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AnropurMm EBKImma, nemnuble apobu, TUCIa
PduboHaTIM 1 KBAIPUPOBAHNE TTPAMOYTOJILHIKOB

C.B.Tamxkos

1. AsroputM EBKIUIA U KBAAPUPOBAHUE MMPAMOYTOJIbHUKOB

CBOM 3HAMEHWTHI AITOpUTM EBKIUI TPUAYMAT JIA PENICHUS 33Ja97d O
COM3MEpIMOCTH AByX oTpeskoBr). O6Imeil Mepolt OTpeskoB ¢ ammHAME [ 7 lo
HA3BIBAETCA TAKOU OTPE30K [JIUHE [, KOTOPHIM MOXHO yJIOXUTEH 6€3 0CTaTKa
KaK B IIepBOM OTpe3ke (04eBUAHO, poBHO /1 /I pa3), Tak u BOo BTOpoM (COOT-
BeTCTBEHHO [y /] pa3).

Kaxk m3BecTHO, aJrOpUTM 3aKII09aETCA B claeayoomeM. MeHbmui 0Tpe3ok
(pauuBL l9) ykmagsiBaeTcs B GoabieM (AAvHBL []) MAKCUMAIBHO BO3MOXHOE
9HUCIO0, CKAXEM @1, Pa3, MOCIE Y€ro OCTAETCI OTPE3OK IIUHEL [1 — aily, KO-
TOpYI0 0603HAYMM [3 (HA AIre6GpamvecKoM A3BIKE DTO HABBIBAETCA [EICHUEM
c octaTkoM). OTpe30K l3 YKIAABIBAETCSA, CKAXEM, G2 Pa3 B OTPE3KE lo, U TIO-
JIy9aeTcsa B ocTaTke oTpe3ok [4. [loTom oTpe3ok 4 ykiamuiBaeTcsa az pas B
oTpe3Ke [3, ¥ mOJIyIaeTCss B OCTATKE OTPE30K [5 U T. 1.

KcraTu, cam EBkinm g uHAyKIMIO HE TPOBOII, & TOBTOPUII AT AJITOPUTMA,
Tp¥ pasa, ¥ MBI TOXE HOCAeqyeM eMy B 3ToM. PaboTy anrropuT™ 3aKaHINBAET
HA TOM IIAre, CKAXeM C HOMEPOM k, KOr'[[a, MOy YeHHBIN HA MPEABIIYIIEM [Iare
OTpPe30K i1 YKIALBIBACTCA Ha OTpe3Ke I POBHO ay = li/lx41 pas. Torga B
KavecTBe 06mern Mepsl [ oTpe3kos /1 u [y 6epeTcs oTpe3oK k1.

B coBpeMeHHOU TEpMUHOIOrWH IIWHY OTPE3KA g1 — 0o6Imen Mepsl oT-
peskos [y u [y — HasnBaoT HauboabmmM obmmM geaurenem (HOM) Iy nly u
o6ozmagator (I1,1s).

O603naMuM €(m,n) 9uCca0 mMAroB arropuTMma EBKIMAA, TPUMEHEHHOTO K
HATYPAJbHBIM 4YuCIaM M u n. ICHO,9TO BBeAeHHAA (DPYHKIUA CAMMETPUYHA,
T.€. HC MEHACTCA IIPDU NIEPECTAaHOBKE CBOUX APTyMEHTOB, U 3aBUCUT TOJBKO
OT OTHONIEHHA M /7.

D (Cam 0o CBOM MeTOJ AITOPITMOM KOHEUHO HE HA3BIBAL, TEPMUH BTOT CTAT IOTy.IApEH
B HAIlleM BEKe W IPOUCXOAUT OT MCKAXEHUsa nMeHr Axb X0ope3Mu — XUBIIEr0 TBHICATY AT
Ha3a1 B XOpe3Me BBEIJAIOLIEr0CA MATEMATHAKA, HA3BAHUE OJHOU M3 KHUT KOTOPOT'O JAI0 MM
IenoMy pa3jery MaTeMaTHK! — aiarebpe.

MaTemaTu4eckoe npoceewerne, cep. 3, soin. 6, 2002(93-115)



94 C. B. I'ammkxoB

Anropurm EBkauga — ogus u3 Hambosee 9acTO ymoTpeOIAEMBIX B MATE-
MaTuke u Jaobas uadopManys o0 GyHKIAA e(m,n), OUEHUBAIEN CKOPOCTh
ero paboTs, nHTEepecHa. O IHAKO, HECMOTPS HA IPOCTOTY ONpeaeaeHus1, QpyH-
knus e(m,n) BegeT cebs OY€Hb HEPETYISAPHO U C TPYAOM IHOAAAETCA UCCIe-
noBaamio. [lo cux mop Hambosee M3BECTHBHIM PE3yAbTATOM O HEH OCTAETCA
HallJeHHAS B IIepBOi moaoBuHe 19-ro Beka?) omenka

e(m,n) < |logy(V/5(max(m,n) +1/2))] — 1,

rae ¢ = (V5 4+ 1)/2 — Tak Ha3eIBaEMOe 30JOTOE CedeHme, a |a| — meras
9aCTh 9UCIA a. [[PYyruMHA CIoBaMy, 9UCIO JeJeHul B aaroputMme EBkimaa Ha-
XOXJ€HUA (m,n) He IPEBOCXOLAT

|log, (v/5(max (m,n) +1/2))] — 1,

IpUYeM OIEHKA TOYHASA, B I€M MBI CKOPO yOearmMcs.

Pa6ory amropmrma EBkiamga MOXHO TPEACTABUTH TAKXKE CJIETYIOMIAM
06pa3oM: B IPAMOYTOJIBHUK pasdMepa l1 X lo yKIAAHIBAEM i KBAJPATOB Pa3-
Mepa ls X lo, B OCTaBIIMUCS TPAMOYTOABHUK pa3Mepa [y X l3 ykianwiBaem as
KBaAPaTOB pa3Mepa l3 X 3 u T. ., TOKA He TOKPOEM MPAMOYTOJLHUK Pa3Mepa
Iy X lo xBagpaTamu k pasHBEIX pa3MepoOB B OOIIEM KOJIUYIECTBE a1 + ... + ak
MITYK.

O6o03naaum F(m,n) HamMeHbIIEe 9UCIO0 KBAAPATOB B MOLYy9IEHHOM C IIO-
MOIIBI0 arropuTMa EBKIN I TOKPHITUN IPAMOYTOILHAKA Pa3MEPa M X N.

B gononnenve x Bepxuen ouenke gpyukuuu e(m,n) garee 6yneT 4OKa3aHA
TaKXe JBOUCTBEHHASA K HEU B HEKOTOPOM CMBICJAE HUXHSIA ONEHKA (PYHKIIUU

E(m,n)
E(m,n) > |logs(V5(max(m,n) — 1/2))],

CIIPABENINBAA TPU JIOOBIX B3aWMMHO IPOCTHIX M, N. ByaeT moxa3aHO TakKXe,
YTO YKa3aHHAS OIEHKA TOYHAA, T.€. OHA JOCTHUraeTcA Aas 6€CKOHEYHO MHO-
rux m,n.

Bompoc o ee goctuxumocTr XOTs OB TO MOPAAKY AJMA TPOU3BOJILHOTO
3HadueHusa max(m,n) He gceH. BIm3ko K 5TOMy BOIPOCY CTOUT TOCTABICHHAS
H. M. KOpOﬁOBBIM?’) npobieMa O CyIIEeCTBOBAHUAM [ JI000TO 7. TAKOW Tpa-
BIIBHOUM APO6H T /n, 9TO B ee PA3JIOXKEHWM B LENHYH APOOH BCE DIEMEHTHI
OyZyT OIDAaHMYEHBI, ¥ TOTZA

E(m,n) < Clogn, e(m,n)< clogn,

rae ¢, C — HEKOTOpHIE KOHCTAHTHL.

) UspecTrBIM GdPaAHIy3CKUM MaTeMaTHKOM Jlame.
3B npomuom noGegurenem meproi MOCKOBCKON MATEMATHYECKOMN OMMMIINA,EL, HEIHE M3-
BECTHBIM CIEIUAINCTOM IO TEOPUY IUCET M BHIYUCIATEILHON MATEMATUKE.
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Eciu camraTs membio aaropurMa EBKINIA MOKPHITHE TPAMOYTOJILHUKA
KBAAPATAMH, TO OH JEHCTBYET KAK «KAJHBIM aIrOPHTM»>: Ha KaXOM IIare
IOMEIIAET B NPAMOYTOJBHUK HA CBOOOMHOE MECTO KBAJAPAT MAKCUMAIHLHBIX
pasmepoB. Ha mepBuIn B3TIAL KAXETCA, 9TO OH CTPOUT MUHUMAILHOE TI0 Yh-
CIIy MCIOAB3YEMBIX KBaAPATOB MOKpHITHE. ) IHAKO DTO HE TAK U B 3TOM MBI
ckopo yb6exmmcs. [losromy mmeer cMmbica 0603HaIuTh K (M, n) HauMeHbIIEe
9UCI0 KBAJAPATOB B HMOKDPBHITUH OPAMOYTOIBHUKA PA3MEPA 1M X 1 U PACCMO-
TPETh 33434y O BREIYUCJICHUN DTOU BEIUYIUHBL. B 00IIeM ciydae OHA, OKA3bIBa-
€TCs YPE3BBIYAWHO TPYIHOU.

3AAYA 1. [oxkaxwure, uro K(5,6) =5, E(5,6) = 6.

