IIo-HOBOMY O cTapoM: (pparMeHTHI
KJIACCHIECKOM MaTeMaTHKHI

aBepcnun paBHOCTOPOHHEN TUITEPOO.IbI

A. Pywncknn

PasHocToponnss rumnep6oia (kanonmdeckoe ypasuenue z2 — y? = a?)
SIBJASETCH CHMMETPHUYHON JHHHEH, OCH CHMMETPHH KOTOPOU B3aHMHO MepeH-
MUKyAsApHE. Ee mHBepcHBIME 06pa3aMi ABASIOTCS HEKOTOPHIE N3BECTHLIE JH-
HUT.

PaccmoTpum caegyioliine onpegeneHns U CBONCTBA, KOTOPHIME MBI 6y 1eM
NOJb30BAThCA B CTAThE.

OnpEAEAEHUE 1. Jluaun &y n ®y Gymem Ha3KIBaTh WHBEPCHBIMHU, €CJIH
CylIeCTBYeT HHBEpPCHS, TepeBo/isfIIas JuHnio ® B JHHUIO, KOHT Py HTHYIO o,
n Hao6opoT. O6pas auanm ® npu mEBepcun ¢ meATpoM (O U CTENeHbIO 12
6y1eM o6oznavath 19 (®).

OnpPEAENEHUE 2. Jluauio & 6ygem Ha3kIBaTh HHBEPCHO-CHMMETPHIHOM,
eciu CyIIecTByeT WHBepCHs, mepeBojginas JuHuio ® B cebs. llenTp Takoi
uHBepcun OyjeM Ha3biBaTh NMHBEPCHBIM II€HTPOM JUHUM.

OdeBuHO, 9TO Tpu J106OH CTEeMEeHN WHBEPCHH HHBEPCHBIH 0Opa3 JHHUK
OTHOCHTENLHO HHBEPCHOTO NEHTpa €CTh JUHAA, ToMoTeTn4dHad P.

CBoiicTBO 1. Ecan 1Be AuHNT NHBEPCHBI TPeThel, TO OHU WHBEPCHHI PYT
ApYyTY.

CBoiicTBO 2. /lnst Toro, 4To6w! anans ¥V 6klIa HHBEPCHO-CHMMeT PHYHOM,
HeOOGXOMUMO U MOCTATOTHO, UTOOHI CYIIeCTBOBaNa CHMMeTpuIHad auuns ¢ u
okpy:kHOCTH O(T), IeHTP KOTOPOH He JeXKHUT Ha ocH cnMMeTpun P, Tak, 410
U = If)(q)). HenTp naBepcun auann ¥ cyts M = I?(O’), rae O' — Touka,
cumMeTpudHas O OTHOCUTEABHO OCH CHMMeTpuu JuHun P.

MaTemaTuuyeckoe npocseuerue, cep. 3, Bbin. 4, 2000(120—126)
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BAYKHOE 3AMEYAHWE. Och cnvmMeTpnu Junnn @, Ha KOTOPON He JeKUT
nenTp O, MOXeT OHIThH He eJINHCTBEeHHOW ochio cuMmMeTpun auauu Y. Coii-
CTBO 2 yTBep:kKJaeT, 4TO cyujecmeyem ocb cummempuu P, He cojeprKaiiasn
nenTp O. DTo 3aMevanue BaKHo, Tak Kak ecan ¥ n & — oKpyKHOCTH, TO X
OCH CHMMETPHHI TOKPHIBAIOT BCIO MIOCKOCTh.

POPMYJIBI TPEOBPA3OBAHNSA KOOPAMHAT. [ycts 22 + y? = r? — ox-
pyxnocts uasepcnn u 12 (z;y) = (%;§). Torga

N zr? - yr?
=53 Y= 3 3
-ty z°+y
«CTapbiey KOOpAMHATH Peo6pa3yioTcA B «HOBHIeY aHATOTHIHLIM 06pa3oOM.

1. PABHOCTOPOHHSAA TUNIEPBOJIA, JEMHUCKATA BEPHYJJIU N
VIUTKA IIACKAJA

TEOPEMA 1. Hueepcuwiii 06pa3 pasHoCmoponneld 2unepboabt 0OmHoOCU-
meabro €€ yewmpa cymo aemnuckama bepnyaau. (Cm. puc. 1.)

JTOKA3BATEJBCTBO. HamoMHNM ypaBHeHHe JeMHUCKATH DBepHyanm:
2 242 2,2 2
(z°+y°)" —2k*(2° — y*) = 0.

