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2.10. YcJIOBHE. BuyTpu Boimykaoro derwipexyronpauka ABCD B3sata
rakaa Touka O, aro LAOP = ,COQ), rae P u () — TOYKHU Tepecedenusn
ayuen BA, CD u BC, AD cooTercrBenno. [JokaxuTe, 9YTO OUCCEKTPUCHI
yrioB AOC u BOD unepneHukyasapHbl ApyT APYLY.

PEmEHUE. O6o3nadum 6uccekTpucy yraa AOC depes ¢, Touky mepece-
genusa upambix PB u OQ) gepes R. IlycTh, Kak MOKAa3aHO Ha PUCYHKE, TOIKHU
B', P' u R' cumMerpudns oTHOCHTEIBHO £ TokaM B, P u R coOTBeTCTBEH-
HOo. Eme mam morpebytorca Touku B” u Q”, xkoTopble ABAAIOTCA TOYKAMMA
nepecedenus npamorr OB’ ¢ npambivu BQ u P() cooTBeTCTBEHHO.

Paccmorpum oTobpaxenune f = fy 0 f3o fo o f1, rae fi — orpaxennme
oTHOCUTENbHO ¥; fo — npoeknus u3 Touku O Ha mpamyo BQ); f3 — npoexnus
u3 Touku P ma mpamyto OB'; fi — mpoexmua u3 Touku (Q Ha npamyio PB.

W3 onpepenenua acmo, 9To [ — OPOEKTHBHOE OTOOpaxenue npamoun PB
Ha ceba. [okaxeMm, 9T0 5T0 oToGpakeHme TOXAecTBeHHOe. [l Toro yka-
XKEM TPU €TI0 HEMOABVKHBIE TOUKMA:
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Orcrona caegyer, ITO
_D = f3 ¢} f2 ¢} fl(A) € (OB/)

Ocranoch 3aMeTuTh, 9T0 TOUKM B u D jexaT no ogHy CTOPOHY OT OHCCEK-
rpucst yraa AOC. (M. Baawiii)

4.11. YCJOBHE. Ha HEKOTOPHIX KIeTKAaX OECKOHETHOU NOCKY CTOAT (HUIII-
ku (He 6onee OTHOU Ha KAXK JOU KIETKE ), HEKOTOPHIE KIETKH IIycThie. HazoBem
PACCTAHOBKY NOYMU NOAHOT, €Can HAUAeTCA Takoe nucao C', IT0 MOXHO CIBU-
HYTb KaXIyI0 (PUIIKY HA PACCTOAHUE, He npesbinaomee C' (MHOD A HYIEBOE)
Tak, ITOOBI IMYCTHIX KIETOK He 0CcTaaoch. HazoBeM pacCTaHOBKY He CAuuikom
nycmot, eciv HAUAETCA TAKOe IMCA0 [, 9T0 KOAMYECTBO IMyCTHIX KIETOK B
aob6oM KBagpaTe He mpeBocxoauT DP, rae P — mepumetrp xBagpaTa. [lo-
KaXWTe, 9TO MOYTH MOMHBIE PACCTAHOBKU — 3TO B TOYHOCTHU HE CIUIIKOM
mycThIC.

PeEmEHUE. Ham Gyger ymoOHee mepedOpMyaupOBATH OMPEIETeHUE HE
CAUIIKOM TIYCTOW PACCTAHOBKM: MBI CIMTAEM, 9TO HAUAETCA TAKOe IUCao D,
9TO KOIWIECTBO MYyCTHIX KIETOK B J1060M KBajapaTe He upeBocxomquT DN,
rae N — CTOpPOHA KBaAPaTa. JKBUBAJICHTHOCTDH ONPEIeIeHUN O9€BUIHA. 3a-
METUM €Ile, 9TO MbI MOXeM npeanoaarats C' u D HaTypaibHBIMHA.

IycTes paccranoBka modTu monHas. PaccMoTpum ao06ou KBaapaT cO CTO-
porou N. Torma, ecam Bce QUIIKHU TIEPEABUHYTH HA PACCTOSHUE HE OOJb-
mee, 1eM N, TO B DTOM KBAaJApPAaTE MOTYT MOABUTHCA TOABKO (PUIIKHU, KOTO-
prle m3HadaabHO cToanu B kBagpare (N + 2C) x (N + 2C), umetomem TOT
Xe neHTp. Takum 006pa3oM, B MCXOMHOM KBaJpaTe MyCTHIX KIeTOK OBLIO He
60JIBIIe, YeM KOAMYeCTBO KIeTOK B «bopaoopey mupunabl C BOKPYT HETO, T.e.
(N +2C)? — N2 = 4CN + 4C? < N(4C + 4C?). Taxmm 06pa3om, MEI MOXKEM
nonoxuts D = 4C + 4C?.

OcTaToK peleHus MOCBAIEH J0KA3aTETHLCTBY 00paTHOTO. MBI fOKaXeM,
aro MOXHO momoxuthk C = 4D. Chopmyaupyem cHadada [IBE U3BECTHBIX
JIEMMHI.

JIJEMMA 1 (nEMMA KEHUrA). /Tamo kopHeBoe paepeso. M3BecTHO, 9TO
CTEeMeHb KaXO0W BEPIINHLI KOHEWHA, & KOIXIECTBO BepIWH Geckonedno. To-
ra B HEM HAUAETCA OECKOHEYHBIN Iy Th.

JIEMMA 2 (TEOPEMA MEHI'EPA, BEPHIMHHAA ®OPMA). /[aH KOHEYHBIN
rpad ¢ BeIAeTeHHBIMEU BepummHamu B u F, HecoequHeHHBIMEH OpPYT € APY-
roMm. V3BecTHO, YTO TpM BHIKUALIBAHUU JO0BIX k& — 1 BEpIIWH, OTIUIHBIX
or B u FE, B octaBmemca rpade cymecrByer nyth or B no E. Torga cy-
mecTByeT k myTer or B go E, He uMenImUX OOUUX BEPIIUH, OTINIHLIX OT
BunkE.
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CeemeM samatdy K KoHeIHOU. [lokaxkeM, 9TO AOCTATOYHO AOKA3ATH CJe-
aytomuu GakT: Adas awbozo keadpama 2N X 2N moxcno cdsunyms kaxcdyio
Puwiry na paccmoanue, ne boavwee C Mmak, 4mo 6ce Kaemru Yernmpasbho2o
keadpama (2N — 2C) x (2N — 2C) (manee Mbl ero OyieM HA3BIBATH IPOCTO
HEHTPAJILHBIM KBAAPATOM) O0YdYm 3anoAHEHbL.

