HepaBeHcTBa U 3KCTpeMaIbHBIE 3a AN

Teopua sKcTpeMyMa, B IPOCTHIX ITPpUMepPax

. Bpuakxayc B. FO. IIporacos

C zagadaMu Ha MUHUMYM U MAKCUMYM KaXKIBH U3 HAC BIEPBHIE CTATKUBACT-
CA B IIKOJE, & 3aTeM Ha OJIMMIHAJaX W BCTYMUTEILHBIX DK3aMEHAX, DAe OHW, TO-
9ac, MOMUMO OYEHBb XOPOIIEN MATEMATUIECKOU TOATOTOBKYM U COOOPA3UTEILHOCTH,
TPe6YIOT MOUCKA HECTAHIAPTHBIX IIyTEeH PelleHnsd. 3AeCh MBI BCTPEIAEM MHOXKECTBO
KPACUBBLIX 33034, U Ui KAXKJOU IIPUXOAUTCA u300peTaTh CBOU METOM. 3aTeM, B UH-
CTUTYTE, CTYJEHTOB 3HAKOMAT C DJIEMEHTAMU TEOPHUH DKCTPEMyMa HA 3aHATUAX IO
MaTeMaTUIeCKOMY aHAIu3y. A TyT cuTyanna o6paTHaAs: €CTh METONBI CTAH AP THOTO
PEIEHNs, HO OYeHb MAJ0 KPACUBBIX MPUMEPOB. BOSLIIMHCTBO 334ad9, KaK TPABUIO,
pyTunHbIe. KaX AN NpenojgaBaTelb 3HAET, KAK TPYAHO OBIBAET yOEIUTH CTYIEHTA
(0COBEHHO — YBJAEHEHHOrO IPEAMETOM ) HEPEKIIOIUTHCA HA HOBBIE METOALL PELIeH,
U HE IBITATHCSA PEIIATh HOBBIE 330a4U (IO-IIKOIBHOMYY.

B sTon craTbe MBI DpemigaraeM 5KCKypC B TEOPUIO KOHEYHOMEPHBIX SKCTPEMATIb-
HEIX 33729 (MMEHHO ¢ HUX HAIWHAKTCA BCE CTAHJAPTHHIE KYPCHl ONTUMU3AIAYA B
YHUBEDCUTETAX), IEJINKOM TIOCTPOCHHBIN HA IPUMEPAX U 33/a9aX, C MUHAMYMOM TE€0-
perudeckux obbsacuenun. [Ipumepnt u 3a1a4Mu COGUPATUCH ABTOPAMU B TEUE€HUE MHO-
PUX JIeT, IPU HOACOTOBKE KYPCOB A/ CTYIeHTOB MATEMATUIECKUX ¥ SKOHOMUYIECKUX
cuenpaisaocren B yuusepcurerax Mockser (MIY u HMY) u Hugepaangos (yuusep-
curetn Porrepaama, Measdra u Yrpexta). [lo HameMy yOex IeHUIO, KAXK IHIU YHA-
BEPCATETCKUN KYPC NOMKEH BHIMOJHATL TPU OCHOBHBIE (DYHKITUNU: HAYYUNTh, YOSAUTH
U 3aMHTEPECOBATH. 1103TOMY TpUMEpHI U 33a4M JOJKHBI OBITh, BO-NEPBBIX, UHTE-
PeCHBIMU, BO-BTOPLIX (1 3T0 Tpyauee Bcero!) — ybesurensubivu. Kax e npumep
[DOJKEH [MOAY9ePKUBATH CALY TOrO WIK WHOO MEeTOAa. A KpOMe TOr0 — IOKA3BIBATD,
UTO faXKe OMUMITUATHEIE 33 0a491, KOTOPHIE UMEIOT KPACUBHIE SIEMEHTAPHBIE PEIeHNs,
MOT'YT PEmaThbCA B PAMKaX CTAHJAAPTHBIX METOJOB TPOIIE, KPACUBEE W €CTECTBEH-
uee. Bosree Toro, Havamsa TeOpuM KCTPEMATBHBIX 33,144 MO3BOJIAIOT HAXOAUTH HOBBIE
IOKA3aTEIbCTBA CTAPHIX KIACCUIECKUX TEOPEM.

Havnem ¢ 3a1ad, KOTOPBEIE PEIIAIOTCA (MKOJILHBIMWY MeTogaMu: npuHoun Dep-
Ma (IpOM3BOAHAA B TOYKE MUHUMYMA PABHA HYJIO) ILIIOC TEOPEMA CYLIECTBOBAHU
(Teopema Bemepmrpacca 0 IOCTHRUMOCTH MUHUMYMAa HENPEPHLIBHON (YHKIMA HA,

MaTemaTu4eckoe npoceelerue, cep. 3, Bein. 9, 2005(32-55)
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KOMIIAKTHOM MHOXeCTBe) — 2T0 TeMma naparpada 1. Bo sropom naparpade obpa-
TUMCS K BBINYKJIBIM 33jJa49aM. B TpeTbeM — K 33Ja49aM ¢ OUPAHUYEHUAMU, DEIla-
eMBIM C TMOMOIBIO Mpasuaa MHOKHUTeTen Jlarpamka. Cpenn mpeIIoKeHHbBIX TPUMe-
POB — KaK KJIACCHIECKUE TEOPEMEI U3 PABINIHBIX OOMACTEN MATEeMATUKA (OCHOBHAA
TeopeMa anreSpbl, IPUBEIEHUE KBAAPATUYIHON (POPMBI K TVIABHBIM OCIM, TEOPEMA
Bupxkroda u T. 1., HEKOTOPBIE KIACCUYIECKAE HEPABeHCTBa, 3axon CHeLInyca o mpe-
JgoMmieHuu csera, 3agadu Junonst, Panpsno, Topuuennu, ceru Mlrennepa u T. 4.),
TaK 1 OTHOCATEIHLHO HOBBIE 33,1491 M€OMETPUY, AIreOphl U AHAIN3A, & TAKKE 33,1341,
MpeIAraBIInecs Ha PABIUYHBIX CTYAEHYECKAX U IIKOJIBHBIX olnMmuanax. Heckoas-
KO TIPUMEPOB M3 MATEMATUYIECKON DKOHOMHUKHU COOPAHBI B OTAEILHBIA maparpad.
Kax et naparpad MBI HAYUHAEM ¢ KOPOTKOIO TEOPETUIECKOrO BBEIEHHUS.

B craree npegnaraercs 50 3a1a4 418 cAMOCTOATENHLHOIO PELIEHUs, OKOJIO TPETH
U3 HUX — NOBOJABHO Tpynauble. Hageemcs, 9T0 cTaThsa OygeT MHTEPECHA IIPENoIa-
BATEIAM MATEMATUKU, CTYJAEHTAM MIAIINAX KYPCOB W YIEHUKAM MATEMATUIECKUX
TITKOJT.

1. IIpuHUT PEPMA

DOYHKUUKA OJHOM NMEPEMEHHON. Metox, naspiBaeMbly npuunumnoMm Pepma, 06-
meunsBecTed: ecau Gyuknua [ auddepeHnupyemMa, TO Kax1as TOIKA €€ JOKAILHOTO
MHUHUMYMa (MaKCI/IMyMa) ABISETCA CTAIMOHAPHON TOYKOMU, T. €. ABIACTCA PEIICHUCM
ypasrenus f'(x) = 0. O6 orom eme 10 PepMa OBLIO CKA3AHO:

«ITo 06e cTopoHBI OT MecTa HAMOOJBIIErO 3HAYEHNA yOLIBAHUE BHAYAJNE HEIYB-
creurensnoy (Morann Kenmep).

O6paTHOE HEBEPHO: CTANMOHAPHAA TOYKA MOKET HE OBLITH TOYKOHU JOKAIBHOI'O
DKCTPEMYMA, KAK TOKA3LIBAET IPOCTEHIMH mpuMep: (QYHKIMA T° B Touke £ = 0.
YTo6B HANTY DKCTPEMATBHEIE 3HAMEHUA QyHKIuY f, pemaem ypasuerue f'(r) = 0,
HAXOAUM BCE CTAIMOHAPHBIE TOYKM, KOTOPLIE Oy Ay T (MOAO3PATETLHLIMIY HA SKCTPE-
MyM. OCTaeTCA BOCIONL30BATLCA TEOPEMOU CYIIECTBOBAHNUA: HEPEPEIBHAA (DYHKIINA
Ha oTpe3ke [a,b] gocTuraer cBoero HAMOOABLILErO U HAUMEHBLIErO 3HaYeHus. Bynem
CIATATH DTOT PAKT FEOMETPUICCKA OUYCBA THEIM, I IPUMEM €ro 6e3 J0Ka3aTeIbCTRA.
TaxuM 06pa3oM, TOUYKN MAKCUMYMa ¥ MUHUMYMA, CYIIECTBYIOT, & 3HAYAT, HAXOJATCA
Cpeu «MONO3PUTENLHBIX)Y — JUO0 CTAIMOHAPHEBIX, UO0 KOHIEBLIX. TOraa mpoCTeIM
nepe6opoOM HAXOAUM TOYKM MUHMMYMA, W MAKCHMYMA.

SAIAYA C IBYMs WX BOJEE NEPEMEHHBIMY. ITpuanun Pepuma pacopocTpansa-
€TCsA Ha DTOT ClIyday 6e3 CyIIeCTBeHHBIX U3MEeHeHUn. ITOOL HAUTH DKCTPEMAILHLIE
suadenus pyuxuuu f(x), rge ¢ = (z1,...,2,) € R", HaxoquM cTaIMOHAPHbBIE TOYKY
U3 YPABHEHUA

flle)=0 & fo,(x1,...,2,) =0, 1<j<n.

YpaBHEHME 31€CH CTOMBKO €, CKOIBKO HEM3BECTHLIX. [lamee moab3yeMcsa TeopeMon
Benepurrpacca (TeopemMou CymiecTBOBaHU), 3AMEHUB B HEll «OTPE30K [a, b]» Ha «xom-
nakT A B R™» — OrpaHM9eHHOE 3AMKHYTOE MHOKECTBO. «3aMKHYTOE» O3HAIAET, ITO
MHOKECTBO COACPKUT BCE CBOM MPEIeNbHBIC TOUKH.
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EcrecTBenHbIl BOIPOC: YTO A€IaThH, €CJAU MUHUMYM WIIETCS HA HEOrPAHUIEHHOM
muoxkectse? Hampumep, ua Bcem R"? A eciu — Ha HE3AMKHYTOM MHOXECTBE, HATIPHA-
Mep, Ha OTKPHITOM uHTepBate (¢, b)? B oroM ciydae kakune-HuOYIb TONOIHUTEIBHBIE
cBOUCTBA PYHKIMY f MOTYT MOMOYbL. JaCcTO UCTIOAB3YIOT ABA YTBEPIKICHUA, TOKA3A~
TEILCTBA KOTOPLIX OyAyT MPOCTHLIMU YIPAXKHEHUAME IJAA IUTATEIA.

JIEMMA 1. Ecau gynryus f: R™ — R nenpepuiena, u npu omon f(x) — +00 npu

|z| = \/x% + ...+ 22 — 00, mo ona docmuzaem ceoe20 MunuMyMa Ha R™.

JIEMMA 2. Ecau dynryus f : (a,b) — R nenpepviena v f(x) — 400 npu v — a
u npu & — b, mo ona docmuzaem céoeeo munumyma wa uwmepsase (a,b).

Tak ke GOPMYIUPYIOTCI COOTBETCTBYIOIINE YTBEPXK AeHUA Ha MakcuMyM. Haxmem ¢
O/JTHOT'O M3BECTHOI'O IIPUMEPA.

ITPuMEP 1. 3AKOH CHEJIUYCA. Jly4 cBeTa mepecekaeT npsaMyio PPAHUILy IBYX

Cpej, BXOAs 110J YIVIOM (v, M BBIXOZs 1OA yrioMm [ (06a yria OTCYMTHIBAIOTCA OT

sin « sin 8
HopMaan K rpanune). Torga —— = , TJe Uy U Up — CKOPOCTH CBETa B DTUX

Va Vp
cperax.

