg (n + 1)-gerass. W3 npensraymmx paccyxae-
HUI CJIEYET, 9TO KOIUIeCTBO pasbuenun (n + 1)-meTain HA TOMUHO HEYETHO TOTIA
¥ TOJBKO TOTJa, KOT/A YIAJEHUEM TOMUHOIIEK, JeXAIMNX 6HYMPU KAEMKH, U3 Hee
MOXKHO IIOJIY9IUTH HEUETHOE KOIUIEeCTBO MPABWILHLIX (1 + 1)-geranen. Paccmorpum
HECKOJBKO NOMUHOIIEK, [EJUKOM JEXKAIIAX BHYTPU KAEMKU HEIPABUIBLHOU NETAIN
D. IlycTh mocae ux yaaaeHus u3 getanau D moay<IuTces npaBuibHasg. Tormga, Tak Kak
TMPABUIBHAA JETATb COAECPKUT POBHO OJHY KICTKY W3 KAXKOU MAPH KICTOK, CUMMe-
TPUYHBIX OTHOCUTENIBHO TMATOHAIN KBAIPATA, KAEMKA, NeTaan [ COMepX uT KIETKH,
CUMMETPUYHbIE BCEM BBLIPE3AHHBIM U3 Hee AOMUHOMKaM. HO TOTrja MOXHO BhIpe-
3aTb W3 KaeMKu [) JOMWHOLIKYM, CUMMETPUYHBIE BBIPE3AHHBIM B MEPBOM CIOCOGE,
U TOJAYYUTCS Opyeas NPABWILHASA AeTalb. Takum o6paszoM, BeIpe3as U3 KaeMKU He-
TMPABUILHON eTATN JOMUHOIIKU, MOXKHO TIOJYIAThH Y€THOE KOTUIECTBO MPABUILHEBIX
neTanen. SHAYUT, KOMUIECTBO Pa30ONeHn] HeMPABWILHON (n + 1)-geTain Ha TOMUHO
“eTHO. UHIYKIIMOHHBIN EPEXO TOKA3AH. 0

Onpegenenne geTany U KPUTEPUU YETHOCTH UUCIA PA3OHEHUU AeTAId HA JOMU-
HO u3o6pea [. B. Kapnos B 1997 r. B meonybaukoBanuou paore [2] (qacru4no ee
pesynbTaThl ony6ankoBaHel B [1]). EMy Xe NpuHAIIEKAT 10KA3aTEILCTBO KPHUTE-
pUA 9€THOCTH 9NCAa PA3OMEHWN TPAMOYTONLHUKA HA NOMUHO (TeopeMa 2 HUMKe) ¢
momoIiso getatern. CaM DTOT KpUTepull, BUAUMO, CTaj U3BECTEH HE3a 00 IO Pa-
6ot . B. Kapnosa, nanpumep, on ynomunaercs B [10], kak npobaema, 0:xugaiomas
KOMOMHATOPHOI'O [OKA3aTeAbCTBA.

TEOPEMA 2. Koauuecmso pazbuenuti npamoy204bnuKa m X n ua JoMUR0 Hewem-
HO moz2da u moabko moada, ko2da wucaa m+ 1 un + 1 63aummo npocme.

HOKABATEJILCTBO. Uunyknus, peamusyiomasa aaroputMm Eskmumga. Ilycrs m >
> n. PaccMOTpUM IMHUIO CETKE — «OCh», KOTOPasA OTCEKAET OT IMPAMOYIOILHUKA
KBAaApaT N X n. Y AZaIuM BCE JOMUHOIIKN, KOTOPLIE OHA IepecexkaeT. 1oraa ocTasiia-
SCS MaCTh KBaApaTa n X N, OYEBUIHO, ABIAETCSI geTanbio. [locraTouno paszobpaTth
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caydal, Korjga »Ta geTadb OpaBWIbHasg. B 3ToM ciaydae ock nepecekaeT DOBHO 1 40-
MUHOIIEK, HAIIA IeTATb — DTO OPAMOYTOJBHUK 1 X (1 — 1), a BTOpas 9acTh — 3TO
OPAMOYTONBHUK (m — 1 — 1) X 1, 118 KOTOPOTO BHIMOJIHEHO WHIYKIMOHHOE MIPEATIO-
JIOJKEHUe. 0

2. TEOPUSA «DJIUIIOB»

MBI HAYHEM C HECJOXKHOU JEMMEL.

JIEMMA 1 (O AMATOHAJM). Ilycme dana dueypa, xomopas codepacum @pae-
MEHM, COCTNOAUUT U3 MPET JUA2OHAALHBIT PAJOS KAECMOK, KAK NOKAZAKO WG PUCYHKE,
NPUNEM KACTKU, TOMEUEHHDIE KPECTNUKAMU, He npunadiexncam duaype.
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Toz2da xoauuwecmso pasbuenutli maxotd Puaypvt na JOMUROUKY YEMHO.

JOKABATEJBLCTBO. PaccMoTpuM cpefHuy n3 3TUX INarOHAILHLIX panos. [Joka-
JKeM, YTO HaWJeTCsa KBaapaT 2 X 2, COCTOAMMUNA U3 ABYX JOMHUHOIIEK 3aMOIIECHUA U
COOEPKALIMI ABE KJIETKK >TOI'0 AUANOHAIBLHOIO Dsaa (IepecTaBisis LOMUHOLIKU B
TAKOM KBAJpaTe, MbI JEIMKO Pa300beM MHOKECTBO pasbueHun Ha maphl). [lencTsu-
TEILHO, €CIU TAKOrO KBAAPATA HE HAWAETCA, TO, MPOCMATPUBAA DTOT PAMI KJIETOK,
HAYMHASA C BEPXHErO JEBOr'0 YIVIa, MBI BHAUM, YTO KAXKJAsS OYEPEIHAA JOMUHOII-
Ka, HAKPLIBAIOIIAA IUArOHAJLHYIO KIETKY, NOJKHA HAKPLIBATL TAKXKe Ju00 KIETKY
crpaBa, b0 KIeTKy CHu3y. [JOouas 0o HpaBoro HUXKHErO yIva, IOAy4YaeM IPOTUBO-
petne. O

B kadgecTBe mpmwiokeHUs AOKAKEM, HAIPUMED, ITO KOJIMYECTBO Pa3OUEHUU KBa-
opata 2n X 2n Ha TOMUHO neauTcs Ha 4. [JencTBUTENBHO, OTMETUM B KAXKIOM Pa3-
OVEeHUN Ha MOMUHO CAMBIM HUKHUU MUATOHATLHBIN KBaapaT 2 X 2. /l1a kaxjgoro
BO3MOXKHOTO TIOJIOKEHUA AMATOHAIBLHOTO KBAAPATA, KOJINIECTBO PA3OMEHUN, COAEP-
JKAIIX KaK Pa3 Ha 3TOM MECTe OTMEYEHHBIN JUATOHAIBHBIA KBaApaT 2 X 2, YeTHO —
OCeBasi CUMMETPHS OTHOCUTEALHO BCE TOU XKe AUArOHAIN Pa3bUBaeT MHOXKECTBO Ta-
KUX pa3OueHn Ha Hapel. Kpome TOro Mel MOXKEM BEIOMPATh, KAKMM U3 ABYX CIOCOO0B
pPa3bUT Ha AOMUHOIIKA NUATOHAIBHEIN KBaApaT. [losToMy obmee ducio pa3bueHun
meauTcsa Ha 4.

[JokaxxeMm elme OqHy IIONE3HYIO JIEMMY.

JIEMMA 2 (O HOJYAUATOHAJM). IIycmy dana dueypa, komopas codepacum
Ppazmenm, cocmoswutt uz mper OuaeonaALbHLIT PAJ0S KACTOK, NOKAZAHHLIL KA DlU-
CYHKE, NPUEM KACTNKY, NOMEUECHHbIE KPECTAUKAMY, He npunadiexcam duaype.
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Ecau ydasump uz maxotd gueypvr doMunowKy, NOMEULEHHYIO HCUPHBIMU KDPYHCOUKAMU,

mo y ocmasweiica Puzypsvl Kosunecmeo pasbuenut na domuno 6ydem umems my xHe
UEMHOCTIb, YMO U Y UCTOOHOT.

JOKABATEJLCTBO. PaccMoTpuM cpeguui U3 3TUX JUATOHAILHLIX PALoB. Pac-
CyXKIas KaK 1 B JJEMME O UATrOHAIU, Mbl 100 HAUAeM AMACOHAIBHLIN KBaapaT 2 X 2
(MHOKECTBO Pa3OUEHUN, CONEPKANMX TAKON KBAAPAT, ABTOMATUICCKA PACIATACTCA
Ha TapHI), 160 yOenuMes, ITO MOCAENHAA TOMUAHONIKA B DTOM DALY KaK Pa3 HAKPHI-
BaeT IBE OTMEYEHHBIE KJIETKHU. O

Jlemma 2 mpepcraBaser cobOl ¢ BUAY OGECXUTPOCTHHIN, HO AOBOJBHO MOIIHBIN
WHCTPYMEHT [ U3YIEHUS I€THOCTU KOJUIECTRA PA3OUeHUN Ha, JOMUHO.

JIEMMA 3 ([10]). IIyeme dana nocaedosamesvrocmy kaemuamuis guzyp

H1:ED,H2:MMH,H3: e

[]
Dueypa Hy, noayuwaemces u3z Hy_1 dobasaenuem caesa 6epmuKratibno2o npamoy2oab-
nuxa 2X (2n—1). Toeda sce gueypvr H,, pazbusaiomcs na domMuno Hewemmubim wucaom
cnocobos.