BosHuKaeT BOmpoc: a MovYeMy MBI IPEAToIaraeM, 9To M, n — HaTyPalb-
HbIE, MOXET OBITH UMEET CMBICA TaKXe PACCMOTPETH 33434y O pa3OueHun Ha
KBaPAaTH MPAMOYTOJILHUKOB W C HeCOm3aMepuMmbiMu cTopoHaMu? OTBeT Ha
9TOT BONPOC A3aeT AoKasaHHasd B Hadase 20-ro Beka M3BECTHHIM HEMEIKUM
MaTeMaTuKOM M. [[eHOM TeopeMa O TOM, YTO €CId MNPAMOYTOJLHUK pa3pe-
3aH IPOM3BOALHLIM 06pPa30M HA KBAJAPATHI, TO €r0 CTOPOHHI COM3MEPUMEI CO
CTOPOHAMH BCEX DTUX KBAJAPATOB U APYT C APYTOM.

PaccmoTpum Teneps caeayommil KaacC NOKPHITHN (B APYTOM TEPMUHO-
Jgoruu — Pa3bUMeHuy WX Paspe3aHuyl) NPAMOYTOIbHUKA. PaspexeM mpsamo-
YTOILHUK HA ABA MPAMOYTOIBLHUKA, MOTOM KAKOW-HUOYAb M3 HUX PAa3pPeXeM
Ha [Ba NPAMOYTOIbHUKA W TaK Aajee 0 TeX IOp, MOKa He MOLyYaM pasOu-
€HME MCXOJHOTO MPAMOYTOJbHUKA HA KBaApPaThl. Takue pa3sOMeHmsa HA30BEM
TUILOTUHHBIMY Pa30ueHnAMY (MOKPHITAAMY) 1 0003HAIMM MUHAMAJILHOE UW-
CJI0 KBAJPATOB B TAKOM Da3OMeHMU MPAMOYTOALHUKA M X 1 aepe3 H(m,n).

JIerko mpoBepuTH,9TO BCE BBEJEHHBIEC (DYHKINU CAMMETPUAYIHBI U 3aBUCAT
TOIBKO OT OTHOIIEHUA 1M /7, TMOITOMY Aajdee Mbl OyfeM IPeANOIaraTh, 9TO
M ® N B3aUMHO IPOCTHI, T.€. HE UMEIT OOIIEro AEIWTENsA, OTIAIHOrO OT 1.
Manee Gyger mokaszaHo, 9TO BO3MOXHbBI HepaBeHcTBa K(m,n) < H(m,n) u
H(m,n) < E(m,n).

Met Bepremcsa k dyakumam K(m,n) u H(m,n) nosgaee, a cenvac moxa-
xeM, Kak dbyakuuu F(m,n) u e(m,n) CBA3aHBI ¢ BAXHLIM HOHATHEM I[EITHON
Ipobu.

2. AgroputM EBKJIUIA U IEIHBIE IPOBMU.

ITonsiTue menuOM APO6GU OLHO W3 BAXKHEUIIMX B MATEMATHUKE, €My MIOCBI-
wensl neasie kauru (Hanpumep «llemawie apo6my A. fI. Xunuwna) m muOrHmE
crateu B xypHaue «Ksan (manpumep E. M. Hukumuna u 0. B. Hecreperko

4)TepMI/IH OKAJHBIA AITOPUTM» YIOTPEOIACTCA B CEPHE3HOM CMBICTE AJAA 0003HAYEHU
OZOOHOI0 THUIA AIT'OPUTMOB.
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B Ne5,6 3a 1983 r.). [lamee MBI paccKaxeM O HEKOTODPBIX MAJIOU3BECTHHIX 3a-
[a9axX, CBI3AHHBIX C UEIMHBIME ApOo6AMu 7 uuciamu PuboHATIM (O HUX TOXKE
Hanucansl Kuuru, Hanpumep H.H. Bopo6GheBriM, KOTOpas Tak M HA3BIBAET-
ca — «Uucaa Pubonadaamy).

3aMeTuM, 94TO €CIU B MPOIEecce MPUMEHEHUs airoputMa EBkinga k <u-
craMm [1 u lg B pe3yabpTaTe mOCAeOBATEIBHBIX JEIEHUN C OCTATKOM MOLY Ya€TCA
TOCJIe0BATENLHOCTD YaCTHHIX A1, . - . , Ak, TO APOOL [1 /Iy paBHA Tak HA3BIBA-
€MOW TIEITHON ApOo6m

ai +
aA S
2+ 1

A a
ITO JErKO AOKA3ATH, MPOBEPAA MOCIECIOBATEILHO, ITO
l; 1
ai+1 +

i=k,... 1.
lit1
1
e —
ak
[TooToMy ACHO, 9TO NPOU3BOJABHYIO (KAK IPABMILHYIO, TAK ¥ HEIPABUILHYIO)
HOJIOXUTETBHYI0 APOOb MOXHO TIPEACTABATHL B BHU/E IEMHOU ApOOM C HATY-

PAJBHBIMU DJIIEMECHTAMHU G

ag

rae Bo3MoxHO a1 = (. 3anmch 9ucia B BUJE NEITHON APOOM HEOMIHO3HATHA,
TaK KaK

1 1
af (ak — 1) + %
YTo6sl cenaTh ee OJHO3HAYHON, Aajee UCIOIb3yeM TOABLKO 3alUCh, B KOTO-
pOM mocaegHUM daeMeHT ay 7 1. BymgeMm mcnonas3oBaTh TakXke COKPALIEHHYIO
3aMKCH TETHON Apo6u:

1 1 1
as+az+  +ap
C o6bsBiIeHrEM ONHO3HAYHOCTY 3AIUCA YUCJAA B BUAE IENHOU APOOHM MBI mO-
TOPOMUINCH, TAK KAK MOXHO PACCMATPUBATE IIENHLIE JPOOU C HEEIBIMU DJIe-
menTamu. Ho mias gpo6ent ¢ HATypaJbHBIME DIEMEHTAME STO BepHO. [lencTBu-
TETHHO, U3 PABEHCTBA

a1 +

— =qQ -
I 1+ I
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cIefyeT, 9TO @] PABHO LeJod JacTu apobu [ /ly, Tak kak Apo6b

1
ay+ ——

af

OYEBUIHO MEHBIIE 1, ¥ IO3TOMY OIpeneraeTcs OLHO3IHAYHO, OTKYAA CIeIYeT,
4T0 U ApPOOb

R
ag

ONpeNenseTCs ONHO3HAYHO, 3HAYAT AHAJOIMIHBIM OOPA30M MOIYdaeM, UTO
DIEMEHT Q9 OIPEIENAETCS ONHO3HAIHO, U T. [.

Iosromy aast nI06OM HOMOKUTEABHOR APOOM ' = m/n ¢ HATYPAILHBIMA
YUCAUTENEM ¥ 3HAMEHATENEM OJHO3HAYHO ONPeAeNeHa KaK BEICOTA (IMCIo 5Ta-
xen) e(r) Tak u cymma saemenToB F(r) mzobpaxaromen ee nenHou gpobu ¢
HATYPAJTLHBIMYA DJIEMEHTAMU. SICHO, ITO YKA3AHHEIE BEIMYWHEI COBIANAIOT C
BBeleHHBIMU paHee pynkuuamu e(m,n), E(m,n).

Pasymeercs, arropurm EBkinga 3akanauBaeT paboTy HE BCEr[a, a JWIIb
KOT'a OTPE3KH [ U lp COM3MepHMMEI, TO eCTh Korja oTHomenue /i /lp — pa-
IUOHAIBLHOE YUCJIO X TOILKO B 9TOM CIyUae COOTBETCTBYIOMAA EmHAdA Ipobb
OymeT xkoHeUHOU. Fciam ke ymoMsaHyTOe OTHOIIeHWE MPPANMOHAILHO, HAIPH-
Mep OTHOUIEHUE GOKOBOU CTOPOHBI PABHOOEAPEHHOIO TPEYrOJBHUKA C YIVIOM
72 rpajayca Ipu OCHOBAHUY K DTOMY OCHOBAHUIO, TO aaroputM Eskianga Gyzer
paboTaThb 6€CKOHEYHO U MOPOAUT OECKOHEYHYIO ENHYI0 AP00h, B PaCCMaTPHU-
BAaEMOM CIydae BECbMa 3aMeYATEeIbLHYIO

1
1+

1+

1
14...

3AMAYA 2. Hangmre reoMeTpuyecku, 9eMy PABHO OTHOIIEHWE OGOKOBOU
CTOPOHBI K OCHOBAHUIO B YIOMWHABIIEMCS BHIIE TPEYTOILHUKE U JOKAXKUTE
€ro UPPALUOHAIBHOCTD, HE MOIB3YSICh AIropuTMOM EBKImaa.

Mg ve OygeM KacaThCsa 3J4eCh BOOPOCA O CXOAUMOCTH OECKOHEIHBIX Il
HBIX ,u;p06eﬁ5), HO BCE Xe 3aMEeTUM, 9TO B pPACCMATPUBAEMOM CIydae Ta Ipobn
pPaBHA MPeNery MOCIeJOBATEILHOCTY KOHEYHHBIX IEHBIX IP0o6en

1 1 1 1
1, 1+I’ 1+ ——7, 1—|—71, N
1+7 1+ —— 14+...+ 7

11
t1

®)Cm. 06 3TOM, HampEMeD, yuoMuHaBIIyoca KHKKY A. fI. Xunuuna.
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TaKXe BEChbMa 3aMedaTeIbHHX. Eciu 0603HAYUTEL N-10 ApO6bL B 3TOHU MOCTE-
IOBATEILHOCTH 9€PE3 (b, W TPeobpa3oBaTh €€ OT N-3TAaXHOI'0 BUAA K OOBIK-
HOBEHHOMY, TO HoxyduM gpobb G, /F, = ¢,. CpaBHuBas cocegnue apobwu,
3aMedaeM, 9TO
1

¢n—1’
ITocnexgree cooTHOmEHNME MOXHO Tpeobpa3oBaTs K Buay Fnpi1 = F,_1 + Fy,
7 3aMEeTUTH, 9TO ¢ = Fpy1/F,.

n:1+

Fn = Gn—l, Gn =1I'pn-1+ Gn—l-

3. Uucga dPUBOHAYYIU

ocaeposarersnocts {F,}, onpexenennas pasencrsamu Fy = 0, F; = 1,
F,=F, 1+F, o,n=23,..., — 3TO U €CTh 3HAMEHUTAA MOCIECIOBATEIb-
HOoCTh PuGonaTIn®).