PEmMEHUE. CunTaeM M3BECTHBIM, 9TO Jyd CBETA MPU CBOEM ABUKEHUU OT O-
HOU TOYKU K JPYTOU BEIOMPAET TAKOU MY Th, MJA MPOXOXK IEHNA KOTOPOTO TpefyeTcs
MUHAMAJIBHOE BPEMS IO CPABHEHUIO C JIOOBIM ADYTUM BO3MOXHBIM IyTeM. (DTOT
uprHOKn B onTuke Takxke ycradosuia Pepma.) Ecau B3are na ayde Touku A u B no
Pa3HbIe CTOPOHBL OT PPAHUIEL, & CAMY IPAHUILY 0C03HAMUTE Yepe3 [, HOLyIuM 33139y
HA MUHUMYM:

_AM  BM

FOM) ===+ = (1)

M el

Touyka MUHUMYMA CyIIECTBYET, 3TO rapanTupyer gemMa 1. O6ozuaum ee yepes M.
Tenepb HyXKHO BEIYUCINTEL Tpous3Bonuyo ¢yukiuu f. Kax sTo cgenars? MoxHO BhI-
pasurh camy dyuxuuio f no Teopeme [udaropa, wiu 0o TeopemMe KOCUHYCOB, 3aTEM
HAUTHU €€ TPOU3BOAHYI0. YI06HEE, OMHAKO, (M BTO MOXKET MOKA3ATHCA MaPaI0KCATh-
HEIM), PACCMOTDPETH [ HE KaK (PYHKIWIO HA MPAMOU JUHUY, 8 KaK QYHKIWIO HA BCEH
maockoctn. Ilpomseoauan f' (rpaswent) amumabr otpeska AM B Touxe M apaser-
CA BEKTOPOM 1, €INHUTHON [INHBI, COHATTPABIEHHBIM ¢ BEKTOPOM AM. Amamormamo
ONpenenseM BEKTOP Uy — MPOU3BOARYIO mmmHbl BM . Utak, f' = u, /v +up/vp. lIpo-
u3BOAHAsS (PYHKIUU [ BAOIL OPAMOM | — 5TO mpoekiua BekTopa f’ Ha 5Ty IpAMYIO.
Takum o6pasom,

/ _ sina __sinf
/() = S22y, Sy,
Ho ecmtm My — mouka mummMmyMa, TO f'(My) = 0. A mockonsky |ug| = |up| = 1,

Sin & Sin
IIojnyvaeM OKOHYATEJIbHO = —
Va Vp

3AMEYAHUE 1. AHAJTOrWYHO, U 1aXKe HECKOJIBKO MPOILIE, MOXKHO BBEIBECTH U3BECT-
HBIU 3aKOH OTPAXKEHWA CBETA: YOI MAJCHUA PABEH YUy OTpaxkeHusa. HyKHO B3ATH
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[Be pOUBBOJbHLIE TOUk A u B 1mo ogHy CTOPOHY OT OpsAMOU [ U pelmuTh dKCTpe-
ManbHy0 3agaay (1) mpu v, = vp. Konedno xe, 5Ty 3a1ady MOXKHO DENIUTH O€3
BCAKUX TIPOM3BOAHBLIX, YMCTO TEOMETPHUYECKHU, UCTIOMB3YS CUMMETPHUI0 OTHOCUTETb-
mo mpamon . OgHaKo, y HAmero cnocoba eCTh, KAK MAHUMYM, ABA IPEAMYIIECTBA.
Bo-niepBrix, oH 6€3 W3MEHEHWsA PACIPOCTPAHACTCA HA CIy9ad v, 7 vp (& reoMerpn-
9ecKu 5TO chenaTh HempocTo!). Bo-BTOPEIX, n 5TO camMOe TVIABHOE, OH HAXOWUT HE
TOJIBKO TOYKM MUHKMMYMa, HO ¥ BCE CTalUMOHApHBIe Toukyu pyukumu f. Tax, Mbl 10-
Kazaay, 970 3ajga4a (1) Bcerga mMeeT eIUHCTBEHHYIO CTAIMOHAPHYI) TOYKY, U DTA
TOYKA XapaKTEepU3yeTcs CBONCTBOM sin /v, = sin /v,. BocnoasayeMcs sTuM B cie-
IyIoIIeM IpUMepe U3 3ProIudeckoll TeOpuu.

IIPUMEP 2. TEOPEMA BUPKTO®A. [[J1a TpOU3BOILHON TVIA KON 3AMKHY TOW KPH-
BOU HA IVIOCKOCTHU, OTPAHUYUBAIOIIEH BBIIYKIVIO (PUCYDPY, CYLIECTBYET OWLIMADA C
n BepvHaMy (OWLIMADAOM HA3LIBAETCS MHOIOYIOJLHUK C BEPIIMHAMU HA JAHHOU
KPUBOH, JIOOLIE JBE COCENHWE CTOPOHLI KOTOPOrO OOPa3yloT € KPUBOU PABHLIE
YTVIBI).

PEIMEHKE. PaccMOTpuM MHOXECTBO BCEX 7-yTOILHUKOB C BEPIIMHAMY Ha, TAHHOK
kpuBoi. O9eBUAHO, TO MHOXKECTBO OyIET KOMIAKTHBEIM, €CIU TOJIBKO MBI TO3BOJM
COCETHUM BEPIIMHAM COBNAAaTh. CIef0BATEIBHO, CPEAN DTUX MHOTOYTOMLHIKOR HAM-
IEeTCA TOT, KOTOPHIM NMEET MAKCUMANBLHLIN epuMeTp. OH 1 ABIACTCA OMLIMADJOM.
i mOKasaTemrLCTBa 3aMETHM CHAYMAAA, ITO OH MMEET POBHO 7l PA3JIMIHBLIX BEP-
uwH (B IPOTUBHOM Ciaydae 400aBUM HECKONLKO HEZOCTAIOIIUX BEPLIMH, [IePUMETD
oT »TOro yBeauuurcs). BosemeMm Tenepb Tpu coceguue BepuuHbl Aq, Ay, Az u 060-
3HAYUM Yepe3 | KacaTelbHyIo K KpUBOU B TOUKe Ay. Takum oGpasom, | = {As + tu,
t € R}, rme u € R?, |u| = 1 — manpapaatommit BekTop mpsaMon. [Ipeamoroxm, oT-
pesku As Ay u Ay Az obpasyioT ¢ | He paBHBIE yrubl. Torga mpousBogHas GyHKIUN
ft) = f(M) = AyxM + AsM, rape M = Ay + tu, ne paBua uymo B Touke ¢ = (
(samewanne 1). Ipu ¢t — 0 mmeem f(t) = f(0) + f/(0)t + o(t), rge o(t), xax o6brIHO,
0003HAYAET BEINYUHY, OECKOHEUHO MAIyIo TO cpaBHenuio ¢ . C Apyroum CTOPOHHI,
| — xacaTenbHAA, IOPTOMY A TPOU3BOILHON TOYKU N KpUBOU, OIU3KON K Ao, UMe-
eM f(N) = f(t)+o(t), rne M = Ay + tu — 6amxanmas k N Touka npsmon /. Uraxk,
F(N) = f(0) + f'(0)t + o(t). Ho nockonsky f'(0) # 0, MBIl BugMM, 9TO HA KPUBOK
cymwecryior rouku N, must xkoropex f(N) > f(0) = f(A42), a aT0 nporusopevuT
MAKCHMAJIBHOCTH [TEPUMETPA HAMIETO MHOTOYTOJIBHUKA.

3AMEYAHUE 2. B Tteopeme Bupkroda rmagkocts xpusou cyuecrsenna!l Kpusas
NOMKHA, OBITH, KAK MUHUMYM, NU(PGDEPEHIINPYEMON B KaXKI0W TOYKE, WHAYE OUILIA-
apja MOXET He CYIIeCTBOBAThL. Hampwmep, KpuBas, OrpaHUYMBAIONIAA TYTOYTOMhb-
HBIU TPEYTOJbHUK, He UMEET TPEYroabHOTo oumtnapaa. [lodemy? Ecau Tpeyroasauk
uMeeT OWLIMAPA W3 TPEX BEPIIUH, TO HTHU BEPIINHEL JEXKAT B OCHOBAHUAX BBICOT
(mpumep 8), a 418 TYHOYI'OJABHOI'O TPEYIOAbHUKA ABA OCHOBAHWUS U3 TPEX JIEKaT BHE
TPEYTOJbHUKA.

3AMEYAHUE 3. Buwumapab m3y9anoTca B 3proguvdecKOl TEOPUHU, TEOPUU AUHA-
MUYECKUX cucTeM, Mexanuke (cM., manpumep, [11]). Ouu npescrasasior coGou 3a-
MKHYTHIC TPACKTOPUN IBUKCHUS MEXAHWICCKNX CUCTEM B (Pa3oBON TIOCKOCTH. Mur
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BUIEIU, ITO BIUCAHHLIA N-YTOJILHUK MAKCHMAJLHOTO IIEPEMETPA ABAACTCA OWLIA-
apaoM. OnHAKO LA OCTPOYTOMBHBEIX TPEYTOJLHUKOB OWIIuAp (TPeyTroJIbHBEIN) CO-
OTBETCTBYET HE MAKCHMAJLHOMY, 3 MUHUMAILHOMY mepuMerpy (samnada danbano,
nprMep 8). DTO MOXKeT MOKa3aThCA IpOTUBOpedneM. Ho 1eno B TOM, 9TO Kak B MuU-
HUMAJILHOM, TaK U B MAKCAMAILHOM CJIy4ae OWIMAP COOTBETCTBYET CTAIMOHAPHO-
My NOJOXKEHHUIO BEPIIMH, KOTAa BCE 9aCTHLIE IPOM3BOHEIE IEPUMETPA, [0 BEPIIXHAM
PABHBI HYJII0. DTO OTPAXKAET ONUH W3 OCHOBHBIX IPUHIUIIOB KJIACCUIECKON MEXAHU-
ku (mpusiun [aMUIbTOHA): NBIKEHNE MEXAHUIECKOU CUCTEMBI TPOUCXOIUT BOJb
CTAIMOHADHLIX TPACKTOPHUH, Te MPOM3BONHBEIE ACUCTBUA PABHLI HyJro. llpm sTom
CaMo IeACTBUE He 00A3aHO OBITh MUHAMAILHBIM, KAK MPEINOIaraJoch MaTeMATHKA-
mu XVIII Beka. HHogpoGuee 06 srom cm., manpumep, [10].

YOPAXKHEHUE 1. POKAJBHOE CBONCTBO AJIUICA. Jlyd cBeTa, BBIXOAAIIHA U3 HOKY-
Ca DJLIMICA, OTPA3UBIIUCH OT €r0 MOBEPXHOCTH, MOMAAaeT BO BTOPOU (OKYC.

YUPAXKHEHME 2. JJokaxwure, YTO CTOPOHBI JI000r0 N-yroabHOrO Omiimapaa SAaHHOTO
BJUINIICA, KACAIOTCA HEKOTOPOrO (PUKCUPOBAHHOIO »annca. Kak CBA3aH 3TOT DIINIC C KC-
XOTHBIM?

Y1uPAKHEHUE 3. Chopmymmpynre n 10KaxuTe HOKAIBHBIE CBOUCTBA IUIEPOOIBL U ma-
pabombL.

IIPUMEP 3. Yepes manHyio TOYKY BHYTPH YIVIa IPOBEAUTE OTPE3OK HAMMEHBIIEH
IJIVHBI C BEPIIMHAMY HA CTOPOHAX yTVIA.

PEMEHUE. Jemma 1 rapadTupyeT cyliecTBOBaHUE HauMeHbIero orpeska. O6o-
3HaMuM ero Yepe3 AB, a naHHYI0 (PUKCHPOBAHHYIO TOYKY BHYTpH yraa — depes M.
IIporeaem wepes M apyrom oTpesok A'B’ ¢ BepmmHaMu Ha cTOpOHaxX yria. IlycTs
0 — opuenTupoanuwl yroa mexay A'B’ u AB. ®yaxuua f(6) = A’B’ mocturaer
cBoero MuauMyMa B Touke 6 = 0, mostomy f/(0) = 0. Mycte o« = ,KAB, 3 = /,KBA,
rae K — pepmmnua yraa, Ilpumenus TeopeMmy cuHycoB K TpeyroibHukam M BB’ u
MAA’, noryaum

; sin 3 . ; sin «v
MB = MBsin(ﬁ +9)’ MA" = MAsin(a -9’
CJIeOBATEIBLHO
Af=A'B' —-AB=MB' + MA' —MB - MA=
_ sin3 sina _
= MB (sin(ﬁ +9) 1) +MA (sin(a —9) 1) o
2singcos(ﬂ+g) 2singcos(a7 g)
=-MB - +MA - .
sin(8 + 9) sin(a — §)
Nraxk,
Af 725ing cos(ﬁ—f-g) Acos(a— g)

AS ) MB sin(8+0) M sin(a — )
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2 sin 9
TTockonbky — 1 mpu § — 0, u mpu >TOM
cos(ﬁ + g) cos(a - g)
sin(8 + 9) — gl sin(a — 4) —ctga,

HOMYy9aeM OKOHYIATETBLHO
J'(0)=—-MBctg8+ MActga.
Ho rax xak f/(0) = 0, To gna xpaTdaimero orpeska AB morydaem
MBctg = MActga.

Kak reomeTpnyaeckn oxapakTepn3oBaTh 5T0 ¢BOUCTBO? OMyCcTUM MEpIeH ANKY.IIp
K H na AB. Herpyaxo nposeputs, uto HB/HA = ctg 8/ ctg a. C apyrou ¢TOpOHE,
MA/MB = ctg 8/ ctga, nostomy MA = HB, MB = HA. Urax,

kpamuatiwut ompezox AB zapaxmepusyemca caedyouwum c80UCMeom:
npoexyus sepuunbt yeaa wae AB cummempuuna mouxe M ommuocumens-
o cepedunbt ompeaka AB.

3AMEYAHUE 4. [loyeMy MBI OrPaHUYMINCH JUIIL TEM, YTO OXAPAKTEPU3OBAIN
nosioxkenne oTpeska AB, a He gamm crnocoba ero mocTpoenusa? [lego B ToM, 4TO Ay
MIPOU3BOJBHOIO YIVIa DTOT OTPE30K HE MOXKeT OBITH HOCTPOEH C MOMOMIBIO IUDPKYJII
n JII/IHefIKI/I. I/IMeHHO IIOOTOMY 3Ta «IIpOoCTady IeOMeTPpUYIeCKadaA 3aJada mMeeT CTOJIb
rpomMo3akoe pererue. IIpuBeneHHOe pelenHns ABAAETCSI CAMBIM KOPOTKHAM U3 BCEX,
M3BECTHHIX aBTOpaM (cM. Takxke [15]).

Ecan 6B1 CyImecTBOBAJO TAaKOe MOCTPOEHUE, KOTOPOE HAXOMUIO OBl KPATIANIINN
OTPE30K MJA JI0OOTO yIila, TO OHO TOAMIOCH OBl U MJIA MpAMOro yria. Keam yroa K
npsmont, To MA/MB = ctg 8/ ctga = ctg(g—a)/ ctg o = tg? . C Apyrof cTOPOHEL,

MA/MB = tg~vy/tga, roe ¥ — yrox mexay KM u KA. Urak, tga = 3/tg~y. Ho-
CTpPOUTh 0OTPE30K AB 0o3HaYaeT HAUTHU KyOU4IeCKUi KOpeHb u3 yucia tgy. [locaenuee,
KAK U3BECTHO, HE BBITOMHUMO C MOMOIILIO [UPKYJIA U JAHETKH.