I OKABATEJBCTBO. PaccMOTpuM AUaroHa b, UAYIIYIO U3 JEBOT'O BEPXHETO YIIa
durypst. Paccyxxgas kak B JeMMe O TMOMYINATOHAMN, MBI MOXKEM IOCTICIOBATEILHO
yaamuTh u3 Gurypsl (CHU3y BBepX) BCE U300DPAKEHHBIE [OMUHOLIKM.

[ ]

B srom ciyuae mesamornenHas 4acTh €CTh nepeepepuyTas durypa H,_1 u yrBepxge-
HUe clregyeT IO UHAYKINU. 0

C IIOMOIIBLIO JTEMMEL 2 MBI MOXKEM JATh €IIe OJHO TOKA3ATEILCTBO TEOPEMEL 2.

BTOPOE JOKABATEJILCTBO TEOPEMBI 2. MHAYKNIHUA, pealn3yiomas aJrOpHTM
Eskmnga. PaccMOoTpuM IUATOHANBHBIUN PAJ KJIETOK, BREIXOAAMMU u3 yruia. [lo Jem-
Me O MOJYANArOHAMIM, TOCTATOYHO OTPAHUYUATHCA M3YIEHWEM YeTHOCTH KOJIUIECTBA
pa3bueHuu, CoaepKANMUX OTMEICHHYIO JOMUHOIIKY .

X

X[+




Paszbuenna HA JOMHHO 147

Ternepb MBI MOXKEM B3ATh AMATOHAIBHBIA P KIETOK CHU3Y OT TOABKO 9TO PACCMOT-
PEHHOI'O W, TPOCMATPUBAA €r'0 CHU3Y BBEPX, CHOBA MPUMEHUTH JEMMY O IOJIYIAATO-
HaJIN.

- X
X

IIpogomxas omyckaTh pacCMaTPUBAEMYIO MUATOHAAL, HE W3MEHAA I€THOCTU HUCIA,
pasbuenui, MBI CMOXKeM yOpaTh BCe KJIETKHU IEPBOIO CTOJIOIA, 8 TAKXKe BCE KIETKHU

HIDKHER CTPOKH, JIeKalllne JeBee OTMEYECHHON JOMMWHOIIKHY. ITocne >Toro onAaTL MOXKHO
IIPUMCHUATH JCMMY O IOJYANAT"OHaJIHU.
X

Ipogomkas nambine, MBI yOepeM KJISTKH BTOPOTO CTOJONA W BTOPOU CTPOKHU (Je-
Kallue JeBee HAUJIEHHOW NOMUMHOIIKY). [lercTBys Takum 00pasoM, MBI yoepeM B
KOHIIE KOHIIOB U3 HAIIErO IPAMOYTOJLHUKA 111 X 1 IPAMOYTOJBHYI) 9acTh PasMepa
(n+1) xn. Ocranacs 4actsb (m—n—1) Xn, KOTOpas yAOBJICTBOPSET [IPEIIOI0KEHUIO
WHIYKIINHA. O

AHATOTMYHO MOXKHO TOKa3aTh U TeopeMmy 1.

OnPEAENEHUE 2. IlycTs mamo aBa pa3CueHMs HA JOMUHO HEKOTOPOU (DUTYDHI.
JonycTuM, 9TO TOMUHOIIKY, HAKPBIBAIOIINE HEKOTOPYIO KiIeTky A sTou ¢purypsr, He
cosnagaior. Ienouxot ¢ nauasom 8 xaemxe Ay = A HA30BEM MOCIEIOBATEILHOCTD
JOMUHOIICK D1 = {Al,Ag}, E1 = {AQ,Ag}, D2 = {A3,A4}, E2 = {A4,A5}, ey
rae goMmuHOmk Dy, Do, ... OpuHAATEKAT TEPBOMY DPa3OUEHUIO, a TOMUHOMKN Fp,
FEs, ... — BTOpPOMYy. OTa IEMOYKA €CTECTBEHHBIM 00PAa30M MPOJOIKACTCA 10 TeX
IIOp, IIOKa B HEW CHOBA HE BCTPETUTCA KIeTKa Aq.

MoxnO Taxke paCCMATPUBATE HENOYKH, IOCTPOEHHLIE 10 PAa30UEHNAM HA, TOMIHO
OBYX HEPECeKarommxcsa puryp. B 5ToM caydae nemodka MoxkeT 060pBATHCA, KOrIA
MBI BBIMIEM 334 TIPEIETB OTHON u3 (hUryp.

JAuaeonaavnot npamoti 6yeM HABBIBATL TPAMYIO C YIVIOBHIM Koo puimenToM 1,
TMIPOXOAIIYIO I€Pe3 MEHTPHI KJIETOK.

JEMMA 4. ITycmo dana xaemuamasn Pueypae, CumMmMempuunas OmMmuoCumeabio ne-
Komopot duaz2onarbnot npamot. Toeda, ecau Ha 0CU CUMMEMPUL ACHCUM 2N KACTNOK
Pueypvr, mo wucao pazbuenut na domurowry maxot @Gueypvi desumes na 2".

OTMeTHM, 9TO €CJU HA OCU CUMMeTPHUN (PUTYPHI JEXKUT HEIETHOE UUCIO KIETOK,
TO ¥ BCA (PUI'ypa COCTOUT U3 HEUYETHOI'O UNCIa KJIETOK U ee HelIb3sd pa3pe3aTh Ha
JTOMUHO.

JOKABATEJILCTBO. JuaroHaibHyo och cumMerpun GUrypel OyaeM B IalbHEN-
[IeM Ha3BIBATH NMPOCTO OCHIO, 4 OCEBYIO CUMMETDHUI0 OTHOCUTEILHO OCH — IIPOCTO
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cuMMeTpuen. PackpacuM KIeTKH AuarOHaIu IOMEPEMEHHO B YePHLIN 1 0Ll [BeTa.
Mycte A — omHa W3 YepHBIX KJIETOK. BO3bMeM TpousBOJIbHOE pasbuenue. Hammem
B HEM «(MUHAMAJBLHOE» MHOXKECTBO JOMWHOIIEK, COMEPIKAIee KIeTKY A u mpu >ToM
CUMMETPUYHOE OTHOCUTEIBHO OCH. JTO MHOXKECTBO MOXKHO MOCTPOUTH CJIEIYIOIIIM
o6pasom. Paccmorpum ucxogmoe pasbuenue, pasfueHre CUMMETPUIHOE €My OTHO-
CUTEIBHO OCH, U HNOCTPOUM IO 3TUM PA3OMEHUSIM LENOYKY € HAYAIOM B KieTke A.
Herpynuo coobpasuthb, 4T0, KpOMe KIETKH A, 53Ta HENOYKa HMeeT emie POBHO OTHY
KIETKY, JeXKAIIYH HA OCH, IPUIEM T4 KIETKa 0el1ad (B IPOTUBHOM CAydae MOCTPO-
€HHAS TIETOYIKA JOMIHOIIEK OXBATHIBAET CUMMETPUIHYIO O0JACTH, PAa3OUTYIO HA AO-
MUHOIIKY, HO IIPU DTOM COAEPKAILYI0 HEYETHOE YUCI0 KaeTok). flcHo, uTo eciu B
kadecTBe A B3ATH APYTYIO YEPHYIO KJIETKY OCH, TO IMOJYI€HHOE MHOXKECTBO HE Oy eT
[IEPECEKATHCS ¢ MOCTPOCHHBIM PaHee. 3HAYUT, MBI MOXKEM [IOCTPOUTH 1 HETEPeCeKa-
IOIMIUXCSA MHOXKECTB, Aaftee TakK U OyaeM Ha3bIBaTh WX MUHUMAILHEIMU. [[OMUHOMIKMY,
He TIPUHAMJICKAIINE HA OJHOMY M3 DTUX MHOXECTB, 6y1eM Ha3BIBATH CTAOUIHLHBIMU.

3aMeTHM Tenepb, ITO eCIu JO0e U3 7t MUHIMAJILHBIX MHOXECTB OTPAa3UTh OTHO-
CUTEJBHO OCH, 8 OCTAJbHbIE JOMUHOLIKY PA30UeHns HE TPOraTh, TO IOLY9ATCA HOBOE
pasbuenue Ha qOMUHO. Torga MBI MOXEM pa3OUTh BCE MHOXKECTBO Pa3OHeHuN Ha 10-
MWHO Ha 6J0KM 10 2" MTYK — 1 KaXA0r0 Pa3OUeHna BO3bMeM BCe €0 CTa0UIbHLIE
MTOMUHOIIIKY, 3 OCTABIIYIOCA IaCTh (PUTYPHI 3aMOCTUM, TTOAB3YACH MIA KaXKTOTO U3 N
MUHUMAJTBHBIX MHOXKECTB BBIOOPDOM — OTPAXKATh €r0 OTHOCUTEIBLHO OCU WIN OCTa-
BUTDb KaK €CThb. BMecTe ¢ KaXILIM 13 2" BAPUAHTOB 3TOr0 BEIOOPA MBI IIOJYIUM CBOE
pasbueHue Ha TOMUHO — Bcero 2" IITyK. O

Crenymomas 1eMMa, yTOIHAET TOJIBKO UTO NOKA3AHHBIN PE3YJIbTAT, IPUBHOCH He-
KOTODPYI CTPYKTYPY BO MHOXKECTBO Pa30uWeHHMi Ha JOMUHO. [ alTeKCKOro Iua-
MaHTa 3TO yTBepxXKieHue gokazaHo B [13] (mexkomMOUHATOPHO), a A/ IIPOU3BOLLHOK
durypsl — B [5] (MEL IPHBOANM 37€Ch 5TO LOKA3aTEIbCTBO).

