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N-MEPHBIN Ky0O, MHOIO'JIEHBI I PeIIeHIe TPOOIeMbI
Bopcyka

A. B. Ckomenkon

1. BBEAEHUE

B 1993 r. /1. Kan u T'. Kanau [5], caenys ugesm Boarsuckoro, Jpaema u Jlapmana,
MTOCTPOWIN KOHTPIPUMEDP K runoTeze Bopcyka. Ouu mokazaan, ITO s HEKOTOPBIX
d HEKOTOPOE TIOMHOKECTBO BEPIINH d-MEPHOT O Ky6a MOXKeT ObITh PazbUTo HA 9acTH
MEHBIIIETO AUAMETPA, TOABKO €CJIU KOAMIECTBO YaCTel pacTeT BMecTe ¢ d IPUMEPHO
Kak 1,2\/2. ITo, KoHedHO, Goablte d + 1 aaa 6oabmmx d. Konkperno, pas d = 1325
runoresa Bopcyka HeBepra. [Toctpoenne Kana n Kanau (cm. [5, 8]) 65110 ocHOBaHO
Ha kombunHaTopHol Teopeme 1. Ppoukaa u P. Buabcona [3]. Uspanabckuit MaTema-
Tuk Ajon Huian pazoGpadcs B jokasaTeabcTBe TeopeMbl Pparkiaa — Buabcona. 9To
TO3BOJIIO €My yIpocTuTh mocTtpoenne Kana m Kanan, a Takxke CHU3UTH HAMMEHB-
MIYyI0 M3BECTHYIO Pa3zMepPHOCTh, B KOTOpou rumoresa Bopcyka z3aBefoMo HeBepHa,
¢ 1325 mo 946 [6]. JaabHelinue pe3yabTaThl B 5TOM HANPABICHUM OBLIA TOXYYEHBI
A. TandgyamunabiM, 1. Typesuuem u A. Paiiropojackum [4, 7].

[Tesnb HACTOAIIEH CTATHE — BOCIHPOU3BECTH (YIPOIIEHHOE) T0KazaTeabcTBO Hu-
m!). DTo 10Ka3aTeabCTBO — caMoe MPOCTOe W3 M3BECTHHIX CErOIHA, XOTA APYTHE
I0oKa3aTelbCcTBa fAaloT 6odee cuabhble peayabTaThl [4, 7]. Hanboaee saemenTapHbie
maru chOpMyJIUPOBAHBI B BUjIe 3a/a4. J3BE3OYKON OTMeYEHbl 3a1a4n, He UCTIOIb3Y-
eMble B JaJbHERIIEM.

2. IIOCTPOEHUE KOHTPIIPUMEPA

Hawnem ¢ mHeo6XoauMbIX ompeetenuil. Toukoti (mam, 9TO TO XKe camoe, 6€KMO-
pom) & = (Z1,...,Ty) N-MEPHOTO MTPOCTPAHCTBA HA3BIBACTCA YIIOPATOTCHHBIN HAGOD
n 4qncen. Paccmoanue MeXAy TOYKaM® & = (Z1,...,2n) B Y = (Y1,...,Yn) ONpPETE-

aserca opmyaoit |z, y| = v/(z1 —y1)2 + -+ (2, — yn)?. Ham monagobures Takxe
CKaAApHOE npoussedenue BEKTOPOB & = (Z1,...,2n) U Y = (Y1, ..., Yn), ONpeeIse-
Moe popmyaol (z,y) = T1y1 + - -+ Tn Yy . [IONE3HOCTD CKAIAPHOT O TPOU3BECHUA IS
U3YeHNA PACCTOAHUN (, ClleIOBATENBHO, M IMAaMETPOB) HITIOCTPHPYeTC (PopMyIoit

(%) l,ylP =2i+ + a2l +yi + 4y —2(z,y).