O603Ha9as TIpeaet mOCAe[0BATEALHOCTH ¢y, 9€PE3 () U IEPEXOIS K TPEeIery
B 060WX JaCTAX PABEHCTBA

1

¢n—1 ’

¢n =1+
IIOJIyIa€M yPAaBHCHUE
1
g )
Y KOTOPOTO Ha POJb ¢ TOAUTCA TOALKO IMOJOXUTEILHBIM KOPEHD

¢=(5+1)/2

p=1+

— 30J0T0€ ceqe}me.7)

Cpenu orpoMHOro dmciaa paxTos 0 dncaax PuboHaw<In HAM MOHALO6ATCA
TOIBKO TPH, KOTOPHE MbI ceidac m gokaxeM.?) HeCKOIbKO yTBepXaeHm,
KOTOpHIE He Oy IyT UCIOJIb30BATHCA Hajee, MBI IpuBeleM 0e3 10Ka3aTelIbCTBA
B BHE 33734, B TOM 4YuCJIe ¥ 0O0CHOBAHWE IIPOBEIEHHOTO BHIIIE MPEIEILHOTO
nepexona.

JIEMMA 1. Jas wuces Dubonauuu cnpasedsusbt moxcdecmeo

Fn+m:Fan+1+Fm71Fn

% Ona mosBrIach B 13 Beke B KHUTE Jleomapao Ilmsanckoro, mo npospumy PuboHaIIN, B
3ajade, B KOTOPOU I PeYb O PA3MHOXEHUN KPOIUKOB.

O pom HTOro IMCIa B MATEMATHKE I B ICKYCCTBE CM., HAIPUMED, 3aMEYATeIbHbIC KHITT
[O.TIugo «[eomerpus u uckyccreoy u kuury ['. Kokcerepa «Beegenune B reomeTpuion.

8) lokasaTernCTBa MEpBHIX OByX (PaKTOB, TaKXK€ KAK ¥ PEUIeHWs OONbIIMHCTBA CIEAY-
OIUX Jajtee 33434, MOXHO HauTu B ynomuHasmencs kuure H.H.Bopo6resa, a Tperun
dakT — B BeIIIEAIEN B cepun «Bmbmoreuka Ksanray xuure P. Xoncbeprepa «3agadm c
U3IOMUHKOW).
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U HEPABEHCINBO

Fn—l—m < Fn—|—1Fm+1 < Fn—l—m—l—l,
8 KOMOPOM Ae80€ HEPABEHCMBO 00pawaemcsa 6 pasencmeo npu m = 1 uau
n =1, a npasoe — npu m =0 uau n = 0.

JlokazaTeabCTBO TOXIECTBA MPOBEAEM WHIYKIMEN TI0 M. ba3a MHIyKIun
op|m ™m = ]., 2 OY9€BUAHO CIIDABEAAWBA, & MAJAA BBITIOTHCHUA MIara WHAYKIIAW
IOCTATOYHO IIPOBEPUTH PABEHCTBO
Fn—|—m—|—1 = Fn—|—m + Fn—|—m—1 = (Fan+1+Fm—1Fn) + (Fm—an+1+Fm—2Fn) =

= (Fm + Fm—l)Fn—H + (Fm—l + Fm—2)Fn = m—|—1Fn+1 + FiFh-
HepaBeHCTBO cregyeT m3 TOXIECTBA TaK KaK

Fn—|—m+1 = Fm—|—1Fn—|—1 + Fana
Fn—|—m = Fan—l—l + Fm—an < Fan—H + Fm—an—H = Fn+1Fm+1-

Crenymomas 1eMMa, [OBOJBLHO yAUBUTENbHA: B HEU ILEI0€ YUCIO BHIPAKA-
€TCA Yepe3 UPPAIUuOHAILHOE.

JIEMMA 2. Cnpasedausa gopmysa Bumne?)
_ "= (=9)™"
F, = va .

JlokazaTeabCTBO TakKe IPOBeLEM IO MHAYKIMK. Baza mHAyKIuy 0pu n =
= 0,1 oueBMIHO CIpaBEAINBA, TAK KAK
. 1+v5 1-+/5
p—(=¢)" _ "2 2
V5 V5 ’

a A BBIIIOJITHEHUA 1Iara THAYKIIAN AOCT&TO‘IHO IIpOBepI/ITL paBeHCTBa
P=¢+1, (—¢)2=(-¢) ' +1,
M3 HUX BBIBECTHU IIOWICHHBIM yMHO)KeHHeM paBeHCTBa
gt ="+ 9", (=) = (=) T+ (=),
n BaMeTI/ITB, 9TO0 TOI‘,U"a,
Py = Fy+ Fy g = 2= \(/_;’)_n i (¢—5¢>)—"+1 _om - f/?)_n_l _

JIEMMA 3. Hepasencmeo F,, < m cnpasedauso mozda v moabko mozda,
xo2da

n < |logy (V5(m +1/2)) .
Hepasencmso Fy, > m cnpasedauso moada u moavko moeda, xo2da

n > [log, (VE(m —1/2))] + 1.

9 Bune — dpannysckun MmaremaTux 19 Beka.




100 C. B. I'ammkoB

[xs mokasarenncTBa mepenwuiieM HepaBeHCTBO Fj, < m ¢ momouisio ¢op-
Myasl Bune B BUzE

" —(=¢)"
R S
\/5 AN m’
9TO PABHOCUIHLHO HEPABEHCTBY
o" (=4 " 1
? < =) z
/5 S m + NG <m-+ 5
TaK KaK eCIu
L L
i <m-+ 5
TO
_ " —(=9)" 1 (=9™"
F, = v <m+ 5 v <m+1,
u 3HaauT F, < m. HepaseHcTBO
L 1
N <m+ 2

PABHOCHUIBHO
n < log, (vV5(m +1/2)),
a 3HAYAT U HEPABEHCTBY

n < [log, (VB(m +1/2))],

TaK Kax log, (v5(m +1/2)) He MOXeT GHITH HETHIM THCIOM, BeAb B TPOTHB-
HOM CIydae

o* 1
%_m—I-Z,
OTKY 13
k_ (_\—k —H) "
Fk:%:er%_(% =m+a 0<a<l,

9TO HEBO3MOXHO, TaK Kak Fj — menoe 9ucio.
BTopoe yTBepx meHue JeMMBI OUE€BUIHO PABHOCHIBLHO TEPBOMY.

OTMeTHM, 9TO U3 JeMMBI 3 BEITEKAET, ITO MOCICIOBATEIHLHOCTD
B(m) = [log, (V5(m +1/2))]
obpaTHa K mocaegoBaTerbHOCTE PuboHawum F), B TOM CMBICIE, ITO
O(F,) = n.
3A1AYA 3. IIposepsre, aro F,, — Gumxanmee nenoe x aucry ¢"/ V5.
3ANAYA 4. [lokaxure, 9TO
Fry1Fy — FnFpy1 = (=1)"Fy.
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JIEMMA 4. Cnpasedausbr moxcdecmasa
Fn—l/Fn + Fn—l/Fn+1 = (FnFn+1 + (_1)n)/FnFn+la
Fn72/Fn + Fn/Fn—H = (FnFn—i—l + (_1)n+1)/FnFn+1,
Fn—l/Fn + Fn/Fn+2 = (FnFn+2 + (_1)n)/FnFn+Qa
Fn—Q/Fn + Fn—l—l/Fn—l—Z = (FnFn+2 + (_1)”+1)/FnFn+2-
,I[JI}I AOKa3aTEeJAbCTBA IIEPBOI'O M3 HUX IIE€PDENUIIEM €I'0 B BUAEC
Fn—an—H + B Fy = FnFn—H + (_1)71’
IIOTOM B BHE
Fn—an+1 - Fz = n—an—H + (Fn—l - Fn—|—1)Fn = (_1)n’
u 3aME€THUM, 9TO TOXIAECTBO
Frn1Fn1 — Fﬁ =(-1)"

SBJISAETCS YACTHBIM CIy9aeM TOXIECTBA MPEABIIYIIENA 33 /1a9u.
[uaa moxa3aTeabCcTBA BTOPOrO IEPENUIIEM €r'0 B BUIE

Fon—oFny1 + F = FpFopq + (-1)"1,
u npeobpa3yeM K yXKe 3HAKOMOMY BHULY
F?2 —F,_1Fp = (1)
Jlis 1oKa3aTensCTBA TPETHErO MEPENUIeM ero B BUIE
FuioFy 1+ F} = FyFpyo + (1),
u npeobpa3yeM K BULY
FoyoFy 1 — FpFypy = (—1)",

KOTOPHIN ABIAETCA YACTHBIM CIYYaeM MPEILITYIIEH 33, 1a5M.
[us mokasaTeabCTBA HMOCAETHErO TOXIECTBA IEPENUIIeM €ro B BHIE

Fn—2Fn+2 + FnFn+1 = FnFn+2 + (_1)n—|—1’
u npeobpa3yeM K yXKe 3HAKOMOMY BHIY
FnFn—l—l - Fn+2Fn—1 = (_1)n+1'

3AMAYA 5. BriBeguTe u3 mpeaBIAyIIEN 330891 TOX IECTBA

_1)n+1 _1\n
it —bn = T s — = D

FnFpi1 FnFpya
a U3 HUX — MOHOTOHHOCTb IIOATIOCIEAOBATEILHOCTER {dop } U {Popt1}. Omm-
PasaACh Ha OJOKA3dHHBIC YTBCPDXACHUA, TOKAXUTE CXOAUMOCTDE IIOCJIACOOBATECAB-
HOCTH {¢p }.

