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["maBHBIE HATTpABIECHUA
BEKTOPHBIX TIOCIEI0BATEILHOCTEN
u TeopeMa JleBu — [llTennuna

. A. IBanoB

[Mepedopmyaupyem Teopemy Jlesu — [l rennnna cregyrommm 06pa3om.

TEOPEMA. ITycmb ¢, — makas nocaedosamesbnocms 6exmopos u3 RY,
umo das wwbozo f € R, f #£0, pad 3.2 (c;, f) ycaosno cxodumcea.
Tozda das aoboeo r € RY cywecmeyem makas nepecmanosra Hamypais-
no2o pada o(n), wmo lim 7", ¢, =1,
m—»00

Hamee MBI 6yIeM pacCMaTPUBATH TOIBKO TAKUE MOCAEIOBATEALHOCTH Cp,
KOTOPHIE YAOBIETBOPAIOT YCIOBUIO TeopeMHl. [lokaxeM Aad HUX HECKOIBLKO
JIeMM.

JIEMMA 1. lim,,_,o ¢, = 0.

[JOKA3ATEJBLCTBO. BriGepem OpTOroHAILHBIN 6a3WUC U3 €IUHUIHBIX BEK-
TOPOB €1, ..., ed. Bce pagst Y oo (ej,¢;), rae j = 1,...,d, yCIOBHO CXOAATCA.
3HAYHUT, BCe CKAIADHEIE IIPOM3BEJEHNA (€}, C;) CTPEMATCA K HY.IIO C POCTOM .

OnPEAENEHME. IlycTs e — eamnmunbm BekTop B RY. Hazosem mampa-
BIEHUE, 33aBAEMOE BEKTOPOM €, 2446HbiM A TOCIENOBATEILHOCTH Cyy, €CIU
CyIIECTBYET II0ANOCIEOBATEILHOCTD Cp;, TAKAA, ITO:

1) Z1_1)1(?0 cos(e, cp;) = 1, T. €. BEKTOPHL Cp; CTPEMATCS K € IO HAIPABICHUIO;

2) pag Y oy Cn; PACXOAUTCA.

3AMEYAHUE 1. Jlerko BHAEeTH, YTO MHOXECTBO T[VIABHBIX HAIPABICHUN
3aMKHYTO. [[eNCTBUTEIBLHO, TyCTh UMEETCA TOCAE0BATEILHOCTE (1 TJIABHBIX
HATPABIEHUH, CXOJAMAACA K HATTPABICHUIO a. KaX 10My a; OTBEYIAET CBOS O~
TIOCJAEN0BATETHHOCTE BEKTOPOB, CXOAAMIAACA K TAHHOMY HATPABICHUIO, TAKasd,
9TO PAM, COOTBETCTBYIOIIAY STOU MOCICIOBATEILHOCTH, PACXoAuTcsa. Ho To-
raa, o0beIuHAd JOCTATOYHO AINHHLIE HAYAIbHBIE KYCKY DTUX IOAIOCIE[0BA-
TEIHLHOCTEN, MOXHO TOJYYATDH MOAMOCAE[0BATEALHOCTD, CXOIAUIYIOCS K @, U
TOXE ONPENEIAIONIYI0 PACXOMAMIANCA PALI.

JIEMMA 2. Muoxcecmso 24a8HbIT HaNPasBACHUT He COOEPHCUMCA HU 8 00-
HOM OTEDBITLOM TOAYNPOCTNPAHCTNEE.
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ITOKA3ATENLCTBO. IlycTh ™ — TIUOEpPILIOCKOCTL B ]Rd, pa3buBaromiasn
IPOCTPAHCTBO HA ABA MOLYNPOCTPAHCTBA A m B, KOTOpas He COAEPKUT TIaAB-
HEIX HanpasaeHuu. JJokaxeM, 9TO TIaBHBIE HATPABJIEHUS CYIIECTBYIOT B 000-
#X TOXympocTpancTBax A u B.

