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r[[JII/IHHbIe KpHUBbIE, I'aYCCOBBI JUAaI'PaMMBbI 11
NMHBApPHUaHTBI

1O. M. Bypman

Kpusas ecmv caed deuscyuetica mouky. ITO yTBEPK IeHNE KaXKeTCA HaM Cer O THA
TPOCTHIM W €CTECTBEHHBIM, HO 11 €70 (OPMYIUPOBKH MaTeMaTHKaM TOTPpe6oBaIoCh
He 0/THO ThIcAdeneTHe. [lombITKa 06BACHUTE, 9TO TaKoe Kpuad, nMeeTca B «Haugamaxs
EBkaupa, Ho Toawpko B koune XIX Beka ¢ppaniysckuin matematnk Kavuan ZKopgan
cchopMyaupoBaJ MpUBeIeHHOE BHIIIE OTpeIe/eHe — TEPBOE, YIOBIETBOPATOIIEE CO-
BPEMEHHBIM CTaH1apTaM MaTeMaTHYecKOH cTPOTOCTH (MpaBja, CleyeT 3aMETHTh,
YTO CaMU 5TH CTaHAaPTHl POJMINCH IPUMEPHO B TO ke BpeMs). To ke camoe mpo-
MUCXOMNT W C U3YUEHWEM CBOWUCTB KPWBBIX — O HHUX HEMAJO OBIJIO M3BECTHO YikKe B
JPEBHOCTH, W BMECTE C TeM GOJBIIMHCTBO Pe3YJAbTAaTOB, U31araeMbIX B DTOU CTAThE,
OBIIO NOMYHYEHO TPU—TIATH JeT Ha3al.

Hama cTaTba mocBAIllleHa, B OCHOBHOM, TeOpHH AeOpMaluil MIOCKUX KPHUBBIX.
M#ur m3y+daeM BOTIPOC, KOT[a jBe KPUBbIE MOXKHO HEMPEPHIBHO TPOaehOpMUPOBATH
YT B ApyTa, U KaKue COOBITUSA — HAMPUMED, TPOUHBIE CAMOTIEpecedeHuss — MOTYT
nin 0GsA3aHbl TPOU3OUTH TIPU TaKoH fAedhopMannu. ITa 3a1ada OKa3bIBAeTCA BEChMa
WHTEPECHON W HETPOCTOM, TIO CJIOXKHOCTH He yCTYTAoMIel Teopun y3a0B (06 yarax
cm. cratbio C. B. Myxuna u C. B. YUmyToBa B HacTosAmeM cGopHUKe, ¢. 59-93).
Y3l ¥ IIOCKHE KPUBBIe BOOGIIIE CBA3AHBI MeX 1y OG0T MHOXKECTBOM Pa3zHOO6pa3HbIX
CBA3€l — Ha HEKOTOPBIX M3 HUX MBI KOPOTKO OCTAaHOBHMCA B KOHIIE CTATHHU.

OCHOBHBIM «T€pOeM» HaIlleN CTATHU ABIAIOTCA TaK HA3BIBAEMBIE JAUHHBIE KPUBHIE.
Wx onpefiesienne MpuBOAMTCA B Havale pa3jfena |; B 3ToM ke pasjese BBOUTCA OTHCA-
HUe KPUBBIX C MOMOIIBIO CIETHATBHBEIX CXEM, HA3BIBAEMBIX 2GYCCO8bIMU JUAZPAMMAMUY.
B pasngerax 2 m 3 MBI onpefieifieM ¢ TIOMOIILIO TayCCOBHIX AMarpaMM PasHOOOGpa3HbBIC
MHBapUAaHTHl KPUBHIX; B 6OMbIIER OCIIHOCTN TIONYYeHHbIE HHBAPUAHTHI NCCAEYIOTCSA
B pasjiene 4. 3aKMOYUTEABHBIN pa3ien b MOCBAIIeH 0606IIeHNAM BBeIeHHBIX HHBAPH-
aHTOB Ha ApPYTHe 0OBEKTHI, TECHO CBA3aHHBIE C NIMHHBIMA KPUBBIMHU — 3aMKHYThIe
KPHUBBIE, IIOCKUE JI€XKaHIPOBBI (PPOHTHI U Y3JIHL.

Mgl npefmnonaraeM, 9TO 9UTaTeNb TaHHOW CTAThW 3HAKOM C OCHOBaMU jaudde-
PEHIMATBHOT O UCUNCTEHNA 1 JUHEeNHON aare6phl. TekcT, HaOpaHHBIN METKUM MIpud-
TOM, — B OCHOBHOM DTO J0Ka3aTeAbCTBA TEXHUYECKUX YTBEPKAEHUH — MOPOH Tpe-
6yeT 3HAKOMCTBA ¢ 60Jee CIOKHBIM MaTepuaaoM. HekoTophie MpoCcTHE, HO CKYYHBIE
OKa3aTelhCTBA Mbl OMYCKaeM BOBCE, OTCHLIAA YUTATEN 32 TOAPOGHOCTAME K CIle-
HATHHON JUTEPATYPE.

1. 'TAYCCOBBI JUATPAMMBI AJUHHBIX KPUBHIX

Haunem ¢ onpegenennii. HazoBeM daunnodi kpusoii NiaKoe oTo6paKeHue IpAMOil
B miockocTh () = (z(t), y(t)), t € R, obnajaoliee cleyOMNMA CBONCTBAMIE:

MaTemaTunyeckoe npocseuweHue, cep. 3, Bbin. 3, 1999(94—115)
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Puc. 1. llpumep fIHHHOH KPHBOH

1. TlpousBoauble pyuxuuit z(t) u y(¢) Hu npn KakoMm ¢ He oGpaIalOTCA OJHOBpE-
MEHHO B HyJb: V1 (Il(t))z + (y’(t))2 > 0.

2. Mipu t < —1 nt > | Bemoanens! paseHcTBa z(t) =1 u y(t) = 0.

3. Ecm ¢t € R m ty € R obaagatorT TeMm cBoicTBOM, uTo z(t1) = z(l2) m
y(tl) = y(tQ), TO —1 < tl,tz < 1

CpoiictBo 1 ozHadaeT, 4To o6pa3 [IJIWHHOW KPWBON (MHOXECTBO TOYEK
{(z(t),y(t)) |t € R}, T.e. TO, 9TO MBI OGBLIYHO NPUBBIK/IN HA3BIBATEH ¢KPHBOM» ) ABJIA-
eTcd raajkuM. JleficTBUTENBHO, B Kaxjol ero touke (z(1),y(t)) ompegeneH Heny-
JeBOH KacaTedbHBIN BekTOp (2'(1), ¥ (1)), onpejenstonmii o THO3ZHAYHO HATIPABJICHIE
kacaTeabHol npamon. CBolicTBo 2 ozHavaeT, 9TO BHe oTpeska ¢ € [—1,1] maunuas
KpuBaA BeeT cebd cTaHIapTHBIM 06pa3zoM — ABWKETCA BAOML OCH abCIUCC C elh-
HUYHON CKOPOCTHIO (MOBTOMY KPUBYIO M HA3BIBAIOT [UIMHHON).

ITapwr t1,%2, 0 KOTOPBIX WAET pedb B CBONCTBE 3, HA3LIBAIOTCA, 110 OYEBUAHBIM
NpUYUHAM, MOUKAMU CAMONEPECENEHUA JMAHHON KpuBol . CBolcTBo 3 o3HavaeT,
9TO BCe TOYKH caMollepecedeHUs JexkaT Ha oTpeske [—1,1], — mamuHas xpusas
He mepecekaeT ce6A Ha TOM yd9acTKe, T'Jle OHa HJAeT BAOab och abcnucc. Pasyme-
eTcA, HWYTO He 3alpemaeT IJWHHOW KPHWBOW TepeceKaThCA C OChI0 abCIUcC W TPH
t € [-1,1], u Boobme, — npu t € [—1, 1] qaunHas KpuBas MOXKeT BecTH cebs BechbMa
HempoCcTHIM 06pa3oM, CM., HalTpuMep, puc. 1.

Yurarensb, oznakomusinuics co cratbein C. B. [lyxuna u C. B. UmyToBa, 3HaeT,
KaKyIo BaXXHYIO POJb UTPAIOT B TEOMETPHHU COOOPaKeHHA «OOIIEr O MTOJOXKEHHAD , TOKa-
3BIBAIOIINE, YTO MHTEPECYIONMI Hac 0OBeKT (y3el, 3aleluieHne, JeXaH poB (HPOHT,
JVIMHHYIO KPUBYIO W T.T.) MOXHO CKOJIb YTOHO MAJBIM IIEeBEIEHNEM TIPHBECTH K BU-
Ny, He cojlepXKallleMy CJIOXKHBIX ocobeHHocTel. /IId NIMHABIX KPUBLIX HEOGXOAUMOe
yTBepXK IeHNe BBITIAANT CJAeIyIOIMM 06pa3oM:

MPEANOXKEHUE 1. Beakyio daunHylo Kpusyo v MONCHO CKOAb Y200HO MaA.L0 No-
wegeaumsb mak, ¥mobvl noAyuuUMb JAUHHYIO KPUusyio o, obaadaiowyio caedyouumu
ceolicmeamu.

1. Kpusas g umeem xoneunoe (603MOHCHO, PABHOE HYAID) UUCAO TMOUEK CAMONE-
peceueHuA.
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2‘ Bce mouru CaMOnepeCequUﬂ KPUGOUU ’)/0 npOCﬂ?,ble — pa@eHCmGa
z(t) = z(ta) = z(t3), y(t1) = y(t2) = y(ts)

HE 6bINOAHEHBL HU OAA KaKot mpoliku pazauunnz wuces t1,1s,1t3 € R.

3. Beau ty,ty — mouka camonepecenenus kpusoti v, mo eexmopui (z'(t1),y'(t1))
u (2'(t2), 9y (t2)) He KoaauneapHbl.

WNubiMu cjoBaMu, B KaXJOW TOYKE CAMOIEDECEUeHUs TepeceKaloTcs JUIb jBe
BETBU KPUBOH M KacaTelbHbIE K 5THM BETBAM He COBINAJAIOT (NOBOPAT, YTO caMole-
pecedenne mpaxceepcaabho). Kpupbie, o6aaoline CBONCTBAME KPUBOH Yo W3 TIPE/I-
Jgoxenus 1, 6yjeM Ha3bIBATH KPUGHLMU 06UC20 NOAONHCEHUA.

[JlokasbiBaeTcs mpejiokeHne 1 ¢ MOMOIIBIO OJHOTO YPE3BBIYANHO BaXKHOTO YTBEP-
K jeHus — Teopembl Toma o TpaHcBepcaabHOCTH. HUTaTEAb MOKET MO3HAKOMUTHCA
¢ Teopemon Toma no kuure [1].

IMycTs Teneph 4 — KpuBad o6IIero moJokeHua. M306pa3uM BeIIECTBEHHYIO OCh
IR B Bujile TPAMON W OTMETHUM Ha JTOW MPAMOU BCe TOYKHU f1,1s caMolepecedeHus
KpHUBOW y — uX 6yj1eT, Mo CBOUCTBY | KPUBBLIX OBIIEr0 MOJOKEHUA, KOHETHOE YUCIO
nap. Touxku, mpuHa qIeKAIIAE OHON W TOU XKe mape, coequHuM ayrou. [lo cBoiicTBy 2
pasHble AYTU HE UMEIOT OOIINX KOHIIOB.

CpolicTBO 3 MO3BOJSIET MPUNKCATH KaXaA0ou ayre dmcio 1. A mmenHo, paccmo-
TpuUM uncaa tq,ts, COeIMHEHHBIE JYTOU — T. €. OTHOCANIMECA K OJHON TOYKE caMole-
pecedeHus. YNOPAJOUYUM WX 10 BO3PACTAHMIO — TYCTh, Hanmpumep, ¢ < ts. BexTo-
pel (2'(t1),y (t1)) m (2'(t2), ¥ (t2)) He KoIIMHEAPHBI W MOITOMY 06pa3yOT Ha ILIOC-
xoctu Gasuc. Ipunumiem ayre wucio +1, ecau 3ToT Gasuc «IpaBBIdy, T.e. BEKTOP
(z'(t2), ¥ (t2)) moaydaercs uz Bektopa (z'(t1),y (1)) moBopoToM (Ha yroa, MEHbIIHI
PasBEpHYTOTO) NPOMUE uaco6oti cmpeaku (M COOTBETCTBYIONINM PACTAKEHUEM, KO-
HewHO). B mpoTuBHOM ciyvae — ecam 6a3nc «IeBBIH» — MPUINIIEM Ayre 9ucio — 1.

IMoaydennas KOHCTPYKIMA — MpAMAasA ¢ OTMEYEHHBIME TOYKaAMU, KOTOPBIE TIOTap-
HO COEJUHEHBbI AyraMu ¢ MPUOUCAHHBIMEA UM YuciamMu +1 — HasbiBaeTcA 2ayccosot
Juazpammoti’) JIMHHON KPUBOI .

Ilycts 'y m I's — gBe rayccoBbl guarpaMMmbl U a1 < ds < --- < an, by < by <
< --- < by — cooTBeTcTByIOMmME HAGOPHI KOHIOB AyT. Mbl 6yeM roBOpUTE, 94TO [y
u 'y sKeusasenmuol, ecim TOYKH @; W d; COCAMHEHBI IyTOH TOrJa M TOJBKO TOI'a
(mpm Tex xe i U j), Korja Ayroll CoeIUHEHEl TOYKN b; U b;, IpudeM 3HaKH 0GEUX AYT
copnafaoT. UHLIME cToBaMU, SKBUBAJEHTHBIE TAYCCOBHI THATPAMMBL HE OTIMYAIOTCA
HW 3HAKAMMU, HU B3aWMHBIM PACTIONOKEHNEM AYT (XOTA M MOTYT OTIHYATHCA KOHKPET-
HBIMW 3HAYEHUAME TTapaMeTpa f, TIPH KOTOPHIX MPOUCXOJAT CaMOIepecedeHns ).