JIEMMA 5. IIyemv dana xaemuamasn Gueypa, Cummempusnas 0mHmoCuUmMesbmo ne-
KOMOPOT UAZORAALHOT NPAMOT, U NYCTNB KA OCU CUMMEMPUL AEHCUM 2N KAEMOK Hu-
2ypol. OMmmemum 1 43 IMUT KACMOK YEPE3 00KY U NOMECTIUM 6 OMMEUEHHBLE KALTKU
npou3soavubim 06pasom uucaa O u 1. Paccmompum marue pazbuenus Gueypvt na 0o-
MUHO, KOTOPBIE CO2AGCOBANBL CO COCAGHHOT PAIMEMKOT cAedyUUM 06DA30OM: 8 HUT
dan Kawcdot domunowry, Haxpuisaouel Kiemxy ¢ yudpol, emopas xiemua Jomu-
HOULKY PACTOAOHCERA NPABEE UAU HUMHCE, ecat Ima yudpa — 0, u se6ee uau sbrue —
ecau 1. Toeda das %ancdol paccmanosky 6 OMMEUCHHBIT KACKAT HYAel U edunuy
KOAUUECTNBO CORAGCOBAHNBIT ¢ Hell pasbuenutd dueypvr wa domuno o0mo u mo e
(m. e. we 3a6ucum om Paccmarosry).

JOKABATEJBCTBO. Bcio TexHumIeckyio paboTy MBI yiKe MPOIeJaJd B IOKA3a-
TEILCTBE NPEABIAYINEeH JeMMEL. ByieM c9uTarTh, 9T0 KAETKU JUATOHAN IOIEpEeMEeH-
HO PACKPAIIEHBI B YEPHBIA M OeJIBIM IBeTa W 9To wucia 0 m 1 paccTaBiamTca Ha
YEPHBIX KJIETKaX. PaccMOTpuM 00y YepHyH KIeTKy. llycTh Ha HEW CTOUT, Ha-
npumep, auciao 0. Bosbmem npoussoabHOe paszbueHne Ha JOMUHOIIKY, COMVIACOBAHHOE
¢ pasmerkou. Hama vepmas kieTka IPUHALIEKUT MUHUMAJILHOMY CHMMETPUIHO-
MY MHOXECTBY B 3TOM pa3zfmennu. Eciu cHMMeTPHYIHO OTPA3UTL 3TO MHOXKECTBO,
TIOJIYYUTCA HOBOE pasOuWeHue, COTJIACOBAHHOE C HOBOW PAa3METKOU — TOU, KOTOPasd
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B HAOIIONAEMOH IEPHON KIETKE COMEPXKUT 1, & B OCTANBHBIX Y€PHBIX KIETKAX — TO
XKe, ITO OBLIO 10 CUMMeTpuu. [oNb3yACh TAKUMU CUMMETPUAMU, MBI CMOYXKEM TIO-
CTPOUTDH B3AUMHO OJHO3HAYHOE COOTBETCTBUE MEXK Y JIOOBIMU JIBYMS MHOXKECTBAMU
COTVIACOBAHHBIX DA30OUEHUN. O

Tenepb MBI MOXKEM [OKA3ATh OCHOBHYIO TEOPEMY O Pa30UWeHnmu KBAIPATa Ha 10-
MUHO. JTa TeOpeMa CHadaua ObLIa JOKA3aHA HEKOMOMHATOPHBIMEU METOHaMu (C MC-
noab3oBanueM Qopmyasl (1) ma c. 129) (cm. [8]). KombunaTopHOe J0OKa3aTEILCTEO,
upuBogumoe Huxe, npunagaexur JI. Ilaarepy [10].

TEOPEMA 3. Koauuecmeo pazbuenuti xeadpama 2n X 2n wa doMuno — YuUCA0
suda 2™(2k + 1)2.

JIOKABATEJLCTBO. Bymem moan30BaTHCA Pa3zMETKON U3 YTBEPK ICHUA JEMMHI 5.
Torga MBI MOXEM OIPAHUYUTHCA MOACIETOM PA3OHEHUU, B KOTOPBIX NOMUHOIIKY,
3aKPHIBAIOIIE OTMEYeHHEIE KIETKW, 3aKPEIBAIOT TAKXKE KIETKY Jaub0 cipasa, aubo
CHU3Y OT OTMEYEHHOU, — TaKre pa3CueHrs Ha30BeM peIyuupoBaHubiMu. BoT npumep
PACTIONOKEHUsT TOMUHOIIEK, HAKPHIBAIOIINX Pa3MeUIeHHbIE KIETKU B PETYIIMPOBAHHOM
pas3oueHuU.

XIX]

X
XXX

IXIXIXIXIX
X

XIXIXIXIXIXIX]
IXIXIXIXIXIXIX]

O4eBuHO, KOMMYECTBO PEAYIUPOBAHHLIX PA3OUEHUN KBAIpATA HA JOMUHO B 2" pas
MEHBIIIe KOJUIECTBA BCEX PasOueHuu.

Ecan B mmaxMaTHOU pacKpacke pacCMaTpPUBAEMasa JUATOHATL COCTOUT W3 IEPHBIX
KJeTOK, TO OOJACTh HAJ MUATOHAJBIO COMEPKUT OeTbIX KIETOK Ha 7 OOJblle, YeM
vepHBIX. [lopTOMY mpy ganbHEUIEM PA30UMEHUN HA, JOMUHO BCE OCTAJBHBIE KJIETKU
QUACOHAIA HAKPBITHI JOMUHOIIKAMYU U3 BepxHer dacTu. Takum o6pa3om, mociae pas-
OMeHusa Ha JOMMHOIIKM BeCh KBaapaT OyaeT pa3buT Ha ABe 4acTu — KIETKU OJHOU
U3 HUX MOMEYEHBI KPECTUKAMU, KJIETKU APYTOM — He MOMEeYeHB. Kaxmad w3 »Tux
9aCTen ecTh B TOUHOCTHU durypa H,, u3 semmur 3. U TeM CaMBIM KOTUYIECTBO PEAYIIA-
POBaHHEBIX pa3OUeHWH Ha JOMUHOIIKE BCEro KBaapaTa pasHo (# H,)?2, a KomraecTso
Beex pazbuennit — 2" (# H,)?. OcTanocs BCIOMHUTE, 9TO TI0 YTBEPK JCHUIO JIeMMBL 3
qucno # H, #ederno. O

3. AUTEKCKHUE IVAMAHTBI

Mpb1 HadwHEM DTOT pas3ien ¢ JOKA3aTeAbCTBA ONHOTO COOTHOIIEHUA (Teopema 2.1
u3 [9]), koTopoe obiaagaeT HECOMHEHHOU NPUTACATEALHOCTHIO U HALPABLAET MBICJAK
B HYXKHYI CTOPOHY.

JIEMMA 6. Koauuecmeo pazbuenut wa domumno npamoy2osvnurae 2n X 2m u @u-
2Yp, NOAYUGIOUWULCA YOaAeHUEM U3 He20 J8YL UAlU YEMBIPET Y2A06bIT KACTNOK, CEA3A-
Hbl COOMHOULEHUEM
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# - # | = # - # + # - # .

JTOKA3BATEJNLCTBO. PacemoTpuM pasbueHnme Ha JOMUHO BCETO MPAMOYTOILHU-
Ka U elle OJHO pa3bueHue Ha JOMUHO MPAMOYTOJBHUKA 0e3 yrioB. Bo3zbMmeMm omHy U3
YIVIOBBIX KJETOK U MTOCTPOUM HEMOYKY C HAYAIOM B 3TOU KIACTKE. JTa IEMOYKa KICTOK
MOXKET 3aKOHYUTLCA TOJLKO YIVIOBOM KJIETKOU Ha CTOPOHE, MPUICrAIONeN K HAIalb-
HOHU YIVIOBOU KJjeTKe. AHaJOrMyYHas IEIOYKa, HOCTPOEHHAA U3 IPOTHBOIOJOKHOIO
yIVIa, 3AKOHYUTCA B YETBEPTON YIVIOBOU KJETKE W HE OyAeT MepeceKaThCAa C MepPBOu
nernoukon. CIBUHYB JOMUHOIIKYA B MEPBOU IEmovKe (B 0O0MX Pa3OMEHUAX), MBI TO-
JYy9VM U3 UCXOMHOU Maphl pa3fueHun mnapy pasOMeHun OJHOTO W3 TUIOB B MTPABOU
9ACTH.

Amanoruvno onpeneaserca obparHoe oTobpamxenme. PaccMoTpum, Hampmmep,
pa3bueHne Ha JOMUHO BCErO MPAMOYTOJBHUKA 063 ABYX BEPXHUX YIVIOB U Pa3OueHUe
Ha JOMWHO TMPAMOYTOIBHUKA 6€3 ABYX HUKHUX yIVIOB. [lOCTpOMM MEmoYuKy TOMUHO-
IeK, HAYMHAIOULYIOCA B HUXKHEH JEBO YIVIOBYIO KJIeTKe (IIyCTh Ta KJIeTKa 9ePHOrO
usera). JokaxeM, 4TO 5Ta LENOYKa MOXKET 3aKOHUYUTHCA TOALKO B IIPABOM HIMKHEM
yray. [lencTBUTENbHO, OHA HE MOXKET 3aKOHIUTHLCA B IPABOM BEPXHEM YTJLY, IIOCKO/Ib-
Ky TOr[a APYyrad LEmOvuKa (M3 JEBOTO BEPXHErO YIVa) BOOOIIE HE CMOXKET HUTAE 3a-
KOHYIUTHCA — TEMOYKN HE MOTYT MEPECEKATHCA, & TMYTh K TMPABOMY HUXHEMY YIUIY
«OTPE3aH» TePBOU HEMOYKON. TakKe He MOKET HAIla MEerMOYKa KAETOK 3AKOHIATHLCA
B JIEBOM BEPXHEM yIiIy. [JencTBUTENLHO, ecau 6Bl 3TO IPOM3ONIO, TO JEBEIN BEPXHAN
yroa (6enas kiaeTka) ObLl Ol BTOPOR KJIETKOU B IOC/IeAHEeN TOMUHOLIKe nernouxu. Ho
B HAIIEW [IEMOYKe TOJBKO y JOMUHOIIEK W3 TMEPBOTO PA3OUEHUSA «BTOPAA» KIETKA, —
6eraa (a y TOMUHOIIEK BTOPOrO PasOUeHUsA «BTOpasdy KIeTKa — depHas). Ho gesas
BEPXHAA YIVIOBAA KJACTKA HE TMPUHAIEKUT MEePBOMY Pa3OUEHNUIO.