B skceTpeManbHBIX 3agadax TAKOe CIYYAeTCA JOBOMBLHO YACTO, KOTIA BO3MOMKHO
TONBKO OXapaKTEPU30BATH MOJOKEHNE TOYKA MUHAMYMa (MAKCHMYMa), 8 HE HAUTH
ee KOHCTPYKTUBHO (3anasu 15-17 u 38-40).

YTUPAXKHEHUE 4. IIpsaMoun, mpoxoAsuien depe3 JaHHYI TOYKY BHYTDH yIia, OTPE3aTh
OT DTOr0 yria TPEeyroIbHUK HAMMEHbLIEH mromaan. Halnmre kax reomMeTrpuieckoe pemre-
HIUe, TaK U peIlIeHNe, UCIOIb3yollee Ipom3BogHy0. Kakoe u3 Hux mpomie?

Y1uPAXKHEHUE 5. To xe, HO oA TPeyroJbHUKA HauMeHbIIero nepumerpa. Hauaure xak
reoMeTpPUIeCKOe PEIIeHNe, TAK U PelleHre, UCIOIb3YIOIIee IIPOU3BOIHYIO.

YIPAXKHEHUE 6. KacaTelpbHOU K TaHHOW OKPYXKHOCTH, JEXKAIIeH BHYTDPHU yTJaa, OTpe-
34Th OT DTOTO yrJa TPEYTOIbHUK ) MUHUMATbLHOU IIOMALA; 6) MEHUMATLHOTO IEPAMETPA.

YIPAXKHEHUE 7. Yepe3 gaHHYIO TOYKY BHYTDPU yIuad IPOBECTH HIPAMYIO TAK, ITOOBI
cymma KA + KB 6buta manvensmen (K — Bepmmaa yraa, A m B — TOYKa IepeCcevIeHus
IPAMOM CO CTOPOHAMH yTIA.)

PaccMmoTpum Temeph HECKOTHLKO TPUMEPOB M3 aIreOphl U aHAJIN3A.
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ITPUMEP 4. OCHOBHAA TEOPEMA AJITEBPBI. MHOIOWICH € KOMILICKCHBLIMH
K02 pUIMEHTaMU, OTIMYHLIA OT TOXKJECTBEHHON KOHCTAHTEL, MMEET KOMILICKCHEIN
KOp€Hb.

PEWEHUE. BosbMeM TPOM3BONLHBIN MHOTOWIEH P(z), U PACCMOTPUM BEIUIUHY
|p(2)| xax QyHKUMIO ABYX AEUCTBATEILHLIX MEPEMEHHBIX T W Y, TAE Z = T + yi.
Ilo nmemme 1 »Ta PyHKIMA TOCTHraeT CBOErO MHHUMYMA B HEKOTOPOU TOYKE
Z = (Z,9). He orpanu4uBas O6IIHOCTH, C BO3MOXHBLIM CABUI'OM apryMeHTa, I10JAa-
raem z = 0. lpegnonoxum, 9TO B 3TOU TOYKEe MHOrOWIEH p(z) HE O6paIiaeTcs B
HOb. [lycTh k — HaMMeEHBIIEE TMONOXKUTENLHOE TUCI0, JIA KOTOPOTO KOX(D(PUINEHT
npu z* B MHOrOUIeHEe p(z) Hemyaeson. Torga p(z) = ag +apz® + ... +apz™, k> 1n
ay, # 0. Boxee Toro, ag # 0, nockoabky ag = p(0) = p(2) # 0. Teneps Bo3bMeM 04HO
w3 pemennit v € C ypaBuenus ag + apz¥ = 0, T.e. 0IUH U3 KOMILICKCHBLIX KODHeN
k-TOU CTeneHn U3 IUCIa —agalzl. [Moaygaem

[p(tu)| = lao + ax(tu)* + o(t*)| = |(1 — t")ao + o(t*)| < |ao| = |p(0)!,

IS 10CTATOYHO MaJbIX ¢ > 0. [lomyuunu npoTuBopetne: o npeanoaoxenuto Z = 0 —
Touka MuHEMyMa 1ig |p(z)|. Teopema mokazamna.

YTPAXKHEHUE 8. [IPUHIUI MAKCUMYMA [JA AHAJIUTUYECKOU OYHKIUU. loxaxu-
Te, ITO MAKCAMYM MOAYIA aHAMMTHIeCKOU GyHKmmy (GyHKOUHA KOMIUIEKCHOU IIEPEMEHHON

o0
2, ABIAIOMIEHCA CyMMOR aBCOMOTHO CXOAIErocs cremenHoro paga f(z) = . axz®) B me-
k=0
KOTOPOM KPyTr'e Ha KOMIUIEKCHOU INIOCKOCTH JOCTUTAETCA HA TPAHUIE DTOTO KPyTa.
PaceMoTpuM Temeph HECKOMBKO IPUMEPOB U3 TEOPUM MPUOIKEHU.

YUPAXKHEHUE 9. IIPUHUMII HAUMEHbIIUX KBAAPATOB. IIpenmomoxum, HaMu mosyde-
mel b map wmcen (z;,y;),1 <1< 5:(1,2), (2,5), (4,7), (6,10), (8,14). Msr xoTrm nog06paTs
JUHETHYIO (PYHKIMIO i = aZ + b, KOTOpas ObI BLIPAXKATIA CBA3L MEXK1y NePEMEHHBIMA B DTHUX
napax HamrydamM o6pazoM. Oaud u3 cnoco60B — BHIOPATh GYHKIMIO, NI KOTOPOU CyMMa
kBagpatos f(a,b) = 3°°_ (y; — ax; — b)? Gbira 61 Hamvensmetr. Haitqure >Ty dyHKmmo.

SAMEYAHUE 5. [IpuHINT HAUMEHBIINX KBAPATOB UMEET MHOXKECTBO TPUIOKE-
uuu. Hampumep «pemnTh CUCTeMy JVHEUHBIX YPABHEHUN, KOTOPaA HE UMEET Pelle-
mus». Boree TOuHO: HanTH TOuKy mMuHUMyMa dymkmun f(r) = |Az — b| ma Bcem
npocrpancree R". 3nece A — 3azannas m X n-marpuna, a b € R™ — naunwin Bek-

m
TOp; HOpMa €BKAMAOBa |x| = Y x?. JTa 3aiada BCerja MMeeT pemeHnne (1emMma 1),
IPUIEM €TUHCTBEHHOE. =1

IIPUMEP 5. MHOTOYWIEH HAWJIYYIIENO MPUBJINYKEHUA. IIpuannn HauMeHbIIx
KBaAPATOB MPUOINKAET (PYHKIUIO, 38JAHHYI0 B HECKOILKUX TOYKAX, MHOTOYIEHOM
MEPBOU CTemeHm. A 9T0, ecaum NpuOMmKATh (PYHKIUIO MHOIOWIEHAME OOJ€e BBICO-
kux creneHen?! U He Ha KOHEUYHOM YHCJIE TOYEK, a HA MEIoM oTpeske? Kakon MHOTO-
wieH OyaeT HawayHimuM? HamoMunM, 910 MEOTOWIeH Tennopa npubanxkaeT QyHKINO
JIWIIE B MAJIOK OKPECTHOCTH TOYKY, HAM K€ HYKHO IPpUOIM3UTE ee Ha oTpeske. K co-
KANEHUIO, KOXPPUIUEHTH MHOIOWIEHOB HAMIYYIIEr0 MPUOIKEHNA B TAKOU 3a0a9€e
MOI'YT OBITH OYEHBb BEIUKU. DTO OOCTOATENBCTBO [EJAET 33434y yBCTBUTEIBHOU
IO OTHOIEHUIO K MAJIHIM U3MEHEHUAM (pyHKIuU. [103TOMYy OOBIYHO HeJaloT TaK: A
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b 2 .
KaK10ro 1eoro k > 0 pemaeM sKCTpeMatbHyIo sagady | ’pk($)| dr — min, rge
a

Py — HEU3BECTHBIM MHOTOWIEH CTemeHu k co crapumM xoaddurmenTom 1. Takum
obpazom, s kaxaoro k > 0 Mbl npubamkaeMm QYHKIUIO «TOXIECTBEHHLIU HOIb)
vuorowreHoMm crenenu k. Hawrydmme MHOrOWIEHBI pj, HA3BIBAIOTCA MHO20UAEHAMU
Jexcandpa. 3aTeM MBI HAXOAUM A NaHHOW (GYHKINKA [ MHOTOWIEH HAWIYUIIErO
TPUOIVKEHNA B BUE JUHEUHOU KOMOMHAIIAN MHOTOWICHOB Py,

YurAKHEHUE 10. Haungure muorownen Jlexanapa ps(t) ma orpeske [—1, 1], T. e. pemm-
Te DKCTPEMATBLHYIO 3a0a9y f_ll (t* + mat + 1)* dt.

YuPAKHEHUE 11. Hamgure muorowren Jlexanapa ps(t) ma orpeske [—1,1].

YIPAXKHEHUE 12. ®opMmyJA POAPUTECA. [Jokaxwmre, uTo MEHOrOowIeH Jlexanapa py (t)
Ha oTpeske [—1, 1] Beraucasercsa mo gopmye

pelt) = Gy iy~ D 2

ITodckasra. PaccMOTpUTE COOTBETCTBYIOIIYIO DKCTPEMAIBHYIO 33,424y U JOKAXUTE, ITO
€€ peIeHre eUHCTBEHHO U XapaKTePU3yeTCA CIeqyIOMMUM CBONCTBOM: MHOTOWIEH P OPTO-
TOHAJEH BCEM MHOIOYIEHAM MEHBUIMX CTEIEeHEH, TO eCTh

1
/t’ﬂpk(t)dtZO7 0<r<k—1.
S
Janee Mo MHIYKINM TOKAXKWUTE, ITO MHOTOWIEHH! (2) 5TUM CBOHCTBOM 0061aaI0T.

2. BBINYKJIBIE 3AQAYNA

DOYHKUUKA OJHON NEPEMEHHOM. HenpepriBaas Qpyukius f HA3LIBAETCA BLIIYK-
JIOU, €Cau /i JIOOBIX X1, Lo BBIIOJIHEHO HEPABEHCTBO

F(EEE2) < S ) + 5 £ ().

Ecau 5T0 HEpAaBEHCTBO CTPOroe Mis MOOBIX L1 # T2, TO (PYHKIUA HAZLIBAETCA CTPOTO
BBINYKJION. Eciy QpyHKIMA 0O1HON IepEMEHHON ABaXK AL Aud pepeHnupyemMa Ha OTpes-
Ke, TO VAOOHBIM KPUTEPUEM €€ BHIMYKJIOCTU ABIACTCA HEOTPHUIATEILHOCTH BTOPOU
npomsBogHON Ha nToM orpeske: f’(z) > 0. Ecim ke BTOpas mpomM3BOAHAA BE3EC
CTPOrO MOJOKUTENbHA, (Win, 60oMee TOYHO, HE OOPAIIAETCA B TOXKIECTBEHHBIN HOJIb
HU HA KAKOM MHTEpBaje), TO (QYHKUOUs CTPOrO BHIMYKAA. Jis 3KCTPEMalbHBIX 33~
a9 BHITYKJIBIE (PYHKIMH IPE3BLIYANHO yIOOHLL, 6JMAr0qapsa ABYM CBOMM CBOHCTBAM:

> JI0601 JOKATBHBIN MUHUMYM BBITYKJION (DYHKINHU ABIAETCA €€ TI0OATLHBIM MU-
HUMYMOM Ha BCEM OTDE3Ke.

> Ecmu pyskuma f semykaa, To yeaosue cranmoapuoctu f/(Z) = 0 Apasgerca ue
TOMBKO HEOOXOAUMBIM 1A MUHUMATLHOCTH (DYHKINE B TOIKE £, HO U JOCTa-
TOYHBIM.

[l cTPOro BHIMYKIBIX (DYHKIUA TOOABIACTCA €Ile ONHO 3aMEYATEIHHOE CBOUCTBO:
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> Crporo Boinykias GyHKIUS uMeeT He 60Jee OTHOU TOYKM MUHUMYMA.

Boaee Toro, mis cTporo BBIMYKALIX (DYHKIUU BBIIOJHACTCSA HPUHIAL MAKCUMYMAa:
TOYKa MAKCUMYMa Ha KOMIAKTHOM MHOXKECTBE BCEIr'a JeXKUT Ha IPAHUIle 3TOI'0 MHO-
XKeCTBA.

DYHKIUA MHOTUX NEPEMEHHBIX. Oupenesenus u CBOUCTBA T€ ¥Ke, ITO U B CIy-
9a€ OMHOU IepeMenHon. [Ba oTInams: Be3ae OTPE3OK 3aMEHACTCA Ha, BLITYKJIOE TEJIO
(BLITYKJIBIT KOMITAKT), & TAKKE KpuTepull Bomykaoctu f/ > 0 3aMeHseTca Ha yeio-
BHE HEOTPULATEIBHON OIPEIeNeHHOCTH KBAIPATUIHON (POPMBL, 33 1aHHOU MATPULEN
U3 BTOPHIX TMPOU3BOAHLIX. BBUAY TPAKTUYUECKOW CIOKHOCTH DTOTO KPUTEPUA, MBI
He OyJleM ero UCTOIb30BATh, a OyAIeM MPOBEPATL BEIMYKIOCTh (DYHKITUU MHOTHUX TIe-
PEMEHHBIX IIPOCTO IO ONPeAeJeHUIO (ITO B GOLUIMHCTBE CAYYAEB rOPa3 10 MPOLIE).
TlonpoGree 0 CBOUCTBAX BBITYKJIBIX (DYHKINHU U O BLILYKJILIX SKCTPEMATBHBIX 33, 139aX

eM. [2,3].

TIPUMEP 6. /laH BHIMYKJBIU YE€THIPEXYTOJBHUK. /loKa3aTh, YTO Cpeanm BCeX OT-
PE3KOB, TPOXOJAIINX U€PE3 TOUKY TEPECEUCHNA AMATOHANEN M MMEIOIMNX KOHIIBI Ha
PPAHUIE Y€THIPEXYTOJbHUKA, HAUGOJIBIINYIO JJIMHY UMEET ONHA U3 IUATOHAIEH.

