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O TPUTOHOMETPUIECKIX MHOIOYIEHAX, HaMeHee
VKIOHAIOUIUXCA 0T HYJIA, C PUKCUPOBAHHBIM CPEIHUM
KO PUIIIEHTOM

C. B. lNamkos

[JercTBUTENBHBIM TPUTOHOMETPUIECKUM MHOIOWIEHOM CTEIIEHU 7 HA3LIBAETCA
(YHKIUA BULA

n
ty(z) = %0 + Z ay sin kx + by, cos kzx,
k=1
rae ay, by — AeHCTBUTETBHBIC YMCIa, Ha3bIBAMBIe €ro Koabdumuentamu, a2 + b2 >
> 0. Hyaesou xoaddunmenT TpaIunuoOHHO 3alUCHBAeTCI B Buge ap/2. Tax xak
coryiacHo dopmyaam Juaepa expikr = coskx + isinkz, u apsinkx + by coskxr =
= Re((bx — iag) expikz), Tae Re osHagaeT ACUCTBATENLHYIO YACTh KOMILUIEKCHOT'O
YUCAA, & | — MHUMYH €IUHUIY, TO TPATOHOMETPUUECKUN MHOTNOWIEH MOKHO 3aIld-
caThb B 00Jee KPaTKOM KOMILTEKCHON (hopMe
n
tn(x) = Rechexpikx, cp =by —iag, k=1,...,n, ¢g = a?o
k=0
(cm. [1]). Pacemorpum caeayrouyo 3a4ady: Cpeay BCeX TAKUX TPUTIOHOMETPUIECKUX
MHOTOYICHOB ¢ (PUKCHPOBAHHBIM KOMILIEKCHEIM KOD(M(DUIMEHTOM ¢, WINA, 9TO PaB-
HOCUJILHO, C (PUKCHPOBAHHLIMU [TeUCTBATEILHBIMEA KOX(pGUIUEeHTaMU ap, by, HANTH
MHOTO'WIEH, HAMMEHEE YKJIOHAKMMUCA OT HyaA. [IpyruMu caoBaMu, HALO HAUTH Ta-
KOl TPUIOHOMETDPUIECKUN MHOIOWIEH L, (Z), Y KOTOPOro BeaU<duHa [ nax [tn ()]
e

MUHUMAJIbHA. DTy BEJIUYUHY HA3BIBAIOT PABHOMEPHOU WM YEOLIIEBCKOM HOPMOW U
0603Ha4aI0T ||t,,||. KpoMe 5T0ll HOPMBL, 92CTO UCHOAB3YIOT ceMelcTBO HOpM ')

1/p

s
1
ltaly = (£ [l | o1,
-7

a BopMy [|6n|| oBosmasanor ||ty (cM. [2]). DTH HOPMEL CBI3AHBL HEPABEHCTBAME
”thl < 2171/1)”th1} < 2th||7

KOTODEIE, BIPOIEM, HaM fanee He moHagobarca. OueBmano, 9To Aaa mo6oro neu-
CTBUTENLHOIO ¢ ¥ JI060ro p > 1, B TOM 4ucae u p = 00, CIPABEIIMBO PABEHCTBO
lletnll = le|||tn]]. Pemenme sanau naet

D Moxmo CYUTaTh, 9TO MHTEIPAI B UX ONPEIEICHUN — >TO OGLIYHBIN nHTerpan PuMana.

MaTemaTuyeckoe npoceewerue, cep. 3, Bein. 9, 2005(56—68)
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TEOPEMA. Jas 4106020 delicmeumedbno20 Mmpu2onomempuueckozo Muo204iena
n

tn(z) = Re kzo cpexpikr uw h > 1 cnpasedauso nepasencmso

[tnllp = u(n, h,p)lenlll cos I,

m+ 2 T n—h

20e cumsoaq LaJ 03HAUAEM UYEAY HYACTMbL HUCAGQ Q. Hpu P = OO 3Mo HEPABEHCIMBO
06pawaemc;¢ 8 PaseHCcImeo 08 MHOZOUAEHA

m
tn() = Re Y ciapsnn expi(2k + ha = |cp|gamtr (ha +7), (*)
k=0
2de v = arg ey,
m—+1 m
Joma1(z) =C Z Gm.k(T) = cosz + Z by cos(2k + 1)z,
k=1 k=1

. 22m+1 T

m+ 2 tg2m—|—47

gm,k(m) = hm,k(m)fm,k(m)a hm,k(m) = (
m—+1

wp(z) = H cos(z — ka),
k=1

fm.e(x) = 2ctgkacos(x — ka) —sin(z —ka), k=1,...,m+ 1L

wm () sin ka ) 2
2

cos(z — ka)

Cuedosameavno, cpedu scex mno20unenos t,(x) ¢ Pgurcuposannbim cp muoeouaen (x)
UMEETN, MUNUMAADHYIO HOPMY

m+ 2

™
tnlloo = 5 tgm\ch\-

Imom murumaabHbll MHOZOUwAEH NPU Hewemmuom |n/h] onpedesen odnosnaumo, a
npu wemmom [n/h| — weodnozmaumno.