[Myctes dpaxT gokazan. [locTpoum caeayronmu rpad. Jlobas ero sepmmna,
ecTb keadpam 2N X 2N ¢ yewmpom 8 HouaAe KOOPIUHAM BMECTE CO CNOCO-
6om nepedsuncenus Puuier 9mozo Keadpama Ha PACCMOANRUE, HE NPEBOCLO-
dawee C' Tax, 9TO BCE KICTKU IMEHTPAILHOTO KBAJAPATAa 3aIOJHEHBI; peGpo
ke OymeT COeIWHATH BEPUIWHY, COOTBETCTBYWOINYyI KBagpary 2N X 2N, c
BEPILIVHON, COOTBETCTBYIOmEn KBaaparty (2N + 2) X (2N + 2), ecan ¢pumikn,
OpPWHAITEXKAIINE MEHbIIEMY KBaAPaTy, ABATAIOTCA OQUHAKOBO. KopHeM »To-
ro gepesa Oyjger BepimHa, obo3Hadaromas ksaapar 0 X 0. OueBugaHO, 9TO K
sromy rpady mpuMeHuMa JeMmMa KEHura; oqHako O€CKOHEYHBIN My Th B 9TOM
rpade ecTsh crnocod mepeaBuKeHusa gcex PUIIEK TAK, ITO 6Ce KIETKU OKA3bI-
BAIOTCA 3AOTHEHHBIMHY.

Mokaxem Teneps uHam ¢axr. [las sToro caoBa nocrpoum rpad. Ero sep-
MUHAMY OYIYT ABAATHCA KAeTKU Halero kpagpaTta 2N X 2N u ee aBe Bep-
IIWHBL: «HAYAJIbHASY BEpIIWHA B u «xoHednas» Bepmuua F. Kaxayo kreTky
COEIMHUM CO BCEMHU KJIETKAMU, HAXOAAIAMUCS OT HEE HA PACCTOSHUY HE OOIh-
e, 1eMm C. Kpome Toro, coequaum B ¢o BceMu IyCTHIME KIETKAME, a JI06YI0
KJIETKY, HAXOAAUIYIOCA BHE HeHTpaabHoro ksagpara (2N —2C) x (2N —20)
coequavM ¢ E. [lycTs B namem xkBanpare P < 2D N nyctoix kieTok. Mbr xo0-
TUM, TpUMEHUB Teopemy Menrepa, mocTpouTh P HEmepecekaomuxcs Iy Ten
u3 B B E. flcHo, 9T0 5TH myTH NPpORAYT Hepe3 BCE MYCThIe BEPIIUHEL, TaK KAK
UX BEPUIVHEI, caegyiomue 3a B, pasauuansl. Torga, ecim BAgA1As ... Ay E —
oauH m3 Takux myTen (Ag — IycTas), TO MOXHO MPOBECTH TAKOE MEPEIBU-
xemme: A1 — Ay, Ay — Ay, ..., A, — A,_1; IpHU TOM IOYCTON OKAKETCA
KIeTKA Aj, HAXOIAIMAACA BHE IEHTPATLHOTO KBAIPATA, W TAKKUE METOYKH, TO-
CTPOEHHBIE [IA PA3HBIX Iy TeH, He OyIyT MEePECeKATHCA; TOITOMY Tpebyemoe
OyeT BBITIOJIHEHO.

OcTamock TPOBEPUTH BHIIOJAHEHUE yCaoBUA TeopeMbl Menrepa. Uwmenno,
HYXHO NOKAa3aTh CAEAYIONIEE: eCiM BHIOPOCUTE MeHee P BepinvH, TO HaWgeTCsa
uyte u3 B B F. [Ipegnoaoxum nporusuoe. Ilycts Beibpommensr P — 1 Bepuin-
HAa, W3 KOTOPBIX PP — T COOTBETCTBYIOT HMyCTHIM KiaeTkKam. Torga BepumnHa
B ocTanack coeuHEHHOU ¢ % TMyCThHIMHA. [[oKpacuMm KPAaCHBIM BCE BEPITUHBI
ocrasierocs rpada, 10 KOTOPBIX Teleph MOXHO 1006paThes u3 B, u cuHuM —
BCE BLIOPOIIEHHBIE HEMYCThIE BEPIIUHEL (MX KoimdecTBo pasHo x — 1). Torga
aobas KpacHas BEPIIVHA B UCXOAHOM I'pade ObLIa COeINHEeHA TOIHKO C KPac-
HBIMW, CHHAUMY W TyCTHIMEU BEPIIAHAMU.

PaceMoTpuM mEAYyIMPOBAHHBIN Ipad HA KPACHBIX BepuimHax. [locae BhI-
KUABIBAHUSA BEPIIUMHEL B OH PACmagaeTca Ha HECKOIBKO KOMIOHEHT CBA3BHOCTH
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S1, ..., Sp. PaccmoTpum ofuy um3 Hux, ckaxeM, Sj. OHa IOTHOCTDHIO TEXUT B
[MEHTPAILHOM KBajapaTe, nb60 mHatTe OHa cBazaHa ¢ F. [lycTb MuUHUMAILHLINL
IPAMOYTOJBHUK, B KOTOPBHIX €€ MOXHO 3aKIIOYNTh, uMeeT pasmeput U X V
(mra ompegenennoctu U > V); morga B S; He Gomee UD mycThIX KIETOK.
OTmMeTnM BCe HEKpACHBIC KICTKH, yAAJCHHBIC OT KAKOH-TO U3 KIETOK S; He
6oree, dem Ha C'/2. 3amMeTuMm, UTO BCE OTMEYEHHBIE KAETKWU ObLIA CHHUMHE
wiu nycrbivu. [Tokaxem, 9To cuHUX cpeau Hux He menblue, yem U(C — D) /2.

