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OTobpazkeHnsa cdepbl I HEeBKINJOBBI NeOMeT DI

P. P. [Tumenos

XoTenoch 661 HANEATHCA HA TO, YTO HTa CTaThA OyjJeT WHTEPECHA JIOOUTENAM
reoMeTpuu. Bo-TepBBIX, B Hell eMHOO6PA3HO CTPOATCA MOJEIN BCEX TPEX TeoMe-
Tpunn — EBkiuga, Pumana u Jlo6adeBckoro. CamMa KOHCTPYKIUS MOJIENN, KOHEYHO,
ceazana ¢ ugeamn Kaenna u Tlyankape, HO, B OTJIMYNE OT HUX, TEOMETPUU CTPOATCA
eIMHOOGPA3HO U HECKOJALKO HarisaaHen. [IpudeM Bce mMpueMbl TTOCTPOEHUA GBLIN W3-
BeCTHBI He Toabko [lackaiio, Ho, BepoaTHO, U Anomtonnio [leprckomy. Bo-BTophix,
OCHOBHYIO POJIb B DTHX MOJEIAX UT'PAIOT OCEBBIE U TOYEYHBIE CHMMETPUH, 9TO TPO-
JNodKaeT AuHWIO BaxmaHa B OCHOBAHMAX TEeOMETPHUH, WLIIOCTPUPYA MaTepual ero
xuuru «[locTpoenne reoMeTpun Ha OCHOBAHWW MOHATHA CHMMETPHNY . B-TpeThux, 1mo
X0y feda HaM yJaeTcA MPOWLTIOCTPUPOBATH HEKOTOPHIE BaXKHBIE TIOHATUA TEOPUN
TPYON U cTpoeHre 6eCKOHEYHO yIAJCHHBIX TOYEeK.

Mo e Tpex reoMeTpui 6a3upyoTCsA Ha OHOM CTeUAILHOM OTOGpa)eHun cde-
pbl B cebsi. EcTecTBEHHO HAaYaTh ¢ COOTBETCTBYIOMIETO OTOOGPAXKEHUA OKPYKHOCTH.

IIycTs S' — OKPYXHOCTH Ha ILIOCKOCTH U A — HexoTopaa Toduka. [Ipamasd, mpo-
xogamag depea A m Touky x € S! u He ABIAIOMAACA KacaTelbHOMH, mepecekaeT S’
B Jpyroii Touke, koTopyio Mbl oboznadnm A(z). Ecim A aexut ma S, To MoxHO
noaoxkuTh A(z) ToxgecTBeHHO paBHON A aus Beex z. Ecam ke npAMas — KacaTeldb-
Had M X — ToYKa KacaHudA, To moJoxuM A(z) = z. Mul mocTpomin oTobpaxkeHune
A:S' 5 S xoropoe HazoBeM A-0ToGpaKeHIeM.

Tenmepb MBI yXe TOTOBHI K TIOCTPOEHUIO MOJeJell Pa3HbIX TeoMeTphil. JTO 3Ha-
YUT, 9TO MBI JOJKHBI OOBACHATD, 9TO MOHAMAETCA TI0/ CAOBAMU (TOTKa», (MTPAMad)
«YTOaI», (pacCTOAHUE» W T.TI.

PaccmoTpuM chepy S? B TpexMepHOM IPOCTPAHCTBE U (PUKCHPOBAHHYIO TOUKY A.
Touka A aHATOrWYHO MIOCKOMY CiIyd9alo onpefgenseT A-oTobpaxkenne >Tou chephl B
cebd.

HazoBem «ToukaMmy MojgeaupyemMont reomerpun mnapel (z, A(z)) rae z # A(z),
T.e. mepecedenna chepbl S? MPAMBIME, TPOXOJANIME depe3 A, a «(IpAMBIMHY Mo-
NeJUpPYeMON TeOMeTPHHN — OKPYXKHOCTH cpephl, JeXalllie B OTHOH MIOCKOCTH ¢ A,
T.e. mepecedenna chepel S? mIockocTaME, mpoxoaammMi depes A. Ecanm Touxa A
JeXUT Ha S?, ModydaeTcs MOJedb eBKINJOBON TeOMeTpPIH, eCIH OHA JeXKUT BHYTPH
S?, To — pHMaHOBOI, a ecIl BHe — TO TeoMeTpnn Jlo6adeBckoro.

MaTemaTuyeckoe npocseuweHue, cep. 3, Bbin. 3, 1999(158—166)
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To, 9TO ¢ aKCHOMON O TAPaLIeILHOCTH B HAIIMX MOJEAAX BCe B TMOPAJKe, BHIHO
cpazy: ecau A jqexuT Ha S?, TO Wepe3 TOYKY BHE TPAMOH MOXKHO TPOBECTH ¢IMH-
CTBEHHYIO TMAPALTETbHYIO (COOTBETCTBYIONIYIO TNIOCKOCTh 9epe3 MaHHYIO TOYKY HaJ0
IPOBECTH 4epe3 TPAMYIO, KacaTedbHYIO K OKPYKHOCTH, ABIAIONIYIOCA «JaHHON Tps-
MOT).

IIapaJuie/ibHasg [IpaMasn

AJaHHaA TOYKa

JaHHad NIpaMada

Ecau xe A nexuT BHyTpH cdephl, TO, KaK U JAOJKHO OLITh, HET MMapalelbHbIX
IpAMBIX, a ecan A — BHe cdepbl, TO X MHOTO0. Tenepb ocTal0Ch ONpeAeanTh YL U
paccroanuda. Mul cienaeM 5To, Kak 1 BaxMan, onpejenaa reoMeTpHUio Ha OCHOBAHUNI
cuvmmeTpun. Onucanubie panee A-oTo6pax)eHnsa Oy AYT ABIATHCA CAMMETPUAMHE T'€0-
meTpuin. CBonicTBa ke A-0To6GpakeHUN TECHO CBA3AHBLI C MOJAPHBIM COOTBETCTBHEM
U APYTCUMHI HAeAMH, BocxoadmuMu K Ilackamao, HalpuMep, ¢ ero 3HaMeHUTON Teope-
MO O BIUCAHHOM IeCTHYTOJdbHUKe. [l 0CyIecTBACHUA 3TO TPOrPAMMbI HAM CHOBA
NpUJETCA BEPHYTHCA K OKPYKHOCTH.