NTak, moCTpOEHHAsS NEMOYKA KIETOK 3aKAHIUBAETCA B IMPABOM HUKHEM YIIy.
AmBanoruvHo, 1memovka KIeTOK, TOCTPOCHHAA U3 BEPXHEU JEBOU YTVIOBOU KJIETKW, 34~
KAHINBAETCA B TIPABOM BepxHeM yruiy. [lOMeHAR B TIEPBOU TENOYKE TOMUHOIIKY, TTPHU-
HaIJIeXKAINe TTePBOMY PasOMEHUI0, U JOMWHOINIKY, MPUHAIICKAITNE BTOPOMY, TOIY-
UM Pa3sOUEHnE MOJIHOTO MPAMOYTOJIBHUKA U PA3OUEHNE MPAMOYTOIBHUAKA, GE3 IeThI-
pex yrioB. JTo u ecTh Tpedyemoe obparnoe coorsercTiure. Cleg0BaTENLHO, TIOCTPO-
€HHOE OTOGPAKEHNE ABAAETCA B3AMMHO OTHO3HATHBIM. O

JIEMMA 7. Iycmv dana npouzsoapnas céazwas (zodom aadvu) kaemuamasn Pu-
eypa D. U nycmv npu 06x0de ee epanvubl scmpeuaomes (ne 06azamebno nodpad)
KAEMKY @, b, ¢, d, npuuem 8 WATMAMHOT PACKPGCKE KACKYU G U C YEPHBIE, G KALTNKU
b ud — 6eavie. Toz2da

#(D)#(D \{a,b,c,d}) =
= #(D\{a, b})#(D \{c,d}) + #(D \ {a, d})#(D \ {b,c}). (1)
JTOKA3BATEJLCTBO. AHAJIOTUYIHO JOKA3ATEMBLCTBY TPEABIAYIIEN JEMMBbI.

O6o3naaum vepe3 T, KOIUIECTBO PA3OUEHUN AlITEKCKOrO MUAMAHTA PAHDA 1 HA
TOMWTHO.



Pazbuernus Ha JOMHHO 151

TEOPEMA 4. Iocaedosameavnocmo T, ydosaemsopsem pexyppenmmuomy coom-
HOULEHUIO

Tpi1 Ty =272 (2)

Orcrona creayer, 4TO

T’n — 2n(n+1)/2.

KommiecTBO paséueHnil aliTeKCKOTO AMaMaHTa Ha JTOMUHO BIEPBHIE TIOAYIEHO B [6]
HEDJIEMEHTAPHBIMU CpeacTBaMu. Mul mpuBeieM M0KAa3aTeIbCTBO TEOPEME 4, ommpa-
IOIIEeeCA HA JeMMy 7. DTO JoKazaTeabcTBo npuHaniexut . Borganosy. [locae saToro
MBI JAJUM €LIe OJHO NOKa3aTeIbCTBO, hakTudecky caenys [9], u eme ogHO KOMOUHA~
TOPHOE IOKA3aTeJbCTBO, B KOTOPOM HU JOMWHOLIKH, HA COOTHOIICHUE 2 HE UCIOJIb-
BYIOTCA.

HOKA3ATEJBCTBO. /lokaxkeM «OpPUEHTUPOBAHHYIO» BEPCUIO COOTHOIIEHUS 2:

Ilycte ¢purypa D ua seMMBL 7 — 3TO aUTEKCKUAU IAAMAHT
paura n + 1. OrMerum B HEM BOIM3Y «BEpPINVH» KICTKU @,
b, ¢, d (cm. puc. cupasa). Takoe HasHadeHue KIeTOK a, b,
¢, d MOMYCTUMO, TOCKOIBKY B TOKA3ATEABLCTBE JJEMMEI 7 OT
DTUX KJIETOK (KpOMe 1BeTa) TPeGyeTCA B NeNCTBUTEIBHO-
CTH JUIIb OJHO: 9TOOLI CYIIECTBOBAHUE LEMOYKA TOMUHO-
[IeK, BEAYINEU U3 @& B ¢, IPENITCTBOBAIO CYIIECTBOBAHUIO
nernouku, Beaymen u3 b B d. Ocranock 3aMeTuTh, 4TO yaa-
JIEHUE TIOMEYEHHBIX KJETOK MPUBOAUT K MOSBICHUI OOJb-
[IOr0 YUCJAA TOMUHOIIEK, PACIONOKEHNE KOTOPHIX OMpere-
JseTcsa ogHo3HauHO. Hampuwmep,

#D\{a,b}:#[
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Ananormano #D \ {a,b,c,d} = #T,_1. CregoBarensno, cooromenue (3), KOTOpoe
MEI JOKA3LIBACM, €CTh B JAHHOM CIy9ae B TOIHOCTH cooTHOmenue (1) uz semmer 7. O

[Ipexme weM MpUBOAUTE BTOPOE TOKA3ATENLCTBO TEOPEMEL 4, MBI B KAMECTBE MO-
FOTOBKH PACCMOTPHUM €0 «OTHOMEDPHYIO» BEPCHIO, & 3a0QHO Y3HAEM HEKOTODLIE II0-
IPOBHOCTH O PYHKIMOHAIBLHEIX COOTHOMICHUAX.

PaccmoTpum umcioson Tpeyroasauk pomma [11]

a c e g
b d f
h k (4)

00pPa30BAHHLIN IT0 IPABUIY: IJId JIOOLIX YeTEIPEX YUCEI, O0Pa3yIOIUX «POMOUK», BLI-
[IOJIHEHO COOTHOIIEHNE

ey wz=xy+1. (5)

z

Hanmpumep, mycTs mepBas CTPOKa 3TOr0 TPEYTONLHUKA COCTOUT U3 EIWHUI], &
BTOpas — U3 ABOEK. TOra 04eBUIHO, ITO IIPU BCEX 1 IUCJAA B N-U CTPOKE OJMHAKOBBI,
0603HAYUM UX fo,,_2, U BEIIOJIHEHO COOTHOIIEHUE

Fontofon—2 = fi, + 1. (6)
Orcoma fo =1, fo =2, f4 =5, feg =13, ... Yauaere? Iro unciaa Pubonad«n.
JEMMA 8. Hucaa Pubonauuwu ydosaemeoparom coommuowenuso (6).

JOKABATEJLCTBO 1. B camom amene, uuciao Pubonavuu f,, — 3TO KOAUIECTBO
pa3bueHui IPAMOYTOJLHUKA 2 X 1 Ha AOMUHO, [IOTOMY YTO DTU KOJIUYECTBA, I10J4IU-
HEHBI OYEBUIHOMY PEKYPPEHTHOMY COOTHOIICHUIO

#HHH = #HHH0 + #*HHE

A roraa semosnenve toxgecrsa (6) mas uucen Pubonaduu cpasy caegyer us To-
xnectsa (1): rocrarouno B aeMMe 7 B KadecTse Guryphl D B3ATh 10CKy 2 X (2n + 2)
U PACCMOTPETH KJIETKY, YKA3AHHBIE Ha PUCYHKE.

[]a dl |
[]v e | O

Mur gagum apyroe, ewe 6oaee JOMUROUNOE TOKABATEALCTBO HTOU (POPMY.JIEL.

JTOKABATEJILCTBO 2. PaccMOTpUM BCEBO3MOXKHBIE (YIIOPAIOUEHHBIE) TAPHI Pa3-
OVEHUN IPAMOYTOIBHUKA 2 X 21 Ha, TOMUHO, 8 TAKXKe TMaphl, COCTOAIINE U3 PA30NeHuA
OPAMOYTONbHUKA 2 X (2n 4 2) u pasbuenus npamoyroasHuka 2 X (2n — 2). Ilpumep
TAKUX 1ap ¥ YAOOHBIU CIOCO6 B3aUMOPACIOIOKEHUSA BIEMEHTOB Iaphl TOKA3AHBL HA

PUCYHKe.
HIIT] HITH
[HH [H]

OmnuineM B3aMMHO OTHO3HAYHOE COOTBETCTBUE MEXK Iy 3TUMHU MHOKecTBamu nap. [Ipu
DTOM HAM TOTPEOyeTCsa NOOABUTL B TIEPBOE MHOXKECTBO OWH JUNTHAN 3AEMEHT.
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CooTBeTcTBIE YCTPOEHO OYEHb MPOCTO. FECim B HKHEM IPSIMOYIOJBHUKE IIep-
BOU MAPHI €CTH (II0BY, OTPE3AIOMINYI TPABHIA OI0K 2 X 2 (T.e. ecim 3TOT GJOK 3aMO-
[MIEH IBYMA IEIBIMA TOMAHOIIKAME), MBI TIEPEIBAHEM DTOT OJOK BBEDX, (IPUKJICUB)
K BEPXHEMY TIPAMOYTOJBHUKY. JTOT CAydIau W300DaKEH BHIIIE.