OxkasbiBaeTcd, TayccoBa AUarpamMMa, B3fiTad ¢ TOYHOCTHIO O SKBUBAJEHTHOCTH,
AKKyMyJaupyeT B cebe MPaKTHYECKU BCIO CYIIECTBEHHYIO WH(OPMAIMIO O JIHHHON
KPUBOM:

MPEANOXKEHUE 2. [Tycmb 41 u 2 — dee daunHble Kpusble obule2o noLoNCeHU,
2ayccosvl duazpammvl Komopwz skeusaseumubt. Tozda cywecmeyiom 2iadkoe 63a-
umMHO odHO3HauHoe npeobpazosanue naockocmu ® u 2aadkoe 63aumHo odHO3HAUHOE

DTlo umenn K.-&d. T'aycca — snamenuroro maremarunka XVIII — nagana XIX B., saciayxusiie-
ro TpU XXN3HU HANMEHOBAHME ¢(KOPOJA MATEMATHKOBY. HACKONBKO M3BECTHO ABTOPY 3TOM CTATHH,
K.-®. Taycc ucciegoBaHneM AJINHHBIX KPUBBIX HE 3aHUMAJCAH .
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Puc. 2. IlocTpoenne KpHBOH MO €€ MayCCOBOH JHAT PaMMe

npeobpazosanue npamol @, daf KOMOPHIT 6bINOAHEHO PAGEHCME0
VEER a(t) = B (p(1))). (1)

TTo-apyromy paseHcTBO (1) MOXKHO BHIDasUTh TakK: Ha INIOCKOCTH W Ha MPAMON
CYMIECTBYIOT, IOMHMO CTaH/apTHBIX, IPYTHE CHCTEMBI KOODMHAT — Ha IJIOCKOCTH
B 00IeM cilyvae cHcTeMa KOOPAWHAT KPUBOJWHENHAdA — TaKWe 9TO KPUBad Y2 3a-
MWUCHIBAETCA B 9THX CHCTEMaX KOODAWHAT TeMH ke Bbipaxenuamu (z(1),y(t)), daro
KpHUBadA y; — B CcTaHapTHOHU. HbLIMK cioBaMu, MpeoXeHne 2 yTBEpXKJaeT, 9TO
rayccopa gmarpaMmma coJepXHUT BCO MHMOPMAINIO O JIUHHON KPUBOK Ha MIOCKOCTH,
He 3aBUCAIIYIO OT BHIOOpA CHCTEM KOOPMHAT.

AKKypaTHOe J0Ka3aTelbCTBO NMpEIOKEHnA 2 J0BOJBHO Tpymoemko. Maero ero,
O/IHAKO, TIOHATEL HecaoXkHOo. [/leficTBATeNbHO, MycTh HaM 3ajaHa rayccoBa AHarpaM-
Ma kpuBon ¥. Bygem cTponTh kpuByio vy caeayrommum obpazom. lpu ¢  —1 kpusas
TPOBOANTCA OJHO3HAYHO — IBMKETCA B/OJb OCH abCIHCC C eTMHATHON CKOPOCTHIO.
ITpoomxuM aBMXKeHWe 10 TeX TMop, TToKa Ha TayCcCOBOW aMarpaMMe He BCTPeTHT-
ca Komenl A xakon-uubyab ayru. Ecam komenp A — JeBBIN, TO caelaeM Ha KPHUBOMI
OTMEeTKY W TPO/IOJKAM TBUKeHNe, He NepeceKad yXKe MpOBeJeHHON 9acTh KPHBOM.
Ecsm xomen, A — mpaBbIil, TO HallleM OTMETKY, COOTBETCTBYIOIIYIO JeBOMY KOHILy B
TOW e caMOl AyTH. 3a HeGOoJbIoe BpeMA 10 TOYKM A 3arHeM KPHBYIO Tak, 9TOOHI
NPUGAMBNTECA K 3TON OTMETKE, TIO-TIpeXKHeMy He TlepeceKkad yKe TIPOBeIeHHON 9acTh
KPWBON;, TIPW 5TOM 3HaK Ayrm AB NMoKasbIBaeT, ¢ KaKOW CTOPOHBI HYXXHO MPHUOIN-
KaThCA — CIpaBa WU cieBa. B MoMeHT Bpemenu A TlepecedeM KpHWBYIO B TOYKE,
OTMeYeHHOlI B, W MPOJOIKAM JBHKEHNE, CIENyA TEM XKe MPaBUIaM.

Komedno, B Tpomecce Takoro MOCTPOEHWA y HAc OCTAETCA 3HAYNTENLHAA CBO-
601a JEACTBUA — (IPUOJMKATHCA K OTMETKE» M (IPOJOJIKATEL JBUKEHNE) MOXKHO
NO-pa3HOMy. YTBEPXKJEHHE TP VIOKEHHA 2 3aKA09IaeTCA B TOM, 9TO 3Ty CBOGOIY
NeCTBAN MOXHO CKOMIIEHCHPOBATh BHIGOPOM MOAXOAAIIEr0 Tpeobpa3oBaHna TIIIOC-
koctu . [Ipeo6pazoBanne IPAMON ¢ OTBEYAET 3a TO, YTO /A DKBUBAJIEHTHBIX TayC-
COBBIX QWaTrpaMM TepecedeHre MOXEeT MPOUCXOAWTh B PazHble MOMEHTHI BPEeMEHN.
TIpumMep MoCTpoeHUAs KPUBON MO (OYeHb TPOCTON) TaycCOBOH AMarpamMMe MpHBEIeH
Ha puc. 2.

ITpennoxenne 2, ogHaKo, He yTBEPXKAaeT, 9TO 10 6CAKOU TayCCOBOW AMATPAMME
(T.e. IPAMON ¢ TOYKAMH, TyTaMi U 3HAKAMM) MOXKHO TTIOCTPOUTH KPUBYIO. IIpudanHbL
aTOrOo 60JIEe NN MeHee ACHBI U3 TPUBEEHHON WIEH JOKa3aTeabCTBa: MOXKET OKa3aTh-
CA HEBO3MOXHBLIM JOCTHYL OTMeTKH B, He mepecekaa Tpm >ToM KpuBylo. Ha puc. 3
TIpHUBE/IeH TIPUMeEp T'ayCCOBOM MMAaTrpaMMbl, HE COOTBETCTBYIOIIEN HUKAKOW KPHBOM.
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Puc. 3. HepeaansyeMasa rayccoBa JuarpaMMa

layccoBbl AmarpaMMbl, TOMYYAIONINECA KaK TayCCOBBI AUAarpaMMbl KPUBBIX, Ha3bIBa-
OTCA peaiudyemblmu.

[IpeacraBaseT WHTEpEC BOMPOC O TOM, KaK MO MayCCOBOU [uarpamMMe ONpeIeSuTh,
peaauzyema ona miau HeT. OTBeT AaeTCA CJAeAYIOMIEN TEOPEMON:

TEOPEMA 1. I'ayccoea duaepamma I peasusyema moada u moavko moeada, koada
das raxcdott ee dyeu AB 6bINOAHEHO PAGEHCME0

Z e(A)=0
RSN

A B

Pucyrorx nod 3HaKom cymMupocanus o3Hauaem, umo cymma 6epemca no 6cem dyeam
A, npaswiti Kowey komopwr HarodumcA mencdy moukamu A u B (a aeswii — ede
yeodno); () — znak dyeu A.

Wpes pokazaremscTBa TeopeMbl 1 TakoBa. Kax ol Tovke mnepecevdenns oTpe3ka KpUBOK
¥ MEXJAY TOYKOU B M TOYKOU, pACIOJOKEHHOU HEIOCPEACTBEHHO mepelq A, COOTBETCTBYET
NpaBbill KOHET Ayru, jJexammi Mexay B u A. CymMa 3HAKOB Takux Ayl PABHA WHIEKCY
IepeceveHns OTPE3Ka KPUBOM U YK€ MPOBEJEHHOIO y4dacTKa KpuBou. O4eBHAHO, 9TO s
TOro, 9TO6H TOYKH A 1 B M0XKHO GBIIO COETUHATE, He TIEPECEKas YKe MPOBEIeHHY 0 KPUBYIO
MOTIOJTHUTEIHLHO, HEOOXOAMMO B AOCTATOYHO, ITOOH 3TOT WHAEKC PaBHAICA HYJIIO.

Takum o6pazom, 1aaeKo He BCe TayCCOBHI AuarpaMMbl peaansyembl. Obiee qucao
KJIACCOB HKBHBAJIEHTHOCTH TayCCOBBIX AHArpaMM ¢ 1 Ayramu pasHo (2n)!/n!; Bbrun-
cienne obIIero Yucia KJIACCOB DKBUBAJEHTHOCTH PEATU3YEeMbIX TayCCOBBIX UarpaMM
¢ n ayramu (T.e. YUcAa TUMNOB [IWHHBIX KPUBBIX C N CAMOTEPECEIEeHNAMN) — Hepe-
menHadA 3aja4va. [IpuBejieM 17 cpaBHEHUA PE3YIbTATH KOMIBIOTEPHBIX BEIYUCJICHUT,
npunaprexammue C. M. Tycentn-3age u P. C. [lyxuny:

Yucao gyr 11 2 3 4 5 6 7
Bce amarpamwmbr 2 |12 | 120 | 1680 | 30240 | 665280 | 17297280
Peamuzyembrie auarpammer | 2 | 8 | 42 260 1796 13396 105706
Yucao ayr 8 9 10

Bce amarpamwmbr 518918400 | 17643225600 | 670442572800
Peamuzyemble aumarpamMmb 870772 7420836 65004584

2. ToMoTONmUN U UHIEKC YUTHU

Tomomonueti JAMHABIX KPUBLIX HAa3bIBACTCA CEMENCTBO JIUHHBIX KPUBBIX v, He-
npepbIBHO 3aBucAmux or napamerpa 7 € [0,1]. UabiMu caoBamu, pedb HAeT O He-
IpepBIBHON JeopManuy KPUBOil Yo B KPUBYIO 1. Ilof9epKHEeM, 9TO TOMOTONNA PHU-
cyHka 4 (He3aKOHHa», TOCKOJIBKY B mMpomecce ee (Ha cpeiHel KPHBOW) BO3HMKAeT
ocTpue — To4Ka, B kKoTopon z'(t) = ¢ (t) = 0.
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Puc. 4. «HezaxoHHaA» roMoTONNA
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Puc. 5. JlokaapHbIE KaTACTPOMHI IPH TOMOTOMHAAX

Kpuswie v, B 00IIeM caydae He TTPeATIONaraloTca KPUBBIMEA OOIIETO TIOTOXKEHNS.
Bomee Toro, Kak MBI BCKOpe YBHAMM, jJajKe €Cld Yy W Y1 — KPHUBBIE OOIIETO TO-
JOXKEHWA, TO, KaK TMPABUIO, HEBO3ZMOXKHO (TOMIEBEIUTHY TOMOTONNIO v, TaK, YTOOHI
BCe KPHUBBIE CTAJAN KPUBBIMH OOIIETO TIOJNOKEHUA: HaPYyIIeHNE OOITHOCTH TIOJNOXKCHNUA,
KOTOPOE, COTVIACHO MPEIOKEHNIO |, MOXKHO MIEBEJIEHNEM YIAJUTDH IS KOHKPETHON
KPUBOH vr,, HeM30€XKHO TPHU DTOM TOSABUTCA y KPUBOU 7Y, C APYTHUM, OJIU3KUM K Tg,
3HavYeHNEeM TapaMeTpa 7. TeMm He MeHee, ¢TeopeMa 06 00IIEM TIOMOKEHUT, AHATOT Y-
Hasd MPeJIOKEHNIO |, CymecTByeT W A TOMOTOINNA:

MPEANTOXKEHUE 3. Beakyio 20momonuio ¥, OAUHHBLE KPUBHLT MONHCHO CKOAb Y200-
HO MAA0 NOWEEEAUMb MAK, YMOBHl 6LINOAHAAUCH CACOYOUUE YCAOBUA:

1. /Jlas ecex 3nauenuti napamempa T, KPOME KOHEUHO20 HAOOPA T1, ..., T, (KGMa-
cmpoPuueckur 3HAUEHUL», KPUBbIE Yy — 0OUE20 NOAONCEHUA.

2. Ilpu npoxode kancdozo u3 KamacmpoPuueckur 3HAYEHUL HAPYULEHUE OBUHO-
CMU NOAOHCCHUA 603HUKAEM MOAbKO 6 0JHOU mouke Kpugotl u npuHadiencum
K 0dHOMY U3 Mper munos, u3o6panicenHbly Ha puc. J.

KaTacTpodnl, nzobpaxkentbie B cTOIOIAX HA PUC. 5, HA3BIBAIOTCSA COOTBETCTBEH-
HO MPOXOK€HNEM TPOWHOU TOYKH, TIONMYTHHIM KacaHWeM U MpoTHBoKacaHueMm. Mme-
eTcA B BUY, YTO 3TH KaTaCTPOMBI MOT'YT IPOUCXOIUTH B JIO60OM U3 [BYX BO3MOKHBIX
HampaBleHUH — TakK, MPH KaCaHWHU YUCAO TOYEK CAMOTIEPECEUEHUA MOXKET KaK yBe-
JUYUBATHCA Ha 2, TaK W YMEHBIIATHCA HA 2.

IIpennoxenmne 3, xkak m Tpeaaox)enune 1, ABAgeTCA cAeJCTBUEM TeopeMbl Toma o
TPaHCBEPCATBLHOCTH.