HecMmoTpsa Ha TaKOW «IKOJALHBINY BUJA M HA TEOMETPUUECKYIO OUYEBUIHOCTD 3TO-
ro (axra, I0Ka3aThs ero HenpocTto. [loxaszarenbCTBa, KOTOPHIE MOXKHO BCTPETUTH B
JuTepaType, UCHOIB3YI0T NOBOILHO IPOMO3AKMe Berducaenus. Haubonee npocroe u3
U3BECTHRIX HAM DACCYXKIEHUN UCTOJIB3YET BHIMYKJIOCTH. Hadumem ¢ Toro, 4To ycra-
HOBUM CJEIVIOIIUAN TOJE3HBIN (DHaKT, KOTOPBIM TPUTOAUTCA W B APYTCUX 3a/1a9aX:

JIEMMA 3. Aana npamaes a v mouka P, ne aexcawas na wet. JAas npouseosvnot
mouky M € a 0602nauUM YEPEZ A OPUEHMUPOBAHHLIYE Y204 MENHCOY G U OMPEIKOM
PM. Toeda dauna ompeszxa PM sasasemcsa cmpoeo evinykaol pynkuyueld yeaa .

[ust poxasarenbcrsa OLycTUM HepueHauky/sap w3 P aa upsamyio a (nycrs b —

ero gauna) u Beipasum MP = f(a) = Sh}:a . Yurarens 6€3 TPya MPOBEPHAT, ITO
1(e) > 0.

OTMeTUM, 9TO MBI MOTVIE OBl OG03HAYUTDL T€PEe3 (@ YTod, 00PA3YEMBIN OTPE3KOM
M P ¢ 1106b1M (DUKCUPOBAHHBIM HAPABICHUEM, U YTBEDK TEHUE JEMMEL 3 OCTaI0Ch ObI
BePHBIM (IOCKOJBKY CABUL API'YMEHTA HE BAMIET HA CTPOrYIO BHILYKAOCTD PYHKIINAN).

Bepuemca x npumepy 6.

PEMEHAE TPUMEPA 6. IIycts P — Touka nepecedenus guaronaten, M u N —
TOYKM HA TPAHUIE YeTHIPEXYrOJAbHUKA, nmpudeM oTpe3ok M N mpoxozut «epes P.
IlycTe Takxke a — yroa mexay orpe3koM M P v HEKOTOPHIM (PUKCUPOBAHHBIM Ha-
MPABICHUEM. YT (1] U (s COOTBETCTBYIOT AMATOHAIAM YETHIPEXYTOMBHUKA, TAKIM
obpaszoM « € [ay, as]. Cornacuo gemme 3 o6e dyukunu fi(a) = MP u fa(a) = NP
CTPOTO BHITYKJIBL HA OTPE3KE [, (i), BHAYUT U UX cyMMa fi + fo = M N Takxe cTpo-
ro Beinykaa. ClregoBaTenbHO, 66 MAKCUMYM JOCTUTIAETCSI HA KOHIIE OTPE3Ka, T. €., Ha
OJHOU U3 OUAT'OHAIEU IeTLIPEXyTOJbLHUKA.

W3 seMMBL 3 MOXKHO «320apOM» IOLYYUTh PAJ UHTEPECHBIX crefcTBui. Hampumep,
TaKoe:
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CHEACTBUE 1. Buccexmpuca mpeyzoavnura menbule noaycymmbl CmopoH, Metc-
oY KOMOPLIMU OHA 3GKAOUEHE.

st T0Ka3aTeNbCTBA JOCTATOYHO MPUMEHNTH ONpeNeTeHne CTPOTON BEITYKIOCTH
a1 + as 1
F(2592) < 5 (flan) + f(a2))
K ¢pyuxmun f(a) = MP.

3AMEYAHUE 6. Iosesno takxe caeayiomee ycunenue aemmsl 3: yakuus f(a) =
= In M P Taxxe cTporo BeiykJaa. B camom mene,

(lnMP)N:(ln L )N:(—ctga)’:1/sin2a>o.

sin v
YUPAXKHEHME 13. Jokaxwure, 4TO GHCCEKTPUCA TPEYrOIbHUKA MEHbBIIE CPEJHErO Ieo-
METPUIECKOTO ABYX CTOPOH, MEX Iy KOTOPHIMU OHA 3aKJIIYCHA.

Bcem m3mecTHa 3a1a9a 0 TOYKE HA TPAMOU, g KOTOPOU CYMMa PACCTOAHUM IO
IBYX (PUKCUPOBAHHBIX TOYEK MUHUMAILHA. OTBET JETKO TOJYIaeTCA TOCTe CUMMET-
PUU OTHOCUTEIBHO MPAMOU. A KakoB Oy €T OTBET, €CIM TOYEK HE ABe, a Tpu! A ecin
PaccMOTPeTh TPEXMEPHLIN AHAJIOD: IJI1 KAKOU TOYKM ILIOCKOCTH CYMMa, PACCTOAHUI
00 PUKCHPOBAHHEIX TOYEK IIPOCTPAHCTBA MuHuManbHa! Hakomemn, 9acTo BosHukaeT
rakas 3agada: Havru Touky Ha miockocru (wim, 6omee obwo, B R™), cymma pac-
CTOAHUU OT KOTOPOU MO M NAHHBIX TOYEK MUHUMAMBHA. CKOJBKO TOYEK MUHUMYMA,
CYIIECTBYET B TAKUX 331a49aX, U KAK UX OXapPaKTePU30BaAThL! PeInennsa 3Tux u MHOTUX
OPYTHUX 3389 OMUPAIOTCA HA KIIOUEBYIO JEMMY:

JIEMMA 4. a) Hycme dannvie mouru Aq,...; Ay € R, m > 3, ne ace aeacam
na odnot npamoti. To2da cymma paccmosnut

fM)y=AM+...+A.M

ABAAETNCA CMPO20 sbinykaAol Pynrwyued mouky M € R™.

6) IIyecmv Ay, ..., Ay € R", m > 2 — dannvie mouxu, u H — afPunnas naoc-
xocmb 6 R, ne codepmcausan nu 0dnol uz smuz mouex. Toeda dynxyua f(M) =
=AM+ ...+ A,M, M € H, cmpozo evinyxaa na H.

JTOKABATEIBLCTBO. [loKaxkeM TOMBKO IMYHKT a), JOKA3ATEILCTBO 6) MOTHOCTBIO
anajgoruvduo. HyKHO MokasaTh, 9TO A/ JI000U Maphl pa3audHex Todek My, My € R
BBITIOTHEHO HepaBeHcTBo f(M) < %(f(Ml) + f(M>)), Tae M — cepexmna oTpesKa
M M>. Ilockombky A; M — meanana Tpeyrombaunka My A;j Mo, ee 11uHa He IPEBOCKO-
AT % (Aj My + A;M>), npuieM HEpABEHCTBO CTPOroe, eCIn A; He JeXKUT Ha MPIMOH
My M. Caoxue Bce HEpaBEHCTBA OT § = 1 10 m U 3aMedas, 9TO XOTs ObI OTHO U3 HUX

cTporoe (Tak Kak He BCe TOYKN A; JexaT Ha OTHOM IPAMON), MOLydaeM TpebyeMoe.

ITpuMEP 7. TOYKA DPEPMA — TOPUYEIIU. Ecau yrabl TpeyrolbHUKA MEHBIIE
27r/3, TO CyMMa PACCTOSHUM OT TOYKHU A0 BEPIIUH TPEYTOJBLHUKA TOCTUTIAET CBOEI'O
MMHMMYM3 B €IMHCTBEHHOU TOYKE, U3 KOTOPOU BCE CTOPOHBI TPEYIOJILHUKA BUJHLL
noa yriom 27 /3.
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PEMEHKAE. OcTaBuM YUTATENI0 JOKA3ATEILCTBO CyUIECTBOBAHUA TAKOU TOUKH 1’
U TOKAYXKEM, 9YTO B HEW JOCTUTALTCA MUHUMYM CYMMBI PACCTOAHUN. Tak KaK BCE YTJIBT
ABC wmensme 27 /3, To T He COBIAJAeT HU C OJHOU U3 BEPIIMH TpeyroibHuKa. ITo-
sromy Gyuxuus f(M) = MA+ MB + MC muddepennupyema B Touke M = T
€e IIPOM3BOJHASA PABHA CyMME TPEX eJUHUYHBIX BEKTOPOB, COHAIPABIEHHBIX BEKTO-
pam AT, BT u CT. Tax kax yrubl Mexay >TUMU BEKTOpaMU pPaBHbL 277/3, TO ux
cymma pasaa Hymo. Utak, f/(T) = 0. Ucnoaesysa ¢cTporyio BHIIYKAOCTH hyHKIMHA |,
BAKJIIOYAEM, YTO T — eIUMHCTBEHHAA TOYKA MUHUMyMa QyHKImmM f.

TTPUMEP 8. 3ATAYA PAHBAHO. BrimcaTs B JaHHBIM OCTPOYTOMBLHBIN TPEYTOMb-
UK ABC TpeyroibHUK HanMeHbInero nepuMerpa (Ha kax nou croporne A BC' nomxna
JIEXKATH OHA BEPIINHA TPEYTOJIbHUKA).

PEMEHKE. IlokaxeMm, 9TO €MMHCTBEHHLIM PENIEHUEM 3a1a91 ABIACTCA OPTOTPE-
YTOJIBHUK (C BEPIIMHAMEU B OCHOBAHUAX BEICOT Tpeyroapuuka ABC). lycty A, B,
C' — Tpu TOYUKH, JexKaIIue Ha COOTBETCTBYIOIINX CTOPOHaX Tpeyroabhuka ABC.
Sadukcupyem ase us aux A’, B’ v paccmoTpum GyHKmio ogHon nepemennon g(C’) =
= A'C' + B'C’. Ee npomssognas pasHa Hyd0, ecmu orpesku A'CY, B'C’ o6pasyroT
paBHBIE yribl ¢ npaMon AB (3amedanue 1). AHAJIOTMYHO ¢ AByMsS APYTUME CyMMa-
vu. Urak, npomssognas dyuxumn f(A', B',C') = A’B' + B'C’ + C' A’ pasuna nymo
ecam otpesku A'B’, B'C’,C' A’ 06pa3yoT IONapHO PABHBIE YIVIBI CO CTOPOHAME TPE-
yroawunka ABC. CTOPOHEI OPTOTPEYTOILHUKA, STUM CBOUCTBOM obaagarT. Torma
U3 CTPOrOU BRIMYKAOCTHU pyHKIMY f (MemMa 4) crenyer, 970 OPTOTPEYTOMBHUK ABJA-
€TCsA eIUHCTBEHHBIM TPEyTOJEHIKOM MUHUMAILHOTO EPUMETDA.

YUPAXKHEHUE 14. Uccaeayure 3anady PaHLAHO AIA YETHIPEXYTOIbHUKA. [lJIA KaKWX
YeTHIPEXYTOMLHUKOB MUHUMAJILHLIN BOUCAHHBIU YETHLIPEXYTOMALHUK CYIIECTBYET, U OyaeT
I OH €UHCTBEHHBIM !

YIPAXKHEHUE 15. B TpexMepHOM IPOCTPAHCTBE JAaHBI TPH IIONMAPHO CKPEIIMBAIOIINIE-
ca npamele. [JokaxwTe, 9TO CymecTByeT enmHCTBEeHHas Tpouka toiek A, B,C (mo oguon
HA KaXIOW MPAMOM), 06IAJAIOMAA TAKAM CBOMCTBOM: KaXKJAA U3 TPEX MPAMBIX 00pasyer
PaBHBIE YIIBbL C ABYMA COOTBETCTBYIOIMMHU CTOpOHamu Tpeyrosbamka ABC (AB u AC
06pa3yioT PaBHBIE YIUIBL C MPAMOM, IPOXOAAIIEH depe3 TOUIKy A u T. 1.)

YUPAXKHEHME 16. Ha maockoctu namer m Todek. IIpm kakmx yCroBUAX HA 3TH TOYKH
HauaeTcAa Touka M, mAas KOTOPOW CyMMa 1M €IUHAYHBIX BEKTOPOB C OOLIMM HAYAIOM B
M, manpaBJeHHBIX K 3TUM TOYKaM, paBHa HyJi0! Ckoabko Takux Touek M moxer GbITh?

YUPAXKHEHUE 17. Ilycte M — Touka BHyTpH: TeTpasapa ABC D, ans KoTopou cyMmMma
PACCTOAHUN [0 BEPUIMH MUHUMAIbHA. [JOKaXWTe, 9TO IPOTUBOMOIOKHEIE DEOPA TeTpasapa
BUAHBLI U3 TOIKKM M TOA paBHBIME yraaMu. [[0OKaXuTe Takke, ITO OUCCEKTPUCHI IBYX DTHUX
yrioB aexat Ha ogaou npaMon. ChopMyIupynuTe yeIoBUA Ha TETPAd AP, IPA KOTOPLIX TaKasd
TOYKA CyWECTBYeT (IO YCJIOBHIO, OHA HE COBIAAET C BEPLIMHAMU. )

YTPAYKHEHUE 18. YeTsIpe nepeBHM PACIOIOXKEHBI B BEPIINHAX KBAAPATa CO CTOPOHOMU
4 kM. ZKuTenu XOTAT COeJUHUTD UX CUCTEMOU JOPOT TaK, YTOOBI M3 KaxXK JOU JePEBHU MOXKHO
6bLIO IpoexaTh B A00yI0 Apyryo. Ounu co6panu geasru Ha 11 kM goporu. XsBaTut jau 3Toro?