Eciu xe mBa HeT, T.e. OPOJOKEHNE BHU3 IIPABOU CTOPOHBLI BEPXHErO IIPAMO-
YTOJBHUKA Pa3pe3aeT B HEM KaKyI0-TO TOMUHOIIKY, MBI OyIeM TPOCMAaTPUBATEL BCE
BEPTUKAJBHBIC JUHUN COPaBa HAJEBO B BEPXHEM NPAMOYTOJBHUKE MO0 TEX TOP, TO-
Ka He HaujJeM TaKOW OB, MPOAOIKEHNE KOTOPOro BHU3 00pa3yeT IOB U B HUXK-
HeM NpAMOYroJibHuKe. HeTpyIHO HpOBEpUTDL, YTO TAKOU LIOB 06A3aTEALHO HANIETCA
(B KpamHeM ciaydae OH MOXKET IPOXOIUTH 1O JIEBOM CTOPOHE HUXKHErO HPAMOYIOlb-
HuKa). Haltas mos, MBI 0Tpe3aeM mo HeMy 9acTu MPAMOYTOJbHAKOB, PACTIONOKEHHEIE
mpaBee, U MEHIeM WX MEeCTaMU.

TH  EEE
B IE

AcHO, 9TO TOCTPOEHHOE COOTBETCTBUE PA3HBIM MAPAM 3AMOIICHUN TPAMOYTOJbLHHA-
KOB 2 X 27 COIOCTABJIAET Pa3HblE Maphbl 3aMOLICHUN TPAMOYTOILHUKOB 2 X (2n + 2)
u 2 X (2n — 2), HOCKOJIBKY OYEBMAHO, KAK yCTPOEHO OODATHOE COOTBETCTBUE: MBI
[IPOCMATPUBAEM HIKHUU IPAMOYTOALHUK 2 X (2n — 2), Ha4rHAs ¢ IPABOK CTOPOHLL U
IBUTAACH BIEBO, B TIOMCKAX TEPBOTO e ITBA, KOTOPHIU Pa3pe3aeT 00a MpAMOYTOIh-
HUKA, TIOCJE Yer0 MEHSeM MeCTAMU OTPE3aHHbIe YaCTH. JTOrO IIBA HE CYIIECTBYET
JWIIL B eTMHCTBEHHOM CJIyUae, TOKA3aHHOM Ha PUCYHKE.

(=]
=

[l1s1 >TOr0 caydas moTpefyeTca B MePBOE MHOKECTBO JOOABATE JUITHUYA DJIEMEHT. [

Bot sameuarensHoe yTBepkaenme us [11]. CHOBa paccMOTpUM TDPEYTOTBLHMK
IIpomma (4). Byaem cuuTaTh, 9TO SIEMEHTH HEPBBIX ABYX CTPOK — HTO HE3ABUCHMBIE
[IePEMEHHELE, & HIEMEHTEL BCEX OCTAIBHEIX CTPOK — HTO PALMOHAIBHELE (PYHKIUK OT
HUX, 3aaHHble npu nomomw coorHomenus (5). HerpyaHo nmogcuurars, HanpuMmep,
4ro saeMeHT ¢ B Tpeyroabarke (4) uMeer Bug

bd+1 df +1
Chk+1 e e Tt
T d d
=bctde ' frcte f et d e e e HdTEL (T)

14

Temnepsb BLITIUINIEM BCE PA3OUEHUA TPAMOYTOMABHUKA 2 X 4 HA JOMUHO U MPOJIEJAEM
CIeYIOIINE NeNCTBUA:

1) noGaBuM K Kax 101 KOPOTKOU CTOPOHE IPAMOYIOJIbHUKA MOPU3OHTAILHBIA OT-
DPEeBOK;
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2) Aasl KaXK 0o y3/a KieTdaTol OyMaru, HaXOQAWerocs Ha CpesHel JUHAN Ipsi-
MOYTOJbHUKA, HATUIIIEM €0 PeAYIUPDOBAHHYIO BaAJCHTHOCTH: KOMUYICCTBO € TMHUTHBIX
OTPE3KOB Pa3OUMeHus, CXOMAMINXCA B DTOM y3Je, MUHYC 3;

3) BO3bBMEM IIOYYEHHBIE YIOPATOICHHBIE HAGOPH U3 5 UUCET B KAIECTBE MOKA3a-
TEeNEN CTENeHen y IePEeMEeHHBIX b, ¢, d, e, f B mpousBenennn b*c*d*e* f*.

1-11-11 0-10-11 0—-1-1-10 1-10-10 00-100
bc tde ! f c e f cld7 et bec et d!
CpaBHuTe TO, YTO HOLYIUIOCH, ¢ IpaBol dacToio (7).

JIEMMA 9. Habawdenus, npodesaunble 6viuie, ABAMOMCA 00wum daxmom, a
UMENHO:

1) payuonaasnvie Gynryuu uz mpeyeoavnura (4) cymo cymmpl 00nouaeH08, KaAdNHC-
Obiil U3 KOMOPLLT — Mo npoussedenue ucroonuir nepemennubit 6 cmenenu +1 uan 0.
Bce odnounenvt 6xodam 6 cymmy c xoapduyuenmon 1.

2) Odnousenvi, cocmasasowue Gywryuio u3 (n + 2)-1 cmpokru, HaLodames 60
B3GUMHO 0OHOZHAUKOM COOMEEMCMEUY € PG3OUESHUAMY NPAMOYLOALHUKG 2 X 21N Ha
QOMUHOUKY TO ONUCAHHOMY BHIULE AAZOPUTTLMY.

DTO COBEPIIEHHO yAuBATEMbHBIN (akT. [ana wa coorHomenwe (5), y HAC HET
OCHOBAHUU IyMaTb, 9YTO OHO HE MPUBOAUT K MOSABICHUIO TPOMO3JIKUAX PAIMOHAIBHBIX
apolen, a aIrOpUTM IIOCTPOEHMA OMHOWIEHOB 110 Pa3bUEeHMAM Ha JOMMHO BOOOIIE
BBIIVIAAUT KAK MUCTUKA.

JOKABATEJBLCTBO. PaccmoTpuM (pyHKINOHAILHLIN TPEYIOILHUK,
A b d f

a ¢ e g
h k 14
p q
T
COCTOAIINN U3 PAIMOHANLHBIX (BYHKIWNA OT MEpEeMeHHbIX a, b, ¢, d, e, f, g, ..., 3a-

NAHHBIX HE TIPU IOMOIIA COOTHOMIeHUA (5), a ¢ MOMOIIBI0 OMUCAHHOTO BHILIE KOMOU-
HATOPHOT'O AIropuTMa. MBI OrpaHnYnMcs PacCMOTPEHNEeM YaCTHOTO ciay4das n = 4.
HokaxxeM, ITO BBIIOJIHEHO COOTHOIIEHNE «poMOuKkay kr = pg+ 1. 11 5TOro BOCIOIb-
3yeMCs B3AUMHO OJHO3HAYHBIM COOTBETCTBUEM U3 BTOPOI'O JOKA3ATENLCTBA JIEMMEL 8.
Kaxgas QyHKums B 3TOM COOTHOIICHUM — CYMMa OTHOWIEHOB, COOTBETCTBYIOUINX
PasOUeHnAM OMPEIEJEHHBIX MPAMOYTOJBHUKOB HA, TOMUHO. dTOOBI TIOJYUIUTE IPOU3-
BefeHme kr, MBI MOXKEM TIEPEOPATH BCE MAPHT pAa3OUEHNN Ha, JOMUHO TPAMOYTOIBHAKOB
2 X4, 11 Kax 0 TAKOU APkl MEPEMHOKUTH COOTBETCTBEHHBIE OJHOWICHBI, a [IOTOM
CIIOXKUTH BCE, 9TO HOIYIUIOCH. AHAJOIMYHO MOXKHO HOIYYIUTh npoussegenne pq. O1-
METHUM, YTO IPU TAKOM BBEIYMCICHUYN MBI JOJKHBL OPATh HEPEMEHHBIE, COCTABIIIONIIE
OJHOWIEHBI, B COOTBETCTBUU C TIOJOKEHUEM TIEPEMHOXKACMBIX (DYHKIUN B TPEYTOMhb-
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unuke. Ha pucyHke CHuU3y OpUBEIEHBI IPUMEPHI ap pa3CUeHUN, & CHU3Y HONIUCAHBL
TIepeMeHHBIe, «OTBEYAIONINEe» 33 KaXK Y0 BEPTUKATD.

abcdefyg abcdefyg

3aMeTuM Tenepb, YTO B3AUMHO OJHO3HATHOE COOTBETCTBUE U3 JIEMMBI 8 COITOCTa~
BJAAET APYT APYTY Maphl Pa3OUeHun, MOPOXK JAMOIINE PABHBIE OTHOWICHEL JTO OYe-
BHU/THO: TIPX COOTBETCTBUN MBI BCET'O JUIIL MEHAEM MeCTaMu 10 BepTukanu (1) Kycku
pa30UeHuu; Ipu 3TOM CYMMBI PEIyIMPOBAHHBIX BAJEHTHOCTEN KOHTPOJUPYEMBIX Y3~
JIOB HA OJHOU BEPTUKAIM He MEHAIOTCHI (B TOM 4HUC/Ie, HA MIBE), & TOALKO DTUM U
OIIDEIENAITCA CTCIIeHN IIEPEeMEHHBIX B OJHOYICHE.

IMonnoe nOKA3ATENLCTBO MPOBOAUTCA TIO MHAYKIMU. [IpuBemeHHOe paccykaeHue
000CHOBHIBAET WHIYKITMOHHBIN TIEPEXOI. g

4. JIPYTOE NOKA3ATEJILCTBO TEOPEMbBI OB AIITEKCKOM
INAMAHTE

Teneps MBI ZAIUM BTOPOE LOKA3ATEALCTBO TEOPEMEL 4, OATE IPOBEPAS COOTHO-
menue (3).