Mycrs EY = {(z1,...,2,)| 2; = £1} — MHOXecTBO BeplIMH n-MepHOro Ky6a. Haun-
Haf C DTOr0 MOMEHTa, J9epe3 T U y Oy/neM 0603HA9aTh BEPUIMHBI N-MepHOTO Kyba (a

1)l_[oc"rpoe}me KOHTPINPHMEpPA K runoTe3e bopcyka — yIUBUTENBHBIN IPUMEDP BaXXHOT'O PE3Ylb-
TaTa B COBDEMEHHON MATEMATHUKE, HE TPEOYOMEro MJA MOJHOTO MOHUMAHHUSA TIOJYT0 TOBOTO CIIEIH-
aJbHOIO YHHBEPCHTETCKOI'O Kypca (Ioc/Ie AByXIo0Boro 0o643aTeNILHOIO Kypca).
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He TPOM3BOJBHBIE TOYKH N-MEPHOTO TpOCTpaHcTBa). [l BEPIINH n-MepHOTO Ky6a
dbopmyaa (*) BEIDJIAAAT 0COGEHHO MPOCTO:

(#%) |z, y|* = 2n - 2(z,y).

KonTpnpnmep x runotese Bopcyka 6yaeT ctponTthea He B £, a B E§‘2. Bepmmabt
n?-MepHOro Ky6a y106HO 3a 1aBaTh HabopaMi (2;;), B KOTOPBIX HH/AEKCHI %, j mpo6era-
0T HE3aBHCUMO YHcIa oT | 10 n (BMecTo HaGopoB (z;), B KOTOPHIX WH/IEKC § TpobGera-
et wmucaa ot 1 1o n?). TlocTaBUM B COOTBETCTBUE Kaxk /0l BepiiuHe & = (21,. .., Zy,)
U3 n-MepHoro Ky6a BepumHuy fr = (2;z;) u3 n’-MepHOro Kyba.

3AAA4A 2.1.a) Hamwaure f(1,—1,—-1) u f(—1,1,1).

b) fe = f(—z), rae —(x1,...,2n) = (—21,...,—Zn).

¢) Ecau fz = fy, Toy = +=.

d) Tyete M’ = {(z1,...,2s) € E}| 1 = 1} — (n — 1)-MepHaa rpaHb n-MepHOTO
kyba. Toraa fz # fy naa mo6bIX ABYX pa3JMvHbIX TOuUeK &,y € M’.

e) Ecin (zi;) = fo, 10 2; = 1 w1 25 = 2.

Omnpegenenne oTo6paxenna f MOTHBUPYETCA CAEAYIOINIAM €ro KPacWBLIM CBON-
CTBOM.

3anAYA 2.2. (fz, fy) = (z,y)?

KonTpupumepom k runotesze Bopcyka apaserca f-o6pas MHOXKecTBa

M ={z € E}| z1 = 1 u cpeu uucea z1,..., T, GUCIO MUHYC eJUHUL YETHO }

(ns HEKOTOPHIX 1, Aedsammuxcd Ha 4). 3agada 2.1.d wurocTpupyeT, noveMy B Kade-
CTBe 3JeMEHTOB MHOXeCcTBa M MBI B3AIM He BCe BEPIIMHBI N-MEPHOTO Ky6a, a TOTbKO
BepimmHbL ¢ ¢ £1 = 1. Cregyrolas 3a1ava MOACHAET, MOYEMY MBI B3AJAU N KPATHBIM

4, M B3AIM TONBKO BEPUINHBL & = (Z1, ..., &) C Y€THBIM YHCIOM MUHYC €IHHUIL CPeH
L1y.-.yLn.

3AJAYA 2.3. Ecin n peaurcd Ha 4 w0 B Kax 10M 3 HaGOpoOB & = (Z1,...,%n), Yy =
(y1,...,yn) € EF deTHOE unca0 MUHYC efuHuI, TO (z,Yy) geanTcs Ha 4.

BAMAYA 2.4, |M| =2""% rae uepes |X| o6o3HaYAETCA TUCIO DIEMEHTOB MHOXKe-
ctBa X.

TEOPEMA. /[as docmamouno 6oabuio2o npocmozo wucaa p un = 4p muoxcecm-
60 fM s n’-mepHom npocmpancmee Heab3a paszbums Ha n’ 4+ 1 wacmb menvurezo
duamempa.