PaccmoTpum Teneph BAuAHNE TOMOTOINH HA TayCCOBBI AUar paMMbl KpuBbIX. Ote-
BHUJIHO, 9TO Ha y4acTKax mapameTpa T € (Tk, Tg+1), TJle KDUBadA Y, OCTAETCA KPUBON
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Puc. 6. UzmeHeHWe rayccoBBIX JHATDAMM HPH KaTacTpogax

OOIIIero MOMOXKEHNSA, €6 TayccoBa AWArpaMMa 3aMeHAeTCA Ha DKBUBAJEHTHYIO. MBI
He OyeM B [JaJbHEUIIEM Pa3inydaTh SKBUBAJEHTHBIE TayCCOBBI UArPAMMBI; TaK 9TO
OyaeM cUmTaTh, YTO Ha WHTepBalaxXx MeXay KaTacTpodaMu TayccoBa AMarpaMmma
KPUBOU He MEHAETCA.

NamMmeHeHmMe TayccoBOU guarpaMMBbl IpH KaTacTpode 3aBUCAT OT THIIA KATaCTPO-
dui. Haunem co caydas kacaHua — CAUAHUA W MCUYE3HOBEHUA JABYX TOYEK caMolepe-
cedenus. /IBe 6u3Kue TOUKH caMoriepecedeHns N306pakaroTCA Ha UarpamMmme By Ms
G6nauskumu ayramu, AB u CD, npudem Mexay A u C' (1eBBIME KOHUIAMH), a TaKXKe
Mexay B u D apyrux kouuos ayr Her. [locie kaTacTpodbl obe gyru ucdeszaior. He-
TPYAHO BHAETH — 5TO 06CTOATEIHLCTBO 6y 16T HEO THOKPATHO UCTOAB3OBAHO B ailh-
menreM — 4970 3Haku Ayr AB u C'D o6s3aTenbHo TPOTHBOMOMOKHEL. CyIlecTBYeT
[IBa BapHaHTa DPacCTONOKEHHA KOHIOB CAMBAONMXCA AyT Ha npamon (puc. 6). Tpu
OJIHOM M3 HUX IYTH MEPEceKaroTCA — HTO COOTBETCTBYET CAYUYAlO TOIMYTHOTO Kaca-
mud. Ilpu apyrom ofHa M3 Ayr «06beMACT» APYTYIO — 5TO Clydall IpOTHBOKACAHUA.
PasymeeTcs, mpoiiecc MOXeT TPOUCXOJUTH U B 06GPATHOM HATPABJICHUN — BMECTO
WCYE3HOBEHUSA TOJNYIUTCA POXKJIEHUE JBYX OIUIKUX JIYT.

B karacTpode TpoxoxkgeHUsA TPOWHON TOYKH yYIaCTBYIOT TPU TOYKHU camMonepe-
ceveHus, W, KaK CAeJCTBUe, TPU AYTHu rayccoBon gmarpammel, AB, CD u EF. Otn
AyTH GIU3KH B TOM CMBICHE, YTO X KOHIBI pa3zOHBAIOTCA Ha «Gau3Khe» maphl (Ha
puc. 6 — (A,C), (B,E) u (D, F)), Mex1y KOTOPDEIMA HET KOHIIOB «MTOCTOPOHHUX)
ayr. Ilpu mpoxoXgeHNH TPONHOU TOYKYM KOHIIBI AYT B KaXAOU «GAU3KOWy mMape Me-
HAIOTCA MECTaMW; 3HAKU IyT coxpaHaoTca. KoHKpeTHoe pacnoJokeHne u 3HaKu JqyT
TPU TPOXOXK JEHUH TPOMHOW TOYKW MOTYT OBITH PA3iWYHBIMU — OHU 3aBUCAT OT
OPHEHTAIUN CTOPOH (MCYE3AIONIEr0 TPEYTOALHIKAY HA PUC. H U MOPAJAKA, B KOTOPOM
KpHUBas MPOXOAUT 3TU CTOPOHBI. [lepe6op BOZMOKHBIX CJIYYaeB MOKA3BIBAET, UTO BCe-
IO CyIIECTBYeT 8 BapMaHTOB — OHU MOKa3aHbl Ha puc. 6; 3jech Bezje ¢ = *1.

TIpuMepoM TpUMeHeHUs TpeioKeHnd 3 (1 06pasloM Toro, Kak BooGIIe TIpHMe-
HAIOTCA MOJ0GHBIE (TEOPeMBI 06 OOIIEM TOJNOKEHNNY) ABIACTCA CIEYIOIIEe BaXKHOE
YTBEPK IeHUE.
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Puc. 7. IlIpuMmephbl KPHBBIX ¢ pa3JTHIHBIM HHIEKCOM YHTHHO

TrEOPEMA Yutun?. ITycms 4o uvy; — dée comomonnsie daunnvie kpussie, a I
u 'y — coomeemcmeywwue 2ayccosvl Juazpanmvt. Tozda cymma 3naros scexr dye
na duaepammazr I'y u 'y cosnadaem.

JTOKA3ATEJLCTBO. IlycTh 4, — ToMoTONMHA, COeTMHAIONIAA KPUBBIE Yo W 1.
MoXHO CYUTATD, 9TO 3Ta TOMOTOIHNA Y IOBAETBOPAET YCAOBUAM Mpeaaoxenua 3. Tem
CaMBIM B TIPOIIeCCE TOMOTONNH MayCccoBa JuarpaMMa KpUBOU IPETEPTIEBAET KOHETHOE
KOJUYIECTBO TEPECTPOEK, THUIBI KOTOPHIX OMUCAHBI BhIlle. [Ipu mepecTpoiike, cooT-
BETCTBYIOIIEN MPOXOXK IEHUIO TPOWHON TOYKHU, 3HAKW YT Ha T'ayCCOBOW aMarpamMme
He MeHAIOTCA BOBCe — MeHAETCA TONBKO WX B3aWMHOe pacmnogoxenwe. [Ipu mepe-
CTPOWKAaX, COOTBETCTBYIONINX CAMOKACAHWIO, TMOSABAAIOTCA WM MPOMAa aioT IBe AYTH
PA3HLIT 3HAKOS8 — CJENOBATEJbHO, CyMMa 3HAKOB BCE PABHO OCTaeTCA mpexuen. [

IMocTpoeHHbIT HHBAPUAHT — CYMMa 3HAKOB AT MayCCOBOU MMATPAMMBI — Ha3bi-
BaeTcA urdekcom Yumuu KpuBou. MbI MoKazaan, 9TO OH OJUHAKOB Y TOMOTOMHBIX
KPHUBBLIX; OTCIO/Ia HEMEJJIEHHO CIeJyeT, 9TO KPUBbIe, M306pakeHHBIE Ha PUCYHKE 7,
MONAPHO HET'OMOTOIHEI.

OxkasbiBaeTca, WHIEKC YUTHU MOXKHO BHIYHCAUTHL W He o6palasich K TayCCOBBIM
auarpaMMam (B YacTHOCTH, M3 3TOTO CIEAYET, U9TO OH ONpEJAeNeH HE TOMbKO U
KPUBBIX OGIIETO TOJOXKEHNA). A MMEHHO, PACCMOTPHUM KacaTelbHbIN BeKTOp v(t) =
(z'(t), ¥ (t)) x xpusoit . CoraacHo cBOHCTBY | 5TOT BEKTOp HUKOT1a He oOpalaeTcs
B HyJb. [To cBolicTBY 2 nimHHOU KpuBOH BekTop v(t) mpu t = 1 ut = —1 onuHakoB:
v(=1) = v(1) = (1,0). Tem cambiM, moka ¢ mpoGeraet oTpesok [—1, 1], BekTop v(¢)
OTMCHIBAET HA MJIOCKOCTH HEKOTOPYIO 3aMKHYTYIO KPUBYIO, He TPOXOJAMIYIO Yepes
Havago koopauHat. [ToaHoe dmcio 060pOTOB, KOTOPOE [eJaeT >Ta KpuBad BOKPYT
HAYaI0 KOOpAUHAT (06OPOTH MPOTHUB YACOBON CTPENKH CINTAIOTCA ¢ TLIIOCOM, MPO-
TUB — ¢ MUHYCOM), HA3hIBAECTCA UCAOM 6PAULEHUA KDHBOM 7.

I/IHHMI/I CJI0OBaMM, 9UCJO0 Bpalll€eHUus MOXKHO OIIpENeUTh KaK 3JEMEHT (byH,Z[aMeHTaJIbHOﬁ
rpymer 71 (R?\ {0}) = Z, coorrercTRytommit kpusoit v(t). HuraTems, He3aHAKOMEIA ¢ HO-
HATHEM (QYHAAMEHTAJIBLHON TI'PYIINIB, MOXET IO3HAKOMHUTHCA C HUM IO JIO60MY y9eGHHUKY
TonoJoruu (HalpuMmep, 1o KHure [3] wiM 1o 3amedaTelbHOM KHUre [4], M3gaHHON B cepuu
«Bubnnoredka Kpanty).

TEOPEMA YUTHHU (MPOAOJIKEHUE). Hucao spawerus Kpusot pasHo ee uHOeK-
cy Yummu.

M#b1 g0KaXeM 3Ty HacTh TeOPEMBI HECKOJIBKO TIO3THEE.
BaxHocTh WHIekca YUTHN (Yncia BpalleHUA) Kak WHBAPWAHTA JINHHOW KPUBOU
MO TYEPKUBAETCA TeM O0OCTOATENLCTBOM, 9TO OH ABJIAETCSA, IO CYTH, €JUHCTBEHHON

2)Ha camom nejde YUTHU B CBOeH 3HaAMeHMTON paboTe [2] paccMaTpuBaJ He JJIMHHBIE KPHBHIE,
a 3aMKHYTEIE, OJTHAKO €r0 TEOPEMAa, BMECTE C JTOKa3ATEJbLCTBOM, OCTAETCA BEPHOU U A HAIIETO
cay4ad. O 3aMKHYTHIX KPUBBIX MEI HEMHOI'O CKaykKeM B pasjgede 5.1.
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XapaKTEePUCTUKON IIMHHOW KPUBOM, COXPAHAIIIENCA TTPU TOMOTOMUAX. A WMEHHO,
UMeeT MeCTO YTBepKjdeHne, o6paTHOE TeopeMe YUTHH:

TEOPEMA YNTHN (OKOHYAHUE). [Tycmb daunHble KPUusble ¥y Uy MAKOSbL, 4Mo
ux uucaa epawenus coenadaiom. Tozda Kpusblie Yo U Y1 20MOMONHbL.

JIOKA3ATENBCTBO. HerpygHo BHAgeTh, 9To BekTop-dyHknms v(t) = (a(t),b(t)) Torga
M TONBKO TOr[a MOXKeT ObITh IpeicTabiena B suge (z'(t),y’(t)) ans HekoTopol AIMHHON
xpuson y(t) = (z(t),y(t)), Korja BHIIOIHEHBI ClEYIOUME yCIOBUSA:

vi € [_17 1] U(t) # (07 0)7 (2)
v(=1) =v(1) = (1,0), (3)
1 1
/ a(t)dt = 2, / b(t) dt = 0. (4)
—1 —1
IIycts Teneps vo(t) u v1(t) — BeKTOpP-QYHKINM, COOTBETCTBYIONIME AJIUHHEIM KPUBBIM Yo U

Y1 ¥ UMeolIre OAMHAKOBOE YHCI0 BpalieHnsa. TpebyeTcs A0KasaTh, 9TO MOXKHO IOCTPOUTH
romorommo v-(t), T € [0,1], B KoTopol Kaxaas KpuBas vr(t) ygoBreTBOpseT ycaousm (2)

u (4).
PaccmoTpum s kaxgoro BekTopa (p,q) BekTOp-dyHKIMIO Vy (%), onpegeneHnyio Ha
otrpeske [1 — |p| — |g|, 1] m o6aagaomyo creayOmIMI CBONCTBAME:

Ve Vpg(t) # (0,0),
Voa(1 = pl = lal) = Vp,a(1) = (1,0),

[ ‘/PKI(t) dt = (p7 q)7

—lpl-lal
4qucio Bpamerus Vp g = 0.

INockombKy ©mcaa BpalleHus BeKTOp-QYHKIAN vo(t) m v1(£) coBMagaoT, MOKHO TIOCTPO-
uTh roMoTonuo wr(t) Mexagy Humu, obiagamouyio ceoicreamu (2) u (3), Ho He obnana-
ou1y10, Boobiie rosops, concreom (4). Ilycrs f_ll w-(t)dt = (pr,q-). Bea orpanudenus
OO6LIHOCTH MOXHO c9uTaTh, 9T0 w,(t) = (1,0) npu ¢ € [1 — |p-| — |¢-|, 1]. Toraa onpegennm
HOBYIO FOMOTONHNIO v (£) dopmyon

U-,—(t') — { ’qu-(f), te [_17 1- |p7'| - |q7'|]7
’ Vorar(t), t€l—|pr|—lgr|, 1]

OueBHAHO, IOCTPOEHHAS TOMOTONNUS yAOBJIETBOPSeT BCeM ycaoBuam (2)—(4). O

Teneps MBI MOXEM J0Ka3aTh BTOPYIO YaCTh TEOPEMBI YUTHH — OHA CJAEAYET U3
TpeTher. /lelcTBUTENBRHO, PACCMOTPUM HAabOp KPUBHIX ..., Y _1, %o, Y1, ..., n306pa-
JKeHHBIX Ha puc. 7. Uagekc YuTHU KpuBo# 1, paBeH k; HETPYIHO BUAEThH, ITO TAKOBO
JKe U ee Yucao BpamieHus. [lycTh Temepb k — YHca0 BpallleHUSA KaKoW-1u6o NIMHHON
xpuBon . Uz TpeThenl 9acTu TeOpeMbl YUTHHU CAEYET, ITO 7y TOMOTOINHA KPUBOU 1, .
Ho Toraa muz mepBoll 9acTu TeOpeMbl CAEAYET, YTO UHIEKC YUTHU KPUBOU v TaKOU
XKe, Kak U Y g, T.e. ToxXe paBeH k. Teopema YuTHu goxazana. (]

3. CTPAHHOCTb, J*t u J~

Taxum o6pa30M, MHBaApUAHTHI JAUHHBIX KPUBBIX C TOYHOCTBIO 4O TOMOTOIINN UC-
YEPIBIBAXOTCA UHIECKCOM Yuruu. HoBble MHBAPUAHTHI IMTOABJAAOTCA, €CJAHU MBI pPaCCMO-
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Puc. 8. BzanmHOe pacrnoJjioxkeHne napbl Jyr

TpuM 6oJiee y3KHe KJIacChl KPUBBIX U, COOTBETCTBEHHO, YMEHBIINM HYHUCJIO Pa3pelIeH-
HBIX TOMOTONUI. B 5ToM ciiydae KpuBBIe, KOTOPBIE paHEe CINTAINUCH TOMOTOIHBIMH,
MOT'YT CTaTh HETOMOTOIHBIME, B TEOPUA CTAaHET GOJEe COMEPKATEMLHON.