3ALAYA 6. [oxaxwure, aro (Fp, Fh41) = 1.
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3AIAYA 7. Ecaz npogoixuTs OOCIe[0BATEIEHOCTE PUOOHAYTYIN B «OTPH-
[ATEeIbHYI0» CTOPOHY C COXpaHEHWEeM PaBeHCTBA Fi, + F 11 = Fj 1o, TO 6yAyT
BBIIOTHATHCA paBeHcTBa F_p_1 = (—1)¥F}, u coxpamarca Bce popmy.sl mpe-
ABLIYIIVX 33,0a9.

Crenyromas 3agada 0600maeT o6e TpeabiIyme.
3AnA4A 8. (Jhoxa.) Noxaxute, 910 (Fpn, Fin) = F(p m)-

3AIAYA 9. [okaxwuTe, 9To pasnoxenue gucia F,_3/F, B nenayo 1po6b
WMeeT BU[
1 1
4+ t4+ay’
rie k=1+4+m;a, =0, ectu n = 3m; ap = 1/3, ectm n = 3m + 1; ax, = 1/5,
ecaz n = 3m + 2.

4. IIEOHBIE APOBU U YUCJIA PUBOHATYIU

Iemnywo npobb

an
MOXHO paCCMaTpHUBATH C IIPOU3BOJIBHBIMHU, & HE TOJBKO HATYDPAJIBHBIMHA 3J€-

MenTaMu. ECaIy BHIIOJHUTE BCe AEUCTBUA, YKA3AHHLIE B HEH, TO €€ MOXHO
npeo6pa3oBaTh B OOBIKHOBEHHYIO; BHIDAXKEHUE €€ YUCIUTENS ¥ 3HAMEHATEI
qepes ag, a1, - - - , &y 0003HATUM

[ag,-..,an] 1 [a1,...,ap)].
flcro, 9TO BHIpaXeHwme [ag, - .. ,a,| TPEACTABIAET W3 Ce6S MHOTOWIEH OT
TIEPEMEHHHIX 4, . . - , Ay, HeImocpecTBEHHO IPOBEPAETCA, ITO
[ag,-..,an]) = agla,--.,a,] + [ag, ..., ay)-

MoxHO caMTaThH, ITO DTO PABEHCTBO CIPABEAJIUBO U mpu N = 1, eciau mocaen-
He! CKOOKe B DTOM CIydae MPUIUCATL 3HaYeHme 1.
IIpumenssa aaroput™m EBkiInga x ducauTeno u 3HAMEHATENO Apobu

[ag, - - -, an]

[a1,...,an]
rle YUCIa a; — HATYpaJbHBIE, 3aMeTIaeM, UTO OHA HECOKDPATHMa, TaK KaK B
pe3yabTaTe ero paboTH MOIYyYaeTCAa KaK Pa3 IenHas Apobb

1

7

ag +
a1 +



Auaropurm EBkauga, memnasie gpobu, ducra PubonaTqw. . . 103

u
([0/0, ce - aa"n]a [a‘la s aa‘n]) = ([an—la an], [a’n]) = ([a’n]’ 1) =1

JIEMMA 5. Hucao odnouienos 6 mmozousene [ai,...,a,] pasno Fpi1 u

NPU A0OLIT HEMYPAALHBIL A1, . . ., Gp CNPABEJAUBO HEPABEHCTNEO
Fn—|—1 < [al, P ,an],
KOTNOPOE 00PAWGETNCA 8 PABEHCTNEO AUULD NPU A1 = ... = G, = 1, U HEpaBeH-
cmeo
[al, cee aan] < F1+a1+...+an7

KOMOPOE 00PAUAEMCA 8 PABEHCMEO NPU A1 < 2, 0p L 2,09 = ... =ap_1 =1,

a maxyce npun =1, ap = 3.

JOKA3ATEJILCTBO. IlepBoe yTBepxXaeHWE JeMMH ClIeyeT W3 BTOPOTO,
TO3TOMY NOCTATOYHO NOKA3ATh WHIYKIIMEHN TIO 7, ITO

Fn+1 < [al, .- ;a/n] < F1—|—a1—|—...+ana
IprdeM PaBEHCTBO
Fn+1 = [ala"'aan]
CIIPABENIVBO JWIIb IPX G] = ... = Gp = 1, & PABEHCTBO
[0,1, <. aa/n] = F1+a1+...—|—a,n
— MM NOPAG] = ... =0p_1 =1, 0, L2, mma; =2,a3 =... =ap_1 =1,

an <2umwmn=1,a =3.

Y no6HO HaUMHATE MHAYKIUIO ¢ . = (), monaras OpMaIbHO KaK U PAHbIIE
[a1,...,an] =1, Fiiq 4. +a, = F1 =1 upu n = 0, Torga HepaBeHCTBA JEMMbI
OYEBUIHO O6PAIIAIOTCA B PABEHCTBA. 3aMeTuM, 410 Fy = k—1npu k = 2, 3,4,
a motoMm Fy > k — 1, Tak kxak

Fop1n=Fy+Fy12k—-1+k-2>k

(31€Ch B HEABHOM BH/I€ TOXE MPOBOAUTCA WHAYKIAA).
Baza magyxuuu (n = 0,1) Teneps 049eBUAHA, TAK KaK

F,=1<a < Fiiq-
[Tposemem muAyKUMOHHEIM nIepexoa. COMIacHO PABEHCTBY
[a1,...,an] = ai]ag, ... ,an] + [as,...,an]
¥ TIPEJTIONOXKEHUI0 WHAYKIUA CIPABEeIABH HEPDABEHCTBA

F, < [GQ, --- ,G,n] <Fiiaitotan, Fn1 < [a37 ce ,an] < Fiyast.tans
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CcJIe[0BaTEILHO,
Foi1=F,+ Fy_1 < ag,...,an] + [as,...,ap] < [a1,...,0p] =
= ajlag,...,an] +[as,...,an) < a1Fi4a5+..4a, + Flias+..4a, <
< Foyv1Fivayt.tan + Foy Fltas+. +ans
u pasenctso F, 1 = [a1,...,a,] cupaBegauBo Juumb Upu a1 = ... = a, = 1.

Coruacuo gemme 1 mmeem
Fu—l—'u =Fy1Fy + Fqu—H-
Orcrona cregyer, 9T0

[a1,...,an]) < Fo,+1F14a9+...4an + For Fas+..tan = Fitai+..+ans

¥ HEPABEHCTBO JOKA3aHO. PABEHCTBO BO3MOXHO JIHIIL KOT'a,
F(11+1 =ay, Fa1 =1, Fa2+---+an = F1+a3+...+an,
u [ag,...,0n] = Fiiay+...4a,, T-€. TOIBKO B CIydae, KOUJa
ay < 27 az = ]-a [CI,Q, .. 7an] = F1—|—a2+...+ana n 2 3

Wiz KOraa a1 < 2, a2 < 2, n = 2 u, C1eJ0BaTEIbHO, COIVIACHO IIPEATIOIOXKEHIIO
WHIYKIWY JUIH KOT'Ia,

a1=2, a=...=a,1=1, ap <2,

wma =ay =...=ap—1 = 1,a, < 2. Tem caMbIM mIar MHAYKIANA CACIAH U
JIeMMa JOKa3aHa.

B 3akmiouenue pasgena npesiaraeM 9uTATEN0 HECKOIBKO BaXHBIX yTBED-
XKJIEHUN O IMENHBIX APOOAX B KAIECTBE 330a49. JTH YTBEPXKJICHUSI HajJee HaM,
OIHAKO, HE TIOHATOOATCA.

3ANAYA 10. (IIpasuao Jiaepa.) [Jokaxwure MHAYKUUEN TO 7, 9TO MHO-

TOWIeH
[@g, -, an]

MOXHO TIOIYYATDH CIEAYIOMAM 00pa3oM: GepeM MpPOUW3BEJCHUE BCEX DIEMEH-
TOB, 3aT€M BCEBO3MOXHBIC IIPOU3BE/JCHUA, KOTOPhIE MOXHO IOLIYy4UTh, OIY-
CTUB KaKyIO-HUOY Ib APy COCEIHUX DIEMEHTOB, 33TEM U3 DTUX TPOU3BEICHUN
TIOIy9aeM HOBHIE, BHIOPACHIBAA MPOU3BOABLHEIM 00Pa30M TAPHI COCETHUX Die-
MEHTOB M TaK JaJee, N HAKOHEI] CYMMUDYEM BCE PA3IUIHEIE U3 QLY IUBIIAXCS
npousBefenunt (ecau n + 1 9eTHO, TO HA TMOCAEIHEM IIAre MOLYYIaeTCS (Iy-
CTOE» TPOU3BEJEHNE, He COAepKaliee BOOOIE COMHOXUTENIEH; KaK IPUHATO,
€ro 3HAYEHNE IO ONPEEIEHNUIO IOJATAEM PABHBIM 1).

3ANAYA 11. oxaxwuTe, 9TO

[ag, - ..,an] = [an,-..,a0],
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T.€. IIDA U3MEHCHUHU IIOPAAKA 3JEMEHTOB Ha IIpOTHBOHOJIO)KHBIfI IUCINTENb
Ipobu HEe MEeHSIeTCA.

3ANAYA 12. [loxaxwuTe, 9TO
[ag,---,,an] = aglag,...,an—1] + [ao,---,an—2].

