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['eomeTpudeckasn 3a1a4a, CBA3aHHAA
¢ 0000IIEHHBIMY OULIXAP JaMU

JI. 1. IlycTeLIibHUKOB™

B pa6oTe pemaerca mpocTas reoMeTpudecKkas 3anada (0600maomasn 3anady
Fepona) m HAIOTCA NPWIOKEHUA €€ PEmIeHNsA K 0000MWEHHBIM GrIImap 1am.

1. OBOBIIEHHASA 3AJIAYA ['EPOHA

PaccMoTpuM IBYMEPHYIO IWIOCKOCTD C IPAMOYTOIBHBEIMU KOOPAUHATAME (T,Yy) 1
CTEMYIONTYIO 3aaYMy MUHUMU3ANUN BLITYKION (BDYHKITUYN OTHOU MEPEMEHHON Ha TIOMY-
ocu:

f(z):\/(x1—2)2+yf+\/(xg—z)2+y§+kz—>min, 220, (k=0). (1)

IIpeanonaraercs, aro y; > 0. 3agaua (1) ua Bcen npsamon upu k = 0 usBecTHA, KaK
3agaga [epona.

Pemenue z 3aga4uu (1) oueBumanbiM o6pasom cymecrsyer (ubo f(z) — oo mpu
z — 00) U eAUHCTBEHHO (B cuily cTporon Beirykjaoctu f). U3 HeoO6X0aUMBIX yCaIOBUE
MUHAMYMa, 714 (PYHKIUU OTHOT'O IEPEMEHHOr0, orydaeM, 9to ecau z = 0, To f/(0) >
> 0,aecm z > 0, To f/(0) = 0. B cuiIy BHITYKJIOCTH, DTH YCJIOBUA U JOCTATOTHLL
Takum o6pasom, ecan

k> . + =2 = coS 1 + COS Y2, (2)

Vil i3+

T0 Zz = 0, ecaim xe
Ty T3

.) +
Vel +ud a3+

TO 2 > 0, ¥ 3TO YUCIO ABAACTCA €ANHCTBEHHBIM PEIICHAEM yDPABHCHUA

= cos hz(2) — cos 1 (2). (4)

k<

= COS 1 + COS Y2, (3)

r] —z Tro — 2

k= +

Je—a2 gt -2+

B (2) u (3) ¢; 0603HaYAET MOMAPHBIN YyUOIX TOYKA (&4, Y;) HA MIOCKOCTH C JeKap-
TOBBIMU KOODJAWHATAMY I;, Y;; YV ©; m300pakens! Ha puc. 4, c. 90.

*Pabora gacTuuno nogaepxkauna PDODPU, npoext 02-01-01067.

MaTemaTuyeckoe npoceewerue, cep. 3, Bein. 9, 2005(86-92)
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Puc. 1.

Ecau k > 2, TO BHIIOTHAETCA HEPABEHCTBO (2) U PEIICHUEM 3aJa<U BCEr1a ABJS-
erca z = 0.

IIycts 0 < k < 2. PaccMoTpuM GECKOHEYUHBIN CeKTOP () ¢ BepimmHOu B ToUke O,
UMEIOMAN YTouI 7y, ¢osy = k/2, 01HA CTOPOHA KOTOPOTO €CTh KOOPAUHATHAA MOTYOCh
x 20,y =0, a gpyras cropoua Jexur BHyTpu kBagpaura z > 0, y > 0 (puc. 1).

BO3MOXKHBL CAEAVIONIME CIYIaU PACTIONOKEHUA TO4YeK (21,y1) u (Z2,y2) OTHOCH-
TeILHO ceKTopa ().

1. Toukm paCTIONOXKEHB! BHYTPH WY HA TPAHUIIE CEKTOPA (), IpUYIeM XOTs ObI 0JHA,
JIEXKUT BHYTDPH ceKTOpa. Toraa BHIIOMHAETCA HEPABEHCTBO (3), Tak Kax cos@; = k/2,
opudeM XOTs ObI OIHO HEPABEHCTBO — CTPOroe.