YOPAYKHEHUE 19. Anajorumunas 3ajada Qs IPABUILHOIO TeTpasapa. [layk cBasax Bce
BEPIIVHLI TPABIILHOTO TeTpasaApa. KakoBa mpu >TOM HAMMEHBIIAA AJAWHA NayTuHbl! JanyT



Teopusa sxcTpeMyMa B IPOCTHIX IPAMEDPAX 43

JIM OTBET YeTBIPE OTPE3KA, COSUHAIONINE BEPIINHEL C HIEHTPOM, I MayK CMOXKET 000UTHUCH
MEHBIIEHN JIUHOMU?

YupAxKHEHUE 20. Cerpio Ilrennepa masa gamHbIX TO4YeK Aj,..., A, Ha3BIBaeTCA CH-
creMa OTPE3KoB (rpad), COENUHAIOMAA STH TOIKYM M MMEIOMAA HAUMEHBIIYI0 CyMMADHYIO
NIIVHY .

Ilpumem 6e3 moxazaTerbCcTBa, 4TO ceTh lllTemnHepa cymecTByeT aia mo60oro Habopa
Touek. Touku Ay, ..., A, OyaeM HA3BIBATL 0etiCMEUMEALHLIMY 6EPULUHAMU DTOTO Ipada, a
OCTAJbHBIE €0 BEPIUUHBI — 40HCHBIMY.

a) pokaxwure, 9T0 ceTh llITenHepa ABAAETCA O THOCBA3HBIM I'PadOM, T. €. OHA CBA3BIBAET
BCE BEPIIWHEBI W HE COAEPKUT 3aMKHYTHIX IyT€d, WKW, YTO TO XK€ CaMoe, MJA JIOOOU maphl
BEPIINH CYIIECTBYET €IUHCTBEHHBIU IIyTh, UX COEIAHAIOLIAN;

b) moxaxwre, 9TO M3 KaXKOU JOXKHOU BepmmHBI cetu lllTenmHepa BBIXOAWT POBHO 3
OTpe3Ka, IPWIeM yIVIbl MEXAy HUMU PABHEBL 277/ 3;

C) AOKAXKUTE, ITO U3 KaXKAOU NEUCTBATENHHOU BEPIIUHEBI BEIXOAAT 1,2 mam 3 oTpeska.
B ciry4ae AByX OTPE3KOB yrOX MeX 1y HAMHU He MeHbIue 277/3, B CIydae TPeX OTPE3KOB yIJbI
MeX 1y HUMHZ PaBHBL 27/ 3;

d) mocrpoure cers llTennepa nas Tpeyroapruka. it kBagpara (CpaBHUTE C yIpax-
menueM 18). s paBHOGenpeHHON Tpamemun. [1g IpaBUILHOrO MATHYTOIbHUKA. a1 mpa-
BWIBHOTO TeTpadapa (cpasHuTe ¢ ynpaxuenueM 19). s kyo6a.

Mu1 3aBepmaem 3TOT maparpad HECKOIBKAMY ITPUMEPAMEA U3 JUHEHHON aareGpHL.
Hanomuum, 9T0 mpoussenenueM Anamapa  * y TOUeK z,y € R"™ masbiBaeTcsa ToUka
¢ KoopauHaTaMu (T1¥Y1, .- -, LpYn) € R™, Ta€ 4, Y; — KOOPAWHATHL T U Y.

YUuprPAXKHEHME 21. Ilyctes addunnsre maockoctu P u D ABIAIOTCA OPTOrOHAILHBIME
JNOMOTHEHUAMY APYT K Apyry B R™. IIpeamomoxmm, 9T0 KaXasd M3 HUX CONEPKUT MOJTOKU-
TEABHYIO TOUYKY (TOUKY C IOJIOXKUTEILHBIMU KOOPAMHATAMY). [JOKaKWTe, ITO TOraa KaxX aasa
MOJIOXKUTENbHAS TOYKA NPOCTPAaHCTBa R" eAMHCTBEHHBIM 06pPa30M IPEACTABIAETCA B BUIE
npoussenenusa Anamapa Touku uz P u Touku uz D.

IIodckasra. s KaxA0U MOJTOKUTEABHOU TOUYKA & € R" paccMOTpPUTE DKCTPEMAILHYIO
3amady

folp,d)=p" -d—z" ‘In(p*xd) »min, peP,deD, p>0,, d>0,.

3mecs morapudm Geperca mokoopamaaTHO: Inv = (lnwvi,...,ln vn)T IJIA TIOJOXUTEIbHBIX
Touek v. CpaBHenue raxxe nokoopaunaraoe: ¢ > 0, ozuadaer, 4ro x; > 0 aas Bcex i or 1
a0 n.

3AMEYAHUE 7. U3 prom 3amavm, B 9aCTHOCTHU, MOXKHO BBLIBECTH YCJIOBUA TOTOJ-
HAOIIEN HEXECTKOCTH B 331a49aX JUHENHOTO NMPOrPAMMUDOBAHUA: CYIMIECTBYIOT He-
oTpunarenbubie Touku p € P u d € D, gua xoropeix pid; = 0, 1 < ¢ < n (cm.
Takxe [9]).

3. IIPABUJIO MHOYKUTEJEN JIATPAHXKA

Kax npiin gokanbubil MunuMyM/MakcumyM Gyakmma fo(z1,. .., ZT,), OrpaHUYIEH-
HOW HECKOJABKAMY yCAOBMAMU TUIA PABEHCTB f;(Z1,...,2,) = 0,1 < i < m, aBigercs
PeIIeHreM CHCTEMEBl YPABHECHAN

Lo(@)=0, 1<j<m,
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rae L = L(z,\) o6osnaaer dpynxumo Jarpamka y . oA fi(#) L mozxosmmux
MHOKUTETEN A = (Ag,...,A\p), XOTa OB OJWH M3 KOTOPHIX HE PaBeH Hydw (mpa-
B0 MHOXUTENen Jlarpanxa). Ipegnoraraercsa, 9To Bee GYHKIMA f; HEMPEPLIBHO
nuddepeHnupyeMel. 3aMeTUM, YTO B DTON CACTEMe HEeM3BECTHHIX HA OJHO OOIBIIe,
yeMm ypaBHeHuu. Tem He MeHee, MBI BCErJa MOXEM U30ABUTHCSA OT DTOU HEOIpPene-
JIEHHOCTH, IPEeIIoIaras, 470 A9 paBHo jaubo 0, mmbo 1, 1 paccMOTPEB TOMBKO 3THU
OBa ClIydas. JTO He HapylaeT OOIMIHOCTH, MOCKOJAbKY (QyHKuus Jlarpanxka OIHO-
POMHA OTHOCUTENLHO MHOXKUTETEN A;. V3 cOO6pakeHni SKOHOMUM MBI BCeraa 6y 1eM
MPEATIONaraTh A\g = 1 U OyeM OMyCKaTh AOKA3ATEAbLCTBA TOTO, UTO caydaum Ag = 0
uneBo3Moxken. Ha camom gese, ciayuan Ao = 0 Takxke MOXET JABATH TOYKU SKCTPEMY-
Ma, OJHAKO IPOUCXOAUT 3TO KPAUHE PEIKO, B OCHOBHOM, B BEIPOXK IEHHBIX [IPUMEPAX.
CMBICT npaBuia MHOKUTEIEH Jlarpamxka COCTOUT B TOM, 9TO OHO MO3BOJIAET u3be-
)KaTh HEOOXOMUMOCTY ABHO BBIDAXKATH 1 MEPEMEHHBIX M3 WUCIa Z1,...,T, Uepes
OCTaNbHBIE TIEPEMEHHBIe, UCIONb3yA pasencTsa f;(z) = 0, ¢ = 1,...,m. O6sr4ano
npasuio Jlarpan:ka mpoie B UCIOIb30BAHNUN, U€M METOI UCKIIOUEHNUS HEM3BECTHHIX,
KPOME TOr'O OHO 9aCTO IIO3BOJAET [OHATH CMBICH U IPUPOLY DELIEHUA.
IIpomnnocTpupyeM Cuiy 3TOrO METOLA HA HECKOJBKUX IPUMEPAX.

IIPuMEP 9. Hanaure MunuManbHOe 3HAUEHUE (DYHKIUA
fz,y) = 52> + 2zy + 3y°
npu yeaosuu g(x,y) = 72° 4 2xy +4y° —3 =0.

PewEHUE. Ucnonssysa ypasaenue ¢(z,y) = 0, MBI MOXEM BLIDA3UTL Y 4GEPE3
x (nm z gepes y). OgHAKO OpsAMas MOACTAHOBKA DTOrO BHIPAXKEHUSA B yDABHEHUE
f'(z,y(x)) = 0 npuBoguT K ypaBHenwmo mecTon crenenu. Ha camom nere — naxke K
OBYM YDABHEHWsM, U3-33 3HAKA T Iepeq AUCKPUMUHAHTOM B BhIpaxKeHuu mis y(z).
Y1068 3TOr0 M36€XKATH, MOCTYIAEM MO-IPYTOMY: COXpaHAeM 00e TepeMeHHBIE T, Y
u cocrasigeM darpamkuan: £ = f(x,y) + Ag(z,y). duddepenuupya mo x u mo y,
HOMYIaeM CUCTEMY

10z + 2y + A(14z + 2y) = 0,
{Gy + 2z + A8y +2z) = 0.

Brpaxas A u3 o6enx ypPaBHCHUN U IPUPABHUBAA, LIOIYIaEM 10z +2y _ Gy+2v
P yp pup ’ Y lde +2y = Sy+2z’
Y

Pewas 510 ogHOpOLHOE ypaBHEHUE, MMEEM .= —1 win 2. Tenepr moacrapisas B

ypasuerue g(z,y) = 0, moay9IaeM HECKOJBKO (IOJO3PUTEIBHBIXY HA DKCTPEMYM TO-
ek (x,y). Borancasas suadenne GyHKIun f B KaX 10U U3 HUX, YOEKTAEMCSA, ITO MU~

1 1
3 _5)‘ Hanee ocraercs
COCIATHCSA HA CYMIECTBOBAHNE TOYKN MUHNMYMa (ypasHeHue g(x,y) = 0 ompeaenseT
DIUINTIC, & BHAYNT — KOMIIAKTHOE MHOXKECTBO).

11
HUMYM [QOCTUI'AeTCsA B TOYKax (z,y) = (—g, §) u (z,y) = (

YTPAXKHEHUE 22. 3ANAYA O MAKCUMAJIBHOU DHTPONUU. /1 N MOTOKUATEIHLHBIX M-
CelL T1,...,Tn TAKUX, 9TO Y p_; T} = 1 HAUTH HAVMEHBIIEE BO3MOXKHOE 3HAYCHIE BEINIMHEL
> r_, TxInzy (972 BerMUMHA, B3ATAA CO 3HAKOM MUHYC, HA3hIBAETCA SHTPOIMEN).

YUPAXKHEHUE 23. KakoBbl Hanboablee 1 HANMEHbBIIIEE 3HAYEHNE CYMMBI KBAAPATOB 1
qUCeN, eCIU CyMMa UX Y€TBEPTHIX CTeneHen pasHa 17
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YnrPAXKHEHME 24. Ecau cymma matu ucen (He 0643aTelbHO MOIOXUTEIbHBIX) PaBHA 1,
a cyMMa UX KBaJDPAaTOB paBHa 13, TO KAaKOBO HAMMEHBIIEE BO3MOXKHOE 3HAUEHUE CYMMBI UX
Ky6oB?

YUPAXKHEHME 25. Ecam cymma nmaTum 4ucen paBHa 1, a cymMa ux KBagpaToB paBHa 11,
TO KQKOBO HAMOOJIBINEE BO3MOXKHOE 3HAUEHNE CYMMBI UX KyGoB?

YUPAKHERUE 26. 30 ot —extr, Y0 2 =30 2} =0,37 a7 =4.

IIodckaska x nocaedwum wemvipem 3adauam: OOBIMHO HET HEOOXOAUMOCTY BBIYUCIATH
MHOXuUTenn Jlarpamxka A;. VI3 ypaBHeHUI Ha TarpaHXKUAH CIELYET, 4TO BCE YUCIA T; LOJLK-
HBIL YOBJIETBOPATH OQHOMY M TOMY XK€ YPaBHEHUIO, CICA0BATEIbHO, KAXK10€ U3 HUX MOXKET
NPUHAMATH OJHO U3 HECKOJbKUX 3HAYEHWNM — KOPHEH >TOro ypaBHeHus. /lamree ocTaHeTCs
paccMOTpeTs Caydau.

IIpuMEP 10. [IIAPHUPHBLIA YETBIPEXYT OJIbHUK HAUBOJBIIEN ILJIOIA AU, CTo-
POHEIL quprexyrom)HHKa NMET CI)I/IKCI/IpOBaHHBIe JJIWHBLI 1 COCIVMHEHBI ITapHUPpAaMA
B BEPIIMHAX TaK, ITO ‘{eTpreXYFOJIBHI/IK MOXKeT MEHATH CBOIO CI)OpMy. B KaKOM IIO-
JIOXKECHUHU ILIOIITa b ‘{eTBIpeXYFOJIBHI/IKa MaKCI/IMa,JIBHa?

3AMEYAHUE 8. JTa 3anada ObLIA M3BECTHA €IIe TPEBHUM I'DEKaM, OJHAKO pe-
IIIeHa, OHA, OBLIA TOJLKO B XIX BeKe BEIAAIOIINMCA MIBEUIAPCKUM reoMerpoM SIko6om
Mlreitnepom (1796-1863). OxasbiBaercs, 4T0 HAMGOBIIAA IIOWIALL APHUPHOL'O He-
THIPEXYTOJIbHUKA BBIPAXKAETCI Y€pe3 NIMHBI €0 CTOPOH HO (hOPMYyJe, MOXOKEH Ha
dopmyay Tepona (caexctsue 2).