ONPEJEJEHUE 3. PaccMoTpuM anTekCKuy guaMaHT panra n + 1. Ygauas npa
OUArOHANBHBIX PALA KIETOK, UAYIIUX BAOAL €r0 IPABOM BEPXHEU M JEBOU BEPXHEN
CTOPOH, MBI MOXKEM TIOIYIUTEH U3 HETO ANTEKCKUY MO ANAMAHT PAHTA 7.

HaszopeMm >T0T nogaumaMadT PaHra 1 HUuMCHUM. AHATOMIHO MOXKHO MOJAYIUTEH 6ePL-
Huti, Aesbill 1 npasvlld MoxnnaMaHTwL. [lepecevenueM >TUX O INAMAHTOB ABIAETCA
YEHMPAAbHBIT TOTANAMAHT paHra n — 1.

PaccMoTpuM MHOXKECTBO A, COCTOAIICE W3 TMapP HE3ABUCAMBIX PA30UEHUN AIITEK-
CKOT'O TMaMaHTA PAHra N U e€ro IeHTPAJBLHOTO MOoAAMaMaHTa panra n — 2. Paccmo-
TPUM MHOXKECTBO B, KOTOPO€ COMEPKUT Maphl, COCTOSMIINE U3 HE3ABUCUMBIX Pa30u-
€HUU BEPXHErO M HUKHETO MOJAMNAMAHTOB AlITEKCKOrO IMAMAHTA PAHIA 1, & TAKKe
[APEI, COCTOAIINE U3 HE3ABUCUMBIX Pa30UeHuH JEBOrO U PABOrO IO JUAMAHTOB. Y T-
BEPXKACHUE TEOPEMEL CPa3y (JIeAyeT U3 CICAYIOMEH JEMMBbI.

JIEMMA 10. Cywecmeyem 63aumno 00HO3HAUHOE COOMBEMCMBUE MEHCOY MHO-
acecmeamu A u B.

JOKABATEJBCTBO. ITocrpoum oTobpaxenue w3 MuOxkecTBa A B MuOXKecTBO B.
BospMmeM saeMeHT MHOXKECTBA A, T.e. pa3bueHue amTeKCKOTO AMAMAHTa PaHra 1 U
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pasbuenue ero NeHTPAIBLHOrO MO IMaMaHTa paHra n — 2. PaccmoTpuM cradana ciy-
9al, KOrAa K JEBOU WM MPABOU «BEPIIMHE» TMAMAHTA (1A ONPENeJeHHOCTH — K
JIEBOM ) TIPUJIETAET OJIOK pasbueHus Buaa —. B 5ToM ciydae Bce NOMUHOIIKY, TIPUJIE-
ramlme K JeBOMY KParo IUaMaHTa, PACIONI0KEHBI TOPU30HTAIbHO. Torga nocTpoum
CeAYIOIYIO Tapy pa3CUeHul JEeBOTO U NMPABOro nogauaManToB. OTOIBUHEM B CTO-
POHY BCe JOMUHOIIKW, NPUIETAONME K JEBOMY KPAlo, a CAMYIO BEPXHIOK U CAMYIO
HIDKHIOKO U3 HUX BOOOIIE yAaIuM. Y HAC OCTAHETCS Pa30MeHre MPABOrO MO TUAMAHTA
parra n — 1. A 0TOABUHYTHIN PpPAarMeHT OOBEIUHUM C MEHTPATLHBIM TOAANAMAHTOM
paHra n — 2, IOIyuInTCsa pa3bueHue JeBoro NoaIuaManTa panra n — 1.

{;m@ ST EY e

ABanoruvyHo ompenennM 0TOOPAKEHNE B CIYYIAe, KOTIa K BEPXHEN WM HUKHEN BEp-
myHe GOJIBIIOr0 AUAMAHTA IPUIEraeT OJ0K [D

B o6mem ciydae, KOTOPBIM AeTaJbHO OMMCAH HIXKE, OTOOPAKEHNE YCTPOEHO TaK:
yIaJUM [B€ TOMUHOIIKY, TTPUJIETAIONNE K TBYM TTPOTUBOMOIOKHEIM BEPIIAHAM OOJThb-
mIOro AuaMaHTa (CKaXKeM, K JEBOU U [IPABON; DU 3TOM BBIOOD MEX1y JEBOU—IPABOK
U BEPXHEU—HVKHE BEPILMHAMU 3ABUCUT OT MCXOAHBIX DA3OUEHU), HAJIOKUM LUa-
MAHT ¥ €r0 HEHTPAIbHBLIA MOAAUAMAHT APYT HA APYyra U paspexeM 00a IHAMAHTA
Ha, 1B 9aCTU (YCJIOBHO TOBOPSA, BEPXHIOK U HUXKHIOK) TAKUM 00PA30M, ITOOHL Pa3pes
TIPOXO /I TOJBKO IO CTOPOHAM JOMUHOIIEK B 000UX PA30UEHUAX, TTOCTE IeT0 0OBeIu-
HUM HUXKHIOK 9aCTh OOIBIION0 JUAMAHTa C BEPXHEH YaCThI0 MATIECHBKOrO (IIOLYy IUTCA
pa3bueHye HIKHErO 04 AUaMaHTa) U BEPXHIOIO 9aCcTh GOMIBIIOrO JUaMaHTa C HIKHEH
YACTHI0 MAJEHBKOrO (LOLYYUTCs Pa3bueHne BEPXHErO 04 JUaMaHTa).

[epengem Kk geTansaM, HY TO €CTh HE K JAETAJBIM, KOHEIHO, 4 K MOAPOOHOCTSM.
JonycTuM, ITO pa3bmeHune OOMBIIOTO TUAMAHTA HE OTHOCUTCA K yKe Pa30oOpaHHO-
My THWIY, T.€. CBEPXY ¥ CHU3Y PAaCIOJI0XKEHBI NOPU3OHTAJIBLHEIE, & CIeBA M CIIPABA —

BEPTUKAILHBIE TOMUHOIIKKA. B 5TOM ciydae Ha KaxIOU CTOPO-

ﬁ He IMAMaHTa MOXHO YKa3aTh pPa30easiouyio KIeTKy, TAKYI 4TO

. L] 110 OJHY CTOPOHY OT HEE NOMUHOIIKKA OPUEHTHUPOBAHLI "OPU3O0H-

[E TaJbHO, a IO APYTYIO CTOPOHY — BepTukaabHo. Ha pucynke stu
%x | KJIeTKU TTOMEYeHBl KPEeCTUKAMU.

l X IIycte K71 — mio6as m3 pasgensomux kiaeTok. [loctpoum 1e-

Ltr [IOYKY AOMUHOIIEK, HAYMHAIOIIYIOCA ¢ KieTku K. JTa nemouxa

KJIETOK 3AKOHYUTCA, KOUJA B HEU BCTPETUTCA €€ ONHA Pa3Ie/siomas KIeTKa, CKa-
xem, K,,. Knetku K, n K,, He MOryT HaXOAUTBLCSI HA MPOTUBOIOJOXKHBIX CTOPO-
HAX IUAMAHTA, 9TO JETKO BUAETH, HATIPUMED, U3 COOGPAKEHUN MMAXMATHON PACKPAC-
xu. Takum 06pa3zoM, MBI IOCTPOWIN EMOYKY KJIETOK, COSTUHAIIYIO Pa3 IesIOIIne
KJIETKYU Ha JABYX COCEIHWX CTOPOHAX OOJBIIONO AMAMAHTA, MyCTb IJIA ONPEeIeTeHHO-
CTH 3TO JIeBas U NpaBasg HUXKHUE CTOPOHBL. TOrjga OYeBUIHO, YTO BEPXHAS TPAHUIA
[IOCTPOEHHOI'0 MHOXECTBA KJIETOK €CTh JOMAHAss, KOTOPas He PACCEKAET HU OJHOU
TOMUHOIIIKY B 060UX Pa3CUeHWAX W MPU 3TOM TEINT MATLIU IUAMAHT HA IBE YaCTH.
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Paspesom masoro quaManTa HA30BEM YaCTh 3TOU JOMAHOU, JEXKAIILYI0 BHYTPU MAJIOTO

IUaMaHTA.

|

K7 Kg K7|Ksg
Ko |K3|Kg|Kg Ko K3|Kg|Kg
K1 |K4|K5K10K19| Kl’K4K5K10K11

K19 B * }K12.

Y6epem u3 GOJIBIIOrO JUAMAHTA CAMYIO JEBYIO K CAMYIO IPaByo pomuuomku. [lomon-
HUM Pa3pe3 MaJoro IUAMAHTA N00TOJAUUMY OMPEIKAMY 2PAHUYbL MAA020 OUAMAH-
ma, 9TOOBL NOTYYMWICSA pa3pe3 OOJIbIIOrO UAMAHTA, CJEBA HAIPABO.

3aMeTnM, UYTO OJHOBPEMEHHO C DTHM DA3PE30M He MOXKET CYIIEeCTBOBATH Pa3pesa

OOJBIIOrO [UAMAHTa, UAYIIErO CBEPXY BHU3, HOCKOIBKY TAKOU Pa3pe3 mepecekan Obl

MOCTPOEHHYIO IEMOYIKY KIeTOK K; 1, CIeI0BATENILHO, PAa3Pe3at 66l JOMUHOIIKY B Of-

HoM u3 pasbuenunt. C IPyrou CTOPOHBI, PA3PE30B, UAYLUIMX CJIEBA HAMPABO, MOXKET

OBITH HECKOMBLKO. /11 O THO3HAYHOCTY KOHCTPYKINU BEIOEPEM CPEIN HUX CAMBIA HU3-

xuu. Temeprs MBI MOXKEM pa3pe3aTh 00a IUAMAHTA W TOMEHATH OTPE3AHHBIC HIKHUIE

qacTu. Mul moayunuM pa3OueHns BEPXHETNO W HUKHETO JUAMAHTOB.