Yame Bcero paccMaTpuUBaOT TPU BapuaHTa TaKUX TEOPHU:

1. Teopuio KpUBBIX 6€3 TPOUHBIX TOYEK.
2. Teoputo KpuBBHIX 6€3 TONMYTHBIX KaCAHUN.

3. Teoputo KpuBHIX 6€3 TPOTUBOKACAHUN.

IToxaxem, 9TO BCce DTW TPH TEOPUU HE CBOJAATCA K TEOPWHU pazjena 2, WHBIMU
CJIOBaMM, YTO B HUX WMEIOTCA WHBAPUAHTHI, OTIMYHbIE OT WHAEKCA YUTHH.

Bce >tu wHBapmanThl 6yAyT BHIPAXKAaThCA Yepe3 TayCCOBHI AMATPAMMBI POPMY-
JaMH, TOXOXKUMHU Ha GOPMYJIy AJAA WHAEeKCA YUTHHU, HO TOJbKO CyMMUpOBaHue Oy aeT
TMPOUCXOUTH TIO0 BCEM napam Ayr Ha guarpamme. CymIecTBYIOT TpHU crocoba B3amM-
HOT'O PACMOJOKEHNA TTaphl YT — OHW YKa3aHBI Ha puUc. 8.

Ilycts & — oauH W3 TUNOB pPACTOJOXKEHWS TMapbl AYT, a v — KpuBad 0OOIIeTO
nofoxeHnda. PaccMOTpUM BeAWHIUHY

()= Y, e(M)e(h). (5)

(A1,22)=2

3neck cymma GepeTcs o BceM mapaM Ayr (Ar, Az) Ha TayccoBol gumarpamMme KpPHBON
7, oTHOCcAmmMeA K Ty P; €(A) ozHadaeT 3Hak ayru A. Takum o6paszoM, MBI HMeeM
I Kaxgoi kpuBon v BeawdwHsl P(v), Q(y) n R(7). Begem eme Beanunny S(7),
paBHYI0 KOJAWYECTBY YT Ha AuarpaMMe, HE3aBHCHMO OT WX 3HaKoB. Beawwuny S(7)
MOXKHO paccMaTpUBaTh KaK YaCTHBIN CIydail BeandnH (5) — B 5TOM ciydae HYXKHO
CYUTATh, 9TO cyMMa B (H) 6epeTcd Mo BCeM MapaM cosnadaouwus I1yr Ay u Ag.

Beanunnunr ®(y) npegcTaBadioT coboil GYHKIWHA HA MHOXKECTBE KIaCCOB DKBH-
BAJEHTHOCTH KPUBHIX 06IIero nojoxenusa. Bece pyHKINM HA 3TOM MHOXKECTBE, Ode-
BUIHO, 06Pa3yOT JUHENHOE MPOCTPAHCTBO. PaccMOTpuM B HEM TIOAITPOCTPAHCTBO
(KoTOpoe MO MpHYMHAM, W3TaraeMbIM [O3XKe, HazoBeM i), HaTAHyTOe Ha (PYHK-
unu P, ), R, S; npousBoibHad PYHKIUA M3 DTOrO TMOATPOCTPAHCTBA MMEET B/
f =aP +bQ+ cR+ dS. PaccmoTpum, Kak MeHseTca 4quciao f(v), Korja Kpupas vy
mpeTepleBaeT OJIHY U3 KATACTPO(d, ONMUCAHHBIX B pa3zjeie 2.

Tpu kaTacTpode MOMYyTHOrO KacaHuA (pOXKJAEHUE ABYX GIN3KWX TOYEK camorie-
peceveHns) TOABIAIOTCA JBE HOBHIX IYTH, A1 U Az, PACTONOXKEHHBIX Mo THIY (. Pa-
306beM Bce Taphl IyT Ha AnarpaMme Kpuson 4 (mocae karacTpodsl) Ha 4 Tuna:

1. Tlap®sl, B KOTOpBIe HE BXOAUT HA A1, HA As.

[\]

[Tapei, B KOTOpBIE BXOAUT A1 U €llle OMHA AyTa, OTAUYHAS OT A1 U Aj.

IMapei, B KOTOpBIE BXOAUT As U €llle OAHA AYTa, OTAUYHAS OT Ag T Aj.

Hapbl (Al,Ag), (Al,Al) n (AQ,)\Q).

-
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IMapur Tuna 1 BXoAaT B cymmy, ompejeidrolyto 3Hadenne GyHKIUA f, Kak J0,
Tak u mocie KatacTpodsl. [Mosromy npn Beramcaennn pasuoctn f(ymocne) — f(Yao)
TaKne Mapbl MOXHO He YINTHIBATD.

Mexay mapaMm THWMa 2 W TMapaMd THNA 3 MOXHO YCTAHOBHTL B3aWMHO OJHO-
3HAYHOE COOTBETCTBHE, 3aMeHAA B KaX,OW mape TUMa 2 AyTry A1 Ha Ayry As. Ilpm
5TOM COOTBETCTBHHU THUI NMapbl HE MEHAETCA, MOCKOABKY AYTH A] U Ay — «OIU3KHED,
MeX Iy WX COOTBETCTBYIONMMHA KOHIIAMW HET KOHIIOB ApyTHUX AyT. [IpomaBegenne xe
3HAKOB MEHAETCA Ha MPOTUBOMOJOXKHOE, OCKOJAbKY 3HAKH YT A1 M Ay Pa3Ju<dHBI.
ITosToMy BKJIa b, BHOCHMBIE TTapaMu THIOB 2 n 3 B pasHocTh f(Ymocae) — f(Y10),
COKPAIIAIOTCA.

TeM caMBIM eIMHCTBEHHBLIN BKJa,l B Pa3HOCTh BHOCAT TIaphl TUMa 4, He WMeloIne
COOTBETCTBUN B AMarpaMMe KpuBoll go karacTtpodsl. [Tockoabky &(A1)e(A2) = —1,
BKJaaj paBeH 2d — b.

Jlna xkaTacTpodbl MPOTHBOKACAHUA PACCyXJAeHUA COBEPIIEHHO AHAJOTHIHBI, 3a
HCKJIIOYEHNEM TOTO, 9TO AyTH A1 U A2 pacnofoxensl mo Tuny R. ViaMenenne snadennn
dyukuum f mpm Tako#l KaTacTpode paBHO, TeM caMbiM, 2d — c.

ITpn kaTacTpodge MPOXOKJeHNA TPOMHON TOYKM CYIIeCTBYET HECKOJALKO BapWaH-
TOB pacloJOXKeHNA W 3HaKOB AyT, cM. puc. 6. Tak xe, kak m aaa KaTacTpod ca-
MOKAaCaHWUA, yCTaHaBINBAETCA, 9TO BKAAJ B PA3HOCTh BHOCHTCA TOJBLKO MapaMu YT,
y9acTByIOMMX B KaTacTpode. HeTpyaHo mpoBepnTh, 9T0 ecim KaTacTpoda MPONCXo-
JINT B HAMIPABIEHUN (CJleBa HapaBo» Ha puc. 6 (MBI 6y €M TOBOPUTD, ITO TPOUCKOTHT
MOJIOKHUTENBHOE MPOXOXK IEHIE TPOHHON TOYKM), TO M3MEHEHHe 3HadeHWUs (YHKIHN
paBHO a + b — 2¢, HE3ABHCUMO OT KOHKPETHOT'O PACIOJOKEHUA AYyT.

IIpupaBHMBadg HYJIO0 COOTBETCTBYIONIME PA3HOCTH, MBI MOXEM OTO6paTh B MpPO-
cTpaHcTBe Gy (DyHKINW, OCTAOMNECA HEM3MEHHBIMU TIPW OMPeIeJeHHBIX THIAaX Ka-
TacTpod, W, TEM CaMbIM, OCTPOUTH TIPUMEPH MHBAPHAHTOB B TPEX TEOPHUAX, yKa-
3aHHBIX BHIIIE.

Pesy bTaThl 3TUX BLIMUCJAEHWH MBI CBEJIEM B TEOPEMY:

TEOPEMA 2. 1. IIpocmpancmeso Pynryuti f € Gy, ocmanwwurca UHEAPUAHM-
HbVLMU NPU nepecmpotike CAMOKACAHUA, J8YMEPHO U nopodcdeno GyHKyuamu
W2=P+Q+R+S uSt=Q+ R+ S/2. 3uauenue nepsoii usz smuzr Pynx-
Yuti He UBMEHAECMCA MAKINHCE U NPU NPOTONCIeHUU MPOTHOT MOUKU, a 3HAUEHUE
6Mopoti YseAUNUEAEMCA HA €OUHUYY NPU NOAOACUMEALHOM NPOLOANCOCHUU.

2. Ipocmpancmseo gynxyut f € Gy, ocmawwurcs UHBAPUAHMHBIMU NPU Nepe-
cmpotike nporodcdeHus mpotiHoli mouku u npu nepecmpotike NONYmMHo20 Ka-
canus, deymepro u noposcdeno Pyrryuanu W2 u J~ = 4Q+2R+2S. Pyuxyusa
JT yseauuusaemca Ha 2 npu npomueoKACAHUU C NOABACHUEM JBYL HOGHIT MO-
YEK CAMONEPECEUEHUA.

3. Ipocmpancmso gynryut f € Gy, ocmawwurcs UHBAPUAHMHBIMU NPU Nepe-
cmpotike nporoxicdenus mpotHot MouKu u npu nepecmpotike NPomMuUEoKaACa-
Hug, deymepro u nopoxcdeno Gyuryuamu W2 u Jt = —4Q —2R— S. Pyuxyusa
JT yeeauuusaemcsa ma 2 npu NONYMHOM KACAHUU C NOAGACHUEM OSYT HOGHIT
MOUEK CAMONEPECEUEHUA.

Teopema 2 moka3bIBaeT, ITO TEOPUH KPUBHIX 6€3 TPOUHBIX TOYEK, 6€3 MOMyTHHIX
KacaHull u 6e3 TPOTUBOKACAHWH Gorade, ¥eM MPOCTO TEOPHUSA IUHHBIX KPUBBIX —
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Puc. 9. Hapapnanrer St, Jt w J~

3/1eCh eCTh HOBBIe WHBapuaHTHI. Ha puc. 9 nzobpaxeHbl 1Be KpUBBIE, MMEIOITNE OH-
HAKOBBLIN MHEKC YHTHH, HO pasHble mBapuanTel St, JT m J~. Otcioga creayert,
9TO OHM HEMOMOTOIHBI HA B OJHOW M3 Tpex Teopui. WHBIMEU CJIOBaMH, WX MOXKHO
COEIMHUTH TOMOTOIHEN, HO B IPOIECCE TAKOU TOMOTONNHN 0643aTENHHO BCTPETATCA
TPOUHBIE TOYKMU, MOMYTHHIE KACAHUSA W MPOTUBOKACAHUS.

Dynxuna W? npegcTaBager co6oil, Kak HETPYIHO BIIETh, KBaAPAT HHAeKCA YIT-
HHE. JTO 06BACHACT ¢e HHBAPHAHTHOCTD IIPH BCEX KaTacTpodax, a TakKkKe TO, ITO OHA
ABAACTCA €JUHCTBEHHON, ¢ TOYHOCTBIO A0 MPOMOPIHOHAILHOCTH, (ByHKINEH U3 Go,
obJagalomell TakuM cBoiicTBoM. UTo KacaeTca BHIGOpa BTOPOI 6azucHON GyHKIUH,
St, Jt w J~, B COOTBETCTBYIOMNX MOATPOCTPAHCTBAX, TO OH OGYCIOBICH Clle YoM
06CTOATEILCTBOM.

Ha MHOXeCTBe IWHHBIX KPHBBIX MOXKHO ONPEeINTh ONepPalUio NPpAMOt CYMMbl.
Tpamas cymma kpuBbix v1 () = (a1(t), b1(t)) m v2(¢) = (az2(t), b2(t)) sTo xkpusas y(t),
3ajaBacMas PaBEHCTBOM

(t,O), tg_lﬂt}L
,b1(2t+1)), —1<t<0,

,ba(2t — 1)), 0

y(t) = Gal(% 1=

(%@(m— 1)+ t< L.