PewERUE. [lycTs a, b, ¢,d — AAUHBI CTOPOH YeTHPEXyTroabHuKa. QOO03HAYNM Ue-
pe3 a yrox mexay a u b, u 1yepes § — yroa mexay ¢ u d. [lycts Takxke e — aua-
TOHAJb, COENUHSIOMIAA B3, IPYTUX yria. [lIomans 4eTspexyrolbHnKa paBHa, CyMMe
ILIOMIA el TPEeYrOILHUKOB abe u cde:

S = %absina + %cdsinﬂ.

Kax ceasaubr nepemensabie o u 37 IIpuMeHHB TeopeMy KOCHHYCOB K TPEyrOJIbHU-
kKaM abe u cde, noayunm e? = a® + b? — 2abcosa u €? = 2 + d? — 2cd cos . Taxkum
obpas3om,

S(a, 8) = %(absina + cdsinﬁ) —  max, 3

a® +b* — 2abcosa = ¢ + d* — 2ed cos 5.

Brmmuceisaem JarpaHXHNaH:

Lo, B,)) = %(absina + cdsinﬁ) + )\(a2 + 02— 2abcosa— & — d? + 2cdcos/3).
Nuddepennupyem no a u 3:

L,=0 < %abcosa-l—Q)\absina =0,

Lzg=0 <& %cdcosﬂ — 2Xedsin 5 = 0.
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1 1
~ 1 ¢ U3 BTOpOro tg B = e Urak,
tg o = —tg [, ciaegoBaTeapbHO ¢ = T — 5. DTO O3HAYAET, ITO YETHIPEXYTOAbHUK abcd
BIMCAH B OKPY:KHOCTB. TakuMm o6pa3oM,

W3 mepBoro ypaBHeHHA mOIydaeM tga =

cpedu 8CeT YEMBIPELY20AbHUKOE € AHHBIMY OAURAMY CTNODOH HAUOOAbULYIO
NAOUA0b UMEET BNUCAHHBLY UEMbIPELY20AbHUK.

3AMEYAHUE 9. Mpr1 He cranu pewars cucreMy (4) HOJHOCTHIO, HAIPUMED, MbL HE
cTamm UCKaTh A. B 3ToM HE 6BLIO0 HEOOGXOIUMOCTH, MBI NCTIOIB30BATA MHOKATETbL A
TOMBKO s, 9TOOLI BLIBECTH PABCHCTBO tg o = — tg . B GompmmHCcTBE Ciyvacs mpn
MCIIOAB30BAHAY TIPABUJIA, MHOXKUTEIEH Jlarpamka He HyKHO HAXOJNTH MHOKUTEN.

MaTYynTHBHO ACHO, 9TO CyMECTBYeT €IMHCTBEHHOE IIONOKEHUE MAPHUPHOrO He-
THIPEXYTOJIBHUKA, IPK KOTOPOM OH BIIUCAH B OKPYKHOCTD. EC/IM HEMHOrO yBEIUINTD
YyTOI @, JJWHA JUATOHAINA € YBeIWIUTCA, TODTOMY yToa 3 Takke yReInmIuTcsa. Takum
06pa3oM, CyMMa YIJIOB ¢+ § ABIACTCA HETTPEPHIBHON BO3PACTAOINEN (DYHKIMEH apTy-
MeHTa . [103TOMY 1151 € TMHCTBEHHOrO 3HAYMEHUS (v BEIIOJIHEHO PABEHCTBO A+ 3 = 7.
HerpyaHo Tak:ke HAUTH 3TO 3HAYEHUE (. 3aMEHAA § HA T — & BO BTOPOM YPaBHEHUU
cucremst (3), noryuaem cosa = (a? + b? — ¢ — d?)/(2ab + 2cd). Samenss sina na
V1 — cos? o u noACTABILAA B IepBOe ypaBHeHue (3), HOLy4uM nocjie Ipeobpa3oBaHuil:

S:i¢m+b+c—@m+b—c+@m—b+c+®@ﬂ+b+c+®. (5)

D70 m3secrHas popmyia Bpaxmarynre (VII ek 1. 5.), Belpaxaromas I0La,1b BIU-
CAHHOT'O YEeTHIPEXYTOMbHUKA Yepe3 [JINHBI ero cTOpoH. OHa MpUMEHUMa K JIHOOBIM
BHAYEHUAM [JIVH @, b, ¢, d IpU yCIOBUM, YTO KAXKIAsS M3 HUX HE MPEBOCXOAUT CyM-
MBI TpexX apyrux. Ecam ofHa u3 CTOPOH O6PAINAETCS B HOMb, TO TOIyYaeM (HOPMYILy
Tepomna.

st gaHHBIX CTOPOH a, b, ¢,d Berutduna (5) BbpaxkKaeT HAUOOJLLIYIO BO3MOXHYIO
TIOMIATE YeTHIPEXYTONBHUKA, OTKY13, IOy IaeM

CHEACTBUE 2. Fcau cmopownbt wembipeTyeoabruKra pasubt a,b,c,d, a e2o nao-
wadv pasua S, mo

S<i¢m+b+c—@m+b—c+@m—b+c+®0ﬂ+b+c+@.

Pasencmeo docmuzaemcs 044 8NUCAHHOZO YEMBIPELY20ABHUKG.
Tak kax TOYKA JOKAILHOIO MakcuMyMa GyHKIuA S(q) eIUHCTBEHHA, TO

CJHEACTBUE 3. Ecau a+f < w, mo S(a) so3pacmaem no nepemennotd a, a ecau
a+ 3 >=nw, moS(a) yowisaem.

Tenepb MBI MOXKEM nepeﬁTH OT YCTBIPCXYTOJNBHUKOB K TPOW3BOJBLHBIM MHOT'O-
YTOJIBHUKAM.

CHEACTBUE 4. Cpedu 6cexr MHO2OY204bHUKOE ¢ DAHHLIMY OAUHAMY CTNOPOH, HAU-
60abWYI0 NACUATL UMEEM 6NUCANHBIT MHO20Y20AbHUK.

HdOKA3ATEJBLCTBO. Ilycts mHOrOyronouHuk mmveer n cropou. [lxs n = 3 goka-
3BIBATH He'ero, masi n = 4 Bcé yxe mokasano. Takum obpasom, n > . PaccmoTpum
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MHOXKECTBO BCEX HECAMOIIEPECEKAIOMNXCS MHOMOYIOJBHUKOB C [TAHHBIMA JIJIAHAMEI
ctopon. Ilpm >TOM MOXHO CYMTATBH, YTO OHU HAXOMATCSI BHYTPU (PUKCADPOBAHHO-
T0 KPYyra AOCTATOYHO OOJBINOrO pagumyca. Eciau MBI MO3BOMUM yIuIaM MHOTOYTOJIb-
HUKA NPUHUMATH 3HadeHus OT O 10 27 BKIIOYUTENBLHO, & BEPIIMHAM — JEXATh
Ha IPYTUX CTOPOHAX, TO MHOXKECTBO TAKHX MHOTI'OYIOJBHUKOB OyZeT KOMIIAKTHO.
Cae10BaTEIBHO, CYIIECTBYET MHOIOYTOJBHUK HAMOOJBINEH ILIOWALUA. JTOT MHOI'O-
YTOIBHUK BBULYKIBIY (MHAME MOXKHO CUMMETDPUYHO OTPA3UThH YaCTh MHOIOYIOJbHUKA
OTHOCHUTEIBHO MOAXOIAIICN TUATOHAIN, OTYEr0 WIoMALL yBeananTca. [logpobuoctn
IOKA3aTEIbCTBA OCTABIAEM IUTATEN). UTak, MHOMOYTOIBHUK BEIMYKJILIN, TPYU 3TOM
HECKOJIBKO COCEIHUX CTOPOH MOI'YT JEXATh Ha ofHOu npsamou. Cpeau Beex 9eThpex-
YIOIBHUKOB C BEPLIMHAMY B BEPIIMHAX HAINEr'0 MHOIOYIOJILHUKA BBIOEPEM TOT, y
KOTOPOrO CyMMa JABYX IPOTUBOIOJOXKHBEIX YyIVIOB HamMeHblasd. O603Ha4IUM DT Bep-
mmHbl nocaeaoBaTenbno A, B, C, D, npu stoM A u C' — OpOTUBOMOJIOKHEE YIJIET
¢ HAMMEHBIIEN CyMMOU. FCIM MHOTOYTOJBHUK HE ABIACTCA BIUCAHHBIM, TO CYMMA
yriioB BAD u BC' D meubiie 7. YBeaunduM HeMHOTO yroa BAD, coxpaHss JJIUHBL CTO-
pon versipexyroabuuka ABC D, u cOXpaHss HEM3MEHHBIMU KYCKKM MHOI'OYIOJIbHUKA,
upuMbIKaompe K >ruM croporaM. Ilmomwangs ABCD upu sroM yeeaudurcs (caem-
CcTBUE 3), U CJACIOBATENLHO, YBEIMIUTCA M TUIOMALbL BCEIO MHOTOYTOJAbHUKA. IIpu
DTOM, TaK KaK UCXOAHBIM MHOTOYTOJBHUK BHIMYKJBINA, TO TPU JOCTATOYHO MAJOM
yBeanvenun yriaa BAD MHOrOYrOABHUK OCTAHETCS HECAMOIIED eCEKAIOMMMCA (XOTA,
MOXKET IOTEPATH BBULYKJIOCTD). JTO IPOTUBOPEIUT TOMY, ITO MHOIOYIOJBHUK MMe-
eT MAaKCHMAaJBHYIO ILIOMALb, 9TO 3aBEPIIAET JOKA3ATEILCTBO.

YTOPAXKHEHUE 27. OTropoauTh OT IPAMOJTHETHOTO GEPera PeKu 3a60pOM JaHHOU JI7-
HBI IIPAMOYTOIBHBIA YIaCTOK 3€MJIM HanOOMbIIEeN ILIOMIAIH.

YTUPAXKHEHUE 28. To xe ynpaXHeHue, HO Temnepb 3a00p COCTOUT U3 TPEX CeKUUU (puk-
cupoBaHHOU (HE 06A3aTEILHO PABHOU) NJIVHEL.

YTUPAKHEHUE 29. [lokaXuTe M30MePUMETPUIECKYIO T€OPEMY: CPeau BCeX ILTOCKUX He-
CaAMOTIEPECEeKAIOMNXCA KPUBBIX JTAHHOU NIXHBEI HAMOOIBIIYIO IIOMA L OTPAHTIMBAET OKPY K-
HOCTB.

Tloackaska: npednoaodcum, wmo HaGIEMCs KPuad, 02PAHUNUEANUWAAL OOAbWYW TA0-
wadv, nesxceat, coomsememayrowut kpye. IIpubausum smy KpuYyw MHO20Y204bHUKOM C 8EP-
wunamy 1o kpueot. IIpu smom nepumemp mnozoyezoavruka 6ydem menbuse daunbl KPUGot,
a naowads (npu Topowem NPUbAUNCENUU) — NO-NPEHCHEMY 00AbWE TAOWAOU COOTEEM-
cmeyowezo kpyea. Hasee npumensem caedemaue 4.

00 usonepuMeTPUYIECKUX HEPABEHCTBAX MOXKHO IPOYUTAThH, HanpuMep B [16], [8].

YUPAXKHEHUE 30. 3ATAYA [IUJOHBI. BepeBkon JaHHOU AMUHBI OTTOPOAUATDH OT IIPAMO-
JMHETHOTO Gepera MOPA yIaCTOK 3E€MIU HAMOOJbIIEN ILIOLIA N,

YUPAYXKHEHUE 31. BepeBkou JaHHOU AIWHBI OTTOPOAATD OT IPAMOTO yIia (pUrypy Hau-
6OJBIICH TLIOIIA A,

s s

YUOPAKHEHUE 32. To xe ympaxHeHUe NIA yTiIa 7o WAL yraa 3.

YUPAXKHEHUE 33. KpuBou HamMeHBIIEN BO3MOXKHOU JIWHBLI Pa3JeInTh PABHOCTOPOH-
HUU TPEYrOJbLHUK HA JBE YaCTU PABHOU ILTOLIA IW.
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YNPAKHEHUE 34. To xe ympaxHeHwe miA KBaapaTa (CIeAyeT GBITH OCTOPOXKHBIM C
KaXyIAMCA CXO0ACTBOM DTOU 33Ja4y C Ipeasiaymen!)

IIpuMEP 11. Hautu Touky P BHYyTpPM ZaHHOIO TPEYTOJLHUKA, A1 KOTOPOU CyM-
Ma OTHOWIEHWU JJIUH CTOPOH TPEYrOJbHUKA K PACCTOAHUAM OT P 10 »Tux cTOpoH
MUHUMATBHA.

PemEHUE. IlycTs a,b, c — mIWHBL CTOPOH TPEYIOJLHUKA, a &, Y, 2 — PACCTOSHASI

" a b c
ot P mo »>Tux cTopoH. HyXKHO HAUTH MUHUMYM BEIUIUHBI f(x,y,z) = -+ -+ —.
T y z

Ilpu >TOM BEMMYMHBI X,y W z CBA3AHBI ¥Yepe3 IO TpeyroasHukoB. CoennHun
TOYKY P C BepmmHaMU TpPEYroJbHUKA, MBI Pa30MBAaeM €ro Ha TPU TPEYTOJbHUKA,

CyMMa ILIOMALeN KOTOPHIX paBHa S. Takum oGpaszom, % + b?y + % = S. Uraxk,
flz,y z):g—l—é—i—g—wnin

) > T y z )
ax + by + cz = 2S.

(6)

MuddepeHnnpys JarpaHxnan

L(z,y,z,\) = 9—1—54—5—1— /\(ax—l—by—f—cz—ZS),

8

MPUXOJUM K CHCTEME YPABHEHUN

a
—% +Xa=0,
T
b
— =+ A =0,
Y
C
— 5 + e = O,
z
73 KOTOPOU HEMEIEHHO 3AKII0UAeM, UTO & = Y = 2. SHAYNT TO4UKa P paBHOymaIeHA
OT CTOPOH TpeyroabHuKa. LakuM 00paszoMm, P — [EHTP BIUCAHHOU OKPYKHOCTU
TPEyroJbHUKA.