IIpu I = n (u BooGwe upu h > n/3), oueBugno, m = 0, © U3 TEOPEMEL CJELyeT
HEPABEHCTBO ||ty |lcc = |Cp|. DKCTpEMATBHBEIN MHOrOWIEH TOTAA PaBeH ap sin ha +
+ by, cos hx. DTO yTBEpK IEHNE PABHOCUIBLHO M3BECTHOMY SKCTPEMATLHOMY CBOUCTBY
MHOTOwWIeHOB Je6rmméra (cm. [1]).

o i

B xuure C. H. Bepumrenna [3] 1okasaHo HEPABEHCTBO ||ty [0 = Z|Ch|’ 1 TIOKa3a-
HO, YTO OHO ABJAETCS ACUMITOTAIECKH TOIHBIM.

B [4] B ciywae p = 0o, OMUpasCh HA METOT, PA3BUTHIN B [5], OBLIO MOIYYEHO TOYHOE
HEDPABEHCTBO.

[anee TpUBOAUTCA BIEMEHTAPHOE TOKA3ATEILCTBO DTOU TEOPEMBI, UCTIONB3YIONIEe
TOMBKO TPOCTENIME CBOMCTBA KOMIUIEKCHEIX HHCea (KPATKOe WaIoxeHwe cM. [6]).

Cuagana cBegeM o6mmi caydad K caydaio h = 1, paccMaTpuBas BMECTO MHOTO-
wieHa t,, () MHOTOUIEH
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2h m
ﬁ Y ('t (m + %) =Re Y cprs1) expi(2k + 1)ha.
=1 k=0

[l toKa3aTensCTBA 3TOMO TOXKIECTBA JOCTATOYHO, MEHMA MOPALOK CYMMUPOBAHNS,
3aMeTUTh, ITO

2h 2h n .
;(—1)175” (x + %l) = ;(—1)1 Rekz:;]ck exp (zkx + %) =
n 2h 1l
= Re];);(fl)lck exp (zk‘x + %) .

Teneps mpu k, kpaTsOM h, B cuty pasesctsa exp (7kli/h) = (—1)¥/" mveem
2h i 2h .
Z(fl)lc,c exp (zk‘x + %) = ¢ expikx Z(fl)l exp (%) = 2hey exp ik,
=1 =1
ecin k/h HedeTHO, n
2h .
Z(—l)lck exp (zkx + %) =0,
=1
ecan k/h deTHO, a npu k, He KpATHOM h, IpuMeHAs GOPMYLY CYMMUDPOBAHUS IeOMe-
TPUYIECKOU IPOrPECCUN, UMEEM

2h 2h—1
\ @) _ 1\ (@) _ exp2rki—1
;( 1) eXp( h) T ;( Dexp (57 ) = = Grim =1 = O

BOCIIOIBb30BABIIACE BBILYKIOCTHIO HOPMEI, T. €. HEPABEHCTBOM?)

lacf + Bgllp < lal - 1 Fllp + 18] - llgllp,

n caoficrsanan [|£(x +a) [, = (@), 11f(r2)l, = || £(@)]], (uumapmanzmocrs nops
OTHOCUTEJBHO C,Z[BI/I]."a3 Ha HpOI/I3BOJIbHOQ qUuCJI0 a u paCTﬂ}KeHHﬂ4) C LIeJbIM KOBCp-

ULMEHTOM T), UMeeM [IpU M = LnQ_th

2h 2h
1 wk 1 wk

ltallp = 55 2 tn (e + F) = |25 Xt (+ )

k=1 P k=1

= = P
m m
= ||Re Z Ch(2k+1) €xpi(2k + 1)hz|| = |Re Z Ch(2k+1) €xpi(2k + 1)z

k=0 p k=0 p

2)3T0 cBOMCTBO IpH p = 0o U p = 1 BeITeKaeT U3 HepaseHCTBA |a + b| < |a| + |b], a npn KoHEeUHBIX
p > 1 — u3 nepasencrBa Munkosckoro (cum.[2]).

3) lna 27-nepmoauaecKux GyHKIMH 5TO OYEBUAHO IPK P = OO, 3 IPU KOHEUHBIX ) BHITEKAET K3
NEePUOJNIHOCTH U CBOMCTBA A7 IUTUBHOCTH WHTET DAJIA.

4)3T0 04eBHAHO IPH P = 0O, & IPU KOHEHHLIX P JOKABLIBACTCA JHHENHON 3aMEHOM IePEeMEHHEIX C
Y9I€TOM TIEPUOAUTHOCTY W CBOUCTBA & UTUBHOCTH WHTETDAIA.
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W3 5T0ro HepaBeHCTBA CJEAYeT, 9TO HEPABEHCTBO TEOPEMEL ZOCTATOYHO AOKA3ATH
m

npu h = 1 paa mEorowneHos suna t,(z) = Re Y copy1expi(2k + 1)z, n = 2m + 1.
k=0

XoTrs 5TO He IPUBOAUT K KAKUM JuOO YIIPOIIEHUSM, 3aMETHM, 9TO B3SIB BMECTO

tn(z) muOrowren t,(r + v), rme Reciexpiy = |ci|, 1erko ceectn 3amady K ciay-
m

9410, KOrfd MHOTOWIEH uMeeT BUp tn(x) = |c1|cosz + Re Y copy1 expi(2k + 1)z,
k=1

a B3aB BMeCTO ln(z) muorowien (i,(z) + t,(—x))/2, MOXKHO Zazee CIUTATH, ITO

m
to(z) = > boga cos(2k+1)z. Torga ans TAKUX MHOTOYIEHOB JOCTATOYHO JOKA3AThH
k=0
HEPABEHCTBO

m+ 2 ™

5 8 mHCOSHp-

[tnllp > 161 ]