RO = b=

/N
V/4\

NupiMu cioBaMu, KpuBad 7y ef 41 + 2 TPOXOAWT cHadJajda i, a 3aTeM Y. Koad-
dunueHTH B hOPMYJIE BBI3BaHBI HEOOXO TMMOCTHIO COOMIONATE YCJAOBAA HOPMUPOBKM.
layccoBa amarpaMma TpAMOW CYMMBI TIOJYYaETCA, C TOYHOCTHIO [0 3KBUBAJEHTHO-
CTH, (IPUCTABICHUEM) TayCCOBOU AMATrPaMMBbl KPUBOH 3 ClipaBa OT T'ayCCOBOW qHMa-
rpaMMBbl KPUBOU 71 .

Buraucanm Teneps sHavenne pyukuun f € Gy Ha KpuBon 1 + 72 . [lapsr, obe ayru
KOTODPHBIX JIeXXaT B TayCCOBOW AuarpaMme KpuBoOU ¥1, AaayT B cymme f(71); mapbi, o6e
JIYTH KOTODHIX JIeXaT B TayCCOBOM aAMarpaMme KpUBOW vz, AaayT f(y2). Ecan oxma

IyTa Taphl JeXWT B AuarpaMMe KPUBOHW 1, a Apyras — B AuarpaMMe KPUBOHU Y3, TO
oHm ob6pasyioT napy tuna P. [loaTomy momydaem

fr+72) = fln) + Flv2) + aW (1) W (y2),

rae W — unnekc Yurau. Pynkuun f € Ga, nuasa kotopsix ¢ = 0 (1 ToabKo oHH),
obaanatoT cpoiicTBoM aganrusHocTH: f(v1 + v2) = f(v1) + f(v2). Pymkuun St,
JT u J~ aggurusnnl. Bomee Toro, cBoiicTBO afIMTHBHOCTH BMECTE CO CBOHCTBOM
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MHBAPHAHTHOCTH MPH KaTacTpodax cOOTBETCTBYIOMAX TUTMOB OTpeIeadaeT (pyHKINN
St, J*,J~ € G2 0HO3HAYHO C TOYHOCTHIO 0 TPOTOPINOHATBHOCTH.

Mepponavarbuo bynxmun St (HasbiBaeMad cmpannocmbio Kpusoil) m JE Gbum
ompegenensl B. . ApHoabioM B cTtaThe [5] akcmoMaTndeckn — Kak GyHKUNH, 06aa-
JaloIIe CBOMCTBAMHU, YKA3aHHBIMH B TeopeMe 2, W CBOHCTBOM ajUTHBHOCTH.
TayccoBBbl MArpaMMbl B OTIpe/IeJeHUN He y9IacTBOBAIN; TIPOGIeMa TP 3TOM COCTO-
J1a, BO-TIEPBHIX, B TOM, 9TOGBI OMACATH 6€3 UX yIaCcTHA, 9TO TAKOe (MOJOKNTEABHOE) I
«OTPUIATENHLHOE) TIPOXOXK TeHNe TPOWHON TOYKH, U, BO-BTOPHIX, B I0KA3aTEILCTBE CY-
WIECTBOBAHUA W eAMHCTBEHHOCTH TaKnX QpyHKuni. [lepBoHavanbHOe TOKAa3aTeNbCTBO
CyMIECTBOBAHUA HE AaBajo ABHOW (POPMYJIbI, TTO3BOMABIIEH BHIYUCANTH HHBAPHAHTHI
St w J* no Bu1y KoHKpeTHOI KpuBoii. [lepBhie ABHbBIC (DOPMY.TEI GBLIN TOXYIEHEl B Da-
6orax O. Bupo [6] u A. Illymakosu4a [7] (B wacTHOM cay4ae Takxke P. Aukapn [8]).
TMoaxo , ManaraemMbrii B AaHHON cTaThe, mpuHaMmexuT M. Tlomaky; sHaImTeabHAA
9acTh COJEPKAHUA CTATHH 3aMMCTBOBaHa U3 ero padoTsl [9].

4. 'TAYCCOBBI UHBAPUAHTHI BBICHIUX IIOPANKOB

IMo anagsoruu c uaBapuanTamu P, Q, R, S TpeabIAyIIero pasgeia Mbl MOXKEM OTpe-
MeIUTh WHBAPUAHTHI BBICITUX TOPAAKOB. /g 3TOTO clefyeT paccCMOTPETH BMECTO
map Ayr HabOpHI U3 N AYyT. DTH N AYT MOTYT OBITH PAaCIOJOXKEHBI Ha MPAMOU pas-
JUYIHBIMEU croco6aMu; B YHUCIAO COCOOOB paCHoOXKeHUA MBI OyeM, KaK U paHblIe,
BKJIIOYATH W TaKWe CIOCOOBI, T/le HEKOTOPhIe YT COBNAfalOT. JTH CIOCOOHI ecTe-
CTBEHHBIM 06pa3oM m3ob6paxaroTcda B BU/€ TayCCOBBIX AUarpamMm, e, B OTINYIHAE OT
rayCcCOBBIX AMAarpaMM KPUBBIX, JOMYyCKaloTca KpaTHbe ayru. O6o3HAYNM MHOXKECT-
BO TayCCOBHIX JMaTpaMM ¢ JyTaMu CyMMapHOU KpaTHOCTH n cuMBoaoM A, . Kax gon
nuarpamme ® € A, cooTBeTCTBYET (QYHKIUA

o)=Y (M) e(ha) (6)

(A1, hn)=d
31ech ¥ — JAauHHAA KpuUBasd OOCIIErO TOJOXKEHNS; CYMMUPOBAHNE MPOU3BOUTCA TI0
BceM HabopaM W3 N YT, PACHONOXKeHWe KOTOPHIX COOTBETCTBYeT auarpamme P;
g(A) — smax ayrm A. Kak m B mpefwiaymeM pasjene, MBI PAcCCMOTDPHM JIHHEHHOE

OPOCTPAHCTBO Gy, MOpOXKAeHHOe BeeMu (pyHkumamu tuna (6) aaa & € A, ; snemen-
THI IPOCTPAHCTBA G, 6y/eM Ha3bIBAThL 2ayccoeblmi HyHryuamu nopagka n. MoxHo
TaKXKe PacCMOTPETh JAuHeHoe npocTpancTBo Gy = P} _, G, rayccoBbix dyHKImIt
nop#Aka He Bbillle n. Ecin rayccoBa QpyHKIUA ABAAETCA WHBAPUAHTOM OJHON U3 Te-
OpHH, OMUCAHHBIX B pasjele 3, TO MBI Oy1eM Ha3bIBATH €€ TayCCOBBIM MHBAPUAHTOM.

Teopusa TayccoBbIX MHBAPDHAHTOB N-Or0 MOPATKA BeCbMa HAITIOMHUHAET TEOPUIO
2-ro mopsKa, pacCMOTPeHHYIO B pazjeie 3. Teopuio yao6HO CTPOUTH TOC/IEIOBa-
TeJBHO, (MHAYKIUEH 10 Ny, BBUAY CICAYIOMEro dakTa:

MPEANOXKEHUE 4. ITycmb v u 1 — dee 2omomonnvie Kpussle o6uje2o nosomxuce-
HUA, MAKUEe YMo NPu 20MOMONUU Y, MENHCIY HUMU Npoucrodum posHo odHa Kama-
cmpoga munos, onucanuwvir 6 npedaoncenuu 3. Ilyemv ® € G,,. Toada cywecmsyem
eayccosa Pyurxyua ¥ € G, makas, umo ®(y1) — ®(v0) = V(y0). Pynxyus ¥ ne
3a8uUcCuUmM 0mM KpusulT Yo 4 Y1, @ moavko om Pyuryuu @ u muna kamacmpodui. Jas
kamacmpod camoracanus moxcro svrtbpamv ¥ € G, _5.
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JlokazaTeabCTBO MPEAJIOKEHUST COCTOUT B ABHOM mocTpoennn Gpyukinun ¥. Owe-
BUJIHO, 9TO JOCTATOYHO pa3obpaTh ciaydail, korjga & — ¢yskuua Tuna (6).

JOKA3BATEALCTBO. IlpeAnonoXnm cHadada, 9TO MPOUCXOJUT KaTacTpoda Mo-
MyTHOTO CaMOKAacCaHUA ¢ BO3HMKHOBEHHEM Taphl TOYEK CAMOIEPECEUEHUA, KOTOPBIM
COOTBETCTBYIOT AyTH A1 W Az. Kak m B pazgene 3 sameTwM, 9TO BKJAajJ B Pa3sHOCTh
D(y1) — ®(yo) BHOCAT TONBKO HAGODHl W3 N YT, cojepikalliie Kak Ay, TaKk U Ag.
ITocKoMbKY 3HaKH IYT A1 W Ay IPOTHBONOJOXHEI, BK/Iaj OT Kaxk0r0 TAaKOro Habopa
PaBeH B3ATOMY CO 3HAKOM MIHYC TIPOM3BEICHHIO 3HAKOB BCEX IYyT Habopa, KpoMe A1 1
As. IosTomy B kKadecTBe pyHKumu ¥ B HTOM Clydae MOXKHO B3ATh CyMMY (CO 3HAKOM
MWHYyC) BCeX TOAIMarpaMM anarpaMMbl @, MOSydalomIuxcA WX Hee BBIKUbIBAHUEM
Haphl IyT, PAcTIONOXKEHHBIX TI0 TUTY ( W TaKWX, YTO MEXAY HX COOTBETCTBYOMIIMHE
KOHIIAMH HET KOHIOB APYTHX Ayr (W60 TOABKO TakwWe Mapbl Ayl MOTYT COOTBET-
CTBOBATH A1 W Ag). B ciydae kaTacTpodbl MPOTHBOKACAHUA CATYAINA aHAJOTMIHA,
TOJBKO BHIKHALIBATE HYXHO Taphl, pacloJoXeHHbIe o THTy R.

Nlna xaTacTpodbl MPOXOXKEHHA TPONHON TOYKHM PacCyXJCHUA aHAJIOTHIHBL.
TpyAHOCTD 3/6Ch 3aKI09aeTCA B TOM, 9TO MEPECTPONKHI I'ayCcCOBON AMATrpaMMBbI TPH

TaKol KaTacTpode MOTYT ObITh pasau<dHbIMH — cM. puc. 6. He6Goawimon mepe6op
TTOKa3bIBAET, TeM He MeHee, 9To PpyHKIuA ¥ BO Bcex cayvaax MOTydIaeTCAa OJHa U Ta
Ke. O

[pennoxenne 4 mo3BOJsIET B MPUHITAIE TEPEYUCINTh MayCCOBBI MHBAPUAHTHI MO~
pAIKa N B KaX/OW U3 TPEX TEOPHH, ONMCAHHBIX B HadaJe pa3jfeia 3. [leicTBUTEABHO,
A Kax jol rayccoBon guarpamMmbl @ € A,, MOXKHO BHIYUCAUTL QyHKIHIO ¥ 11 Ka-
xKjgoro Tuma katacTpodsl. Torga yciaoBue Toro, 4to QyHKUua f = Z@eAn agpd
WHBapHaHTHa MpH KaTacTpodaX TaHHOrO TUNa (T.e. ABIAETCA WHBAPHAHTOM COOT-
BETCTBYIOIIEH TEOPHN) MPEBPAIIACTCA B CUCTEMY JINHEHHBIX YPaBHEHUN Ha Koabdu-
IUEHTHI (p. YCJIOBUE aAUTUBHOCTH, OMMCAHHOE B pa3jefe 3, TPUBOIUT K MOTIOTHU-
TeJbHBIM YPaBHEHUAM.

CaenyeT, olHAKO, UIMETH BBU[Y HEKOTOPBIE TPYIHOCTH, KOTOPHIE ¢He BUIHBIY /S
GYHKIUI BTOPOTO MOPSIKA, HO TOABISAIOTCA, KOT a TOPAIOK CTAHOBUTCS GOJBIIIM.

Bo-niepBbix, 1Be QYHKINN Pazdu<dHBIX TMOPAIKOB MOTYT COBIAIaTh. JTO CBA3AHO
¢ TeM, uto 3Hak ayru £(A) = +1 = £3()\), u nosTomMy TpoiiHas Ayra SKBUBAJIEHT-
Ha ogmHapHou. Hanpuwmep, dpyukums uz Gz, COOTBETCTBYOIIaA AUarpaMMe C OJHOU
TPOUHOW NYTOU, ABAAETCH WHBAPHAHTOM BO BCEX TPEX TEOPUAX — ITO MPOCTO WH-
nekc YutHu. YTo6bl n36exaTh 3TOr0, MBI OyIeM PacCMaTPUBAThL BIPEAb ayCCOBBI
quarpaMMbl ¢ KpaTHOCTBIO AYyT He 6ojee 2.

Bo-BTopeix, Ha mpocTpancTBe B, G, BCEX TaycCOBBIX (yHKINI HMEETCA €CTe-
cTBeHHOe yMHOXeHme. HeTpyaHo BugeTh, 9ro dpyuknua ®¥, rae & € G, a ¥ € G,
npuHa IeXkuT Gi . Tounee, @V ecTh cymma Bcex auarpamm m3 k + [ ayr, momyda-
foruxcs obbeguaennemM guarpamMm @ m ¥; npu 5ToM KOHIBI AyT, TpuHa qmexammx
u ¥, depeayoTcs Mex Iy coGoOl BceMu BO3MOXHBIMU criocobamu. Takum o6paszom, B
@, , Gn nMeeTCA CTPYKTYpa IpaynpoBaHHOro Koablia. Ecan dynxmun & u ¥ asri-
0TCA WHBapUaHTaMu KaKou-Hubyab Teopun, To ®W Toxe, pazymeeTcs, MHBApUAHT.
OTOT WHBAPUAHT, OJHAKO, HE ABAAETCA B PA3yMHOM CMBICJIE (HOBBIMY.