3AMEYAHUE 10. Ora 3anada Oblia npeniokena na Mex 1yHapoauon MaTeMarTi-
qeckon Oaummnuage 1980 r. B Bamuurrone. Kak Bugum, npasuno Muoxurenen Jla-
IpaHka TPUBOAUT K KOPOTKOMY U BIOJHE CTAHAAPTHOMY pelneHnio. Ml mpegraraeM
YUTATEIH MTONPOGOBATH APYTHE CIOCOOH perrenua 3ana4du (6) (Hanpumep, BeIpakas
onHu nepemMenHble uepes apyrue). Herpyano Gyger ybequTses, 9TO pelneHus Gy 1y T
60J1ee CIOKHLIMA W MEHEE eCTECTBEHHBIMU.

YUPAXKHEHUE 35. Yepes mamnyio Touky M, pexamyio BHyTpu yTaa ¢ BepmmHOn K,
MpPOBECTU OTPE30K AB ¢ BepUIMHAMU Ha CTOPOHAX YIVIa TaK, YTOOLI BEJIMIMHA, WA + B
6bu1a, HamGoabmen. (AMepuKaHCKaa MaTeMaTHIECKasA oamMnuaa, 1979 r.)

Tloackaska: 68 xauecmae nepemennviz yoobrno 63amsy yeavt « = MKA u 8 = MKB.

YTUPAXKHEHUE 36. Ilpu Tex xe yCIOBHAX HAUTYU MUHVMYM BeIWIUHBI

VKA + VKB.
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YUPAXKHEHUE 37. Touka ynameHa oT BepLUIMH IPAMOYIOJIBHOI'O TPEYrOJIbHHAKA HA 2,5
u 10 cm. (2 — paccToAaHmE N0 BEPUIMHBI IPAMOrO yria). KakoBa MOxeT GBITH HaMGOIbIIAL
IIOWIAb 3TOr0 TPEYroJbHUKA?
(Copocosckasn ommvnmaza mo maremaruke, Poccms, 1997 r.)

IIpuMEP 12. CHOBA NPO 3AKOH CHEJNINYCA. Ilpapuio MEoxuTenen Jlarpan-
Ka TIpefIaraeT CAeIyIoMmee DICTAHTHOE NOKA3ATEIbCTBO BAKOHOB MPEIOMICHHA 1
OTpakeHUa CBeTa. Lerneph MPU PEMeHnN DKCTPeMATbHOU 3agadn (1) Mer He Oyaem
HapaMeTpHU30BaTh IPAMYIO | I CBOAUTDL BCE K 3aja<e ¢ OJHOW IePeMEeHHOU, a B Iy-
xe Jlarpamxa coxpamseMm o6e mepeMenHble m paccmarpusaem yukmmio f(M) ma
Beenn mwiockoctu. Coornomernue M € [ Teneppb 3anumerca B BAAe YPABHEHHA CBA-
31 <m ,M) = ¢, TI¢ N — BEKTOP, MePICHANKYIAPHLIN TPAMON [, & ¢ — HEKOTOpas
koHCcTaHTa. Juddepenuupys marpamxuan L(M, ) = f(M) + A((m, ny — ¢), momy-
qaeMm f'(M) + An = 0. 3ameTnum, 9T0

F(M) = Z|AM| + S |BM|' = u, + S,
Va Up Va Up

/e eIUHUIHBIE BEKTODPHI U, , Up OBLIN OmpeneaeHnl B mpuMepe 1. UTak,

1 1
—Ug + —up = —An,
Va Vp

1 1
a 3TO O3HATAET, ITO BEKTOD — U, + —up NIEPpICH INKYJIAPCH {. Una1e TOBOpPA, CyMMa
Va Up

" 1 1
MIPOEKINN BEKTOPOB — U, U —Up HA | paBHA HYJIIO, 9TO O3HAYAET
Va Vp
sina _ sinf
Va vy
YTNPAXKHEHUE 38. Ha mnockocTu naHa mpsAMas U TPU TOIKY, HE JTexame Ha Heu. Hantu
(m1m 0xapakTepW30BATH) MOJOXKEHWE TOYKHM HA IPAMOU, MJIA KOTOPOH CyMMa PACCTOSHWUL
[0 TPeX TAHHBIX TOYeK MUHUMAaAbHA. CKOIBKO MOXKET ObITh TAKUX TOYEK!

YHUPAXKHEHUE 39. B mpocTpanCTBe gaHA INIOCKOCTH W TPH TOYKH, HE JEXKAIWE HA HEH.
Hanty (mnm oxapakTepu30BaTh) HOMOKEHIE TOTKU HA ILIOCKOCTHU, 1A KOTOPOU CyMMa, pac-
CTOAHWU IO TPeX JAHHBIX TOUYEK MUHUMAILHA.

YUPAXKHEHUE 40. Pewmnts 3agaum 38 u 39 q11 IpOM3BOABHOIO YUCIA TOYEK.

TIpuMEP 13. HEPABEHCTBO KOUIM (HEPABEHCTBO MEXK/JY CPEAHUMM). [Lig

MOOLIX HEOTPULIATEILHLIX YUCEd I1,. . . , L, BLIIOJHEHO HEPABEHCTBO
e+ . 4z iz .. Ty,
(npoussedenue Ty - ... Ty ABAAEMCA CPEIHUM 2COMETNPUNECKUM BEAUNUN T, . . ., T1).

PEMEHUE. [Tonoxum 27 +. . .+2z)) = a 1 pACCMOTPHUM CJIEAYIONIYIO DKCTPEMAILHYIO
3ajgady:
NTiT2 ... Ly — Mmax,
o+ ...tz =a, (7)
1 20,...,2, 2 0.

ITo Teopeme Bemeprmrpacca CymecTByeT TOUKA MAKCUMYMA, (Z1, . - . , Ty ). SICHO, 9TO
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BCE X; HOJOXKUTENbHBI, UHAYE NT1ZL2 * ... Ty = 0, a 3T0, 04eBUIHO, HE MAKCUMYM.
MuddepeHnupys JarpaHKuaH, TOTYIIM

! .
nTy ... Tp+Anzl = x;L, =0, i=1,...,n,
OTKyOa T1 = - = &p. ATak, B TOYKAX MAKCUMYMa L1 = --* = I, CIEIOBATEJLHO
NT1T2:. .. Ty = TT+. .. 42} = a. 3HATAT, BO BCEX OCTAIBHBIX TOUKAX NL1 L2 - . Ty <

< @, 9TO 3aBepIIaeT A0Ka3aTeJIbLCTBO.

[lokazaTelbeTBO JI000r0 HEPABEHCTBA MOXKHO CBECTH K COOTBETCTBYIOIIEH DKC-
TpeMaabHOU 3ajgade. B GOABIIMHCTBE CAYyYaeB dTOT METO[ NOKA3ATEILCTBA HEPa-
BEHCTB paboTaeT 6e30TKa3HO. BOIBIIMHCTBO HEPABEHCTB U3 KAACCUYIECKOU MOHOIPA~
¢dunm [5] MOTYT GBITH IPOCTO YCTAHOBACHBI CBEAGHNEM WX K DKCTPEMATBHBIM 3aJaTaM.

YTPAYKHEHUE 41. HEPABEHCTBO 'EJAbAEPA. [lokazaTk, 9TO A1 1060r0 p > 1 u mpo-
U3BOJBHBIX MOJOXUTEIbHBIX YUCEI L1,...,Ln, Y1,...,Yn BHIIOJIHEHO

kayk < (sz) 1/p (Z yz) 1/‘1,
k=1 k k=1

=1
rae ¢ = p/(p — 1). Jaa Kakwx Ty 4 Y, DTO HEPABEHCTBO OOPALIAETCA B PABEHCTBO?
YnPAXKHEHME 42. HEPABEHCTBO AJAMAPA. Ilycte A = (a;5); ;=1 — KBaapaTHas
MaTpuna nNopAska n. Jokaxwnre, 4TO
n n

(det A)* < H (Z a%).

i=1 j=1
Mu1 3aBepiiaeM >TOT Pasena IPUMEPOM U3 JIUHEHHON ajareOphl.

TIPUMEP 14. JIeNCTBATEIbHAA CUMMETPUYIHAA (1 X 7)-MaTPUIA BCETAa UMEeT
MENCTBUTEILHBIN COOCTBEHHBIN BEKTOD.

PEIMEHNE. PaccMoTpuM 3KCTPEMaTbHYIO 33,1a4y:

f(z) = (Az, z) — max,

(x,z) =1, ®)

roe (,) — ckarapHOe mpomsBegeHue B R". TakuM 00pasoM, MBI HINEM MAKCHMYM
dyuxun f wa equanIHON cdepe. B cuay koMmakTHOCTH cdephl, CYIIIECTBYET TOUKA
Mmakcumyma £ € R™. luddepennupysa JarpaHkual B TOYKE MAKCAMYMa, TOIYIaeM

L, =2Az + 2z = 0.

CaeqoBaTeNLHO, T ABAAETCA TEUCTBATEILHLIM COOCTBEHHLIM BEKTOPOM C COOCTBEH-
HBIM 3HaYEeHueM — .

3AMEYAHUE 11. O6LIYHO CyIEeCTBOBAHME AEUCTBUTEIBLHOTO COOCTBEHHOTO BEK-
TOpa ¥ CaMOCONPSXKEHHOrO Omeparopa B R"™ MOKA3BIBAETCA C MOMOIIBIO XapaKTe-
PHUCTHYIECKOT0 MHOrOWIeHA. [[0Ka3aTeIbCTBO ¢ UCIOAL30BAHNEM TIPABWIA Jlarpanxa
“MeeT OJHO IIPEUMYILIECTBO: OHO HOYTHU 6e3 u3MeHeHuy o600maeTcsa Ha 6eCKOHEIHO-
MepHEIe onepaTopul. IMEHHO TakK A0KA3LIBAETCH, 9TO KOMIIAKTHLI CaMOCOIPAXKEH-
HEIZ OIIEPATOP B THILOEPTOBOM MPOCTPAHCTBE UMEET JCHCTBUTEALHOE COOCTBEHHOE
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3HAYEHME. DTOT (PAKT ABIACTCA KIIOIEBLIM A JOKA3ATENLCTBA TEOPEMEL | mianbep-
Ta—IIMrATA O CHEKTPATLHOM PA3IOKEHNN KOMMAKTHOTO CAMOCOMPIKEHHOTO OTe-
paTtopa (cM., HampuMmep, [12]). DTOT Ke TMpHMeM MPUMEHAETCA A AOKA3ATETBCTRA,
CYIIECTBOBAHUA PEIICHAN Y HEKOTOPEIX Au(h(PepeHITMATLHEIX yPABHCHU.

4. TIPUJIOXKEHUA K MATEMATUYECKON 3KOHOMUKE

B mMaTeMaTuYeckou 3KOHOMUKE TEOPHUs SKCTPEMYMAa ABIACTCA OJQHAM U3 IVIABHBIX
MHCTPYMEHTOB. MHOXeCTBO IPUMEpPOB MOXKHO HaWTH, B kHurax [1,2,4]. MaremaTn-
YeCKY DTU MPUMEPHI HE CTOJb MHTEPECHHI, TT0 KPAuHen Mepe, TI0 CPABHEHUIO ¢ TeMU,
KOTOPBIE PACCMATPUBAIUCHL B MPEABIAYIMAX pasfaenax. Kax roBOpWI BBIIAIOMIANCA
amepukanckui skonomuct Aapdpen Mapmann (1842-1924): «Kpacusas maremaru-
Jeckas TeopeMa, IPUMEHEHHAs K 3KOHOMUKE, BPA JU [IPUBELET K XOPOIIUM Pe3yJ/ib-
TaTaM». B BTOM, BUAMMO, 3AKTOYAETCA CHENU(BUKA BCEX TPIIOKEHUN MATEMATHKN
K peanbHOU Xu3Hu. Ha TepBOM MecTe 37eCh CTOUT HEe CTOJBKO KPACOTa, CKOIBKO
2P eKTUBHOCTE. MBI peImmIm BKIIOYATE HECKOIBKO TOA0OHBIX MPUMEPOB B CTATHIO,
IIOCKOJIBKY OHM JOCTATOYHO HAIVIALHO OIUCBHIBAIOT CIENU(MUKY IPEIMETa, & KPOME
TOr0, 3HAKOMST C HAYKOU (POPMATUBANUU NMPAKTUICCKUX 3a,1a4.

YUPAXKHEHUE 43. ONTUMAJIbHAS IEHA. Bel xoTuTe npogars MamuHy, KOTOpas CTO-
ura Bam 9000 eBpo. Bam Hem3BeCTHO, CKOIBKO NMOKYIATEIb CIOCOOEH 3aIlTaTUTh, HO MaK-
cumyM, Ha 9TO Bel HageeTecs, aTo 15000 eBpo. Cunraem, 4T0 meHA, KOTOPYIO HOKYIATEIb
TOTOB 3aIIATATE, PACIPENEICHA PABHOMEDPHO (C O JMHAKOBOU BEPOATHOCTHIO) MEXKAY ABYMI
sTrMu BerwanHamu. Ecan Bei 3anpocure 66apyio ey, To caeaka coperca. Eciu MeHb-
ure, To Brr mpourpaere B BoIpyuke. Kakyio onTuManbHyio mexHy BbI ZOMXKHBI 3aIPOCHUTH,
9TO0BI MAKCUMU3UPOBATD OXKUAAEMYIO IPUOBLLILT

B CACAYIOUINX IpUMepax nejJo OCJIOKHACTCA TEM, ITO SKCTpEeMYM MIICTCA Ha MHO-
2KeCTBe LEJbIX YMCeI.