[pobb, 06pa30BaHHAA IEPBLIMU Kk 3TaXaMH, HA3BIBACTCA k-1 II0[XO0 JALIEH
apobbio ama mcxoguou apobm. Ee menmuumna m3o06paxkaeTcsa OOBIKHOBEHHOU
IpOOBIO

[ao,...,ak]
[a1,-..,ak]’
KOTOPYIO U KPATKOCTH Aanee 0603HAIaeM Pk
Hpobs o
[@kt1;---,an]
[akq2;--- :an]’

HA3BIBAETCA k-M OCTATKOM M OOO3HAYIAETCH Tk.

3AIAYA 13. TlposepwbTe, 9TO

[a07 .. .,an] o [ao, . ,ak_l,rk]
[al,...,an] [al,...,ak_l,rk]

3ANAYA 14. [lokaxuTe, 9TO ipu k > 2 CIpaBeqIUBLI PABEHCTBA,
Pk = OkPk—1 + Pk—2, 4k = Qkqk—1 + Qr—2-
[lokaxxeM HaKOHeIl, ITO CIPABELINBA
TEOPEMA. Jaa 410061 HAMYPAALHHIL M U T
e(m,n) < |logy(V5(max(m,n) +1/2))] -1,
Opyeumu caosamu, 8vicoma yenwot dpobu das uucaa m/n ne 6oavue
[log, (v5(max(m,n) +1/2))| — 1,
u npu (m,n) =1
E(m,n) > |log, (V5(max(m,n) — 1/2))],

OpY2UMU CAOBAMU, CYMMA FAEMENTMOB YeNHOT OPOOU OAA UUCAA /T, HE MEHb-
we

[log (v/5(max(m,n) — 1/2))].
0Ob6a nepaserncmea OCMUNCUMBL, G UMEHHO, CTPABEIAUBO CALIAYIOULEE FKC-
mpemasbroe ceoticmeo uuces Pubonauuy: cpedu 6Cer HECOKPAMUMBIET NPa-
8UabHBIL Opobeti 6uda s/ Fl, HaUMERLWYIO CYMMY IAEMEHNOB COOMEEMCMBYIO-

wetd yennot dpobu umerom moavko dpobu Fy_o/Fy u Fy_1/Fy, a nauboapbwyo
no evicome yenuyto dpobv umeem Fj_1/Fy,.



106 C. B. I'ammkoB

[JOKA3ATEJILCTBO. IlycTs m/n — HecokpaTmMmas nmpaBuibHAA ApOOHL U
m 1 1 1

n aitat  tag
Torga n = [a1,...,a,] ¥ U3 TOKA3AHHLIX B JeMMe 4 HEDABEHCTB UMeeM
Fk:—|—1 < n < F1—|—a1—|—...—|—a,k )

OTKYla ¥ U3 JEMMBI 3 HEMEJIEHHO CIeyeT HEPABEHCTBO TeopeMbl. OcTaibHOe
BEITEKAET U3 PABEHCTB

1 11 1 1 1 F
&—+...E+—%—J—+...E+—L—Fk+l,
ko1 *
U S U T U U U WP SOy Wy
2+ 1+ +1 +QJ 2+ 1+ +1 +1J Fr_1 Fiiq
k“—'Z k"—'l

Teopema mokasaHa.

5. POPMVYJIbI U BETBSANUECS IIENHBIE IPOBU

[anee paccMOTpPUM HEKOTOPHIE KIACCH apudMeTndeckux GopMyI, Ipei-
CTaBIAKIIAX, WIN, KAK €II¢ I'OBOPAT, PCAIU3YyIINX DANVOHAJIBHBEIC THUCIA.
Bynem paccMaTpuBaTh Caeyompue MHOXECTBA ONEPAIMH

Bi={z+y,x 41}, Bo={z+y,(z ' +y )11},

KOTOphIe HazoBeM Gasucamu. Oupeaennm uHIYKTABHO NOHATHAE (HOPMYJIHL HA
6asucom B; u peanrm3ayeMoro €1 4uciaa cieqyomuM 06pa3oMm.

KoucranTm 1 obwasisem popmynaamu. Ecan &1 u & — dopmyasr B 6a-
suce B, u 11,79 — pearmdyeMble UMM YUCIA, & W € B — miobas GasucHas
onepanusa, To0 & = w(Py, P9) mo onpegeseHNIO ABIACTCA HOPMYIOH, PEATUIY-
tommenn wucao w(ry,r2). Ecan onepanus w(z) ecTs omepamua obpamesus 1,
10 w(P1) asasercsa dopmyon, pearusyomen GyHKIUO w(f1).

CrI0XHOCTBIO (POPMYJIHI HA30BEM UHUCJIO CAMBOJOB KOHCTAHT 1 B (popMmy-
qe. CIOXHOCTBIO YUCHAa T HA30BEM MUHUMAIBHYIO CJAOXHOCTH PEATU3YIOIEn
ero ¢opmyast u obosnauum ee Lp(r). O6o3nauum uvepes L(r) smamenarens
OOBIYHOM HECOKPATUMOHU APOOU, PABHOU .

Hamnpuwmep,

A+ '+a+1+0H7 14@ 41ttt 1

— ¢opmyasl B 6asuce By, peammsyromme uucao 6/5 co cioxHOCTHIO b 7 6
coorBercTBenHO. OTCIOAA BUIHO, 9TO

Lp, <5,
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HO paBEHCTBO
Lp, =5

(ma camoM gene BeITEKawomee u3 3a4a9u 1) TpebyeT AOKA3aTerbCTBa. 3aMe-
THUM, 9TO, HAIIPUMED, 3aINACH

(@~ + @)™

B CMBICJIE HAIIETO OMpEeAeTeHusa HGOPMYION He ABIACTCA.

IonsaTue dpopmyast B 6asuce By MO CyIMIECTBY PABHOCWILHO MOHITHUIO Be-
TBAmENcAa mnemHoun apobm. OmnpenenruM mOCHeHEE MOHATHUE IO WHIYKIAU.
O6bryHbie HEMHBIE IPOOU CYUTAEM YACTHBIM CJAYy9YaeM BETBAIIMXCSA IEITHBIX
npoben. Eciu R;, i = 1,...,n, — BeTBAIHUECA MENHBIE APOOH, 4 — HATYPAIh-
HOE 9HUCJI0, TO Ap0Ob

1
a+ R+ ...+ Rn
TOXE HA30BEM BETBAMIECHCA, & BCE DIEMEHTHI Apo6en R; m 9mcio a — ee sie-
MenTaMu. CyMMy BETBAMMXCA MEMHBIX APO6Ed W MPOU3IBOJLHOTO IEJOTO a
TOXE CUMTAEM BETBAMEHUCA METHOU APOOBIO, & €€ DIEMEHTAMA — BCE DJIEMEH-
THI CJATAEMBIX U 9UCIO .

3ALAYA 15. [Ins mo6out gpobu r gucao Lp, (r) paBHO HaMMeHbIIEN CyMMe
DIEMEHTOB B BETBAIIUXCA HEIHBIX APO6AX, IPEACTABIAIONIAX T\

Jokaxem, 9T0 mus a060u 1po6u r
Lp, (T) = Lp, (T)

JlencTBUTENBHO, TAK KAK PYHKIUA (:1:_1 + y_l) ! BHIpaXxaercsa B 6asuce By B
BHjie GECIIOBTOPHON CYIEPIO3UINE, TO M0y ¢hopMmyldy B 6asuce By MOXHO
6e3 M3MeHEeHUsA CJIOXKHOCTH Tpeobpas3oBaTh B ¢dopMmyry B 6asmce B, OTKy-
na Lp,(r) > Lp,(r). Jlobas mogdopmyra suga ® ' dbopmynsr B 6asuce B
npeacrasuva B Buge (®71+ ... + & 1) 7L rae &; — noadopmyrs MeHbIeH
caoxuocTr iy KoHCTaHTH 1. Torga dpopmyaa ¢ sksuBasenTHa HOpMyIe TON
XKe CIOXKHOCTH

((..(@rt+oH)y Ht+aeh)y H o+, ) =
=77 Y (Y (D1, D2), B3) ... ), Dy),

rae y(z,y) = (z7! + y~!)7!, mocTpoennoi B 6asuce By U Bs, u coepxkamei
Ha OAWH CHMBOI ~ | Menbmre. IIoBTOpsAA 3TO Mpeo6pa3OBaHME, TIOLYy<TUM A
Ja10601 popMyssl B 6aszuce B DKBUBAICHTHYIO el POPMYJILy TOU XK€ CIOKHOCTHA
B Gasuce By. 3nauur, Lp,(r) < Lp, (), orkyaa Lp,(r) = Lp, ().

3ANAYA 16. [asa arobou gpobu r
LBi (T) = LBi(]‘/T)'
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OmnpenennM Temeps MOHATHE MOCIEI0BATEILHO-TIAPALIEILHON DIEKTPUYIe-
CKOH IEMN U3 €JUHAIHEIX Pe3ucTopoB. OIWH e [MHCTBEHHLI PE3UCTOD CINTa-
eMm Il-nienvio ¢ comporuBiaenumeM enumuaunia. Ecium Ry u Ry — Il-mtenm ¢ compo-
TUBIEHUSAMU 71 U Ty COOTBETCTBEHHO, TO LENh, KOTOPAA MOLYIaeTCA U3 IEenen
R; napanienrsHbIM COEAUHEHAEM, UIMEET COLPOTUBICHUE (7] 1 +ry 1)_1, a IeIb,
TIOMY9AIOIIAACA W3 TeX Xe Ierner R; MoCae[oBaTEeIbHEM COeIUHEHNEM, TMEEeT
COIIPOTHUBJIEHUE 71 + 9. HamMeHbIIee 9MCIO €IUHAYHBEIX COPOTHUBICHAN, U3
KOTOPBIX MOXHO noctpouTs [I-nens ¢ conporusnenuem r 06o3naanm Ly(r).