TpeTsbs, u Hanbosee CyIeCTBEHHASA, TPYJHOCTh 3aKIIOYAETCS B TOM, 9TO CyMMa
f= Z‘I’eAn agp® c HeHyJIEBBIMU KOB(DIUIMEHTAME MOKET TOPOXKAATH (PYHKINIO HA
KPHUBBIX, TOXAECTBEHHO paBHYIO Hya 0. Hanpumep, paBHBI HYM0 DYHKIUN J4 U 7 _
TPETHEro MOPSAIKa, COOTBETCTBYOIINE ArarpaMMam Ha puc. 10 (cumBoa 2 ozHadaeT



108 IO. M. Bypman

JIYTY KPATHOCTH 2), — 3TO CleyeT U3 YCIOBUA Pealn3yeMOCTH TayCcCOBON Auarpam-
Ml (Teopema 1). CoOTBETCTBEHHO PAaBHBI HYJIIO W Bee byHKUNM Bua 74 P, nus Beex
rayccoBbIX pyHKIuN @.

[TpuBeeM pe3yabTaThl KOMIBIOTEPHBIX

BBIMUCJAEHNN MWHBAPUAHTOB TPETHETO MO-

m m paaka. Becero apech nmeeTca 21 amarpam-
Zy 4 Ma (Bkatodad guarpammel puc. 10). Pynk-

1NN, ABAAONINECS WHBAPUAHTAMHU BO BCEX
Tpex TeopuAx, o6pasyioT MPOCTPAHCTBO
pasMepHOCTH 7. B HeM cofepXKuTCA OJHOMEDHOE TIOAIPOCTPAHCTBO, MOPOXK TEHHOE

KyboM WHIeKCa YWTHU; TOTIOJHUTENbHOE MIECTUMEPHOE MPOCTPAHCTBO 06pa3yoT
GYHKIINM, TOXJICCTBEHHO paBHbIEC HYJIIO.

Puc. 10. PyrKnuu, paBHble HYJIIO

VHBapWaHTHl TPETHETO MOPAIKA THMA CTPAHHOCTH (He M3MEHAIOIINECH MPH ca-
MOKACaHUAK, HO W3MEHAIOIINECA TPU MPOXOKJEHNH TPOUHBIX TO4YEK) 06pasyioT -
THMePHOE TPOCTPAHCTBO. /[[ByMepHOE MOATPOCTPAHCTBO B HEM OOpa3yiOT ajIuTuB-
Hble WHBapUAHTHI. [[ByMepHOE TOAMPOCTPAHCTBO TOPOXKJEHO (CTApBIMIY MHBAPHAH-
TaMl — KyOOM WH/eKCa YWTHW W TPOU3BeJeHWEM WHIeKCa YWUTHHW HA CTPAHHOCTD.
OcTraabuble 4 mEBapuaHnTa, BKAOYad 06a ajlIUTUBHBIX, — HOBBIE.

NuBapnanTH TpeThero mopaaka Tuma J* (BblgepkuBalomme Bce TepecTPONKH,
KpOMe TIOIYTHBIX KacaHWuil) o6pasyloT TpexMepHoe mpocTpaHcTBo. Basnc B HeM co-
CTaBAAIOT Ky6 WHIeKca YWTHH, TPOU3BeJeHne WHAeKca YUTHH W mHBapuanTa J T (B
CMBICIe pazjieda 3), W HOBBIN a/|INTHBHBIA WHBAPHAHT.

NHBapuaHTHl TPeThEr0 MOpAKa THA J~ (M3MEHAITCA TOMBKO MPH MPOTHBOKA-
caHHUAX) 06pa3yloT IBYyMePHOE NPOCTPAHCTBO. Ba3nuc B HeM COCTABAAT Ky6 HH/EKCA
YuTHu m npousBefienne wHaeKca YuTHu u J . Takmm o6pazoM, HOBHIX THBAPUAHTOB
Tuna J~ B TPeTbeM TIOPATKe He TOABAAETCA; TAKKe HET W Al TUTUBHBIX WHBAPUAHTOB.

[Tony4enubilt pe3yabTaT MOKA3BIBAET, 9TO PA3JIMHYHE MEXKAY KATACTPOMAMHU IOy THOI'O
KacaHWs W MIPOTHUBOKACAHWS BBelAeHO HemapoM. Ha camowm jgenle Teopmm KpWBHIX 6e3 MOMYT-
HBIX KACAHWH U 63 MPOTHUBOKACAHUN PAa3JUdaloTcsa KOPEHHBIM 06pa3oM. Teopus KpuBbx 6e3
MOy THHIX KACAHWI TECHO CBA3aHA C APYT'HMM 3aMeYaTelbHBIM PA3eJoM I'eOMETPUU MAJTBIX
Pa3MepHOCTEN — TEOpHEN JeXKAHAPOBHIX y310B. AHanmorudnsie naTeprnpeTanuu J  -Teopun
HEW3BECTHHI.

C pocToM n pazMepHOCTH MPOCTPAHCTB W Pa3Mephl CHCTEM YPaBHEHHH JJIA OTIHCA-
HUA TayCCOBBIX WHBAPUAHTOB GBICTPO PACTYT; TOYHBIH OTBET HeW3BecTeH (IO Kpati-
Hell Mepe, aBTOPY MaHHOW cTaThu) naxe npu n = 4. Tem Gosee 3aMevaTeNeH Pe3yib-
TaT, noaydeHHb B 1997 r. A. MepkoBbiM (cM. [12]) u OKa3bIBAOIINI, YTO B TEOPHI
KPHUBBIX 6€3 TPOWHBIX TOYEK I'ayCCOBBIX MHBAPHAHTOB OCTATOYHO /IS MOJHON KJAac-
CUPUKAIUN:

TEOPEMA 3. Ilycmb 49 u 41 — dee daunnvle xpuswvie obue2o noaoxrcenus. I o-
Momonus Y, 6e3 mpoliHblz mouek, coeduHAWaAd Yo U Y1, cyuecmeyem moz2da u
moavko moada, Kozda daa kaxcdozo 2ayccosa uneapuarma X muna cmpaHHocmMu
swinoanero pasencmso X (vyo) = X(v1)-

HeusBecTHO, BepeH /1 aHAJOTUYHLIN PE3YALTAT /14 TEOPUH KPUBLIX 6€3 caMoKa-
CaHUN.
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5. OBOBIIEHUA 'AYCCOBBIX UHBAPUAHTOB

Cxema onpejlefieHus MHBAPUAHTOB KPUBBIX € TIOMOIIIBIO TayCCOBBIX AUArpPaMM OKa-
3BIBAETCA YPE3BBIMANHO LI0J0TBOPHON. [To106HBIM 06pazoM MOXKHO OMPEIeTuTh WH-
BapHMaHTHl He TOJBKO AJAA IIUHHBIX KPUBBIX, HO W 1A APYTUX O0O6BEKTOB, TaK WU
WHa4Ye CBA3AHHBIX C KPUBBIMU.

YTo6Bl onMpesenTh TaycCOBHI (PYHKINM Ha KAKOM-AUO0 MHOXKECTBEe OOBEKTOB,
HYXHO TIPO/eNaTh CAeYIOMINe TeHCTBUSI:

1. /lokazaTk qad 5TUX 0O6BEKTOB aHAIOT NPEJIoXeHNA 1, T.e. omMcaTh COBOKYII-
HOCTb OOBEKTOB «OOIIECr0 MOJOXKEHUAD.

2. [lna o6beKTOB OOIIET O MOJOKEHNA TIOCTPOUTH KOMOMHATOPHOE ONMMCAaHNe, aHa-
JOTUYHOE TayCcCOBBIM AmarpamMMam. zKemaTeabHo TMpW 5TOM J0Ka3aTh aHAIOT
MPETOKEHNA 2 — 3TO JacT HaJeXy, 9TO TMOCTPOEHHBIR KJIACC TayCCOBBIX
dyHKIUN Gy 1eT TO0CTATOYHO GOTATHIM.

3. Omucars ToMoTONNU o6mero IIOJOXKEHUA (T.e. AOoKa3aTh aHaJOT TpeII0XKe-
HHUA 3) N U3YyYIUTH, KaK IIPU TaKUX 'OMOTONUAX MEHAITCA I'ayCCOBBI AUarpaM-
MBI.

ITocne aToro BHIMHCAEHNE TAyCCOBHIX WHBAPUAHTOB, T.e. OTOOD M3 YHCIA TayCCOBBIX
GYHKIUT TeX, 9TO He UBMEHAIOTCA TIPU TOMOTOINUAX, CBOJIUTCH, KaK U A JINHHBIX
KPUBBIX, K PEIIEHUIO CHCTEMBI JUHENHBIX YPaBHEHUN HA KOI(DPUIMEHTHI.

[IpuBemem mpuMepbl 06BEKTOB, M KOTOPBIX 3TY TPOTPAMMY yAa€TCS B TOU WJIH
WHOW Mepe OCYIECTBUTD.

5.1. 3AMKHYTBLIE KPUBLIE

3aMKHYTOH KPHWBON Ha ILIOCKOCTH Ha3bIBaecTCA IJaJKOoe OTOGpaKeHHE OKPYXK-
Hoctu B maockocTh (1) = (z(t),y(t)),t € S, obaanatomee Tem cBoWcTBOM, UTO

Vi (ac’(t))2 + (v (t))2 > 0. Tlocrenee ycaoBre, Kak W AJIA JIAHABIX KPABBIX, 06ecTIe-
YUBaeT BO3MOXHOCTH OJJHO3HATHOTO TPOBEIeHNA KacaTeabHON B JI060N TOYKe 06pasa
KPHBOI, T.e. TAAJKOCTh KPUBOH B OGBITHOM CMBICJIE CIOBA.

Teopua 3aMKHYTHIX KPUBLIX BeChbMa 6JM3Ka K TEOPUN JIMHHBIX KPUBHIX. B wacT-
HOCTHW, JJA 3aMKHYTBIX KPHBBIX OCTalOTCA BEPHBIMH, BMECTE C NOKa3aTeqbCTBAMM,
npenaoxennsa 1 u 3. /lag 3aMKHYTBIX KPUBBIX MOXKHO TaKXke ONpefeJuTh TUCI0 Bpa-
MIEHUA crnoco6oM, onncaHHbIM Ha cTpaduie 101 (6e3 ncnoab3oBaHuA MayCCOBBIX Ana-
rpaMM), U BTOpas 9acTh T€OPEMbl YUTHH /A HUX TakKXkKe BepHa — YHCIO BpaleHNA
ABAAECTCA eIMHCTBEHHON XapaKTEePUCTUKON 3aMKHYTON KPUBOHU, COXPAHAIONIEHCA TPI
BCEX TOMOTOIHAX.

Jl1A MOoCTpOeHns TayccoBOW AMATPAMMBI 3aMKHYTOU KPUBOW OBGIIEro MOJOXKEHWA
HAPUCYeM OKPYXKHOCTEH (KOTOpyio mpobGeraeT mapameTp ¢ B oToGpaxenuu ¥(t)) n
OTMeTWUM Ha Hel mapbl 3HadeHn# ({1,1s), Aad KoTophix ¥(t1) = v(t2). OTMedenHbIe
naphl 3HAYeHNH COeqMHUM xopjaaMu. [ia MOJHOW aHAJOTHU C JJIAHHBLIMA KPUBLIMA
HYXHO ellle TPUNUCAaTh XopjAaM 3Haku. TyT, oaHako, MBI CTATKHBAEMCA C TPYTHO-
CTBIO: JIA OMpe/eleHnA 3HaKa TOYKH CaMONEPecevIeHHus MCIOAb30BAJICA JUHEHHbIN
TIOPA/IOK Ha TPAMOM, MHLIMH CJIOBAMU, YIUTHIBAJIOCH, KAKOe W3 3HAYEeHHN 11,12 60Ib-
e, a Kakoe MeHbIle. Ha OKpyXKHOCTH €CTeCTBEHHOT'O JMHENHOTO TTOPAAKA TOYEK He
CYMIECTBYET, a B3aMeH NMMeeTCA NUKAUIECKUN TIOPAI0K: JIA Mper Pa3iudHbIX TOYEK
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A, B, C Bcerjja MOXHO CKa3aTh, pacTloN0KeHbl OHW MO 9acOBOW CTPEJKe WIN MPOTHB.
OTO 06CTOATENLCTBO TIOACKA3BIBAaeT CAeAYIOMNiA BHIXoq. OTMETHM Ha OKpPYXHOCTH
crenuaibHyo Touky O, U onpejeanM 3HaK Xopabl ({1,%s) cnoco6oM, OMMCAHHBIM Ha
crpanune 96, rae BMecTO ycaoBusa t; < ts morpebyem, aTobwl Touku O, %1,y 6bLIN
PacIIoJOKeHbl TIPOTHE 9acOBON CTPEJKH. JTUM 3aBepIIacTCA TOCTPOEHUE TayCCOBBIX
MMarpamMM I 3aMKHYTHIX KpUBBIX. /[ KOpDpEKTHOCTH caelyeT, KOHeTHO, 106aBUTh
B yCJIOBHE OOIIHOCTH TOJOXKEHUSA KpPHBOH TpeboBaHmWe, 9TO6BI oTMedeHHad Todka O
He 6BLTa TOYKOW camMolepecedeHna — aHaJoT TIpeIoXKeHnda | Mpm 5ToM ocTaeTca
BepHBIM. K crmcKy «THMUIHBIX KaTacTpod» rOMOTONNM OGIIEro TONOKEeHUA (TIpeI-
JoXKeHne 3) B 5TOM ciydae 06aBUTCA ellle O/THA — TMPOXOXKAEHNE OTMEYEHHON TOYKN
O depes TOYKy caMolepecedeHns.