BrigemuM B mocIe0BATEILHOCTH Cp, JBE HOANOCIENOBATEILHOCTH: Cp, CO-
CTaBI€HA M3 9IEHOB Cp, JeXammx B A, ¢y, — W3 “WIEHOB Cp, Jexammx B B.
O603Ha9UM 9epe3 € eMHAIHBIA BEKTOD, NEPIEH IUKYIAPHLIA 7. Tak Kak paj
Y2 (e, ¢i) CXOAMTCA YCIOBHO, TO MOAPALBL Y ooy (€, Cp, ), Z;’il(e,ckj) pacxo-
AATCA, &, 3HAIAT, PACXOAATCA ¥ HOAPALBL Y 01 Cpy, Z;’il Ch; -

ycts e1,...,e4—-1 — 6azuc .

[TocaegoBaTensHOCTD COS(€1, Cp;) OIPAHWYEHA U, CIEOBATEILHO, MMEET
npejelbHbIe TOYKH. VI3 PACXOAUMOCTH PAA Y ooq Cp; CIEAYET, UTO MOXKHO
HAUTH OpPEeAEIbHYI0 TOUKY P mocaes0BaTeabHOCTH cos(€, Cp, ) X IOATIOCHE A0
BATETBHOCTS U5 B Cp; Takme, 970 limy,_, cos(eq, u%)) = Pi,apagy ., ud)
pacxogurcs. JlencTBurensHo, HaYMHAA OT oTpe3ka [—1; 1], MoxHO nocTpouTs
JEJEHMEM TIOTIONAM TAKYI0 MOCJAEI0BATEILHOCTE BJIOXKEHHBIX OTPE3KOB [k, 9TO
nmuHa I;, pasra 2% 1 11a Bcex k pacxoguTCs pAj, COCTABICHHBIN U3 TEX <ie-
HOB Cp,, KOTOpEIe npuHAgIexRaT [;. O6mas Touka STOR MOCIe[OBATEILHOCTH
OyIeT MCKOMOM IPEAEIbHON TOYKON — YOEAUTHCA B DTOM MOXKHO, UCHOIB3Y
paccyxeHue, aHAJOTUIHOE 3aMEIaHUIO 1.

(1)

[anee pacCMOTPUM MOCIENOBATEILHOCTL COS(€9, U’ ). OHA Takke mmeeT

(1)

Hpe,z(eJILHI)Ie TOYKM U B Uy AHAJOTHYIHO MOXHO BI)I6pa,TI) Ta.KyIO Ioanocie-
2 . 2 2

JOBATEILHOCTD usn), 910 lim, ,« cos(eg, usn)) =Py, apagy o, ugn) pacxo-
JTATCA.

[Ipogonxas 3TOT HPONECC, Mbl HAWAEM TaKylo MHOJIIOCIEJ0BATEILHOCTD
d—1 . . d—1
ul ), 90 aaa Beex 1 < 1 < d — 1 Bemoarero limy, oo cos(e,-,usn )) =P, a

00 (d-1) _

ALY o1 U pacxoaurcs. CrefgoBaTenbHo, Hanpasienwue [, rae cos(l, e;) =
= P;, 6yfeT riaBHBIM JJIs NOCIELOBATEIBHOCTH Cp,. AHAJIOIMYIHO CTPOUTCS
TJIaBHO€E Har[paBJIeHI/Ie A IIOCAe10BATEIABHOCTHA Ck] .

Bynmem HA3BIBATH HAMMEHBIINY BBHITYKIBIA KOHYC, COAEPKAIINN MHOXECT-
BO BeKTOPOB M, Konuueckot oboaouroti M.

JIEMMA 3. ITycmb M — 3aMKHYMOE MHONCECTBO €UHUYHBIT BEKMOPOS
6 RY, xomopoe me codepacumcsa wu 6 00HOM OTKEPHITIOM TOAYTPOCTPaH-
cmee.