TonoxkuMm nas kpatkocT « = 7/ (m + 2). [JokazaTenbCTBO TENeph YMEIAETCA B IBE
CTPOYIKN

m—+1
T . T
ctg m“tnnp = kz_; sin ko ‘ tn (1} + ko — §>HOO 2
m+1 9
> Zsinka tn (w+ka—g) = |b1|%||cos|\p,
k=1 p

€CIN BOCTOJIB30BATHCA YKA3AHHBIMU BHITITC CBOMCTBAMU HOPMBI 1 TOXAEeCTBaMU

m—+1 m—+1
. . ™
g | sin kat| = E smka—ctgm,
k=1 k=1
m—+1

Z sinka t, (:1:+ko¢— g) = blm;—2 cos .
k=1

TlepBoe w3 HUX, OIEBUIHO, CICIYET U3 W3BECTHOIO TOX qecTBa’ (cum., mampuwmep, [7,
3anx. 225] wm [1])

(n+ Dz . nx

in ———— S ——

. s 2 2
Z sinkx = =
k=1

sin =

2

npu nogcTaHoBke n = m + 1,2 = 7/(n + 1). Jlasa qokasaTeascTBa BTOPOTO 3aMEHIM
tn (x+la— g) Ha

Reibzk“ expi(2k + 1) (:1: +la — g),
k=0

5) [lna ero JOKA3ATENLCTBA AOCTATOYHO yMHOKHMTHL 00€ ero WacTH Ha Sin(x/2) ¥ MPUMEHHTH K
Kax oMy craraemomy gopmyay sin ke sin(z/2) = cos(k — 1/2)x — cos(k + 1/2)z.
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U3MEHUM B IIOJYYEHHOU ABOMHOU CyMME IOPSIOK CYMMUPOBAHKSA

m—+1 m

. . ™
Z sinlo Rez bok+1expi(2k + 1) (x +la— 5) -
=1 k=0
m m—+1
= R62b2k+1 Z sinlaexpi(2k + 1) (x + la — g) =
k=0 =1

m m+1
= Rez bagr1 expi(2k + 1) (m - g) Z sinla expi(2k + 1)la,

k=0 =1

u IpuMeHnM ToxaecTBa Re(iexpi(x — m/2)) = —sin(z — 7/2) = cos z,
m1 0, m=k>1,
;smlaexpz@k—i—l)la: m;—22.7 k=0

expila — exp (—ila)
2

[na 1okasaTenLCTBa BTOPOTO W3 HUX Sin la 3aMeHsaeM Ha, , IEBYIO

9aCcTb TOXKAECTBa Ipeoldpa3yeM K BUIY

AR m+1
% (Z expi(2k + 2)la — Z exp i2kla> ,
=0

=0

U TIPUMEHSIEM B OUE€PEIHOU pa3 (POpMyTy CYMMUPOBAHUSA T€OMETPUYIECKOU MPOTPec-
cun

’“Z“e e — | O malzk>1,
£ XPrema =1 192 k=0.

m+ 2 m
JloKasaTeIBCTBO PABEHCTBA, [|gam 11|00 = —5— t8 53— ~—7 007ee rpooa Ko,
Cuavasa TpOBEPUM TOXKIECTBO goam+1(Z +7T) = —gam+1(z). Tax kax B cuny dhop-
My sin(z + m) = —sinz, cos(x + ) = — oS T, OIEBUIHO

Frp(@ + 1) = = fin 1 (2), win (@ + 1) = (1) (@),

TO
2
[ wm(z+m)sinka "
hom (@ + ) = ( cos(z + m — ko) ) = D, (),
OTKY AR gm i k(x + T) = hpi(z + 7) fp(@ + 7) = —gm 1k(z), 1, crezoBaTeabHO,
Gom+1(% + ) = —gom+1(2).
m+ 2 s
IIposepnM, 9TO gomi1 (ko — 7/2) = — e il k=1,...,m+ 1. Tak xax

I,k BMECTE C Wy, OIEBUIHO NMeeT AByKpaTHble KopHu la—7/2,1 <I<m+1,1 # k,
TO U g TOXKE WMeeT Te ke IByKparHwle kopru®) . ITosToMy gomi1(ka — 7/2) =

6)Kopenn byHKIME ABYKDATEH, €CIA OH ABIACTCA TAKXKe KOPHEM ee MpOM3BOIHON. Bce KOp-
ar bysxman f(r) 6yayT ABykpaTHBIME KopHamu dymxmma f2(x)g(x), Tax xax (f2(z)g(x)) =
=2f(2)f'(@)g(z) + [*(2)g' () = [(2)(2f" (2)g(x) + [ (2)g' ().
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= Cgm (ko —7/2). Tak xak fo x (ko —7/2) =1, sinla = sin(m + 2 — o, To
Imk (ko — m)2) = hyy p(ka —7/2) =

m+1 m—+1
= sin® ka H cos?(ka — /2 — la) = sin® ka H sin?(l — k)a =
1=1,1#k I=1,1#k
k m+1 k m+1—k
= l_lsin2 la H sin?(l — k)a = | | sin? la H sin? la,
=1 I=k+1 =1 =1

OTKY[a, TIEPECTABIAA TOPAJOK COMHOKUTENEN B MOCTIEIHEM TPOU3BENEHNN, NMeeM
m+1
— in2 —
Joms1(ka —7/2) = H sin®la, k=1,...,m+1.
=1