3. IIESA TOKA3ATEJIBLCTBA
Teopema BoiTekaeT uz Habaogenus, OcuoBron Jlemmvbr u 3agadn 3.2.

HABJMOAEHUE. FEcau muoxncecmseo fM moocrno pazbumsv Ha k uacmeti menbue2o
duamempa, mo M moxcHo pazbéums na k uacmed, kaxcdas (odna) us xKomopwr He
codepacum napvl OpMoO20HAALHBIL 6EKMOPOS.

Yro6wl cienaTs Habmogenne, HadHEM C M3yYeHUA PACCTOAHUHA MEXTYy TOYKAMHU
mHOXecTBa fM m usydenus ero gumamerpa. W3 (k%) u 3ajgaum 2.2 BBITEKAET, 9TO
|fz, fyl? = 2n? — 2(x,y)?. Tlostomy |fz, fy| < nv/2 ana mobeix z,y € F}. Boree
TOrO,

(%) |fz, fy| = n/2 Torga u Toapko Torma, Korga (z,y) =0
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(Takme BEKTODHI Z, Y HA3BIBAIOTCA Opmo2oHaabHbimu). HaduHad ¢ 5TOro MOMeHTa,
nyctk n derHo. Torga B M HaiieTcs mapa OpTOrOHAJBLHBIX BEKTODPOB (3aMeTHM,
XOTA 3TO U He UCHOJIB3YeTCA B JadbHENIIEM, 9TO TIPU HedeTHOM n B M He HaujeTcs
MIAPHI OPTOTOHATBLHBIX BeKTOPOB). M3 5Tor0 i (¥#%) BRITeKaeT, uro diam fM = nv/2.
Boaee Toro, paccrosgunme mexay Toukamu fx, fy € fM pasao diam fM Torma m
TOABKO ToOTa, Korja (z,y) = 0.

Ecau mMHOX)ecTBO fM paséuro Ha k "acteit Aq, ..., Ap, To nx npoobpasbl f~1 Ay,
Ff~YAs. .., f~1 A o6pasyior pasbucHue MHOKecTBa M Ha k wacTreit. U3 zagaun 2.1.d
caepyet, uto |A;| = |f71A;|. Ua (x*x) u pasencrsa diam fM = ny/2 caegyer, uTo
Kaxjgada m3 dacren A; mMmeer auamerp, Menbmmi diam M, Torjga W TOJABKO TOTrja,
KOT1a B Kax10i (ogHOMH) ma wacTeit f~'A; HUKakme 1Ba BEKTOpA HE OPTOT OHATBLHEL.
Nrakx, Habmonenne caemrato.

Mbi XOTUM [0Ka3aTh, 9To k Beauko (Tounee, k > n? +1). /las 5Toro 10cTaTOYHO

M on—2

foxazath, uTo |fT1A;| = |A;| mano (Tounee, |A;| < |2—| = —5——) 1A KaxJ0ro
n°+1 n®+1

i=1,..., k. OxasbiBaeTca, 9TO 3aMeYeHHOTO CBOMICTBA MHOKecTBa f~1 A; (Hukakue

[IBa €ro BeKTOpa He OPTOrOHAABHBI) T0CTATOYHO [UIA HYKHOH BEPXHEN OLEHKH Ha
|f~1A;|. Tpusegem mpocToii mpumep. Myets A C M m mukaxme aBa BeKTOpa W3 A
He opToroHaabubl. Toraa uz 3agad 2.4 u 3.1 caeayer, ato |A] < 2772 — 1 (mosTomy

k > 2). Crenyromas JeMMa yCHANBAET Ty TPUBHANBHYIO OUEHKY.

OCHOBHAA JEMMA. [Tycmpv p — npocmoe (He obazamenvno Goavuioe!), n = 4p,
A C M u nukakxue dea eexmopa uz A ne opmozonaavuwl. Toada

n
n_y
Al <a(n)=Cp 1 +Cp 1+ +Ci .
n n_q 2n—2
3A7A49A 3.2. (Ouenka) a(n) < ch4—1 < ﬁ IS JOCTATOYHO GOJBLIINX 7
n

!
Kazaume: Ucnoab3yuTe dpopMmyry Crupaunnra lim, o ).
y y pMyJry p

V2rnn"e "