2. Toukn pacrnonokeHbl BHe WA Ha rpanuie cekropa (). Torga BoimomHseTcs
HEPaBEHCTBO (2) M0 aHATOTMYHBIM IPUIUHAM.

3. Ecm ogHa TOYKA JEKUT BHYTPH CEKTOPA, & APYTas — BHE CEKTOPA, TO MOKET
BBHIIOJIHATRCA M1000€ U3 HEpaBeHCTB (2), (3).

2. 'EOMETPUYECKUI CMBICJ OBOBIIEHHOM 3AJAYN ['EPOHA

HamomuuM m3BecTHYIO 3a1aty O mepexone depe3 peky. HykHo mocTpouTs MOCT
Yepe3 PeKy € MapaIeJbHBIMU OeperaMu Tak, 9TOOL myTh MeXay Toukamu A u B,
PACIIOIOKEHHBIMY IO PA3HbIE CTOPOHBI PEKH, ObLT KpaTdaummM. MocT Hy:XKHO pac-
[IOJIOXKWTEH IIePHeHAnKYIApHO OeperaMm. Pemenue 3aga4du o nepexone depes pexy mo-
JydaeTca ¢ IOMOIIBIO MApALIEJbHOTO TEPEHOCA, KaK TTOKA3aHO HA puc. 2.

A

Puc. 2.
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Puc. 3.

[Tpw pemenum 3a1a9m O IEPEXOAE IEPE3 PEKY C HENAPAAAEADHbIMU OEPETAME TI0-
siBasseTcs obobienHas 3anada ['epona.

IIycre peka mpencrapaseT cCOGOHN ILIOCKMH yIOJ BEJIUYUHOU (¢, 8 MOCT HY2KHO
CTPOUTDH ILEePIeH IUKYIAPHO Ouccekrpuce m sroro yria (puc. 3). Beegem xoopauna-
THI, KaK TIOKA3aHO Ha, PUC. 3: OCb aOCIIUCC HATIPABUAM BI0JIbL OJHOT'O 6EPEra PEKH, PEKa,
opy 5TOM JeXuT B moaymiockoct y < 0. Touxu (z1,y1) u (73, Yy3), KOTOpHIE HYKHO
COEIIUHUTH IyTEM, JEKAT MO PA3HBIE CTOPOHHL OT pexu. Touka (&2, Ys) CUMMETPUIHA
TO4Ke (Z3,Y3) OTHOCUTEILHO GUCCEKTPUCHL YA (V.

Ecau xomerr MocTa Ha Gepery, MpoXOIAIeM M0 OCH aGCIUCC, UMEET KOOD TMHATHL
(z,0), To gamHa MocTa paBHa 2z sin(w/2). Oboszuadnm k = 2sin(a/2). lloaywaem, aTo
OTBeT B 33jade O Iepexoe 4epes PeKy U3 TOIKU (1, Y1) B TOUKY (T3, Y3) NOIydaeTCA
u3 orBera B 0600wennon 3aga4e lepona must Touek (x1,y1) u (z2,y2) (1erko BugeTh,
9TO mepBLIe Ba craraemeix B (1) — sTo paccrosuua mexnay (z1,y1) u (z,0), (z,0)
u (23,Y3) COOTBETCTBEHHO, 4 TPEThE PABHO IJMHE MOCTA ¢ KOHIOM (z,0)).