W3 u3BecTHOrO TOXKIECTBA
n—1 I
. ™ —
H sin — = n2 "t
n
=1

(cm., manpumep, [7, 3ag. 232]) cregyer, 4o

_ _ 20—2m—2p _ M~+2 s _
Gem+1(ka —m/2) = (m + 2)°2 C= 5 tg2m+4, E=1,....m+1L
Iposepum, 910 gy, 1 (ko — 7/2) = 0, k = 1,...,m + 1. Tak kKaK g, ; uMeeT

aBykpaTube kKopuu la — /2,1 <1< m+ 1,1 #k, To g;mk(la —7/2)=0,1<1<
<m+ 1,1 # k, noaTomy g5, (ka —7/2) = Cgy, (ko —7/2), k=1,...,m + L.
Tak xak

Tk (k:a - g) =1, ok (ka - g) = —2ctg kasin (—g) = 2ctgka,

2
Y = g — T = gin? _ Wm
o, (ka B 2) = Jamt (k:a 2) = sin” ka <cos(z — ka))

=(m+2)2272m2  k=1,...,m+1,

()
vk /2 cos(z — ka

T0, cormacuo dopmyie Jentruna’) u roxgecTsy ctgx = — tg(x — 7/2), nmeem

(cos(m T ka))

z=ka—m/2

/ ™\ _ 2 Wm
o (ka 2) = 2sin kacos(m — ka)

?

s=ka—m/2

m+1
" cos(z — ka) Z tg(z —la)
r—ka—n/2 I=1,1£k

z=ka—m/2
m+1
Wm T
cos(z — ka) r=ka—m/2 lzlzvl:#k ?

D Wueercs B Buay cregyiomas ee dopMa (f1-...-fn) = fioe. o fu(f1/f1+.. .+l ] fn), mpuroamas,
ecm f; #0,i=1,...,n.
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m+1
Wm
= — ctg(k —Da |,
cos(z — ka) e=ka—m/2 112;76/6 &l )

OTKY/Ja CIeAyeT, ITO

2 m—+1
/ T\ — 94in2 __Wm _ -
ok (lm 2) = 2sin“ ko <COS($_ka) Z ctg(k —Da | =
z=ka—n/2 \I=1,l#k
m—+1
= (m +2)2272m~! Z ctg(k —Da |,
I=1,1#k

CJIeJOBATENLHO
I (ke — 7/2) =

o 5) s £) s b 3 s ) -
=l (k:a - g) + 2Nk (ka - g) ctgka =

m—+1
= (m+2)?272 ! | ctgka + Z ctg(k — Da
I=1,I#k

CyMMy B CKOOKAX MOXKHO, COKPAIAsS PABHBIE CJIATAEMBIE, 3AINCATL B BUIE
m—k+1 m+1—s

k
thgla— Z ctgla =+ Z ctgla, s=min(k,m+1—k).

=1 l=s+1

Samerus, uro ctgla = —ctg(m + 2 — Da, ctg(m + 2)a/2 = 0, orcroga uMeem
Gomy1(ka —7/2) =Cgy (ko —7/2)=0,k=1,...,m+1.

IIpoBepnM, ITO MHOTOWIEH (am41(Z) MMeeT JOKATBHBIE DKCTPEMYMEI B TOYKAX
ka+or/2,0 ==+1,k=1,...,m+1. CHadana OLEHNM UUCIO KOPHEN ¥ IPOU3BOIHON
95m1(x) HA urTepBaNe [—m /2,37 /2). I3 paBencTBa gopm 41 (2 +7) = —gam+1(2) cre-
AyeT, 910 g, 1 (ka+7/2) = =gy, 1 (ka—7/2) =0,k =1,...,m+1, 1. e. npoussos-
Has nMeeT eme m + 1 KopHen Ha MHTepBaﬂe [7/2,37/2). Tak KaK gomi1 (ko —7/2) =
= —gomi1(ka +7/2) = m+ 2 — 18 2m+4 sk =1,....,m+1, To QyHKIUA goy11(T)
HA KOHIIAX KazKJOrO U3 OTpe3K0B [ka+on/2,(k+VDa+on/2,o=x1,k=1,...m
IPUHEMAET PABHEIC 3HAYMEHHUA, IO3TOMY COracHO Teopeme Pomia®) ee mpomseogmas
nMeeT XOTA OB OTUH KOPEHb Ha KaXA0M U3 DTUX 2m OTPE3KOB, TOITOMY OOIIee TUCTO
ee KOpHen Ha mHTepBane [—7n/2,37/2) He menbime 4m + 2. TlopToMy, COTIACHO M3-
BECTHOH Teopeme 06 ONEHKe TnC/Ia KOPHEH TPUrOHOMEeTPHIeCKOro MuorowieHa”) (e
Hampumep, [1]) MHOrOWIeH g5, ., uMeeT Ha mHTEepBate [—m/2,3m/2) posro 4m + 2
npOCTEX (OZHOKPATHEIX) KOPHEH, NePedrCIeHHLIX BBIIE, CIeJOBATENILHO gy, | He

8)Ecan dysknua auddepeHnupyemMa Ha OTpPe3Ke U IPUHUMAaeT DAaBHBLIE 3HAYEHUA Ha €0 KOHIAX,
TO €e IPOU3BOAHAA OGPAINAETCA B HyJdb B ONHOM U3 €r0 BHYTPEHHUX TOYEK.