Paccmorpum crpouku npamoyroasauka (U + C) x (V 4+ C), B uenrpe
KOTOPOT'O JeXKUT HAIl TpaMoyroabauk U X V. HazoseM CTpPOUKY i-CTPOTKOMN,
ecau Gakayiias K HEW CTPOYKa, COAepXKallad KIeTKy u3 Sj, HAXOANTCA Ha
paccrosauu He Goabine i oT Hee. (B wacTHOCTH, 0-CTPOYKA COMEPKUT KIETKY
w3 S;.) 3aMeTuM, <ITO B -CTPOUKe HAXOAUTCA He MeHbIe, deMm 2 (C/2 — i)
OTMEYEHHBIX KIETOK.

0-cTpouku mayT He pexe, deM depe3 C' gpyr oT gpyra, ubo S; CBA3HA;
nosromy ux He Menbuie, yem (U + C/2) /C (3pech y4rTeHo, 9TO NepBbIE U
nocaeguue C'/2 cTpodeKk mycThIe). AHATOTUIHO, i-KIETKA PACIOIOXKEHBL «BI10-
KaMm» XOTA ObI IO 26 + 1 CTpOYeK, pacCTOAHUA MEX Iy KOTOPLIMA He 6OJbIIe,
gem C' — 2¢ — 1, nooromy nx He Menbure, dem (U + C/2) (2i + 1)/C. Tlycrs
§; — KOJWIECTBO ¢-cTpouek. Torma

C
5—1

S () (2t ) = (049
i=0
C apyrol CTOPOHBI, €CIM CTPOUKA MOCIMTAHA B HTOU CyMMe j pa3, TO OHA
asaserca (C/2 — 1)-crpodukon, ..., (C/2 — j)-cTpOUKOH, MOSTOMY B HEH XO-
Ts 6])1 2] OTMEYICHHBIX KJCTOK; OTCIOOd KOJMUICCTBO OTMECYCHHBIX KJCTOK HE
menbie, geM (2U + C)C/4.
3ameTuM, 9TO BCe TH KaeTKu jgexar B ksagpare (U + C) x (U + C),
nosromy cpeau Hux He 60aee D (U +C) nycroix. [losToMy cunus cpeam Hammx
OTMEYICHHBIX HC MCHbBIIC, €M

2 -D -
c( U+C)4 (U +0) >UC2D7

9T0 U TPeHOBAJIOC.

Taxum o6pasom, eciu S COAEPKUT k MycTHIX KIeTok, To U > k/D, u cu-
HUX OTMEYEHHBIX KJIeTOK He MeHblre, deM k(C' — D)/(2D). 3amernwm, aTo oT-
MEYEHHBIC KICTKHU 044 PA3HBIT KOMNOHEHM C8A3HOCTMU DA3IUIHbL JlencTBu-
TeIbHO, eCIu KIeTKa A ABIAeTcA OTMeteHHOR A4 S; u S, T. . yAaleHa OT
KaKIX-To K1eTokK X; u X; He 6osee, 1em Ha C'/2, To X;X; < C, u koMIoHeH-
Th1 S; u S CBA3AHBEI — IpoTuBOpedme. Takum 06pa3oM, BCETO CHHUX KICTOK
He Menbine, yeM z(C — D)/(2D) > z, HO MBI OpeAmOIAraId, ITO UX T — 1.
[IpoTuBopeune, TOKa3BIBAOLIEE 3aTaY.
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3AMEYAHUE. HeMHOTO TOYHEE MPOBEAS PACCY X ICHUA, MOXKHO MOKA3ATh,
Hampumep, 4o npu D = 1 Mbr MmoxkeM nmomoxuts C = 1.

(A. Boedanos, I'. Yeanoros)

5.5. Yca0OBHUE. [lokaxwure, uro nepecetiernre 10 mpaBUIbLHBIX TETPAIIPOB,
BIIMCAHHBIX B JOAEKA3AD (BEPUIMHBI TETPA3APOB ABIAITCA BEPIIXHAMU 10 1e-
KanfApa), eCTh UKOCADAP.

PEmMEHUE. Kak u3BecTHO, B AOAEKa’Ap MOXHO BIOKUCATH KyO, BEpIITUHBI
KOTOPOTO JeXaT B BepIIMHAX AoxeKalsnpa. Y kKyba 12 pebep, a y moaeka-
sapa 12 rpamen, kaxjgoe pebpo Ky0a JeXUT HA CBOEU I'PAHMU, ABJIAIACH €€ JTUa-
TOHAIBIO.

[MockoabKy y Kax 10U rpaHn 5 TUATOHAJEU, UMEETCS D PA3INIHBIX KyOOB,
BIIMCAHHBIX B NOMEKA3AD, K KaX[IOW BepIINHE MPUMBIKAIOT ABa Kyba (ubo
CXOAATCA 3 TPAHU NONCKA3Apa U 6 IMaroHAJEN IPAHEN — IO JBEe OT KaXJON).

Jltoboe nBUXKEHUWE NOAEKA3IPA MEPECTABIAET 3TH KYOBI, a IEHTpaJbHASL
CUMMETPUSI — TEePECTABIAET TOXAECTBEHHO. [[0CKOIBKY TI00YI0 T'paHb 10-
IEeKadIpa MOXKHO TepeBecTH B J00YI0, & IMyTEM MOBOPOTA BAOIb OCH, ITIEP-
MEHUKYIAPHON Tape MPOTHUBOMOJOXKHBIX TpaHen, Ji06ad TUATOHATL TPAHN
MEPEBOANTCA B MIOOYIO IPYTYIO, BCe AMATOHAIN BCEX IPAHEN IPYT B APYTAa Ie-
peogarca. [losTomy ao6ou Ky6 MOXHO nepesecTr B awbou apyrou. (Moxwao
MOKA3aTh, ITO TPYIINA CHMMETPUA I0AEKA3APA TIEPBOTO POaa — T. €. COXpa-
HAOIIX OPUEHTAIAI0 — M30MOp(QHA rpynme As Winm TPyINe YeTHHIX mepe-
CTAHOBOK IIATUIJIEMEHTHOI'O MHOXKECTBA.: 9TUX Ky6OB.)