YpaBHenue paBHOCTOpOHHeH runep6orst — z2 — y? = a?. [Ipumenss dop-
MYJBl HHBEPCUH, NOTydIaeM:
224 2 4

Loo=a = (@) - S ) =0

i

(x2+y2)2 - (x2+y2)2
Ecau r = a, To ypaBHeHNe JeMHUCKATH ellle 6oJee yNPOIIaeTcs: ($2 + y2)2 —
—a*(z? —y?) = 0.

Q

Pue. 1.
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TEOPEMA 2. Hueepcuwiii 06pa3 pasHOCMOpOHHED 2UnepOOAB OMHOCU-
meavno ee goxyca cymo yaumra [lackaas. (Cu. puc. 2.)

JTOKABATEALCTBO. Hamomunum ypaBHenne yantkn [lTackans:

(m2 + y2 — k'av)2 — 12(362 + y2) =0.

dokycaMn paBHOCTOpoOHHeHl rumep6oianl 22 — y? = a? aBAAIOTCA TOUKH

—av/2;0) u (av/2;0).

PaccMoTpuM HHBEpCHIO ¢ TEHTPOM B JeBoM dokyce (—ay/2;0) u cTenennio
r2 = a?. Tlepenecem maYa’to KOOpPIMHAT B IeHTp WHBepcnn: (z — av/2)? —y? =
=a% 1.e. 222y 2az+a* —y* = 0. HpI/IMeHHH (OpPMYJIBI HHBEPCHH, TOLY TaeM:

M_Q\/_a 2—|—a -0 —
(2% 4+ y?)?

= (m —}—y) 2'\/_a$ac —|—y)+a(m2—y2):0.

BH,Z[GJII/IM MOJHBIN KBadpaT ABYX TMEePBbLIX 9J€HOB U MOJAYYIUM:

(:C2 + y2)2 — 2\/§a$($2 + y2) +2a%2% — 2a%2% + aQ(ac2 — y2) =0
J
r +y? - \/_ar) (z +y) 0.

Mocaennee ypaBHenne onpeenser yanTky Hackars ¢ k = v/2a, | = a. fcwo,

ato k = [\/2.

TEOPEMA 3. Yaumxa Hackaas npu k = [\/2 uneepena aemnuckame Bep-
HYAAU.

P

Puec. 2.
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TTOKA3ATEJILCTBO. Tak xax yautka Ilackans npn k = [v/2 n remuncka-
Ta BepHy/iu HHBEpCHB PaBHOCTOpPOHHEN Tunepboje, TO OHN HHBEPCHK APYT
apyry (cM. cBoicTBO 1).

MoKHO TOKa3aTh, YTO MEHTP HCKOMOU WHBEPCHH siBAseTCs (POKYCOM .Je-
MHUCKATH U OJTHOBPEMEHHO MEHTPOM OKPYKHOCTH, KOHXOH,IOU KOTOPOH ABJIS-
eTcs yauTKa.

TEOPEMA 4. Yaumxa Iackaas npu k = 1\/2 seasemes uneepcno-cum-
MEMPUYHOT AUHUET.

JTOKABATEILCTBO. Tak kak yantka [lackans npu k = [v/2 apaseTcs nu-
BEPCHBIM 06pa3oM CHMMEeTPHIHON JNHAH (THNepOONL) H IEHTpP WHBEPCHH He
JeKUT HA OCH CHMMeTpHH (MHIMas OCh), TO, IO CBOUCTBY 2, OHA — HHBEPCHO-
cuMMeTpudHas auHud. WuBepcHbIil menTp yanTku [lackans cyTh HHBEPCHLIN
o6pas Qokyca F|; OTHOCHTENBLHO OKPYKHOCTH, TMepeBOJANICH THIep6Oay B
YIUTKY, a cTenenb nckomoit unsepcnn | M Fy|?. (Cwm. puc. 3.)