1.

OTMeTUM HECKOIBKO MPOCTHIX CBOUCTB A-oToGpaxkenuit. 3 camMoro mocrpoenns
oveBuHO, 9T0 A(A(2)) = 2. Takue oTOGpaKeHNA, KOTOPHIE TBaXK /Bl TPUMEHEHHBIE
OCTaBIAAIOT OOBEKTH HEMOABUKHBIMH, HA3HIBAIOT WHBOATHBHBIME. JTO OYeHb IIIH-
POKWH KJacc OTOOpaX)eHW, HApUMep, K HAM OTHOCATCA TOYEYHBIE W OCEBbIe CHM-
MeTpun. OHu yaoOHBI, HAIPUMED, TE€M, 9TO 0OpATHOE K KOMITO3WINHA HECKOJBKHUX
WHBOJIOTUBHBIX 0TOOpaXkeHNH 3amucbiBacTcsa npocto. Hanpumep, ecan P, F', R un-
BOTIOTUBHEL, To ob6paTHoe K P PF P R 3anumeTca npocTo cnpaBa HaaeBo — RPFPP.
Way4uum Tenepb HeKOTOpHIE cBocTBa A-oTo6pakeHN.

Mycte Touka A’ ynansercs mo ay4ay [OA),
rae O — menTp okpyxHocTH S'. A'-oTobpa-
KeHUA (T.e. 0TOOpaXKeHHsA, IOCTPOEHHBIE He
w3 Toukn A, a m3 Toukm A’), 6yayT Torja
BCe MEHBIIE OTANYATHCA OT OCEBOW CHMMeE-
Tpun oTHOCHTeMRHO [, Tae | — mmamerp S,
nepneH MKy AapHbi K (O A), TOCKOIbKY TIy-
9ok nmpsaMbIx n3 A’ mo mepe ynanenus A’ Bce
MeHbIIe GyAeT OTANYAThCA OT MydYKa MapaaedbHbIX, KaXkgad U3 KOTOPBIX TepIeH-
aukyaspHa [. 3ameTum, uTo ecam Touka A" ynpaaserca mo ayay [AO) (B apyryio
cTopony), To A”’-oTobpaxkenus GyyT Bce MeHbIe OTANYATECA 0T A’-0To6pakeHun
U B TIpejiedie TOXKE COBNAAYT C CAMMETPHUEN OTHOCUTEABHO [. MBI MOXKEM CUNTATD, 4TO
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B IWTOCKOCTH eCTh GeCKOHEYHO y/jafleHHad, HeBUAAMAasA TOIKa, B KOTOPOW MepeceKa-
I0TCA IPAMBIe, TIepIeH TUKYJAPHBIE [, OHa-TO W 3aaeT 0TO6paXeHne, COBIA,TaOIIee C
cuMMeTpuell oTHocHTeabHO [. [TycTh Teneps A’ yjaanseTca He 0 aydy, MTPOXOAAIIEMY
9Yepe3 TeHTP OKPYXHOCTH, a TI0 MPOM3BOJAbHON mpamMon w. IIposegem Torga w’, ma-
PALICIBHYIO W U TIPOXO A0 9epe3 TeHTp ST, u quameTp I/, mepHen AnKyaapHeri w'.
TTo mepe ypanenus A’ oT OKpyKHOCTH (HEBaXXHO B KaKylo cTOpoHY) A’-oTobpaxkeHue
BCe MeHbIIe 6y /16T OTANIATLCA OT CHMMETPUU OTHOCHTEALHO [/, a B IpejieJe coBOaeT
C Hel.

ITocate 3Toro MpoCTOro aHATMTUIECKOTO HabAIOJAeHAA CAedaeM aldrebpanvdecKoe.
Boabmem nBe Toukm A m B m O6yjaeM oTo6paXkaTh NPOM3BOJALHYIO TOYKY T Ha S
CHadJaJa OTHOCHTeNIbHO A, 3aTeM oTHOcMTeabHO B, 3aTeM CHOBa OTHOCHTEJNLHO A
uT. 1.

HanpammsaeTca Bompoc: MpM KakWX yCAOBHAX HTa JOMaHad 3aMKHETCA, T.e. KO-
raa A(B(...A(B(z))...)) = z. Ha 5ToT cloXHBIN BONPOC A OTBeYaTh He Gyay, f
BBIACHIO MWL, KAKUMU TOJKHBEI 6bITH A m B, 4To6sl paBencTo A(B(A(B(z))) =
= I BBIOJHAJOCH Aas Becex r Ha S. /laa yno6cTBa NepemmineM paBeHCTBO B BHU/E
A(B(z)) = B(A(z)). MoXHO NOACHUTH: CHavala Ha TOYKY & TOJEHCTBOBAIN U3 TOY-

B

xku A, zatem mz Toukm B. Korga pesyaprar GymeT Takou Xe, KakK eciaum OBbI gei-
CTBOBaJW B APYroM Mopsake — cHadaga uz B, motom umz A7 Takme oTobpaxeHus
A u B, xoTopble AeHCTBYIOT Ha OOBEKT HE3ABUCHMO OT TOPAIKAa WX NMPUMEHEHUs,
Ha3bIBAIOTCA KOMMYTHUPYIONIUMHI U U3y4alOTCA B TEOPUHU T'PYIIII.
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IIpex e 4eM OTBETHUTH, KOT1a
A(B(z)) = B(A(=)),

najgum onpefeienue. Ecau Touka A gexuT BHE OK-
PYXKHOCTH, TO noadapHoti Kk A npAMon (Manm nods-
poti k A) HazbIBaeTcA NpAMad [, IPOXoAANIad de-
pe3 JIBe TOYKM OKPYXKHOCTH, JekKallue Ha KacaTeJbHbIX, TPOBEeAeHHBIX 3 A K »Ton
okpyxHocTHu. [Ipu 5ToM Touky A HazwiBaioT moatocoMm mpsamoin [. [Ipex e Bcero ot-
MEeTHM HECKOABKO TMPOCTHIX CBONCTB MOJAPHBIX MPAMBIX: eCin A JeXuT Ha moJsape K
B, To B nexuT Ha nogApe K A; ecau MOMAPHBIE TPEM TOYKAM MPAMBIE TIePeceKaioTCA
B OJHOHW TOYKEe, TO DTU TPH TOYKHU JeXKaT Ha OJHOW MPAMOH. XOTA 5TH CBOHCTBA
XOPOIIO M3BECTHBI, MBI IPUBOIUM B TMPUJIOKEHUN UX NOKA3ATEILCTBA, TOCKOALKY Ha
X TpUMEpPe MOXKHO ellle pa3 YBUAeTh POJb MHBOMIOTHBHBIX TTPeoGpasoBaHul.

