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BmecTo npeaucaoBus

Boictynsienne Pekrtopa HesaBucumoro MockoBckoro
ynusepcutera fO. C. UibsiieHKo Ha OTKPbITHH KoHdepeHun',
nocesénHoi 10-netuio HMY?,

HesaBucumblit MOCKOBCKHI YHUBEPCHUTET OTMEUAET CBOIO AECATYIO MO0B-
1wMHy. OH Tak »Ke MoX0K Ha OObIYHbIH YHUBEPCHTET C JaBHEH UCTOpHEH, Kak
JIeCATUJIeTHHH peOEHOK Ha B3POCJIOTO.

Hecropus HMY naunnaercs co Bctpeun B MOCKOBCKO# MATbAECST Cellb-
Moii 1KoJie Jetom 1991 roma. Bertpeuy opranusosasn H. H. KoHcraHTHHOB.
[To ero npemyoxenuio Gyayuias koMmanaa HesaBucumoro yHHBepcuTeTa 1o-
MPOCTY pelluia HauaTbh UTEHHE MaTeMaTHUECKHX KYpPCOB C CEHTAOPS TOTO XKe
roja.

PesysibTaTbl 3TOH BCTpeuUd XapakTepHbl [l TOro Mepuojaa pPOCCHHCKOH
ucropu. COCTOUCH OHA B CTAJMHCKHE BpeMeHa, BceX e yuacTHHKOB HeMejl-
JIeHHO Obl apecToBajii. B Ope)kHeBckHe BpeMeHa OHa He UMesia Obl HHKa-
KUX ocJiecTBUH. B rop6aueBckue »Ke JHH OHA TOCJYXKHJa HAYaJoOM MCTO-
puu HesaBucumoro Mockosckoro ynusepcutera. OcHoBatesin HesaBrucumoro
YHHBepcUTeTa co3jany ¥ HeGoJbLION (DOHM, M3 KOTOPOro (hMHaHCHPOBAJCS
HavaJbHbIA MepHOL ero paboThl.

OcHoBaresin o6pagdoBanu Hayunbiii CoBeT yHHBepcHTETa, KOTOPbIH BO3-
rnasua B. M. Aprosiba. B Coser Bouwtn A. A. Beitnuncon, P JI. Jo6py-
wH (HbiHe nokoiubii), B. A. ly6posun, A.A. Kupunios, C.I1. Hosukos,
A. H. Pynakos, §1.T. Cunaii, B. M. Tuxomupos, J1. /1. ®annees, A.T. XoBaH-
ckuit 1 M. A. Uly6un. [Ipodeccopa I1. lenunb u P. Makdepcon, KoTopble
AKTUBHO nojjiep:kuBasd HMY ¢ MomeHTa ero ocHOBaHUs, SIBJSIOTCS MOYET-
HbiMH wieHamud Hayunoro Coseta.

B nepBblie rojibl fesiTesbHOCTbIO yHUBepcuTeTa pykoBoaua H. H. Koneran-
THHOB, a MOMOTaJIM eMy ero yueHuku u apysbsi: C. Komapos sanumaiscst ¢u-
HaHCOBOH cTopoHoi, B. MMalikun rotoBus uananus sekuuit, M. Bssbiii op-

I'Cwm. Tpunosxente.
2[TepeBoa 3 Moscow Mathematical Journal, ¢ cokpatieHusiMu.
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raHW30BbIBaJl yueOHbIH npouecc. [lepBblit roj yHuBepcuTeT padotad B Jlulee
MH(POPMALIMOHHBIX TEXHOJIOTHH, Hernoaanéky or MoCKOBCKOro rocyiapcTBeH-
HOro yHUBepcHuTeTa. B Teuenue caeytolnx uetblpéx Jjet JInuei Bropas ko-
Ja mo6esHo npeaoctaBus HMY Bo3MOXKHOCTb BECTH 3aHSTHS 110 Beuepam B
cBO&M 31aHuH. Mbl upe3BbluaiiHo GJsarofapHbl ToraalHeMy aupekropy Bro-
poit Ilkoubl I1. B. XMesMHCKOMY 3@ rOCTENPHUMCTBO.

B 1994 roay no Hosoit unnumaruse H. H. Koncrantunosa, noaiep:xantoi
A. lllenem, npedexr LleHTpasbHOro ajiMHHUCTPATHBHOrO OKpyra r. MOCKBbI
A. WM. My3bIKaHTCKHI NPEIOKUI OPraHU30BaTh HOBBIH LEHTP, CBSI3bIBAIOLIUE
LIKOJIbHYIO M YHUBEPCHTETCKYI0 MaTeMaTHKY, KOTOPbI MOT Obl O(HLHANBHO
nosyyuth 3aanne. OGecrevyenne (hyHKIMOHHUPOBAHHSI 3TOTO HOBOTO 06pa3o-
BaHUS U pellleHHe MHOTOYHCJIEHHbBIX aAMMHHCTPATHBHbIX [Ppo6JieM, CBSI3aHHbIX
C roJiyueHHeM 371aHusi, TpeboBaJjii OrpoMHON 6l0poKpaTHuecKoi paboTbl. Mbl
HayaJM UCKaTb HCIOJHUTENbHOrO JMPEKTOpa Ui HOBOTO LIEHTpa, crnocob-
HOro 3Ty padoTy npojenatb. §I Kak-TO cKasajl OJHOMY H3 CBOHX CTaplLIUX
koJuter: «Ham Hy:KeH aaMHHHCTpaTop-npodeccHoHas, MOHUMAOLWMK Hallu
YHUBEPCHTETCKHE Healsbl». « Torna HeT NpUUKH A/ GecrokoicTBa», — oTBe-
THJ MOH KoJljlera, — «Takoro ueJsioBeKa MOoMpocTy He cyluiecTByeT». OnHaKo
HaM MOBE3JI0 HANTH JlaxKe He OJIHOTO, a JIBYX JIOJleH, 0 KOTOPbIX Mbl MEUTAJIH:
W. Sluienko u B. ®ypuna. O6a oHu BbIMyCKHUKH MOCKOBCKOT0 rocy1apCTBeH-
HOro yHuBepcHuTeTa. B TO Bpems, 0 KOTOPOM HIET peub, OHM 3aHUMAJIHCh
cOOCTBEHHBIM ycrnelHbiM GusHecoM. Ilpu sToM SlieHKo npoposkas 3aHu-
Martbcsl COOCTBEHHbIMH MaTeMaTHUECKHMH HCCJIe/I0BAaHUSIMH.

MaroToBsienne Bcex HeOOXOAUMBIX TOKYMEHTOB MOTPe6OBaJo OT SIIIEHKO
1 OypuHa MOJHOTO HATIPSKEHUS CHJI, U B pe3yJ/ibTaTe uepes MoJiroja npaBu-
TesibeTBO MoOCKBBI npenojHecsao nojapok: B vioHe 1995 roga msp MockBbl
0. Jly:kkoB nojnucasn ykas o rnepeiaue B yrpabjeHHe BHOBb OpraHM30BaH-
HoMy MockoBckoMy LIeHTpy HenpepbiBHOrO MaTeMaTHuecKoro o0pa3oBaHHs
He3aKOHUEHHOT0 3/1aHHs1 B HcTopruueckoM LeHTpe MockBbl. HMY nosken 6bli
usbickath $1 000000 Ha 3aBepiieHHe CTPOMTENLCTBA.

Ha ToT MOMeHT 37aHHe MpeacTaBJ/siio COOOH UeTblpeX3TaxKHbI KapKac
6€e3 KpblILK C HEJOCTPOEHHBIMH JIECTHULAMH W MOJAMH, YCbITaHHbIMK OHTHIM
KUPIHUOM, Kak nocJje 60MOE&KKH. Mbl 3asiBUJIH, UTO Hal1EM TpeOyeMylo CyM-
My, He MMesl HU MaJleHllero rnpeacraBjieHUst O TOM, rje eé B3sTb U Halesch
JIMLIb Ha TO, UTO HA CTOJIb XOpolllee NPeNpPUsATHE IeHbIM KaK-HUOY b HAl Iy T-
cs1. Y neiictButesibHO, B aBrycte 1995 . nmpaBuTesibeTBO MOCKBBI BbIAEIHIO
$1 500 000 nHa 3aBepiieHHe CTPOMTEJLCTBA W 0OOPYLOBAHME 3/AHHMsI, H B
TeuyeHHe roja padoTbl OblIM 3aBeplUeHbl B COOTBETCTBUH C [POEKTOM, Mpeji-
CTaBJIEHHbIM YHUBEPCHTETCKOH KoMaHI0H. 26 centsibpsi 1996 r. cocrosiiach
1lepeMOHHUS HHAYTYPaLdi HOBOTO 3/IaHUS U JIBE TECHO CBS3aHHBIX MeXKJ1y cOG0H
opranuzaunn — HMY u MIUHMO — Hauasiu paGoraTb B HEM.



6 Bwmecto nmpenucaoBus

[Tomumo momnep:kku HesaBucumoro mockosckoro ynuBepcurera MIIH-
MO Benér Gosbliyio paboTy, CBA3aHHYIO ¢ 0O0ydueHHEM LIKOJbLHHKOB: opra-
HU3yeT pa3HooOpa3Hble MaTeMaTHuecKue OJIMMIHAJbI, JEKLUHUH /s CcTaplie-
KJaCCHUKOB, KOH(epeHLUH Mo npobjemam oOyueHHUs U T. 1.

B Teuenue mocJsieHHX BOCHMH JIET, ¢ MOMeHTa, Koraa MocKoBcKoe Ma-
TemaTHueckoe obulecTso, a 3ateM 1 MIIHMO, okaszanuch HenocpeacTBEHHO
BOBJI€UeHbl B OPraHU3alIo 3HAMEHUTBIX MOCKOBCKHX MaTeMaTHUeCKUX OJTHM -
NUaj, 3TH OJUMIHA/bl BO3POJAUIUCH U BOCCTAHOBHUJIM CBOIO ObLIYIO MOMYJsp-
HOCTb. B mpouwioM roay B ropoJcKoM Type OJUMIMHAIbl MPUHSIN yuacTHe
TPY ThICSIUM CTAPLIEKJACCHHUKOB, a YHCJIO HArpaj COBMAJO C OOLIMM YHCJIOM
yyacTHUKOB MockoBcKol osimnuansl 1992 r. ().

Cpenu apyrux npeanpusatuit MIIHMO caenyer ynoMmsiHyTb oKasaBLIYO
6osblioe BausHUE KoHdepeHuuio no npobjemMaM oOydyeHHs MaTeMaTHKH B
2000 r. u BecbMa ycneuinyio JletHioto wkosy 2001 ., B KoTopoil crapiie-
KJIACCHUKH M CTYIEHTbl MJIAJILINX KYPCOB BCTPETUIHUCH C JIEKTOPAMH HAHUBbIC-
1LIero YPOBHsI, BKJIIOUasi akajeMukoB AHocoBa, ApHosbaa u bosmbpyxa.

[TepBbiM pekropom Hesasucumoro ynusepcutera 6b1 M. K. ITosinanos,
MaTeMaTHUeCKHi (PU3MK U (pUocod; OH yHIEN M3 JKH3HHM UYepe3 rojl mocje
Hauyasna coero pekropctBa. B HMY nBa kosnemxa — Boicimnit Kostemx
MaremaTHueckoil ¢uavku U Boictmi Kosemx maremaruku. [TepBbiM pyko-
Boaua O. M. 3aBbsiios, Tenepb ero nekan A. M. Kupuasnos. [lepBbim neka-
Hom Kousnemka matematuku 6bl1 A. H. Pynakos, cefiuac nekaHoM siBJjsieT-
cs 1O. C. Unbsiienko. B nByx kosnemkax obydaercs okoso 100 cTyneHTos,
HOBbIH MpUEM exeroiHo coctaBiseT okosno 40 uenoBek. BKM® Boimyctua
noutn 20 uesnoBek, BKM — 25. C momenra cBoero o6pasosanus BKM®
pacroniaraercsi B Marematnueckom MHcruryre um. CreksioBa Poccuiickoit
akajiemuu Hayk. Acniupantypa HMY o6pasoBasiach B 1993 rony no uHuima-
tnuBe A. Beitnuncona, b. ®eiiruna u B. [unabypra. Ee okoHUM/IH ¥ 3aUMTHIN
KaHauaarckue aucceprauuu 27 uesosek. B 1998 rogy Ameprkanckoe mate-
MaTHueckoe 0011eCTBO OMyOJHKOBAJIO B CBOUX [ransactions ToM, COCTOSIILUH
13 CTaTell CTyJeHTOB, aclMPaHTOB U npodeccopoB HesaBucumoro yHuBepcu-
TeTa.

Bropokparuueckoe ykpenvienne HMY 10s1€HO NPOITH HECKOJIBLKO ITAMOB,
JIMIIb IBA U3 KOTOPBIX y2Ke TpeojioJieHbl. Mbl 3apeructprpoBanbl Kak He3aBu-
CUMBbIH MOCKOBCKHH YHHBEPCHUTET — Bbiclllee yueOHOe 3aBelleHHE — W UMeeM
roCy/IapCTBEHHYIO JIMIIEH3UIO Ha BelleHHe 00pa3oBaTe/bHON JeATeNbHOCTH B
06s1acTH Bblcllero o6pasoBaHusl. B HblHelIHel TsKEMON GrOpOKpaTHUECKOH
CHUTYyalllM Ha MOJIydeHHe 3THX JOKYMeHTOB YILLIO TsATh JeT. [Tocsenyromme ma-
TM — aKkKpenuTanus (ob6ecneunBaloliasl rocy1apcTBeHHOe MPU3HAHHE JTUIIIO-
Ma), JIMLEH3US1 Ha aclUpaHTypy, OTKPBITHE CIIElMaNbHOrO COBETA 10 3allUTe
JCCepTaLii, 0CBOOOXKEHHE OT apMEHCKOro MpH3blBa — OCTAIOTCS Hepea-
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J3oBaHHbIMU. [Tocsie Ux npeojosiennst He3aBUCHMbBIF YHHBEPCUTET CMOXKET,
nof06HO TPAIMUMOHHBLIM By3aM, PEBPATUTLCS B JIHEBHOE yueGHOE 3aBejleHHe.

HMY npenocrap/isieT BO3MOXHOCTb MaTeMaTHKaM, He BOBJIEUEHHBIM
B npenonaBanve B MI'Y, co3nate cBoM coOCTBeHHble 1IKOJbL. B Teuenne
HECKOJIbKHUX JIET B YHUBEPCHTETE yCIelIHo padoTalT ceMuHapbl b. Pefiruna,
C. Haranzona—O. llIsapumana—O. Hleitnmana, 0. Heperuna, M. Lpacma-
Ha, B. Bacusibena.

3a Bpemst cyuiectBoBanust HMY B ném untanu kypebt sekuuit [1. B. Ano-
cos, B. K. Apnosba, A. A. Kupuanos, C. I1. Hosukos, §1. I. Cunaii, A. A. Be-
nasud, B.K. Benowanka, B.A.Bacuabes, 3.b.Bun6epr, C.M. [yceiin-
3ane, 10.C.Unbsmenko, WM. M. Kpuuerep, A.H.Pynakos, A.T. Ceprees,
B. M. Tuxomupos, B. JI. ®eiirun, A. I. Xosanckuit, M. A. Lldacman, u MHOTHe
npyrue. Kypeosl ApHosibaa (ypaBHeHHst B 4aCTHBIX MTPOU3BOJHBIX), Bacuibesa
(tomosorusi), AHocoBa (IMHAMHYECKHE CHCTEMBI) ObLJIH BMOC/IEACTBHH OMy0-
JIMKOBaHbl B BHUJE KHHUI. TO K€ OTHOCHTCS M KO MHOTHM JPYIHM Kypcam,
nHanpumep, benasuna, I'yceiin-3ane, [Ipacososa, Cocunckoro, Bun6epra.

HMY npurnainaer npenojabath U NpodeccopoB, MOCTOSHHO paboTakoIIHX
Ha 3anane. OHH UMTAIOT KpaTKHE KYPCbl, OJHAKO CO CTOJIb HHTEHCHBHBIM
HaroJIHEHUEM, UTO HX MOXKHO CPABHUTb C CeMeCTPOBbIMHU. Takue KypChl UUTAJIH
A. A. Kupusios, A.T. Xosanckuii (naxib), M. Kpuuesep, A. Karok (uto-
ctpanHblii cotpynHuk HMY), T1. Kaptee. B 1995—96 rr. A.T. XoBaHcKHui,
HaxoJliCh B OTIYCKE CO CBOEH MOCTOSIHHON JIOJPKHOCTH B yHUBepcuTeTe To-
POHTO, UHTaJl PEryJsipHbIH Kypc aHaJm3a.

Hesrenbnocts HMY He cBomutcst k oOyuenuto. C 1997 r. mo 2000 r.
peryJsipHo npoBoauauch CryneHueckue uteHust. [1epByio JieK1MIo HAa HUX TTPO-
uutan B. WM. Aprosiba. B 2000 . 311 utenusi npeo6pasoBaiich B MOCTOSIHHO
JeHCTBYIOLLMI MaTeMaTHueCcKuil cemuHap ImoGyc. Ha uTenusix u Ha cemu-
Hape Boictynasnu [O. Manun, $1. Cuna#i, a Takxke 4yTb He BCe TJeHapHble
JIOKJaUHKH HACTOSIILEH KOH(bepeHLHH, HEKOTOpble HEOJHOKpaTHO. JleKuuu
3aMuCchIBAlOTCS HA MarHUTO(OH M 3aTeM MyOJUKYIOTCS B BHe COOPHUKOB.
Boiuio yxe nBa takux c6opHuka. OCHOBHasi Harpyska mno HUX MOJITOTOBKE
sersa Ha B. B. TlpacoJiosa.

B 2001 r. HMY cran nznasatb HoBOe nepuonueckoe nuananne — Moscow
Mathematical Journal. Cpenn aBTOpoB yxKe ony6GJHKOBaHHbIX pa6oT A. [u-
BenTasb, A. ne Monr, A. u C. Karok, K. Kenur, A. XoBanckuii, A. A. Kupus-
qoB, $1. Cunaii, M. Lidpacman, A.Bapuenko u muorue napyrue. CBoM cTaThu
)ypuagay o6emtanmu [1. Henuns, [T @anstunre, B. Tunsbypr, 1. Sarup; nara
BbIX0JIa COOTBETCTBYIOILIMX TOMOB YXKe OfpeJieJieHa.

B 2001 . HMY Hauan nporpamMmy oOydeHHs /151 HHOCTPAHHBIX CTy/EeH-
TOB (B MEPBYIO OUepe/ib CEBEPOAMEPUKAHCKUX), MOJYUHBILYIO HadBaHue Math
in Moscow (MiM). Ctynentbl npuriawmatores B HMY Ha onuH cemecTp
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M CJyLIalT Kak MaTeMaTHUecKHe, Tak M HemaTemaTuuyeckue Kypcebl. OueH-
KH, BbICTaBJIeHHbIe 3a 00yueHHe, PU3HAIOTCS aMEPUKAHCKUMH H KaHAaICKUMH
yHuBepcuTeTaMu. [lepBbiM yuacTHHKOM mporpammbl Obut Asiekcanap Cmut
u3 Kopuesuibckoro ynusepcurera. Bropeiv—Dbpailan JIu u3 yHuBepcutera
Toponto. Becnoit 2002 roma Mbl oxxupaeM 11 ydyacTHHKOB M3 pas3jiMUHbIX
yuuBepcuteroB CIIIA. BriBimit npesuaeHT AMepHKaHCKOr0 MaTeMaTHYeCKOTo
o6utectBa Pennke bpaynep, koropomy o nporpamme MiM coobuwman $1. I Cu-
Hail, NPEVIOKUI YyUpeauTb OT uMeHu OOliecTBa OrpaHHUEHHOE UHUCJIO CTH-
NeHJUi [/ yUaCTHHKOB Mporpammbl. K HacTosillieMy BpeMeHH MPHCYKIEHO
8 TaKuX CTUTEHIUH.

C 1996 r. YHuBepcHTET NPOBOJAUT NporpaMmy oOMeHa CTyleHTaMu ¢ Boic-
weit HopmanbHoit wkoso#t B [1apuxke. B pamkax sToii nporpammbl ot 4 10
6 crynenToB HopMaJsibHO#H LIKOJ/BI €2KEroJIHO NpHe3dKaloT Ha Mecsil B MocKBy
1 CTOJILKO K€ MOCKOBCKHX CTYJIEHTOB moceliaioT [1apux.

B 1997 rony B. banunkoes u A. Kokun (npeycnesaioliye npeanpuHiMa-
TeJIM, BbIMYCKHHKH MOCKOBCKOrO HHCTHTYTa 3JEKTPOHHKM W aBTOMATHKHM)
yupenusn npemuio Mebuyca assi mobGenuTesiedl KOHKypca HaydHbIX paboT
Cpemy CTYHEHTOB M acnupantoB. Jlaypeatamu mpemuu crtamu A. Kysueron
(1997, HMY), B.Tumopun (1998, HMY), A.DByderos (1999, HMY),
A. Memuxo (2000, MI'Y), C.Wanpun (2000, HMY), A. dpuuiep (2001,
C.-TletepOyprckuii yHHBEPCHUTET).

Pasymeertcs, ¢ KOJIMUECTBEHHOH TOUKH 3pEHUSI MeCcTo, 3aHHMaeMoe HMY B
POCCHUCKOH KyJIBTYPHO! »KU3HH, MpeHeOpeKMMO MaJlo, OIHAKO, C MOeH TOUKH
3peHUsl, €ro BJUSIHHEM HUM B KOEM cJlyyae HeJib3sl mpeHeOpeub. DTO BJHSHHUE
MOKHO OXapaKTepu3oBaTh LUTaTOl U3 EBaHrenus:

Lapcmeo Hebecrnoe nodoOHO 3aKs8acke, KOMOPYIO HCeHUUHA
83A8ULL NOAOKHCUAA 8 MPU Mepbl MYKU, 00KOAe HE BCKUCAO
gcé. (Ot Mardes, 13:33)

OnuH 13 npuHLUMNOB padoTel HMY coctout B TOM, uTo mpotiecc paGoThbl
He MeHee BakeH, ueM pe3yJbraT. DTO 3HAUWT, UTO BOBJEUEHHblE B paboTy
JIIOJIM He TOJIbKO JOJIKHBI IOOMTbCS pesyJibTaTa, HO U B Tpoliecce paboTbl
JIOJIKHBI XOpoulIo cebsi UyBCTBOBAT.

HMY nbitaetcst 66T MECTOM, KyJlia MOTJIM Obl MPH KeJIAHHW BEPHYTHCS,
nopa6oTaB 3a rpaHuliell, pocCHHCKHe MaTeMaTHKH. ¥ Hac ceifuac npenojaioor
CEMb MOJIO/IbIX MAaTEMAaTHKOB, 3aLIMTHBILMX AHCCEPTALHH 32 PyOerKoM.

Ml nJIaTUM CKPOMHbBIE CTUTIEHIMH CTY/IEHTAM U acliMpaHTaM ¥ CUMBOJIMYE-
CKYIO 3aprjiaTy MpernojaBaressiM U aMUHUCTPATUBHBIM COTpPyAHHKaM. B co-
BpPEeMEHHbBIX YCJIOBHSIX, KOTJIA JIOXOJ KAXKJIOTO CKJIAJbIBAETCS M3 HECKOJbKHX
MCTOYHUKOB, 3TO OKa3blBaeTCsl BaxKHbIM. Hallin Bbinsiathl 6b111 Gbl HEBO3MOXK-
Hbl 6€3 pazHooOpPa3Hol MOALEePKKH, KOTOPYIO Mbl MOJy4Yajau B TeUEHHE BCEro
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CBOEro cyIiecTBoBanusl. [1epBbIil BK/IaJ, KaK y:Ke YIOMHHAJOCh, ClIeJall OC-
HOBATeJH; Mbl TIOJNYUMJIH W JPYTYIO MOJJEPKKY OT UACTHBIX JIML, B MEPBYIO
ouepesib, NEHCTBYIOLIMX MaTeMaTHKoB. 3areM HMY nosyuus rpaHt ot co-
pPOCOBCKOI 06pazoBaTesnbHON nporpamMmmbl. J1oJisi opraHu3aliid B HECKOJIbKUX
rpaHTax, MPUCYXKIEHHBIX COPOCOBCKUM «MHCTHTyTOM OTKpbITOE 00ILIECTBOY,
cocraBusia ¢uHancoByto ocHopy HMY B 1994—96 rr. B 1997 u 1999 rr.
JBa rpanTta B nomuep:kky HMY Boinenuno Ameprkanckoe Maremarnueckoe
o6uiectBo. B 1998 r. yHUBepcHTET MoJiyumns MoJJIepKKy MexiyHapomHoro
MareMmaTHueckoro coto3a. Hauunas ¢ 1996 r. cyliecTBeHHYIO 0JI0 10XOJ-
HOH yacTu GlojPKeTa COCTaBJsieT J0Jisi OpraHu3allii B rpaHTax Poccuiickoro
donya dyHIaMeHTaIbHBIX HccaenoBaHri. CTHIIEH/IMM aCTIHPaHTaM BhITJlauul-
BaJIUCh MPH MoJyIep:kKe paHily3ckoro donna «Promatematica», cosnantoro
B 1994 r. C 2000 r. Mbl nosiyuaeM 3HaUUTEeJbHBINH rpaHT oT MaremMaTHueCcKo-
ro uHcruryta Kiesd. 3a aBa AHS 10 OTKPBITHS HACTOsiled KOH(epeHLHUH s
noJlyuuJ1 TE€noe Mo3apaBuTesbHOE MUCbMO OT aupektopa MHcruryra Koes,
6biBILIEro npesuaeHTa Amepukanckoro Maremaruueckoro O6iiectBa, Aprypa
Jxadde.

HMY 6naronapen BceM 4aCcTHBIM JIMLAM M YUPeKIEHHSIM, CIeJNaBIIHM ero
CYLLIECTBOBAHHE BO3MOXKHbIM.



B. A. Bacusaben

AJropuTMbl 1J51 KOMOMHATOPHOW peaJju3aluM
KOTOMOJIOTMH MPOCTPAHCTB Y3J0B

AHHoTauuA

OnucaH ajJropuT™ MOCTPOEHUsT KOMOHHATOPHBIX (DOPMYJT JJIsT HHBA-
PHAHTOB Y3J10B B R 1 /I IPOUNX KJIACCOB KOFOMOJIOTHIl POCTPAHCTB
y3s0B B R", n > 3. OH ocHOBaH Ha TJIyGOKO# aHaJOTHH MEXKy TeopHed
Y3JI0B U TeopHeil HaGOpOB MJIOCKOCTEH. DTOT METOJ MO3BOJSET TaKKe
JI0Ka3blBaTh HETPUBMAJBLHOCTb MHOTHX MOJIOXKHTENLHOMEPHbBIX KJ1aCCOB
KOTOMOJIOTHI, TPeACKA3aHHBIX C MOMOILbIO are6panuecKuX BbIUMCIEHHUH.

KntoueBblie c/0Ba: WHBAapHAHT Y3JI0B, KOMOHHATOpHAs opmyJia,
MPOCTPAHCTBO Y3JI0B, HAGOP MJIOCKOCTEH, CHMIJIMLIMAIBbHOE pa3peLieHte,
JUCKPUMHUHAHT

§ 1. Bgeenenue

M3yueHne HHBapHAHTOB y3JI0B — JIMLIb YacTh O0Jiee ecTeCTBEHHON 3a/1auu
0 KOJIbLIE KOTOMOJIOTHH MPOCTpaHCTBA y3J0B. JleHCTBUTE/NbHO, YHCIeHHbIEe HH-
BapHaHThl y3/10B B M? — 310 npocTto O-MepHble KJacchl KOFOMOJIOTHE 9TOr0
npoctpanctBa. Henasuue pabotsl B. D. TypunHa nokasbiBaloT, 4To KOJbLO
KOTOMOJIOTHII KOHEUHOTO THMa /Il MpocTpaHcTBa yaaoB B R® obnanaer 3a-
MeuaTesIbHOH asredpanyeckoi CTPYKTypOH; MO-BUIMMOMY MpocCTeiliee OMu-
CaHMe KoJiblla HHBApHAHTOB KOHEUHOTO THIA MOJIyuyaeTCsl U3 Hero oueBHHON
takropuzaumeit, cm. [17], [18] u §7 Huxe.

OueHb M0JIE3HO OJHOBPEMEHHO pacCMaTpUBaTh MPOCTPAHCTBA Y3J0B BO
Bcex npoctpaHctBax R%, 7> 3; ecan n > 3, To BCe HX KJacChl KOrOMOJIO-
rMil — KoHeuHoro Thna (usbrpaiuu) B cMbicye [21], [24]. [pu pacryuiem n
115t (pUIBTPOBAHHBIX) KOJIEL KOTOMOJIOTHH 3THX MPOCTPAHCTB BbIMOJHSAIOTCS
CBOHCTBA CTaOMU/INU3ALUH U MTEPUOIUUHOCTH.
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Puc. 1. Anunneiii yzen

Mbl 6yieM B OCHOBHOM paccMaTpUBaTh NPOCTPAHCTBA OAUHHBOLX Y3408 B
R", To ecTh npocTpaHcTBa BJaoxkKeHuil R — R”, cosnagatomux ¢ GpUKCHpo-
BaHHbBIM JIMHEIHBIM BJIOXKEHHEM BHE HeKoToporo komnakta B R!, cm. puc. 1.
Kousb11o KoromoJioruii 06bIYHOTO MPOCTPAHCTBA KOMMAKTHBIX Y3JI0B (COOTBET-
CTBEHHO, 3alerNJIeHHi), TO eCTh TJIaJKUX BJIOXKEHHH OKPY:KHOCTH (COOTBET-
CTBEHHO, HECBsI3HOTO Habopa oKpy:kHocTel) B R” KOHCTpyHpyeTcs U3 KoJiblla
KOTOMOJIOTHI MPOCTPAHCTBA JIIMHHBIX Y3JIOB M M3 TOMOJOTHUECKOH HETPUBH-
aJIbHOCTH OJIHOMEPHOr0 MHOr006pasusi-npoodpasa, mogoGHO TOMY, KaK rpyr-
na GopIM3MOB TOTIOJIOTHUECKOTO MPOCTPAHCTBA CTPOUTCS M3 KOJiblia KOGOp-
J13MoB ToMa W TOTOJIOTHYECKOH HETPUBHAJIBHOCTH 3TOTO MPOCTPAHCTBA. JTa
KOHCTPYKLIMSI MOXKET ObITh JIOBOJILHO CJIOXKHOM, cM. Hanpumep §7 B [25], Ho B
MoGOM cilyuae cHavaJsia Hajlo paccMaTpHBaTh MPOCTPAHCTBO JVIMHHBIX Y3JOB.