9) HeHy1eBOM TPUIOHOMETPHUECKHE MHOMOMWICH TIOPALKA 7 UMEET Ha, JI060M HHTepBate [a, a+ 27)
He Gosee 271 KOPHEN € y4eTOM KPaTHOCTH.
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UMEEeT KPATHLIX KOpHen. B wactHoCcTH, HA maTepBate ((m+1)a —7/2, a + x/2) upo-
U3BOMHAA KODHEW HE MMeeT, 3HAYNT, OHA COXPAHAET MOCTOAHHBIA 3HAK, & TaK KaK
G2m+1((m+1)a—m/2) > 0 > gamy1(a+7/2), To OHA OTpULIATENBHA U PYHKIWMST g 41
Ha DTOM MHTepBajte yOpiBaeT. Tak Kax IPOM3BOAHAA HE UMEET KPATHEIX KOPHEH, TO
ee BHAKK Mexk Iy KOpHaAME deperyiorcsa ), mostomy cresa or kopua (m 4 1)o — /2
[POU3BOAHAS IOAOKUTENbHA, IOTOMY COMMIACHO U3BECTHOMY IPH3HAKY JAOKAILHOIO
MaKCUMyMa (PYHKIUS gopm+1(x) uMeer B Touke (m+1)a—7 /2 JOKAIBHEIT MAKCUMYM.
AHANTOrUMHO IPOBEPAETCA, ITO BO BCeX TOUKaX ka — /2, k =1,...m + 1 MHOrO9IeH
Jam+1(T) IMeeT NOKATBLHBIN MAaKCUMYM, & BO BCeX Toukax ka + m/2,k=1,...m +1
— JOKAIbHBI MEHEMYM.

IIposepum, 910 gom41(z) > 0 Ha orpeske [—7/2,7/2]. Tak xak C > 0, TO gO-
CTATOYHO IPOBEPUTH, UTO Gm k(%) + gmm2—k(2) 2 0, 1 < k < (m + 2)/2, orkyga
CHIEYET HEPABEHCTBO

gom+1(2) = C((gm1 (%) + gmm+1(2)) + (9m 2(2) + gmm (2)) +...) = 0.

Tak kak cos(z — (m + 2 — k)a) = — cos(z + ka), To
gm,k(x) + gmmz—&-Q—k(m) =

. 2
= (COS( U)m(w) sin ko )) (COSz(l' + ka)fm,k(-f) 4 C082 (.’E _ ka)fm7m+2_k($)).

z — ka) cos(z + ka

[ IPOBEPKM HEOTPUUATEJBLHOCTH BTOPOrO COMHOXKHUTENA, B CHIY TOXIECTB
sin(z—(m+2—k)a) = —sin(x+ka), ctg(m+2—k)a = — ctg ko, pasaoro, o4eBuaHoO,
cos? (z + ka)(2ctg ka cos(z — ka) — sin(z — ka))+
+ cos?(z — ka)(2ctg ka cos(x + ka) + sin(z + ka)),
O3y ACH TPUTOHOMETPHUIECKAME TEOPEMAMU CIOKEHUS, Tpeobpasyem ero k suay’)
2 cos z sin ka(cos? (2 ctg? ka — 1) + sin® ka).

Tax xax 0 < cos®z < 1, a Iurennan GYHKIUA JOCTUTAET DKCTPEMYMOB Ha KOHIIAX
orpeska, rompu k=1,... m+1

cos? 2(2 ctg? ka — 1) + sin® ko) > min(sin? ko, 2 ctg? ka — 1 4 sin” ka).
Ocraercs 3aMeTUTh, 9TO B CUIY TOXIECTBA
ctg?z — cos’x = ctg? z(1 — sin ) = ctg? xcos’ x
npu k=1,...,m+ 1, odeBugHO,
2ctg? ka — 1 +sin? ka = 2ctg? ka — cos® ka = ctg? ka(1 + cos” ka)) = 0.

Tak xak sinka > 0,k =1,...,m + 1, TO TeM caMBIM IOKA3aHO, YTO 3HAK (PYHKIUU
Jom+1(Z) COBIAJAET CO 3HAKOM COS Z.

10)Ecan 651 OHA COXPAHAIA 3HAK HA, MHTEPBAIE, COLEPKAIIEM TPH COCEAHHX KOPHA, TO B CPEAHEM
M3 HUX MPOM3BONHAA ObLIa OBl pABHA HYJIO, T. €. OH ObLI OBl JBYKPATHLIM KOPHEM, YTO HEBO3MOXKHO.

1D TIpoBepka mpegocTaBaseTca ynTaTemo. JiA yIo6CTBA MOKHO 0G03HAYNTE coska depes ¢, a
sin ka gepes s.
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JokaxeMm Tenepsb, 9TO HAUIEHHELIE €€ DKCTpeMyMbl — riobansuaee. Mexy cocen-
HUMH JIOKAJBHBIMA MAKCUMYMAMHI DPACTIONOKEHBI JOKATBHBIE MUHIMYMBL, & TAK KAK
g2m+1(x) = 0 Ha oTpeske [—7/2, 7 /2], TO HA DTOM OTpE3Ke JOKAILHEIE MAKCUMYMBI
OYAYT OYEBUIHO U IVIOOATBHEIME MAKCUMyMaMU. B CiiIy paBeHCTBA gom41(T + 7) =
= —gom+1(x) Ha orpeske [7/2,37/2] GYHKUUA G241 HEMOIOKUTEILHA, IIOITOMY B