SAMEYAHUE. [TocTponTh KPpATYARIIYIO JOMAHYIO IUPKYJIEM U JUHEUKOU B OOIIEM
CIyvae HeBO3MOXKHO HU JJIg OOOOIIEHHON 33034y ['epoHa, HY A4 3a0a91 O IIEPEX0Oe
Yepes peKy ¢ HemapaameIbHeMEu Oeperamu. OnHAKO, IJIA CIETHOTO MHOXKECTBA Tap
TO4€eK (Z1,Yy1) U (T2,yY2) BHYTPU CEKTOPA () MOXKHO C IOMOILIBIO IUPKYJIS U JUHENKY
HAlTU TaKyio TOUKY (z,0) Ha [OJIOKUTEJHHOU IOLYOCH aGCLUCC, YTO 2 €CTh MUHU-
MyM B 0600meHHOn 3agade [epoHa. 31ech MOM0XKEHNE TAKOE Ke, KAK B 3HAMEHUTOU
3aJade O TPUCEKIMN YTJIA: PA3JEINTh JAHHLIM YT'OJd HAa TPU PABHEIC TACTHU C TTOMO-
MBI TUPKYIA U JUHERKH. /[ TpOM3BOMBHOTO YIVIa DTO CAGIATH HEBO3MKHO, HO A
CIETHOIO MHOXKECTBA YIVIOB TAKOE IOCTPOEHUE OCYIIECTBAMO.

3. OBOBIIEHHLIE BUJJJIAAP IbI

Krnaccrueckunt 6unimaps — 5TO AMHAMUYECKAS CUCTEMa, B KOTOPOU MACCUBHAS
TOYKA OBACAETCA € MOCTOSHHOU CKOPOCTBIO BHYTPH 3aMKHYTOU obractu B ¢ Kycod-
HO-TVIAAKOUN TpaHuiien ', a B pe3yabTaTe ee OTPAKEHWA OT IPAHUIE HOPMATLHAA
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KOMITOHEHTA CKOPOCTHU TOYKU MEHSIET 3HAK, COXPaHAd a0COMIOTHYIO BEIUYUHY, 8 TaH-
TeHIMATbHAS KOMIIOHEHTA CKOPOCTN TOUKY HE MeHsaeTcA [6].

O606uiennpe GULIMAPABLL, PACCMATPUBAEMEBIE B DTOU paboTe, ObLIM BBEIEHLI B
obueM caydae B [1], a B ciaydae, korga obaacts ectsb napawienenunes — B [2]. C ¢u-
BUYECKON TOYKYU 3PEHUA OOOOCIMIEHHHBIN OUIIMAPI, COCTOAIIUN W3 MHOTHUX FACTHUII,
ONUCHIBAET Ta3 B COCYHe, KOTOPHIN MOXET HATDEBATHCA WIN OXJIAKIATHCA OT CTe-
HOK cocyga. llosToMmy cTenku 0600MIEHHOrO OMLINAP A ¢« IPOXKATY, ITO OMUCHIBACTCS
dbynxuwmeinn g(v,t), onpenerenno ua npavom mpomssegenun I x R, (R! — npavas
munnsa, ¥ € [' — touka rpanuner I', a semrauna ¢ € R o6osnaqaer spems). OT-
paXkeHNe OT TAKOW APOXKAIIEH CTEHKU MPOUCXOMUT COTVIACHO CAEAYIOIIEMY 3aKOHY.
ITpeanonoxum, ITO TPAGKTOPUA TOUKH, KOTOPAs ABUKETCSI CO CKOPOCTBIO v, TIepece-
xaetr ' B Touke v € [' B momenT Bpemenu t*. Toraa B 9TO0T MOMEHT BpeMmenu t* To4Uka,
npuoGpeTaeT TaKyio CKOPOCTDb ¥, KaK ecau Obl OHA MOABEPIVIACH YIPYTIOMY yAApPY C
GECKOHEYTHO TAKeJION MIOCKOCThIO [ kacaromencs I' B Touke 7, KOTOpas IBUTAeTCsA
B MOMEHT BpeMeHM t* BAoib HOpMaam K I' B Touke v co ckopocThio (Jg/0t)(y,t*).
37eCh B KA49eCTBE TOJIOKUTEILHONO HANPABICHUA ABUKEHUS WIOCKOCTH |* BRIGUpa-
€TCs HAPAaBJIEHNE BHYTPDL obaacTtu B.