[

l ] ]

[ [ L

iTH =i —TH L,
=, =
U =il - U

Nrak, mbr onucanu orobpaxenune u3 muokectBa A B muoxkectBo B. OveBua-
HO, UTO DTO OTOOPaXKEHUE COMOCTABIACT PA3HBIM DJIEMEHTAM MHOXKECTBA A pasHbie
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SJIEMEHTHI MHOXKECTBaA B OHO ABJIACTCA B3aUMHO O JTHO3HAYHBIM, IIOCKOJIBKY HETPYOHO
€c000pa3nTh, KAK yCTPOeHO 06paTHOoe oTobpaxkenne. OHO ycTpoeno Tak. [las mpous-
BOMBHOW TapHl PA3OUEHUN, CKAaXKeM, JEBOT'O W TMPABOTO MO/ JUAMAHTOB PACCMOTPUM
MaJbIM TUAMAHT, ABIAIOIIUUCA UX MIEPECEICHUEM.

Ecan x HUXKHEN BEPINUHE HUKHETO MOJAMAMAHTA TPUIETACT GI0K [D, MBI HMe-
eM IeJIo CO CIydaeM, o6paTHBIM K caydaio (8). Ecin xe Takoro 610Ka HET, HATHEM
CTPOUTH IEMOYKY KJIeTOK, aHagorm<uyo nenodke K;. IlepswiM pasbuenvem O6ymem
HAa3LIBATL pa3fuWeHne HIMKHEr0 IWaMaHTa, BTOPBIM — BepxHero. PaccMmoTpum pas-
JeJIIomue KJICTKH, IIPpWICralomnue K HUXKHMM CTOPDOHAM HU2XKHE'O OIHaMaHTa (ECJII/I
BCC TOMWHOIIKHW, TPWJICTAIOIINC K HUXKHCMY KDalo, OPUCHTUPOBAHEI TOPU30OHTAJIBHO,
Pa3IEMAIONEN HAZHAYMUM BEPXHIOK U3 ABYX KJICTOK B CAMOM JEBOM W B CAMOM TIPa-
BOM Dsfy), mycTb K| — paspgeasmoomas KJIeTKa Ha JeBOU HUKHEU CTOPOHE, U IMyCThb
oua 6yger 4epHOro usera (Ipu maxMaTHON packpacke). llenouka kiaeTok ¢ HadasoM
K1 3aKOHYIUTCA, KO'Ma Ha OYCPEIHOM IIare Mbl OKA2KEMCA BHE II€peCeYCHUsA IIePBOIro
U BTOPOTO AUAMAHTOB, MPUYEM TOCTEIHAA KJACTKA B DTOU IEMOYKe OyAeT «BTOPOW»
KJIeTKON TMOCTCAHEN AOMUWHOIKHU. Ecan >Ta MTOMUHOINKAS U3 BTOPOTO pas3sOUeHusd, TO
€€ BTOpaaA KJICTKa YCPHAs, M 3HAYUT, MBI OKa3aJUCh Ha HpOTHBOHOJ’IO}KHOfI CTOpO-
He OOBEIUHEHUsA AUAMAHTOB. JTOrO HE MOXET OBIThH, MOCKOJALKY O0JACTH CHU3Y OT
[IOCTPOEHHOU LENOYKK COAEPKUT HEYETHOE YUCIO KJAETOK, XOTA IIPU 3TOM pa3bu-
Ta Ha JOMUHOIIKIN II€PBBIM CIIOCOOOM. (j.]Ie,E[OBaTeJH;HO7 9Ta JOMMHOIIKAa U3 IIEPBOTO
pa30MeHnA U TPUBEIA OHA HAC HA PA3MEIAIONIYI0 KICTKY MPABOU HUNKHEN CTOPOHHI,
4TO, COOCTBEHHO, U TpeOyeTcda. [lanblie pexeM, MEPECTaBIIEM W TOTOBO. Jlemma
IOKa3aHa. ]

U3 mokaszamuOu JeMMbl 10 MOXKHO TOJYYIUTH TPOCTOE KOMOMHATOPHOE MOKA3a-
TeIbCTBO YTBEPK AeHN, 0600IIAIONIero JeMMy 9, 0 nupaMuie n3 byHKIWN, 3, IaHHON
[IPY HOMOLIM COOTHOMIEHHA OKTASAPA, ¥ CBA3K STUX QYHKINE C PA3OUEHUAMA ALTEK-
CKOT'O AraMaHTa (Tak HasblBaeMBIH sddekT gopanosocty, cM. [11], [7]). Eme ozno
BIEMEHTAPHOE IOKA3ATEeNbCTBO TEOPEMEL 00 AITEKCKOM AMAMAHTE, OCHOBAHHOE HA
PACCMOTPEHNH B3BEIIIEHHBIX CYMM ¥ OCTPOYMHON WHAYKIIUM, MOXKHO IPOYecTh B [12].

5. IIOACYET KOJIMYECTBA PA3BUEHUI HA JTOMMWHO

TMoxaxem, Kak, UCTOABL3YA TOAYICHHBIE PE3YAbTATH, MOXKHO TOACIATATE KOJTUIE-
CTBO pasbmeHnN kaeT9aTon Ghuryper Ha gomuso [3]. Ham Bce-Takm mpugeTcs mepen-
TU HA JBOUCTBEHHBIN A3LIK TPA(OB U COBEPIIEHHBIX MAPOCOIeTAHUN. [[BONCTBEHHEIN
rpad anTeKCKOro AuaMaHTa u3obpaxkeH Ha puc. 66, c. 140 (mam me morpebyercs
pPacKpacka BepUIMH U OpueHTauus pebep >Toro rpada, MOKA3aHHbIE HA DTOM PUCYH-
ke). Pacemorpum cradana Bopoc 0 HoAC4YeTe B3BELICHHBIX CYyMM HapOCOYeTAHUN A5
AITEKCKOTO TUAMAHTA. DTO CASAYImasa 3anada. IlycTs B IBOUCTBEHHOM Tpade Aad
AITEKCKOTO TUAMAHTA, KaXK JOMY PeOpPY COMOCTABICHO HEKOTOPOE MUCIO — «BEC». Be-
COM COBEPIIEHHOT'O TTAPOCOYETAHNA HABOBEM MPOU3BEACHUE BECOB BCEX BXOIAININX B
mero pebep. CyMMy BECOB BCEX BO3MOKHBIX HAPOCOYETAHUU ANTEKCKOLO THAMAHTA
parra n o6osuauum depe3 W, u Gygem Ha3BIBATH B3BELIEHHOU CYMMOH IApOCOYe-
TAHUN.
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Hampumep, ecau Bce Beca pasubl 1, o W, = T,,. A ecau Bec kakoro-to pebpa
PaBeH HYJII0, TO MBI MOXKEM BOCIIPUHUMATEL 3TO KaK 3alpeT Ha yIacTue 3TOro pedpa
B IIAPOCOYETAHUAX. Y TBEDKICHUE TEOPEMBL 4 U TOXKIeCTEO (3) MIHOBEHHO 0600IIa-
I0TCA HA CIyIall B3BEIIEHHBIX MAPOCOYETAHUN.

TEOPEMA 5. ITycmb dan deoticmeenusiii epad auymexckoz2o Juamanma panaa 1.
Anago2uuno onpedesenuto 3 paccmompum epruuti, nurcHul, 1eebitll, npasvlii u yeH-
mpaavuviii nodduamanmot, 0003navuM coomsememeenno wepes Wy, Wq, Wy, W,., W,
836eULEHHbIE CYMMBL NAPocowemanuti das smux nodduamanmos. ycmv u, d, £, r —
BECA COOMBEMCMBENHO CAMOR0 BEPTHERO, CAMO20 HUNCHE20, CAMO20 AEB020, CAMO20
npasoz2o pebpa 8 ucrodwom 2pade. Tozda sbvinoaneno coommowenue.

WWe=4Lb-7- Wy Wy+u-d-Wy-W,. (9)

[JOKa3aTeIbCTBO 3TOU TEOPEMBI NMOAYIAETCA AHAJOTUIHO BTOPOMY [IOKABATETb-
CTBY TeOopeMbl 4, eCIi BMECTE ¢ TIePEeKIANBIBAHNEM YaCcTed B OUEKIUY u3 JeMMbl 10
paccMaTpUBATh TAKXKe IIPOU3BEIEHNA BECOB JOMUHOIIEK, COCTABIAAININX dTH YaCTH.

Byzem Tenepe cuurarh, 4TO Beca pebep HPUHHMAIOT TOABKO 3HadeHus 0 m 1.
Torpa mogcyeT B3BEIIEHHOU CYMMBI MAPOCOYETAHUU ANTEKCKOT'O TUAMAHTA MOMKHO
OPraHM30BaTh (ICAYIOMUM 00pa3oM. /14 KaxK 0N 3aKPAIIEHHON Ha PUCYHKE KJIETKU
MOACIUTAEM CYyMMY MPOU3BEIEHUN BECOB €€ TOPU3OHTATBHLIX PeOep U BePTUKATBLHBIX
pebep.

%
//

4

%
//

A

TMorepuem muaManT Ha 45° U 3amuIIeM BCe MOJACIYUTAHHLIC YUCTA B BUE MATPUIET
n x n, obosmaunm ee A", Bpegem Takike Bcmomorarembmyio marpumy ATy
KOTOPOU BCE DJIEMEHTHI PABHBI eAWHUIE. /anbiie BLUUCINM MOCIENOBATEIBHO MaT-
pumsr A=Y AWM 1o caenyromemy npasury. Marpuua A% umeer pasmep k x k
U BEIYUCIAETCA 110 MATPULIAM AL i A(R+2) [IPY IIOMOIIYM COOTHOIIEHUN

(k+1) ,(k+1) (k+1) ,(k+1)
Ay A T An

(k+2)
A1

() _
AP =

Torga marpuna A1) cogepxuT equHCTBEHHOE UUCIO, KOTOPOE H €CTH HCKOMAsA B3Be-
menHas cymma. lIpuBegennoe mpaBmio IpsaMo CIeLyeT U3 PEKYPPEHTHOIO COOTHOLIIE-
Hus (9) mo MHAYKUNN.