l — HoJisipHas K A npsMasi

A —rnomoc npsAMOU l

JIBe TOYKYM HA3BIBAIOTCA 83AUMHO NOAAPHLIMU, €CIU OTHA W3 HUX JEXKUT HA TIOAAPE
K apyroiu. B naabHenmeM HaMm TOHAJOOUTCH ONPENENNTh B TPOCTPAHCTBE MOJIAPHYIO
K TOYKE IIIOCKOCTH OTHOCHTETLHO chephl S2. DTo AelaeTcs COBEPIIEHHO aHAIOT THO
MJIOCKOMY CJAy9aio: TOJAPHOU K To4YKe A Ha3BIBAIOT IIOCKOCTH, MPOXOAIIYIO Mepes3
OCHOBaHIE KacaTeJbHOTO K S2 KoHyca ¢ BepmmHOn B A. IloaapHble mMIOCKOCTH 0614
Ja0T TaKUMHU XK€ CBONCTBAMU, 9TO W MOJSPHBIE TPIMBIE.

Chopmyanpyem Tenepb TeOMETPUYECKUU CMBICA TOXIeCTBA

A(B(z)) = B(A()).

OHo o3HaYaeT B TOYHOCTH TO, 4TO Aad Jo6oi Toukn z Ha S Toukn A(z) n A(B(z))
JeXkaT Ha OJHOW TpAMOW ¢ B. B NpPOEKTHBHON TeOMETPHE JOKa3bIBACTCA (MOKHO
IoKazaTh 3TO W UCMONB3YA JeKapTOBHI KOOPAMHATH, 8 BOT HalTH KPAacCHBOE HATJIA-
HOe 0Ka3aTeqbCTBO MHE He y/al0Ch), 9T0 TOYKH MepeceveH s MPO/I0IKEHUA CTOPOH
9eTHIPEXyTOJbHNKA, BIUCAHHOTO B KPYyT, B3anMHo moaapubl. OTcrofa caegyeT, 9To
B neo6xonumo aexut Ha moaape Kk A. C apyroit croponsl, pas npamas (z, B(z))
nepecekaeTcA ¢ MOMApPod K A B ofHOH TOYKe, TO OTCIO/a CAeAyeT, ITO B 3TOH XKe
ToYKe TepecekaeTcd ¢ noaspon k A m mpavas (A(z), B(z)). Orcrona caegyer mo-
CTaTOYHOCTH MPUHAICKHOCTH TOYKH B motdape K A 1Jd BBINOJHEHHA H3y9IaeMOr O
Tox gectBa. UTax, A-oTo6paxkeHne KOMMYTHPYeT ¢ B-oTo6pakeHneM TOT 1a W TOMb-
Ko Torfa, korja B JexuT Ha noaape k A. MHave rosopa, xorga A m B BzaumuO
HOMADHHL.

B sak/aroveHne HaMX IJAHAMETPHYECKHX PACCMOTPEHHH 3aMeTHM, 9TO A-oTo-
6paXxeHua MOXKHO CBeCTH K WHBepcun. MeHHO, mEBepcuel ¢ eHTpoM B O HazbIBAIOT
oTob6paxenue F', koTopoe 0To6paxkaeT MPOU3BOJLHYIO TOYKY MJIOCKOCTH T B TOYKY
F(z) rak, uro:

> IlerTp maBepcum, ToUKa U ee 06pa3 JexaT Ha OJHOU MPAMOH.

> [IpomsBesenne paccTOAHUEA OT [EHTpa MHBEPCUHU A0 TOYKH & W 10 ee oOpa-
3a He 3aBUCHAT OT . KopeHb KBaApaTHBIA M3 3TOTO TPOM3BENEHUA HA3BIBAIOT
pPaanycoM WHBEPCHUN.

> llerTp mHBepCHE He JEXUT MEXAY TOYKOW U €€ 0GPa3OM.

WuBepcun obaagaioT psjgoM HHTepecHBIX cBoucTB. OHIM 0TOGPAKAT OKPYKHO-
CTH B OKpYXHOoCTH (man npsamble). Kaxas HHBEPCHS OCTABIAET HEMOBHKHON BCe
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TOYKM HEKOTOPOU oKpyXkHocTH S. Eciu MBI paccMoTpuM Bce MHBEpPCHUE, OTOOpaXKa-
oIe TaHHYI0 OKPYXKHOCTL S B cebA, TO OHU KaK pa3 COBNAAYT ¢ A-0ToGpaX)eHUuAMNI
(ecim A BHe S, TO ueHTp mMHBepcun copmajeT ¢ A, mockoabky |A(z), A| - |z, A| no-
CTOSIHHO; ciayd4all, Korga A BHyTpu S MOXHO CYNTATh WHBEPCHEW, CONMPIKEHHOU C
ToYeqHOH cuMMeTpuelt). HakoHel, HHBEPCHE OCTABIAIT HEM3MEHHBIMH yDJIBI MEXK Ty
HepeceKarMMICA KPUBBIME (€CIH YIJIOM MeX 1y KPUBBIMA CIHTATEH YT OJ MEXK Y UX
KacaTelbHBIMI B TOYKE MePeCcedeHns).

2.

Tenmepb MBI TOTOBBI K TOCTPOEHNIO TPEXMEPHBIX MO/IeJER Pa3InIHBIX TeOMETPUH.
PaccMoTpuM, Kak 6BLT0 CKazaHo BHadage, A-oTobpaxenna cdepsl S? B TpexMepHOM
eBKJANJOBOM MPOCTPAHCTBRE B CebA.