Toeda cywecmsyem maxoe nodmmoxcecmeo M' C M, umo xonuueckas
o6oaouxa M', ecmb aubo sce R, aubo nexomopas 2unepniockocms 6 R?.

JOKA3BATEILCTBO. Paccmorpum koHE4IeCcKyI0 060m0uky M. Y Hee He 60-
Jiee OJHOU OMOPHOM T'MIEPILIOCKOCTH (MHAYE eCTh OTKPHITOE MOLYIPOCTPAH-
crBo, cogepxamee M). Ecim kommveckas obomouka ecTs Bce RY, To Bce
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ITOKa3aHo. B mpoTWBHOM caydae KoHWYecKas 06omodka M— 3aMKHyTOE TIO-
JyIIpOCTPAHCTBO. TOI",[];H, B Ka49€CTB€ MCKOMOI'O MOAMHOXECTBA MOXHO B3ATH
BCE BEKTOPHI, TPUHAIIEKAIIAE OMMOPHON TUIIEPILIOCKOCTH.

JIEMMA 4. ITycmb e — edunuumnbiti 6eKMOP HEKOMOPO20 24G6H020 HANPa-

eaenus U ty — Maras NodNOCaedoB8AMEABHOCTL Cp, CTOOAULGACH K IMOMY
Hanpasaenuio, ¥mo pad y .oty paczodumca.
Tozda das aw0bviz A >0 u e >0 cywecmsyiom maxue eexkmopbi ts,,. .., 1t

u3 {ts}, umo

m
| e — Zt5i| <e.
i=1

JOKABATEJLCTBO. IlycTs3aganer A > 0 ue > 0. B mocaenoaTensaOCTH
ts 6y IeM pacCMaTpPUBATH TOABKO BEKTODHL U;, AJLI KOTOPBIX BEIIOJHAIOTCA IBA
YCIOBUA:

3
o

Cornacuo emme 1 Bce BEKTOPHI tg, KPOME KOHEIHOT'O YHCIA, YAOBIETBO-
PAIOT 5TUM YCJIOBHUSAM. JI€rKO BHAETH, 9TO, B3SB HECKOJIBKO IIEPBBHIX WIEHOB
IOCHeIOBATCIBHOCTHA V;, MBI ,I[OﬁbeMC}I TOTr'Q, 9TO MX CyMMa O3 A€T B IIapP
pagmlyca € C IEHTPOM B €.

1) Joil <e/2;  2) tg(vi,e) <

JIEMMA 5. ITycmoe M — mnodcecmso eOURUYHbIT 8EKMOPO8 2AABHBIEL Ha-
NPasAeHUT U 8EKMOP T NPUHGIIEHCUM KoHuUecKot o6osoure M.
Tozda das aw06020 € > 0 natidymea makue 8eKMOPLL V1, ..., V0, u3 {cn},

umo
m

|r — E v < e.
i=1
[TOKA3ATEJBLCTBO. Tak Kak 7 OPUHAICKUAT KOHUIECKON 06omouke M,
TO CyWIECTBYIOT TaKwe €i,...,es € M u ai,...,as > 0, a0 7 = Y 7 | a;e;.
Cornacuo gemme 4, ams KaXIOTO BEKTOPa aie;, 1 < 4 < 8, CYUIECTBYIOT 11%;

(1) (4)
1

s« U, w3 {cp} Takmx, 9TO

m;
3 3
la;e; — Z’l)](-z)l <
i=1

Bes OI'PaHNYICHUA O6IJ_IHOCTI/I CIuTaeM, 9ITO HCIOIB3YEMBIC I B]:;I60pa

13
BEKTOPOB 'uj(-) TOATIOCTEIOBATEIBHOCTH, CXOAAIIMECS K TJIABHBIM HAITPaBJIe-

HUAM, HE IIEPECEKAITCA (,U;JI}I BBITIOJTHEHUA 3TOT'0 YCJIOBUA AJOCTATOYHO BHI-
OpOCHTL M3 KaXIOW MOAIOCICIOBATEILHOCTH HE 60Iee 9eM KOHEYHOE JUCIO

“WIEHOB).