Jl1060i1 (KOHEUHOMEPHBIH) KJ1acc KOTOMOJIOTHH MPOCTPAHCTBA Y3J10B (Kak
JUIMHHBIX, TAK W KOMIAKTHbIX) peaju3yeTcsl WHIEKCOM 3allelieHUsl ¢ HeKo-
TOPBIM LHKJIOM (6€CKOHEUHOH pasMEepPHOCTH HO KOHEUHOH KOpPa3MEpHOCTH)
B QUCKpuMuUHarme ¥, cOCTOsIIEM H3 TJIaJKUX oToOpaxkenuii R — R” wu
S! S R", He SBJSIOLMXCS y3JlaMH, TO €CTb UMEIOLIMX 0COOEHHOCTH HJIM ca-
MoriepeceueHust. B KOHeUHOMepHOH TEOPHH JUCKPUMUHAHTOB TaKas peayKius
BriepBbie Oblja UCTOJb30BaHa B [1].

Onpeneaenue 1. /[ 2106020 Kiacca KO2OMOAOUIL NPOCMPAHCMBA U3~
108 8 R" (hanpumep, 041 unsapuanma ysios8, ecau n = 3), eco KoMOGUHa-
TopHast popmysia — 3mo npoussosvHuiii NP-npoctoil nojyanre6panuecKuii
OTHOCHUTEJIbHBIA LUK 8 NPOCMPAHCMBE BCeX KPusvlx no modyao ouc-
KPpUMUHAHMA Y, MAKOIL, Ym0 HAul KAACC KO2OMOAO2UL paseHr uHdekcy
3ayenaenus ¢ eparuyell amoeo yuxaa; cm. §2 nuoice.

Mmeetcs riy6oKasi aHaJIoTHsi MEXJly TEOpUeH Y3JI0B H XOPOLIO M3BECTHOM
B reOMeTpUuUecKoil KOMGUHATOPUKE Teopuell (KOHeUHbIX) HaGopoB athUHHBIX
MJI0CKOCTEl MPOM3BOJILHBIX (BO3MOXKHO pas/nuHbix) pasmepHocteil B RV, dra
aHaJIoTUsi OMpejiesisieTcsi TeM, UTO JHCKPUMHHAHT Y B MPOCTPAHCTBE KpH-
BbIX K Tak:Ke 3ameraeTcsi CeMeHCTBOM MJocKocTell B K. DTo ceMelCTBO He
JIUCKPETHO: OHO MapaMeTPU3YeTCsl BCEBO3MOXKHBIMH HEYNOPSI0UeHHbIMH Ta-
pamu Touek a, b € R!. imenno, /060l Takoii nape cOOTBETCTBYET MA0CKOCTh
L(a, b), cocTosimas u3 Takux otobpaxenuit R — R” uro f(a) = f(b) npu
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Puc. 2. ®opmyna lNonska—Bupo ans nHsapnanta Kaccorna

a#b uwm ['(a)=0 npu a =b. Kparkre crucku napaJiiesibHbiX MOHSITHH B
00enx Teopusx cBelleHbl B Tabuuibl B [26], [27].

B o6eux Teopusix oOueHb TMOJIE3HO PAaCCMATPUBATh CUMAAULUAAbHOLE
paspeuienus TMCKPUMHHAHTOB (COOTBETCTBEHHO, HAGOPOB MJOCKOCTEN), U, B
YACTHOCTH, COIYTCTBYIOIIME UM CIHEKTPaJIbHbIE MOCJIE0BATENbHOCTH.

Hatr mMetox moctpoeHust KOMOGHHATOPHBIX (DOPMYJT /15T KOTOMOJIOTHH TIpO-
cTpaHcTBa y3a0B I\ X ecTb He UTO MHOE, KaK MPsiMOE BbIUMCJIEHHE TaKoH
CTEKTPAJIbHOK MOC/IEI0BATENbHOCTH.

Bce apyrue usBecTHble MHE METOJbl HAXOXKJAEHHST KOMOMHATOPHBIX (hop-
MyJl Uil HHBapHAHTOB Y3JIOB CYLIECTBEHHO MCIOJb3YIOT MPOCTPAHCTBEHHbIE
KapTHHKH, pUCOBaHKE IHarpamMM y3JjoB U OTCJIeXHBaHHe X romotonui. Har
METOJ, — UHCTO KOMOUHATOPHBIN U UMEET /10 TONBKO C JIETKO KOAUPYEMbIMH
00beKTaMM, TAaKHMH KaK XOpAOBble AMarpaMMbl M eCTeCTBeHHble HX 0000-
LLIEHHSI.

$1 mokaxky, Kak 3TOT METO1 BLIUHCJISIET KOMOUHATOPHYIO (hopMyJTy AJIsT TIPO-
CTeHIIero HHBapHaHTa y3JoB (Mopsiika 2) U MpUBeLy pe3yJbTaThl ero paboThl
st (3n — 8)-mepHoro Kouukia Teiibatoma—TypurHa (nopsiika 3) npocTpaH-
CTBA AJHHHBIX y3710B B R", 1 1/ Bcex K/IacCOB KOrOMOJIOTHI mopsiaka < 2
MPOCTPAHCTB KOMMAKTHBIX y3/10B S! — R”.

ITOT 10K/MaZ OCHOBAaH Ha MouXx padorax [26] u [28], comeprkaliux aHa-
JIOTHYHBIE BBIUUCJEHHS JIJIsl STHX M JIJIsl HEKOTOPBIX JIPYTHX KJIacCOB KOrOMO-
Joruil. Most pabota yactuuHo noanep:kana rpantramu PO OM-01-01-00660,
INTAS-00-0259, 1 NWO-047-008-005.

§2. UYro takoe KomOuHaTopHas hopmyJa Ajs Kjaacca
KOTOMOJIOTHH MPOCTPAHCTBA Y3J0B?

ATo — KOMMeHTapuil K NpeJiblyliemMy onpeaenaenuio 1. 51 e 6yay nbitrath-
csl MpPUAATh TOUHBIH CMBIC/ CJoBOocoueTaHuio «NP-mpocTol moJyasnrebpan-
UECKHH OTHOCHTENbHbIA LHKJA» B c/ydae OECKOHEUHOMEPHBIX MOJAMHOYKECTB
(bYHKLMOHAJIBHOTO MPOCTPAHCTBA: 9TO MOXKHO cjlesiaTh C MOMOLLbIO KOHeu-
HOMepHBIX aUHHBIX anmpoKcUMallMi 3Toro npoctpaHctsa. Bmecto 3toro
JlaBaiTe pa3zbepém npumep.

[To-BuIMMOMY, MepBble HETPUBHAJIbHBIE KOMOWHATOPHbBIE (POPMYJIbI 151
HEKOTOPbIX HWHBApHAHTOB Y3JIOB KoHeyHoro Tuna Oblin nansl K. JlanHom
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B [12]. Haubosiee naBectHble U ya00Hble KOMOMHATOPHbIE BbIpayKeHHs /s
TaKMX HHBAPUAHTOB — 3TO hopmyavt [loasska—Bupo [15], To ecTb KAPTHHKH
BpOJIE PUC. 2 WK JIHHEHHble KOMOMHALIMK MOI00HBIX KApTHHOK. Puc. 2 uurtaer-
¢l c/leyloluM 06pa3oM. PaceMOTpUM THIHUHBIH AnHHbIA y3en [: R! — R3.
[Ipedcmasaenue KapTUHKK pHUC. 2 B 3TOM Yy3Jie — 3TO MPOU3BOJIbHBIA HaGop
Touek {a < b < ¢ <d} CR! takux, uro f(a) nexur nuxe f(c), a f(d) nexur
nmke f(b) (OTHOCHTELHO BLIGPAHHOrO Hampaesenusi B R%). 3nauenue 31oii
KapTHHKM Ha HallleM y3Jie PaBHO YHCJy e NpejacTaBjeHHil (MOCUMTAHHBIX C
MOAXOAALIMMH 3HaKaMu). HernocpencTBeHHble BbIUMC/IEHHUS TOKA3bIBAIOT, UTO
3TO UMCJIO SIBJSIETCS MHBAPHAHTOM Y3J10B nopsiika 2. BoJiee Toro, st no6oro
n>3 3Ta ke jauarpamma 3aaaér 2(n — 3)-MepHbIl KJacC KOTOMOJIOTHI
MPOCTPAHCTBA JIIMHHBIX y3/10B B R", a HMEHHO KJ1acc, MOPOXKIAIIIMI MPyIITy
KOrOMOJIOTHI (ubTpauiu (ctenenu) 2. O6uwas auarpamma [lonska—Bupo
COCTOMT M3 HECKOJIbKUX OPUEHTHPOBAHHBIX JIyT, COEAMHSIONIMX pas3Hble TOUKH
npsimoit R'. M. Tycapos aokasas, uTo 060 HHBAPHAHT KOHEUHOIO THIIA
JUISt JUIMHHBIX Y3JI0B MOXKHO 3a/1aTh JIMHEHHOH KOMOHHALIMEN TaKUX JMarpamm,
cm. [8].

[Touemy npenpiiyias auarpamma 3anaér NP-npocrtoe noJgyanrebpanue-
CKO€ MHOXKECTBO?

B koHeuHoMepHO# Teopuu caoxkHOCTH NP-mipocTble nosyanrebpanieckie
MHOXKECTBa — 3TO MPOCTO MPOEKLUHH MOJUHOMHAJIBHO MPOCTbIX MHOXKECTB M3
HeMHOro 60JIbIIMX POCTPAHCTB. B HallleM ciyuae B KauecTBe Takoro 6osbliie-
ro NpoCTpaHCTBA MOXKHO B3sITh MpsiMoe npousseaenne K x R* npoctpancTsa
kpubbiX [: R — R" u npoctpanctsa ueTBépok Touek a, b, ¢, d € R'. Torna
BCE TNpeJibliylIHe YCJI0BUS 3aAal0T OUeHb NPOCTOH HAbOP JIMHEHHBIX YCJIOBHH
B 9TOM pacClIMPEHHOM TPOCTPAHCTBE: D YCJIOBHH THIA HepaBeHCTBA U 2(1 — 1)
YCJIOBUH THTIA paBeHCTBA. OTHOCHTEIBHBII LMK, 3aAaHHbIH hopmysoft [Tossi-
ka—Bupo, — 370 npsimoii 06pas hyHIaMEeHTaJIbHOTO LHMKJIA 3TOr0 MHOXKECTBA
NpH NpoeKkTHpoBaHUH B K.

JlokazaTeqbCcTBO TOTO, UTO 9TO MHOXKECTBO JIEHCTBUTENLHO SIBJSETCS OT-
HOCHUTEJIbHBIM 1IMKJIOM, TPaHHIA KOTOPOTO JIEKHUT B AUCKPUMHHAHTE, HEMHOTO
croxHee; cp. §5 HIKe.

2.1. Tlpumep: peanusauus Kouukaa Teit6aroma—TypunHa
mod 2

Kom6uHaTopHble hopMyJibl ST KJIACCOB KOTOMOJIOTHH MOJIOXKUTEbHON
pa3MepHOCTH MOTYT ObIThb CJIOXKHEe: s He 3HAI0 OOIIero BhIpaXKeHHs! JJisl HHUX,
KOTOpOe OblI0 Obl CTOJIb 2Ke MPOCTO, Kak dopmydibl [Toasika—Bupo. Ceiiuac s
npebsB/io GopmyJty AJs1 IPOCTEHILIEr0 TAKOTO K1acca KOrOMOJIOTHI — KJlac-
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Puc. 3. KombunatopHasi popmyna ans kouukna Teiibaroma—Typyuna

ca Teitbmoma—Typuuna, naiinennoro 1. M. Teii6momom u B. 9. Typuunbim B
1995 u onucaunHoro B [23], [25]. DTOT KJNacc UMeeT pa3MepHOCTb 371 — 8
(B UaCTHOCTH, pa3mepHOCTb |, ecsii 1 = 3) U cTerneHb 3 B CMbICJI€ €CTECTBEH-
HOM (PUJIBTPALIMHU B (pa3pelliéHHOM) IUCKPUMUHAHTE. (DTa hubTpauus 3a1aét
TaKxkKe OObIUHYIO CTereHb HHBAPHAHTOB KOHEUHOTO THIMA.)

Hauia komGuHatopHasi hopMysia [Jisi 3TOrO Kjacca MokazaHa Ha pHc. 3.
Tpu eé kapTHHKH pacuMppoBEIBAIOTCS B (OPMYJHPOBKe CJedylollel Teo-
peMBl.

O603uaunum uepes R"~! chakropnpoctpanctso npoctpanctsa R” 1o Bbi-
OGpaHHOMY HaTpaBJIeHHIO (OMPeEeISIONIEMY MOHATHS «BbILLIE» U «HUKE»). Bbl-
GepeM HamnpabJieHHe «Ha BOCTOK» B 9TOM npoctpancTe R ™!

Teopema 1 (cm. [26]). [asa a0b0e0 n > 3 3Hauernue npusedénnoeo mod
2 kaacca Teibaroma—Typuuna na aobom munuurom (3n — 8)-mepHon
CUHRYAIPHOM YUKAE 8 NPOCMPAHCMBe OAUHHbLX Y3408 8 R" pasHo uém-
HOCMU YUCAQ MOYEeK 3M020 UYUKAQ, COOMBeMCMBYIOUUX MAKUM Y3AaM
f: R =R umo suinoaneno o0Ho us mpex:

1) naiidymes namo mouex a < b < ¢ < d < e 8 R', makue, umo mouxa
f(a) nexmcum sviwie f(d), a f(e) soue wem obe mouxu f(c) u f(b);

2) waiidymcs wemoipe mouku a <b<c<d e R', makue, umo [(a)
aexcum soiute f(c), mouxa f(b) — nuoce f(d), u npoexyus npou3sooHoi
['(b) 68 R"™! nanpasaena «na socmok»;

3) naiidymcs mpu mouku a < b <c 6 R, maxue, umo f(a) aexcum
sowuie f(b) Ho wuoce f(c), u Hanpasaenue «Ha BOCMOK» NPUHAOACHCUNM
«Hewneny» yeay 6 R'1, obpasosanromy npoekyusmu sexmopos ['(a)
u ['(b) (mo ecmo 10601l 8eKMOp 3M0O20 HANPABACHUS PABEH MLHEUHOL
KOMOUHQUUW IMmux npoeKkyutl, npu4ém no Kpaiinei mepe 00uH u3 K03Q-
puyuenmos smot KOMOUHAYUL HeNOAONCUIMEACH).

(Ecau 0as kakoeo-Hubyds yaaa [ umeemcs Heckoabko Habopos mo-
yek a < b < -+, y0osaemsopaIoOWuUx 3MUM YCAOBUAM, MO MOUKA [ Yukia
00MJICHA YHUMBLBAMBCA ¢ COOMBENMCMBYiouell KpamHocmoio.)

Ata TeopeMa TaKxkKe JI0Ka3blBaeT, uTo KouukJa Teitbaioma—Typunna 3a-
JIA8T HeHyJIeBOH KJlacC KOTOMOJIOTHH B HauOoJjiee MHTEPECHOM cJjyuae 1 =3
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Puc. 4. PaspelueHne kpecta

(ns1st 1 > 3 3TO cyielyeT U3 pa3MepHOCTHBIX coobpakeHuit). JleficTBUTENbHO,
paccMOTPUM CBSI3HYIO CYMMY JIBYX OJMHAKOBBIX (JJIMHHBIX) TPUJIMCTHHKOBBIX
y3710B B R? 1 1yTh B MPOCTpPaHCTBE Y3JI0B, COEMHSIONIMI ITOT Y3e C CaMHM
co00#, KaK B 1I0Ka3aTe/bCTBE KOMMYTaTHBHOCTH MOJIYTPYIIbl Y3J10B: Mbl C2KH-
MaeM MepBoe cjlaraemMoe, poTackMBaeM ero «CKBO3b» BTOPOE, M 3aTeM OIsITh
pasnyBaeM. B [26] mocuuTtano, 4To 3TOT 3aMKHYTbIH MyTb B MPOCTPAHCTBE
JUIMHHBIX Y3JIOB MMeeT HeuéTHOe YHCJIO TOueK nepeceueHusi (MOCUMTAHHBIX C
YU4€TOM KpaTHOCTEelH) ¢ 00'beJMHEHHEM TPEX MHOXKECTB, OMHUCAHHBIX B MyHKTaX
I, 2 u 3 treopembl 1. Ho koumkn Teribmoma—TypunHa siBisieTcsi KOppeKT-
HO OMNpeeJEHHbIM LEeNOYHCAeHHbIM KJacCOM KoromoJoruid. Mel noJydaem,
YTO ero NpuBeAeHHe M0 MOMYJI0 JBOWKH NMPUHUMAET HeHyJeBOoe 3HaueHHe Ha
NPUBEAEHUH MO0 MOJYJIO IBOMKH KOPPEKTHO ONpPENeJEHHOrO 1eJOUHCIEHHOTOo
KJlacca TOMOJIOTHH; CJIeI0BaTe/IbHO, TaKXKe U ClapUBaHHe 9THX LEeJOUYHCJ/IeH-
HBIX KJIACCOB He PaBHO HYJIIO.

§ 3. CumnauuuajibHble pa3peluieHUs TMCKPUMUHAHTOB
M HaOOPOB MJOCKOCTEN

Haubonee ynoOGHbIi crioco6 BbIUMCAEHUS TPYIIT FTOMOJIOTHI HAG0POB MJI0C-
KocTell (paBHO KakK W JMCKPUMHHAHTOB MPOCTPAHCTB KPHBbIX) OCHOBAH Ha
CUMNAUYUANOHBLX PA3PEULeHUX, T. €. HA HelpepbIBHOM aHaJsiore KoMOHHa-
TOPHOH (POPMYJIbl BKJIIOUEHHH—HCKIIOUEHUH.

Hai ocHoBHO# npumep — HaGop mpsiMeix X C R?) cocTosumii U3 AByX
nepeceKarolmMxcsl NpsiMbiX, cM. puc. 4a. IlycTb Ham Hy»KHO MOCuMTaTh €ro
epynny eomonoeuii bopeas—Mypa H,(X), To ecTb rpymnmy roMoJorHii ero
OJIHOTOUCUHOH KOMMAKTHGhHKALMKM X, TIPUBEAEHHYIO 10 MO0 J00aBJIeH-
HOH TOYKH. DTa Tpynmna cBsi3aHa ABOHCTBEHHOCTbIO AJsiekcaHaepa ¢ 0ObIYHOI
(MpUBENEHHON 10 MOJIYJII0 TOUKH) IPYMNIOH KOTOMOJIOTHH JOTOJHUTENLHOTO
NpoCTpaHCTBa:

Hi(X) ~ HY 71 RY\ X)

(B HaweM cayuae N = 2). CumniuuMaJjbHoe pasdpelleHue Kpecra X MoKasaHo
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Ha puc. 4b. MmenHo, cuavasa mbl 6epém JBe mnpsiMmble, obpasyioipe X, 110
OTIIEJILHOCTH, a 3aTe€M COEIMHSIEM OTPE3KOM HUX TOUKH, COOTBETCTBYIOLIHE TOU-
ke nepeceuenusi. [Tosyuatouieecst npoctpanetBo X! obJanaer ecTecTBEHHOH
npoekiieil Ha X, ornpejesisiionledl u3oMopdu3aM rpymnm romoJoruii bopessi—
Mypa 3THX MPOCTPAHCTB (M JaxKe rOMOTOMMYECKYI0 IKBHBAJIEHTHOCTb MX OJ1-
HOTOUEUHBIX KoMmnakTHdukaiuil). OHo o6JiajlaeT ecTeCTBEHHOH BO3pacTaro-
11eil (huJIbTpaLeil: MepBbIil €€ uyeH f| COCTOMT U3 BYX Pa3Bel&HHbIX MPSIMBIX,
a Fy coBnagaer co Bcem X!.

B cayuae npoussosibHoro Ha6opa niockoctell W B RV rakxke Hano cha-
yajia B35ITb MO OTIEJbHOCTH BCE MJOCKOCTH 3TOro Habopa, a 3aTeM BKJe-
UTb CHMIJIEKCBI, HaTsIHyTble Ha MX oOLlMe TOUKH, TaKMM 006pa3oM, uToObl
nosyueHHoe npoctpanctso W! obsanano cobcTBeHHONH npoekuueil Ha ¥ co
CTAMMBAEMbIMH (HO KaK MPaBWJIO Pa3JMUHbIMK) cJosiMU. FIMeeTcs: HECKOJbKO
Pa3HbIX KOHCTPYKLUMH CUMIUIMUMAJIBHOIO pa3pelleHusi; HauboJiee ya1o0HOe U3
HHUX OIMMCBIBAETCS B TePMHUHAX NOpPAJK08020 KOMNAeKca Hailero Habopa
nsockoctei. (Ero onpenenenvie cM. nanpumep B [7], [30] nau [27].) D10 pas-
pewiénHoe npoctpanctBo W! Beerna o6JafaeT ecTeCTBEHHOH Bo3pacTatolleit
(uabTpauren iuHbl < 12 — 1: e€ i-ii ueH — 310 00'beIMHeHHe COOCMBEHHbLY
npoobpazos npu npoekuun ¥! — W Bcex cTpaToB Hailero HaGopa, HMEIOLIHX
KopaamepHocTh < i B RV,

B csiyuae HaGopa X ¢ puc. 4 cooTBeTCTBYIOLLAsl CHEKTpa/ibHAs 10Cae/10-
BaTe/JbHOCTb, BblUMC/IsitOLLAs rpynmny romoJioruit bopens—Mypa, TakoBa: oHa
MMeeT TOJIbKO JIBa HEHyJIeBbIX UJieHa

Hp+a(Fp\prl)v

a umenno E}g=H{(F)~Z? w E} | = H(Fo\ F) ~ Z. Tlpusenenusie 1o
MOJIy/II0 TOUKH KJacchl KoromoJoruii npoctpanctsa R?\ X, mopsiiok (=
(UALTPALUs) KOTOPBIX paBHA |, — 3TO B TOUHOCTH JIMHEHHble KOMGMHALMH
MH/IEKCOB 3alleNJIeHusl ¢ KaXI0i M3 JBYX NPAMbIX, 06pasyioumx X.

B uyacTHOCTH, OTCIO/Ia CJIEJIyeT, UTO TOMOJIOTHUECKAs! CHeKTpasibHash Mo-
CJIeJI0BATeILHOCTD, BBIUHCAsONAs rpymny /., (X), cTabuiMsnpyercs B mepBom
ujieHe, U Mbl HMeeM (opMyJly pacliernenHs

1
Ep,q

Hi(X) = Hi(X) ~ Ej;_ @ Ey;_s. (3.1)

Awnanornunasi dopmysa crnpaBemanBa s Jo6oro adduuHoro HaGopa
nJiockocTell. DBoJsiee TOro, MMeeT MecTo eomomonuyeckoe pacujeniexie
[30], [22]: onmHoToueuHasi KoMmmakTHhHKaLKs Jo6oro adduHHOro Habopa
MJIOCKOCTeH TOMOTOTHYECKH SKBHBaJEHTHA GYKETY OJHOTOYEUHBIX KOMIaK-
THuKauuil  npoctpaucts Fp \ F;_| ecTecTBEHHOH (UIbTPALUU CHMILIH-
UHaMbHOTO paspellieHusi 3Toro HaGopa. [OMoJIOrHYECKH# BapHaHT 3TOrO
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pacuiensienusi Bbipaxaercsi dopmysoit Topeckn—Mak®Pepcona [7] nas
KOTOMOJIOTHH JIOTIOJIHEHHST K HaOOPy MJIOCKOCTEH.

CuMnuuualibHoe padpellieHre TUCKPUMHHAHTHOTO MHOXKECTBa X B NPO-
ctpancTBe K napamerpuzoBaHHbiX Kpubbix [: R! — R" (¢ hUKCHPOBAHHBIM
noBeJieHHeM Ha GECKOHEUHOCTH) CTPOUTCS TOUHO TaKUM e o6pasoM. CHaua-
Jla Mbl OepéM MasmoA0cULEeCKYI0 HOPMAAUSAYUIO MHOXKECTBA X, TO €CTb
MPOCTPaHCTBO apUHHOTO paccoenHsl, 6a3a KOTOPOTro — 3T0 KOH(HUTrypaLy-
onnoe npoctpanctso B(R!, 2) Bcex HeynopsigoueHHbIX nap Touek a, b € R!, a
CJIOH HaJl TaKo# TOUKOH — 3T0 moanpocTpancTtso L(a, b) C K, cocrosiiiee u3
Beex oTob6paxenuii [: R — R takux, uto f(a) = f(b) ecnua # b w ['(a) =0
ecsm @ = b. DTo0 HOpPMaJM30BaHHOE MPOCTPAHCTBO OYEBHAHBIM 06pa3oM Mpo-
EKTHPYETCSl Ha X W SIBJISIETCS] €CTECTBEHHBIM aHaJIOrOM «OObeJMHEHHUS Tpsi-
MbIX, B3TbIX 110 OTAEJBbHOCTH», TO €CTb MHOXKecTBa F| Ha puc. 4b. OmHako
Takue rnpoctpaHcTBa L(a, b) ¢ passvuHbiMH napamu (a, b) nepecekaioTcsi B
K. TTo3aToMy HaM TPUXOJUTCS CTAMMBATH UX COOTBETCTBYIOLIME TOUKH OTPE3-
KaMH, TPEYTOJbHUKAMH, U T. JI. TAKAM 00pa3oM, UTOObI MOJTyUarollleecst B UTOTe
NPOCTPAHCTBO o 06J1aJa/10 €CTECTBEHHOH NMpoeKIMel Ha X, BCe CJI0M KOTOPOH
CTAMMBAEMBI.

TouHast KOHCTPYKLMSI 3TOrO IMPOCTPAHCTBA ¢ ONHUCHIBAETCS] B TEPMHU-
Hax (ecTecTBEHHbIM 00Pa30M TOMOJOTM3UPOBAHHOTO) MOPSIKOBOIO KOM-
nyiekca BcexX adUHHBIX TOJMNPOCTPAHCTB B K, SBJSIOIIMXCS Tepeceue-
HHSIMM HECKOJIbKUX TpocTpaHcTB Tuna L(a, b). TlpoctpanctBo o o6aa-
JlaeT ecTeCTBeHHOW Boapacrawolleil ¢uibrpaureil o) C o9 C ..., MepBbIi
ujleH KOTOpPOH COBMajaeT C TaBTOJIOTMHUECKOH HOpMaJu3alued, a oOlIMi
ujieH o; sBJsieTCsl 00 beAnHeHHeM COOCTBEHHbIX MPO0OPA30B BCeX MI0CKOCTEH
L(ay, by)NL(ag, be)N ... KOpazmepHOCTH < if.

[Tonyualolieecsi MpocTpaHCTBO ¢ OueHb MOX0xKe Ha . Ecau 1> 3, 1O
UX TPYNIbl roMoJsioruil bopess—Mypa KOHEUHO#H KOpasMepHOCTH KOPPEKTHO
ompe/e/sieHbl W COBMAAAlOT (M JABOHCTBEHHBI MO AJiekcanaepy rpyre KOoro-
MOJIOTHE TIpocTpaHcTBa yajos). Ecin n =3, 1o curyauus cioxuee. A priori
JIMIIb 4acTh KaaccoB romosioruit bopensi—Mypa npoctpancTta X (= KJa1accoB
KOTOMOJIOTHE IPOCTPaHCTBa Y308 B R?) MoxkeT GbiTh npejicTaBieHa oGpasa-
MH LHKJIOB U3 0. DTO — B TOUHOCTH KJIaCChl, IBOHCTBEHHbIE 10 AJieKcaHjie-
py KJlaccam KOTOMOJIOTHH KOHe4HO20 muna mnpocTpaHcTBa y3noB K\ 3; ux
cmenenu (WM NOpA0KU) ONIPeNesioTes Halllel uibTpalieid B 0.

Oj1HaKO TOKa He H3BECTHO HU OJIHOTO HEHYJIEBOTO KJacca roOMOJIOTHE Npo-
cTpaHcTBa y3/10B B R?, Ha KOTOPOM Bee K/acchl KOFOMOJIOTHil KOHeYHOTO THIIA
NPUHUMaJH Obl HyJI€Bble 3HAUEHMSI.

[TepBbiil usieH QUALTPALMH 0| TOMOJIOTHUECKH TPUBHAJIEH: OH SIBJISIETCS
npoctpaHcTBoM ((0o — 1)n)-MepHOro auHHOrO paccyioeHust Hajl MOJYILI0C -

2 (DyH}'LaMeHTa./'[])Haﬂ MaTeMaTHKa CerojiHs
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koetbio R?/{(a, b) = (b, a)} (rne con — 310 pazmepHOCTb TPocTpaHcTBa k).
TTostomy H, (o) =0 u Bech nepshlii cTosGel EY , cooTBeTCTBYIOLICH CrIeK-
TPasbHOH M0CJIe0BATENbHOCTH TOXK/AECTBEHHO PABEH HYJIIO.