OTmMeTnM, pex ie BCETO, 9TO 06pa3 OKPYKHOCTH TIpH A-0To6paXKeHun ecTh CHO-
Ba OKPYXHOCTh. UTO6GHI He 3abJAyUTHCA B CTEPEOMETPUN, CONIEMCA Ha M3BECTHHIE
daxThl. Bo-mepBBIX, XOPABI (WIH CEKYIINe) TeAATCA TOYKON MepecedeHns Ha OTpes-
KW (Apyrue KOHIBI KOTOPHIX — TOYKW MePecevdeHns ¢ OKPYKHOCTHIO), TPOU3Be/IeHNE
JIIMH KOTOPHIX IMOCTOAHHO W PaBHO KBaJpaTy IINHLI KacaTeabHol m3 A x S?. Bo-
BTOPHIX, 3TO TO3BOJIAET HaM MPO/IOMKATEL faHHoe A-oTo6paxkenne cephl 10 0ToOpa-
XKeHnd B ce6d BCero MPOCTPAHCTBA, IPH KOTOpoM cdepa S?, pazyMeeTcd, TIepexoTUT
cama B cebda. ITo oToOpaXeHne, Kak U B TLWIOCKOM CJydae, Ha3blBAeTCA MWHBEPCHUEN,
€T0 CBOWCTBA M3BECTHBI W CPeJM HHUX TO, 9TO WHBEPCHA TMEPEBOAUT OKPYKHOCTH B
OKPYXHOCTH. 3aMETHM, 9TO KaK W B ILIOCKOM CJydae, IPH ydaJeHlr TOYKH (), BAOID
TTPOM3BONBLHON MPAMON [ TIy9I0K MPAMBIX, TIPOXOAAIINX 9epes (), BCe MeHBINEe OTanYa-
eTca BOMM3N ceprl S? 0T MapaLIeIbHEIX K IpAMOl | 1 (J-0To6paXkeHIe Bee MeHBIIIE
OTANYaeTCA OT CHMMETPHH OTHOCHTEILHO ILIOCKOCTH, IPOXOIAIIEH depea HeHTp S2
W TeprneHMKyaapHoi [. B mpenene ero MoXHO cIMTaTh COBMNAJAOMIAM C DTOW CHM-
MeTpHen.

MHoXecTBO Bcex Todek P, Takux 4To 1 Beex z Ha chepe A(P(z)) = P(A(z))
(T.e. A m P onpefeldioT KOMMYTHPYOIHE 0TOGPaXKeHNA), eCTh TOAApHad K A mroc-
KOCTb. JTO TPUBHAIBHO CeYET U3 IIOCKOTO caydad. B camom jese, mpoBeieM depes
P, Au B miockocTs v. ¥ HepecekaeTcd ¢ S2 o Hexoell okpyxHOCTH T, a ¢ HOIAPHOMN
K A miockocTbio (06o3HaUNM ee ) 1o Hekoell mpsamolt . [TockoabKy KacaTelbHbIE B
nrockocTn ¥ m3 A ¥ T ecTh OTHOBPEMEHHO M KacaTelbHHIE K chepe S2, To Toukm
KacaHuA JexaT B T W, cJeJoBaTeqbHO, IOJApHadA MpAMad K A B mIockocTw v coBma-
naeT c . TTockoabKy B MIOCKOCTH Y KOMMYTaTHBHOCTH OTOGPaKeHNH, 3a/]aBaeMbIX
A n P, Bemoanserca (P nexnT Ha modspe K A), W Bce MOCTPOEHWsA C TOYKON & He
BBEIXOJAT 3a TIPeJIedbl MIOCKOCTH Y, TO TpebyeMoe TOX 1eCTBO yCTaHOBJIEHO.

Kaxk yxe 6BIIO CKa3aHO, «TOYKHY MOJEINPYEMON TeoMeTpHun 5To maphl (z, A(z))
rae x # A(z), T.e. nepecedenns chepbl S? MpAMBIMHU, TPOXO AAMINME Yepes A, a «ps-
MBIe» MOJIEJUPYEMOH TEOMETPHN — OKPYKHOCTH CEPHI, JeXallne B OJHON TIOCKO-
ctm ¢ A, T.e. mepecedenna cdepsl S? ILIOCKOCTAMHE, IPOXOJAIMME depe3 A. Boi-
ACHUM, KaKoe 0TO6paKeHHe «TOYeK» U (MPAMBIX» MOJCANPYEMOl FeOMETPHUH 3aJaeT
Touka P, Jexamas Ha MOIAPHON K A INIOCKOCTH, HO He TpHHA LIexamasa S2.

P-oro6paxenue mepesogur mnapy (z,A(z)) B mapy (P(z),P(A(z))) =
= (P(z),A(P(z))), T.e. ¢TouKy» Mojean B «To4KYy». [TockoabKy P-oToGpaxkeHne me-
PEBOJINT OKPYXHOCTH Ha ccepe S? B OKPYKHOCTH, a Mapy TOUEK, JeKAIIX Ha OTHOM
npaMon ¢ A, B mapy Todek, CHOBa JeXKalllylo Ha OJHOU MpAMON ¢ A, TO «IpAMBIE)
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MOJEeNN TIepeliyT B «IpaAMbles. Ecam P aexuT BHe cdepsl S2, To P-oTobpaxenne
OCTaBIACT HEIOABUAKHEIM OCHOBAHME KacaTelbHOI'O KOoHyca K S2. JTa OKPYXKHOCTD
JEeXUT Ha TOJAPHON K P TIOCKOCTH, TPOXOAIIen depes A, u clieJoBaTEAbHO, ABIACT-
ca «upamoiy Mojean. O6paTHO, BeAKasa «IpAMady [ MOJeAn 3a1aeT HEKYIO MOAAPHYTO
K Hefl Touky P, aexamiyio BHe S? Ha moaapHOH K A INIOCKOCTHW U Takylo, 94T0 P-
oTobpakenme ocTapadeT Henoasmxuom [. IlycTs Temeps P nexut BayTpu S2. IIpo-
BedeM dWepez P u A mpamyio. DTa IpaMasa IepecekaeT cdepy S? B JBYX TOUKaxX Z I
A(z), onpenensaomux «Touky» Mojean. OdeBuHa, 5Ta (TOYKay TepefeT B cebd mpn
P-orobpaxkenun, Tak kak P, z, A(z) 1exaT B JaHHOM cilydae Ha OJHOH MPAMOIL.