B cBowo odepenb, B ky6 ¢ pe6poM @ MOXHO ABYMA CHOCOOAMU BIIMCATH
TeTpasAp ¢ pebpoM a\/2, BEepUIMHBI KOTOPOrO JeXaT B BepIIMHAX Kyba, a
pebpa — amaroHanu rpaHen. [Ipyw MeHTpaTbHON CUMMETPUEH Ky6a 5TU MBA
TeTPa’aPa MEPEXOIAT APYT B APYTa, & UX MEpecedeHne eCTh OKTA3AP — TEo,
MBOUCTBEHHOE K KyOy. YTBEpXK JeHue 331291 5.5 ecTh aHATOT 5TOr0 PaKTa, IS
JOJEKADIPa C UKOCADAPOM.

Wroro mmerorcs 10 mpaBUabHBIX TETPAdAPOB, BOUCAHHBIX B [0JEKADID.
Bce onu cogepxat ero meHTp U KaXAasd TpaHb Tena B, ABAAIOMErocs uX Ie-
pecedenneM, 06pa30BaHa IIOCKOCTRIO TPAHEN OJHOTO U3 BTUX TETPA3IPOB.
TeTpasapsl pa3bUBaOTCA HA MaPHI MEHTPAIBHO CUMMETPUYHBIX TETPadIPOB,
BIIMCAHHBIX B OJVH Ky0, ¥ HEHTPAJbHASI CHMMETDPUA JOJEKAdAPa MEHAET Me-
CTaMU TeTpasapHl B mapax. [lepecetenne Kax oW MapBI €CTh OKTA3AP U YT-
BEpXKJAEHUE O TOM, UTO MEpPecevdeHue H OKTAIAPOB €CTh UKOCAIAP, ABIACT-
CA JBOUCTBEHHBIM AHAJOIOM yTBEDPXKJEHUS O MATH Ky0ax, BOMCAHHBIX B JI0-
JEKADP.

[Mockoapky 10601 Ky6 MOXHO TEPEBECTH B JIOOOU, U3 DTOTO CIAEAYeT, 9TO
JI060U TETPasAp MOXKHO TIEPEBECTH B JIOOOU ABUKEHUEM MOACKAIMPA.

Boaee Toro. Ilosopor Ha 27/3 OTHOCHTEILHO TIABHOU AUATOHAIA KyOa
(koTOpas COBHAJAET ¢ TVABHOU AUATOHAIBIO JOLEKAdApAa) HEPEBOAUT B cebs
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JOMEeKasap, DTOT Ky0O UM KaXILIH TeTPasAp, BOUCAHHLIA B mociaeguuu. Ilpm
5TOM OJHA W3 TPAHEN TeTPa3Apa MePEXOauT B celsd, 8 TPU IPYTUX MEPEXOTAT
Opyr B apyra mo mukay. [loCKOABKY MJIOCKOCTH T'paHu B JeXUT B IIOCKO-
CTHU DPAHU OJHOTO K3 TETPA3APOB, U3 DTOTO TAKXKE CICIYET, ITO KOIUIECTBO
CTOpOH y 060U rpanu B gaeauTcs Ha 3.

CyMMupys CKa3aHHOe, MOMYTIaeM, UITO JAi00ad TPaHb JI060T0 TeTpasapa
MEPEBOAUTCA B JIOOYIO T'paHb JIOO0T0 TETPasdApa JBUKEHUEM 0MeKADIPAa.
CooTBercTBeHHO, M06ad TPAHL Teaa B Takke mepeBOUTCA B JI0OYIO IPYTYIO
TpaHb ¥ BCE TPAHM B MMEIOT paBHOE MUCIO CTOPOH, AEJIAMICECS HA 3.

[ockoabKy OfHA U3 I'PAHEN BBIMYKJIOIO MHOTOIPAHHUKY, 00A3aHA MMETH
MeHee 6 CTOpOH (3TO MErKO BHIBOAUTCA w3 (GOpPMyJInl DWIepa), TO BCe Ipa-
Hu B — TpeyroabHuku. A pasz Mg KakgOU T'PAHU €CTh MOBOPOT OTHOCH-
TEJIBLHO HEKOTOPOU OCH, MEPEBOAAIIMEA €€ B cebs, TO BCE DTU TPEYTrOIbHUKU
MPABUILHEIE.

Bepmnny xaxgon rpamm B MOXHO IepeBecTH ABMXeHueM B B m1106yio
IPYTYIO BEPIIWHY TOU Xe T'PAHM, 3 KAXAYI0 paHb B — B m00yo Apyryio
rpaub. W3 sToro cregyer, wro u awbas Bepimuaa B mepeBoauTcsa B JH00YI0
apyryio BepimuHy. [looTromy B — OpaBUibHBIN MHOT OT'DAHHUK.

Nexommabin nonexasap (a smaumr, u B) mepexoanT B ce6sa TPy NOBOPOTE
OTHOCUTEIBHO HEKOTOPOR OcH (CepeAuHHOrO MePIEHIUKYIIPA K ape IPOTH-
BOIOJIOXHBIX rpanen). [lockoabky Bce rpanu B — TpPEyroIbHUKY, IPU TAKOM
MOBOPOTE HU OAHA U3 rpaner B B cebA He MEPEXOAUT U MOTOMY KOJUIECTBO
rpanen B genwTcea Ha 5.

[IpaBuiabHBIME MHOTOTPAHHUKAME SBIAIOTCA: TETPAAP, KyO, OKTadIp,
UKOCA3AP U Aofaekasap. Ky6 u gogekasnp He MOAXOLAT, TOTOMY ITO UX TPAHA
HE TPEYrOILHUKA, 8 Y TeTPAIAPA U OKTAIAPA KOIUIECTBO TPAHEN HE MEIUTCS
ua 5. [looTomy B umkocasap. 3ajgada perieHa.