Janee, npocTble BbIUMC/IEHHUS TTOKA3BIBAIOT, UTO €IMHCTBEHHAs] HETPUBH-
anbHast KJIeTouKa BTOPOro cTo/101a Eéqu/‘_/QJrq(O'Q\O']) — 3T0 Eéy(OOfQ)ﬂ%NZ.
[To pasmMepHOCTHBLIM cOOOpaxKeHUsIM, 3Ta KJeTouka J10xKHBaeT 10 £°°; Gosee
TOr0, COOTBETCTBYIOIHME LIHKJIbI BBIAEPXKHUBAIOT MPOEKIHNIO 0 — ¥ U 06pasyioT
NoArpynmy, Uu3oMopcHyio Z, B H(OO_Q)H+5(E). B cuny nBofictBeHHOCTH AJiek-
caHjiepa 9TO 03HAUAET, UTO BCE KIACChl KOTOMOJIOTHE CTeNeHH 2 MPOCTPaHCTBa
JUIMHHBIX y3JI0B JiexKaT B Pa3MepPHOCTH 1 — 3 U 00PasyloT rpymniy, U30MOPhHYIO
Z; npu n = 3 oHa TopoxKIeHa HHBapuaHToM KaccoHa yaJoB.

Mbl Oynem o6cyKaaTbh TOT 6a3UCHBIH Kjaace vg napadjiesbHO ¢ KJjac-
coM A, NMopoKAAIOLMM IpyIIy KjaaccoB romodiornii bopensi—Mypa crenenu
2 pnist nHabopa MpsIMBIX ¢ pUC. 4 M0 MOAYJIIO TIOArPYIIBI K1acCOB cTeneHy 1.

[hasras wacme knacca A — 3T0 KJ1aCC rOMOJIOTH, MOPOXKAAIOLIME TPyIT-
ny Hi(F2(X!)\ F(X!)), To ecTh MOMpocTy Kaace ropu3oHTa bHOr0 HHTepBaJa
Ha puc. 4b.

AnasornuHo, ryiaBHast 4acThb KJacca Ug — 3TO KJacc TOMOJIOTHE, MOPOK-
JAOWUI  rpynmy H(OO_Q),ZJ’_E)(O'Q \ 01). DTOT KJacC peasudyercsi LUKJIOM B
o9 \ 01, COCTOSIILIMM U3 TPOEK BH[IA

(a1 <as<by <byeR') [, 1), (3.2)

rae f— otobpaxenue R! — R”* rtakoe, uto f(a;) = [(b), [(az) = [(bs), a
t € (—1, 1) — napamerp BIIOJIb BKJEEHHOTO HHTEpBaJ/a, yuaCTBYIOIIErO B 10-
CTPOEHHH CHUMILJIHLHUAILHOTO pa3pelleHnsi i aHAJOMHUHOTO FOPU30HTAILHOMY
WHTepBasy Ha puc. 4b. KoHIbl KaxIoro Takoro MHTepBaJja Jexar B oy, TO
€CTb B MPOCTPAHCTBE Map

((a<beRh, ), (3.3)

takux, uto f(a) = f(b). ViMmeHHO, 3TH KOHIIEBble TOUKM 3aMETAIOT MHOYKECTBA
Takux Touek (3.3) B o1, uto gonoJnutesbio f(a') = f(b') mist HeKoTOpO# napbl
Touek @’ < b’ € R, rne smbo

a<a<b <b (3.4)

60
a<ad <b<l?. (3.5)

Haiu 6asucHbiii unki (3.2) B 09 \ 0| ecTeCTBEHHO H306pa3UTh € MOMOLILIO
«XOPLOBOH MarpamMMbl»

: (3.6)
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KOTOpasi MOKa3bIBaeT B3aHMHOE PACIIOJIOKEHHE BO3ZMOXKHBIX Map Touek (a;, b;),
CKJIEMBAEMbIX 0TOOPAKEHUSIMHU [, yUaCTBYIOLIMMHE B OTPEIeeHUH 3TOTO LUK,

J1Be KOMIOHEHTbI €ro rPaHULbl B 0|, COOTBETCTBYIOLIHE IBYM BO3MOXKHbIM
pacrogioxkeHusim (3.4) u (3.5), OynyT 0603HaUaTHCSI COOTBETCTBEHHO JIBYMS
KapTHHKAMH, YUaCcTBYIOLIMMH B BbIPaXKEeHHH

AN 3.7

OuH ABJSIIOTCS MPSIMBIMU aHANOTAMHU JIBYX KOHLEBBIX TOUEK FOPH30HTAJb-
HOTO OTpe3ka Ha puc. 4b.

§4. «Komo6GuHaTtopHbie (hopMYJibI» IJSI TOMOJOTUI
HabopoB NJ0CKOCTeM

PaccmoTpuM BHOBb OTHOCHTEJbHBIN LMK Ao B paspewénnom Kpecre X!,
nopoxpnaouwii rpynny E) | = Hi(Fo\ Fi). Xota Mbl uMeeM paclierieHue
(3.1) ns rpynmbl '

H1(X) ~ AR\ X),

3TOT UMK Ay cam nmo cebe He ornpenesisieT HUKAKOro Kjaacca KOrOMOJIOTHIH
He MOKET NMPUHUMATh 3HaUeHHH Ha (FOMOJIOTHUHBIX HYJI0) O-MepHBIX LHKIAX
B R?\ X. ®opmyna (3.1) o3HauaeT JHlib, UTO 3TOT OTHOCHTEJNbHbBIA LMK/
Mmoxcem Ovimo TipojlosKeH 1o 1Mkaa bopens—Mypa Bo Bcém X (a cueno-
BaTe/bHO OMPEJIeIUTh TaKOH Kjaacc KoromoJioruit). OnHako, s TOro uToObl
TaKoH KJacc Obla onpeneséH KOppeKTHO, HeoOX0UMa A8HAA KOHCMPYKYUA
TaKOTO TPOJIOJIKEHHUS.

VIMeHHO, MBI JIOJ/DKHBI CHayasla pacCMOTPETh IPAHMILy 3TOTO OTHOCHTEJb-
Horo 1ukna B 1. M3 dopmyint (3.1) ciemyert, uto e€ MOXKHO TaM 3amsauymeo,
TO €CTb NPEJICTABUTL KAaK MPAHHUILy HEKOTOPOH JIOKAJIbHO KOHEUHOH 1ienu B F].
MbI 0/1KHBI BBIGpaTh Takylo Lenb A, Torna pasnocts Ag — A| Gynet uukiIoM
Bo BcéM X!. 3areM paccMoTpuM MpsiMOH 00pa3 3Toro UMK/aa B X M JABOM-
CTBEHHBIIl K Hemy 1o Asiekcamaepy kaacc B [*(R%\ X). Ecau Mbl X0THM
MOJIyYHUTb B UTOTE He MPHUBENEHHBIN, a HACTOSIIMH KJacc KOTOMOJIOTHH, TO
MBI JIOJKHBI elllé BLIGpaTh oTHOCHTebHBI kA B R mod X, satarusato-
wyit 3707 KA B R?. To/bKO 3TOT KJace MOKeT NMpMHHMATh 3HAUeHHsl Ha
oTJe/IbHBIX TouKax npoctpanctsa R? \ X, onpesesisisi TeM caMbiM «KOMGMHA-
TOpHyI0 hopMyJty». B catyuae nponssosibHoro na6opa miockocteil B RY mbl,
M0 CaMOMy OIpeJlesIeHHIO CIIeKTPabHON MOCJae10BaTebHOCTH (DHIILTPOBAH-
HOTO TMPOCTPAHCTBA, AOJ/IKHBI CleaTh BCE TO XKe caMoe, HO MOXKeT ObITb C
GOMBLLIMM KOJIMUeCTBOM waros. IlycTh aan sjaement rpynnsl E! | Torna mbl

Py
HauMHAEM C JIOKaJbHO KOHEUHOro uukaa v B £, mod F,_;, nopoxjaiouiero

o



20 AJIropUTMBI /1J1s1 KOMOHHATOPHOM peasu3aLly. . .

Fy Fy o F F

Puc. 5. «KombuHaTopHas ¢hopmynas [/isi K1acca KOroMmosaorui crenequ 2

3TOT 9JIeMeHT, 3aTeM OepéMm ero rpauuiy 0i(y) B Fp_i \Fp,g, 3aTsiriBaeM eé
TaM LeMblo |, paccMaTpuBaeM rpauuily Oo(y) wikaa v —y; B Fp_o\ Fp_3,
U T. A

B cayuae na6opos miockocteil B RN umeercst ouesnnblii cnoco6 BoiGpaTth
BCE 3TH 3aTsirMBaiollile Lenu. JleficTBUTENbHO, 3aUKCHPYeM MPOU3BOJBLHOE
nocTostHHoe BekTopHoe nojie B RY, naxonsieecst B 0611eM MOJOKEHHH 110
OTHOLIEHHIO K Habopy MyocKocTel. Y100HO MPEACTaBJSATb €ro Kak rpajteHT
THITMUHOH JiHHeHHOH dyHKimu L. Kaxbii uien F;\ Fi_| paspeleHust siBJisi-
eTCsl HeCBSI3HbIM 00be/IMHEeHHEM HeCKOJIbKUX KOMIOHEHT, 3aMblKaHHe KaxK/10M
M3 KOTOPbIX — 3TO NPOH3Be/leHHe KOHEUHOTO CHMITJIHIHAJIBHOIO KOMILJIeKca Ha
HEKOTOPYIO MJOCKOCTb paaMepHocTH N — i, paBHyIO NepeceyeHHIo HeCKOMbKHX
MJI0CKOCTel Hallero HaGopa. Mbl Bcera MoxKeM MOJAHSATb Halle BEKTOPHOE
noJie Ha BCE TH KOMIIOHEHTbl: OHO OyJeT MOCTOSIHHbIM BJOJIb MEPBbIX CO-
MHOXKMTEJIEH, a BJIOJIb BTOPbIX COBMAaTh C IPalueHTOM OrpaHuueHusi QyHK-
1uuu £ Ha COOTBETCTBYIOLLYIO MIOCKOCTL. Bee ouepentbie MKAbL Ok (7y) OyayT
3aTSrMBATbCSl TPAEKTOPHUSIMM 3THX TMOJHATHIX T0JeH, BbITEKAlOWHUMH M3 HX
TOUEK: YCJIOBHE THUIHUHOCTH MCXOJHOIO BEKTOPHOIO MOJIsi FapaHTHPYET, UTO
9TH TPaeKTOPHH OYIyT TPAHCBEPCAJbHbl K ITHM LIMKJaM.

B uacrtHoctH, mist Ha6opa muiockocTeil X 3Ta npotienypa HzobpaxeHa Ha
puc. 5. Mbl cuuraeMm, uTo BbIOpaHHOE BEKTOPHOE MOJ€ HAMpaBJjeHO BHUS3.
Ha BepxHeli JieBoi KapTHHKE Mbl OTMeUaeM XKUPHON JIMHUEH TOJbKO UCXOJHBIN
OTHOCHTE/BHBIA WK A C Fo \ F|; Ha BepxHeill npaBoit Mbl 106aBJSIEM K HEMY
OTPE3KH, 3aTSTMBAIOLLME €ro rpaHully B []; Ha NpaBOH HUXKHEH KapTHHKe
BbljleJIeHa NPOEKLHUs NoJyyaloulerocst Uuk/aa B X, a Ha JIeBOH HMXKHeH 3a-
LITPHXOBAHA LieMb, 3aTArMBAIOLIAs 9TOT LMK/ B R?| 3aMeTéHHast TpaeKTopHsiMHU
Hallero BeKTOPHOTO 10J1s1, BbITEKAIOUMH U3 €ro Touek.
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B neficTBUTE/NLHOCTH, B cjlyuyae HaOOPOB MJIOCKOCTEH HET HEOOXOAUMOCTH
BBIMOJIHSIT BCE 3Tallbl 3TON0 MOCTPOEHHS], MOCKOJIbKY Pe3yJbTaT ero MOXKHO
NpeackasaTh ¢ CaMoro Hauasa: 3T0 peasusaiust gopmy.asl Topeckn—Maxk-
®epcona, nannas B [30].

§ 5. Kak BbluncasgTh KOMOMHATOPHbIE (POPMYJIbI 1JIS
NpOCTPAHCTB Y3J0B?

Bce T0 XKe camoe MOXKHO cjieJiaTh B TOMOJIOTHSIX JUCKPUMHHAHTA B T1PO-
CTpPaHCTBE Y3JI0B.

B stom naparpade Mbl JaiuM [EPBYI0 WJIIOCTPALMIO 3TOTO yTBEPIKIE-
HHsI, BBIUMCJISIST KOMOHHATOPHYIO (DOpPMyJly JUIsl €IMHCTBEHHOTO HHBapHaHTa
y3JI0B Uy crerend 2. JlJist MPOCTOTbI BBIUUCJEHHI 51 paccMaTpHBai0 3/eCh
TOJILKO roMoJIorHd mod 2.

Teopema 2 (cm. [28]). 3rauenue unsapuarma ve Ha M0OOM OMUHHOM
ysae f: R' — R3 o6uyeco noroscenus pasno (mod 2) cymme mpex uucen:

a) uucaa korgpueypayui {a < b < c < b} CR', maxux, umo f(c) soue
I(a), a [(d) souue [(D);

0) uucaa kongueypayuii {a < b < c}, maxux, umo [(c) suwe f(a), a
npoexyus f(b) 6 R? aeacum x socmoky om (0buweii) npoexyuu [(a) u [(c);

8) uucaa kongueypayuti {a < b}, makux, umo [(b) sviue [(a), u Ha-
npasaenie <Ha 80cmok» 8 R? sgasemes auneiinol Komburayueii npo-
ekyuil npoussodnoix f'(a) u ['(b), npuuém nepsas us samux npoexkyutl
yuacmsyem 8 Mot AHeUHOU KOMOUHAYUL ¢ NOAONCUIMEAbHbIM KOIGD-
puyuenmom, a 8mMopas — c OMPUYAMEAbHOIM.

ITH TPU uMcJa U300paXKaloTCsl TPeMsl cJaraeMbiMu B cjeayioleid dop-

MyJie:
SN N /\1
\/ \/ <. (5.8)
2
3ameuanue 1. Ima gopmuyra ouesudno croxncree gopmyaol lloraka—
Bupo ¢ puc. 2 daa smoeo e unsapuauma. Huocecredyrouee eé goi-
yucaenue AeeKko noonpasumoe Mmak, 4mobsl NOAYHUUAACL 8 MOUYHOCMU
gopmnyra lloaska—Bupo, cm. 3amewarnue 2 Husce. S noka He 3HAIO
KaK gopmaazosamos amy nonpasky makum obpasom, umobo. moti air-

2OPUMM CAMOCMOAMEAbHO MO2 8blOUPAMb HauboAee IKOHOMHBLI CnOCOO
BulUUCACHULL.

JlokazaresbCcTBO TeopeMbl 2 3aHMMAET OCTABILYIOCSI YaCTb STOr0 Mapa-
rpada.
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5.1. [naBHas vacTb, nepBbiii AupdepeHuunan, u ero
rOMOJIOTMYHOCTb HYJIO

[naBHast yacThb Kjacca vg B 09 \ 0] H300paKaeTCsl XOPJOBOI IHArpaMMOi,
ykazaHHo# B opmyJse (3.6). Ipanuua >Toil riaBHOH yacTH B o) yKasaHa B
(3.7).

3arsiHeM 3Ty TpaHULy Lenblo B . BcrnoMHuM, uto nepsoe cjaraemoe
B (3.7) — 310 0ObeauHeHHe Bcex Touek ((a, b), f) € oy, Takux, 4TO JOMOJI-
HUTEJLHO K ycjoBuio f(a) = f(b) (Bxoasiemy B omnpejejeHue MHOrooGpa-
3ust o) [ ckienBaer elé Kakue-To e Touku a’, b’, takue, uto a’ <a < b’ <b.

EcTecTBeHHO TOMBITATHCS 3aTAHYTh 3TOT LMK B o) (TO €CTb Npeicra-
BUTb B BHJIE YaCTH TPAHHMIIbI) MHOXKECTBOM Touek ((a, b), f), yroBaeTBoOpsito-
ILIMX BCEM TeM K€ YCJIOBHSIM, HO ¢ paBeHCTBOM f(a’) = f(b') 3ameHéHHBIM Ha
yesioBue, uto npoekimu f(a’) u f(b') Ha «rOPM3OHTa/bLHYI0» MIOCKOCTL R?
COBIMAJAIOT, a MPOEKILKsT TOUKU f(a') HA BEPTHKAIBHYIO TPSIMYIO JIEKHT HUXKE
npoekiu Touku f(b’).

[Tocnennee ycsioBue u306pakaercsl «JOMaHOH CTPEJKOH» KaK B JIeBOH
yacTH paBeHcTBa (5.9).

AHaJIOrHUHO, MBI MOMbITAEMCS 3aTAHYTb BTOpOe cjaraemoe B (3.7) MHO-
»KECTBOM, 3aKOJMPOBAHHBIM B J1eBOH uacTu (5.10).

K coxanenuio, 3T IBa MHOXKECTBA UMEIOT JIOMOJHUTE/bHbIE YUACTKH Tpa-
HHULIBl, TAK YTO UX CyMMa He 3aTATMBAeT Becb LMK (3.7). DTH yyacTKH COOT-
BETCTBYIOT BO3MOXKHBIM BBIPOXKJIEHHSIM KOH(UTYpalMil ueTBEPOK Touek a, b,
@’ v b’, yuacTBYIOLIMX B ONpeIeJeHHH STHX MHOXKECTB.

VIMeHHO, ToJIHble TPAHUIbl ITHX JIBYX MHOXKECTB OMHUCAHbI B MPaBbIX Ya-
ctax ypaBHeHuit (5.9) u (5.10). [Ipoananusupyem /s npumepa nepBoe 13 HUX.

0 +

AN AN
T T T T T
N A\

N2 A A

1 ~2 (5.10)

Bropoe ciiaraemoe B ero mnpaBoil uacTH BO3HHMKAET, KOTJa MepBasi TOuKa
@’ W BTOpasl TOYKA @, yyaCTBYIOLIME B OMpE/eJeHHH HAlIero MHOXKECTBA,
CTpeMSITCS JIPYT K JPYTY.

B eficTBUTENBHOCTH 3TO ypaBHEHHE NOJIKHO Obl UMEThb el JBa cJa-
raeMblX, BO3HHMKAIOIIMX KOTJa TPEThbsi TouKa b’ cTpeMuTcst JIMOO K @ J60
K b. OJiHaKO 3TH JIBa cJlaraeMblX COBMAAAIOT U B3aUMHO COKpaiaioTes. (1o
MPOUCXOMUT U B aHAJIOTHUHOM BbIUHCJIEHHH C 11€J0UHCIEHHBIMU TOMOJIOTHSMM:
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a b

Puc. 6. HeKOTOpre CTaHZapTHbIE BbIPOXAEHNA AUarpaMm ocobbix y3/108B

9TH JIBA CJlaraeMblX BO3HHUKAIOT B LIEJIOUMC/IEHHON IPaHULLE HAlllero MHOYKECTBA
C MPOTHBOIOJIOXKHBIMH OPHEHTALIUSIMH. )

HakoHell, nocsie/iHee ciaraemMoe BO3HHKAeT KOrja a’ CTpeMHTes K a, H
ojiHOBpeMeHHO b cTpemutest K b. [lpocTpaHcTBeHHasi KapTHHKA COOTBET-
CTBYIOLLIETO BbIPOXKJIEHHUS TT0OKa3aHa Ha puc. 6a. HymepoBaHHble cTpesouku B
0003HAUEHUH ITOTO CJAraeMoro BbIPAXKAIOT CJELYIOLIHE YCJAOBHUS: MPOEKLHH
Ha FOPH3OHTAJIbHYIO MI0CKOCTh R? IPON3BOIHBIX Hallero yajia B Toukax a < b
CoHamnpaBJjieHbl B 3TOH MJIOCKOCTH, HO HarnpapjeHue npousBoaHoit ['(a) Bo
BeéM R3 uaét «sbiie» nanpasaenus ['(b). Bropas dopmy.aa (5.10) ananu-
3UPYETCS TOUHO TaKXKe.

Wrak, Mbl roJjiyyaem, uTo LHKJ (3.7) TOMOJIOTHUEH B 0] CyMMe BTOPbIX H
TPETbUX cJlaraeMbix MpaBbix uacted opmy. (5.9) u (5.10). Ho cymma BTOpBIX
(COOTBETCTBEHHO, TPETbUX) CJaraeMbIX 3aMaércsi MepBbIM (COOTBETCTBEHHO,
BTOPbIM) CJIaraeMbIM B cJiefytolliel popmyie:

AN
N :L.::% (5.11)

[To omnpenesenuto, nepBoe M3 HHUX COCTOMT W3 Touek ((a, b), [) € o
KOTOpbIe, B JIONOJIHEHHE K OObIUHOMY ycsioBHIO f(a) = f(b), ynoBieTBopsitoT
elé caenylolemy: cyuecmayem mouka ¢ € (a, b), makas, 4mo npoexuyus
mouku f(c) Ha eOpU3OHMANbHYIO NAOCKOCMb co8nadaem ¢ npoexkyuet
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mouku f(a) = f(b). AHaJOrHUHO, NOTIOJHUTEJIbHOE YCJIOBHE, BbIpaXKEHHOE
JIByMS1 TIEPEUEPKHYTHIMH CTPEJKAMHU O]l BTOPbIM cJaraemMbiM B (5.11), o3Ha-
yaet, 4to npoexkyuu npoudsodwsix ['(a) u f'(b) Ha eopusonmarvryo
nAOCKOCHb OOAMNCHBL ObLIMb COHANPABACHDL.

Wrak, cymma noJjiyajre6panuecKUX MHOXECTB, 3aKOJHPOBAHHBIX B JIEBbIX
yacTtsax dopmya (5.9) u (5.10), ocyliecTBysieT TOMOJIOTHIO MEXJy LIHKJIaMH
(3.7) u (5.11), U Mbl JOJKHBI 3aTAHYTb MOCJENHUH LUKJA. DTOT LHKKJ MPOLILE,
yeM HCXOJHbIH, B CJENyIOLIEM MPOCTOM CMbICJE: OH COCTOMT M3 JBYX MHO-
JKECTB, KaXK/10€ U3 KOTOPbIX 3a/1aéTCs HEKOTOPLIMU YCJOBUSAMU Ha MOBe/leHHEe
otoGpaxenus [ B 3 uu 2 Toukax npsimoii R!, Torna kak /151 060MX ciaraembix
MCXOJIHOTO 1IMKJIA UYHCJIO TAKHX «aKTHBHBIX» TOUeK paBHAJOCH 4. DTta XKe
CUTYyallUsi HMEET MECTO Ha KaXKJIOM LlIary BbIMOJIHEHHUS airoputMa. Beskuii pas
HaM HY>KHO 3aTSHyTb HEKOTOPbIH LIMKJ, COCTOSILMI U3 KOHEUHOTO UMCJIa MHO-
JKECTB, KaXK10€ U3 KOTOPbIX 3a/1aETCs HEKOTOPBIMU YCJIOBUSMH Ha TIOBeJeHHE [
B HECKOJIbKHX TOUKax. OJHO M3 3THX YCJOBHH JIOXKHO ObITb YCJIOBHEM THMA
paBeHcTBa (Hanpumep, 06pasbl HeKOTOPhIX JBYX Touek B R> J10J1KHBI COBMa-
JaTh, WM HeKOTopble JBa BeKTopa B R? J0JKHBI GbITh COHAMpaBJeHbl, WU
06pasbl HEKOTOPLIX TPEX TOUEK JI0JKHBI MMeTh 0611LyIo NpoeKiuio B R? 1 T. 11.)
Mbl nibiTaeMcsl 3aTSIHYTh 3TO MHOYKECTBO CXOJIHBIM MHOXKECTBOM, B OIpejiese-
HHM KOTOPOTO 3TO PABEHCTBO 3aMEHEHO HEPABEHCTBOM, CBSA3BIBAIOLIUM Te XKe
camble BeJIMUHHBL. [loc/ie/iHee MHOXKECTBO UMeEET JIMIIHWE YUaCTKH IPaHHLIbI,
OJIHAKO 3TH y4aCTKH BO3HHKAIOT TPH BbIPOXKIEHHH KOH(UIYpaLMil aKTHBHbBIX
TOUEK, a CJIeI0BATEbHO OHHU Tpolile (B HAILIEM CMbICJIE), UeM UCXOHbBIN UK.
AJITOPUTM CXOMTCS B BH/Y YMEHbIIEHHsI UMCJIA AKTUBHBIX TOUEK.

Cnenaem Bcé 310 ¢ uMkaoMm (5.11). 3amMeHHM ycJ/lOBHe THIIA PaBEHCTBA,
BbIJIEISIOlIEE €ro MEePBOe cjaraeMoe, TO €CTb YCJOBHE «CYLIECTBYET TOUKa
c € (a, b), Taxkas, uto npoekuun Touek f(c) u f(a) = f(b) B R? cosnanaior»
Ha YCJIOBHe THMa HepaBeHCTBAa: «CYIIeCTByeT Touka ¢ € (a, b), Takas, uTo
npoexiys ToukH f(c) B R? nexut K socmoky ot npoeximu Toukk f(a) = f(b)».
ITO ycl0BHE KOMUPYeTCsl TePeuépKHYTOH JIOMAHOH CTPEJIKOH Kak B JIEBOH
yacTH ypasHenus (5.12).

Takke MbI 3aMeHsieM yCJIOBHE THTIA PABEHCTBA, BbIIEJSIONIEE BTOPOE Cla-
raemoe B (5.11), To ectb ycsiosre «npoekinn B R? Bektopos [/(a) u f/(b)
COHarpaBJieHbl» Ha yCJIOBHE THIA HepPaBEHCTBA: «BbIOPAHHOE HAMpaBJIEHHE
“da BocToK” B R? JIeXKUT B yryle Mexly MPOEKUHMsMH AByX BeKTopoB [(a)
u —['(b)». [Tocseanee ycaoBue KOIMPYETCsT MOACTPOUHBIM BbIpAXKEHHEM O]
JIeBO# uacThto ypaBHeHust (5.13).

o N = N +
NN N N
| — 2

(5.12)
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BHOBb MHOXeCTBa, yka3zaHHble B JIeBbIX YacTsix paBeHCTB (9.12), (5.13), co-
JlepKat JIMIIHAE YUYACTKH TPAHHLIbl, OMMCAHHbIE B TPaBbIX YaCTSAX 3THX pa-
BEHCTB (HapsiLy C ydyacTKaMM, MOJJIEXKAIIMMH 3aTSATHBAHHUIO U B3SITHIMH H3
(5.11)). Hanpumep, ycaiosre 1 +— o3nauaert, uto npoekiwst B R? npoussoaHof
oTo6GpaxkeHus! [ B MepBoil aKTHBHOH TOUKE COOTBETCTBYIONIEH KAPTHHKH J1OJIK -
Ha ObITb HarpaBJjieHa Ha BOCTOK. K cuacTblo, JIMIIHKE cjaraeMble B MpaBbIX
YacTaX 3THX JBYX YpaBHEHHH COBMAAIOT M COKPALIAIOTCS; CJe10BaTebHO
CyMMa BCeX X cJiaraeMblX paBHa 1ukay (5.11).

[ToJTHBIN CMHMCOK BBIPOKAEHHH 0COGBIX Y3JI0B, YUaCTBYIOIIHMX B BbIUHCIE-
HUH TI0J0GHBIX TPAHHYHBIX OMepaTopoB, BO3HUKAIOUIMX MPH KOMOGHHATOPHOM
BbIUMCJIEHHH KOMOMHATOPHBIX (POPMyJ1 IIs1 HHBAPHAHTOB Y3J10B, ¢M. B §1 pa-
60Tbl [28].

OKoHUaTeJIbHO Mbl MOJYyUaeM, UTO HCKOMasi 1leMb, 3aTATUBAIONIAS LIMKJI
(3.7) B 01, paBHa cymMMe 4eThbIpéX noJyanrebpandeckKux MHOXKECTB, YKa3aHHbIX
B JIeBbIX yacTsx ypaBHenui (5.9), (5.10), (5.12) n (5.13). DTa uenb BMecTe ¢
MCXOJIHBIM OTHOCHTEJIbHBIM LIMKJIOM (3.6) 06pasdyeT LHKJ B 09, MOPOXKIAIOIIMI

rpymnmy Heoo (09).

5.2. Bropoii nuddepeHnan u ero roMoJOrHUHOCTb HYJIO

PaccmoTpuM Ternepb MpOeKUMIO MOCJ/efHero ukaa B 2. [1poekius uenu
(3.6) umeeT pasmepHOCTb 300 — 2 W He BJHUsET Ha (300 — |)-MepHble LHKJbI,
OTBeyalolle 3a HHBapHaHTbl y3y0B. C APyroil CTOPOHBI, TPOEKLUH B X ye-
TBIPEX MOJMHOXKECTB, 0, HAWIEHHDIX B MPEIbIAYIIEM pasjiesie (TO eCTb JIEBbIX
yacteil paBeHcTB (5.9), (5.10), (5.12) u (5.13)) 3anarorcsi ueTbipbMs cJarae-
MbIMH caieftytoliiedt popmydibl (5.14):

AN SN

1
(o ) (5.14)

[lepexo OT MOAMHOXKECTBA B 0 K MOJAMHOXKECTBY B X (BbIparKalolluiicst
3aMeHO¥ JIyT Ha HEOPHEHTHPOBAHHbIE 3Ur3aru) COCTOUT B MPOCTABJIEHUH KBaH-
TOpa J: Mbl 3aMeHsieM MHOXKeCTBO Touek ((a, b), [), y0BJETBOPSIIOUIMX yCJI0-
B0 f(a) = f(b) W elwl€ KAKUM-TO YCJOBHSM, Ha MHOXECTBO OTOOpaxKeHHi [
TaKUX, UTO HaljyTCsl TOUKU a, b, Takue, uTo BbiNoJiHeHO ycgoBue f(a) = f(b)
1 BCE Te Ke caMble JOMOJIHUTE/NbHbIE YCJOBUA. ONsATb-TaKW €CTECTBEHHO
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TOMBITATbCS 3aTAHYTh Takoe MHOXECTBO JAPYTHM, B ONpeiesNeHHH KOTOPOTO
ycqioBue f(a) = f(b) 3ameneno Ha ycyioBue «f(a) jiexut Hike uem f(b) B
R3». Ha si3blke HallKX yCJOBHBIX KAPTHHOK, 3TO MHOXKECTBO MOJyuaeTcst 3
MCXOAHOIO METOJOM PHUCOBAHHsI CTPEJIOUKH Y JIEBOTO KOHLA 3ur3ara. Tak Mbl
TIOJTyYHUM TPU KapTHHKH, H300paKEéHHbIE B JIEBBIX YaCTSIX ypaBHeHHH (5.15)—
(5.17); oTMeTHM, UTO U MepBOe U BTOPOE cjaraeMoe cyMMel (5.14) Bo3HHKAIOT
KaK yJyacTKH IpaHHLbI MHOYKECTBA, YKa3aHHOTO B JIeBOH yacTH (5.15).