Wrak, xaxgasg Touka P Ha MOJAApHON K A MJIOCKOCTH T ONpejesieT WHBOJIIOTHB-
HOoe P-oToGpaxeHne MOJeAN TeoMeTpHUN B cebdA, mpuieM, ecan P J1eXKUT BHe chephl
52, TO MMeeTCA HeToABMXKHAA (IPAMAA», a €CAM BHYTPH S2, TO MMeeTcA HETo JBHXK-
Had «Tovkay. HampammBaeTca MBICTB, YTO MBI IMEEM [EJ0 ¢ OCEBHIMU M TOYETHBIMHT
cuMMeTpuaAMu Mojenan. Ilpexae ¥eM BBIACHWUTDH, TaK JHU 5TO, HATO TPOBEPUTH, KakK
06CTOUT [Mel0 B DTUX MOJEAAX CO CBOUCTBAMU B3aMMHOTO PACIOJOKEHHUS TOYEK U
OpAMBIX (Tlepecederne W MapalelbHOCTh TPAMBIX). [lad 3Toro ygoGHel MBICAUTE
«TOYKW» U (TIPAMBbIe» TeOMEeTPHUH He KaK Mapbl TOYEK W OKPYXKHOCTH Ha cdepe, a Kak
OpAMBIE W NIOCKOCTH, TIPOXOIAIINE Yepe3 DTH TOYKN W OKPYXKHOCTH (M, pasyMeeTcH,
npoxosume depes A).

ITpo To, 9To B yKazaHHBIX MOJENAX BCE B MOPAJKE CO CBONCTBAME Mapas/elbHO-
cTH, 6LIJIO CKa3aHO B caMOM Hadade. [[pucTymM K M3y9IeHUI0 METPUYECKUX CBONCTB
MO, T. €. K TOMY, KaK MOXKHO ONpeJeJnTh PacCTOAHUA W yTabl. [Ipn 5ToM Xkema-
TeabHO, 9T06bI P-0To6paXeHnA 3a1aBaJl OCEBbIE H TOYeIHBIE CAMMETPHH. 3aMETHM,
9TO CTOAIIAA TIEpe,;T HaM| 3a,1a9a MPOTHBONOJI0XKHA BO3HUKAIOIIEN B ITKOALHOM KypCe
nan B kaure ['masbepTa «OcnoBanna reomerpnny. O6BIMHO MPeATIONATAETCA, ITO MBI
yMeeM M3MepPATDH JMIUHY OTPE3KOB U BEJIMYUHY yTJa0B. VICXOAA M3 HTOr0 MBI BBHIACHA-
eM, KaKne OTOOpaXeHNA TMIOCKOCTH B cebd COXPAHAIOT PACCTOAHUA W YTJIBI, B 9acT-
HOCTH, y6eXk 1aeMcA, 9TO pacCTOAHWE MeX/y Mapoll TOYeK He MeHAETCA MPH OCeBON
cumMeTpun. Celldac e MBI MpeAToJaraeM, 9TO HEKOTOPhIe 0TOOPaKeHNA «TOYeK»
W (IPAMBIX» MO/IEJH ABJIAITCA CAMMETPUAME, M XOTUM Y3HATh, KaK MOXHO OIpe/le-
JUTH JJUHBEl U yTabl. [[OHATHO, 9TO onMpefeaseMoe pacCTOAHNE MEXAY «TOIKaMU» W
BEJNIMHA YTJa MEXAY (MPAMBIMEI» He JOJKHBI MEHATHLCA TTPH P-0To6pakeHun.

MoxHO TIoCTyTIaTh Pa3JWaHBLIMKA crocobaMn. MOXHO OMpeenTh, 9TO OTPE30K
[AB] xourpysuTen orpesky [A’B’] Torga m Toabko Torga, Korja CymecTBYET MO-
clleoBaTeIbHOCTL P-oTo6paxenuil, npu KoTopoil A mepeiiger B A’ w B B B, n
3aTeM TPOBEPHTHL BBITIOJIHEHNE aKCHOM KOHTPYSHTHOCTH, BHIJeNeHHBIX ['mab6epTom
B ocobyto rpymniy. MoXHo, W 5To Tpolle W KpacuBel, caeqysd BaxmaHy onpegenaThb
TeoOMeTpHUIO Ha OCHOBE CHMMETPHH M TIPOBEPUTHL, 9TO CBOHCTBa P-oTo6pakeHWi B
TOYHOCTH COOTBETCTBYIOT akcMoMaM Baxmana (mpu 5ToM, Hampumep, cBoiicTBa P-
oTOo6pakeHN: 6y IyT KpPacCHBO COOTBETCTBOBATHL TEOpPEMaM O BIUCAHHOM B KPYT IIle-
cruyroabHuke). Ho mpolie Bcero BoCHoJb30BaThCA (M B DTOM €CTh MeTO/0JOTHYe-
CKOe TTPeNMYIIeCTBO eMHO06pas3nA, TIPM KOTOPOM MBI HE PacCMaTPHBaeM OTAEMbLHO
KaXyl0 TeOMeTPHIO, a TI0 BO3MOXKHOCTH OTIEPUpyeM OOIIMMHU CBONCTBAMH CedeHUN
chephl) M3BECTHBIMU CBOHCTBAMHU WHBEPCHIL.