BEKTODOB v
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7

Tenepb pacCMOTPHM CyMMY BCEX TOJYYE€HHBEIX BEKTODOB v](- ), JTa cyMMa
OTIMYIAETCA OT T He Oonee, deM Ha £. OTMETHM TaKXe, ITO BCE TACTUIHEIE
CyMMBI (CyMMBI HECKOJIBKAX IIEPBLIX BEKTOPOB U3 HOCTPOEHHBIX 171) 110 MOZAY-

JII0 He boablie \e.

JTOKA3ATEJIILCTBO TEOPEMBI JIEBU — Il TEMHUITIA

CorznacHo JemMme 3, IIpHMeHeHHOﬁ KO MHOXECTBY IVIaBHBIX Ha,IIpaBJIeHHfI,
BO3MOXHBI ABa CIyYasd:

1. Konuveckass 000J09KA EIUHUIHBIX BEKTOPOB TUIABHBIX HAITPABJICHUN
ecTsb Bce RY.

2. Konudeckasa 000J09Ka EIAHUYHLIX BEKTOPOB TJABHBIX HAMPABICHUN
eCcTh IUIEPILIOCKOCTH B RY.

PaccmoTrpum neperiz caygan. [lycts r — BEeKTOp, CXOAMMOCTE K KOTOPOMY
HYXHO Opranms3oBaThb. Pukcupyem HekoTOpoe £ > (.

[TpumeHss remmy 5, MBI HA#JeM HECKOIBKO BEKTOPOB, TAKUX, 9TO UX CyM-
Ma OTIMYAETCA OT T He Ooxee deM Ha /2. BosbMeM mx B KadecTBe IEPBBIX
WIEHOB MCKOMOW IIEPECTABICHHON MOCIEOBATEILHOCTH. [lyCcTh % — mepBuIn
BeKTODp u3 {cy, }, HE MCHOAB30BaHHEIN HAMU. [J06ABAM €ro K MCKOMOY HOCIEL0-
BaTeIbHOCTH. IlyCcTh Temeph MOCTPOEHHAA CYyMMa OTIXIAETCA OT T Ha BEKTOP
r1. OnAThL UCHOAB3ysA JeMMYy 5, HAUAEM €lle HECKOIBKO BEKTOPOB, 9TOOBI UX
CyMMa OTJAMYaIach OoT r; He 6onee yeM Ha £/4. Teneps onaTh 6epeM NEPBHIA
HEUCIOJIL30BAHHEIN BeKTOD u3 {c, }. IIpogomkas aHAIOruIHEIM 06Pa30M, MBI
B06BeMCs TOTO, 9TO YACTUIHBIE CYMMBI IOLY Y€HHOU HOCIE[0BATENLHOCTH OY-
OyT CTPEMUTHCA K BEKTOPY T, TAK KaK HOOABIEHUE B KOHIE KAXKOTO IUKIA
HAIIEr0 MPOIecca HEKOTOPOro BEKTOPa (BCAKWU Pa3 MEPBOTO U3 elle He UC-
NOIB30BAHHBEIX) B CHIY JEeMMHEI 1 HE MOXeT moMemaThb cxogumocTu. Kpowme,
TOrO, ICHO, 9TO MBI UCIOIL30BAIN BCE BEKTOPHL U3 {c, . Takum 06pazom, Mel
IOy Iuan TpeOyeMyIo IepeCTaHOBKY.