Ecan ckopocTh v*, KOTOpYIo TOYKa Tpruobpesa B pe3yJIbTaTe YKA3AHHOO 3aKOHA
OTpaKEHNs, HANPABJIEHA BHYTPhL 0baacTu B, TO mocjie MOMEHTa BpeMeHu t* TOodka,
ocrapuT [' u OymeT ABUraThLCA BHyTpu B 10 OamXauimed TOYKK mepecedenusa c I
Ecan xe ckopocTs v* Hampasiena Bo BHe obmacTtu B, TO mocie MOMEHTa BpeMeHu t*
TO4YKA OCTALTC HemoABMKHOU Ha ' 10 Tex mop, moka B HEKOTOPBIM MOMEHT BPEMEHU
t > t* B3aMMOJEHCTRIE C MIOCKOCTHIO [ He 3aCTaBUT TOYKY M3MEHNTH HAIpaBIe-
HIEe HOPMAJBHOU COCTABISIONEN €€ CKOpOCTH. [locaeuun crydall BO3MOXKEH, e€CaIn
byuxmma (0g/0t)(7,t) npu t = t YBEIMIMBACTCA CKAMKOM:

9 _ 9

ot 40 ot

> 0.

t—0

B uwacrrOM cayuae, korga ckopocts (0g/0t)(7y,t") nBuxkenus miockoctu ['* pas-
na 0, 06006menHbIl GUIMap] CBOAUTC K KIACCHYECKOMY OWLIHApAY, B KOTOPOM
HOPMAJIBHAS COCTAB/IAIONIAS CKOPOCTH TOYKM B MOMEHT BpeMmeHnu ¢ = t* TOIBKO Me-
HseT CBOe HAIIpaBJIEHNE, HO ee a0COMI0THAA BEINYINHA O YIapa TaKasd XKe, KaK U TOCTe
yAaapa.

B onmpenenennu 0GOOIEHHBIX OWLTHAP OB YIPYTUHA yAAp TOYKYU U TIOCKOCTH [
MOXKET PACCMATPUBATHCA KAK B PAMKAX KJIACCUIECKON (HBIOTOHOBCKOM) MEXAHWUKW,
TaK U B PAMKAX PEIATUBUCTCKON MEXAHWKY (TEOPUU OTHOCUTEILHOCTH). B mepsoM
ciaydae MBI Oy1eM Ha3bIBaTh 0000IIEeHHBIE OMLINAP ALl — HBIOTOHOBCKUMMU, 8 BO BTO-
pom cayuae — penstuBucTckuMu. as kinaccmueckux Omwimapnos Bupkroda mer
HUKAKOU PA3HUIBI MEXKIY 3TUMUA IBYMsA CIYYasMU: 3TO OJHA U Ta XKe TUHAMUIECKAs
cucreMa. [lasa 0600MIEHHBIX Ke OMITNapaoB CYyIIECTBYET OTPOMHAA W TIPUHITATHATh-
HasA PA3HUIA, MEXK Y DTUMU CAYIAAMU: 0O0OIIEHHBIN HBIOTOHOBCKUN OUILTHAP T — DTO
KOHCEDBATUBHAS NUHAMUYECKAsA CUCTEMA, TO €CTh CYIIECTBYET Mepa, DKBUBAJICHT-
Has $azoBoMy 0OBEMY, KOTOPAs WHBAPUAHTHA OTHOCUTENIHHO JUHAMUKEA OWLINADIa
(cm. [2]), B TO BpeMs, Kak OGOOLIEHHBIN PEIATUBACTCKAN OULIMAD L — 3TO AUCCUIIA-
TUBHAA CUCTEMA, TO €CThH TAKOW WHBAPUAHTHON MEPHLI HE CYIIECTBYET.
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(z1,91)

Puc. 4.