4. MHOI'OYJEHBI U JOKA3ATEJABCTBO OCHOBHON JIEMMBbI

IIpu goxazareabcTBe OcHoBHOU JleMMBI MOXHO 3a0BITh NPO KOHCTPYKIIHWIO
n?-MepHOro Ky6a 11 0To6pakennd f, 3aTo HYXKHO 6yIeT IpoIelaTh HOBYIO KOHCTPYK-
0. ITo6b chopMyampoBaTh JaHHOE CBOMCTBO MHOXKeCTBa A (HUKakme 1Ba BEKTO-
pa u3 A He OPTOTOHAJIBHBI) Ha YAOGHOM /Ul OKA3aTeNbCTBA A3BIKE MHOT OWIEHOB,
BBejleM onpefenennsa. HaunHas ¢ 5Toro MOMeHTa, MyCTh p — MPocToe (He 06A3aTeNb
HO Goabrmoe). TTomoxum G(t) = (¢t —1)(t —2)...(t —p+ 1).

3AAAYA 4.1, [Tas ueawix t, G(t) geanrcs Ha p TOraa M TOABKO TOT 1A, KOra ¢ He
IeqnTCs Ha p.

Jlast kax qoro BekTOpa a € A onpegeJuM MHOTOWIEH OT 1 — | lepeMeHHOR Zg, . . .
..oy Ty opmymont Fy(za,...,2,) = G((a,z)), tne = (1,za,...,2,). Packpoem
cko6ku B pousBefiennn G((a, z)) 1 B KaXk/OM U3 HOXYYEHHBIX OTHOWIEHOB Gy 1eM 3a-
MeHATH z7 Ha |, ToOKa 5TO BO3aMOXHO. IloMydeHHEII MHOTOWIEH O6GO3HAYNM
Fa(xg,...,rn). On 6yger ceoboden om keadpamos, T.e. 6yjgeT CYMMOU OJHOUJIEC-
HOB Zj, -~ - - j,, A€ %1, ...,1s — PaA3IWIHBIC 9NCTa OT 2 10 n. ETo cTenens He OymeT
npeBocXoauTh p— 1 (cmenenvio oHOUIEHA x?l ...x% maspiBaeTca amcao by + - - -+ by;
CMENEHb MHOTOMWIEHA, ABJIAKMIErOCH HEMYCTOW CYMMOU Pa3jJUYHBIX OTHOYJIEHOB C
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YUCTOBBIMHU KO3(P(PUIMEHTAMHU, HA3BIBAETCA MAKCUMYM CTETEHEN O THOYMIEHOB U3 3TON
cymmbi). TTycts A’ — MHOXeCTBO cBOGOAHBIX OT KBaAPATOB MHOIOUICHOB CTENEHN
ue Gomee p — 1. OcuoBuas Jlemma caegyeT u3 Huxkecaeaywommx Jevmvor 1 u 3agad 4.2

u 4.5.

JIEMMA 1. Ilyemb p — npocmoe, n = 4p, A C M u nuxaxue dea sekmopa u3s
A ne opmozonaavnbl. Toeda cemeticmso muozouaenos {Fy(xa, ..., ¥n)}aca aunetino
HE3a6UCUMO.

Mmuoro4ien F HasblBaeTCA AUHELHO 6HIPANCANOUUMCA T€PE3 MHOT OICHBI F1,~. ..

., Fy, ecm cymecTBYIOT palmoOHAABHBIE UHCAA At ..., Ay, Takme 9T0 F = A\ Fi+
+ -+ Fs. Hanpumep, MHOT OWIEH X5 JUHENHO BHIPAKAETCA 9€PE3 MHOT OXIEHBI 221
1 u z1 4+ z3. CeMellcTBO MHOTOYJIEHOB HA3BIBAETCA AUHEUHO HE3ABUCUMbIM, €CIU HU
OJIMH M3 HUX HE BBHIPaXKaeTCsA JUHEWHO Yepe3 ocTalbHble. Hampumep, ceMencTBO U3 1o