3AMEYAHUE. ['panm mkocasapa MOXHO PACKPACUTH (AByMsa crocoGammu)
B b I[BETOB TaK, ITOOLI OMHOIBETHBIE TPAHU HEe MMETH ObI OOIIEeN BEPIIUHE.
Torma mpomoaXKeHUs TpaHed OJHOTO IIBeTa OOpA3yIT HTPABWILHBIN TETpa-
oap. [IByM cnocobaMm packpacku TpaHEN OTBEYALT JBE MATEPKU MPABAILHBIX
TeTPadAPOB, OMUCAHHBLIX OKOJIO WMKocanapa. Bce 10 BumcaHel B momeKasap u
00pasyIoT OAHY U3 3Be319aTHIX POpM uKocasapa. [lpyras 3Besguaras popma
ecTh OOBeIUHEHNE D OKTAdPOB, KAXIBIM U3 KOTOPHIX 00pa3oBaH mepecede-
HUEM Hapbl TETPA3APOB U3 DTUX JECATH.

Cedenne nogeKanpa MIOCKOCTHIO TPAHN HAIIUX TETPADPOB €CTh HEMpPa-
BWIBHBIN TIEHTPAILHO CAMMETPUTHBEIA MIECTUYTOILHUK, BEPIIXHET KOTOPOTO
00pa30BaHbl BEPIIVHAMYA [BYX IMPABUILHBIX TPEYTOJBHUKOB, MOBEPHYTHIX HA,
HEKOTOPBIA YyTOI OTHOCUTEIHHO OOIIEro MEHTPa. D TO MHOXKECTBO BEPIIUH [I0-
IEKapaApa, KOTOPhIE MOXHO COGIUHUTDL C JAHHOU BEPUIMHON MYTEM W3 IBYX
pebep. JIuHBI CTOPOH 3TOrO MIECTUYTOALHUKA 9€PEYIOTCA U PABHBI CTOPOHE
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IOJeKadapa M JUATOHAIYN er0 IPAHU COOTBeTCTBeHHO. Ecau mpoBecTn Bee Ta-
KUE CeYEHUs, TO MOJIYUATCA MHOTOTPAHHUK, TAKXKE ABIAIOMIENCA 3Be3[IaTON

$OpMON MKOCADAPA. (A. A. Kaneav)

5.10. YonoBUE. Caydaunbie Beau<usbl X, Y, Z paBHOMEDHO pacIpejese-
HBI HA equEIIHOM oTpeske. JlokaxuTe, 9o Bermmaa, (XY)? Takxe pasHo-
MEPHO PaCIpeIeNeHa.

PEWEHUE. Beegem nosbie mepemennwvie U = X,V = XY. CoBmecTHOe
pacupegenenue nepemenssix U, V umeer mioraocts dUdV /U, nockoabKy sko-
6uan mepexoga pasex 1/U. Ilpu stom P(V < U) = P(XY < X) =1 (no-
cxonbky Y < 1); ecim 0 < w < 1, To

PV<w) =PV <w,U>=2V)=PXY <w)=
w ldU w

= dV/ :/ (—InV)dV,
0 v U 0

U IWIOTHOCTH pacupefeaeHus Beawdussl V pasHa fy(w) = — lnw. Hoxoxum
n=—InV. Torga

1
Pln<w)=P(V >e ™) = / (—InV)dV.
e*UJ
[IpoauddepenupyeM IeByio ¥ IPaByio UacTh MO wW:

faw) = ~(~ (e N L= = we™, 0<w< o0

Hanee,
VA Int
P(VZ<t)y=P(Zn>—Int) =P (—n < Z) ,
npuiem Z < 1. Takwm o6pasom, mpu maHHOM ¢ TEpeMeHHoe 7) mpoberaeT
3HAYEHUA OT — Int 10 GECKOHETHOCTH, W MIPU KAaXKIOM €0 3HAYEHUu Z PaB-
HOMEPHO pacupejgeneHo Ha orpeske [—Int/n, 1]. CregoBarensHo,

Int > —w !
Pl——<Z7) = we lntdZ dw =
n —1Int -

w

&0 Int e
= / we ¥ (1 + 7) dw = / we Ydw+
Int w Int

oo
+lnt/ e Ydw=—tlnt+t+tlnt="=t.
—1Int

Sumasmr, P(VZ <t)=t (0<t<1),ansTo osmadaer, aro peamamaa (XY )Z

pacupeneieHa PaBHOMEPHO.
. Keav6epm, nepesedeno u ompedaxmuposano b. P. @penrxunbim
M. Keavb d d L. P @
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6.1. YcuaoBuE. Ha nup cobpanauct 100 gio10eq0B, 1 OHM CTaIU €CTH APYT
apyra. OKazaaoch, 9To u3 Jioobx 10 HARAeTCS OUH, OKA3ABIIHAC B XKeIy IKe
y apyroro. [lokaxwure, 9TO HAUJAETCA NEMOYKA W3 12 BJIOKEHHBIX JHOJI0EIO0B.

PEmMEHKE. HazoseM mogoema dobpvim, ecinm OH HUKOTO He ed. Haszomem
aopoena doopovim nepsoti cmenenuy, eCau OH HUKOTO He €1, KPOMe KaK J0OPHIX
mopoenos. HazoBem awonoena dobpovism 6mopoti cmeneny, eCi OH HUKOTO He
e, KpoMe KaK JOOPLIX JI0J0€L0B U JII0 JOEI0B IePBOU CTEMeHn J00POTLI U T. 1.

W3 ycaoBus 3amadu caegyeT, 9TO A KaX JOU CTeNeHu J0OPOTH HAl1eTCs
me Gonee 9 aromoenoB, a Tak Kak Jaogoenos 100, To crememen GoGPOTHI He
Menee 12.

Jliomoex 12 crenenm mo6poThl 06s3aTEabHO Chea Jdiogoena 11 cremenn,
ToT — 10 cTeneny u T. . MBI MOAYYWIN TETOYKY BIOXKEHHBIX JTIOT0€TOB.

3a1a9a AOIyCKAET MABOMCTBEHHOE pElmIeHUe (HA30BEM JIOJ0€Na HCUBLIM,
€CI’ ero HUKTO He Chel, HA30BeM JIOLOedd HCUBbIM Nepeoti Cmenenu, eCIn
€T0 €T’ TOJBKO KUBBIE JIOMOEHL. . . ).