PaccmoTpum BTOpou ciayuan. IlycTs kOHMYECKAs OGOJOIKA €TUHUIHBIX
BEKTOPOB, ONPEACIAIOIINX INIABHBIEC HAIIPABJICHWUA, €CTh TUIEPIIOCKOCTH 7.
Bribepem Gasuc B R?, mepsuiii Ga3MCHBIN BEKTOP € KOTOPOTO IEPIEHIUKY-
asapen w. CorumacHo Jlemme 5, mas ao6oro BekTopa v € m u Jawo6oro € > (
CYIIECTBYIOT HECKOIBKO BEKTODPOB M3 {Cp }, TAKUX, 9TO UX CyMMa, OTIAIACT-
CA OT ¥ HA BEKTOP, MOAYJb KOTOPOTO MEHBINE &, W, CAEJOBATEIHLHO, MOLY.Ih
TEPBOU KOOPAUHATHI MEHBIIIE £.

[IycTs 7 — BEKTOP, CXOAUMOCTE K KOTOPOMY HYXXHO OPraHU30BaTh. Duk-
cupyem mekoropoe £ > 0. Ilo ycaoBmio pag Y .o;(ci,e), T.e. PAL TEPBBIX
KOOpPAWHAT B HameM Oasuce, ycioBHo cxogurca. Cormacuo Teopeme Pumana,
MOXHO BBIODATH HECKOJIBKO BEKTODPOB U3 {Cp} Tak, 9TO mepBasg KOOPAWHATA,
X CyMMEBI § Oy/IeT OTIMYATHCS OT TEPBOM KOODPAMHATHL BEKTOpa T HE Gomee
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4eM Ha £/4. Bo3bMeM 5T BEKTODHI B KA4eCTBE MEPBLIX WICHOB HAIIEH MOCIe-
moBarensHOCTH. IlycTh v — BEKTOp, y KOTOPOro mEpBas KOOPAWHATA PABHA
HYJIIO, & OCTAJBHBIC DABHBI PA3HULE COOTBETCTBYIOIINX KOOPDAWHAT BEKTOPOB
T M § — CYMMBI BCEX B3ATHIX HAMU HA NAHHBIA MOMEHT BEKTOpPOB. Temeps,
UCIOAB3Y s IEMMY 5, HAlIeM HECKOIBbKO BEKTOPOB U3 { ¢y, }, TAKUX, 9TO UX CyM-
Ma OTAMYaeTcs oT v He Gonee deM Ha £/4. BosbmeM HallfjeHHBIE BEKTODHI B
Ka9ecTBe CIeIYIOUIX HECKOIBKUX WIEHOB UCKOMOU mocaeqoBaTersHOCTH. [lo-
JY9UM, 9TO M0 KaX IO KOOPAUHATE CYMMa BCEX B3ATHIX HA JaHHBIA MOMEHT
BEKTOPOB OTIAMYIAETCS OT 7 He Goxee, 1eM Ha £/2. Teneps BO3bMeM B KA9eCTBE
CIIEAYIOMEr0 BEKTOPA MOCAEOBATEILHOCTH TIEPBLIM HE UCIOAL30BAHHBIN €IIe
HaM¥ BeKTOD u3 {c,}. Temepb Ha HOBOM BHTKe IPOLECCA C IOMOIIBIO TEOPe-
Mbl PuMana oprammsyeM mpuOauXeHWe K BEKTOPY T 10 NEPBOU KOOPAUHATE
Ha €/8, a H0TOM 106ABIAA HAVEHHEIE C IOMOIIBIO JJEMMBL 5 BEKTODBL, 1005eM-
Cs TOrO, 9TOOBI PA3HUIA [0 KaX IO KoopamHaTe 6bl1a He Goxee /4. [lorom
OmATE 40OABHAM MEPBLIM HEMCIOIL30BAHHBLIM BEKTOP M TakK gajtee. SICHO, 4TO
IUIST 33, TAHHOT'O € BCE YACTUIHBIE CyMMBI, HAMUHASA C HEKOTOPOT'0 MOMEHTa, Oy-
OYyT OTIAYATHCA OT T HA BEKTOP, IO MOAYJI MeHbIMN €. Kpome TOro, moi
WCIOIB30BAIN BCe BEKTOPH u3 {cp}. Ilomyummm Tpebyemyro mepecTaHOBKY.
Teopema mokasaHa.