Toukax ka+m/2,k =1,...m+1 ona umeer ruobaisubie MuHuMyMbL. CJle10BATEIBHO,
DPaBEHCTBO
m m+ 2 s
92m+1lloe = g2m+1 (k’a - 5) = Ttgm ,k=1,... m+1,

JMOKA3AHO.

m
JokaxeM Temepk, 9T0 gom+1(x) = . by cos(2k + 1)z. Tak xax B cuIy ee mepuo-

IAYHOCTH h=0
s () = (42 H )= s (4 ).
+2
g2m+1 (k?Oé - g) = Gom+1 (g - ka) , 1<k< mT ,

TO QYHKIAA Gom+1(Z) B gomi1(—2) uMeoT 2m + 2 00IMX MAKCUMyMa ¥ MWHH-
MyMa Ha WHTepBaje [—7,7), 3HaIMT MX PAa3HOCTh MMeeT B Todkax thka + +7/2,
1 <k < (m+2)/2 gBykparubie kopuu'?), cyMMapHAaA KPaTHOCTH KOTOPHIX PABHA
4m + 4, 1. e. 6oablie 4m + 2, IO>TOMY COIVIACHO TEOPEME O YUC/IEe KOPHEU TPUrOHO-
METPHUYECKOI'0 MHOIOWICHA PA3BHOCTD §orm+1(Z) — gom+1(—2) pasua nymo. CaenoBa-
TEMBLHO, MHOTOWIEH (2,11 () W€TEH, TOITOMY COCTOMT W3 OTHWX KOCHHYCOB'®) (cM.,
mampuvep, [1]). OTCyTCTBIE B HeM KOCHHYCOB C TeTHRIMI yraMir'®) MOXKHO BEIBECTH
u3 TokAeCTBA®) g21i1 (2+7) = —gom1(Z), HO MOXKHO IPOBEPUTE I HEIIOCPEICTBEH-
Ho u3 onpeaenerua'®) gon i1 (z).

12) [Ipoussognas pasHOCTH g2m+1(T) — g2m+1(—T) B BTHX TOYKAX TONKE DABHA HYJIO, TAK KAK
IPOM3BOJHBIE QYHKIWU ¢2y,+1(+2) B HEX DaBHBEI HyIIO.
13) HeyeTnasa 9aCTh TPUMOHOMETPUIECKOTO MHOIOWIEHA ty () BLIPAKAETCA (OPMYJION

> agsinkz = (tn(z) — ta(—12))/2,
k=1

[IOYTOMY Y U€THOI'0O MHOT'OWIEHA OHA TOXIECTBEHHO DABHA HYIIIO, X IOITOMY €€ KOI(PPUINEHTHL af,
PaBHBI HYJIO, COMVIACHO TE€OPEMe O YMUCJIe KOPHEel MHOrOYIeHa.
14) Craraembix Buga bcos2ke, rae k — neaoe. — Ipuwm. peg.
L . [n/2]
5)[IpescTapias YeTHBI MHOTOYIEH i, B BHIE to,n + tin, 0O€ ton = >, bopcos2kzx, t1, =
k=1

n—1)/2
= : Z)/ : bak41 cos(2k + 1)z, 3ameqaeM, 910 to,, = (tn(z) +tn(z+7))/2, DO9TOMY U3 TOXAECTBA
k=0
tn(z) = —tp(x + m) crenyer, 4TO to,n(z) = 0, ¥ COrIacHO TeopeMe O YMUCIE KOPHEN MHOIOYIEHA
geTHbIE KOdDPUIueHTr by, = 0. Ananoru4no, ecant iy () = tn (x4 7), 10 t1,0(z) = (tn(z) —tn(z+
+ m))/2 = 0, cregoBaTeNbHO ty, = to,p, T.€. HeYeTHBIE KOSPOUIUEHTH byy 41 = 0.

16) MMokazar ¢ MOMONIBIO GOPMYJT TPEOGPAIOBAHMS IPOUBBE/[CHHUS CHHYCOB-KOCHHYCOB B CyMMY, 9T0
MHOXKECTBO MHOIOXIEHOB, COJeDXKAIINX TOIbKO YeTHBIE JyT'H, 3aMKHYTO OTHOCKTEIbHO Y MHOXKEHMU,
a YMHOXEHHMEe TAKAX MHOT'OWICHOB Ha MHOTOWIEHEBI, COJEPIKAINe TOJIbKO HedeTHLIe NYTH, NaeT B
pe3yiabTaTe TOXEe MHOT'OYWICHBI, COAepi)Kalne TOJNBKO HeYeTHhIE NYyT'U.
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m
W3 noxasaHHOrO 1A MHOGOT0 MHOTOWIEHA ty () = Y by cos(2k+1)x, n = 2m+1,

k=0
TOXKIECTBA
m—+1 9
Z sinka t,, (:c—l—ka — %) = m;— by cosx
k=1
1 COOTHOMEHNN ||ty ||oo = ¢, (ko — 7/2),
m—+1
™
ctg2 \t loo = Zsmka <x+ka—§>Hw

CTeyeT HEPABEHCTBO

m+1
. T\, m+2
ctg2m+4||t ||oo/;smkatn(kza—2)_b1 5

KOTOPOE, OYEBUIHO, OOPAIIAETCs B PABEHCTBO, €CJAU U TONBKO €CJII

tn(m—g):ntnnm, k=1,...,m+1.