3AMEYAHUE. O6mun pakT dopMmyaupyercs Tak. Mmeercs HacTUTHO
YIOpA OYeHHOE MHOXeCTBO u3 mn —+ 1 oaementa. Torga B Hem Haugercs aubo
nens u3 n+ 1 saeMerTa, 160 AaHTUIENH U3 M+ 1 BaeMenTa (yenvio Ha3LIBACT-
€A TOAMHOXECTBO YACTUIHO YIOPAJOIEHHOT'O0 MHOXECTBA, B KOTOPOM JI00BIE
[IBa, DIEMEHTA CPABHUMBI, & GHMUYENHI0 — IMOIMHOXECTBO, B KOTOPOM JH00BIE
[BA, DIEMEHTa HECPABHUMBI). [loyManTe HAJl TAKOW U3BECTHON OJIUMITUATHON
sagaqdenn. B pagy croat mn+ 1 pasautHoe wucao. Torga MOXHO BHIGPATH aUGO
n + 1 ymeno, uayiiee B mopAgke Bo3pacTanud, aub6o m + 1 dmcno B mopsake
yOBIBAHUA.

(A. A. Beaos)

6.6. YCJIOBUE. ty — 6eCKOHETHAA MOCIECAOBATEIBHOCTD MTOIOXKATEIbHBIX
wucen. Jokaxure, 9T0 pag y (1 + tx.1)/(kty) pacxogures.

1
PEmEHUE. IlycTs Sk = I Hyxmno gokas3ars, 9TO ABa paga y . Sp u
k
S
Zk‘ — ok HE MOTYT CXOAUTBHCA OJHOBPEMEHHO. HCHO, 9T0 CXOAUMOCTBH
(k+1)Sk41

k
A8 — =k
pia ) (k+1)Sk41
k+1

1<T<2npnk:1,...,oo.

Sk
PABHOCHIBHA CXOAUMOCTH DAJA Y . 5.

*— , IMOCKOJIBKY
k+1

Ipegnoroxmm, aro » ;. S < co. Torga limy_. Si = 0. Ilokaxem, 4ITO
[ TI0O0T0 N TIPU BCEX MOCTATOYHO OOJBIIUX M, 1M > 27, BBHITOIHEHO

s 1
E ko> 2
kSgt1 2

k=n
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o Sk
Torma ocrarounsm wien Ry = Zzozn : Sk He OyzeT CTpeMHUTHCA K HYIIO,
k+1
ITO 00ECIE T PACXOAUMOCTD PALS D |, 5 —
k+1

. o S
HockoabKy limy_.oo Sy = 0, HaligeTca Takoe m > 2n, yro ~2+L < 1. Ho
n

TOT 1A

m m
S 1 Sk — 1
E 7k>f.§ ko _mz-ntl
kSk41 m h m

St
k=n =n k+1
m-—n+1 1 m Sk
nbo — > — , a TOCKOJbK o =
m 2’ Y Hk_n Sk+1

m
1 Sk
2 > m—n+1
m-—n-+1 Z
k=n

B cuay HepaBencTBa Komrm.

3AMEYAHUE. JTa 33a1a4a ObLIA TPEIIOKeHa Ha BCecow3HON oauMmmua ie
mo maremaTuke «CTYJIEHT U HAYIHO-TEXHUIECKUN MTPOTPECC) A TTeANHCTH-
TyToB B 1982 r. (r. YepHUrOB), B KOTOPOU ABTOD PELICHUA MPUHAT JUIHOE

yIacTHe. (A. A. Beaos)

6.8. YCJIOBUE. Ananurmdeckas HyHKIUA (T.e. KOTOPas PA3IaraeTcsa B
KaXOU TOYKE BO BCIOAY CXONAIMUCA pan Tewnopa) MPUHUMAET B PaIo-
HAJBHBIX TOYKAX PAIMOHAJBHBIE 3HAYEHUA. BEPHO Ju, ITO OHA — MHOTOYIEH?

PEMEHMUE. OTBer HA BOIpOC: BOOOIIE TOBOPS, HET.

MHuoX)eCcTBO pAaIMOHAILHBIX GHCET CIETHO, 3aHyMepyeM MX U 00O03HAYINM
i-€ B DTOU HyMepAlUy PANUOHAJILHOE IKUCIO Iepe3 ;.

Paccmorpum cymmy

ag(z—zo)+ai(z—zo)(x—z1)+ - Fag(z—zo)(@—z1)-.. .- (T —xk)+..., (1)

rlle (y; — HEKOTOPBIE PAIMOHAIbHEIE KOX(PPUITUEHTHI, BHAYCHUS KOTOPHIX Oy-
IyT TOAOOPAHBI HAXKE.

Ecim z € Q, To £ = z; mpu HEKOTOPOM % W JAHHAA CyMMa O0OpPBETCA; B
CUIY PAIMOHANBHOCTH KOD(M(PUIMEHTOB (y; €€ 3Ha4YeHne OyaeT PaluoOHAIBHO.

MHuOTrowIeH, TPUHIMAIONAN BO BCEX PAIMOHAILHBIX TOUKAX PAIMOHAID-
HbIE 3HAYEHWS, UMeEeT PAIMOHAIbHEBIE KoadduimeHTsl. [losToOMy MHOXECTBO
TAKUX MHOTOUIEHOB c4eTHO. OCTANOCh MOKA3ATh, 9TO €CTh KOHTUHYYM II0-
caegoBareaproCcTen {0 }5° ), AL KOTOPBIX HAIMCAHHBIM BBILE PSJ CXOAUTCA
K AHATUTUICCKON HYHKIUU. /11 5TOTO TOKAKEM JEMMY.

JIEMMA 1. [[as 110601 mOCIe[0BATEILHOCTH MHOTOWIEHOB Ry, (%), 111 Ko-
topeix deg Ry (z) = k+1, cymecTByeT Takas moCIeJOBATEILHOCTH HEOTPHULA-
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TEJIBHBIX IUCENI T, ITO AL MO0 MOCIEeI0BATEILHOCTH (v, YAOBIETBOPSIIO-
uert HepaseHcTBaM 0 < ay < 1y, pag » . Ry () cxoamTea K aHATNTIIeCKON
dyHKIIAM.