ITpuBesenHas KOHCTPYKIMA TayCCOBLIX AWATPAMM TIO3BOJAET OMpPENequTh Tayc-
COBBI (PYHKIMHU 1A 3aMKHYTBIX KpUBBIX. OIHAKO ecim MBI TIONMBITAeMCA BBIPA3UTh
Yepe3 TaycCoBY AMarpaMMy KPHUBOH XOTs Gbl €€ WHJAEKC YUTHH (YUCJIO BpAIleHH:A),
TO MBI HATOAKHEMCA Ha HEOXKWJAAHHYIO TPYAHOCTH: MPeAIoXKenne 2 IJIA 3aMKHYTHIX
KpHUBBEIX HeBepHO! /lelicTBUTENbHO, pacCMOTPUM Ha TIOCKOCTH [IBE KPHBHIX. llep-
Bad KpuBasd 3ajaercd dopmyaon vi(t) = (cos2mt,sin2mt) n npeacTaBageT co6on
eIMHNIHYIO0 OKPYKHOCTh, TIpo6eraeMyto TOYKOW MPOTHB 9acOBON CTPENKHU 3a el-
HUYHOe BpeMA. BTopasa KpuBaa ABaAeTcA 06pa3oM MEPBON TTPH OCEBOW CUMMETPHH,
v2(t) = (cos 2mt, —sin 27t), u npefcTaBAgeT COGON Ty JKe OKPYKHOCTE, HO Mpo6Gera-
eMYIO TIO 9acoBOH cTpedke. Incao BpallleHWA y KPWBOHW Y1 paBHO 1, a y KpUBOM 73
oHO paBHO —1 m, ciefoBaTeNbHO, 5TH KpUBBle He roMoTOmHEL. O6e KpUBbIe, OTHAKO,
He MMEOT TOYEK CaMOTIEpecedeHnsa, W MOSTOMY UX I'ayCCOBBI AMArPaMMBl BBITJIAIAT
OJIMHAKOBO — He COj/lepXKaT HM OHOW XOPIHI.

YTo6HI MpeooIeTh 3TY TPYAHOCTh, BBE/IeM TOHATHE WHeKCa OTMEeIeHHON TOYKH.
st 3Toro paccMoTpuM BeKTOD 7 (1), COEMHAMINN OTMeYeHHY0 TOYKY O ¢ TOYKON
¥(t), e t mpo6eraeT BCIO OKPYKHOCTH, HaunHasd ¢ Toukn O U 3aKaHYINBasA B HEM XKe.
Tockoabky O He fABIAAETCA TOYKON caMoniepecedenns, r(t) o6pamaeTcs B HYIb TOIBKO
B HavaJe W B KOHIEe MyTH. [103TOMy MOXHO ONpeJequTh KOJMIECTBO 060POTOB BEK-
Topa r(t) BOKpYT Havala KOODAMHAT, KOTOPOE B TaHHOM ciydae 6YIeT ROAYYeAblM
YUCIOM. DTO 9UCJAO W Ha3bIBaeTCA WHAeKcoM oTMmederHol Touku O. [Ipu romoTonmax
KPHBOI, He 3a/1eBAlONAX OTMeYeHHYIO0 TOYKY, €€ NHJIeKC He MEHAETCA, a P! TIPOXO-
K IEHUW OTMeYeHHON TOYKW 9epe3 TOYKY caMOTlepecevdeHnA WHAEKC YBeINIWBASTCA
na +1. ITpaBmio BLIGOpa 3HaKa B 3aBUCUMOCTH OT 3HaKa TOYKHU CAMOTIEpPeCeveHnA W
HaIpaBJIeHNA TIPOX0XK IeHAA YUTATeIh 663 TPya yCTAHOBAT CAMOCTOATENBHO.

TEOPEMA YUTHU AJIA3AMKHYTOU KPUBOI. Hucao spauwjenus 3amkHymot Kpu-
60t 06WE20 NOAONHCEHUA PAEHO CYMME 3HAKOE 6cer Topd Ha ee 2ayccosoti duazpamme
nac yosoennvili uHdexc ommeueHHoti mouku.

JlokazaTeabCcTBO TEOPEMBI TPOW3BOAUTCA TIO CXeMe J0Ka3aTeTbCTBA TEOPEMBI
Yurau B pazjgene 2. CmepBa ciefyeT NMPOBEPUTH, YTO TpaBas YacTh PaBEHCTBA B
TeopeMe YUTHU He U3MEHAETCA TMPH TUOUYHBIX TOMOTOMUAX KPUBOW — IS 3TOTO
HYXHO pa306paThcs CO 3HAKAMHU MPHU MPOXOXK AEHUH OTMEYEHHON TOYKH YePe3 TOUKY
caMoTiepece¥eHnsd, KaK yKazaHo Bbile. [locae aToro Heob6xoamMo BHIOPATH IId Ka-
XKjaoro k € 7 cTaHAapTHYIO KPUBYIO WHEKCAa k M TPOBEPUTH IS Hee YTBEPXK IeHUE
TEOPEMBI.

Jlis1 3aMKHYTBIX KPUBBIX CYIIECTBYIOT aHAJOTH MOHATHNA CTPAHHOCTH W WHBAapHU-
anToB J* (baxTHUecKH, NEPBOHAYAIBHO 5TH WHBAPUAHTHI OBLIN ONpE/eNeHbl NMEH-
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HO /1A 3aMKHYTHIX KPUBHIX). SBHBEIE GOPMYIBI Ul 5THX WHBAPUAHTOB BKIOYAIOT,
MOMMMO CYMMHUPOBAHHUA TI0 ONPE/ICJEHHBIM TTapaM XOpJ Ha TayCcCOBOM AMarpaMme,
TaKXke W (HErayCCOBBI) TIEHbI, 3aBUCAIINE OT WH/EKCA OTMeTeHHON Todukm. fBHbIE
dbopMyabI, a Takke 0GCYXJeHWE TEOPHH WHBAPUAHTOB BHICIIAX TOPSJKOB MOXKHO
HaiTH B cTaTbe [9]. Takke cymecTByeT pasBuTas TEOPHUS IayCCOBBIX MHBAPUAHTOB
MHOI' OKOMIIOHEHTHBIX KPUBBIX, cM. cTaThu [9] u [11].

5.2. JIEXKAHAPOBBI ®POHTHI

IMousaTue gexanapoBa (PPOHTA ABIAETCA OJHUM U3 KIOYEBHIX TOHATAN KOHTAKT-
HOW reoMeTpuu. UnTaTelb, He 3HAKOMBIU C STHM 3aMedaTEAbHBIM Pa3jIeJioM COBpe-
MEHHOU MaTeMaTHKW, MOXET MPONYyCTUThL TepBYIO (dpasy clefyoriero absaia, T/1e
NaeTcd omnpejlefieHre, W CIUTAThH ONpeIeJeHHeM TO, YTO HAMHMCAHO B JaJbHENIIEM.
Jly4mmm BBIXO0M, OHAKO, GyIeT O3HAKOMUTHCA C OCHOBAMH CUMILIEKTHUYECKOW U
KOHTAKTHOU Teopun — HampuMmep, mo kaure [13]; cm. Takxke cratbio C. B. [lyxuna
u C. B. YmyToBa.

JlexauapoBbl (PPOHTHI Ha TWIOCKOCTH 5TO, 10 ONpE/IeJeHUI0, TTPOEKIHH JeKaH-
IPOBHIX KpUBHIX B R3 co cTaHmapTHON KOHTAKTHON CTPYKTYpolt dz — pdq Ha mioc-
KOCTh (¢, z). DTH NPOEKINH B OOIIEM TOJOKEHNH MPEJCTABIAT cOG0N 3aMKHYTHIe
MUIOCKWE KPUBBIE ¢ KOHEYHBIM YHCJIOM TOYEK HErJIajKOCTH (T.e. TAKUX TOYEK f, 9TO
z'(t) = y'(t) = 0). Bce TOYKM HErIaJKOCTH TPEACTABIAIOT COGON MPOCTHIE TOYKH
BO3BpaTa, ycTpoenHbie, kak Touka (0, 0) ma kpusoit 2 = y* (B noaxoAAmIel cucTeme
KOOpAWHAT, pasyMeeTcs ). KpoMe Toro, ppoHT nMeeT B 06IIEM MOMOKEHHN KOHETHOE
YHCJAO TOYEK TPAHCBEPCATBLHOTO caMonepecedeHnsa. TUIHIHbBIe TOMOTONUY JEXaH IPO-
BBEIX (DPOHTOB OMUCKHIBAIOTCA AHAJOTUYHO TMpeaokennio 3. [ToMrUMo TPOMHBIX TOYEK
u caMoKacaHWul, y (PpoHTOB 6GbIBAIOT KaTacTpodhl ellle JABYX THIOB — CaMoTepece-
YeHHWe B TOYKE BO3BpaTa W POXjcHHE (WIH, HATPOTHB, YHUYTOXKEHHE) JBYX TOUYEK
BozBpaTa (puc. 11).

layccoBbl amarpaMMbl JeXaHAPOBLIX (DPOHTOB OMPEACAAIOTCA AHAJOTHYHO THA-
rpaMMaM TUIOCKAX KPUBBIX U TPEACTABAAIOT cO60N OKPYKHOCTH, HA KOTOPHIE HaHe-
CEeHBI JJaHHBIE [BYX TUMOB — BO-TIEPBHIX, 0603HAYEHBI XOP/JaMUi TOUYKH CAMOTIepece-
YeHWSA, U BO-BTOPBIX, OTMEYEHbl TOYKHM BO3BpATa. SHAK XOP/bI ONpeeaaeTCA TakK Ke,
KaK [ 3AMKHY THIX KPUBBIX — C TIOMOIIBIO BCIIOMOTaTeAbHOW OTMedeHHON Toukn O.

- -
-7

Puc. 11. /lomorHATEIRHBIE KATACTPOMBI JJIA JEXKAHIPOBHIX (PPOHTOB
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Toukam BozBpaTa TakKe MOXKHO MPHUNHUCATh 3HakW. B Todke BoszBpaTa y (ppoH-
Ta OJHO3HAYHO ONpejejeHa KacaTeabHad MpAMadA. Ecam paccMoTpeTh KacaTelbHbIN
BEKTOD K JIeXKaHAPOBoH KpuBoil B R3, I cIpoeKTHpoBaTh ero Ha IMIOCKOCTh, TO IPO-
eKIIUSA B TOYKe Bo3BpaTa OyJeT MeHAThL HallpaBJeHne Ha MpoTHBOMoJoXHOoe. PaccMo-
TPUM TeNephb jABe TOYUKHU t1,ts, JeXkKallne BOJM3U TOYKH BO3BpaTa ty. YHOPAAOINM
HOMEpa TOYEK TaK, YTOOHI t1,%4,ts ObLIA PacIoJOXKeHBbl TPOTHB IacOBOH CTPEJIKH.
B o61mem nonoxeHun KacarelbHble BEKTOPH K (ppoHTy 7' (¢1) 1 ¥ (t2) HekomIMHEAD-
HBI, W, CJeJJOBaTeIbHO, 06pa3yloT Ha MMIOCKOCTH Gazmc. IlpumminemM TodYKe BO3BpaTa
t. 3HaK +1 mam —1 B 3aBUCHMOCTH OT TOTO, ABJAAETCA JU 3TOT OA3UC (MPABLIMY WK
wieBbIMy . O9eBIAHO, OT BHIGOPA TOUEK t1,%s (0CTATOYHO GAU3KAX K 4 !) 5TOT 3HAK
He 3aBUCAT. 3aMeTHM TakK)ke, 9TO 3HAK TOYKH BO3BpaTa HE 3aBUCHT W OT BHIGOpa
oTmedenHon Touku O.

ITocTpoenHbIe TayCCOBHI AMAarpPaMMBl TTO3BOJAIOT ONPEeIeNATh TayCCOBHI (PyHKIIAN
MO CXeMe, M3J0XKEeHHON B MpeAblIyIIuX pasjenax. Ilpm 5ToM mepeMHOXAIOTCA 3HAKH
KaK XOpj, TaK W TOYeK BO3BpaTa, W yINTHIBAETCA B3aWMHOEe PaCIOJOXKEeHNe TeX W
apyrux. [ToaToMy KoabIo TayccOBBIX (PYHKIHMN B JaHHOM caydae obianaeT Gurpay-
WPOBKOW — TIO YUCIY XOP/ W TI0 9NCAY TOUeK. B 9acTHOCTH, CyMIeCTBYET eJUHCTBEH-
Hasd, ¢ TOYHOCTBIO /10 MPOMOPINOHATLHOCTH, TayccoBa dyHkind 6ucrenenn (0,1) —
CyMMa 3HaKOB BCeX TOYeK BO3BpaTa.

TEOPEMA 4. Cymma 3naxos écer mouek 603epama dexcandposa @ponma we us-
MEHACNCA NPU 20MOMONUAL.

JOKABATEILCTBO. Ilpu kaTacTpode poxaeHHs (YHUITOKEHHA) ABYX TOUEK
BozBpaTa (cM. puc. 11) 1Be BHOBBL MOABAAIOIINECA (YHUYITOXKAEMBIE) TOUKH 06A3a-
TeJbHO UMEIOT pasHble 3Haku. [Ipu kaTacTpodax TpoInNx TUTOB COXpaHEHNE CYyMMBI
3HAKOB OYEBH,THO. O

IMocTpoeHubIll MHBapUaHT HasbIBaeTcA uHdekcom Macaosa nexanaposa (poH-
Ta. MoxHO gokazaTh, YTO mHAeKC MacioBa W WHAEKC YUTHHU COCTABIAIOT MOJHYIO
CUCTEMY WHBAPUAHTOB I'OMOTOIWH JeXaH IPOBLIX (PPOHTOB HA MJIOCKOCTH — CM., Ha~
npumep, Kaury [13].