"’/Q/ v+/\ VA

Q
s

\

4

P

4
T

4
T

9.4 =) 61

Bce ocrasbHbie cjiaraemble B MPaBbIX YACTSIX ITHX PABEHCTB OUEBHJIHBI,
ObITb MOXKET 32 HCKJIOUeHHeM TNocJjenHero cjaaraemoro B (5.195), Kotopoe
AHaJIOTMYHO MOCJIeAHUM cJiaraeMbiM B (5.9), (5.10) u oTpaxkaeT BbIpoXKIEHHE,
BO3HHKalOIlee TPH BTOPOM IBH:KeHHH Paiinemaricrepa, cM. puc. 6b.

CyMMa TpeThero, YeTBEPTOTO U MSATOTO UJEHOB B NMPABOH UAaCTH ypaBHEHUS
(5.15) paBHsieTcst BropoMmy caaraemomy B (5.16). [lostomy cymma mpaBbIx
yacteil B (5.15)—(5.17) paBHa uukiy (5.14), a cyMMa MHOXKECTB, yKa3aHHbIX B
JIEBBIX YacTsX ypaBHeHUH (5.15)—(5.17), dABasieTcss HCKOMOH KOMOUHATOPHOH
thopmyJioit.

Teopema 2 nokasaHa.
3ameuanue 2. Mor moeau noneimamoca youme 0sa caaeaemolx 8 (3.7)
He aesvimu wacmamu ypasnenui (5.9) u (5.10), a anaroeuunoiMu Kap-
MUHKAMI ¢ UBMEHEHHOLMU OPUCHIMAUUAMU LOMAHBLY CMPeaok. Ecai mol
cleaaem makylo 3amery OAL POBHO O00HO2O U3 IMUX CAA2AEMbLX, MO
AUWHUE CAQeaeMble 8 NPABLLY HACMAX COOMBEMCMBYIOUUX BAPUAHMNOS
ypasuenuii (5.9) u (5.10) 83aumno cokpamamcs, MaK 4mo CymMma ux
aesoix yacmeti 3amanem yuka (3.7). llpodoaxcas naw areopumm, moi 8
ImoM caydae noayuum 68 mounocmu gopmyry llorska—Bupo (2), co-
CcmoawYyIo u3 00H020 YAeHA, a He U3 mpex Kak 8 meopeme 2. K cosxcare-
HUIO MOl QACOPUMM el é CAULULKOM MOAOO U eAYn, U He ymeem 8o1oupame
AyduLLe 8APpUAHIMbL MAKO20 pooa.
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§ 6. Pe3syabTaTbl Aj51 KOMNAKTHbIX y3J0B

B stom naparpade mbl, caenys [26], onviieM KOMOHHATOPHBIE POPMYJIbI
JUIs1 BCEX KJIACCOB KOTOMOJIOTHE (PUJIBTpaLK < 2 B MPOCTPAHCTBE KOMIMAKT-
HBIX Y308 S! < R ¢ mo6biv 71 > 3. Chauada, caetys [25] u [23], nepeunc-
JIUM BC€ TaKHe KJ1accChl.

Mul npeanonaraem, uto B S' 3adukcupoBana LMK/IMUECKas KOOpAMHATA,
T0 ecTh oToxkaecTaenre S ~ R! /277

lMpennoxenne 1 (cm. [24], [256]). Haa awoboeo n >3 epynna Zo-
Koeomoaoeuii nopsadka 1 npocmpancmsa Komnakmuolx ysros 6 R
MPUBUANLHA B8O B8CeX pPASMEPHOCMAX Kpome n—2 u n—1, a 8 amux
pPABMEPHOCIAX UBOMOPPHA ZLy. Boaee moeo, (Moavbko) npu 4émrolx n
AHAN0SUUHLLE UCAOUUCACHHBLE 2PYNNbl KOCOMOAOSUL 8 3Mux pasmep-
Hocmax uszomopgrol Z. [Ipu amom obpasyowui sremenm (n—2)-
meproti (coomsemcmeenno, (n— 1)-meproti) epynnol 3adaémces uH-
0eKcom 3ayenneris ¢ MHONCeCmsom OUCKPUMUHAHMHbLX 0MOOpaiceriLL
S' = R", ckreusarouux rKakue-nubyds 08e NPOTHBONOJOKHbBIE MOUKU
okpyacrocmu S', (coomsemcmeento, ¢ MHONCECMBOM OMObpadNCeHULl,
CKACUBQIOWUX HEKOMOopble OTMEUEHHblE NPOMUBONOAONCHbLE MOUKLL,
nanpumep 0 u ).

lMpennoxenue 2 (cm. [23], [25]). [onoanumenonoie kaaccor nopao-
Ka 2 umeromces 8 mouHocmu 8 08yx pasmeprocmsax: 2n—6 u 2n—3.
B pasmeprocmu 2n — 6 onu npu a0b6om n obpagyiom epynny, u3omopp-
HYyto 7 (npu n = 3 oHa nopoxcdena npocmetulum UHBAPUAHIMOM Y3A08).
Ipynna 6 pasmeprocmu 2n — 3 uzomoppra Z npu n > 3 u yuKALLHA Npu
n = 3; eé obpasyouas 3a0aémes UHOeKCoM 3AUenAeHUs C YUKAOM 8 OUC-
KpumMuHarme, rjaBHas uyacTb K0mopoeo (mo ecmo anaroe yuxia (3.6))
8 paspeuléHHOM O0BOLUHOM camonepecedeHuu Y. 3amemaemcs maxumu
omobpancenusnu [: S' — R", umo das nekomopoeo a € S' mor umeen
f(@) = f(a+7) u fla+m/2) = fa+3m/2).

Hurke Mbl B UaCTHOCTH MOKaXKeM, UTO MPH 7 = 3 MOCJIHSIs IpyIina roMo-
JIOTHH TakXKe cBoOoaHas uKarnueckast, cMm. Caeactare 2. Celluac Mbl OMUIIEM
sIBHbIE KOMOHHATOpHBIE (OPMYJIbI AJIsT GA3HCHBIX KJACCOB, MOPOXKAAFOIINX
yeThIpe IPYMIbl, YITOMHHAIOIIHECS B NMPEIIOKeHHsIX 1 1 2.

Teopema 3 (cm. [26]). /laa aw0boeo n > 3, 3Hauenue 1106020 U3 3mMux
Yemolpéx KAaCco8 KOcoMOA0eUll Ha MOBOM yiuKie 0bueeco NOAOHCEHUS
coomsemcmayiouell pasmeprocmu 8 npocmpancmse K, \ X komnaxm-
HoLX Y3408 8 R" pasHo uucay mouek amoeo YuKAd, COOMBemcmayoujux
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y3aam, YOOBACMBOPSIOULUM HUNCCACOYIOUUM COOMHOULEHUIM (U 8 CAY-
yae yeaolx K03pguyuenmos yumentolx ¢ n00X00AUUMU 3HAKAMUL).

A. las (n— 1)-meproeo kaacca ¢purompayuu 1: npoexyuu mouex f(0)
u [(m) 8 naockocmo R cosnadarom, u [(0) «soiute» wen [(r).

b. /laa (n — 2)-meproeo kaacca nopadka 1, 00no uz caedyioujux 08yx
ycaosuil:

a) Hatidémcea mouka « € [0, m), makas, 4mo npoexkyuu mouex f(a) u
f(a+m) 8 R"™! cosnadaiom, npuuén f(a) «sviwe» uem f(o+7);

6) npoexuyus mouxu f(0) 8 R"™! seacum «x socmoky» om npoexuyuu
mouku f(m).

B. /laa (2n — 3)-mepHoeo kaacca nopadka 2, 00HO u3 caedyroujux
osyx ycaosull:

a) Hatidémes mouka « € |0, w/2), makas, umo npoekyuu mouex f(c)
u f(a+m) 8 R*! cognadarom, npoexyuu f(oa+7/2) u f(a+37/2) 6 R"~!
cosnadarom, u npu amom f(a+ ) «souues wem f(a), a f(a+w/2) «soLutes
uem f(o+ 3m/2);

6) npoexyuu mouex [(0) u f(r) 6 R"™! cosnadarom, npuuém f[(r)
«gouwe» uen f(0), a npoexyus mouku f(r/2) 6 R"=! sexmcum «x socmory»
om npoekuyuu mouxu f(3n/2).

. [Iaa (2n — 6)-mepHoeo Kiacca nopadka 2, 00HO U3 08Yx YCAOBULL:

a) Haiioymcs uemoipe mouku o, 3,7, 0 €S (yukauueckue xoop-
duramor komopolx yoosaemsopsiom ycrosuo 0 < a < f<v<d<2m),
makue, umo npoexyuu mo4ex [(a) u f(y) 8 R*™' cosnadaom, npoexyuu
mouex [(B) u [(0) 8 R"™! cosnadarom, npuuém [(vy) «sviues wen f(a), a
[(B) «soLue» wen f(9).

0) Ecau n = 3, mo emopoe ycarosue omcymcemsyem (U Mol umeem ALy
nepsoe, cosnadaroujee ¢ Komburnamoprot gopmyroi lorska—Bupo),
00HAKO npu n >3 umeemcs OONOAHUMEAbHOC YCAOBUE: CYU,CMBYIOM
mpu pasaudnsie mouxu B3, y, § € S' (yuxkauueckue Koopduramer Komo-
poLx ydosaemsopsarom ycaosuro 0 < <y <§ < 2m), makue, 4mo npo-
ekyuu mouex () u [(0) 8 R"™! cosnadarom, [(v) «sviue» wen [(0), a
npoexyus mouku f(8) 8 R"™! sexmcum «x socmoky» om npoexyui mouxu

(3.

CaencrtBue 1. [laa a060eo n = 3 basucHeli kaacc nopadka 2 u pazmep-
Hocmu 2n — 3 npurumaem snauenue 1 Ha QyndamenmarvHoMm yukie
noOMH02000pA3UA NPOCMPAHCMBA Y3108, COCMOAULL20 U3 8CeX HAMY-
PANbHO NAPAMEMPUSOBAHHbLX OOAbUUX OKpYIcHOCMel eQuHILYHOL cghe-
pot 8 R",

JleficTBUTEIbHO, MHOXKECTBO a) yTBepkKJeHUs B He mepecekaercs ¢ 3THM
MOJIMHOTr000pa3ueM, a MHOXKECTBO 0) HMEET C HUM POBHO OJIHY TOUKY (TpaHc-
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BepCa.ﬂbHOl‘O) rnepeceyeHust.

B ciyyae yétHOro 1 yTBEpKIEHHE O TOM, UTO KJacC 3TOTO MOJAMHOr006-
pasusi B MPOCTPAHCTBE Y3JI0B He TOMOJIOTHUEH HYJI0, ObIIO T0KaszaHo B [4]
COBCEM JIPYTUMH METOJIaMH.

Caencteue 2. [pynna (2n — 3)-MmepHolx KAACCO8 KO2OMOA0UL NOPAOKA 2
asaaemcs c80600HOU YuKAL4ecKol u npu n= 3.

§7. Jlo6aBaeHue: Boiuncaenus B. d. Typuuna

Teopusi MHBapMAHTOB KOHEUHOTrO MOpsiiKa AJIsl y3J10B MOPOJAMJIA MHOIO
KpacuBbIX ajirebpanueckux o0beKTOB, TaKMX Kak asrebpa Xornda XopaoBbIX
JMarpamm M rpad-KoMmIlieke jaepeBbes, cM. Hanpumep [11], [2].

Henasno B. 3. Typuun nokazasa (cm. [17], [18]), uto 3TH CTPYKTYpHI 5B-
JISIIOTCS HEOTHEMJIEMbIMH UaCTAMH OoJiee 0OLIMX TEOPUH, CBA3AHHBIX CO BCEM
KOJIBLIOM KOTOMOJIOTHI TMPOCTPAHCTB Y3JI0B U (DOPMYJTHPYeMBIX B TepPMHHAX
0000LIEHHBIX XOPAOBbIX AHarpamm, nepeurcsedHsix B [21]. CooTBercTBYIO-
I1IMe MYJILTUIJIHKATHBHBIE CTPYKTYPHl 0600IIAIOT TaCOBOUHOE YMHOXKEHHe B
KOTOMOJIOTHSIX JIONOJIHEHHH K Habopam muockocted (cm. [29], [5], [6]), Ho,
pasymeercsi, HaMHOTO cJoxHee. B uactHocT, B [17] u [18] nokasaHo, uTo
MEePBbIA YeH OCHOBHOW CMEKTPaJbHOM MOCJEe10BATE/NbHOCTH, BbIUUCISIIOLLEN
paLKoHaJ/IbHble TOMOJIOTHH TPOCTPAHCTBA UIMHHBIX Y3708 B R”, 11 > 3, onuchbl-
BaeTcsl B TepMUHAX romoJioruit XoxuuJ/baa onepaibl anre6p [lyaccona ecau n
HeuéTHO (COOTBETCTBEHHO, orepajbl anrebp lepcrenxabepa ecsiu 1 U€THO).
A nmenHo, roMoJioriH XOXILIH/bIA 3THX OMepaja B 060X cayyasix o6pasyioT
aareOpy MOJHHOMOB OT GECKOHEUHOTO YHC/Ia YETHBIX U HEUETHBIX epEMEHHBIX.
st Toro, uToGbl MOJYYHTL MEPBbIA UJeH CHeKTpasbHOH MocJ/en0BaTebHO-
CTH, B cJlyyae U€THOro 71 Mbl JI0JKHBI PO(AaKTOPH30BATL COOTBETCTBYIOLLLYIO
NoJMHOMHAJbHYIO anrebpy Mo olHoH obpasyiolleil [x), xo]. B cayuae Heuér-
HOTO 1 Mbl JI0JKHBI TIPOhAaKTOPU30BaTh MO JIBYM 00Pa3yIolIMM: OJHOH UETHOM
(paBHO# [x|, x2]) W onHOW HeuéTHOH (paBHOH [[X|, X3], X2]).

B uwacrHocTH, oObluHast Guasrebpa xopaosblx avarpamm (cm. [10], [2]),
sIBJISIETCSl TTOJANPOCTPAHCTBOM B TOMOJIOTMAX XOXLIMJbJAA onepaibl ajareép
[lyaccona. it Toro, 4toObl MOJyYHTb ajre6py HHBAPHAHTOB KOHEUHOTO
nopsijka (To eCcTb HyJbMEPHbIX KOrOMOJIOTHE NPH 11 = 3), HY?KHO TPOhaKTO-
pu3oBath 3Ty OUaareOpy Mo oJHON obGpasyiolleh (X, Xo].
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M. Verbitsky

A simple proof of stability
of Fourier—Mukai transform

Abstract

Let B be a stable bundle on a K3 surface, such that its deformation
space is compact, and the universal bundle is well defined. Consider a
stable bundle By on M. Assume that the i-th cohomology sheaf FMi(Bl)
of the Fourier—Mulkai transform of By is a bundle. Then FM!(B)) is a
direct sum of stable bundles. A more general version of this statement
is proven in math.AG/0107196 (“Projective bundles over hyperkahler
manifolds and stability of Fourier—Mukai transform”).

§ 1. Introduction

Throughout this paper, stability of coherent sheaves and holomorphic
vector bundles is understood in the sense of Mumford—Takemoto (see Def-
inition 3.3).

Let M| be a Kéhler K3 surface and B a stable holomorphic vector bundle.
Assume that the space of stable deformations of B is a compact manifold My
and the universal bundle B on M, x My is well defined. The Fourier—Mukai
transform FM® takes a coherent sheaf B; on M, and produces a complex
of coherent sheaves on My. If 7|, mo denote the projecting of M; x My to
My, My, then FM®(B)) is obtained as follows: we pull back B to M| x Mo,
tensor it with B and apply the derived direct image functor R®(mo)..

We prove the following theorem.

Theorem 1.1. In the above assumptions, consider the i-th cohomology
sheal FM!(B;) of the complex FM®(B;). Assume that B; is stable and

The author is partially supported by CRDF grant RM1-2354-MO-02.
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FM{(B,) is a bundle. Then FM(B;) is polystable, that is, FM!(B,) is a
direct sum of stable bundles of the same slope.

Proof: See Sec. 6.3.

In [25] a more general version of Theorem 1.1 was proven: it was shown
that the reflexive hull of FM!(By) is polystable, for By any stable bundle and
B any stable bundle with a compact deformation space.

The argument present in this paper is esssentially simplified because
we avoid dealing with singularities of coherent sheaves, by assuming that
FM'(By) is a bundle. This proof does not use many of the concepts introduced
in [25]: the quaternionic Dolbeault complex, connections in modules over
a DG-algebra, gD-modules, extended quaternionic Dolbeault bicomplex.
However, the intuition underlying the proof is based on these notions.

The Fourier—Mukai transform was discovered by S.Mukai in 1981
([16]). Mukai worked in the following situation. Let T be a compact torus or
abelian variety, and 7 the dual torus, which is by definition the moduli space
of line bundles of degree 0 on T. The Poincare bundle P is a line bundle of
degree zero on the product 7 x T, defined in such a way that for all £ € T the
restriction of P to T x {¢} is isomorphic to the line bundle corresponding to
the point £ € 7. This bundle is also called the universal bundle.

Given a coherent sheaf (or a complex of sheaves) F on T, let FM(F) be
the total derived direct image

FM(F) := R®*(m9) (P @ 7} F),

where 7y, mo: T x T— T, T are the natural projection maps.
Clearly, F — FM(F) defines a functor of derived categories of coherent
sheaves

FM: Dy(T) — Dy(T).

Consider the dual torus 7 to 7. Clearly, 7 is naturally isomorphic to 7.
Applying Fourier—Mukai functor to the torus 7, we obtain the transform

FM: Dy(T) — Dy(T).
[t is easy to check that the composition functor
FM o FM: Dy(T) — Dy(T)

is equivalent to identity.

The usual Fourier transform has a similar interpretation in terms of D-
moduli. There is also a version of the Fourier transform for perverse sheaves
over Ar,, where Ap, denotes an affine space over a field of char p.

3 (DyH}'LaMeHTa./'[])Haﬂ MaTeMaTHKa CerojiHsa
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This reveals the Fourier—Mukai transform as one of the most funda-
mental operations in algebraic geometry.

M. Kontsevich proposed an interpretation of the Mirror Conjecture in
terms of the derived category of coherent sheaves on one of the mirror
manifolds ([13]). It turns out that the derived category of coherent sheaves
on a complex manifold M contains a great wealth of information about the
geometry of M. In fact, if M is projective and the canonical or anti-canonical
bundle of M is ample, the manifold M can be reconstructed from D, (M) ([6],
[22]). This puts a spotlight on the cases where such a reconstruction is not
possible.

For instance, the Fourier—Mukai transform implies the existence of an
equivalence between Dy (T) and Dy(T) ([16]).

Let M be a K3 surface, B a stable bundle, and X the moduli of stable
deformations of B. S. Mukai [17] investigated this situation in great detail.
It was shown that X is smooth and hyperkdhler. Under some additional
assumptions, X is also compact, and there exists a universal bundle B on
M x X. The cohomology group of X is generated by the Kiinneth component
of the Chern classes of B ([15]). In more special cases, X is a K3 surface
with periods prescribed by S. Mukai [19].

This situation is similar to the usual duality between the abelian varieties,
with the role of a dual manifold played by X. In such a case, the Fourier—
Mukai transform is also defined, in the same way it was defined for a torus.
[t is also known that FM is (under additional assumptions) invertible ([14]).
This establishes an equivalence of the derived categories of coherent sheaves
(71, [8], [21]).

The Fourier—Mukai transform on K3 surfaces was studied at great
length by Bartocci, Bruzzo and Ruiperez [3]-[5] and Yoshioka [27]-[30],
where some partial results on the stability were given. K. Yoshioka also found
a counterexample to the stability of the Fourier—Mukai transform on a 2-
dimensional torus ([27]).

§ 2. Hyperkédhler manifolds

This Section contains some results and definitions from hyperkahler
geometry, found, for instance, in [2].

Definition 2.1. ([2]) A hyperkdhler manifold is a Riemannian manifold
M endowed with three complex structures /, J, and K such that the following
holds:

(i) the metric on M is Kahler with respect to these complex structures; and
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(ii) 1, J, and K, considered as endomorphisms of the real tangent bundle,
satisfy the relation /oJ =—Jo /=K.

The notion of hyperkahler manifold was introduced by E. Calabi ([9]).

Clearly, a hyperkédhler manifold has a natural action of the quaternion
algebra H in its real tangent bundle 7M. Therefore its complex dimension is
even. For each quaternion L € H, L? = —1, the corresponding automorphism
of TM is an almost complex structure. It is easy to check that this almost
complex structure is integrable ([2]).

Definition 2.2. Let M be a hyperkahler manifold, and L a quaternion
satisfying L. = —1. The corresponding complex structure on M is called an
induced complex structure. The M, considered as a Kihler manifold, is de-
noted by (M, L). In this case, the hyperkéhler structure is called compatible
with the complex structure L.

Definition 2.3. Let M be a complex manifold and 2 a closed holomorphic
2-form over M such that 2" =QAQA...is a nowhere degenerate section of
the canonical class of M (2n = dimc(M)). Then M is called holomorphically
symplectic.

Let M be a hyperkdhler manifold; denote the Riemannian form on M
by <, - >. Let the form w;:=</(-), - > be the usual Kahler form which
is closed and parallel (with respect to the Levi—Civita connection). Analo-
gously defined forms w; and wg are also closed and parallel.

A simple linear algebraic consideration ([2]) shows that the form
Q:=w ++v—lwg is of type (2, 0) and, being closed, this form is also
holomorphic. Also, the form  is nowhere degenerate, as another lin-
ear algebraic argument shows. It is called the canonical holomorphic
symplectic form of a manifold M. Thus, for each hyperkédhler manifold
M, and an induced complex structure L, the underlying complex mani-
fold (M, L) is holomorphically symplectic. The converse assertion is also
true:

Theorem 2.4. ([1], [2]) Let M be a compact holomorphically sym-
plectic Kahler manifold with the holomorphic symplectic form €2, a Kahler
class [w] € HY1 (M) and a complex structure /. Let n = dimc M. Assume
that [, w" = [,,(ReQ)". Then there is a unique hyperkidhler structure
(/, 4, K, (-, -)) over M such that the cohomology class of the symplectic form
w; = (-, I(-)) is equal to [w] and the canonical symplectic form w; + v/— 1wy
is equal to €.

Theorem 2.4 follows from the conjecture of Calabi, proven by S.-T. Yau
([26]).

Let M be a hyperkadhler manifold. We identify the group SU(2) with the
group of unitary quaternions. This gives a canonical action of SU(2) on the

3*
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tangent bundle and all its tensor powers. In particular, we obtain a natural
action of SU(2) on the bundle of differential forms.

The following lemma is clear.

Lemma 2.5. The action of SU(2) on differential forms commutes with
the Laplacian.

Proof: See e.g. [24].

Thus, for compact M, we may speak of the natural action of SU(2) in
cohomology.

§ 3. Hyperholomorphic bundles

In this Section we repeat some results and definitions from [24].

3.1. Hyperholomorphic connections

Let B be a holomorphic vector bundle over a complex manifold X, V
a connection in B, and let © € A>® End(B) be its curvature. This con-
nection is called compatible with the holomorphic structure it V.,({) =0
for any holomorphic section ¢ and any antiholomorphic tangent vector field
v € T%1(X). If there exists a holomorphic structure compatible with the given
Hermitian connection then this connection is called integrable.

One can define the Hodge decomposition in the space of differential
forms with coefficients in any complex bundle, in particular, End(B).

Theorem 3.1. Let V be a Hermitian connection in a complex vector
bundle B over a complex manifold X. Then V is integrable if and only if
© € AM (X, End(B)), where AMY(X, End(B)) denotes the forms of Hodge
type (1,1). Also, the holomorphic structure compatible with V is unique.

Proof: This is Proposition 4.17 of [12], Chapter 1.

This proposition is a version of the Newlander—Nirenberg theorem. For
vector bundles, it was proven by M. Atiyah and R. Bott.

Definition 3.2. Let B be a Hermitian vector bundle with a connection
V over a hyperkahler manifold M. Then V is called hyperholomorphic if V
is integrable with respect to each of the complex structures induced by the
hyperkahler structure.

As follows from Theorem 3.1, V is hyperholomorphic if and only if its
curvature © is of Hodge type (1,1) with respect to any of the complex
structures induced by a hyperkahler structure.

A form is SU(2)-invariant if and only if it is of type (p, p) with respect
to all induced complex structures. Therefore, V is hyperholomorphic if and
only if © is an SU(2)-invariant differential form.
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3.2. Hyperholomorphic bundles, Yang—Mills connections,
and stability

Definition 3.3. Let F be a coherent sheaf over an n-dimensional compact
Kahler manifold M. We define the degree deg(F) (sometimes the degree is
also denoted by degc,(F)) as

[ alF) At
westf)= |, o

and slope(F) as

1
slope(F) = ) deg(F).
The number slope(F) depends only on the cohomology class of ¢;(F).

Let F be a coherent sheaf on M and F’ C F its subsheaf with 0 < rk F" <
<rk F. Then F’ is called a destabilizing subsheaf if slope(F’) > slope(F).

A coherent sheaf F is called stable', or u-stable, if it has no destabilizing
subsheaves. A coherent sheal F is called polystable ii it is a direct sum of
stable sheaves of the same slope. A coherent sheaf F is called semistable if
for all destabilizing subsheaves " C F we have slope(F’) = slope(F).

Let M be a Kahler manifold with a Kahler form w. Consider the stan-
dard Hodge operator on differential forms, L: n— w An. There is also a
fiberwise-adjoint Hodge operator A =*Lx ([11]).

Definition 3.4. Let B be a holomorphic bundle over a Kéhler man-
ifold M with a holomorphic Hermitian connection V and a curvature
O € A" ® End(B). The Hermitian metric on B and the connection V
defined by this metric are called Yang—Mills if

A©)=c-1d

(3.1)

59
where A is a Hodge operator, ¢ a constant, and Id ‘B is the identity endo-
morphism which is a section of End(B).

Clearly, the constant ¢ is proportional to the slope of B. Throughout this
paper, we shall consider only bundles of slope zero. In this case, the Yang—
Mille equation can be written simply as A(©) =0.

The following fundamental theorem provides examples of Yang-Mills
bundles.

Theorem 3.5. (Uhlenbeck—Yau) Let B be a holomorphic bundle over a
compact Kahler manifold. Then B admits a Hermitian Yang—Mills connec-
tion if and only if it is polystable. Moreover, the Yang—Mills connection is
unique, if it exists.

'In the sense of Mumford—Takemoto.
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Proof: [23].

Proposition 3.6. Let M be a hyperkahler manifold, / an induced complex
structure, and let B be a complex vector bundle over (M, J). Then every
hyperholomorphic connection V in B is Yang—Mills and satisfies A(©) =0,
where O is the curvature of V.

Proof: We use the definition of a hyperholomorphic connection as one
with SU(2)-invariant curvature. Then Proposition 3.6 follows from the fol-
lowing elementary observation:

Lemma 3.7. Let © € A*>(M) be a SU(2)-invariant differential 2-form on
M. Then A;(©) = 0 for each induced complex structure J.2

Proof: This is Lemma 2.1 of [24].

Let M be a compact hyperkédhler manifold, and / an induced complex
structure. For any stable holomorphic bundle on (M, [) there exists a unique
Hermitian Yang—Mills connection which, for some bundles, turns out to be
hyperholomorphic. It is possible to tell exactly when this happens.

Theorem 3.8. Let B be a polystable holomorphic bundle over (M, /),
where M is a hyperkéhler manifold and / is an induced complex structure
over M. Then B admits a hyperholomorphic connection if and only if it
is polystable and the first two Chern classes ¢;(B) and co(B) are SU(2)-
invariant.?

Proof: This is Theorem 2.5 of [24].

§4. Projective bundles and their moduli

4.1. Projective bundles and PGL(n)-bundles

Let M be a complex manifold and B a holomorphic vector bundle,
dim B = n. Consider the principal GL(n)-bundle Gz of linearly independent
n-tuples of vectors in B. The bundle B can be reconstructed from Gg as
follows

B = Gg Xgrn) Va,

where V,, = C" denotes the fundamental representation of GL(rn). This is well
known.

A similar construction exists for principal PGL(n)-bundles. Given a prin-
cipal PGL(n)-bundle Gp, we can consider the associated fibration

P.= Gp Xp(;[‘(,,) P, (41)
where P is CP"~!, equipped with the natural action of PGL(n).

2By A; we understand the Hodge operator A associated with the Kahler complex structure J.
3We use Lemma 2.5 to speak of action of SU(2) in cohomology of M.
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Definition 4.1. A projective vector bundle over M is a holomorphic
fibration P over M, obtained from a principal PGL(n)-bundle as in (4.1).

Remark 4.2. Any automorphism of CP" is projective linear. Given a
locally trivial holomorphic fibration P with the fibers isomorphic to CP", it is
very easy to reconstruct the corresponding principal PGL(n + 1)-bundle Gp.
For any point x € M, the fiber of Gp in x is the set of linearly independent
n-tuples py, ..., p, in the space V, = C" corresponding to P‘X =CP ! up
to a complex multiplier. The group PGL(P) = Auty(P) acts on Gp|x freely
and transitively, in such a way that Gp forms a principal PGL(n)-bundle.