3AMEYAHUE. U3BecTHO, 4TO at06ast yINTKAa NWHBEPCHA HEKOTOPOU KOHH-
ke, mpndeM ecan k = [ (kapamoma), To yAuTKa WHBepcHA mapabore (B 5ToM
clydae MEHTP WHBEPCHU JEXKHUT HA OCH CHMMETDHH W CBOUCTBO 2 He MOXKET
OBITH TPNMEHEHO), a TPH BCeX APYTUX COOTHOUIEHUSX MeXAy k u [, yruTka
[Mackans waBepcHa runepbote wiam d>AIuncy. Tak Kak B DTOM caydae IMeHTP
MHBEPCHH He JeXNT Ha OCH CHMMeTpPHH (MaJas OCh DJINICAa I MEHUMAs OCh I'i-
nep6oaB), TO CIpaBeInBO OGotee obiiee cBoicTBo: Jobas yaumra [lackaas,
Kpome Kapduoudvl, cyms UHE6EPCHO-CUMMEMPUUHAL AUHUA.

2. IIPOU3BOABLHBLIN MHBEPCHBIN OBPA3 PABHOCTOPOHHEN
TUIEPBOJAbL

TeEoOPEMA 5. Jhoboii uneéepcuvlii 06pa3 pasnocmoponneii 2unepbo.st, 3a
UCKAOUEHUEM AEMHUCKamMbl Depryaiu, uneepcno-cummempuuen. Feau yenmp
UH6EPCUU, NPEOOPAYIOUET PAGHOCTNOPOHHION 2UNEPOOAY, HE NPUHAOAENCUM
OCAM 2UNEPBOABL, O NOAYUAOULAACA KPUEAA UMEEM 08Q UHBEPCHLIT UEH-
mpa. (Cu. puc. 4a.)

JIOKABATEJLCTBO. JlokasaTelbCTBO DJAEMEHTAapHO CJAeIyeT W3 CBONCT-
Ba 2, IPUMEHAEMOTO OTHOCHTEABHO JEHCTBUTEILHON ¥ MHUMOW OCed Tumep-
OOJIEL.

3AMEYAHUE 1. O4eBHIHO, 9TO aHAJOTHYHOE CBOUCTBO BHIMOJHIETCS /5
MPOU3BOJABHEIX TUNEPOOJBI I BJINICA. Y Tapaboabl JI060H HeCHMMeTPHIHbIT
o6pas uMeeT OJINH MEHTP WHBEPCHH, a CHMMETPHIHKI He HMeeT ero BooOIIIe.

(Cwm. puc. 46.)

3AMEYAHUE 2. OQ4eBHIHO, 9TO AHAJOTUYHBIE CBOWCTBA BEPHHI s JO-
601 cuMmMeTpudHON Anann. HanpuMmep, mo6oi 06pas Tpex/aenecTKOBOH PO3HI,
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A

Puec. 3.

a) 6)

Puc. 4. Hecummerpuaabri 06pas a) rumep6osl; 6) mapabos.
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KpoMe 00pas3a OTHOCHUTENbHO ee MeHTpa, NMeeT MHUHUMYM [Ba W MaKCUMyM
Tpu HeHTpa uHBepcuun. O6pa3 acTPOUK MOXKeT UMeTh TPH WIHW YeThHIpe Ta-
KX TeHTpa. ¥ o6pa3oB CHHYCOMIH MWW NUKJIOUILI €CTh 6eCKOHETIHO MHOTO
eHTPOB MHBEPCHT.

3. PABHOCTOPOHHAA THUNEPBOJA U CTPOD®OU I

YpaBHenue cTpoOnILl B JeKapTOBON CHCTEMe KOOPIHHAT:
(22 +y?) - (Az + By) + aA(z? — y*) + 2aBzy = 0,
rie Az + By = 0 — ypaBHeHne Befyliell npsMoi (puc. 56), a — mapameTp.
OueBnano, 4to B caydae B = 0 moayuum z(z? + y?) + a(z? — y?) = 0, T.e.
ypaBHeHnue npsMoin ctpodonast (puc. 5a). Ecin B # 0, to k = -5 yTJOBOR

KO>(QPUINEHT BeAyied npsMoi (y = k) n ypaBHeHNe HAKIOHHON CTPOMON THI
npuobpeTaeT BUI:

(22 + y*) (kz — y) + ka(z* — y*) — 2azy = 0.
YpaBHeHWe HaKJIOHHOU CTPOMOUIK BCErJa NPUBOAUMO K BUIY:
2 2 2 2
(z°+y*)(mz —y) + b(z* —y*) =0,

B KOTOPOM OTCYTCTBYET i€H, COMEPKAIINT LY.