3ALAYA 17. Jlokaxure, uro Ly(r) = Lp,(r).

3AIAYA 18. YcTaHOBHATE B3AMMHO OHO3HAYHOE COOTBETCTBUE MexX 1y H-
pa3bueHuAM mpaMOyroabHuKa m X n u [[-nensmu ¢ conpoTusienueM m/n u
BeIBeguTe orcoona, 9ro H(n,m) = H(m,n) = Lu(m/n) = Lp,(n/m).

OrmeTnm, 9ro 3anava o Beraucaennn pyskumu Lyj(r) daxTmaeckn pac-
CMATPUBAIACHL B KHUTE «JeThpecTa n36paHHbIX 33,1349 U3 XKypHaIa American
Mathematical Monthly», HO cuenranHBIE TaM yTBEDXKACHWA HEBEDHHBI, B IeM
MBHI IPEAIaraeM IUTATeN0 YOeIUTHCI CaMOCTOATEILHO.

IIpocrenmue OreHK” BBEJEHHBIX (DYHKIMHA AAIOT CIEAYIONNE YTBEPXKAe-
mus. Ecan apobs r = m/n, To nonaraem E(r) = E(n,m).

TEOPEMA 2. /as ar0601 dpobu T
Lp;(r) < E(r) < max{L(r), L(1/r)},

npuvem pasencmso docmuzaemca auwnb 0as dpobet suda 1/q, u das dpobeti
suda1—1/g=1/(14+1/(q—1)).

[JOKABATEJLCTBO. O4eBUAHO, ITO MIOOYI0 KOHEYHYIO MENHYI NPOOL C
HATYPAIbHBIMY DIEMEHTAMY MOXHO Ipeo0pa3oBaTh B ¢opmyay B 6asuce B
CJIOXHOCTY DABHOU CYyMMe DIEMEHTOB IEMHOU APOOH (3aMEHAA KaXIbIN Die-
MeHT a Ha dopmyay 1+ ...+ 1). Ilosromy Lp, (r) < E(r).

Hepasenctso E(r) < L(r) goxa3sBaeTCs MHAYKOWEN 10 BBHICOTE IIEIHON
Apo6M A 7', KOTOPYIO MOXHO CIATATH NpaBuabHOU. Baza (n = 1) oueBmana.

Mar magyknun. Tak xak

R 1
o 1

ail + H

rge 1 = [ag, ..., ay], TO cormacuo npexmonoxenuto naaykuma F(r) < L(ry),
3HAYAT

E(r) = E(r1) + a1 < E(r1) + a1 + (E(r1) — 1)(a1 — 1) = E(r1)a; + 1 <
< L(1/r1)ar +1 < L(r).

PasercrBo Bo3aMOxHO, aumb korga F(r;) = 1 wim a; = 1 u 0gHOBpeMeHHO
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71 — HATypaAIbHOE, T.e. mb0o korga r = 1/(a; + 1), m6o xorga
r=1/(1+1/az) = az/(1 + a9).

TEOPEMA 3. (Cnpasedauso coommouienue

H(p,q) = Lp,(p/q) > max(p, q)/ min(p, g).
Pasencmeo docmuzaemca moavko na dpobazr suda 1/q.

Hoxaxem naaykumeint, aro 1/Lp, (r) < r. lycrs & — popmyna croxuocTH
L(r) B 6asuce Bj, peamusyiomas r. MoxHo cumrarh, 90 O He comepxur
noadopmya suga ((®1) 1) !. Paccmorpmm 06a BO3MOXHBIX crydas. IlycTs
& = &y + Py, B; peanmsyer r; u umeer caoxuocts L; = L(r;). Torga L(r) =
= L1 + Ly, r = 11 + ro. CornacHo nmpeanonoxenuioo wHAyKumu 7; > 1/L;,
OTKY 2

r=r1+ry 2 1/L1 + 1/L2 > l/L.
Ecmn xe & = (&1 + ®3)7 !, To B cuny mpegmonoxenus wHIyKmn
l/TZ' 2 1/Lz,
OTKY 2
1/7‘:7"1+T'Q <KLi+Ly=1L,
OpZYeM PABEHCTBO BO3MOXHO JUIIbL Korga r; = L;, T.e. r = 1/L.
Creayromas TeopemMa NOKa3bIBAeT, B 9YaCTHOCTH, 4T0 H(n,m) moxer

6BITH ropasgo Menbine E(n, m) u ycTaHABIMBAET TOYHOE HEPABEHCTBO MEXAY
HUMM.

TEOPEMA 4. Cnpasedausvl cOOMHOWEHUSA
E(m,n) > H(m,n) = Lg,(m/n) > [logy(v/5(max(m,n) — 1/2))] >
> [logy(V5(E(m,n) —1/2))],
a 0asn q=FpFpiq1 vau FpFpio0, n > 2,
H(q+1,9) = Lp,(1 +1/q) = [logy(V5(E(g +1,q) — 1/2))] =
= [logy(V5(q + 1/2))).

IHOKA3ATEJBCTBO. IlepBoe HEpaBEHCTBO yXe IOKA3aHO B Teopeme 2.
Bropoe mepaBencTBO OyaeT NOKA3aHO B CIAEAYIOIIEM pasfgeie B Teopeme 6.
Ilocreqaee HEpaBEHCTBO BHITEKAET W3 IPEABIAYIIETO XU BTOPOrO HEPABEHCTBA,
TEOpPEeMHI 2.

Hokaxem nocienuue yreepxaenus. llycts q = F, F, 1. [Ilpumenss B 3a-
BUCHUMOCTH OT YETHOCTH 7, OJHO U3 PABEHCTB

anl/Fn + anl/FnJrl = (FnFn+1 + (_1)n)/FnFn+1a
Fn—Z/Fn + Fn/Fn—H = (FnFn+1 + (_1)n+1)/FnFn+la
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¥ TOJB3YACH TOKA3aHHBIMU B TeopeMe 1 paBeHCTBAMMU
E(Fn_1/F,) = E(Fp_o/F,) =n—1,
MOy 9aeM, ITO
Lp,(1+1/q) < Lp,(Fn—1/Fn) + Lp,(Fn-1/Fpnt1) <n—14+n=2n-1
win
Lp,(1+1/q) < Lp,(Fr—2/Fn) + Lp,(Fr/Fpnt1) <n—1+n=2n—1.
IIpumenss HEpABEHCTBO JeMMHI 1
Foik < Fpi1Fir1 < Foygy1, nk 22,
3aMedaeM, 9TO Ipu 1 K 2
Fon—1 <q=FpFpq1 < Fop,
sHauuT q + 1 < Fy,, OTKyxa coraacHo mremme 3
[log,(V5(q +1/2))] = 2n -1,
a COTVIACHO TeopeMe 2
Lp,(1+1/q) > [logy(V5(q+1/2))] = 2n— 1,
3HAYUT
Lp,(1+1/q) =2n — 1= [log,(V5(q +1/2))].

Ilycts Teneps q = FpF, 9. Ilpumensas B 3aBUCHMOCTH OT 9E€THOCTH 7
OJHO M3 PABEHCTB

Fn—l/Fn + Fn/Fn+2 = (FnFn+2 + (_1)n)/FnFn+Qa

Fn9/Fn+ Fuy1/Frys = (FoFpyn + (-1)") [ Fy Frys
IOJLYyYaeM aHAJIOTMYHO IPEeABLAYIIeMY, ITO
Lp,(1+1/q) < 2n.
OnsaTe npuMeHss HEPABEHCTBO JeMMbI 1 3aMedaeM, ITO npu 1 < 2
Fon < q= FyFpi9 < Fopya,
OTKYda OIIATH COIVIACHO JEeMMeE 3
[log(v53(q +1/2))] = 2n,
¥ COTIIACHO TeopeMe 2

Lp;(1+1/q) = 2n = [logy(V5(q + 1/2)) .
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6. BTOPOE IOKA3ATEJLCTBO

Hepasencrsa, qoka3aHHBIE B NOCAEHEN TEOPEME, TOKA3BIBAIOT B 9aCTHO-
CTH, 9TO JMobasd HUXHAA omeHKa aui H(m,n) = Lp,(m,n) aBTOMaTHYeCKH
6yner u onernkou aua E(m,n), O4HAKO HNOXyYeHHbIE B IPEALLAYIIEM Pa3/eie
OIIEHKY He TO3BOJIAIOT BHIBECTH OUEHKY mis F(m,n). HeTpusnamrbuyo HUX-
m1010 onenky aas H(m,n) moryamr O. M. Kacum-3aze.

[anee npuBoauTCcsa 6oIee MPOCTOE TOKABATEILCTBO HECKOIBKO Goee Cia-
60ro yTBEDPXK JeHUs, U3 KOTOPOI'0 OJHAKO MOXHO BHIBECTHU TAKYIO XK€ HUKHIOH
onerky mas H(m,n), aro u gna E(m,n), 1aB TeM caMBIM [JIS TOCJEHEN BTO-
poe nokazaTeascTBo. [ 5Toro Ham mOTPEOYIOTCA ABE JEMMBbI, AMEIIINE U
CaMOCTOATEILHBIM WHTEPEC.

JIEMMA 6. Ecau 0 < YisPirGi S Ti U pi +q < T+ Y, ¢+ = 1,2, mo
pip2 + q1q2 < 122 + Y1y2, npuuem npu 0 < y; < x;, ¢ = 1,2, pasencmaso
B03MOWCHO AUWD KO20a4 P; = Ti, ¢ = Y; UAU K020a P; = VY;, ¢; = Tj, 1 = 1,2.