[TOKABATEJIBLCTBO. O6o3uawuM depes M, MaKCUMyM |R§€J)($)| mpu
yeaosuax |z| < n,k < n, 3mecn f(j)(w) 0603HAYAET -0 TPOU3BOAHYIO. JDTOT
MakcuMyM cymecTsyer, 60 RU)(z) = 0 mpu j > k + 1.

Bosemem mocaesoBaTenbHOCTD T = Mn__&l/(n + 1)! m paccmoTpum Jti0-
6yI0 TOCIeIOBATENLHOCTE (f Takyw, 910 0 < af < 7. Jlerko BuaeTh, 9TO
PAIEL Y _po g akR,(Cj )(:1:) PABHOMEPHO CXOAATCA HA OTPAHAIEHHEIX MHOXECTBAX.
[MosTomy cymma

f(@) = axR()
k=0

eCTh 0ecKOHEeYHO mAuddepeHupyeMas PYHKIAA U €€ j-1 TPOU3BOTHAA PABHA
oo
f@) =Y R (a)
k=0

B CIIy CTaHAAPTHOW TEOPEMBI U3 KypPCa MaTAHAIA3A.

MokaxewMm, aro pag Tewropa dyukuum f(z) cxogures K f(z) B Kaxaou
TOYKE (9TO M €CTHb AHAIUTUYHOCTH). SAMUIIEM OCTATOYHBIA WIEH B (opMme
Jlarpanxa:

m .
_ FOD@) _ fmie
J=0
HOCJIe,Z[Hee BI:Ipa)KeHI/Ie CTpeMI/ITCH K HyJIIO HpI/I m — OO HOCKOJIbe7 B CI/IJIy
BBIOOpA (v MMEEeM PABHOMEDPHYIO CXOAUMOCTDH f (m)(x) K HYJIO IpH M — OO
Ha JI000M OT'DAHUTIEHHOM MHOXKECTBE. 0

[IpuMensas meMMy, MOXHO BBIODATH KOHTHHYYM DPA3JANTIHBIX IOCAETOBA-
TEILHOCTEN (Y, PALMOHAIBHBIX 9UCEN, A1 KOTOPHIX paf (1) cxomures x ana-
JUTAIECKON (PYHKINN.

KOMMEHTAPUN. AHATOTUYIHBIM CIIOCOGOM MOXKHO TOCTPOUTH KOHTHHY-
YM Pa3IWgHbIX AHATATHICCKAX (yHKIWA, TPUHAMAKOMUX B aIrefpamaecKnx
TOYKAX AIreOpan<ecKue 3HAUCHUA BMECTE CO BCEMU IPOU3BOHBIMU (a Takke
B PaIMOHAJBHBIX TOYKAX PaOIUOHAJBHBIC 3HAYICHUA U T. r[[)

Mox o TakXke 06eCIeInTD, YTOOBI (PYHKITHA OCYIIECTBIIIA OUEKITUIO MHO-
KECTBA PALMOHAIBHBIX (aIrebpandecKux) qucen Ha cebsa. Kpome Toro, MoxHO
crpouts byukmmm f(21,...,~T,), AHAIUTAIECKUE OTHOCUTEILHO HECKOIBKIX
IIEPEMECHHBIX, KOTOPBIC HC ABAAIOTCA MHOTI'OWICHAMMY, HO BCC UX OI'PDAHUYICHUA,
MOy aeMBbIe TIOACTAHOBKOUN Z; = a, 6 € Q, — MHOTOICHBI.

(A. A. Beaos)



258 3aga"HBIN pas3 el

6.12. YCHOBME. [lokaxwure, aro inf S,(2) =6, rae
xTi>

n

_ Tit1 + Tita | . o
1=

. 03bMEM HAOOp 4Yucea Ip — a° ~ IPpU kK = ...m—2n;
PEmMEHUE. B 6op p=ad"mpuk=12 ..., 2

Tpn—1 = Tp, = 1, DOe @ — TOTOXKUTETLHOE HHUCI0, MeHbInee 1. B aToMm caydae
S5n(2) < 64 2(n — 3)a, nbo xaxgoe u3 nEPBLIX (N — 4)-€x cAaraeMbIX MEHbIIe
2a, a W3 OCTABIIUXCA YETHIPEX IBA MEHbIIE 2 U ABa MeHbIine 1 + a. YcTrpemusn
a K HyIIO moryduM, 910 S,(2) < 6.

ITokaxem Tenepb, 4To Sp(2) > 6. [Jxa sToro gocrarodHo ybeguTbes B
TOM, 9TO

X = Z _Tktl > 3

T+ T3

Bocnoassyemcst mepaBeHCTBOM Koum — Bynsakosckoro mas Ha6OPOB IuCen

9 T3 Tn 1
14z’ T2 + a5 Vgt Tntzs
xo(x1 +14), x3(T2 + T5), cony  p(Tp—1+x2),  z1(TH + T3),

TTOJTY UM

(1 + 22+ ...+ 2)2
= (z172 + 2223 + ... + 2pry) + (T123 + Tory + ... + TpT2)

TaxuM 06pa3oM, JOCTATOTHO HOKA3ATh, ITO
5% > 3(x1w9 + moxs + ... + xpwy) + 3(x103 + Towy + ... + Tpxe) = 3Y,

roe S = x1 + 22 + ... + z,. lonoxum gma xpatkoctn Ag = 3+ 26 + ...,
Al = z1+ 24+ ... mw Ao = 29+ o5+ .... Torga S = Ay + A1 + Ay u
A% + A2 + A3 > S?/3. Tlepeasunys, ecim HYKHO, THCIA TO TAKIY, MOXHO
TOOUTLCA TOrO, ITOOBL 3 2> £1 U T3 > To. SJAMETHUM, UITO
§2>2(82 - AF— AT A3) =3 ) mum =37
i—k /3

Ecau n = 0 (mod 3), To Bce craraeMbie u3 CyMMBL Y COLEPKATCA U B CyMMe
Z. Ecmmn =1 (mod 3), To B cymme Y HeZocTaeT CIaraeMoro pi, KOTOpoe
HE MPEBOCXOJUT COAEPKAIMETrOCS B HEU CAAraeMoro Iprs. Hcam xe n = 2
(mod 3), To B cymme Y HEmOCTAET CIATAEMBIX Tp_1T]1 A LpL2, KOTOPHIE HE

IIPEBOCXOJAT COOTBETCTBEHHO CIATAEMBIX Ty, 113 U Tpx3. CTanxo 65T, S >
> 3Y > 37 u mcxomHOE HEPABEHCTBO JOKA3AHO.