TEOPEMA 6. Hueepcuviti 06paz pasnocmopounet 2unepboavt ommuocu-
MeAbHO A10601 OKPYHCHOCTIU, YEHMP KOMOPOT AeHcum Ha I3moti 2unepboe,
cymb cmpodouda. Ecau yenmp oxpyscrocmu un6epcur — 6epuiuna 2unepbo-

abl, mo cmpogdouda — npamas. Bo écex ocmaabubir cayvasr cmpodouda —
HOKAOHHAS.

Puc. 5.
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JIOKABATEJILCTBO. IlycTh Touka (21;y;) JexknT Ha runepboe z2 —y? =

= a%. Torga z? — y? = a®. llepenecs Havas0 KOOpAMHAT B TOUKY (T1;Y1),
MOy IUM:

(z4+2)-(w+uy)i=d® = 224222 -9y -2yy=0.

[MTpumennM GOpMYIH HHBEPCHH:

77*1(1:2 —v) 42zl =2 —oyr2—L =
(z? +y?)? U222 nr +y?
Ecan y; = 0, a #; = +a, To ypaBHeHHe ompegeaseT NPIAMYI0 CTPOMOUIY:

z(z? 4+ y?) & ;—a(x2 —y%) = 0. Ecan y; # 0, To nocjie HeCTOKHBIX MPeo6paso-

BaHHH TOJYINM:

2
2 2 T r 2 2
(@ +y) |2 —y)+-—(a°-y)=0.
1 2y
[Tocrennee ypaBHenne onpepenseT HaKIOHHYIO CTPOPOULY, IIS KOTOPOH m =
2
xr r
=2 b= oo OdeBu/iHO, 4TO Befyllas HpsMas CTPOMOUBl COBIagaeT C
Y1 Y1

KacaTelbHon I‘I/IHep6OJIhI B IIEHTpe MHBEpPCHH.

3AMEYAHUE. [lokazaHHas TeopeMa yCTaHaBIWBaeT P HHBEPCHBIX
CBOUCTB MPSAMOT U HaKJOHHOU cTpodon. [Ipimas cTpodonga nHBEepCHO-CUM-
MeTPUYHA OTHOCHTENBHO OTHON OKPYKHOCTH, TaK KakK MeHTP HHBEPCHH, mepe-
BO/IfLIIEN B Hee PABHOCTOPOHHIOIO THIEPHOY, JeKUT HA JeHCTBUTEILHON OCH
runepbONEl U He JeXUT Ha MHUMOW. JTOT HEHTP CYTh MOJIOC CTPOMOUIHI,
YTO dJeMeHTapHO M0Ka3bIBaeTCAd Ha OCHOBAHWHU ee TeOMeTpPHYIecKOoro onpee-
aenns. Hakmromnas cTpodouga NWHBEPCHO-CAMMETPHYHA OTHOCHTEIHLHO MBYX
OKpy:KHOCTell. Bce »Tn yTBepXKaeHus claeqyioT U3 TeopeMbl 5. flcHO, 9TO u
npsaMas, U HaKJIOHHASA CTPOQONIH WHBEPCHL JeMHUCKaTe DepHymin, yanTke
[Mackaans, ipyr Apyry um BceM ApyTruM obGpazaM paBHOCTOPOHHEH THIEePGOJIH.

B zakatouenne mpuBegeM ele OfHY JIOGOTHEITHYI0O TEOPEMY, KaCcaIOIIyIOCH
OpAMON T HAKJIOHHOH CTPOQONI.

TEOPEMA 7. Ha w1060t aunuu, uneepcuoti pa6nocmoponnetl 2unepbo.ie,
AENHCUM 0OHG U MOABKO 00N MOUKA, A6ALOUAACA YEHMPOM UHEEPCUT, NEPE-
600AWUT DAHHYIO AUHUIO 6 PA6HOCTOPOHHIOW 2unepboay. Bce ocmaabubie un-
6EPCUL, YEHMPBL KOMOPHIT AENCA HA AUHUL, NEPEGOIAM NOCAEIHION 6 CMPO-
Poudvl (npamble uAU HAKAOHHBIE).

W3 »Tolt TeopeMmbl cieayeT, 9TO HeHTP WHBEPCHH J1060T0 06pasa paBHO-
CTOpOHHEH Tunepboybl, KpoMe cTpodOouj, He MPHHANIEKNT DTOMY 06pasy.
[lousiTHO, ¥TO aHAMOTHYHBIE CTPOMOUTAM KIACCHI JUHAU CYIIECTBYIOT B WH-
BEPCHBIX ceMelcTBaX MPYTHUX JHHHM.