Y1uPAXKHEHUE 44. HEBOCKPEBbI. CTOMMOCTD MOCTPOUKH 3JaHUA B L DTaXKeU UCIACIA-
eTCA TIO CAeAYIOIMINM TTPABUIAM:
(1) 10 MPIIIOHOB JOLIAPOB 3a 3EMJIIO,

1 o
(2) 7 MULTUOHA 32 KaXBIM STAX,

(3) mag6aska B 10000z gomtapos 3a »Tax (MeM BBIIE, TEM AOPOXKE).
CKOIBKO DTaXken JOMKHO OBITH B 34aHUM, YTOOBI CPEJHAA IEHA 32 DTaX ObLIA MUHU-
MaJIbHOU?

YUPAXKHEHUE 45. ONTHUMAJILHBIA MOHOPAP. IleBen cobupaerca sanucats csorn DVD.
B oTgere mapkeTmHra emMy ckasaau, ITO ecau oTImyckHas neHa ero DVD 6yger 26 morrapos
3a quck, To oxuaaerca npogars H 000 guckos.

Camon KOMOAHUYM KaX b AUCK OG0UAETCA B 5 NOMLIAPOB.

(1) Kaxas oTmyckHas neHa 3a AACK MAaKCUMU3UPyeT npubeLtb pupmer? Kakosa sTa max-
CAMAaJbHAA IPUOBLIEL.

(2) Kaxon aBTOpPCKUI FOHOPAP € KaXKAOrO AUCKA MEBEL NONKEH HOTPe6OBATE € hUpPMBL,
9TOOBI MAKCUMU3UPOBATEH CBOIO IPUOBLIBL !

YUPAXKHEHUE 46. ®PYKTbl HA PHIHKE. HexTo mpumien Ha pBIHOK, rae IpOJaeTCs He-
OrPAHWYEHHOE YUCIO PA3INIHBLIX BUIOB (GPYKTOB. Bce BUALI — mo OfHOU IieHe B 1 gosiap
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3a QyHT. Y IOBOJILCTBHE, KOTOPOE MOILYYUT IOKYyIATelb, KyIuB M| (GPYHTOB IEPBOr'0 BUIA
bpyKTOB, M2 — BTOPOro ¥ T.A. (BCE IMCIA — IMEIbIE) TPONOPUUOHAILHO TPOW3BEJCHUIO
H:’L:l m;. Y mero ectsb 100 momrapos. Kak on momkeH mx pacupeneanTsb, ITOOBI MOLYIUTH
MaKCHMaJIbHOE yAOBOJIBCTBI/Ie?

Onue m3 OCHOBONOJATAKOIIAX 33KOHOB 3KOHOMWKU — PABEHCTBO MEXKIY CIPO-
coMm u mpegiokenreM. C yBEIUYEHUEM [EHBI 33 YCJAYTY WIN TPOAYKT YMEHBIIAETC
YUCI0 TOTEHINAMBHBIX KIMEHTOB. YMEHBINEHNE [IEHBI TPUBJIEYET OOJBINE KINEHTOB,
HO CHUBUT MPUOBLIb, IOIYIEHHYIO ¢ KaXKA0r0 n3 HuX. [louck «TOYKu paBHOBECUsY —
Haubosiee BLIMOIHOU HEHEl, MAKCUMU3UPYIOWIEH OOLIYI0 IPUOLLIL, ABIAECTCA OLHOU U3
ocHOBHBIX poGaeM. Cnoco6bl MOUCKA ONTUMAILHON LIEHBI, KOHEYHO K€, 3aBUCAT OT
KOHKPETHOU 3ajadu. B cregyromeM mpuMepe MBI pACCMOTPUM CATYAILINAIO, KOTJA, CY-
MECTBYeT IIeHA, ONTUMAJBHAA KAK JJA TPOAABIA, TAK W JJA KJINEHTA, T.e. IEHa,
MAaKCUMU3UPYIOUIAA «yI0BOILCTBUEY O0OOUX.

Bosee TowHO, mpenogoxuM, 9TO HA PBIHKE €CTh IPONABILI U MOKYIATENIN He-
KOTOPOr'0 TOBapa. ¥y Kax[Joro IPOJABLA €CTh MUHUMAILHAA LEHA, 33 KOTOPYIO OH
roToB npogarh ToBap. COOTBETCTBEHHO, Y KAXK IOI'0 MOKYIATENS €CTh MAKCAMAIBHAS
II€HA, KOTOPYIO OH T'OTOB 33 DTOT TOBAP 3aMIATUTL. [[peanosokumM, 9TO MBI MOXKEM
YCTAHOBUTH HEKOTOPYIO IEHY HAa phiHKe. TOorga Kak B TPOJABEI] TOACIATACT CBOK
BBEIPOJY: PA3HOCTH MEXIY TEM, YTO OH MPOJACT IO YCTAHOBICHHOU II€HE, U TEM, ITO
OH CMOr OBI BBIPYYUTH 110 CBOEH MUHUMAJILHOU IeHe. TO ke N MOKyIATeNsd: ero
BBII'Oa — DTO PA3BHOCTH MEXKAY TEeM, CKOJIBKO OH HOTPATWI OBL, IOKYIas II0 MAaKCHU-
MaJLHOU 1714 Ce6s 1IeHe, U TeM, YTO TIOTPATHUT 110 YCTAHOBICHHOU 1eHe. CyMMa BBITO]
BCEX MOKYTIATENEN ¥ BCEX MPO/IABIIOB HA3KIBAETCA 00muM OGaarococrosaueM (total so-
cial welfare). OHO MOXeT OBITH UHTEPIPETUPOBAHO, KAK CYMMa, BCEX (Y, IOBOJBCTBUI
YYIACTHUKOB PHIHKA. B criepyiomen 3aade MbL IOKAXKEM, 9TO

obujee 6.4G620C0CMOAHUE MAKCUMAADHO 6 MOUKOCTYU Mo206, K02da Ycma-
HOBAEHHAA HA PLIHKE UEHG DABHG ONMUMALLHOU «MOUKE PAEHOEECUAN.

IIycrs peiHOK HEKOTOPOro TOBapa ouuchiBaeTcs QyHkuuen upemioxenus S(P)
u pyukuuen crupoca D(P). 3To o3HaIaeT, 9TO ecau IeHa PaBHA P, TO KOIMIeCTBO
TMPOAYKTA, TIPE/IOKEHHOT0 BCEMU TPOIABIAME, [ KOTOPHIX PP He MeHbINe uX MUHU-
MaJbHOU IeHbl, paBHO S(P); GyHKIUA CIPOCa ONPEIeNAeTCA aHAIOrUIHO. s mpo-
CTOTHI IPEAIONOKUM IIOKA, 9TO 06e QpyHkimu — apduaabie (Cpadpuku — IpsaMble
JIMHUMK).

YurAKHEHUE 47. (1) @yrkuum S u D gamer. Berpasure 06myio BI04y HPOaBLOB U
mokymnarenen depes P.

(2) Bepasure mOTOXKEHHE TOYKKM PABHOBECUA, W NOKAXWUTE, ITO IPHA DTOM 3HAYCHUN
HeHbl o0mee 6JaroCoOCTOAHNE MAKCUMAJIbHO.

[0 cuX mop MBI HE HCTIOIBb30BAMM CTAIMOHAPHEIE TOYKH, HE ABIAIOIIMAECA TOIKAMA
JOKATLHOTO MAKCUMyMa min MuEnMyMa. OHAaKo B 3a4a9aX TEOPUM UTP, TAe IBa OIl-
MOHEHTA MEITAIOTCA YBEJMIUTE CBOI MPUOBLTH, OMTUMATLHLIC COCTOAHNA XAPAKTEPH-
3YIOTCA UMEHHO TakuMu To9kamu. CO BBEIEHUEM B TEOPHUIO UTP U €€ MPUMEHEHAME
MOXKHO [I03HAKOMUTLCS, Hanpumep, B [7].

PaccMOTpEM CHTyanmuro, KOrjJa €CThb aBe (PUPMBI, MPOM3BOAAIIAE OTUHAKOBYIO
OPONYKIINIO, W TP DTOM CHpPOC HA PHIHKE JUHEHMHBN: p = 1 — q; — ¢o. Ilena
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[IPOM3BOACTBA EIMHUILI NPOAYKIuu y ob0eumx GupM OIMHAKOBA U paBHa c. Pupma
1 MaxCUMU3UPYET CBOIO BHITOIY, T. €. BRIOUPACT TEHY @1, ITOOLI MOAYIUTL TPUOLLTE

H}IaX(l -1 — ¢ — ).
1

Dupma 2 MAKCUMEABUPYET CBOIO BBIT'OLY, T. €. BEIOUPAET HeHy ¢o. O qHAKO MEHE I KePhI
GUPMHI 2 TakKe YIUTHIBAIOT OOBEM CBOUX TIPOMAXK C HEKOTOPBIM BECOM

H}]ax(l —q1— @ —c)g+a(l—q —q)g.
2

Takum o6pazoMm, pupma 2 MAKCUMHU3UPYET CBOIO IPUOLLIL B MPEAIOIOXKEHUH, 9TO €€
BBII'OJa HE yIAJET HIDKE HEKOTOPOI'O YDOBHA Ty.

IIPUMEP 15. BKJIATYNKNA U AKIMOHEPLI B CUTYAUMN AuNoJsa. Kakas us
IBYX GUPM IOIYy4UT OOJBIIYIO BEICOLY B TOYKE paBHoBecusa mpu « > 07

PEWEHUE. [lna oTBera npoanamusupyem TouKy pasHosecus Homa (Nash equilib-
rium), rae kaxaas GupMa BEIOUPAET CBOU YPOBEHB LEHBI, MPEATOIAras, ITO 3HAET
yDOBEHb LEHBL ee onnoHeHTa (apyroul (GpupMol). YpaBHEHUE CTALMOHAPHOCTH AAET

l—c—2q —¢q2=0,
l—c—q —2¢+a—aq —2aqg = 0.

Monoxus @ = locta moTydaem
T ol4a
2 1
¢ = 5(1 —c)— 3%
2 1
2 =39 5(1 —0),
1 1

CaenoBaTeasHO, pa3Mep OOIIEN BEITOABI PABEH

2 1
=(2(1-¢)— =
1 (3( C) 390) )
2 1 2 1
Ty = (5(1 —c) - 590)(390 - 3(1 —c)).
Ilockonbky ¢ BO3pacTaeT MmO (v, HECJIOXKHO IPOBEPUTH, 9TO HPUOLLTE GupMer 1
yOBBaeT 1O «, B TO BpeMs Kak OpubbLib GupMbL 2 BO3pacraer no « (eciau

p < 2(1-0).

IIpuxoguM K mapamOKCATHLHOMY BBIBOLY: (PUPMA, KOTOPAsS HE MAKCUMU3UPYET
CBOIO BLII'OY, HA CAMOM JeJe IOoAy4daeT (B TOUKe PABHOBECHs) GOJILLLYIO BEIOLY, YeM
Ta, kKoTopaa MakcuMuaupyet! Kakoe MoxeT OLITH NHTYUTUBHOE OOBLACHEHUE 3TOMY
denomeny?

YUPAXXKHEHUE 48. IlpeamonoxwuM, HekoTOpada ¢upMma nmpomsBoguT 90 eIumHHUI] IPOAYK-
Iyy, NCHOAb3YA npu dToM 9 equaun kommoneHTa X u 9 eguaun komnoxenTa Y . KorraecTBo
€IVHUI] TIPOU3BEJEHHON MPOAYKINU BEIYUCIAETCA O GopMyre @ = 10X1Y/2y1/2,

(1) ecam mena X — 8 nommapos, a nesa Y — 16 goanapos, To gaayT au 9 equann X u
9 equann Y mambouee BEIFOAHBIU cnoco6 npomssectu 90 eIMHAT TPOAYKIUHA?!

(2) KaxoBo HauGoIee BEIMOAHOE COOTHOIIEHME MexAy X u Y7



54 A. Bpuakxayc, B. FO. IIporacos

(3) Kaxos manboaee nemespir cioco6 npomssectu 400 egwHNI IPOAYKIWW, €CAM LEHA
X pasma 1 gomrap, a mena ¥ — 2 gommapa?

YTNPAKHEHUE 49. MUHUMU3AIUA PUCKA. Bruaaguumk pemmn pa3geauTh CBOU IE€Hb-
I'M MeXAy TPeMsA WHBeCTUIUOHHbIMEI (dongavu. Oxumaevas npuObLIb 3TUX (GOHIOB —
10%,10% u 15% cooTseTcTBeHHO. Ero meas — noryauTh 06mIyio npuluLts He MeHee 12%,
¥ TIPU 3TOM MMHUMM3UPOBATL CBOM puck. PYHKINMA PUCKA OMUCHIBACTCA HOPMYION

200z + 40023 + 100z 172 + 89923 + 200z273,

re T; TPOMOPIUOHATLHO CyMMe, BJIOKEHHOU B ¢oug i. OnpereinTs, B KAKOU TPOTOPIUN
OH JOMKEH BIOXUTH CBOU AEHLIM B 5TU (OHALL. IloMOXeT au Takoe OCIabiIeHue yCIOBUM:
BEIWIWHBL T; MOT'YT IPUHAMATH OTPULATEJIbHEIE 3HAYeHNA (He OyAeM OCTAHABINBATHLCA HA
SKOHOMUIECKOM CMBICIE OTPUNATEIbHBIX BKIAA0B)?

YTUPAXKHEHUE 50. Pupma Ipom3BOAUT NPOIYKIUIO Y, UCHOIb3YA KOMIOHEHTHI L1 U L2,
Ipu 3TOM Y = +/Z1Z2. [loroBopHOe coryamenue o6a3pBaeT GUPMy HCIOIb30BATH XOTA ObI
OJHY €IUHUILY KaXJA0I0 KOMIOHEHTA. |[€HbI KOMIOHEHTOB 1 W L2 — COOTBETCTBEHHO W] U
wz. Kak ¢pupme MUHNMU3UDPOBATEL CTOMMOCTS IPOU3BOACTBA, §J €UHUL OpOayKIiuu’
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