JloTioTHUTeNbHBIE CBEIEHUS O TayCCOBBIX MHBapUaHTaX (PPOHTOB YUTATEIb MOKET
novepuHyTh u3 craThu [9]. B wacTHOCTH, TaM A0Ka3aHO, YTO MHBapuaHT HBeHHeKeHa
(cM. o Hem B ctaTbe C. B. /lyxkuna u C. B. YmyToBa) Takke ABIAeTCA [ayCCOBBIM.

5.3. Y3JIbl U 3AUENJEHUA

C ocHOBaMU TEOPHUH Y3J0B YUTATESb MOXKET 03HAKOMHUThCA 1o cTaThe C. B. [ly-
xunaa u C. B. UmyToBa B HacTOsAEM cOOPHUKE; MBI Oy IEM TOJB30BAaTHCA 0003HAYTe-
HUAMEI 3TOU CTaThu 6e3 MOAPOOCHBIX Pa3bsICHEHUH.

W nea onpeiesienns TaycCOBBIX MHBAPUAHTOB Y3J40B COCTOUT B TOM, YTOGH pacCcMO-
TPeTh TayCCOBBI MHBAPHAHTH UX AHarpaMM (IPOEKIHI O6IIEro MOTOKEHNA Ha TI0C-
KOCTh), He M3MeHAIINecd Tpy NpeobpaszoBannax Peigemericrepa. ITpn aToM Heo6-
XO/IUMO YYUTHIBATh, KaKasd U3 BETBEH KPUBOW B TOYKE CAMOIIEPECETEHNS AUAaTrPaMMBbI
MPOXOAUT CBepXy. ATOOBI OTPa3WTh HAa T'ayCCOBOW AMArpaMMe COOTBETCTBYIOUIYIO
nHpOPMANNIO, OPUEHTUPYEM KaXIyi0 AYTy — HApUCYeM Ha HeW CTPEJIKYy, Hampa-
BJIEHHYIO OT BEPXHEW BETBU K HUKHEH.

Juarpamma yaaa TpeacTaBaAeT co6GOI0 3aMKHYTYIO KpHUBYI0. MBI, o1HAKO, MC-
TIOTb3yeM Pa3iudue MeXTY (MPOXOJaMMy W (IIePEXOJaMUy A OMpeNeleHuA 3HAKA



/JlnHHBIE KPUBBIE, TayCCOBHI JUATPAMMBbI I HHBAPHAHTHI 113

Puc. 12. TpuracTHUK T €ro rayccoBa JHarpaMMa

TOYKH caMolepecedeHns (XOp/bl Ha MayCCOBOH gnarpamme) 6e3 HCIOIb30BAHUA OT-
MeYeHHOU TOYKN. A NUMEHHO, MycTh ({1,13) — TOYKa caMONepeceueHusA AMarpaMMbl:
z(t1) = x(t2),y(t1) = y(t2), mpudem z(t1) > z(t2) (T.e. BeTBB {1 MAET cBepxy). Torma
oTIpe/IeJIUM 3HAK MepeceveHus Tak Xe, Kak B paszjeie |, cauras TOYKY {1 «IepBOM»,
a TOYKY 19 «BTOpom». Takol 3HAK 9acTO HA3BIBAETCA aHTAMHCKUM clIoBoM “writhe”
(to writhe — 6yxB. «kopuuThCs» (0T 60JM); UMeETCA B BUY, 9TO B pAllOHE TOYKH Ca-
MOIIepecedeHns y3el (M3BUBAeTCA» B TOM WM WHOM HampasiaeHun). Takum o6pazom,
MBI TIOJAYYaeM TayCCOBY MUATPAMMY JAMATPAMMBI y3Ja — HaGop OpUEHTUPOBAHHBIX
nyr, cuabxkeHHbIX 3HakamMu. Ha puc. 12 uzobpaxeHn yzea (TPWIMCTHUKY W TaycCcoBa
quarpaMma ero CTaHJapTHOW MPOEKIUH.

PaccymoTpum Bausuue npeobpazoBanuii PelijemelicTepa Ha DayCccOBBI UarpaMMbl
y3Ji0B. [lepBoe ipeo6pazoBanue PeljiemenicTepa CBOAUTCA, O9€BHIHO, K TOMY, YTO Ha
auarpaMMe TOABAAeTCA (MM, HAOGOPOT, NCYe3aeT) AYTra, MeX 1y KOHIAMN KOTOPON
Apyrux ayr HeT. /lJs NIMHHBIX KPUBBIX TAKOT'O NpeobpasoBaHuA He GBLIO, U OBITH
HEe MOTJIO, MOCKOJABKY CYMMa 3HAKOB BCEX NYT — MHAEKC YWTHU — COXPAHAETCA TIPH
mo6on roMmoTonun. TeM caMBbIM 7A Y3J0B HE CYIIeCTBYET aHAJOTa WHeKca YUTHH —
MPOCTPAHCTBO MayCCOBBIX WHBAPUAHTOB TMOpsAAKa 1 mycTo.

[JlBa npyrux npeobpazoBanus PeijemenicTepa NpecTaBAAIOT COGOU yKe UIBECT-
Hble KaTacTpodbl KPUBLIX. EJMHCTBEHHOE OTIANYHE COCTOUT B TOM, YTO OHHU MPOUC-
XO/IAIT TOABKO MPHU OTPEEJEHHBIX COYeTAHNAX HATTPABJICHUN M 3HAKOB yIaCTBY IOIINX
B mpeoGpazoBannu Ayr. Tak, mpu camokacaHum (BTopoe mpeoGpasoBanue Perije-
MelicTepa) BO3HHKAOIIWME (MAN HCYe3aONIHe) AYyTH MMEIOT OJHO U TO XKe HalpaBie-
Hue u pasubie 3HakW. COUCOK BOBMOXHBIX KOMOWHAIIMN 3HAKOB W HANPABICHUH YT,
YyYacTBYIOIINX B TpeTheM MpeobpasoBannu PeiigeMeiicTepa (MIPOXoXK feHWE TPOIHON
TOYKH), 6olee NINHEH; INTATENb, KeAAOMNA pazo6paThcd B 0Ka3aTelbCTBAX TPH-
BO/IMMBIX HIXKE PE3YAbTATOB, MOXET COCTABUTE €0 CAMOCTOATEIBHO.

Kak u B cay4yae QIMHHBIX KPUBBIX, He BCAKAA AUMATPAMMA CO 3HAKAMU W CTPEJ-
KaM¥ peajusyeTcs KaK rayccoBa JAuarpaMva yaja. A UMeHHO, UMeeT MECTO TaKoe
YTBEPK IeHUE.

TEOPEMA 5. Ilyems I' — 2ayccosa duazpamma Hekomopozo yaia u Y — ropda
Ha weti. Toada umeem mecmo pasencmeo:

Y o= Y -
X X

3decy cymmuposanue sedemesa no 6cem ropdam, pacnoAoHeHHbIM MAK, KAK NOKA3AHO
Ha pucynkar nod 3Hakamu cymmuposanus; ¢ = 1 oznauaem 3nak ropdwl.
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Puc. 13. Hapapuaut BacmireBa nopsajika 2

Teopema 5 ABiAsgeTCA IPAMBIM aHAJIOTOM ((haKTHYECKH CIeCTBHEM) TeOpeMbl | u
MOKa3BIBAETCA AHAJOTUIHO.

Bce maBecTHBIE Ha HACTOAININA MOMEHT WHBAPDUAHTHI Y3JOB SBIAIOTCA WHBAPHU-
aHTaMW KOHEYHOr O TUTa (MHBapuaHTaMn BacuibeBa) MM BHIPa)alOTCA 9EPE3 TAKO-
Bble — cM. 06 3ToM B ctaThe C. B. /lyxuna u C. B. YmyToBa B HacTosIIeM cOOpHUKE.
He cocTaBastioT UCKIIOYEHNS U TayCCOBHI HHBAPUAHTHI, BBUAY CJAEIYIOMIEN TEOPEMBI:

TEOPEMA 6. Bcakuti 2ayccos uH8apuanm Y3408 nopadka m AGAAECMCA UHEAPU-
AHMOM KOHEUHO20 Mund nopadka He blule M.

JlokazaTeabCTBO BTOW TEOPEMBI HECAOKHO, HO JOBOJBHO JINHHO M3-3a HEOOXOTU-
MocTH Tiepe6opa GOBIIIOTO KOJANIeCcTBa caydaeB. Mbl He 6y 1eM OCTaHABAWBATHLCA HA
HeM o 1po6HO.

Henasro (B 1998 r.) M. T'ycapoB jokasai 4pe3BBIYANHO TPYIHYIO 06PATHYIO Te-
opemMy:

TEOPEMA 7. Bcakut UHBAPUAHM Y3406 KOHEUHO20 MUNA ABAACMCA 2AYCCOBLIM.

ABHOe ommcaHme KoAbIla TayCCOBHIX WHBAPHAHTOB Y3JOB TMPENCTABAAET COOOU
3a/avqy, aHAJOTUYIHYIO COOTBETCTBYIOIIEN 3ajade s KPUBBHIX. PaszmepHoCTH TIpO-
CTPaHCTB (M, COOTBETCTBEHHO, CAOKHOCTH BBIYNCICHUI) B CAy€ae Y3JOB BBIIIE, TaK
KaK TyT'W rayCCOBBIX AMArpaMM HMET HAMpaBIeHUe, I TEM CAMBIM YHCJIO JAATPAMM
¢ 3ajJlaHHBIM KOJMYIecTBOM AyT Gogbiine. B HacToslee BpeMs M3BECTHBI ABHBIE (DOP-
MyJbl IS MHBapnaHToB Bacuiabesa mopsaakos 2 u 3 (cM. [10]); MBI mpuBeeM 31ech
pe3yabTaT AaA WHBapuaHTa mopAaaka 2. JIro6ombITHO, 9TO GOPMYIYy MOXKHO CYIIe-
CTBEHHO YIIPOCTHUTh, ECAN BBECTH B TAyCCOBY AMArPaMMY y3Ja JOMOJHUTEILHBIN BJe-
MEHT — OTMeYeHHYI0 TOYKY. BHIGOD 5TOH TOYKHN He BAWAET Ha 3HAKW Xop[ (B OTIN-
Y1e OT OTMEYEHHON TOYKH Ha TayCCOBBIX AHArPAMMaX 3aMKHYTHIX KPUBBIX), HO TIPH
BBIMHCJIEHNN TayCCOBOW (DYHKINY TMOSBAAETCH BO3MOXKHOCTD YINTHIBATH PACIONOKe-
HIEe BTOW TOYKH OTHOCHTEIBHO XOpj. PazyMeeTcs, rayccoBbl MHBApUAHTHI Y3J0B HE
MOJIXKHBI, B YaCTHOCTH, 3aBUCETH OT BBIOOpA OTMEYEHHON TOYKH.

TEOPEMA 8. [ayccosa gynkyus ®, coomeememsyrowan duazpamme na puc. 13,
ABAAEMCA UHEAPUAHMOM nopAdkra 2, npunumalowun 3Hauenue 0 daa mpusuaabHo2o
ysaa u 3nauenue 1 dasa mpuiucmuuxra.

OTMeTHUM, YTO CYIIECTBYET POBHO OJWH WHBAPUAHT TOPAAKA 2 C TAKUMHU CBOU-
cTBamu (flokazaTenabcTBo cM. B crathe C. B. /lyxuna u C. B. YUmyTona).

JTOKA3ATEJNBLCTBO. [lokaxeMm cHadaga, 9TO rayccoBa pyHKuud ¢ gelicTBATETH-
HO siBAseTCA mHBapuanToM. HezaBucumocTs ¢ oT BHIGOpAa OTMEYEHHON TOYKH HETO-
CPeJICTBEHHO cieayeT u3 Teopembl 5. [Ipu mepBom mpeoGpaszoBanuu PelijemeiicTepa
TIOABAACTCA WIN UCYe3aeT XOpja, He TepeceKaolasaca ¢ MPOYNMHI XOpJaMy Ha [Hua-
rpaMMe, — ACHO, YTO TaKad ONepaluA He BAUAET Ha 3HadeHne GpyHKumm P.
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PaccMoTpuM Teneph BTOpoe TpeobpazoBaniie PeiifeMeiicTepa ¢ BOAHUKHOBEHUEM
naphl HOBLIX XOpJ. BoaHMKAaIONINe XOpAbl 06A3aTeIbHO COHATIPABACHLl 1 UMEIOT pas-
HbIC 3HAKH; MOTOMY BKJIajg B BeamanHy ®(Ymocne) — ®(Yg0) MOKET BHECTH TONBKO
craraemMoe, B KOTOpPOM 06e XOpAbl — BHOBBL BoaHuKmue. O JHAKO TAaKOro cJaraeMo-
ro 6BITh He MOXeT, TaK KaK IIpH DOMOTONMH O6IIero MOJOKEHUA caMoKacaHue He
IPOUCXOUT B OTMEYEHHON TOYKe.

WNusapuanTrocTh ® mpu TpeTheM npeobpaszosannu PeiifeMelicTepa npoBepaeTca
aHANTOTWIHO (XOTA W TpebyeT paz6opa GOMbIIero KOIUIeCTBa CIyIacs).

Takum ob6pazom, rayccoBa ¢pyukmua ¢ — WHBApPUAHT y3Ja. YTBepXAeHHE TPO
nopAAoK caeayeT u3 TeopeMbl 6. OdeBngno, $(TpuBnansbubil ysen) = 0; paBeHCTBO
@ (TpuancTHUK) = 1 TPOBePAETCA HEMOCPEICTBEHHBIM BBIUNCIEHUEM. d
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