Clearly, then, the bundle P satisfies (4.1). In other words, projective vector
bundles are in one-to-one correspondence with the locally trivial holomorphic
fibrations with the fibers isomorphic to CP"~!.

Definition 4.3. Given a projective bundle P, we consider the vector
bundle pgl(P) of vertical holomorphic vector fields on P. Clearly, the fibers of
pgl(P) are isomorphic (as Lie algebras) to pgl(n). A Hermitian structure on
a projective holomorphic bundle is an invariant Hermitian structure on the
corresponding holomorphic vector bundle pgl(P).

4.2. Projective hyperholomorphic bundles: the definition

Now assume that M is a hyperkahler manifold and / an induced complex
structure. Consider (M, [) as a Kahler manifold.

Definition 4.4. Let P be a projective bundle over (M, /) equipped with
a Hermitian structure. We say that P is hyperholomorphic if the Hermitian
connection on the corresponding pgl(n)-bundle pgl(P) is hyperholomorphic
(Definition 3.2).

Let B be a Hermitian holomorphic vector bundle on (M, /) and A, L
the standard Hodge operators on differential forms. We denote by © the
curvature of B. Let Tr(©) € AL (M) be the trace of the curvature,

Tr©)(x, y)=Tr(B(x, y)); x,yeTM

(we interpret ©(x, y) as an endomorphism of B and take its trace).

Proposition 4.5. Let M be a connected hyperkdhler manifold, / an
induced complex structure, and B a holomorphic Hermitian vector bundle
on M. Denote the curvature of B by

© € AM(M, End(B)).
Then the following conditions are equivalent:

(i) the bundle End(B) is hyperholomorphic;
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(ii) the traceless part of the curvature

0, :=0- Tr(©)

dim B
is SU(2)-invariant, with respect to the natural action of SU(2) on the
differential forms;

(iii) the projectivization PB is a hyperholomorphic projective bundle on M.

Proof: The implication (ii) = (i) is quite easy. The curvature @’ €
€ End(End(B)) of End B is expressed via © as follows

o' =1(0) — r(0), (4.2)

where /: End(B) — End(End(B)) is an operation of left multiplication by
the sections of End(B), and r is an operation of right multiplication. Now,
the trace of © belongs to the center of End(B), and therefore the traceless
part of the curvature satisfies

0 = 1(0) — r(©) = [(O4) — r(Oy). (4.3)

Since the 2-form Oy, is SU(2)-invariant, ©’ is also SU(2)-invariant. By
definition, this implies that End(B) is hyperholomorphic. This proves the
implication (ii) = (i). The converse implication is obvious. Clearly, the map

LR: End(B) — End(End(B)), LR(a)=1[(a)—r(a)

is injective on the traceless part of End(B). Therefore, End(B) is hyperholo-
morphic if and only if the traceless part of © is SU(2)-invariant. This proves
the equivalence (i) < (ii).

To prove (i) = (iii), we notice that pgl(B) is a quotient of gl(B), which
is hyperholomorphic by assumptions of (i). This means that PB is also
hyperholomorphic. The converse implication is also clear. The Lie algebra
bundle pgl(B) corresponding to PGL(B) is the bundle End,(B) of traceless
automorphisms of B, and it is hyperholomorphic by the assumptions of (iii).
On the other hand, End(B) = End,(B) @ C where C is the trivial holomor-
phic Hermitian line bundle. Therefore, End(B) is hyperholomorphic if and
only if Ends(B) is hyperholomorphic. We proved the equivalence (i) < (iii).

Definition 4.6. [24] Let M be a hyperkédhler manifold, / an induced
complex structure, and B a Hermitian holomorphic vector bundle on (M, ).
Consider the standard Hermitian connection V on B. We say that V is
projectively hyperholomorphic if any of the conditions of Proposition 4.5
hold.

The following claim is trivial.

Claim 4.7. [24] Let M be a compact hyperkéhler manifold of real dimen-
sion 4, [ an induced complex structure, and B a holomorphic vector bundle
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on (M, I). Assume that B is stable. Then B admits a unique projectively
hyperholomorphic Yang—Mills connection.

Proof: Let V be the Yang—Mills connection on B, which exists and is
unique by Theorem 3.5. Denote the corresponding connection on End(B)
by V. The curvature of End(B) can be algebraically expressed through the
curvature of B. Using this expression, it is easy to show that End(B) is
also Yang—Mills (see (4.3)). By Theorem 3.8, to show that the Yang—
Mills connection in End(B) is hyperholomorphic, one needs to prove that
the Chern classes ¢ (End(B)) and co(End(B)) are SU(2)-invariant. The first
Chern class of End(B) is zero, hence SU(2)-invariant. The second Chern
class belongs to the one-dimensional space H*(M), and it is clear that the
standard action of SU(2) on H*(M) is trivial. This proves that ¢;(End(B))
and co(End(B)) are SU(2)-invariant, and End(B) is hyperholomorphic. By
Proposition 4.5 (i), this implies that B is projectively hyperholomorphic.

Claim 4.8. Let M be a compact hyperkédhler manifold, / an induced
complex structure, and B a holomorphic vector bundle on (M, /). Assume
that B admits a projectively hyperholomorphic connection V. Then B is
polystable!. Moreover, the Yang—Mills connection on B is projectively hy-
perholomorphic.

Proof: By Proposition 4.5 (i), the bundle End(B) is hyperholomorphic; in
particular, it is Yang—Mills and polystable. Given a destabilizing subsheaf
F C B, we obtain that the sheaf Hom(B, F) C End(B) is also destabilising.
Since End(B) is polystable, we have a direct sum decomposition

End(B) = Hom(B, F) & End(B)/ Hom(B, F). (4.4)

Denote by F’ the quotient sheaf F’ := B/F. By definition, Hom(B, F) is
isomorphic to B* ® F. Therefore, (4.4) gives a decomposition

EndB=B®B*=F®B*® F' ® B*. (4.5)
To prove that B is polystable, we need to show that the extension
0—F—B—F —0 (4.6)

splits. If we tensor this exact sequence by B, it will be split by (4.5). Now,
let us tensor (4.6) by B® B*. Thus obtained exact sequence splits because
(4.6) tensored by B splits. On the other hand, the trivial sheaf Oy is a direct
summand of B® B*, hence the extension (4.6) is a direct summand of the
extension

0—F®B®B*—B®B®B*— F @B B*—0.

'A polystable bundle is a direct sum of several stable bundles of the same slope.
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We have shown that this extension splits; therefore, its direct summand
(4.6) also splits. This proves that B is polystable.

Let V be the Yang—Mills connection on B. Then V induces a Yang—
Mills connection V, on End(B). On the other hand, the Yang—Mills con-
nection is unique. Therefore, V, coinsides with the original hyperholomorphic
connection on End(B). We obtained that V is projectively hyperholomorphic.

Remark 4.9. It is possible for a connection in a bundle to be projectively
hyperholomorphic, in the sense of Definition 4.6, and not Yang—Mills. For
instance, any line bundle is obviously projectively hyperholomorphic.

Lemma 4.10. Let B be a projectively hyperholomorphic Yang—Mills
bundle, © its curvature, and 7r(©) € A"!(M) its trace. Then Tr(©) is har-
monic.?

Proof: Clearly, 7Tr(©) is the curvature of the line bundle AB, ¢ = dim B
(the top exterrior power of B). Since AB is a tensor power of B, it is also a
Yang—Mills bundle. We reduced Lemma 4.10 to the case when B is a line
bundle. In this case, © € AbY(M, End B) = A1 (M) is a closed 1, I-form
which satisfies A© = const. Therefore,

HAO = 0. (4.7)

By Kodaira relations [11], [Ad] = /=190 . Therefore, (4.7) implies & © = 0.
Since © is of type (I, 1) and closed, we also have 90 = 0. Therefore, © is
harmonic.

Remark 4.11. Yang—Mills bundles can be characterized as bundles that
have a harmonic curvature. This is shown by the same argument that proves
Lemma 4.10.

4.3. Moduli of projectively hyperholomorphic bundles

By the moduli of stable deformations of a stable vector bundle B we
understood the space of deformations of Hermitian Yang—M:ills connections
on B. This definition is compatible with the usual one, as Uhlenbeck—Yau
Theorem 3.5 implies.

Let M be a compact hyperkahler manifold, / an induced complex struc-
ture, and B a stable holomorphic vector bundle on (M, /). Assume that the
Chern classes of End(B) are SU(2)-invariant, or, what is the same, B is
projectively hyperholomorphic. Then the natural (Weil—Peterson) metric on
the moduli of stable deformations of B is hyperkahler ([24]). If M is a K3
surface, then this space is smooth, as S. Mukai proved ([17]).

2In fact, Tr(©) is harmonic for any Yang—Mills bundle; the same proof works.
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In this Subsection we construct a universal bundle over a moduli of
deformations of projective bundles and show that it is projective hyperholo-
morphic.

Proposition 4.12. Let M be a compact Kahler manifold, P a holomorphic
projective vector bundle, and S the moduli of deformations of P. Assume that
forall s € S the corresponding bundle Py on M has no automorphisms.? Then
the universal bundle P exists over M x S.

Proof: Locally in a neighbourhood of a point [P’] € S, the universal
bundle exists by the definition of moduli, and is unique up to an automor-
phism. To prove its existence globally, we need to glue together these local
versions of the universal bundle. Generally speaking, this might be non-
trivial, because the bundle P, which we are trying to deform, might have
automorphisms. Then, gluing together the universal bundle from its local
versions will have obstructions. These obstructions lie in the first cohomology
H'(S, Aut(F)) of the sheaf of local automorphisms of the (locally defined)
universal bundle of P. However, the universal bundle exists when the defor-
mations of P have no automorphisms. Since CP"~! has no automorphisms
compatible with the PGL(n)-action, the universal bundle for P always exists.

Remark 4.13. Scalars act on C" by automorphisms commuting with
GL(n). This is why the universal vector bundle does not always exist, in a
situation similar to Proposition 4.12. The obstructions to its existence lie in
HY(S, O%).

Proposntion 4.14. Let M be a compact hyperkdhler manifold, / an in-
duced complex structure, and B a projectively hyperholomorphic bundle on
(M, I). Denote the moduli of stable deformations of B by S. Assume that
the universal bundle B exists. Then B is projectively hyperholomorphic.

Proof: Take the projectivization P of B, which is a projective bundle.
To simplify the exposition, we assume that H'(M) =0 (for a more general
version of the proof, see [25]; in this paper, we apply Proposition 4.14 only
to K3 surfaces). Using the exact sequence of non-abelian cohomology

#00.050s) 1 (1,01 05,)) —1' (.01 (05,))

we find that in the case H'(M) =0, the group H' (M, OTM,I)) = Pic(M, 1)

is discrete and the natural map from the moduli of deformations of B to the

moduli of deformations P is an isomorphism. Let P be the universal bundle

on Def(P), which exists by Proposition 4. 12. Then P is a projectivization of
B, hence it suffices to prove that Pis projectively hyperholomorphic.

3This happens, for instance, when Ps is a projectivization of a stable holomorphic bundle.
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Consider the corresponding pgl(n)-bundle pgl(P). Since P is hyperholo-
morphic, this bundle is holomorphic on (M, L), where L is any induced
complex structure. The deformations of P are equivalent to the deformations
of pgl(P) (Remark 4.2). To prove Proposition 4.14, we have to show that the
universal bundle pg[(ﬁ) is hyperholomorphic. We reduced Proposition 4.14
to the following

Claim 4.15. Let M be a compact hyperkédhler manifold, / an induced
complex structure, B a hyperholomorphic bundle on (M, /). Denote the
moduli of stable deformations of B by S. Assume that the universal bundle
B exists. Then B is hyperholomorphic.

Proof: Claim 4.15 is clear from the definitions. Indeed, S is defined as
the moduli of the hyperholomorphic connections on B. However, in this
definition, S is independent of the induced complex structure; any particular
choice of the induced complex structure gives a complex structure on S.
This is how one obtains the quaternionic action on S.

Now, the universal bundle B is equipped with a natural connection, which
is holomorphic with respect to any of the induced complex structures on S,
hence hyperholomorphic. We proved Claim 4.15. Proposition 4.14 is proven.

§ 5. The operators 8, &; on holomorphic Hermitian
bundles

Throughout this section, M is a hyperkahler manifold, /, /, K the standard
triple of induced complex structures, and B a holomorphic Hermitian bundle
on (M, I). The bundle B is equipped with a standard Hermitian connec-
tion [11]

V: B® A(M)— Be AT (M).

Let
V!0 Bo APOM) — B APHO(M)

be the (1, 0)-part of V (the Hodge decomposition is taken with respect to
[). Since the operators [ and J anticommute, J/ maps A”9(M) to A?"(M). Let

8;: B AY(M) — B@ A%+ (M) (5.1)

be V10 twisted with J:
9;=JoVol

As usually,
89: B AY(M) — B@ A"+ (M)
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denotes the holomorphic structure operator of B (that is, the (0,1)-part of
the connection V).

The space A*(M)® B is graded. An operator on this space is odd if it
shifts the grading by an odd degree, and even if it shiits the grading by
an even degree. The supercommutator of two operators (odd or even) on
A*(M)® B is equal to their commutator if one or two of them are even,
and to their anti-commutator if both of them are odd. We denote the su-
percommutator by {-, -}. The differentials shift the degree by 1, hence they
are odd.

Given a function f on M and a section b € B, we have

3,(fb) = 3,6+, (J) - b,

where 8} : A% (M) — A%+ (M) is the usual Dolbeault differential & twisted
by J. It is easy to check that on a hyperkahler manifold, the Dolbeault and
de Rham differentials twisted by quaternions all anticommute (see e. g. [10]).
Therefore, the anticommutator {5, 3/} is C°°-linear; we can write

{9, 9;} € A*(M) @ End(B).

One can express the SU(2)-invariance of © = V? in terms of 9, 9 as follows.
Proposition 5.1. Let M be a hyperkéhler manifold, /, /, K the standard

triple of induced complex structures, and B a holomorphic Hermitian bundle

on (M, I) equipped with the natural connection V. Consider the operators

9, 8;: B A (M) — B AT (M),
defined above. Then

(i) the curvature © € A ®End(B) is SU(2)-invariant if and only if the
operators 0, d; anti-commute:

{9, 0,3 =0;
(ii) the traceless part of the curvature

1
@*m’rf@

is SU(2)-invariant if and only if the anti-commutator {9, 9,} is a scalar
0, 2)-form:
{0, 9} € A"*(M) ® Idp.
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Remark 5.2. A Hermitian connection with an SU(2)-invariant curvature
is called hyperholomorphic (Definition 3.2). A Hermitian connection with an
SU(2)-invariant form © — ﬁ Tr© is called projectively hyperholomorphic
(Definition 4.6).

Proof of Proposition 5.1: Let Z, 7, K be the Lie algebra elements
corresponding to /1, J, K'. We have an SL(2)-triple

(T —V—=1K,V=1I, J+V—-1K),

with 7 4+ /=1 K mapping AP4(M, I)® B to AP~19+1 (M, ) ® B.

The following lemma is completely elementary, and can be easily checked
by a local calculation. We give a coordinate-free proof.

Lemma 5.3. Let M be a hyperkéhler manifold, /, /, K the standard triple
of induced complex structures, and B a holomorphic Hermitian bundle on
(M, ) equipped with the natural connection V. Then

5= [j+ ”2_1 K vlo} (5.2)
Moreover,
{73 S 5] —0. (5.3)

Proof: Consider the space V spanned by the operators of the form
sVs™H ASM, )@ B— AT (M, 1)@ B,

where s € SU(2). Clearly, this space contains the holomorphic structure
operator @ and the differentials V'* and 9;. Using the Lie algebra action,
we find that [£, V] € V, for all £ € su(2). Since all vectors of V have weight
1 with respect to SU(2), all w € V have weight at least —1 with respect to

v —1Z. Therefore, [‘ﬂfm, 9] = 0. By the same reason, we have

[J+\/—_IIC [J+\g—_11c ”

9 ) , U - 0 (54)

Clearly, the operators on the left and right hand side of (5.2) satisfy the
Leibniz equation. Moreover,

— 2
[v”’, JrvoIk 21/6} =0

IFor instance, Z is acting on the space AP4(M, 1) ® B of (p, q)-forms as the multiplication
by (p—q)v—1.
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because, as (5.4) implies,

0 [\7+\2/—_1le [J—F\Q/—_”C’ (VI.O)QH _ [ﬂfm AVARY

2

(we use (V!'0)? = 0). Differential (0, p)-forms are generated multiplicatively
by O-forms and the image of any of these two operators. Using the Leibniz
formula, we find that to check (5.2), it remains to compare the action of 9,

and {Vl’o, ﬂfm} on 0-forms.

On 0-forms, the operator {‘ﬂf‘/__”c, V10| acts as

b v (b).

I+v—1K
N b}
2
Since K= —JI, and [ acts on (1, 0)-forms as v/—1, we obtain that on 0-
forms (5.2) holds.

Return to the proof of Proposition 5.1. Since 7 = (V192 =0, the cur-
vature can be written as
0={v' a}.

J+V—-1K
2 b

Applying the operator [ } to both sides of this equation, and using

Lemma 5.3 and the Jacobi identity for the super-commutator, we obtain

Figlgﬂqaa. (5.5)

Now, © has type (1, 1), hence /—1Z acts trivially on ©. If another term of
the SL(2)-triple acts trivially on ©, the whole SL(2)-triple acts on © trivially.
Therefore, © is SU(2)-invariant if and only if

[J+x/—_llc

’ ,e]:{a,é}:o.

We proved Proposition 5.1 (i). Now, the operation of taking the trace of
End(B)-valued differential forms commutes with the SU(2)-action, and
therefore

J+V-1K 1 3 o 3.9
The right hand side of (5.6) vanishes if and only if the End(B)-valued 2-form
{0y, 0} is scalar. Therefore, the form {9,, 0} is scalar il and only if © — ﬁ
is SU(2)-invariant. We proved Proposition 5.1.
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§ 6. Projectively hyperholomorphic bundles
on a product of two K3-surfaces

In this section we prove the following theorem.

Theorem 6.1. Let M; x My be a product of two compact hyperkahler
manifolds. Assume that A' (M) =0 or A' (M) = 0. Fix an induced complex
structure [ on M| x Mg, and let B be a projective hyperholomorphic bundle
over (M| x Mg, I). Consider the projection map 7: M; x Mo — Mo, and let
Rim,B be the derived direct image of B. Then Rim.B is equipped with a
projectively hyperholomorphic connection, outside of singularities.

The proof of Theorem 6.1 takes the rest of this section.

6.1. Decomposition of the exterior algebra and the Laplacian
Consider the decomposition
A" (M x Mg) = A" (M) R A" (Ms) (6.1)
where X denotes the exterior tensor product. We write
AP(My) R AP (Mg) = APTI(My x Ma)py C APTI(M) x My).

Pick a projectively hyperholomorphic connection on B. We decompose the
differentials 0 and 9, with respect to the (-), ,-decomposition:

5:13+25, 3/:15j+25/,

with 19, 19, increasing the first index of (-),, by 1, and 29, 29, increasing
the second index of (-),, by 1. Denote by

A5:=19'9"+19"13

the fiberwise Laplace operator on M. Clearly, 20 commutes with ' Az, thus
giving the holomorphic structure on the derived direct image

R'm.B=ker' Az

ALOG; oxB

To prove Theorem 6.1 it suffices to show that 29, commutes with lAg.
Indeed, in this case, 29, 20, act on kerlAg = R*m,.B, and we have

_ {25
kerl A 7{ 9

By Proposition 5.1, the right hand side of (6.2) is a multiplication by a
scalar form. We obtain that the bundle R*7.B = ker' Az on My is equipped

{29, %0,} 29, (6.2)

NI NN 2
ker A(’:? ker A(’:?
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with a pair of operators 9, 9; with the commutator given by a scalar (0, 2)-
form. Using Proposition 5.1 again, we obtain that R*w.B is projectively
hyperholomorphic. We reduced Theorem 6.1 to the following

Proposition 6.2. We work in assumptions of Theorem 6.1. Consider the
hyperholomorphic Yang—Mills connection on B given by the Uhlenbeck—
Yau theorem (Theorem 3.5). Let ‘9, {9, i =1, 2 be the differentials con-
structed above. Consider the fiberwise Laplace operator 'Az:= {18, '"}.
Then ' Az commutes with 29;.

We prove Proposition 6.2 in Section 6.2.

6.2. Hyperkihler Kodaira—Nakano identity

We work in the assumptions of Proposition 6.2. Since the connection on
B is Yang—Mills, its curvature is harmonic. Therefore, Tr© is a harmonic
2-form on M| x My (Lemma 4.10). Since the SU(2)-action commutes with
the Laplacian on differential forms, the (0, 2)-form

@.9) =T o

is also harmonic. Since H'(My) = 0 or H'(My) = 0, the space H**(M; x M)
is (by Kinneth formula) generated by the pullbacks €2; and €y of the har-
monic (0,2)-forms from M, My. Therefore,

{0, 01} = a1 + asQy,
where ay, ag € C. This implies
{15, 15/} = alﬁl.

The following result is a hyperkahler version of the classical Kodaira—
Nakano theorem.

Proposition 6.3. Let M be a hyperkahler manifold, /, /, K the standard
triple of induced complex structures, B a Hermitian holomorphic vector
bundle on (M, /), and

8, 0;: A%M, )@ B— A" (M, Yo B
the operators defined above. Assume that {9, 9,} = ¢, where
Q=w+v—-1lwg

is the standard holomorphic symplectic form on (M, /). Let Az, Ay be the
Laplacians associated with 9, d;. Then ‘

Ag — Agj = CHQ, (63)

4 (DyH}'LaMeHTa./'[])Haﬂ MaTeMaTHKa CerojiHs
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where Hgq is a scalar operator mapping n € A% (M) ® B to %n.

We prove Proposition 6.3 at the end of this section. Presently we deduce
Proposition 6.2 from Proposition 6.3. In assumptions of Proposition 6.2, we
need to show that 'Ay commutes with 29,. Since B is holomorphic, 29
commutes with the d-Laplacian IAE. Similarly, we have

['Ag, V"] =0, (6.4)

where 2V!"0 is the (-)o.; -component of the (1, 0)-part of the connection V in
B, and 'Ay the Laplacian associated with 'V!?. Twisting (6.4) with J, we
obtain

['Ag,. *0:] =0. (6.5)

The difference between lAgj and ' Az, is by Proposition 6.3, a scalar. There-

fore, (6.5) implies that the operators ' Az and 20, commute. We have shown
that Proposition 6.3 implies Proposition 6.2.

To prove Proposition 6.2 and Theorem 6.1 it remains to prove Proposition
6.3.

Proposition 6.3 is the analogue of the Kodaira—Nakano theorem, which
states the following. Let X be a Kéhler manifold, and B a holomorphic Her-
mitian vector bundle with the curvature © = cw - Idg, where w is the Kéhler
form. Consider the differentials 0 and V! and the associated Laplacians Az
and Ap. Then the difference Ay — Az is a scalar. To prove Proposition 6.3
we modify the proof of Kodaira—Nakano as follows.

Denote by Lg the operator of exterior multiplication by Q, where
Q€ A>°(M) is the standard holomorphic symplectic form on (M, [). We
denote by Ag = *Lg* the Hermitian adjoint operator, and by

Hg = [Lg, Agl

their commutator. Writing the 2-form € in coordinates, it is easy to check
that Hg acts on A%” as the multiplication by dimyg M — p. Therefore,

Lﬁ, Hﬁ, Aﬁ

is an SL(2)-triple (this is similar to the standard calculation used to prove
the Lefschetz theorem).
Clearly,

[, =0, [Hg, 9;]=0;. (6.6)
Since Q is @ and 8;-closed, we have

[Ley. D) = L, 9] =0. (6.7)
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Comparing (6.6) and (6.7), we obtain that 9, 9, are the highest weight
vectors in a weight 1 representation of SL(2), associated with the SL(2)-
triple Lg, Hg, Ag. One has the following identities analogous to (and implied
by) the usual Kodaira identities (see [24]).

[Aq. 91=0;, [Ag, 0i]=-0 . 6.8)

Applying the operator [Ag, -] to the identity {9, 9,} = cLg and using the
Jacobi identity for a supercommutator and (6.8), we obtain

[Ag clgl =[Ag, {0, 0} =—{0, 0 } +{01, 0/} = A5, — A5 (6.9)
Since [Ag, cLg| = —cHg, (6.9) implies
CHE = Ag — Ag/

We proved the hyperkéahler version of the Kodaira—Nakano theorem (Propo-
sition 6.3). This also proves Proposition 6.2 and Theorem 6.1.

6.3. Fourier—Mukai transform and projectively
hyperholomorphic bundles

Now we can prove Theorem 1.1. On a K3 surface, every stable bundle is
projectively hyperholomorphic (Claim 4.7), hence B; is projectively hyper-
holomorphic. By Proposition 4.14, the bundle B is projectively hyperholo-
morphic. A pullback of a projectively hyperholomorphic bundle is projectively
hyperholomorphic; also a product of two such bundles is projectively hyper-
holomorphic. This implies that B @ 7{(B)) is projectively hyperholomorphic.

Since M is a K3 surface, we have H'(My) = 0. This allows us to apply
Theorem 6.1 and obtain that the sheaves

FMY(By) := Ri(m2)+(B® 7 (B1))

are equipped with a projectively hyperholomorphic connection outside of
singularities. Whenever a sheafl FM!(B) is smooth, it is projectively hy-
perholomorphic, by Theorem 6.1, hence polystable (Claim 4.8).

This proves Theorem 1.1.
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A. M. Bepuuk

CayuaiiHble U YHUBepcCaJibHble
MeTpUuYeCcKHe MpoCTpaHCTBA

AHHoTauusa

Mbl onpenesisieM MojiesIb MHOXKECTBA BCeX MOJIbCKUX (= cenapabesib-
HBIX TOJIHBIX METPHUECKHMX) MPOCTPAHCTB, a UMEHHO, KOHYC R MaTpulL
pPacCTOsIHUiI, ¥ paccMaTPUBAEM I'eOMETPHUCCKHE M BEPOSITHOCTHbIE 3a-
Jlaun, CBsI3aHHbIe C 9TUM 00'beKTOM. BBoaMTCSI MOHSATHE yHUBEpCalIbHOM
MaTpHLbl PACCTOSIHMI M J0Ka3blBaeTCsl, UTO MHOXKECTBO TaKMX MaTpHLL
ecTb Bciofly nyoTtHoe Gs MHOXKECTBO B cslaboil TOMOJIOTHH KOHyca R, a
TaKxKe, YTO YHUBEPCaAJIbHOCTb MaTPULbI PacCTOSIHUI ecTb He0OXOAUMOe
JIOCTaTOUHOE YCJIOBHE Ha MAaTPHULLy PACCTOSIHUI CUETHOTO BCIO/Y MJIOTHOTO
MOJIMHO’KECTBA YHHBEPCAJIBbHOIO METPHUECKOTO MPOCTPAHCTBA, KOTOPOE
6110 onpenesiero [1. C. Ypoiconom B 1924 rosy B ero nocsenteit padote.
IT0 03HAUAET, UTO NPOCMPAHCMBO YPbICOHA ABALEMCA MUNUYHOIM 8
MHOJNCECMBE 8CeX NOACKUX NPOCMPAHCME. 3aTeM paccMaTpHUBaloTCs
MEeTpHUECKHEe MPOCTPAHCTBA C MepOl (METpHUECKHE TPOHKH) U orpejie-
JISIETCST UX TOJHBIH HHBAPHAHT OTHOCHTEJILHO U30METPHH, COXPaHSIIOLIMX
Mepy, TaK HasblBaeMoe MaTpuuHoe pacripesesnenre. Mbl 1aém BHYTpeH-
HIOIO XapaKTepH3alMlo MHOXKECTBa MaTPHUHBIX pacrpeie/eHuil Kak Be-
POSITHOCTHBIX Mep Ha MPOCTPAHCTBE MATPHLL H, C MTOMOLIbIO PTOAHUECKHX
TEOpeM, JIOKa3blBaE€M HOBbIM CITOCOOOM «TE€OPEMY PEKOHCTPYKLHH» [po-
MoBa. JlaeTcst ecTecTBeHHasl KOHCTPYKLHMSI LLIMPOKOTO KJjlacca Mep Ha R,
JUIS KOTOPBIX ¢ 8epOAMOCMbl0 e0UHUYA MAMPUya paccmostiLil no-
poacdaem npocmpancmso ¥poicona. Vimeercs TecHast CBsi3b 3THX BO-
MPOCOB C METPUUECKOH KJlacCUpUKALMEH H3MEePUMbIX (DYHKLIHH HECKOJIb-
KHX apHTYMEHTOB M KJ1accHduKalmner 1eicTBHi 6€CKOHEUHOH CHMMETPH -
ueckoil rpynnsl ([4, 8]).

Yacrtuuno nounep:kano PODU, rpaunt 02-01-00093, u CRDF, rpant RMI-2244.
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§ 1. BaeneHue: KoHyc R MaTpul, pacCTOSHUIN Kak
MHOXK€ECTBO BCEX OCHAULEHHBIX MOJbCKUX
NpPOCTPAHCTB

paCCMOTpI/lM MHOXKECTBO BCceX OeCKOHEeUHbIX BelleCTBEHHbIX MaTpHll BUaa

R= {f: {ri,/}??zl i :0, rij > 0, rij="Tji,
fig+re;=rij, wsi, j, k=12, }

Bynem HasbiBaTb 3J€MeHTbl MHOXKeCTBa R mampuyamu paccmosHull.
Kaxnast matpuua paccTosiHMi onpejesisieT oJyMEeTPHKY Ha MHOXKECTBe Ha-
TypaJsibHbIX uncesa N (Mbl JomycKaeM HyJH BHe TJIaBHOH JAMAroHaJM; ecJiu
UX HET, TO MaTpHlla Ha3blBaeTcsi cobcmeerHol mampuyeti paccmoanull).
MHozkecTBO R BCeX MaTpHL, PaCCTOSIHUH ecTb ¢/1a00 3aMKHYTbIH BbIMYKJIbIH

KOHYC B BellleCTBEHHOM BEKTOpHOM mpocTpaHcTBe Matpull Maty(R) :RNQ,
CHa0kEHHOM 0ObIYHOH cslaboil Tornosorueil. Mbl OyeM HasbiBaTb 3TOT KOHYC
KOHYCOM MAmMpuy paccmosHull 1 paccMaTpuBaTb ero B cjaboi TonoJo-
rud. [ToxMHOKeCTBO COGCTBEHHBIX MATPHILL PACCTOSTHUI €CTh OTKPBITHIH C/1a60
MJIOTHBIN MOJAKOHYC B K.