[ moxasaTersCTBA CHAYAIA 3aMETHM, ITO IpH ycaoBuax p < 2,0 < b <
<aup+q< x+ Yy cupaBelaIuBO HEPABEHCTBO pa + gb < za + yb. lencTsu-
TEJILHO,

pa+qgb—za—yb=(r—p)(b—a)+blp+qg—z—y) <O0.
B cmiy cMMMETPHYIHOCTH YCJIOBHUA, MOXHO CIATATH, ITO P > q1. Torga,
IpUMEHAA IBa pa3a ¢hOPMYJIMPOBAHHOE BHINIEC HEPABEHCTBO, TIOIYIaeM, ITO
P1p2 + 192 < p172 + q1y2 < T1%2 + Y1Y2.

Ilpu p1 > ¢1 > 0 paBeHCTBO BO3MOXHO JHIIb KOTAA P; = Li, ¢ = Vi
1 = 1,2. lIpm ¢ = 0 paBeHCTBO HEBO3MOXKHO, 160 TOoraa p1+q1 < 1 +y;1. llpn
p1 = q1 > 0 paBeHCTBO OIATH HEBO3MOXHO, OO TOT[a PABEHCTBA Pi + q1 =
=1 + Y1, P1 = 1 HECOBMECTHHIL.

JIEMMA 7. B ycaosuaz npedvidyuwet: semmbl cnpasediuso Hepasencmeo

P192 + p2q1 + q192 < T1Y2 + T2y1 + T1X2.

IIpu 0 < y; < x5, 1 = 1,2, pasencmeo 803MOHCHO AUWD K0200 D; = Vi, ¢; = Tj,
1=1,2.

[una moxa3aTemrbCTBa, 3aMETHUM, UTO IPU pP1 + q1 < 1 CIPaBeIJIUBO HEpa-
BEHCTBO

P1g2 +p2q1 + q1g2 < (p1 +q1) (P2 + @2) < z1(72 + 1y2) < Z1Y2 + T2y + L1702,
¥, AHAJOTUIHO, TAKOE XK€e CTPOr0e HEPABEHCTBO CIIPABEIINBO IIPHA Po+(qo < To.
Cuuras manee, 9T0 p; + q; > X;, AMeeM:
P1g2 +p2qi + q1g2 = (1 + q1)(p2 + q2) —p1p2 =
=Pit+a)p2ta)—Pr+a—a)p2+q@—q) <
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Si+a)p2+q)—Pr+qa—z1)p2+q —x2) =
=(p1+q)ze +z1(p2 + @2) — 122 < (21 + Y1)T2 + (T2 + Y2)T1 — T 122 =
= T1Y2 + T2y1 + T1X2.

TEOPEMA 5. (0. M. Kacum-3ade.) IIycmv p/q — necokpamumasn 0pobb,
P,q — yeavie wucaa, Lp,(p/q) = L. Toada

Ipl,lq| < Fpy1, |p|+ gl < Fryo.

O6a mepaBeHCTBa JoKaxeM o MHAYKIWE. basa mugyknum (L = 1) ode-
BHUIHA.

ITar waaykmuu. [Iycte & — dopmyna croxuocTu L B 6asuce Bi. Torga
wim & = &) + 9, rge ¢; — Popmyast cmoxuoctu L;, Ly + Lo = L, nimn
d = <1)1_1, rae ®; mmeer crmoxmocTs L. B mocmemmem ciayuae o60cHOBaHUE
mara, UHAYKIAA O9E€BUTHO.

Paccmorpum nepsbin caygan. CormacHo mpeanoIoXeHuio uHyKuuu $hop-
myasl ®; peammsyor apobu p;/q;, Takue, 9TO

pil s |6l < Frva,  [pel + lail < Frito,

Pi, ¢i — neasle aucaa. Torga ¢popmyaa ¢ pearmsyer gpobs p/q, Takyio, 9TO
q = q1q2, 1 p = p1g2 + q1p2. llpuvensas aemmy 6 npn z; = Fr,41, yi = Fp, =
HUCIOAB3YyA JeMMy 1, moaydaeM HEpaBEHCTBO

Ip| < |p1llge| + a1l P2l € Fry+1Fry+1 + Fr,Fr, = Fr, 410,41

TakXke JOKa3BIBAETCS HEPABEHCTBO A |q|.
Ouennm reneps |q| + |p|. [Ipumensas xemmy 7 npu z; = Fr, 11, y; = Fr, n
HCIIONB3yA JeMMy 1 TOXyd9aeM HepaBeHCTBO

lg| + [pl < |p1llg2| + lgu] [p2| + lg1] |ga| <
S Friv1Fre1 + Fro 1 Fry + Fr  Fro41 = Fro 1 Fropo + Fr, Fro41 =
= FL1+L2+2'

OGemannas HUXKHASL ONEHKA JAETCS CAeAYIOIMEd TEOPEMOMN.

TEOPEMA 6. Jas w060l necoxpamumoti dpobu p/q, 2de p, ¢ — namy-
PAALHBIE YUCAA, CTPABEDAUB HEPEBEHCTBA

H(p,q) = L, (p/q) > |logy(v/5(max(q,p) —1/2))] ,
H(p,q) = Lp,(p/q) > |logs(V5(p+q—1/2))] — 1.
Jokaxem HEPABEHCTBO
Lp(p/q) > |logy(V5(max(p,q) — 1/2))].

O6osrauus Lp(p/q) 9epes L m npuMeHUB IpeAbIAYLIIYyIO TEOPEMY, [IOLY9aEM,



Auaropurm EBkauga, memnasie gpobu, ducra PubonaTqw. . . 113

aro max(p,q) < Fr41. Orcioga n w3 aeMMbl 3 moxydaeM, 9To

L+1 > |log,(V5(max(p, q) —1/2))] + 1,
a 3HAYUT M HAIIIEe HepaBeHCTBO. HepaBeHCTBO

L, (p/q) > [logy(V(p +¢-1/2))] =1

JOKa3bIBAETCA aHAJIOTMYIHO, TOILKO BMECTO II€PBOI'O HEPABEHCTBA IIPEABIAY-
€N TeOPEMBI UCIOAb3yeM HEPABEHCTBO p + ¢ < Fio.

7. KBAAPUPOBAHUE NPAMOYTOJILHUKOB U DJIEKTPUYECKUE IENA

3aMeHMB B IIPOIECCe NMOCTPOEHUs Npom3BoabHOU ll-menm = Ha KaxaoMm
mare TapaleJbHOEe COeIWHEHME TIOAIENeN Ha MOCAe[0BATENLHOE, 3 MOCHeI0-
BATEIbLHOE COEAWHEHWE MOJIENEH HA MAPAJLIETLHOE, MOTYyYaeM HOBYIO IElb
= =

=¥, KOTOPYIO HAa30BEM [IBOMCTBEHHOM K renu =. Q4UeBUIHO, 9TO ABOUCTBEH-
HAA IEelb A Henu = COBIAAaeT C LENbo =.

3AIAYA 19. TokaxuTe, 9TO JBOUCTBEHHEIE APYT APYTY e UMEOT B3a-
uMHO OOpaTHBIE CONPOTUBICHUS U BBIBEAUTE OTCIOLA HOCIEJHEE PABEHCTBO
TpeIbIAYIIeN 38 1a<H.

BepHeMcs X TIPOM3BOMBHEIM pa30bMeHUAM TPAMOYTOJLHUKA HA KBAIPATHI.
UM MOXHO COMOCTABATH IUIOCKUE DIEKTPAUECKUE IE€NU, COCTOALINE U3 €IU-
HAYIHBIX conpOTHBﬂeHHﬁ.lo) [ 5TOro BHIAEINM B OPAMOYTOJBHUKE BCE TO-
PU30HTAJIBHBIE OTPE3KHU, COCTOMME W3 CTOPOH KBAAPATOB pa3bueHus m He
yAIUHSAEMbIE ¢ COXPAHEHUEM DTOI'O CBOUCTBA (B MX UUCIO BXOIAT U 00€ rOpu-
30HTAIBHBIE CTOPOHBI IPAMOYTOIBHUKA). B cepequHe KaXI0ro U3 BHIJEICH-
HBIX OTPE3KOB BO3bMEM TOUKY. /[[Be TOUKM COeIUHAEM OTPE3KOM, €CJIU HEKOTO-
PHIM KBaApAT pa3bueHus KacaeTcs 060UX OTPE3KOB, HA, KOTOPHIX BHIOMPAIUCH
5TH TOYKH.

Ecar oT mepBOHAYMAIBHOTO U€PTEXA OCTABUTHL TOJBLKO BHIODAHHEIE TOY-
KU ¥ COEIUHAONIAE UX OTPE3KH, TO MOLYIATCA INIOCKOEe m306paxeHue rpada.
I'papom maswIBaETCA OOBEKT, COCTOALIAN U3 HEKOTOPOT'O MHOXECTBA BEPIIUH
¥ HEKOTOPOI'O MHOXECTBa, pebep, COeIUHAIOMMNX DTU BEPUIXHBI HOmapHO. Hc-
J¥ BepIIMHAM T'pada COMOCTABUTH TOYKY HA IIOCKOCTH, 3 pebpaM — oTpes-
K#, COEIUHAOMINE COOTBETCTBYIOMINE BEPIINHLI, TO IOIYIAeTCA H300paKeHne
rpada. N306paxenne HA3HIBAETCA IIOCKUM, €CIX OTPE3KMW B HEM IEPECceKa-
IOTCA TOMBKO B BepIIMHAX. |'pad, uMeomul II0CKoe n300paXKeHne, Ha3bIBAeT-
€A TaKXe IIOCKUM. Eciyu OpueHTHPOBATh KaX0e pebpo paccMaTpuBaeMoro
rpaga B HAIIPABJICHUHA OT OJHOU FOPU30HTAILHON CTOPOHHI IPAMOYTOJILHAKA

19310 6BLIO CAETAHO TETHIPHMA AHTIMIICKIMY MATEMATHKAMI [JIA PEIICHIA 33Ja4K Pas-
OmeHNa KBAAPaTa HA MOMAPHO HEe PaBHBEIE KBAAPATHL MIHTEpeCHAs NCTOPUA MIOMCKA PEIIeHN
sTOM 3ajaduu onmcaHa B kHmxkKe V. M. firmoma «Kax paspesars kBagpats.
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K IpPYro¥ M HAIMCATEL HA KAXJOM pefpe MIWHY CTOPOHBI KBAAPaTa, H306pa-
KAEMOT0 3TUM Pe6pPOM, TO IOLYIUM OPUEHTUPOBAHHBIN rpad C HArPYKEHHEI-
MU pebpaMu, Ha3BIBAEMbIN ABYXIOMIOCHON CETHIO (IOMIOCAMU SBISAIOTCA BEp-
IIHBI, 1300PaXAalomue rOPU30HTAIBHBIE CTOPOHBI IPAMOYTOJIBHAKA).