NmenHO, OKa3bIBaeTCA, ITO MPOIIE, YeM PACCTOAHHE MEXJY «(TOIKaME» MOJIENN,
ONpeIeMNTh BEIUIUHY yTaa MEXIy «IpAMBIMI» MoAedn. [Ipexje Bcero, ompeaeaunm
yTOJ MeXy ABYMSA TMepEeceKalolIMMUCA OKPYKHOCTAME Ha cepe, KaK yToJd MexX Ty
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KacaTelIbHBEIMA K HUM B TOYKe TMepecedeHna (TOWeK TMepecedeHua 1Be, HO yKasaH-
Hble yYTJIbl OIMHAKOBHI, W3-32 CHMMETPHUHN). P-0To6paxkeHus, KaK ObLIO CKazaHO, —
YacTHBIN CIy9dall WHBEPCWH B TPEXMEPHOM TpocTpaHCcTBe. WHBepCHE XOPOINO M3y-
9YeHBI W W3BECTHO, 9TO OHW COXPAHAIOT ONpe/efeHHEIe TaKNM 06Pa30oM YTIIbl MEXK Y
OKpy)XHOCTAME (1 BoOGIIe BcAKMMI KpuBbivmu ). [losTomMy P-oTo6pakeHne ocTaB/IieT
HEM3MCHHBIME YTUIBI MEXKIY OKPYKHOCTAMH cepbl S2, B 4aCTHOCTH, MEXKIY OKPYX-
HOCTAMHU, JeKalliMI Ha OJHOU IIOCKOCTH ¢ A, T.e. ¢ «IpaMBIMI». MBI MOXeM TOra
HA3BATh YTVIOM MEK Y «ITPAMBIMIY MOIEIN YT OX MEXK Ty 32 JalONMMA NX OKPYKHOCTA-
MU, TTOCKOJIBKY OH He MeHAeTcA Tpn P-oTobpaxennn. HyxXHo MokazaTh WL, 9TO
Yepes JAHHYIO «TOYKY» L JTaHHON «IpAMOI | MOXKHO OTIOKUTE IO/ 3aJaHHBIM yTIOM
¢ (1 B 3a1aHHOM HANpABJEHNN) OHY W TOJbKO OJHY «IpAMyio» I’

OHY Takylo «(IpAMyIo» TIOCTPOUTH mpocTo. KacaTerbHaa K OKPYKHOCTH, OTpe-
neastomeit | (ama kpaTkocTn Gy1eM TOXe Ha3bBaTh ee [, Kak n janee Gy1eM MOJIb-
30BATHLCA OTHUM CHMBOJOM 1A 0603HAYCHNA OKPYKHOCTH W OMpeIeNeHHON €10 «ITpsA-
Moli» Mojenu), B Touke L aexuT Ha KacaTeabHoll Kk S? B Touke L miockocTu, Tam
XKe JeXKWT 1 KacaTeabHad K [/, TIOCKOABKY YyTOM MeX Iy STHMN KacaTeTbHBEIMI MOXKET
6BITH MO6BIM, TO TPOBEAA depe3 BTH KacaTedbHbIe W A TIOCKOCTH, MOTYIUM (ITpA-
MBIE» MOJIENN, TIEPeceKaloneca o JaHHEIM yTaoM. /lokakeM Temephb, 9TO BTOPOH
Takoil «mpAamoin meT. ITycth ecth I Takas, wro LI, 1" = Z1,1". Torpa ZI',I" = 0 (cae-
IyeT HapIMep, W3 TOTO, ITO BCe KacaTeqbHBIE K TPeM PACCMATPUBAEMBIM (ITPAMBIM»
JeXKaT B OMHON TLIOCKOCTHU W TPOXOJAT 9epe3 TOUKY OOUIYI0 KacaHW). YTOoa MeXIy
IBYMS OKPYXKHOCTAME PaBeH HYJIO JHIIb €CAN OHW KacaloTcd APYT APYyTa, T.e. MMe-
10T BCETO OHY 06MIyTo TouKy. Takol cayvai HEeBO3IMOKEH IJIA «TOYKIY MOJETN M3-3a
ycaosus x # A(z). llooToMy MeX Ty TIepeceKarolMMUCA «(IPAMBIMI»Y MOJENH YT oJl He
MoxeT 6BITh HydeBbiM. CregoBaTensno, I/ = I') ato u Tpeborantoch. KeraTn, 3a-
METHM, 9TO ecanm okpyxuocTn [ m I’ mepecexatoTca B moaapHON K A TrockocTw,
TO Ompe/eTaeMBIe UMW «(TPAMEBIeY TPUGIMKAIOTCA APYT K APYTY W TepeceKaanch 65,
eCTM HEeTIOBNAKHBIE TOYKH BXOIIIN GBI B MOIETh.

Wrak, oTkJIaabIBaHWE YTJIOB 3aJaHHOU BEJIWYWHBI BOZMOXKHO M eIWHCTBeHHO. Te-
Tepb MBI MOXEM CKazaTh, 9TO P-oTobpakeHWe COXpaHAET YTUIBI MeXKAYy TPAMBIMU
Mo tean. Ecim reoMeTpus HeeBKAMAOBA (T.e. A He JTeKUT Ha MOBEPXHOCTH ¢hephl), TO
B HEU HE CYIIECTBYET MOJOGHBIX U HE KOHT'DYSHTHBIX TPEYTOJbHUKOB, KaX Bl Tpe-
YT OMBHUK (M JIHHBL €70 CTOPOH) BIIOJHE ONPE/NeNAeTC BEINIMHAMI CBOUX yriioB. [To-
3TOMY, pa3 P-oTo6paxeHne COXpaHAET YTJbl B 3THX T€OMETPUAX, TO OHO COXPaHAET
u aauHbl. 9TO M TpeboBamoch. B eBkAMIOBOM cliydae BO3ZMOXKHO TON06ME TPEYT OMb-
HUKOB, TIODTOMY COXpaHeHWe YTJIOB He BIeYET aBTOMATHYECKN coxpaHenme aanH. Ho
P-oTobpakenne He TOMBKO COXPAHAET YTJbI, HO W OCTABAAET HETOBUKHBIM (TIPA-
MYI0», a TO BO3MOXKHO JUIIb TTPU OCEBOW CUMMETPHUH.

IMocMoTpuM Temephb, Kak BBITIAAAT OKPYKHOCTH B 5TUX Mofeisax. [locTpoenne
OKPYXKHOCTEHN TPOU3BOAUTCA €MHOOOPA3HO NI BCEX TeOMETPHUH U HE 3aBUCHT OT
pacmonoxennsa S? u A. Ha mIOCKOCTH OKPYXKHOCTH MOXKHO ONpPeJelUTh TaK: 6yaeM
TMPOBOIUTEH BCEBO3MOXKHEBIE TIPAMBIE Yepes AaHHyo Touky O u GyJeM CMOTpeTh Kya
0To6pakaeTca MPU OCEBBIX CHMMETPHUAX OTHOCUTEIBLHO STUX MPAMBIX (PUKCHPOBAH-
Had Touka A. MHOXecTBO Bcex 5>TuX 06pa3oB U COCTABUT OKPYKHOCTH C IEHTPOM B
O u paguycom |OA|. AHAJOTHYHO TOCTYUM Uil BCEX TPEX MOJEJEH.