Ecsin MmaTpuua paccTosiHuii 7 co6CTBEHHAs, TO MOTOJHEHHE METPHUECKOTO
npocrpanctea (N, r) ecTb mosiHOe cenapabebHOe METPHUECKOE (= TTOJbCKOE)
npocTpancTBo (X,, p,), OCHAIIEHHOE CUETHBIM BCIOJY TUIOTHBIM BITOJIHE YIIO-
PSIIOUEHHBIM TIOJIMHOXKeCTBOM {x;}7°,, KOTOpOe CyTh 06pa3 MHOXKeCTBa HaTy-
paJibHbIX YHCeJl B TonoJiHeHHH. [1pou3Bo/ibHAs MaTpulia paccTossHUE (¢ BO3-
MOKHBIMH HYJISIMM BHE T[JIABHOW JIMaroHaJ/n) OMpejesieT MoJyMeTPUKy Ha Ha-
TypaJibHOM psijie, B 3TOM CJlydae MOMoJHEHHE CTPOUTCS MOCJ/e NPeBAPUTENb-
HOM (haKTOpH3aUMH MO pa3bHeHHI0 Ha KJacChl TOUEK C HYyJIEBBIM paccTo-
sitHieM. Harmpumep, HysneBoH MaTpHlle OTBeuaeT OJHOTOUEYHOE METpHUYecKoe
MPOCTPAHCTBO, OITOMY, KOHEUHblE METPUUECKHE MPOCTPAHCTBA TaKKe BKJIIO-
yaloTCsl B Hallle PACCMOTPEHHUE.

[Ipennosioxkum Ternepb, u4TO HMeETCsl TOJIbCKOE TMpocTpaHcTBo (X, p),
OCHAIIEHHOe CYETHBIM BCIOLY MJIOTHBIM BIIOJIHE YIOPSIIOUEHHBIM TOJAMHO-
xeetBoM {x;}5°, B HéM. CoGeTBeHHass MaTpulla paccrosHuil r={r;;} € R,
rie rij = p(x;, x;), §, j=1..., onpeje/asieT METPUKy Ha HaTypaJbHOM psie.
OueBuHO, 3Ta MaTpulla, 10J0OHO Mampuye CMPYKMYpPHoLX KOHCMAHM
8 ascebpauveckoll cumyayuu, CONEPKUT BCIO UHPOPMALHIO 06 HCXOIHOM
MEeTpPHYECKOM TpocTpaHcTBe (X, p), KOTOpOe MOKET ObIThb MOJydYeHO Kak
TMoMoJIHEHHe HATypaJbHOTO psila Mo MeTpHKe r. Besikoe HHBapHaHTHOe
CBOHMCTBO METPHUECKOTO TMPOCTPAHCTBA (TOMOJOrHYeCKOe, TOMOJIOrHYecKoe
U T.].) MOXKeT ObITb BbICKA3aHO B TEPMHHAX MATPHULbl PACCTOSHUE JI06OTO
CUETHOr0 BCIOMY MJIOTHOTO MHOXKECTBA.
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Mbl MOXKeM paccMaTpHBaTh KOHYC R Kak MPOCTPAHCTBO, PacC/o€HHOe
Haj 62301 — MHOXKECTBOM BCEX HHMBHAYJ/IBHBIX MOJbCKUX MPOCTPAHCTB (3a-
METHM AJIs1 JaJbHEeHIIero, UTo B CHJy YHHBEPCAJbHOCTH NMPOCTPAHCTBA ¥ Pbl-
coHa (CcM. jasee), — MOXKHO CUHTaTh, UTO B KauecTBe 6a3bl PACCA0EHHSsT MOXK-
HO paccMaTpHBaThb COBOKYMHOCTb BCEX 3aMKHYTBIX MOAMHOXKECTB 3TOrO Mpo-
CTPaAHCTBA), NPH ITOM CJIOH Hal JAAHHBIM MPOCTPAHCTBOM €CTb MHOXKECTBO
BCEX €ro CUETHBIX YMOPSIA0UEHHBIX BCIOMY MIOTHBIX MOAMHOKeCTB. Takum 06-
pa3oM, KOHyC R CTaHOBHUTCSI YHUBEPCYMOM HOABCKUX NPOCMPAHCMS, H
Mbl OyJeM M3yuaTb CBOHCTBA THX MPOCTPAHCTB M BCIO HX COBOKYMHOCTb C
MOMOLLbIO 3TOTO KOHYCa.

BosHuKaeT ecTeCTBEHHbIH BOMpPOC: KakMe MaTpHllbl PacCTOSIHUH M, TeM
caMbIM, KaK1e MeTpHuecKHe NPOCTPAHCTBA SIBJSIIOTCS «THITHUHBIMH» B CMbICJle
TonoJiornii konyca R. OfMH U3 IaBHBIX pe3ysnbraTtoB paboTsl (Teopema I,
§ 3) o6o611aeT pe3ynbTaT YPbICOHA U YTBEPHKIIAET, UTO NPOCMPAHCME0 ¥Ypoi-
COHQ ABAREMCA MUNUYHBLM, T.€. COOTBETCTBYIOLINE MATPULbl PACCTOSIHUH
00pasytoT Bclody maoTHoe G5 MHOxKecTBO. OCHOBHOE MOHSITHE 3/1eCh — YHHU-
BepcaJibHasl MaTpula paccTosiHUi. [1puMep Takoil MaTpHLbl HESIBHO HCIMOJIb-
30BaJICsl YPbICOHOM B €ro MHOHEePCKol paboTe [Visl 10Ka3aTesbCTBa CyLLECTBO-
BaHHsl YHHBEPCANbHOTO MPOCTPAHCTBA. Mbl JaéM HOBYIO BEpPCHIO 3TOrO pe-
3yJIbTaTa M HOBOE JI0Ka3aTe/bCTBO CYLECTBOBAHUS TaKOH MATPHULIbl U, TEM Ca-
MbIM, CYLLECTBOBaHHUSI YHUBEPCAJNLHOIO MPOCTPAHCTBA — OCHOBHOIO Pe3yJlb-
tara pabotbl [3] (§3). Ipynnosasi popMyHpoBKa MOHSATHSI YHUBEPCAJIbHOCTH
naHa B ¥tBepxkaenuu 1 (§3). TTo noBoay noctpoenust npocTpaHcTBa ¥ pblcoHa
cM. [13], a Takke paboTsl [2, 14, 15, 16]. 3ameuy momyTHO, 4TO TOT (haKT,
yto padoTta [3] Bbimana Ha 70 JieT U3 MoJisi 3peHUst MATEMaTHKOB H, B MEPBYIO
ouepe/ib, TOMOJONOB, U He yMOMHHAJach HUIJE, HACKOJBKO s 3Halo, 10 80-X
IT., a €€ KOHCTPYKIUS He BOLIJIA HU B OJIHY (M3 MHE H3BECTHBIX) MOHOTpaduil
M0 TEOPETUKO-MHOKECTBEHHOH TOIMOJIOTHH, — TPYAHO 00'bSICHUM.

Paccmorpum paszduenue £ KoHyca R Ha Klacchl SKBUBAJEHTHOCTH MaT-
PHLL PACCTOSIHUE, MOPOXKAAIOLIMX H30METPUUHbIE MOMOJHEHHST HATYPaJIbHOTO
psina. PakTop-npocTPaHCTBO MO 3TOMY pa3OUEHHIO ecTb MPOCTPAHCTBO KJac-
COB M30METPHUHbIX NOJLCKUX MpocTpaHcTB. Ho, Kak npeanosioxeHo B [4]
M JI0Ka3aHo HelaaBHO B [l], 3TO dakTop-npocTpaHCTBO He MMeET XOpollei
GOpEJIEBCKON CTPYKTYPhI (He SIBJSIETCS «TJIaJKUM») M MpobJjema Kaaccudu-
KalUH MOJbCKUX MPOCTPAHCTB C TOUHOCTBIO 70 H30OMETPUH — «AHKasI»; B TO
’Ke BpeMsl orpaHHueHHast mpobJjeMa — KJIacCH(PUKALMH KOMIAKTHBIX METpPH-
YECKHUX NPOCTPAHCTB — sIBJISIETCS NM1aAKOH (cM. [2]). YauBUTEe/NbHBIM 06pa3oM,
TJ1aJIKOH SIBJISIETCS U ApYyTast KIacCH(pUKALUS — BCEX MOJMbCKUX MPOCTPAHCTB C
60peJIeBCKON BEPOSITHOCTHON Mepoil (KJacCH(UKALMs METPHUECKHX TPOEK) C
TOUHOCTbIO 10 H30OMETPHUH, COXPAHSIOLIUX MepY, CM. [2, 4]; Mbl paccMaTpUBaeM
e€ noapo6Ho B § 4, rie netasbHO OMUChIBAEM MOJHBIH METPUUECKUE MHBAPUAHT
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9KBUBAJICHTHOCTH — «MaTpHuHOe pacrnpesesnenne». [TosHoTa MHBapuanTa no
CYLIECTBY SKBHUBAJIEHTHA TeopeMe PeKOHCTPyKLMu [pomoBa [2], HO 10Ka3bl-
BAeTCs OHa 3JieCh C TMOMOILbIO IProjuueckoil Teopembl. st 3aBeplieHus
KJIaccH(UKALKMKH Mbl OMHUCbIBaeM jajee B §4, Kakue B TOUHOCTH Mepbl Ha
MPOCTPAaHCTBE MATPHIL PAcCTOSIHUH R MOTyT ObITh MaTPMUHBIMH pacrpene-
JIEHUSIMH.

§2 nocBslEH 3JeMeHTapHON reOMeTpUH KoHyca R, oHA HCMOJb3yeTcs
nanee, 0coOOEHHO B § 5, B KOTOPOM Mbl € MOMOLIBIO HEKOTOPOTO 06LIEro mMe-
TOJla, CTPOUM Pa3JIMUHblE KOHKPETHbIE MPUMEPbI BEPOSITHOCTHBIX Mep Ha KO-
Hyce. DTH Mepbl Ha MHOXECTBE MATPHUIL PACCTOSIHUS €CTb CJydyailHble MeT-
PUKH Ha MHOXKXeCTBe HaTypaJsbHBIX uyHces. TeM caMbiM, Mbl KOHCTPyHpYyeM
«CJlydaiiHoe» MeTpUUecKoe MPOCTPAHCTBO KaK Pe3yJbTaT MOMOJHEHUsT MHOXKe-
CTBa HATypPaJ/IbHbIX UMCEJ MO CJYyYAaHHOH METPUKE C MOMOLIbI0 €CTECTBEHHON
MHIYKTHBHOH npouenypbl. [Toutu Bce MaTpullbl pacCTOSHUH MO 3THM Me-
paMm SIBJAIOTCS YHUBEPCAJIbHBIMH B CMbIC/e §3, H MO3TOMY C BEPOSITHOCTBIO
| oHHM TOPOXKIAIOT OMSATH MPOCTPAHCTBO YpbicoHa. MOXKHO CKasaTh, 4TO B
€CTECTBEHHOM CMbICJIE CAYHUAILHOE NPOCMPAHCMBO eCcmb YHUBEPCAAbHOE
npocmparcmeo ([17]).

OMH 13 aHaJIOrOB TaKOTO YTBEPIKAEHHS H3BECTEH B T€OPUH IpadoB, 3TO
Teopema Jdpnéima—Penbu (cMm. [5, 6]). Pesysbrat Hatuell paGoTbl 0 TOMOJOTH-
yecko# (Teopema 1) u BepositHocTHO# (Teopema 7) THMHUHOCTH MpOCTpaHCTBA
YpbicoHa aHaJioTHUeH GoJiee POCTOMY pe3yJibTaTy [5] 0 TOM, uTo CJrydaiHbIi
rpacg ¢ BeposTHOCTBIO 1 ecTh yHUBepcaJsbHbIH rpad (cM. §5). [To-Buaumomy,
3TO COBIMAJIEHHE UMEET MECTO U B JIPYTHX Kareropusx. B KauecTBe CXOAHBIX
(hakTOB Ha30BEM yHHBepcasbHOCTb cummiiekca [Toscena (Poulsen) cm. [18],
1 GaHaxoBa npocrtpaHctBa [ypapus [19] (coobuieHo Y. Beniamini), a takxe
CYLIECTBOBaHHE YHUBEPCAJMbHON B KJacce BceX KOHEUHBIX IPYIIT OJHOPOIHOH
rpynnsl XoJuia u ap.

MHoro BOMPOCOB 0 CBOHCTBAX MPOCTPAHCTBA YPBICOHA OCTAIOTCS OTKPbI-
TBIMU; HESICHO, CTSITUBAEMO JIM OHO, a IVIaBHOE, T0Ka HET YI00HO! ero MoJIe/H.
OCHOBHBIM BOMPOCOM SIBJISIETCS TaKxKe MOCTPOEHHE €CTECTBEHHBIX BEPOST-
HOCTHBIX Mep Ha 3TOM rpoctpaHcTBe. O6paTnM ellé BHUMaHHe Ha HeoOGX0/IH-
MOCTb H3y4YeHHsI IPYITIbl BCEX H30METPHUIl MPOCTPAHCTBA Y PHICOHA (CM. TaKxKe
[15, 16]). MBI BepHéMCSs K 0O6CYXKIEHHIO STHX BOMPOCOB B JPYTOM MECTE.

§ 2. TeomeTpus u Tonojsorusa Kouyca R

2.1. BbinykJaas cTpykrypa

AHanoruuHo ornpeesieHno KoHyca R MOXKHO ONpPele/UuTh KOHeUHOMEPHbIe
KOHYChl R, MaTpHLL paccTosiiuil nopsiika n. Konyc R, ecTb nojmsapalbHblil
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KOHYC, JIeXKAIlIMH BHYTPH TIOJIOKUTEJIbHOTO OKTaHTa MPOCTPAHCTBA MaTPHIL
Mat, (R) =R". Onpenenum noanpoctpanctso M3 (R) = M$ npoctpancTsa
CUMMETPHUECKHX MAaTPHLL, COCTOSILLEE U3 CUMMEMPULECKUX MAMPUY, C HY-
A9MU Ha erasrol duaecoHaar. KoHyc CONEpKUTCS B 3TOM MPOCTPAHCTBE,
R, C M;, npuuém 3T0 NMPOCTPAHCTBO MATPHLL, OUEBUHO, eCThb JHHeHHast 060-
Jlouka Konyca: span(R,) = M, Tak Kak BHyTPEHHOCTb KOHyca R, HemycTa.
SlcHo, uto span(R) C My, rie My, npocTpaHCTBO BCeX BeLIECTBEHHBLIX CHM-
METPHUECKUX MATPHI[ C HYJISIMH Ha TJIABHOH JMArOHaJ/IM; reOMETPHsl KOHY-
ca R BecbMa HeTpuBMasbHA. Kaxkpasi matpuua paccTosiHuil r € R, omnpe-
JlesisieT (1oJ1y)MEeTPUKY Ha MPOCTPaHCTBe X, U3 11 TOUEK.
Onpenenm NpoekUuuu

Pmn: M?n va m>n,

KOTOpPbIE€ COMOCTABJAIOT MaTpuue r nopsjaka m eé NW-yroa (= ceBepo-
BOCTOUHBIH yroJi) nopsiaka 7. Konycbl R, corsiacoBaHbl ¢ STHMH MPOEKLHSAMH,
T.€. Pmn(Rm) =Ry. Tlpoekuuu pp,, €CTECTBEHHO MPOAOJIKAIOTCS HA MPO-
CTPAHCTBO GECKOHEUHbIX CHMMETPHUECKHX MAaTpHIL C HYyJIeBOH JHAroHalsbio,
P M — M5 (R) u p, Takke coxpaHsieT KoHycbl: p,(R) = R,. ScHo. uto
R, KaK TOTIOJIOTHYECKO€e TIPOCTPAHCTBO (B c1abo# TOMOJIOTHH) eCTh 0OpATHbIN
npejies nocjenoBatesbHocTd (Ry, {pn}).

OueBujIHOE, HO BayKHOE CBOMCTBO KOHYCOB R, — WX MHBAPHUAHTHOCTb OT-
HOCHUTEJIbHO JIEHCTBUS CHMMETPHUECKOH TPyNMbl S, 3JeMeHTbl KOTOPOH OJi-
HOBPEMEHHO TIePecTaBJIsIioT CTPOKH U CTOJOIBI MATPHIL.

PaccMOTpUM reomMeTpuuecKylo CTPYKTypy KoHycoB R,, R. B nepsbix
pasmeprocTsix umMeem R = {0} u Ro = R. Onucanue 3KCTpeMajibHbIX Jyued
(B cMbICJ/Ie BBIMYKJOH T€OMETPHUH) BBIMYKJOTO MOJMU3APANLHOTO KOHyca Ry,
n=3,...,00 eCTb M3BECTHas W TpyaHasi KOMOHHATOPHO-IeOMeTpHUecKast
npo6sema (cM. [11, 12] u cnucok suteparypbl B HUX). Kaxabiii skcTpemMadb-
Hbll Jiyu B Ry, 11 < 4, umeer Bux {A-[: X\ >0}, rae [ ectb cuMmeTpuuecKasi
marpuua ¢ sjaementamu O W 1, T.e. mMaTpuua paccTOSHUE, COOTBETCTBYIO-
1las MoJyMeTpuKe Ha MPOCTPAHCTBE, METpHuecKoe (aKTOp-TNpOCTPAHCTBO
KOTOPOT'O COCTOHUT M3 JBYX Pas3JMUHbIX Touek. Ho muisi n > 5 yxKe cyliecTByioT
IKCTpeMaJIbHbIe JIyUH, COCTOSIIIHE U3 COOCTBEHHBIX MeTpHK. [TosiHOe onncanue
MHOKECTBA 3IKCTpPeMaJsIbHBIX JyueH Jjsi oblllell pa3MepHOCTH HEH3BECTHO.
HanboJsiee HTEpECHBl aCUMNTOTHYECKHE CBOHUCTBA KOHYCOB R, W B 0coOeH-
HOCTH OMHUCAHHE IKCTPeMaJsbHbIX Jiyuell KoHyca R. MoxKeT cJyuuThbCsi, UTO
MHOKECTBO 3THX Jyuell ecTb MioTHOe (s-MHOXKECTBO B R, a HEKOTOpble U3
HHUX COCTOSIT H3 YHUBEPCAJIbHBIX MAaTPHLL paccTosiHUi (cM. § 3). DTo cornacy-
eTcsl C OLleHKaMH pocTa YhcJa SKCTpeMasbHBIX Jyuell KoHyca R,, AaHHBIMHU
B [12]. AsnreGpo-reomeTpuueckasi CTPyKTypa U CTpaTuuKaldsi KOHycoB R,
Kak ToJiyanre6panueckux MHOXKECTB, MO-BHIMMOMY, He U3ydaJach.
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L5t M3yuyeHusi TOMOJIOTHUECKON W BBIMYKJOH CTPYKTYp KOHYCOB R, Mbl
Oy/ieM HCIOJIb30BaTh UX UHOYKMUBHOE ONUCAHUEe, KOTOPOe MPHUBOAUTCS B
HU2KecJ/lelylolleM paszedie.

2.2. JlonycTHMble BEKTOPbI H CTPYKTYypa KoHyca R,

[Tyers r={r;;} ectb MaTpuua paccrosiuuii nopsiaka n (r € Ry); BbiOe-
pem Bektop a = {a;}"_, € R" Takum 06pa3oM, UTOGBI MPUCOEJMHEHHE €ro K
MaTpHlle r B KauecTBe MOCJAEHUX CTO/IOLA U CTPOKH C HYJEM Ha JUAroHaju
MOpOXK/JaJ0 CHOBA MATpPHLY paccTosiHuil mopsiika n+ 1. Bynem HasbiBath
TaKkue BEKTOPbl donycmumbimy AJsi JaHHOH (DMKCHUPOBAHHON MaTpULbl pac-
CTOSIHMH 7, 1 0603HAUMM MHOXKECTBO AOMYCTHMBIX BEKTOPOB 1isl 1 uepe3d A(r).
O603Haunm uepe3 r? mMaTpully pacCTOSIHMN mopsiaka 7+ 1, noJydeHHyl0 W3
MaTpHILbl /' IPUMHCHIBAHHEM BeKTopa @ € A(r) B ocJ/IeiHHe CTPOKY U CTOJGeLL,
OUEBMJHO, p,(r*) = r. MaTpuua r* umeet gopmy

0 f1,2 I’lyﬂ ap
rig 0 ron Qs
e
'tn Ton 0 Qan
a a ... a, O

(ITony)merprueckoe mpocTpaHcTBO X,«, OTBeyaiollee MaTtpuile r?, ecTb
pacuidpeHde npocTpaHcTBa X, . Mbl 106aBJisieM K X, OJIHY HOBYHO TOUKY X, 1,
auucsa a;, i =1, ..., 1, eCTb PACCTOSTHUS MEXIY X, 4| U Toukamu x;. Jlomny-
CTHMOCTb BEKTOPa @ SKBUBAJIEHTHA CJIEyIOlIeld COBOKYIHOCTH HEPABEHCTB:
Bektop a = {a;}_,, npu ¢ukcuposannoit marpuue {ri;}i;_;, RomKen yno-
BJIETBOPSITH CEPHH HEPABEHCTB TPEYroJbHUKA AJIst Beex i, j =1, 2...n:

|ai—a]-|<ri,]-<ai+a,-. (21)

Takum 06pazom, [/ MaTPULIbI PACCTOSIHUI 7 MOPSAJIKA /1 MHOXKECTBO JIOMy-
CTHMBIX BeKTOpoB ecTb A(r) = {{a;}!",: |a;—a;| <rij<ai+a;, i, j=1...n}.
CTOHUT 3aMETHTb, YTO MOXKHO CMOTPETh Ha BeKTOp @ = {@;} Kak Ha yHKyuiO
Jlunwuya [(-) va npocrpanctee X, = {1, 2...n} ¢ merpukoit r, f,(i) = a;, c
KoHcTaHTol Jlunmuua, paBHoil 1. C 3TOH TOUKM 3peHHs MOJe3HO paccmar-
pUBATb paclIMpeHust METPUUECKUX MpocTpaHCTB (cM. [13, 2]).

[eomeTpuueckr MHOXKeCTBO A(r) MOXKeT ObITb MAEHTH(HIMPOBAHO C Te-
peceyeHneM KoHyca R, U adpUHHOTO TOAMPOCTPAHCTBA, KOTOPOE COCTOUT
U3 MaTtpull Topsiika n+ 1 ¢ jnaHHoi moaMatpuiuell r B KauectBe NW-
yraa nopsjaka 7. $ICHO, UTO W3 JIMHEHHOCTH HEPAaBEHCTB BLITEKAET, UTO
MHOKeCTBO A(r) ecTh HeOrpaHHUEHHOE 3aMKHYTO€ MOJIU3IPATbHOE BBIMYKI0€e
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muoxkectBo B R". Econ ri; =0, i,j=1...n>1, To A(r) ecTb anaroHasb:
AO)=A,={(\, ... N): A>0} CR%. Onuwem cTpyktypy MHOXKecTB A(r)
60J1ee Mo poOHO.

Jlemma 1. /[{aa kasxcdoi cobcmsenHoll mampuyol pacCmosrui r nopao-
Ka n MHodcecmso donycmumolx 8exkmopos A(r) ecmov 3amKHymoe no-
AUIOpasbHoe MHOINCecmeo, aexcawee 8 okmanme R, a umenno, cymma
Munkosckoeo

A(ry=M,+ Ay,

ede A, ectmo nOAYNPAMAs NOCMOSHHOLX 8eKMOpo8 68 npocmparcmese R,
a M, ecmb 8oLnYKAGLL KOMRAKMHOLE ROAUMON PASMEPHOCTIL 1, ABALIO-
wulics BulNYKAOL 000A0UKOL IKCMPEMAALHOLX TMOUEK 8Ce20 NOAUIOPA
A(r): M, = conv(ext A(r)).

Hokaszamenrocmso. MuoxectBo A(r) CR" ectb nepeceueHre KOHEUHOTO
ypcJia 3aMKHYTBIX TMOJYPOCTPAHCTB, W, OUYEBMIHO, HE COMEPXKUT MPSMbIX.
[To o6umM TeopeMaM BHITTYKJIOH TreoMeTpUH MHOXKecTBO A(r) ecTb cymma
BBIIYKJIONO MHOTOTPAHHHUKA (MOJIMTONA), SIBJISIIOLLEr0Cs BbIMYKJ0H 060/10UKOM
MHOKeCTBa KCTpeMaJsIbHbIX (KpalHHX) ToueK MHOXKecTBa A(r), H 3aMKHYTOTO
MOJIU3PAJbHOTO KOHYCa, He COJepKallero MpsiMbiX JIMHAE C BEpLIMHOH B
Hauajie koopauHatr. OcTajoch 3aMeTHTb, UTO 3TOT KOHYC BbIPOXKIAeTcCs
B JMaroHajb TOJIOKUTEJNLHOTO OKTaHTa, T.€. B TOJYNPSIMYI0O BEKTOPOB C
OJIMHAKOBbIMU KoopauHaTtamu B R”. JeficTBUTENbHO, eyl 6bl KOHYC CO/leprKall
VHYIO TIOJTIPSIMYIO, TO HEpaBEeHCTBO TPEYroJibHUKA HAPYLIHAOCh Obl: PA3HOCTh
KOODJAMHAT @; — a; Morja Obl CTaTh MPOM3BOJBLHO OOJBLIIOH XOTs1 Obl s
oznHoil napsl (i, j). Paameproctb muoxectsa A(r) paBHa n ajst COGCTBEHHOM
MaTpHLbl PACCTOSIHUIM; B OOLIEM CJlyuae OHA 3aBUCHT OT MATPHLbI 7 H MOXKET
ObITh MeHbllle 7 JJIsi HEKOTOPBIX r; Pa3MepHOCTb MHOxKecTBa M, paBHa
dim A(r) nma dim A(r) — 1. O

CJienytoliias ieMmMa yTBEPIKJIa€eT, UTo COOTBETCTBHE 1 — A(r) KoBapHaHTHO
OTHOCHTEJIHO JIEHCTBUSI cHMMeTpHuecKoi rpynmbl B R”. E& nokaszatesibcTBo
OUEBH/IHO.

Jlemma 2. /las seaxodl mampuysl r € R, caedyioujue mHoxicecmsa cosna-
darom: A(grg™') = g(A(r)), ede g € S, ecmo aaemenm cummempuuecKoi
epynnot S,, Komopasa deticmgyem ecmecmeeHHovim 006pa3zom Ha npo-
cmpancmse mampuy My(R) u na npocmpancmse golnykavlx nOOMHO-
Jcecme gexkmopHoeo npocmparcmsea R”.

Boinyknasi cTpyktypa MHOrorpaHHbix MHoxkectB M,, A(r) ouenb uHTe-
pecHa M, Kak Oyaro Obl, paHee He W3yuasach. st pasmepHocTeii Bbille 3
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KOMOUHQMOPHOLE mun moautona M, CyliecTBEHHO 3aBHCHMT OT 7, HO JUIsi
Pas3MEPHOCTH 3 3TOT KOMOUHATOPHBIN THI, H CJI€I0BATENbHO, THII MHOXKECTBA
A(r) onvHaKoB 1Jisi BceX COOCTBEHHLIX MATPHL PACCTOSIHHUI; OMUILEM 3TOT
pe3yJ/ibTatr noApoOHeH.

Mpumep. [lna n = 3 onucanue MHOXKecTBa A(r) U 3KCTpeMaJIbHBIX TOUEK
MHororpanHuka M, TakoBo. [1ycTh r coOOCTBeHHAsi MaTpHlla PACCTOSTHUH

0 rig ngs
r=\1rig 0 ro3
rig rez 0

[Tosoxkum ri9 =a, ri3 =03, ro3 =y, T0r1a

0 « ﬁ aj
= « 0 v ag
B v 0 a3

ay ag9 das 0

O6o3Hauum 6 = %(a + B +7). Hmeercsd cemMb 3KCTpeMaJsibHbIX TOUEK
a = (ay, as, ag) noautona A(r): neppasi BeplllHa — GJnKaillasg K Havajy
KOOpAMHAT, (0 — 7, 0 — 3, § — ), TPH JAPYTHX €CTb HEBBIPOXKIEHHbIE IKCTpe-
MaJibHble TOUKH (MeTpuKH) (0, d —a, 6 —7), (0 — 5,9, d — ), (0 —~, § — G, 9),
octanbHble TpU BoipoxkaeHsl, (0, a, B), (a, 0, v), (6, 7, 0).

Ecim a=f3=~=1, 10 311 cemb Touek takosbl: (1/2, 1/2,1/2), (3/2,
1/2, 1/2), (1/2, 3/2, 1/2), (1/2, 1/2, 3/2), (0, 1, 1), (1, 0, 1), (1, 1, 0).

3ameTnM, UTO BCe HEBBIPOXKIEHHbIE IKCTpeMasibHble TOUKHM 3alaloT Ha
MHOKECTBE M3 UETBIPEX TOUeK CTPYKTYypy METPHUECKOTO MPOCTPaHCTBa, KO-
TOPO€E HE MOXKET ObITb H30METPUUHO TOTPYKEHO B 3BKJIMJI0BO MPOCTPAHCTRO.