PacemoTpuM Temeps mpousBOIBHYIO HOCKY. [loMecTuM ee B alITEKCKUN TUAMAHT,
TaK, YTOOLI MOMOMHEHWE 3TOU JOCKU OO BCErO AMAMAHTA MOXHO OBLIO 3aMOCTUTH
nomuuo. Pukcupyem samornenve pomnonneHus Gurypsl. B ngBorcTBeHHOM rpade ai-
TEKCKOIO AMaMaHTa pE6GpaM, IPUHAIIEKAIIAM TBOUCTBEHHOMY Ipady IOCKHU, COMO-
ctaBuM Bec 1. Kpome Toro comoctaBum Bec 1 pébpaM, n306paKaoIMM TOMUHOITKT
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73 IOHOJHEeHUs Jocku. Beem ocranbaeiM pébpam conocrasuM Bec (. Bruimoanus omnu-
CAHHYIO BHIITE MPOLEAYPY, MBI HAUAEM KOJUIECTRO PA3OUEHUN JOCKY HA JOMUHOITKY.
EuscTBenHOE, ITO TPEOYETCA M KOPPEKTHOCTHU PAbOTHI DTOT'0 AITOPUTMA, — DTO
9TOGH (BHYTpeHHme» saeMenThl Marpunbl A 6bum me pasmbr 0. Hampumep, s
IpAMOyroapHuKa 4 X 5 moxyuaem

=

—>[ —
0110

- 1 2 2 1 - fli;llll 16 12 . 05
2 2 2 1 6 6 1 42 16 ’
1 2 1 0

6. EIE OJHO TOKA3ATEJHBCTBO TEOPEMBI OB AIITEKCKOM
ONAMAHTE

B sakmouenue Mbr opuBeaeM €me O4HO T0Ka3aTEJIbCTBO TEOPEMEI O ,anaMaHTel),

OCHOBAHHOE HA OCTPOYMHOU 1epedOpMyIUpPOBKE, KOTOPAs OCTABIACT HANEK Y HAU-
TH «COBCEM YK 3JIeMEHTapHOe» nokazareascrso. B [14] noxoxas nepedopmyaupoBka
MPUMEHAETCA K TPAMOYTOMBHBIM TOCKAM.
A3 wazmamnot docku (n+1) X (n+ 1) swpesana xaemxa al. Ha scex
0CMAALHOIT KAEMKAT 8EPMUKAAU G CINOAM (IPOMbIEY ULATMATNHBIE KOPO-
AU. 36 00U TOD TPOMOT KOPOAL MONCEM COBURYMbCA 6NPAEO, 6HU3 Ul
6npaso-enu3 na 00wy wKaemxy. Tozda cywecmeyem 2" TD/2 yenepece-
KAOUUTCA HAOOPO8 MAPWPYmMos, 06U2aAch N0 KOMOPLIM, 6Ce T KOposel
MOZYM nepelimu na Kaemry wudcnet 2opuzonmant (nopador todos necy-
weCcmeenen, 8aHCeH MOAbKO 8u0 MPAeKmopui).

Hamex Ha TO, KaK 3TO OTHOCUTCA K TUAMAHTAM, IPUBEIEH Ha KapTUHKE.

[ = bl
= AN
AR [T
= -

s TOro ITO6BI HAUTY KOMMIECTBO HAGOPOB MAPIIPYTOB BOCTIONB3YEMCA CACTY-
foment Teopemon Kapanua—Max-I'peropa—Jlumactpoma (em. [4]).

Dloka craTha roTOBIIACH K II€YaTH, B CETH IOABUIOCH AHAJOIHYHOE HOKA3aTEILCTBO, CM. Sel-
Peng Eu, Tung Shan Fu. A simple proof of Aztec diamond theorem.
http://www.arxiv.org/math.CO/0412041.
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TEOPEMA. Ilycmv dan ayukavueckut opuenmuposannwvili 2pad, umeowut n 6Lo-
006 U N 6LIL0A06, NPOHYMEPOSAHHBIT WucLamy om 1 do n, npuuem 6 4000m Habope u3
N HEMEPECEKAOUULCA MGPULPYMOS, 8eJYWUT 0M 8L0008 K 8biTodaM, KancIbil MapU-
pym coedunsem 6Lod u 6vizod ¢ 00nuM U mem He nomepom. O6o3navum weped Agm
yucao nymet, sedywur om k-20 6xoda x m-my evixody. Toeda wucao nabopos uz n
HENEPECEKAOUSUTCA MAPULPYM06, 6edYuyuL 0m 620006 K svizodam, pasno det A.

Brraucaum MaTpuily, onuceBaouyio gsukenre kopousei. ['pad Bo3MoXKHEIX nEpE-
MEIIEHNT KOPOJeN M306pakKeH HIKe. MBI MOXKEM CUNTATE, UTO HA YIATEHHON YTIOBOK
KJeTKe TOCKM TaK:Ke CTOUT KOPOJIb, KOTOPOMY TIPOCTO HE HYIKHO MBUTATHCA. lorma
snemenTsl MaTpunst A = (Ay,,) (HamomaEmM, uTO 5T0 Marpmua (n 4+ 1) x (n + 1))
MOXKHO BBIUUC/ATD HOCJAEI0BATENBHO 110 IPABUILY , CXOLHOMY € IPABUIOM BHIIHACACHU
OUHOMUAILHBIX KO3(hduuuenTos B TpeyroasHuxe [lackais:

Apm = Ap—im +Akmr +Ap—1m-1-

Tak, nas qocku 5 X 5 uMeem

ALY 11 1 1 1
13 5 7 9
§§§§ AP =1 5 13 25 41
1 7 25 63 129
NUNNN 1 9 41 129 321

3aMeTnM, 9TO TO XK€ CaMO€ KOIMIECTBO MAPIIPYTOB MEL IIOLYIUM, €CJIU OIATH ybe-
pPeM YIVIOBOI'O KOPOJIsi K 3AlPETUM JABUKEHUE KOPOJEH BIOJIb LEePBOU BEDTUKAIM U
BJOIb MepBOH Topu3oHTamM. Pacemorpum marpumy B | onnceBaomyio npukene
KOPOJIEN B DTOU CUTYAITUM.

NI 9 9 9 9
BNANVANAN 2 6 10 14
B® —
DSASASAN 2 10 26 50
NINNN 2 14 50 126
Kak Bugum, B®) = 24®),

JIEMMA 11. O6o3uauum byy — Koauuecmso cnocoos, KOMOPLIMY TPOMOT KO-
poav moxcem npotimu ¢ kaemxu (1,p) na xaemxy (g, 1), ne 3ax0da no nymu na wuc-
nue p— 1 xaemok nepeot 6epmuKrat (m e. na xaemxu (1,1), (1,2), ..., (1,p— 1))
U Ha aesbie ¢ — 1 KAemoK nepeoti 20pU3OHMAAU; G UePe3 Gpy — KOAUNECTB0 BCET

€nocob08, KOMOPLIMY TPOMOT KOPOab Moxcem npodmu ¢ kaemxu (1,p) na xaemxy
(g,1). Toeda

bpg = 2ap—14-1 -
HOKABATEJBCTBO. PaccMOTpuM MapIIpYTHI KOPOJISA Ha JOCKE P X ¢ U3 JEBOTO
BEPXHErO yIVIA B IIPABLIN HUXKHUU, TPU KOTOPBIX OH HE 3aX0JUT HA TEPBYIO BEPTUKAIbL
U [OEPBYI0 OPU3OHTAIL. ECiu mepBeIll X0 KOPOJIsS — DOPU3OHTANBHBIN, TO KOPOJIb

MOKET Gp—1 ¢g—1 CHocobaMu 100paThCA K KITKE HaJ IPABBIM HIDKHUM YIVIOM K JaJee
CleaaTh X0 BHU3. KCau %e TIepBHIN X0 — IUATOHAILHBIN, TO U MOCJIE 3TOT0 KOPOIb
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UMEET Gy 1 g—1 BAPUAHTOB JBIDKEHU K IPABOMY HIDKHeMY yriy. HekoTophle u3 Hux,
PAaB 14, TIPUBOIAT €0 HA MEPBYI0 TOPU3OHTAML (U ¥ DTUX MAPIIPYTOB TMOCIEIHUN X0
COPUBOHTANBHBEIN) — TAK U3MEHUM DTU MAPIIPYTHL, MEPEIBUHYB BCIO WX CPEIHION
9aCThb Ha OJHY KJIETKY BBEPX M 3aMEHUB CAMBIU MEPBHIY (IMAarOHAJIBHLIN) X0 HA
POPU3OHTANBHBIN, 8 CAMBIA HOCACAHUU (IOPUBOHTAJBHLIM) XOJ HA AUATIOHAILHEBIN.
Herpyanuo Bumgersb, 9T0 5T0 OHEKITHS. O

ucna apq, bpg — 9TO MATPUIHEIE DIEMEHTHI MATPHUI] A B U3 gemmer caexy-
er, uro B(™ =241 A rak xak Bemwaunst det B u det A pripaxator oguo 1
TO XK€ KOJIMIEeCTBO HAOOPOB MAPIIPYTOB, MBI [OLYIaeM PEKYyPPEHTHOE COOTHOIICHIE

det A™ = 2" . det A7)

13 KOTOPOT'O CPa3y CIeAyeT YTBEPKIEHNE TEOPEMBI O AMAMAHTE.
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