P-oTo6paxeHns OCTaBAT HEMOABUKHBIME «TOYKY» O U HEKOTOPYIO (NPAMYIO» MO-
[leqn, TTPOXOIAMIYIO Yepe3 Hee, TOABKO ecan P neXuT Ha KacaTeabHOU K (O TIOCKOCTH.
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(CTporo roBops, «ToYKa» MOJIEIN €CTh TMapa TOYEK, HO B CAEIYIOMNX MTOCTPOEHUAX
MOXKHO B3ATh KaKylo-HHOYAb OJHY TOYKY W3 5TOH Maphl). JTa MIOCKOCTh Mepeceka-
eTcA ¢ ToAApHOH K A IIockocTH mo HekoTopoil npamoii {. Hyets B aexut ma S? u
BKyTie ¢ B’ onpegenser «Touky» Mojean (Kak yke YyIOMHHAIOCH, Haan4dne Touku B’
He CYIIECTBEHHO JiIA DTHX MOCTPOEHNH ), HallJeM Bce TOYKH, Ky/la MOXKET NepeiTn B
npu P-oTtobpaxenusax, ocrapasiomux HernoaBumxkabiMu O. [IycTs Touka € [, Toraa
z(B) 1eXuT Ha MIOCKOCTH 3, onpeleldeHHon [ 1 B, npudeM, ecau & npoberaeT BCO [,
TO TMIPAMBIE, TPOXOIAIINE Yepe3 T U B, 3amoaHAIT BCO 3, KpOMe OJHOH eTHHCTBEHHON
TMpAMOMN, TPOXoAdIen depe3 B u napasaeabron [. OTciofa caegayeT, ITO MHOXECTBO
z(B) anomHAeT OKPYKHOCTD, IO KOTOpoil # mepecekaeTca ¢ S?, Kpome ofHON TOY-
KW, JeXalllel Ha MPAMOH, TTPOXoAlel depes B u mapasaeabHon [. B mmockocTn 3
5TO BBITJAIUT, KAK MOKA3aHO HAa PUCYHKE.

I x1(B)

Ho, kak MBI yXke ToBOpWIH, 106aBAsAA GECKOHETHO-YTaIeHHYIO TOYKY (WM pac-
CMOTPEB CHMMETPHIO OTHOCHTEIBHO MepIeHANKYAAPHON K | MIOCKOCTH, TIPOX0 AATIei
depes TeHTp S?) MBI MOMYYHM HEIOCTAIOMYIO TOYKY OKPYXHOCTH. Temeph MOXKHO
pacemoTpeTh A(O) m A(B) W BHINOAHNTH TOYHO TaKWe Xe MOCTpoeHuA. WX mTor
COBMAET ¢ 06Pa3oM yXKe TIOCTPOEHHON OKPYXKHOCTH NpH P-oTo6pakeHnn.

NTax, oKpyKHOCTH B HCCIEAYEMBIX MOEIAX N306paKaloTCA apoil OKpyKHOCTEl
Ha cepe. MoXHO B Halllell MOJIeJH pacCMaTPUBAThL He BCe TOYKH c(hephl, a JUIIb Cer-
MeHT cdephl (Kak, paccMaTpuBas chepudecKyl0 T'eOMEeTPHIO, MBI OIDAHUIHBAEMCSH
noaycdepoii). Torga Kaxjgad TOYKa DTOrO CerMeHTa OyAeT OIHA3HAIHO COOTBET-
CTBOBATh «TOYKE» MOJEIN U 06PAaTHO, OKPYKHOCTD e MOJAeIN 6yAeT H306paKaThCA
Ha 5TOM CEerMeHTe OJHOH OKPYXKHOCTBIO, a He Tapoil. Kak /Jerko BHAeTh, IEeHTPHI
5THUX OKPYKHOCTEH MOJIeIN He COBMATAIOT C UX OBBLIMHBLIMHA IEHTPaMI Ha cdepe, 9To
Hey TUBUTENBHO, MOCKOMBLKY PAcCTOAHMA Ha cepe W B 3THX MOJEJIAX HE COBIAJal0T
(B oTamune oT yrioB).

CpaXxeM Tenepb 5TH MO/ENN C YXKe XOPOIIO M3BECTHLIMH.

ITycts A B menTpe cdepsl. Toraa nonydaerca obmiensBecTHAA MOJEb Chepude-
CKOW TeOMeTpHUH. 3aMETHM, ITO B POJU OCEBLIX CAMMETPHI HTON T€OMeTPHH BHICTY-
MAlT CAMMETPUU OTHOCHTENBHO TIOCKOCTEN , TPOXOAANIAX 9epe3 NeHTpP chephl. OTH
CUMMETPHH COBMAAaiOT ¢ P-0To6paXeHUAMH, Tlie Bce P — 6eCKOHEYHO yaaaeHbl. Fc-
am A BHYTpPHU cdepbl, HO OTIUYHO OT €€ MeHTPa, TO MOXKHO NepeliTH 9epe3 MHBEPCHIO
K cayd9alo, Korja A coBHmajgaeT ¢ MeHTPOM.

ITycts A Ha moBepxXHOCTH chephl. PaccMOTpUM cTepeorpaduaecKyio MTPOeKIHIo,
T. e. IpoeKIuIo cheprl S? Ha IIIOCKOCTh, KAcaloMyIocd cephl B TOUKe, THAMETPATLHO
npoTtuBonogoxuoil A. «IIpaMbIey U (TOUKMY ONpeJeJeHHON HaMU MOJCIN HepeHayT B
npAMBIE M TOYKH IJIOCKOCTH C COXPAHECHHEM BCEX METPHUYIECKHX CBOWCTB.