2.3. [Tlpoekuuu n usomoppusmdoi

[lycTb r maTpuua paccrosinuii nopsiaka N u p,(r) eé NW-yroa nopsixa
n < N. Torna Mbl MOXeM oOnpeesiuTh npoekuuio x, u3 A(r) uHa A(p,(r)),
Xhi(by, .. by, byg, ... bn) — (by ... by). (Mbl onryckaem unneke N B 060-
3HaueHun XY ). Cuenyuiasi npoctas JieMMa HrpaeT OueHb BaXKHYI pOJib B
Haulel JajbHellel KOHCTPYKLMH.

Jlemma 3. [Tycmo r € R,, — mampuysl paccmosnuil nopadka n. JIas ao-
bvix 08yx sekmopos a = (ay, ...a,) € A(r) u b= (by, ...b,) € A(r) cywe-
cmsyem makoe seujecmserHoe HeompuyameavHoe 4ucao h € R, umo
BeKMop b= (by, ...by, h) € A(r") (a makwe a=(a, ...a,, h) € A(r")).
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Caencrteue 1. /las kaoncdoid mampuysl r € R, u a € A(r) omobpascerue
Xniin: (01, oo ibn, bygr) = (by .. by), A(r®) — A(r) ecmo  snumoppusn
A(r*)y na A(r) (no onpedeaeruio pyii,(rt) =r).

Hoxkazameabcmso. YTBepxKIeHHE JIEMMbI CJe/lyeT U3 POCTOro reoMeTpHye-
CKOTO HaOJIIOJIEHHSI: PACCMOTPHM JIBa KOHEUHbIX METPHUECKHX MPOCTPAHCTBA

X={x\,...xn_1, X, } c MeTpuKoOil p; 1 Y ={yy, ... Yn—1, Yn} C METPHKOI po.
[Tpennosiokum, 4To MOANPOCTPAHCTBA MepBbiX 1 — | Touek {Xxi, ...Xx,_1} H
{y1, ... Yyn—1} nsoMerpuunbl, T.e. pi(x;, X;) = p2(yi, y;), i, j=1,...n—1.
Torna cyuiectByer Tpetbe npoctpancTso Z = {2y, ...2,—1, 2n, Zn+1} C MET-

pHUKOH p W 1Be u3ometpuH /1, [o o6oux npoctpancTs X v Y B mpocTpaHCTBO Z,
uro [1(x;) =2z, Io(y)) =zi, i=1, ...n—1, [y (xn) = 2u, [2(yn) = Zpy1. Hasa
TOro, uyto0bl JI0Ka3aTb CYLIECTBOBAHME TaKOro Z, Mbl JIOJKHbBI 10OKa3aTb,
UTO BO3MOXKHO OMPEeNTh OJHO HEeOTpHlUATeJbHOE YHCJI0 A, KoTopoe Oyner
paccrosiHueM p(2,, Zp+1) = MeXIy 2, U 2,41 (00pa3amMu X, U Yy, B Z co-
OTBETCTBEHHO) T. €., 4TOObI OblJIH BbIMOJHEHBI BCE HEPABEHCTBA TPEYroJbHUKA
B npoctpaHcTBe Z. CyllleCcTBOBaHHE TAKOrO A CJlelyeT U3 HEPABEHCTB

p1(xi, Xn) = p2(Yis Yn) < p1(Xi, X;) + p1(xj, Xn) — p2(Yi, Yn) =
= p1(Xj, Xn) + p2(Yi, Y;) — p2(Yi, Yn) < p1(Xj, Xn) + p2(Yjs Yn)

st Beex [, =1, ...n— 1. CienoBaresibHO
max lp1 (X, X0) = p2(yi, Yyu)| =M <m= m/in(pl (Xj, Xn) + p2(Yj, Yn))-

Takum oGpasom, B KauecTBe UMCJ/a /i MOXKHO B3SITb MPOU3BOJILHOE UMCJIO U3
HEMyCTOro 3aMKHYTOro uHTepBasta [M, m], u Mbl MOJOXKUM p(Z,, Zpt1) = 4
U3 €ro orpejesieHust CJeayeT, UTO BCe HepaBEHCTBA TPEYIJIbHUKA BbIMOJHE-
Hbl. Terepb MpeNosioXKUM, UTO ¥ — MaTpHllAa pacCTOSIHUE Topsiika 7 — 1, u
a € A(r) — JONyCTUMBIE BEKTOpP; MyCTb PacCTOSIHUS MeXJy MepBbiMH 1 — 1
TOUKAMH MPOCTPAHCTB {X|, ..., X,_|, X} 38[3I0TCSI MaTPULEH r, a METPH-
Ka BCEro MpocTpaHcTBa — paclinipeHHol Matpulled r*. Mbl MoxxeM BbIOpaTh
elé OJIUH MPOU3BOJIbHLIIN J0MYCTUMbBIA BeKTOp b € A(r) U MoNyunTh MaTPHUILLY
paccrosinuii r npoctpancTsa {y1, ..., Yn_1, Yn}, le COBOKYMHOCTh MEPBhHIX
n— 1 Touek U3oMeTpUUHa MPOCTpaHCTBY {X|, ...Xx,_|}. Kak Gbuio jokasano
Bblllle, CYLIECTBYET MPOCTPAHCTBO Z, MaTPHIIA PACCTOSTHHI KOTOPOTO 7 UMeeT
nopsifok n+ 1 u obecrneunBaer TpebyemMoe CBOUCTBO. O

Tenepb Mbl Mo2keM chOpMyJIHPOBAThL 0OLIee YTBEPKAECHHE O MPOEKLHH X .

Jlemma 4. /Jiaa npoussoaororx Hamyparorolx wuces N u n < N u a060i
smampuyol r € Ry omobpascenue x|, ecmo anumoppusm A(r) na A(pa(r)).
Hpyeumu crosanu, 042 kazxdoeo a = (ay, ...a,) € A(p,(r)) cywecmsyem
makoi gekmop (byyy, ...by), umo b= (ay, ...a,, byy1, ...by) € A(r).
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Hoxazameavcmeso. JlokazaTesbCTBO MpeblyLIeH JeMMbl M0Ka3blBaeT, Kak
onpeaeanTb nepeoe uucao b,y ;. Ho mpoekuust x/, ecTb otoGpakeHue H3
A(r), r € Ry, B A(pu(r)) u siBasieTcsl IPOU3BELEHUEM NPOEKLHUH X/ - - - Xy _{»
KaXK/1ast U3 KOTOPbIX €CThb 3MUMOP(U3M; U OITOMY MPOU3BEIEHHE TAKIKE SMH-
MOpHO. O

Has panbHedllero ypao0HO MPeACTaBJsATb OECKOHEUHYIO  MaTpHLy
r={rij} € R Kaxk mnoc/e10BaTeJbHOCTb JOMYCTHMbIX BEKTODOB BO3pacTa-
I011IeH JIVTHHDI

r(1) ={ri2}, r(2) ={r13, ra3}, ...,

2.2
f(k):{f]‘k_i_],l'g,k_i_l,...,fk‘k_i_]}...,k:l,Q..., ( )

yhoBjeTBopsitolx yeaoBusim r(k) € A(pr(r)) (HanoMHuM, uTo pp(r) ecTb
NW-npoekuus, T.e. B3atne NW-yrma martpuuel, r Ha npoctpaHctso M3),
T.€. KaXJblil BeKTOp r(k) siB/sieTcsl JOMYyCTUMbIM Il npeduiecmayioujeti
mampuyol paccmoaruil py(r).

MBI MOXKeM paccMOTpPeTh CJeIyIONLyl0 MOCJeI0BATENbHOCTh KOHYCOB H
0TOOPAKEHHUI:

0=R & Ro=Ry & Rge— ... Ry & Rp— ..., (23)

3/1ech MPOEKLHs p, €CThb OrpaHHueHHe ONpeNeJEHHOH Bblllle MPOEKIHH, Ha
Konyc R,. [1pooGpas touku r € R,_ (cJiofi HaK r) ecTb MHOKeCTBO A(r), KO-
TOpOE OMnpeiesieHo JeMMoi 1. 3aMeTHM, UTo MOCJ/e10BaTeNLHOCTh (3) He ecTh
M0CJIeI0BaTeNbHOCT PACCI0€HHH B 0GBIYHOM CMBICJIE: TTIPO06Pa3bl Pa3IMUHBIX
TOUEK I MOTYT ObITh JIaXKe He TOMEOMOP(MHbI (1aXKe Pa3MEPHOCTb MOXKET ObITh
pasno#t). Ho 3ta nocsenoBatesbHOCTD 3a1a€T KOHYC R Kak 06paTHbIH Mpenen
KOHYCOB R,,. Mbl HCTIO/Ib3YEM MOCJEI0BATENLHOCTD (3) M/l ONIPe/ieIEHUS Mep
Ha KOHyce R B Jlyxe TEOPUH MapKOBCKHX MPOLIECCOB.

§ 3. YHuBepcaJbHOCTb U NPOCTPAHCTBO YPbICOHA

3.1. YHuBepca/bHble MATPHULbI PACCTOAHUN

Ciienyroliiee onpesieieHle UrpaeT LEHTPATbHYIO POJib.

Onpeneaenue 1. 1. beckoneunaa mampuya paccmosHuil r:{rl-,,-};?;?:leR
Ha3vleaemcs yHUBepCaJbHOH mampuyel paccmosnui, ecall 8blNOAHEHO
caedyroujee ycaosue:

0aa moboeo € >0, n €N u scakoeo sekmopa a={a;}!_, € A(p,(r))
cyujecmsyem makoe m € N, umo maxj—|. n|rim — ai| <Ee.
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HUpyeumu caosamu, 0aia Kascdoeo n €N MHOINECMBO BEKMOPOS
Hrisdio 32,41 6c100y naomuo 8 mnoocecmse donycmuneix 6eKmopos
A(pa(r)).

2. beckoneunass cobcmaenHas Mampuya paccmosiHuLl r = {fi,/‘}ff?:l €
€ R Hazvisaemca cAabo yrusepcaibHol mampuyell paccmosHull, ecau
013 6cakoeo n € N mnowecmso scex eé nodmampuy suda {ri,; Yh.
nopsadka n no scem nabopam {ip}_, C N nromno 6 konyce R,.

O603HauUMM MHOXKECTBO YHHBEPCAJIbHbIX MATPHIL pPaccTosiHUi uepe3 M.
Mbl nokaxkeM, uto M He MycTo, HO BHayase OMHUIIEM HEKOTOpPblE CBOHCTBA
YHUBEPCAJIbHBIX MATPHIL

Jlemma 5. Kaocdasa yHusepcaronas mampuya paccmoanui — caabo
yrusepcarona. Cyujecmsyem HeyHUBepcarbHas, HO cAabo yHusepcaty-
Hasl Mampuya paccmosHuil.

Hokazameavcmso. Boibepem no6ylo MaTpully paccTosiHuil g € R,; noka-
JKeM, UTO ISl JAHHOTO T10JIOXKHUTENLHOTO € MOXKHO HalTH Takoe MHOXKeCTBO
{ix}t_, CN, ut0 maxgs—i, . n|ri,i, — qrs| <€ Iockombky r!'={r;; =0},
Mbl 3ak/mouaeM, uto A(r') =R, (cm. 2.2), M N0 yHHBEPCANLHOCTH 1 TOC/Ie-
JIOBATeNLHOCTD {71 ,}7°, M0JKHA ObITh M0THOH B R . [Toatomy Mbl MoxeM
BbIOpaTh HEKOTOPOE i| TaK, UTo |ri; — qi2| <€, W 3aTeM, HCIOJb3Ys MJIOT-
HOCTb CTOJIOLOB JUIMHBI 2, KOTOpas CJelyeT U3 YCJOBHUS YHHUBEPCANbHOCTH,
BbIGEPEM TaKoe HaTypasbHOe UHCJO 9, uTo |ry;, — q13] <€, |roi, — gos| <Ee.
[ToBTOpPSASt 3TOT NMpoLecce sl MocJ/e0BaTe/IbHbIX CTOJOLOB MaTpULbl g € R,
MOJIYUMM HYXKHYIO MOJMATPHLY MaTpPHLLbI 7.

MmeeTcss MHOro MpuUMeEpOB €/1a00 yHMBEpPCAJbHbIX MaTpHLL, He SBJSAI0-
LIMXCA YHHBEpPCAJbHbIMM; B UACTHOCTH, MaTpULA PACCTOSIHUI JI060T0 BCIO-
Jly TWUIOTHOrO CUETHOrO MOJAMHOXKECTBA YHHBEPCAJbHONO, HO HEe OJHOPOJHO
YHUBEPCAJIBbHOTO (CM. HHXKE) MOJIbCKOTO MPOCTPaHCTBa (Harnpumep 6GaHaxoBa
npoctpanctBa C([0, 1])) naér takoit koutpnpumep. Ho naunbosee npocroit
npUMep — MaTpulla PacCTOSHUK JIHU3BIOHKTHOTO 00beIMHEHHs BCeX KOHeu-
HbIX METPHUECKMX MPOCTPAHCTB C PALMOHAJBbHLIMH PACCTOSHUSAMH (NPUMEp
npenioxet b. Beiiccom); u ciiabasi yHHBepcasbHOCTb, H HEYHHBEPCAJIBLHOCTD
CJIEYIOT U3 OIpe/le/IeHHsl. O

Cuaenyioliee CBOHCTBO YHMBEPCAJILHOCTH TOJIE3HO /ISl M3YydeHHSI NPo-
CTpaHCTBa YphbICOHA:

CaenctBue 2 (06 e-npoposKeHuM uzomertpuid). [lycmo r ecmo bec-
KOHeUHass Mampuua paccmosHull i ¢ — maxkas KOHeuHas Mampil-
ya paccmosanutl nopsdka N, umo 0ai Hekomopoeo n <N, rij=qij,
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i,j=1...n Hoaroowcum ip="rk, k=1...n. Toeda 0as nosodxcumeo-
HO2O € cyujecmsyiom makxkue HAMYpasoHole HUCAQA iyy) ...[y, MO
MmaXps—1..N |lipi, — Gr.s| < €. [Apyeumu caosamu, moxcHo pacuiupunmo mHo-
AHCECMBO NePBbLX N HAMYPAAbHBLY HUCes HeKOmopuim Habopom u3d N —n
HAMYPANOHOLX HUCEA ipny |, ..., [Ny MAK, 1IN0 NOAYUEHHAL MAMPULA PAC-
cmosanuti nopadka N ¢ undekcanmu iy =1,i0=2, ..., i, =10, inr1, ..., iy
bydem omAUUAMLCA OM MAMPUYbl paccmosuutl q (no npoussosbHOLU
HOpME) MEeHbULe, YeM HA €.

Obpamno, ecau 0aa 41000l KOHEUHOU MAMPUYbl PACCMOAHUL q U
2100020 NOAOHCUMEAbHO2O € OeCKOHeUHAS MAMPUYQ PACCMOAHUE I 00-
aadaem no00OHbIM CBOLICMBOM, MO OHA YHUBEPCAAbHA.

Hoxazameavcmeso. dast N =n+ 1 yTBepxk/eHHe HEMOCPEACTBEHHO cJeyeT
U3 OrpejiesieHHsT YHUBEPCAJIbHOCTH 7, MPUMeHHUM HMHAyKumio no N. Bropoe
YTBEPIKJICHHE CJIE/LYET U3 OMpeesIeHHUs!. O

Eule onmna nosesnast nepedopmy/iMpoOBKa MOHSITHH YHHUBEPCAJBHOCTH H
c1a6oil YHUBEPCAJbHOCTH HCIOJIb3YeT IPYIoBbie TepMuHbl. [lycTh ¢ € Ry;
0603HauuM uepe3 R"(g) MHOKeCTBO BeeX r € R, y Kotopbix NW-yros paBeH
Matpulle g. Paccmorpum rpynmy S” M0ACTaHOBOK, OCTABJISIIOLINX HETIOABHIK-
HBIMHU TIEPBbIE /1 CTPOK W CTOJIGLOB MATPHIL U3 R U, TEM CaMbIM, MEPEBOJISIINX
R"(g) B cebs1. HenocpencTBeHHo U3 onpeiesieHNH cJielyeT KpUTepU YHUBEP-
CaJIbHOCTH:

YrBepxaenue 1. Mampuya r € R ynusepcasoHa moada u moabKo mo-
eda, koeda 044 8caK020 n eé opbuma nod deticmsuem epynnol S~ 8c100yY
naomna 8 R"(r'") 8 caaboii monoaoeuu (30eco r'" = NW-yeoar mampuyer r
nopsadka n). Mampuya r € R caabo yHusepcaivHa moeda u moibKo mo-
eda, koeda eé opbuma nod deiicmesuem sceil epynnol Seo 8COO0Y NAOMHA
8 Konyce R.

B To e Bpemsl cyulecTBOBaHHe yHHMBepCaJbHOH MaTpHLbl PACCTOSIHUH,
UTO, KaK Mbl YBUJIHM, KBHUBAJEHTHO CYLIECTBOBAHHIO YHHUBEPCAJIbHOIO MpPO-
CTpaHCTBa YpbICOHA, COBEPLIEHHO HeOoUYeBHAHO. Mbl HECKOJIbKO yrpollaeM
aprymeHThbl ¥YpbicoHa U3 [3] ¥ J0Ka3biBaeM He TOJBKO CYIIECTBOBAHHE YHH-
BepcasibHbIX MaTpHil, HO U 6oJjiee CHIbHBIH (DaKT:

Teopema 1. Muoxecmeo M yunusepcarvrolx mampuy Henycmo. boaee
mMoeo, 3Mo MHONIECmB0 ecmb 68ct00Yy naomuoe Gs-MHONECMBO 8 KOHY-
ce R 8 craboii monoaoeuu.

Hokazameavcmso. s 10KazaTe/NbCTBa CYLIECTBOBAHHSI XOTsI Obl OJHOMN
YHUBEpPCAJbHOA MaTPULbl PACCTOAHUN B KOHyce R Mbl OyAeM HCIOJIb30BaTh

5 (DyH}'LaMeHTa./'[])Haﬂ MaTeMaTHKa CerojiHs
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OMMCAHHOE B JleMMax Tpelblayllero mnaparpacda MpeicTaBieHHe MaTpHIL
pPacCTOSIHUI.

3acuKcupyem nocsenoBaTebHOCTh {71, }0° | HaTypasbHbIX UHCes, B KO-
TOPOM KaxK/10€ HATypaJibHOE UMCJI0 MOBTOPsieTCsl GECKOHEUHO MHOTO pas, MpH-
4yéM BBITIOJIHEHO HEPABEHCTBO M, < 1; my = 1. Jlns Kaxknoit KoHeuHo# co6-
CTBEHHOHM MaTpulbl paccTosiHubl r € R,, n=1, ..., BoiOepemM Mpou3BOJILHO
yropsiloueHHoe cuéTHoe noamMHoXKecTBo I'; C A(r) MHOXKeCTBa BCeX JIOMYCTH-
MbIX BEKTOPOB C MOJIOKHTeIbHBIMU KoopauHatamu: I'y = {7172 | C A(r) CR";
3apUKCHPYEM 3BKJIHAOBY METPHKY B BEKTOPHBIX MpocTpaHcTBax R" D A(r)
JUISl BCEX M.

[TepBbiii 1IaT 10KA3aTEJNbCTBA COCTOUT B BHIOOPE MOJIOXKHUTENBHOTO Bellle-
ctBenHoro uneaa ) € 'y C A(0) =RL; Tem cambiv, Mbl BbIGpasi Matphly
PacCTOSIHMA F MOPSIZIKA 2 C JIEMEHTOM 19 =] .

Hatia KoHCTPyKUHMSI YHHBEPCAJBbHOH MATPULbI 1 ABJASETCS WHIYKTHBHOH H
UCIOJb3YET TpeCcTaBIeHHEe MATPHILIbl KaK MOCJENA0BATENbHOCTH JOMYyCTUMbIX
BektopoB {r(1), r(2), ...} yBesruuBatouieiics WnHbl (hopmyana (2)). Yeaosue
Ha nocJieg0BaTesbHble BeKTOpbl TaKoBO: r(k) € A(pr(rry1)). [Tocnenoparess-
HOCTb COOTBETCTBYIOLIMX MATPUIL 7y, =1, ..., onpelensieT GeCKOHEUHYIO
MaTpHLLy 7.

[Ipeanosnoxum, uto nocse (1 — 1)-ro uiara Mbl MOJNYUHJIH KOHEUHYIO MaT-
PHLL 7,—1; BeIO€peM HOBBIH 10MyCTUMBIH BekTop (1) € A(r,—1). Bribop 3toro
BeKkTOpa (0003HAUMM €ro uyepe3 @) OTIpefessieTCsl YCJOBHSIMH: PacCTOsiHUE
(Mo BBIOpaHHOK HOPME) MeXKly NPOEKIHeR Xy, (a) BEKTOpa a Ha NOANPOCTpaH-
CTBO JIOMYCTHUMbBIX BeKTOpoB A(ry,) n toukoi i € I',, C A(ry,) nomkno
ObITb MeHblie, ueM 27", rne s =|i: m; =my,, 1 <i<n|+1:

X, (@) — 7" || < 27"

Hanomuum, uto npoekumst x;, ectb snumopdusm A(r) na A(pp,(r)) (nemma
4), nostoMy BekTop a € A(r,) C Hy>KHbIM CBOHCTBOM cyliecTByer. Hucjo s
€CTb YMCJIO TOYeK MHOxkKecTBa I', , KOTOpble BCTPETH/IMCh Ha MPEeblLyLHX
11arax KOHCTPYKLHH.

[Tponosizkast HeorpaHMUEHHO MOCJIEI0BAaTE/bHOCTb TaKUX LUAroB, Mbl MO-
JIyUHM MaTpHLy paccTosinuil r. E€ yHUBepca/bHOCTL OUEBHHA, TaK KaK Mpo-
exuusi x,, Bektropos r(k), k=n-+1, ..., ecTb BCIOLy IJIOTHOE MHOXKECTBO
B A(ry) B cuiy KoHCTpykuud. TakuM o6pasoM, Jl0Ka3aHO CYLIECTBOBaHHE
YHHBEPCAJbHOH MaTPHLIbL.

3aMeTUM Terepb, YTO YHUBEPCAJNbHOCTb MAaTPHLbI €CTh CBOHCTBO, coXpa-
HslloLleecst MO JIeHCTBHEM OJIHOBPEMEHHONH KOHEUHOMH MepecTaHOBKH CTPOK H
CTOJIOLLOB MaTpHLbl, a Takke Mpu NW-c/Bure, KOTOpPbIH COKpaLLaeT HeKOTO-
poe (0MHAKOBOE) KOJHUYECTBO MEPBbIX CTPOK H CTOJIOLOB MaTpHupbl. Kpome
TOr0, YHHUBEPCANBHOCTb COXPaHsIeTcsl MPH M3MEeHEeHHH KOHEUHOro yucJa sJje-
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MeHTOB MaTpulbl. CrenoBaTesbHO, M COIepKUT BMeCTe C JaHHOH MaTpHllei
Bce eé nepecranoBku 1 NW-casuru. Otciojia, a Tak:Ke U3 TOro, uto cjabas
YHHBEPCAJbHOCTb CJILyeT U3 YHHBEPCAJIbHOCTH, BbITEKAET, UTO OpOUTA yHU-
Bepca/bHON MAaTPHLIbI 7 OTHOCHUTEJILHO IPYIIbI MOJACTAHOBOK Sy BCIOJLY MJIOTHA
B R B caaboii TonoJsioruu. Tem cambiM, M Bcloy nmjoTHo B R.

Hakoner, cnenyioiiasi dopmysia HEMOCPEACTBEHHO CJIElyeT W3 orpejie-
JIEHHS] YHUBEPCANbHOCTH U MMOKA3bIBAET, UTO MHOXKECTBO M yHUBepCabHbIX
MaTpHLL €CTb BCIOAY MJI0THOE G 5-MHOXKECTBO!

M0 N U frer o<} o

keNneNaeA(r ﬁQ” meN,m>n

3adukcupyeM HEKOTOPYIO yHMBepcasbHYyl0 COOCTBEHHYIO MaTpHIly pac-
CTOSIHUH r ¥ cHabJMM MHOXKECTBO BCeX HaTypaJibHbIX uuces N MeTpukoi r.
O603HauMM MeTpUUECKOe MPOCTPAHCTBO, SIBJSIIOLIEECs MOMOJHEHUEM MPO-
ctpaHctBa (N, r) oTHocuTeJbHO MeTPUKH r, uepe3d (U, pr). OueBumHO, 3TO
MOJIbCKOE MPOCTPAHCTBO.

Jlemma 6. Mampuya paccmosnui 2106020 c4émuoeo 8ciody NAOMHO0
noomuoncecmsa {u;} npocmpancmsa U, — yrusepcatbHa.

Hokaszamenvcmso. Oroxaectsum muoxkectBo N ¢ {x;} CU,. [lo onpene-
Jienuo, p(x;, x;) = r;i;. I'lockonbKy MaTpuua r yHHBepcasbHa, 1JIs1 BCAKOTO 11
¥MeeT  MecTo  cBoWcTBO  (3mecb  Cl  o6o3Hayaer  3aMblKaHue):
CUUjs {pxis X))}, }) = A(pa(r)). Tlockonbky muoxkectso {u;} BCiOIy
maoTHO B (U, pr), MBI MOXKEM 3aMEHHTDb MPEBIIYIIEE MHOKECTBO HA CJIEMy-
folee: Cl(U,>n{{P(xu uj)} 1 }) = A(pa(r)). Ho Tak kak {x;} Takxe Bcioay
nioto B (Uy, pr), moxuo nanncats CUU,., {{p(ui, w)}_,}) = A(pa(r')),
rie ' — Matpula pacCcTosiHUA MoCJ/el0BaTebHOCTH {1 }. O

Mbl yBuauM, uTO npocTpaHcTBO (U, p;) W eCTb TaK Ha3blBaeMoe yHH-
BepcasibHOe MPOCTPAHCTBO YPBICOHA, KOTOPOE OMpesiesieH0 HUXKE, a YHHBEp-
CaJIbHOCTb MaTPHLbl PACCTOSTHHUIL €CTh HEOOXOJMMOE U JIOCTATOUHOE YCJIOBHE,
rapaHTHpyIlolllee, YTO MOTOJMHEHHeE M0 Hell HaTypasbHOTO psifia €CTh MPOCTPaH-
CTBO ¥YpbICOHA.

3.2. YHuBepcajbHOE MPOCTPAHCTBO YPbICOHA U YHUBEPCAJbHbIE
MaTpHUILLbI

Onpenenym Tenepb MpocTpaHCTBO YpbicoHa. B cBoelt nocaenned padore
[3], HameuaTaHHO# yxKe nocJie ero Tparuueckoil cmepTH, [1aBen CamyunsioBuu

5%
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YpbicoH (1898—1924) nan KOHCTPYKLHIO YHHBEPCAJBHOIO MOJILCKOIO MPO-
CTpPaHCTBa, KOTOPOE celuac Has3blBAETCSl «MPOCTPAHCTBOM YpbicoHa». [lo-
cTpoeHue ObLIO OTBETOM Ha BOMPOC 06 yHHUBepcaJbHOM MpocTpaHcTBe ba-
Haxa, rnocrasjiennblii M. Frechet. [Toznnee banax u Masyp nokasasnu, uto
CYLLECTBYIOT YHUBepcaJibHble 6aHaxoBbl pocTpaHcTsa (Hanpumep, C([0, 1])),
HO OTBET YpbicoHa Obla Godiee ryy6ok. PakTHUECKH OH J1I0Ka3aJsl HECKOJbKO
TeopeM, KOTOopble Mbl 0Obe/IMHsIeM 1 0000111aeM B CJELYIOLIEH TeopeMe:

Teopema 2 (Ypbicon [3]). A. Cywecmsyem noavckoe (= noanoe cena-
pabeavHoe mempuueckoe) npocmpancmso U co csoiicmsamu:

1) (¥rnusepcasvrnocmo) /lasg scakoeo noaeckoeo npocmparcmsa X cy-
wecmsyem uzomempuieckoe 8rodxcerue Xe npocmparcmso U,

2) (OdnopodHocmoe) [las a0bbix 08YX UBOMEMPULHOLLX KOHEUHbLX
noomuoscecms A= (ay...an) u B=(by...by) npocmparncmsa U cyue-
cmeyem uzomempus J sceeo npocmparcmsa U, komopas nepesodum A
8 B:/IX=Y,

B. (Edurncmsennocms) Jltobvle 08a nOACKUX NPOCMPAHCMBA, YOO-
saremeopsawouux ycarosuam 1) u 2) npedeidyuieeco nynkma, uzomem-
PUUHDL.

B ycJioBUsiX TeOpeMbl CBOHCTBO 2) MOXKeT ObITh YCHJIEHO: KOHEUHbIe MOJi-
MHOXKECTBA MOXKHO 3aMEHHTb B HEM Ha KOMIAKTHbIE; TAKAM 00pasoM, rpyrra
M30METPUI MPOCTPAHCTBA JIEHCTBYET TPAH3UTHBHO HA H30METPHUHBIX KOM-
nakTax MpOCTPAHCTBA; HO 3aMEHWTb KOMIMAKTbl B 3TOH (hOPMYyJMPOBKE Ha
3aMKHYTble MOJMHOXKECTBA yXKe HeJb3s. MOXKHO SKBUBaJIEHTHbIM 06pas3oM
chopMyJIMpOBaTh YCJOBHE 2) KaK YyCJOBHE TPOJOJIKEHHST H30METPUH C KOM-
MakToB Ha BC& MpocTpaHcTBO. PaKTUUECKH Mbl I0KA3bIBAEM 3TO HUXKE.

[naBHBIN pesysbraT 3TOro maparpada 3akmaiouéH B CJlelylollel TeopeMme,
BKJIIOUAtOLleld B cebsl MpeblayLLylo.

Teopema 3. 1. [lonoanernue (U, p;) MHONCECMBA HAMYPANLHOLX HICEA
(N, r) no mempuxre, zadasaemoti 211060t yHusepcarvHot cobcmsenHol
mampuyetl paccmosnui r, yoosiemsopsem cgoticmsan 1) u 2) npedoi-
dyuell meopemol, m. e. ABALEMCA NPOCMPAHCINBOM YPbLCOHA.