3aMeTuM, 9TO CyMMa YUCEN, TPUMUCAHHBIX BCeM pebpaM, BHIXOIAIINM U3
OHOT'O TIOJIOCA, PABHA, CyMMe YWCeN, TPUMUCAHHBIX BCeEM pebpaM, BXOIAIIAM
B APYTr'OU MOJIOC, 1 00€ OHM PABHBI IJIWHE TOPU30OHTAJILHON CTOPOHBI IPAMO-
YrOoabHUKA. FKCam 3aMeHuTs Kaxkaoe pebpo rpada Ha eIUHUYHBIU PE3UCTOP,
TO MOIYYIUAM JIEKTPUAIECKYIO CXeMY, COOTBETCTBYIONIYIO HAIIeMy pa3OueHUIo.
Ecam canrars, 9T0 Cuia TOKA B KAX/JOM PE3UCTOPE PABHA, YUCIY, TPUAIUCAH-
HOMY COOTBETCTBYIOIIEMY pebpy, TO IS KaXJOU BEPIIUHBI CyMMa, BTEKAIO-
X B Hee TOKOB OyeT PaBHA CyMMe BHITEKAmuX. [[eicTBuTEeasHO, 06€ 5Th
CYMMEBI PAaBHBI AJWHE TOPU3OHTAILHOT'O OTPE3Ka, B IIEHTPE KOTOPOI'O BHIOU-
parachk pacCMaTpHUBaeMas BEpPIINHA.

HazoBeMm rpansio 1:00y10 9aCTh MIOCKOCTH, OTPAHWIEHHYIO ABYMS OPUEH-
TUPOBAHHBIMU LensaMu pebep rpada ¢ o0IUMA HAYAIOM M KOHIOM. 1mciIo
BepunH rpada 0603HaUMM b, a yucao rpanern — 7. [[Ig KaxXIOU rpaHu CyM-
MBI 9UCeJ, IPUIUCAHHLIX pebpaM 060uX Ienent, paBHLL ApyT Apyry. JleucTsu-
TEJABbHO, Ka)K.I(Oﬁ I'PaHM MOXHO COIIOCTAaBUTH BepTHKaJILHBIfI OTPE30K BHYTDH
NIPAMOYTOJIBHUKA, COCTOSAIIUAN U3 CTOPOH KBAJPATOB Pa3OMEHWS M OTDAHU-
YEHHBIN CBEPXY W CHM3Y MOJOOHBIMU Xe TOPU3OHTAJILHBIMU OTPE3KAMU, TO-
rxa obe paccMaTpuBaeMble CyMMBI PABHBI JJIWHE DTOTO OTPe3Ka. Kaxmayio
73 9TUX CyMM MOXHO MHTEPIPDETUPDOBATH KaK CyMMY Ha,rl];eHI/IIL/’I HAIIPDAXCHUA
Ha KaXIOW U3 PACCMATPHUBAEMHIX Iemed. B mTore momyuum b + r ypaBHe-
Huu Kupxroda ams paccMaTpuBaeMOM cxeMbl. [lajieHue HANDSXKEHUAA MeEX-
[y TOMIOCAMY CXEMBI DABHO [IJIUHE BEPTUKAIHHON CTOPOHBI IPAMOYTOJIbHUKA,
a ee CONPOTHUBIEHUE — OTHOIIEHWI0 BEPTUKAIHLHOU W TOPU30HTAIHLHOU CTO-
pOH.

DJEKTPUIECKYI0 CXeMY MOXHO COMOCTABUTH HAlleMy pa3OueHuio u Apy-
TUM Cnoco60M, a MMEHHO, IOBEPHYB NpAMOyroabHuUK Ha 90°. OTy cxemy Ha-
30BEM JBOMCTBEHHOW K TEPBOHAYAILHOM CXEME.

3AIAYA 20. TIposepwTe, uTo mis Il-nemenn BBegeHHOE TOHATHE IBOU-
CTBEHHOCTH COBIIAAET CO CTAPBIM.

B Teopuu rpados aBoucTBeHHBIM rpadOM K TaHHOMY ILIOCKOMY Tpady Ha-
3BIBaETCA Tpad, Y KOTOPOTO BEPUIMHAMHU ABAAIOTCSA I'PDAHU MCXOTHOTO rpada,
a pebpa, COeIWHAIOMNE BEPIINHLI, COOTBETCTBYIOT pebpaM, IPUHALIEKAIIAM
OJHOBPEMEHHO O0OOMM IENAM, OIPAHMYUBAIOMNM I'DAaHU, COOTBETCTBYIOIINE
OTHM BEpPIIMHAM. 1UCIO BEPIIMH B JBOUCTBEHHOM rpade PaBHO HUCIy I'pa-
HEl B MCXOAHOM W HA000POT, a uucao pebep B ob6omx rpacdax OJUHAKOBO.
O6o3ua4um quciao pebep p.
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3ATAYA 21. YCTAaHOBATE CBA3L MEXAY MOHATHEM JABOUCTBEHHOCTH JIS
IUIOCKUX DJIEKTPAIECKUX TETed M [BOUCTBEHHOCTBIO [ TIOCKUX I'PadoB.

IIpu pemenunm ciaegyromen 3aqadyM IOJE3HO HCIOIL30BATH 3HAMEHUTYIO
dopmyry dunepa: mua aw6oro miockoro rpada b—p+r = 1.

3ANAYA 22. IlepeuucauTe Bce rpadbl He 6ojee YeM C IeBATHI0 pebpaMu,
cooTBeTcTByIomue He lI-paszbueHnIM.

3ANAYA 23. (Mockosckaa osumnuada 1940 20da.) Jokaxure, 9TO Ups-
MOYTOJLHUMK HEIB3SA pa3buTh He 6ojee 4eM Ha 6 Pa3HBIX KBAIPATOB.

3AIDAYA 24. [lokaxwuTe, 9TO MMEIOTCA TOJILKO ABa PA3HBIX pa3OueHUs
TPAMOYTOJbHUKA HE 0oJee dYeM Ha AEBATH PA3HBIX KBAAPATOB W TOKAXUTE,

aro L(61,69) = 9.

Teneps Mb1 MOXeMm ybeauTbcsa, aro K(m,n) mHOrga OnIBaeT MeHbLIE
H(n,m). lencrBurensno, u3 TeopeMul 5 caegyer, aro Lip(61,69) > 10.

MoxHO gaxe HOKa3aTh, YTO I HEKOTOPHIX MOCIEIOBATEALHOCTEHA Mk
u ng

K(mg,nk)/H(mg,ng) < 0,89.

Mg 5TOro paccMOTpPHUTE DIEKTPUIECKYIO Ienb ¢ BepumHamMu 1,2,...,8 u
€IUHUYHBIMY PE3UCTOPAMHU, CoeAmHAIommMY napsl BepmuH (1,2), (1,3), (2,3),
(2,6), (3,4), (3,5), (4,5), (4,7), (5,6), (5,7), (6,8), (7,8). TIposeprre, uaT0 MpM
HanpsoKeHuu Mexay noarocamu 1 m 8, pasaom 377, mo pe3mcTopaM MOUJET
TOK (B HAOPaBIEHUW OT MEHBIIMX HOMEPOB K GombmmMm) cuasr 123, 138, 10,
113, 68, 75, 7, 61, 28, 54, 141, 115 cooTBeTcTBEeHHO. [locTpORTE 1O DTOH IIEIH
pasbueHme TPAMOYTOJbHUKA 256 X 377 Ha 12 xBampaToB cOo cTopoHaMu 123,
138, 10, 113, 68, 75, 7, 61, 28, 54, 141, 115. PaccmoTpuTe mOCIEIOBATEND-
HOCTH IPAMOYTOIBLHUKOB pPa3Mepa Pp X @p, OIPEIEIieMyl0 PeKYyPPEHTHLHIMHI
dbopmyTamMna

Pntl = P2 + G2, Gni1 = DPnGn, DPo=377,q0 = 256,

7 JOKaXWUTe MO WHAYKIUH, ITO (Pp,qn) = 1 # L(pp,qs) < 2" - 12 (B goxa-
3aTENBCTBE HEPABEHCTBA IIAr WHAYKIMEA OOOCHOBBIBAETCA TEM, 9TO IPAMO-
YTOIBHUK Pp, X G, pa3buUBAETCA HA ABA IPAMOYTOJBHMKA, HOZOOHBIX IPAMO-
YTOTBHUKY Pp 1 X Gn_1). OTClOma crexyer, 910

L(pn: an)/ logg pn < 12/log 377 < 0,89.

Haree mpuMeHUTE TEOPEMY b.
OrMmeTuMm B 3akaodeHue 6e3 J0Ka3aTEeAbCTBA, ITO

K(m,n) > logy(m + n).