Tak Kak 5TM COOTHOUIEHUA BHIOJHEHBI IIA £y, = G241, TO

m—|—2t by

||92m+1||oo = T 2m+4b17
m+ 2 71'
OTKYa, B CUIY JOKA3AHHOTO PABEHCTBA ||g2mt1]|co = g , CIeIYeT, ITO
2 2m +4
b = 1.
JoKaxkeMm eIUHCTBEHHOCTE SKCTPEMATLHONO MHOTOMIEHA T, TTpu HedeTHOM |n/h].
m+ 2 ™
Moxno caurarb, 910 ¢ = 1, [[th]eo = — g sy = [(n—h)/2Rh] . TIo-
JOKAM
1 2h Tl m
xr iy .
fomy1(x) = o (=)', ( A ) = ReZczkH expi(2k + 1)z.
=1 k=0
Tak xax
m—+1

+ ml '
[tnlloo = tn (ITW) o Mfemtilloo = fomta (ka - g) , ; sin ka = Ctgﬁ )

TO U3 OOKa3aHHBIX BBINIEC HEPABEHCTB CJeAyeT, 9TO IIPU HEKOTOPOM Y

m—|—2 + xl
Mg = HW%Z D't (15 = fomia () =
m+1 +2
Vs . Vi m Vs
:|f2m+1||oo>tg2m+4;smkafgmﬂ(k:a—2):2tg2m+4.

O4eBugHO, 5TH HEPABEHCTBA OOPAIIAIOTCA B PABEHCTBA, MTOITOMY

m—+1

Z sinka || fam+1 o
k=1

™
| foms1lloo = tg am 1 4
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m—+1
s . ™
=85 kE 1 sinka fom41 (kOé - 5) )
BHAYUT B KAYECTBE Y MOXKHO B3ATH mioboe ka — /2, k=1,...,m + 1, oTkyzna
ka+ 7wl —m/2
tn (h/) = (—D)'tplloes, k=1,...,m+1,1=1,...,2h.

CnefoBaTenbHO, MHODOWIEH 1, UMeeT Ha uHTepBate [7/2h,2m + 7/2h) nokanbHBIE
pKcTpeMyMHI B Toukax (ka + 7wl —7w/2)/h, k=1,...,m+ 1,1 =1,...,2h, u obmee
ux KoamdecTso paBHO 2(m + 1)h > n. JokaxeMm ero eIMHCTBEHHOCTH DPACCyKIe-
HUEM OT OPOTUBHOrO. Tak KAk MPOM3BOTHAS MHOTOWIEHA f, B TOYKAX JOKAILHLIX
DKCTPEMYMOB PaBHA, HYJIO, TO €CIU OBl CYIIECTBOBAT IPYIOM MHOTOWIEH C TEMU XK€
JIOKAMBLHLIMA DKCTPEMYMAaMH, TO PA3HOCTh 3TUX MHOIOWICHOB UMe/Ia OBl HA, HHTEPBA-
ae [r/2h, 27 +7 /2h) He Menee 2(m~+1)h > n IBYKPATHBIX KOPHEN, YTO IPOTUBOPEUAT
TeopeMe 0 JUCIe KOPHEN Ha Mepuo/ie ¥ TPUTOHOMETPUIECKOT0 MHOTOICHA.
n—nh
2h )
Ilonaraem, xax u BbIze, uTO ¢ = 1. Ilokaxkem, 4TO TOrAa DKCTPEMAILHBIMU OY-
AYT MHOUOLICHE! gomi1(h@) + cUZ L (sinhz) mpum moGom gocTarodso MamoMm |c|,
rge Ug(z) — muorowien YeGbimésa BTOpOro poaa, OUpeie/sieMbll DABEHCTBOM
Ug(cosz) = sin(k + 1)z/sinz (em. [1]). Tak xak B cuny Toxgectsa sin(k + 2)z +
+sinkx = 2sin(k + 1)z cos z ouesuano Uyy1(cosz) + Ug—1(cosz) = 2 cos 2Uy(cos x),
TO M0 MHAYKIUU JErKO mpoBepsaeTcda, 94To Uy (x) ecThb anrebpandecKuil MHOTOWIEH
crenenu k. Tak xak

Paccmorpum caywanm wetsoro |n/h|. Torma n > (2m + 2)h, m = |

sin(k+1)(x+m)
sin(z + ) -

Uk (—cosz) = Ug(cos(x + 7)) =

_ o qpksin(k+Dz g
= (1 ST i eosa)
o Up(—z) = (—1)*Uk(x), smauut UZ(z) — TeTHBIH alreGpamdecKuii MHOTOWICH

crenenn 2k, anaaur U2 (sinh(z + 7)) = UZ 1 (£sinha) = U2, (sin hz), cregosa-

m—+1
reabro U2, (sinha) = Y doj cos 2kha €CTh YeTHBIN TPUTOHOMETPIIECKAI MHOTO-

k=0
wien nopagka 2(m + 1)h < n. Tak xax xopuu Muorounexa Uy(z) ecThb, 04eBUIHO,
cosla/(k+1),l=1,...,k vo B cuiy paBeHcrs
o . ka+wl—m/2) T\ _
a—m+2,sm<h 5 )—Slﬂ(ka—i-ﬂ 2)—