3AMEYAHUE. UcnoabsoBanume HepaserncTBa Ko — ByHsakoBckoro gacto
MOMOTAET TP T0KA3ATEIHCTBE TONOOHBIX HepaBeHCTB. C ero moMOIIBI0 MOX-
HO noxy4uTh HepaseHcTBO [lamupo (Shapiro H. S., Amer. Math. Monthly, 61,
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1954, P. 571-572, Problem 4603)

n

It

Tpt1 + T2
oy Tkt +

opu n = 3, 4, 5, u 6 wim uepaserctBo (A. [Ipokomses, Ksant, N6, 1982,
sagada M749)

n
do L >
ey T + Th42
MHorounciaeHsabe TpUMEPHI UCIOAb30BaHWs HepaBencTBa Komm — Bymakos-
CKOTO B MOAOOHLIX CIyYasdX IpHBENeHLI B cTaThe Xpabpos A. HU. [lokasza-
TeILCTBO HEPABEHCTB IIPYU HOMOIIY KBasuwinHeapusanuy // 3agaaun Cankr-Ile-
TepOYyPrcKOU OJUMIMA MBI IMKOABHUKOB M0 MaTeMmaruke, 1999 rox. Usg-so

CIIel'y, 1999, C. 81-87.
’ ’ (A. H. Xpabpos)

7.2. YCJIOBUE. [lonycTuM, 9T0o n100yI0 KOHEYHYIO KapTy HA IIOCKOCTH
MOXHO NPABIILHO PACKPACUTL B 4 nseta. JokaxwuTe, ITO TOT 4 NPOM3BOIL-
HYIO KapTy HAa INIOCKOCTH TAaKXe MOXHO IIDABWILHO PACKPACUTH B 4 nBeTa.
(CrpaHbl MOXHO CYATATH MHOTOYI'OJbHUKAMU. PACKpACKa HA3LIBACTCA NpPa-
8UAbHOT, €CAU JI0OBIE IBe CTPAHEL ¢ OOUINM Y<IaCTKOM T'DAHUILI PACKPAIIeHEI
B Pa3HBIC [[BETA.)

IIEPBOE PEIEHUWE. HaszoBeM TpaBUILHYIO pacKpacKy P MHOXecTBa
cTpaH S HEoZPaARUUEHHO NPOJoaNcaemoti, eCIn IIA JHOOr0 KOHETHOI'O MHO-
xectsa S’ ona mpogomxkaerca Ha, SUS’. Ecim P He aBaseTcsa HEOrDAHUYCHHO
OPOJOMKAEMOK, TO CYMECTBYET KOHETHOE MHONCECTNEO HENPOJOAHCAEMOCTIU
S’ Takoe, aro P me mpogonxaerca ma S U S’

Ecim P eCTb HEOTpAHTIECHHO MPOAOTKAECMAA PACKPACKA MHOXKECTBA S,
C — cTpaHa, TO CymECTByeT HEOTPAHMYEHHO NPOJAOIXKaeMad packpacka P’
muoxectsa S = SU{C}, npopomxkatoman P. [[eNCTBUTEIBHO, CyNIECTBYET HE
6ouee 4 paBUAbLHBIX packpacok S’, mpogomxkarommx P, n ecim OHU HEIIPOA0JI-
XKAEMEI, TO O0BENUHEHNE COOTBETCTBYIONMX MHOXECTB HEIPOI0MKAECMOCTH
€CTh MHOXECTBO HEIPOI0IXKAEMOCTH mis P.

MHuoxecTBO cTpan cieTHO. 3anymepyeMm cTpanusl C1, ..., Chp,. ... Ilo ycio-
BUIO, PACKPaCKa MYCTOI'0 MHOXECTBA HEOIDAHMYEHHO MPOJOJXKAaeMa M OHa,
HOCAEJ0BATENBHO TIPOAOIKACTCA 0 HEOIPAHMYEHO IIPOAOIKAEMON PacKpac-
KU TIEPBBIX 7t CTPaH M a060ro n. O6benHenne BCEX TAKAX PACKPACOK TaCT
MCKOMYIO PACKPaCKy BCEX CTPaH.

3AMEYAHUE. C momomnsio deMMbl LlopHa MOXHO M0KA3aTh CJAEAYIOIIEe
0600menne 3amayum: JOMYCTHM, KaXALIM KOHEYHHIM moarpad rpada G
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MOXHO TIPABUIBHO PAacKpacuTh B k mBeToB. Torma seck rpad G Takxke MOXKHO
IpPaBUIHLHO PACKPACUATH B Kk IIBETOB. (A. A. Beaos)

BTOPOE PEIIEHUE. 3aHyMepyeM CTPAHBI HATYPAJbHBIMUA TUCAAMH. 3a-
HyMepyeM 1iBeTa yucaamu 1,2, 3, 4. ComocTaBuM packpacke MEPBBIX N CTPAH
pecaTuIHyo apobn 0,a1as .. .Gy, ... , TAE a; — HOMEp IBETA i-U cTpausl. 1lo-
CKOJBKY TIEPBHIE 71 CTPAH MOXKHO MPABUILHO PACKPACUTD, CYIMIECTBYET MOCTe-
poBaTeabHoCTh “ucer {z,} C [0,1] Takas, 9TO WieH X, KOAUPYET IPABUIb-
HYIO PACKPACKy TEPBHIX 1 CTPAH.

Uz mmo6ou moCTegoBaTEIbHOCTH TOYEK OTPE3Ka MOXKHO U3BJICTL CXOI-
IIYIOCA MOATIOCAEA0BATETBHOCTE. [IycTh X — mpemenbHas Touka {x,}, T.e.
npenes HEKOTOPOHU MOAMOCAEI0BATETBHOCTH. JIEMKO BUAETD, 9TO AECATUIHOE

pasnoxenne amcaa X KOAUPYeT IPABHABHYIO DACKPACKY BCEX CTPAH.
(B. Hotizem)