DTa IPUHIWIUATLHAA PA3HUIA TIPUBOAUT B TACTHOCTH K TOMY, ITO B HEIOTOHOB-
CKOM CIydae sHTpomma [u66ca — MOCTOAHHAA, TOTAA KAK B PEIATUBUCTCKOM CIyIae
suTponus ['mb6ca m TEPMOAMHAMUIECKAS SHTPONUA (TO €CTH SHTPONWA, TOCTPOEH-
Hasg OTHOCUTEABHO (PA30BOr0 0OBEMA) TP OOMIUX €CTECTBEHHBIX yCIOBAAX HATMHAEST
BospacTarh ([2]). O600meHHERE PETATUBNCTCKIE GIILITMADLI OBITN U3YYeHBl B Pabo-
Tax [1]-[5], a 0600IIeHHEIE HBIOTOHOBCKIE GULTHAp ALl — B padoTax [1] n [2].

4. OCHOBHOW 3AKOH ¥ 2KCTPEMAJILHOE CBOWCTBO
OBOBIIEHHBIX HHbIOTOHOBCKUX BUJIJINAPIOB

IlokaxeM cBa3b 0600meHHON 3amadu ['epoHa ¢ 0OOOMICHHLIMY HBOTOHOBCKAMMU
Omanuap amu.

ITpeanonoxmM, 9To 061acTh B, B KOTOPON ABUTACTCSA MATEPUATLHAS TOIKA, €CTh
MOTYIIOCKOCTE 4 2> 0 IWIOCKOCTY € TIPAMOYTOJBHEIMA KOOPAUHATAME T, Y, ¥, TODTOMY
rpanuna ' o6nactu B ecth ock y = 0. IIpegnoaokum Takxe, 9T0 JeUCTBUE MPAHUIIEL
I samaercs yukuuen ¢(z,t), rge z — xoopaunara touku (z,0) € I', t — Bpems
(cm. m. 3).

Buumap nuere TPAEKTOPUHU KAACCHIECKOr0O OMIMAP 18 00JIa IAI0T SKCTPEMATbHBIM
CBOMCTBOM: KYCOK GUJLTUAD THOU TPAEKTOPUN, COCAMHAIOIINN TOIKY (21, Y1) U (T2,Y2)
U TIPOXOJIANTUYN Y€pe3 TPAHUIY, ABIACTCSA KPATUAUIICH ABY3BEHHOU JOMAHOU, COENU-
HAIWEN TOYKA (X1,Y1) U (X2, y2) U IPOXOAAMIEH Uepe3 TPAHMULLY.

AHATOMrTIHOE DKCTPEMATBHOE CBOMCTBO MOXKHO C(POPMYINPOBATE U A1 0000IIeH-
HBIX OWLINAPIOB.

PaccMoTpuM Kycok GmummapaHON TPAeKTOPUU, MPOXOAAMEd depe3 Touky (¢, 0),
HAYAI0 KOTOPOU ecTh TOYKa (Z1,¥1), & KOHel — To4uka (Xo,ys) (puc. 4). Ipegno-
JIOXKUM TaKXe, 9T0 Ty < T, (¢,0) — eAUHCTBEHHAS TOYKA I'DAHULEL, DACIIOJIOKEHHASL
HA TPACKTOPUU MEX 1y TOUYKaMU (T1,y1) U (Z2,Y2), BEKTOP CKOPOCTH B TO4UKe (Z1, Y1)
ecThb (u1,v1), & BEKTOP CKOPOCTH B TOYKE (T2,¥2) €cThb (ug,vs). Torma cormacHo 3a-
KOHAM KJACCHICCKON MEXAHWKY IPEANOIOKEHAA 00 yIPyTOCTH yaapa TOIKH ¢ 6ec-
KOHEYHO TSXKEJOU CTEHKOU, 3aJaHHOUu ypaBHenweM y = 0, 1 0 TOM, 4TO NEUCTBUE
DTOU CTEHKW HA TOYKY HAIPABIEHO BIOAL HOPMAMU K CAMOU CTEHKE, MPUBOAAT K
CIEIYIOIIUM PABEHCTBAM:

up = Uy, Vs = —vp + 2%(0,15), (5)
rae ¢ — MOMEHT BPEMEHH, B KOTOPOM TOUKa HAXOAUTCA B ToJokeHun (c,0).
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B wacraOM ciayuae, korjga u; = us = 1, Bropoe pasencTso B (5) IPUBOAUT K CIAELY-
I0IIEMY PABEHCTBY:

tg '(/J2 (C) - tg ¢1 (C) = H(C, t)7 (6)
e
H(c,1) = 2% (c,1), (7)

a Y1(c), ¥2(c) — abCOMOTHBIEC BEMYUHEI YIVIOB, MOKA3AHHEIX Ha, puc. 4.
Bregem dyrknmo G(z), yIOBIETBOPAKILYIO CAEAYIOMIEMY YCIOBHUIO:

dG

a(z) = cos s (z) — cost1(z). (8)
N3 (6) momywaem ypasuenne Ha G(2):
@ 1 z—x1

(2) = = — ; (9)

rge H(z,t) — dyukuusa, seegennas B (7).

O6osmaaum wepes p{(z1,y1), (2,y2)} €BKAMAOBO PACCTOAHWE MEXKITY TOIKAMU
(z1,11) u (x2,y2). Kax usBecTHO, HEOOXOAUMBIM YCJIOBUEM DKCTPEMyMa (DYHKIUY
f: R — R spagerca pasercTso Hym0 mpomssogaon f/. OTCroma mOMydaeM MCKOMOE
DKCTPEMATBHOE CBOMCTBO OOOOCIIEHHOTO OMIIMAPAa: KYCOK OWLIHAPTHOU TPAEKTO-
puM, OIPOXOJAMUE Uepe3 TPAHUILY, IepeceKaeT MPAHWUIly B TOYKE, B KOTOPOH 06pa-
maerca B 0 Ipou3BogHAA (DYHKINK

F(z) = p{(z1,91), (2, 0)} + p{(22,92), (2,0)} + G(2). (10)

Paccmorpum Teneps B kadectBe pyuxnmi G(z) u F'(z) 8 (10) coorBeTCTBEHHO
dyakuuu G(z2) = kz u F(z) = f(z), rae f(z) — dysxuus, eegennas B (1). Ilpen-
noxokuM Takke, 9ro 0 < k < 2, a Touku (21,y1) u (T2,Y2) PACIOJOKEHBI BHYTPH
WM Ha TpaHulle ceKTopa (), n3o6paxenHoro Ha puc. 1. Torga MoXHO yTBEPK IaTh,
uaro (10) gocTuraeT MEHAMyMa B TOYKE €, TAKOM YTO JOMAHAA, COEAUHAIOMAL TOY-
ku (z1,41), (¢,0), (x2,y2), ABaseTcsa KyckoM 0600LIEHHON GULIIAD JHOU TPAEKTODUM.

Oynkimn G u H ceasaner croxaem coorromenueM (9). Ipepnaraem anrarento
TOAYMATH HAJ CJAETYIONIME 3aTa9aMMI.

3ana4A 1. Hycrs G(z) = kz. Cywecrsyer au rakas yukuus H(z,t), wro ypas-
Henue (9) BHITOTHASTCA IJA BCEX TOYEK (X1,y1) BEPXHEH MOJYMLIOCKOCTHA?

3AMAYA 2. [ns o6obwennoro oummmapaa pysakuus H(z,t) nmponopumoHambHa,
CKOPOCTH APOXKAHUA CTEHKH. 1105TOMYy ecTecTBeHHO HAMOKUTL Ha H(2,t) monomann-
TeqabHOe yeaoBue — pyHkuus g(z,t), oupegeneHHas KaK

o(zt) = / H(z1) dt,

orpaHuyeHa Kak QpyHkuus or gByx aprymenton. Cymwecrsyer au H(z,t), yioBierso-
PAOIIAA YCJIOBUIO MPEALIAYINEH 31891 U DTOMY JOTOJHATEILHOMY YCIOBUIO?
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