MHOLOYJIEHOB 1, 29, 23, ..., T, ABIAETCA JAHEHHO HE3ABUCUMBIM.
3A7A49A 4.2, a) CeMellcTBO MHOTOWIEHOB Z;, - ... &, rae s = 0,...,p— 1 m
i1,...,1; — pa3JuvHble YUCIa OT 2 10 N, ABIAETCA JUHENHO HE3aBUCHUMBIM.

b) Jro6oit MHOTOWIEH U3 A’ THHEHHO BBIpaXXaeTCA Yepe3 MHOTOWIECHBI CHCTEMBI,
yKa3aHHOU B a) (Takue JMHENHO HE3aBUCHMBIE CHCTEMBI HA3BIBAIOTCA 6A3UCAMU MHO-
xecrBa A').

c¢) B cucreme u3 a) poBHO (n) MHOTOHJIEHOB.

JTOKA3BATEJABLCTBO JIEMMBI 1. IlycTh, HATPOTHB, CYIIECTBYIOT paluoOHAJbHBIE
qucaa Aq, ..., Ag, TaKAe ITO

(#kk%) Fo=MFy + -+ X\ Fy,
I HEKOTOPHIX @, d1, . ..,ds € A. Paz6epeMm cHadaga ciydal Heablx Aq, ..., As. Iloa-
CTaBUM B DaBEHCTBO (kk#*) 3HAYEHUA Tz = da,...,Ln = Gn. U3 (a,a) = n =4pu

safaqn 4.1 BHITEKaeT, YTO JeBad 4acTh PaBEHCTBA (#*+%) He geanTcd Ha p. U3 saxa-
un 4.1 1 HEKecaeyIOMIer 3a1a49u 4.3 BEITEKAET, YTO MpaBad 9acTh PABEHCTBA (k)
peauTca Ha p. [lomydeHHOe TPOTHBOPEYNE TOKAZHIBAET JEMMY.

3AAAYA 4.3. Ecam a,b € M pazau<Hbl 1 He OPTOTOHAJIBHBL, TO (@, b) He KemuTcs
Ha p. (Ykasauue: B mpoTuBHOM caydae (a,b) € {£p, +2p, +3p}, 4TO HEBOZMOKHO O
sanade 2.3.)

3A0A49A 4.4, TlpuBeauTe aHAJOTMYHO K MPOTHBOPEYHI0 OOIIMH CJAyHal, KOTIa
A1, ..., As paumoHaXbHBL. (YKazaHWe: TOMHOXBTE PaBEHCTBO (kk**) Ha OOIINH 3Ha-
MéeHaTelb U UCTIOJAb3YHTe METO/ CIYCKA. )

3ATAYA 4.5. Ecan Fl, . ..,Fk — JMHeHHO HezapucuMad cuctema B A, a Qq, ...
.., Qs — 6Gasuc B A, o k < s. (YkazaHue: cHawaza JOKaXuTe, YTO CHCTEMY
Fi,. . Fy, MOXHO JOTOJHUTH J0 Gasmuca. [loaToMy MOXHO ¢ caMoro Hada/a CInTaTh,
a0 F,. .., Fy — 6asuc. llockoabky Fy AuHEHHO BEIpaxkaeTcd depe3 (1, ..., (s, Tax
9TO He BCce KO3((PUIMEHTH HyJeBble, TO B cucTteme Fi, ..., Fi MoxHO 3amenuTsh F)
Ha OfMH U3 (J;, TaK 9TO MOJyHueHHasd cucTeMa Toxe 6yaeT Gaszucom. [loBTopss Takme
3aMeHbl HECKOJBKO pa3, Mbl OAYYUM 6asuc @, ..., Q;,. 3HauuT, k < s.)

BAATOIAPHOCTH

A xody moGaaromaputs H. II. /loabuamaa m A. M. Pafiropojackoro, oT xoTo-
PBIX 51 y3HAJ KOHTPIPHUMEPHI K runoTese Bopcyka, y9eHUKOB (hu3.-MaT. MIKOJIbI WM.
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A. H. Koamoroposa u mikoqasr Ne57 r. MoCKBBI, KOTOpBIE Y3HAIN 3TH KOHTPIPAMEDDI
oT MeHs, a Takxke B. H. /ly6poBckoro 3a noJieauable 06Cy XK IeHUSA HACTOAIIEH 3aMETKH.
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