= (—1)"coska = (—1) cos(m + 2 — k)a

TpUroHoMeTpudecKuyl MHOrowIeH Uy,yi(sinhz) umeer xopuu (ka + wl — w/2)/h,
k=1,...,m+1,1€Z.B cury dpopmyrsr muddepenmmponarnus (f2) = 2ff' y muo-
rourena U2 | (sin ha) Te ke KOpHE Gy IyT ABYKPATHBIME (HO HE TPOEKDATHBIMY, TAK
KaK CyMMapHas KPaTHOCTb KOPHEH Ha IEePUOAe He MOXeT ObTh Goubiie 4(m + 1)h),
U OHW COBIAJAIT C TOIKAME JOKAILHLIX SKCTPEMYMOB MHOTOWIEHA §o.,+1(hE), Tak
KAaK HOAOGHbLIE TOYKM MHOIOWICHA §om+1(T) ectb ka +wl —w/2,k = 1,...,m + 1,
| € 7Z. lloaToMy IOKATBbHBIE SKCTPEMYMBI MHOTOWIEHA gomt1(ha) + cUZ L (sin h)
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COBIIAJAIOT € JOKATLHBIMA 3KCTPEMYMAMU MHOTOYIEHA ¢om+1 (ha). Ocramocs moka-
3aThb, 9TO TIPU MAJTOM |c| TOKATLHEIE DKCTPEMYMEL GYIyT TaKKe TIOOATHEHBEIMA. 3aMe-
TUM, 9TO, B CWIy OTCYTCTBUS KPATHLIX KOPHEH y TPOU3BONHON gom1(T) U M3BECT-
HOT'O MPU3HAKA JOKATBHOTO 3KCTPEMyMa, B TOTKAX JOKATBEHLIX MAKCUMYMOB BTOPaA
OPOU3BOMHAA (om41(Z) OTpUIATENTHLHA, & B TOYKAX JOKATLHEIX MUHUMYMOB — IIO-
JIOKWUTEIBLHA, U TO XKe CAMOE, OYEBUIHO, BEPHO IIA MHOTOWIEHA §o.,+1(hx). Amamo-
IUYHO, BO BCEX yKA3aHHBIX TOYKAX BTOpas NPOM3BOAHAs MHorodieHa U2 (sin hz)
HOMOKUTETbHA. [[02TOMY TIOGATHHOCTD JOKATBHBIX DKCTPEMYMOB y MHOTOWICHA
gom+1(hx) + cUZ, 1 (sin ha) mpu m060M TOCTATOYHO MATOM |¢| BHITEKAET M3 CIeLylo-
el MHTYUTUBHO OYEBUIHOU JIEMMEL:

Ilycts dyakumm f, g asaxab auddepeHimpyeMsl Ha oTpeske [a,b]. Ecan onn
UMEIOT ABYKPATHLIC HYJIM B TOYKAX @, D, BTOPas MPOM3BOAHAA § B DTUX TOYKAX OT-
pULATENBHA, BTOPasA NPOou3BoaHaa f B HuX nonoxurensua, u g(z) < 0 < f(z) npm
a < x < b, To mpum manom || g(z) + ¢f () < 0 mpm a < x < b. Ecom xe ¢ y6eBaeT na
sTom oTpeske u ¢’ (a) = ¢'(b) =0, ¢’ (a) < 0,¢"(b) > 0, o g(a) = g(x)+cf(z) = g(b)
pU MaJioM |¢|.

1 M0Ka3aTeNBCTBA MEPBOrO yTBEPKACHUA JOCTATOUIHO IPOBEPUTE, ITO [IPU Ma-
JoM |¢| ma < x < b cnpaseameo HepasencTBo g(z)/f(x) < —e. Tax xak g(z)/f(z) <
< 0, u cormacuo npasury Beprysamm —Jomurama'”

g(x) _ g"(a)

TP

n ananorngso lim g(z)/f(z) < 0, smaunt ¢yuxumsa g(z)/f(x) HenpepsiBHA Ha OT-
r—a

<0,

peske [a, b], mosTOoMy corviacHO Teopeme'®) o cymecTBOBaHME PKCTPEMyMa

max g(x)/f(z)=M <0

a<z<b

U JOCTATOYHO BEIGPATH |¢| < |M|. [Jas nokasaTemsCTBa BTOPOTO YTBEPKIEHUA T0-
CTATOYHO TIPOBEPUTD, UTO mph a < & < b

(9(a) = g(2))/ f(x) > ¢ > (9(b) — g(=))/ f(2).

IIpumvenssa npaewmno Jlonurans k oberm npodsm mmeem

i 9@ =9@) _ _g"a) oy, 90 @) _ _g"®)

i—a f(2) () 2=b f(z) £"(b)

suaqut Gyuxuuu (g(a)—g(x))/f(x), (9(b)—g(z))/ f(x) nenpepriBun Ha oTpeske [a, b],
[OSTOMY CODMIACHO TEOPEME O CYLIECTBOBAHUY SKCTPEMyMa

9@ =9 _ 1o 9t —0(e) _ g

min max
a<a<t  f(2) a<a<b  f(x)

U ZOCTATOIHO BLIOpaTh |¢| < min(My, —Ms).

MEcmm lim g(z) = lim f(z) = 0, o lim f(z)/g(x) = lim f'(z)/¢'(x). Moxuo, koneano, 060M-
r—a r—a r—a r—a
TrCh Ge3 npasuia JIOmMTanA, MCIOIb3ys BMECTO HETO TEOPEMY O CPEAHeM.
IS)HerepBIBHaH Ha OTpe3Ke (PYHKIUSA UMEET Ha HEM MAKCUMYM U MUHUMYM.
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