Hanbonee maTepecen caydaii, korga A — BHe cdeprl. PaccMoTpuM cedenme S2
nosapraoil K A maockocTho. O603HaYMM OKpYXKHOCTH cedenna 1. MoxHo comocTa-
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BUTH KaX 0N TOYKE KPYTa, OTPAHUIEHHOT O T, «TOYKY» T€OMETPHUH, TIPOBEA TPAMYIO
depes Hee U A, a Kax 01 Xop/ie B KPyre — «IpAMYIO», TTPOBE/IA MIOCKOCTh YepPe3 Xop-
ay m A. Tem cambim moaydum mogenb Kieiina mas reomerpun Jlo6adeBckoro. Kax
MU3BECTHO, B 3TOU MOEJIU [IBE XOP/bI TPEJACTABISAIOT TEPIEHTUKYAAPHBIE TTPIMBIE,
ecau UpsAMble (Ha KOMX JeXaT XOP/bl) B3aMMHO TIOJMAPHBI, 9TO COMIACYETCH ¢ TPOBe-
MEHHBIMY BBIIIE TOCTPOCHUAMH.

YkazaHHad CBA3b C yXKe CYHIECTBYIONIUMH MOIEJIAME JAeJaeT TPeIbIIyIIne pac-
CYXKJEHUA O TOM, OMpeNendoT au P-oTob6paxeHWa KOHTPYIHTHBIE MJIUHBI W YTJIHI,
M36BITOYHBIMU. TeM He MeHee, MHE XOTENOCh TTOKAa3aTh, KAK PACCMOTpEHME TYIKOB
TMPAMBIX W IIOCKOCTEN, TePEeCEeIeHHBIX CO c(pepol, TO3BOIAET OMPEIeqnTh CBOUCTBA
HEEBKJHUIOBHIX TE€OMETPHUH, OTHOBPEMEHHO 06pabaThiBasd pPa3HBIE TeOMETPUYECKUE
Mofean (Befb B GOJBINON YacTH paccyXkaeHuil Bzammopactodoxenue A u S? 6buio
HECYIIECTBEHHO).

ITPUJOYKEHUE

[JlokaxeM TpuBeJleHHbIE B OCHOBHOM TEKCTE CBONCTBA MOJAPHBIX MPAMBIX. [lo-
Ka3aTelbCTBO WHTEPECHO TEM, UTO WCIOJb3yeT WHBOJAIOTHBHOE MpeobpaszoBaHue B
MPOCTPAHCTBE.

IMycTs paguyc ucxonuon okpyxuoctu R. IlycTh Toraa Touka W pacrnogioxena
Haj meHTpoM okpyxuocTu O Ha paccrosuuu R. PaccMoTpuM nydok IpAMbIX U TIOC-
KocTell, Tpoxoadimmx depes W (aasa kpaTkoctn — W-nydok). Kax 101 NpAMO# 5TOT0
My9Ka MOXKHO OJIHO3HAYHO COMOCTABUTH MIOCKOCTH TIYYKA, MEPIEH AUKYIAPHYIO €.
O6paTHO, KaX I0U TMIOCKOCTH MyYKa MOXHO OJHO3HAYHO COMOCTABUTH TEPIEH JUKY-
JApHYIO el mpaMmyto mydka. Ecan npamasa W-nydka [ geXuT Ha HEKOeH TIOCKOCTH
4, TO MepHeHAUKYJIApHAA K [ MIOCKOCTh BKJIOYAET B cebA MEepleHUKYJIAPHYIO K &
npaMyio. Ecau Tpu mpambix W-nydka gexaT Ha OJHOU MIOCKOCTH, TO TEPIEHIUKY-
JSApHBIE UM TJIOCKOCTH TIEPECeKAIOTCA 10 OTHOU TMPAMON.

Tenepb BBIACHUM, KaK TepPECEKAIOTCA TMePHEHAUKYJIAPHBIE TPAMbIE U MJIOCKOCTH
MydYKa ¢ UCXOJHON MIOCKOCTHIO, T/ JeKUT OKPYKHOCTh. [lycTh mpsaman mepeceka-
eTca B Touke A, a miaockocTh 1o mpamonn m. Omnyctum nepneHgukyaap us A wa m,
MycTh OocHOBaHHWe »>Toro nepnenaukyaapa A’. Tpeyroawaux A'W A — mpamoyroas-
Heii, |WO| — ero BeicoTa, orcioga [WO| - |[WO| = |OA'| - |OA|. TosTomy, ecin MBI
0TO6pa3UM CUMMETPHUYHO OTHOCUTENABHO O TPAMYIO M, TO MOJYYUM KaK pa3 Moaapy K
Touke A. TeM caMbIM TOYKe U TOJAPHON K HEHW TPAMON MOXKHO COMOCTABUTDH MPAMYIO
U TepIeH IUKYAAPHYIO el IockocTh W-niyuka. OTciofa cpasy cleyloT yKasaHHbIe
cBolicTBa MoJAAp. MBI paccMaTpuBaIu JUIIbL CAydan, Korjga A JekuT BHE OKPYKHO-
ctu. Ecan ke A fgeXxuT BHYTpH OKPYKHOCTH, TO YA06HO Ha3BATh €€ MOJAPOR TAKYIO
NPAMYIO, 9TO I BCAKOW TOYKH B Ha DTON MpAMOH, mojsapa K B mpoxoant depes A
(M3 cKasaHHOTO BHIIIE CAEAYET, YTO MHOXKECTBO TAKWX TOYEK €CTh MpAMad).

JlokazaTeJbCcTBO CBOUCTB MOJAPHBIX IOCKOCTEN MOXKHO MOJAYYHUTh, pACCMATPUBAA
HYXXHBIe CeIeHNUA ILIOCKOCTAMIY chepsl S?, WIH, paccMaTpuBas GeTHIPeXMepHOe TpPo-
CTPAHCTBO, NYYOK NMPAMBIX W TPEXMEDPHBIX MTPOCTPAHCTB, MPOXOIAIINX Yepe3 TaHHYo
TOUKY, U ONpEJeIdsi COOTBETCTBUE TIPAMON W MEPIEH TUKYIAPHOTO €l TPeXMEPHOTO
MpOCTpaHCTBA.