2. (EQuncmeernnocme.) [as 1i0061x 08YxX YyHUBEPCANbHBLX COOCMBEH-
HoLx mampuiy paccmosnui r and r' nonoanenus npocmparcms (N, r) u
(N, r') usomempuurot.

CaencrtBue 3. Hsomempuueckuii mun npocmpancmsa (U, p;) He 3a8u-
cum om 8olOOPA YHUBEPCAAbHOL MAMPUYbL I. ¥HUBEPCANLHOCTIb SBASLEN -
¢ HeoOX0duMbIM U OOCMAMOYHbIM YCAOBUEM HA MAMPULY PACCIMOAHUU
06020 c4éMHO20 B8CIO0Y NAOMHOEO NOOMHONCECMBA NPOCMPAHCIBA
¥poicona.
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CualeicTBME BbITEKAeT U3 TeopeMbl 3 H JieMMbl 6. JlokaszaTesibCTBO TeopeMbl
3, KoTopoe AaéTcsl HH2Ke, OTUACTH MOBTOPSIET U YIIPOLIAET apryMeHThl PaboThl
YpeICOHA, 0JHAKO B ero padoTe He HUCIMOJb30BANUCh GECKOHEUHble MAaTPHLbI
PacCTOSIHME U, B UaCTHOCTH, T10JIe3HOE MOHSITHE YHUBEPCAJIbHON MaTPHLbI pac-
CTOSIHHH.

Horasameavcmso. Ilpeanonoxum, uro marpuua r = {r(i, /)}75_; € R co6-
CTBeHHasi yHUBepCaJibHasi MaTpHLA paccTosiHui (ya1o6HOo nucath r(i, j) BMECTO
rij) U IPOCTPAHCTBO U, eCTb MOMNOJIHEHHEe CYETHOrO METPHUECKOro NpocTpaH-
ctBa (N, r); 0603HaUMM COOTBETCTBYIOLLYI0 METPUKY Ha U, uepes p,, OTycKasi
WHOTJIA HHJIEKC 7.

1. I1pexne Bcero pokaxkem, UTo MeTpUUYECKOe NMPOCTPAHCTBO (U, p) yHU-
Bepca/bHO B CMbICJ/IE TIYHKTA 1) TeopeMbl 2 W UTO OHO OMHOPOJHO B CMbICJE
MyHKTa 2) 3TOH TeOpeMbI.

[Tyetsb (Y, g) npousBoJsibHOE MOJILCKOE NPOCTpaHCTBO. [lJisi TOoro, 4ToObl
JIOKa3aTh, U4TO CYLIECTBYeT H3oMeTpuueckoe Bjoxkenue (Y, g) B (U, p), no-
CTaTOUHO JIOKA3aTh CYIECTBOBAHHE H30METPHUECKOTO BJIOYKEHHS MPOU3BOJIb-
HOTO CUETHOTO IJI0THOTO NoaMHOKecTBa {y, }7° npoctpaunctsa (Y, q) B (U, p).
Tem cambiM, Hy:KHO NOKa3aTb, UTO JJs1 JIOOOH OGECKOHEUHOH COOCTBEHHOH
Matpulbl paccrosiiuil ¢ = {q(i, j)} € R cyliecTByeT CUéTHOE MOJMHOKECTBO
{u;} CU ¢ marpuueil paccrosinuii, paBHO# ¢. B cBoio ouepesb 370 03Hauaer,
YTO Mbl JIOJKHBI TIOCTPOUTH MHOXKECTBO (DYHJIAMEHTa/LHBIX MOCJ/e10BaTe b~
Hocrel B mpoctpanctse (N, r), Ha3oBém ux, N; = {rzl(m)},‘if:i cN,i=1,2...,
TaKHX, UTO

lim_ rn™, ")y =q(, j), i ji=m, ...

U Uil BCEX [ UMeeM
. k
lim r(n!™, n*)=0.
m,k— o0
Cxomumoctb N; = {n; " }5°_; B npocTpancTse (U, p) NpH M — 00 K HEKO-
TOpol Touke u; €U, i=1, 2, ..., cienyer U3 QylaMeHTaJbHOCTH MOCJeN0-
BaTeJbHOCTH, T. €. U3 BTOPOIO PABEHCTBA; M3 MEPBOrO K€ PABEHCTBA CJIe/yeT,
uTO MaTpHULA PACCTOSIHHE Mpe/ieJibHbIX Touek {u;} coBmajaer ¢ marpuiei q.
[Tepexonum k noctpoenuto N, i =1, ... Mbl KOHCTpyHpyeM Hy:>KHbIE MOCJIe-
nosarenbhoct {N; 192, C N o unayKuuu.
1
BribepeM 1npou3BoOJIbHO TOUKY ”(1 ) eNwu MPEANOJIOKHM, UTO JJIT JaHHOTO

k
m > 1 Mbl yxKe ONpeesiuin KoHeuHble parMmentol Ly, = {rzf )}f:] C N nep-
BBIX 1 MHOXKecTB {N;}" | nna k=1, 2...m co cBoiicTBOM:

& (k . _
ijr:nlaxk|r(rzl(),ﬂ;))—q(z,/)|:5k<2 kok=1,...m,
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¥ MHOXKeCTBa L, MomapHO He MepeceKaloTcsl.

Hata KoHCTpyKLMsT MHOXKECTBA L4 3aBUCHT TOJILKO OT MHOXKECTBA L,
(m)

T105TOMY Mbl MOKEM JYIsl IPOCTOTLI epeHyMepoBaTh MHOXKecTBa Ly,: n;" =i,
i=1,...m.

Bynem cTpouth HOBOe MHOXKECTBO L, q ] = {nf C N ¢ Heob6xoH1-
MbIMH CBOKCTBAMH CJIEIyIOIMM 00pa3oM. PaccMOTpUM KOHEUHOe MeTpuue-
ckoe npoctpanctBo (V, d) u3 2m+ 1 touek yy, ..., Ym; 21, - -Z2m» Zm+1 C

pacCTOsAHHUSAMU:

m+l)}m+1
i=l

d(yi, yj) =rij, i, j=1...m,
dzi, z))=q(, ), i,j=1,...m+1;
dyi, 2))=q(i, j),i=1,....om j=1,...,m+1;i#]
d(yi, zi) =0m, i=1, ..., m, 1JIsi HEKOTOPOTO Jyy,.

Jlerko mpoBepuTh, UTO 3TO KOPPEKTHOE OfpesieseHne paccTosiHuil. O6o3HaunM
MaTpully paccrosinuit npoctpanctsa (V, d) uepes q,,. [Ipumenum cienctsue 2
(06 e-Tpo0/IKEHNH H3OMETPHUH) H pACILIHPUM MHOXKeCTBO L, = {1, 2...m} ¢
TIOMOII[bIO HOBOTO MHOXKECTBA L 41, COCTOSILIETO U3 M + | HATypasibHBIX UH-
ced {n;mH)}?f;{}rl C N rak, utoGbl MaTpHiia pacCTOSIHHI HOBOTO MPOCTpaH-
ctBa L1 ormiMuyasnack ot NW-yryia nopsiika m+ 1 marpuubl ¢ He GoJee,
yeM Ha d,,, KoTopoe MeHbllie, yem 2~ ("+1):
max ("™, 0" )~ gu(i, )l = 6y < 270D
i
(nanomuuM, yro N'W-yrosiel mopsiika fm MaTpHlbl ¢, W MaTPULbl 7 COB-
najaloT Mo MOoCTPOeHHI0). Mbl BUANM, UTO /ISl KAXKJOTO [ TOCJe10BaTe N b-
Hocth {n™)}° . pynnamentanbna u limy, o r(ngm), n;m)) =q(i, j). Takum
06pasoM, Mbl JIOKa3asd, U4TO BCSIKOe TOJIbCKOE MPOCTPAHCTBO MOXKET ObITh
M3METPHUUHO BJIOXKEHO B (U, pr).
Ternepb Mbl MOXKeM CYILIECTBEHHO YCUJIUTh CJIEACTBHE 2:

CanencrBue 4 (o npoaoskeHun usomerpuit). [Ipocmpancmso (U, pr)
obaradaem caedyouum c80UCMBOM: OAL BCAKO2O KOHEUHO2O MHOJCe-
cmsa A ={a;}!'_, €U, u mampuysl paccmoanuii q nopsoka N, N >n ¢
NW-yerom nopsoka n, paswom mampuye paccmosnuil {p(a;, a/)}?,/:p
cyuiecmsyrom maxkue mouku Quyj...ay, 4MO MAMPULA PACCMOAHIL
sceeo muoncecmsa {a;}_, pasua q.

ﬂOKaSaTe.ﬂbCTBO nmapaJJeJbHO 10Ka3aTe/IbCTBY CJIEACTBUSA 2u HCTIOJIb3YEeT
APryMEHTbI, aHaJlOTHYHbIE ﬂpHBe}léHHbIM BbIIIE.

3ameuanue 1. Cywecmsyem MHO2O paA3AUUHOLX (HEUIOMEMPULHOLY)
YHUBEPCANLHOLX, HO HEOOHOPOOHBLX NOALCKUX NpOocmpancms (Hanpumep
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barnaxoso npocmpancmso C([0, 1])). Beuwenpusedenioe credcmaue
noKaavleaem, 4imo eAa8Hoe pasauuie Meicoy MaKum YHUBepCcalb HbLMU
NPOCMPAHCMBAMI U APOCMPAHCINBOM YPOICOHA 8 CACOYIOUeM: MONCHO
U30OMEmMPUUEcKI B8A0JCUMb A1000e NOAbCKOe NPOCMPAHCMBO 8 A0boe
YyHuBepcaroHoe NPpoCmMparHcmao, HO 8 Cayiae NPOCMPAaHcmaa Ypoicona
MOJCHO cOeaans 2opaiddo boavuiee: mouKki 06pas3a 8KAadol8aemo20 Npo-
CMPAHCMBA MO2YM UMenb 3a0AHHble PACCMOAHUSL 00 moUYeK 3apaHee
GurcuposarnrHoeo KoHeuHo2o (U dadce KOMNAKMHO20) NOOMHONCECmBa.

[Ipono/mkuM noKaszaresabcTBo Teopembl 3.

2. JInst Toro, uToObl JI0Ka3aTh OJHOPOJHOCTb, 3ahMKCHPYEM JiBa KOHEU-
HbIX n-ToueuHbIX moamHoxkecta A = {a;}!, v B={b;}!_, B (U, p;) ¥ no-
CTPOUM J[Ba H30METPUUHBIX YIOPSJI0UEHHbIX CUETHBIX MoaMHOKecTBa C U D,
KaxK[[0e U3 KOTOPbIX BCiofy MmioTHO B U, U C HaunHaeTcsi ¢ MHOxkecTBa A, a D
HaulHaeTcsl ¢ MHOXKecTBa B. MeToj nmocTpoeHust XOpoLIO U3BECTeH W Ha3bl-
Baercst «back and forth». CHauana Mbl uKCHpyeM CUéTHOE BCIOJY MJIOTHOE
noaMuoxkectso F B (Us, p,), FNA = FNB =0, n npejicTaisieM ero Kak Bo3-
pacratoulee o6benuHenne: F = UF,. [Tonoxus C; = AU F|, HaX0JHUM Takoe
MHoxKecTBO D = BUF}| uto ngometpus A u B npojo/mkaercs Ha Fy u F.
Takum o6pasom, D uzomerpuuto Cj. DTO BO3MOXKHO CJ&ATh M0 CJEACTBUIO
4 (pacivpeHnue U30METPHH).

3arem BoiGepeM Dy =D UFy u Cy=C, UFé U ONATb PacLUMPUM HM30-
METPHIO C TOH YaCTH MHOXKeCTBAa, Ha KOTOPOM OblJa OrpefeseHa, Ha BCé
MHOKeCTBO. TeM caMbIM, Mbl MOCTPOWJIM U30MeTpHio Mexay Do u Co U T. L.
AunbTepHUpYIOLIMI NpoLieCC NaéT HaM J1Ba BCIOAY MJIOTHBIX CUETHBIX H30MET-
puuHbIX MHOXKecTBa UC; and UD;, Mpu 3TOM H30METPHUSI MEXJy HUMH TMpo-
Jomkaet uzomerpuio A n B.

3. EnnncrBenHocts. [lyeth 7 v r' — aBe yHHBepcasibHble COOCTBEHHBIE
MaTpHullbl paccTosiHuil u npoctpauctea (U, p,) and (U, pl) ecTb cooTBer-
CTBYIOLILME MOMOJHEHHS] HATYPALHOTO Psifia.

[TocTpouM COOTBETCTBEHHO B 3THX MPOCTPAHCTBAX [BA CUETHBIX BCIOLY
TUIOTHBIX TMOAMHOXKecTBa | ¥ Fo TaK, UTO M3OMETPHST MeXIy HUMH TPOJIOJ-
KaeTcsi 10 U30MeTpun npoctpanceTB. O6osHaunm uepes {x;} u {u;} BCiO-
Jly TIOTHBIE moamHoxkecTtBa (U, p,) U (U, pl), KOTOpbIE TMOPOKIAIOT COOT-
BercTBeHHO MaTpuibl 7 and r’. Temepb Mbl MOBTOpPsiEM Te e apryMeHTb
UTO W B JI0KA3aTesibCBa MEPBOI YacTH TeopeMbl. Mbl HauWHAEM C KOHeu-
noro umcaa touek {x;}iL, B (U, pr), U 106aBISIEM K HEMY MHOXKECTBO TO-
yek {u/}"'| CU, ¢ TOI e MaTPHLEH PACCTOSIHKHA, UTO H MaTpHlld PaccTo-
sIHMIT MHOXKeCTBA ToueK {u;}i';; TO BO3MOKHO B CHJY YHHBEPCANBHOCTH
(U, pr) (cBOMCTBO 1), KOTOpOE y2Ke noKaszaHo). Ternepb N06ABUM K MHOKECTBY

{u;}2,, mo > my, B npoctpanctse U, MHOxKeCTBO Touek {x]}12 , ng > ny, ta-
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o R AR
KHM 06pa3oM, utoObl MaTpHlla paccTosHuil moamMHoKecTBa {u; )i U{xj}

muoxKecTBa {u;}2 U{x/}!2 coBnajana ¢ MaTpHLel pacCTOSHUII MHOXKECTBA
{w/}, U{x;}iL |, 1 T. 1. npojiosiKast 3TOT mpolece 10 6eCKOHEUHOCTH, MOy -
yaem Tpebyemble JBa MHOXKecTBa — nepBoe {x;}°, U{u;}>°, C U, n BTOpoe
{u;i}2, U{x}}2°, C U/ — KoTopbie SBJSAIOTCS BCIOY MJIOTHBIMH B CBOMX MpPO-
CTPaHCTBAX M M30METPHUHBI. TaKHM 06pa3oM, Mbl 3aKOHUHJIH J10KA3aTeIbCTBO
TeOpeMbl. O

Teopewmbl | 1 3 naior caenyronmil 3aMeuaTesbHbIH aKT:

CaeactBue 5. Tunuunas («generics») Mampuya paccmosHuil ecmo yHu-
8epCANbHASL MAmMpPuya, u, cAe008ameAbHO, MUNUYUHOe MempuiecKkoe
noavckoe npocmpancmao (8 cmoicae Hauleid modeau — KoHyca R) ecmeo
npocmpancmso Ypoicona U.

B cBoeil pa6ore II. ¥pbicon pan npumep CU€THOro MpocTpaHCTBaA C pa-
LIMOHAJILHOH MaTpHLIEl pacCTOSHUE (B JEeHCTBUTENLHOCTH — YHUBEPCaJIbHOE
HenoJIHoe MeTPUYECKOe MPOCTPAHCTBO B KJacce METPUK C palldOHaJbHbIMH
uypesnamu Q). Haw meron KOHCTpyHpoBaHMsl uyTb GoJiee OOLLME: Mbl CTPOUM
YHUBEPCAJIbHYIO MaTPHLLY, OCHOBBIBAsICb Ha FeOMETpHHM KoHyca R, uTo Aaér
HeOoOXOJMMbIE U IOCTATOUHbIE YCJIOBUS HA MATPHILY PACCTOSTHUIH J11060T0 BCIO-
Jly MJIOTHOTO CUETHOTO MHOXKecTBa. B §5 Mbl HCTO/Nb3yeM 3Ty KOHCTPYKLHMIO
MPOCTPAHCTBA YPLICOHA B BEPOSITHOCTHOM KOHTEKCTE: Mbl JJaéM METPHUECKYIO
(= TeOopeTHKO-MepHYI0) BEPCHI0 YHUBEPCAJILHOCTH B TEPMHHAX METPHUECKHX
MPOCTPAHCTB C MEPOH.

[1. ¥pbicon B [3] obpaliaeT BHUMaHHE Ha TO, YTO CYLLECTBYeT YHHBEp-
caJibHOe MPOCTPAHCTBO AuameTpa | (uau Jioboro naHHoro auamerpa). Eciu
Mbl OTPE/IEJUM aHaJIOTHUHBIM 00Pa30M YHHBEPCaJbHblE MATPHULIbl PACCTOSIHHUM
¢ aseMeHTaMu U3 uHTepBasa [0, 1], To cooTBeTCTBYlOLLEE MOMOJHEHHE U Oy-
JIeT YHUBEPCAJbHbIM TPOCTPAHCTBOM J/Isl MOJBCKHX MPOCTPAHCTB AMaMeTpa
1, a yTBepxK/IeHUs BCeX TeopeM 3Toro rnaparpacga oCTaloTcst BEpHbIMH [0C/1e
TPUBHAJIbHBIX U3MEHEHHH.

§4. MarpuuHble pacnpejeseHUs KaK MOJHbIH HHBAPUAHT
MeTpUYECKUX TPOEK U UX XapaKTepusauus

4.1. MarpuuHble pacnpejiejieHUs] U TeopemMa eJIMHCTBEHHOCTH

Bynem paccmarpuBath MeTpHuecKHe NPOCTPAHCTBO C MEPON U cAyUaliHble
MempuKy Ha HAmypatoHoMm psde.

[Tpennogioxkum, uto (X, p, j1) €CTh MOJBLCKOE MPOCTPAHCTBO C METPUKOMH p
1 ¢ OGopesieBCKOH BeposSITHOCTHOH Mepol u. HasoBem ero mempuueckoi
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mpoiikoti (B [2] oHM Ha3BaHbl «mm-space» = metric-measure space;
JIpyTHe TEePMHUHbl — «BEPOSTHOCTHOE METPUUECKOE MPOCTPAHCTBO», TPOUKH
[pomoBa). IIBe MeTpuueckue Tpoiku (X1, pi1, 1) U (Xo, po, pe) usomopgproL,
ecJsu cyulectByeT u3omerpust V: X| — Xy, KoTOpast CoXpaHsieT Mepy:

po(Vx, Vy) = pa(x, y), Vi = po.

Kak yxke yrnoMmuHaloCh, KJaaccUUKalMs (HEKOMNAKTHBIX) MOJbCKUX
MPOCTPAHCTB SIBJISIETCS «IUKOH» 3ajauedl. YIMBHUTEJbHO, UTO KJacCH(H-
Kalllsi METPHYECKHX TPOEK eCTb «pydHasi» 3ajaya M y»e eCTb 00603PHMbIi
OTBET B TePMHUHAX JEHCTBUSI OECKOHEUHON TPYMIbl MOACTAHOBOK Soo M Soo-
MHBapHaHTHbIX Mep Ha KoHyce R.

st metpuueckoit tTpoiiku T = (X, p, p) onpeneysum GeCKOHEUHOE MpPO-
usBejenne ¢ Gepuyaresckoil Mepoit (XN, i) u oroGpaxenne Fr: XN — R
CJIelyIolM 06pa3oM:

Fri{xi}i2)) = {p(xi, x)}75-) € R

Fr-06pas mepbl p, KOTOpbIii Mbl 0603HauaeM Dy, HA30BEM MAMpPUUHbLML
pacnpedenenuem mempuueckoti mpotiku T: Fru® = Dry.

[pynna S, Bcex KOHEUHBIX MOJICTAHOBOK HATypaJsibHbIX ynces (= 6eckKo-
HeuHasi cUMMeTpHueckas rpynna Sy) aeictByeT kak Ha My(R), Tak 1 Ha Ko-
Hyce R MaTpull pacCTOSHUI KaK TPyMna oJJHOBPEMEHHBIX MOACTAHOBOK CTPOK
M CTOJIOLOB MaTPHIL

Jlemma 7. Mepa Dy ecmo 6openesckas mepa Ha R, uH8APUAHMHAA U AP~
eoduueckas OMHOCUMeEAbHO OelicmBus 6eCKOHeUHOL CUMMEempPU1ecKoil
epynnol u deticmsus NW-cosuea (00nospemernoco cosuea 6ecKkoHeuHO
mMampuybl 8 8epMmuUKaAIbHOM (88ePX) U 2OPUIOHIMANHOM (8A€80) HANPAB-
aenuu: (NW(r)ij=rivij+1; 6, 7=1,2...).

Hokazameavcmso. Bce dakThbl cieytoT U3 aHaJOTHUHBIX CBOHCTB MephI 11,
KOTOpasi MHBapHaHTHAa OTHOCHMTEJILHO CJBHTA M MOJCTAHOBOK KOOPJMHAT, H
TOTO, UTO OTOOpaXKeHHe 7 KOMMYTHPYET C JIHCTBHEM CIIBUTA M MOJCTAHOBOK.

O

HasoBeM Mepy Ha MeTPHUECKOM MPOCTPAHCTBE HEBbLPONOCHHOU, eCI
BCSIKOE HEMYyCTOE OTKPBITOE MHOXKECTBO HMEET MOJIOKUTEIbHYIO Mepy.

Teopema 4. [[se mempuueckue mpoixu Ty= (X1, p1, 1) 4 To=(Xo, po, pi2)
C HEBOLLPOMOCHHBIMI MEPAMU IKBUBANCHNIHbL MO20Q I MOALKO moeda,
K020a ux mampuurole pacnpedeienus cosnadaiom Kak mepol Ha KOHY-
ce R: Dy, = Dr,.
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Hokazameavcmso. HeoOXoqMMOCTh COBMajieHHs MaTPHUHBIX  pacripesie-
JIEHUH 3KBHUBAJIEHTHBIX TPOEK — OUEBH/IHA: €CJIM CYLIECTBYET H30METPHUS
V:X| — Xo mexxny 71 u Ty. coxpansiioniasi Mmepy, To eé 6ecKoHeuHass cTe-
neub V°° coxpaHnseT OepHyJJIHeBCKyl0 Mepy: V°(uf®) = pd® U nostomy
B cHIy pasenctBa Fr, X5 = Fr,(V°X{°), o6pasbl 3THX Mep OJMHAKOBEL:
Dy, = Dr,. Ilpennonoxum, uto D7, = Dy, = D. Torna D-nouty Bce MaTpHLibl
paccTostHuil r ABASIIOTCS o6pa3aMy MpH oToOpaxKeHusx 7, u Fr, HEKOTOPbIX
rnocJ/ie10BatebHOCTeH, Hanpumep, ri; = pi(X;, X;) = p2(Yi, Y;), HO 9TO O3HA-
yaeT uTo OTOXKJAecTBJeHHe X; € X| U y; € Xo nsd Bcex i ecTb usomerpus V
MEeXJly STUMU CUETHBIMM MHOXKECTBAMH. [J1aBHbIN apryMeHT: 10 3projuuecKou
TeopeMe (1o oTHouieHHto K NW-C/IBUTY) fi| -TIOUTH BCe MOCJEN0BaTENbHOCTH
{xi} W po-nouTH Bce MoCJEI0BATENLHOCTH {y;} PABHOMEPHO pacrpejiesieHbl
Ha X| u X9 COOTBETCTBEHHO. DTO O3HAYAET, UTO fi|-Mepa KaXKJoro liapa
Bl(x))={ze€ X : pi(x;, 2) <[} paBua

N
(B (x:)) = nl“go p Z Lo (p1 (xk, Xi)).
oy

Ho B cuity usomerpuunoctu V (r;j = pi(x;, Xj) = p2(yi, yY;), CM. BblLLEe) TO 2Ke
BhIpaKeHHe ecThb po-Mepa wapa: Bl(y;) = {ueXy: poly;, u) <},

palB') = Tm + > (oo, 91)) = (B'(x0).
k=1

HakoHell, 06e Mepbl HEBBIPOXKJEHBI, MOITOMY Kax/asl MOCJeI0BaTE/Nb-
Hoctb {x;} 1 {y;} Bcroay ruotHa B cBoéM npoctpancTse. [Toatomy coBnaze-
HHUe 3HaueHUil (GopesIeBCKUX) Mep Ha BCeX LiapaX 03HauaeT UX paBeHCTBo. [

Caencreue 6. Mampuurnoe pacnpedenenue ecmv ROAHLLL UHBAPUAHIM
KAQCCOB IKBUBAACHMHOCMU (C MOYHOCMbI0 00 UOMEMPUL, COXPAHIIO-
weti mepy) MempuuecKkux mpoex ¢ HesblpOICOeHHbLMU MepaMLL.

Mbl Ha3bIBaeM 3Ty TEOpEMY «TEOPEMOH eIMHCTBEHHOCTH», TOCKOJIbKY OHa
yTBEPIK/AeT €IMHCTBEHHOCTb C TOYHOCTHIO 0 SKBHBAJIEHTHOCTH MeTpHYe-
CKOH TPOWKM C 3aJaHHBIM MaTPUUYHBIM pacrpeieseHueM. [lepBonauasbHo B
Jpyroit hopMyJIHpoBKe T10J1 HasBaHHeM «Reconstruction Theorem» ona Obi-
Ja JokazaHa B kuure [2] c.117—123. Ona dopmysupoBanach B TepMHHAX
KOHEUHOMEPHbBIX pacrpeieseHHii TOTO, UTO Bblllle HA3BAHO MATPUUHBIM pac-
npefesieHHeM, a eé J0Ka3aTeJbCTBO HCIOJB30BAJNO aHAJIUTHUECKHE METOIbI.
«DPproanyeckoe» JI0Ka3aTeabCTBO, MPUBEIEHHOE BhIIE, OBIJIO OTBETOM Ha BO-
npoc, nocrapjeHHbll IpoMoBbiM B 1997 romy: Kak MoxKHO M36exxaTb po-
MO3JIKHX PaCCYXKAEHHH. DTO J0KA3aTeNbCTBO ObIO MPUBEAEHO TaKkKe B [4]
¥ uMTHpoBaHO B KHure [2] (c.122—123). Tam ke uutaresb npuriamiaercs
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CPaBHUTb 00a J10Ka3aTesqbCTBa U 00bSICHUTb, KAKHM 00pa3oM 3projuueckas
TeopeMa 3aMeHsieT aHaJUTHUEeCKHe apryMeHThl (Teopemy Beiiepuitpacca, me-
TOJL MOMeHTOB). OObsCHEHHE COCTOMT B TOM, UTO NPHUMEHEHHe 3projuye-
CKOMl TeopeMbl MO3BOJISIET BMECTO aNMPOKCHMALIMOHHBIX METOJIOB MepeTH K
6eckoHeuHoMy (rpenesibHOMY) 00bekTy (6eckoHeuHbM op6UTaM, MepaM Ha
npejesbHOM MPOCTPAHCTBE U T. I.) M MCIMOJb30BaTh CBOHCTBA (PaBHOMEPHYIO
pacrpesiesieHHOCTb, HAMIPUMep), KOTOPble Hesb3sl lazKe C(hOpPMyJIHPOBATh sl
KOHEUHbIX 00beKTOB. B Hallem cjydyae paccmoTpeHrHe GeCKOHEeUHbIX MaTpHll
M KOHyca R ¢ MHBAPUAHTHOH Mepol NaéT BO3MOXKHOCTb PEAyLHUPOBAThL MPO-
671eMy K H3yueHHIO IProJuuecKoro AedcTBUs OeCKOHEUHOH CUMMETPUUECKOH
rpynnbl. B [8, 9] Mbl Mcnosib3yeM 3Ty 3profnMueckyto TEXHHKY AJs 10Jy-
yeHHst ropazyio 6oJiee 061IEr0 pesyJibraTa — KJaacCUu@UKALMH MTPOU3BOJBbHBIX
M3MEPUMbIX (PYHKIMH HECKOJbKMX apryMEHTOB; Bbillle PACCMOTPEH UYacTHbIN
cJlyuai: MeTpUKa ecTb (DyHKLHS IBYX apryMEHTOB Ha METPUUECKOM MPOCTpaH-
CTBE C MEPOH.

4.2. CpolicTBa MaTPUUHOTrO pacnpeiejeHus U Teopema
CyllleCTBOBAHUS

Marpuutoe pacripejiesienne Metpuueckoit Tpoiiku T = (X, p, ) ¢ HEBbI-
POKJEHHOH Mepoil  ecTb, N0 onpejeseHuio, Mepa Dr Ha KoHyce R. Mol no-
JlyyaeM BEpSITHOCTHOE pacrpejliesieHle Ha MaTpHLIAX M, TeM CaMbIM, CJ1ydaiiHyto
MaTpHLy pacCcTOSIHUI HAa MHOXKECTBE HATypaJibHbIX uMces. B 3TOM nyHKTe Mbl
paccMaTpuBaeM Te cJydyaiiHble MaTPULbl (MK Te Mepbl Ha R), KOTOPbIE MOTYT
ObITb MaTPUUHBIMHU pacrnpeseseHUsiMU, APyrHMH CJI0BaMH, pacrnpejieseHus Ha
MaTpULax pacCTOsIHUH, KOTOPble MOTYT MOSIBUTLCSI KAK MaTPHLbl PACCTOSIHUN
MOCJ/IE/IOBATENBHOCTH HE3ABHCHMO BbIOPAHHBIX TOueK {x;} HEKOTOPOro MeT-
puueckoro npoctpaHctsa (X, p), pacnpeleséHHbX N0 Kakoi-1u60o Mepe (v Ha
3TOM TNpocTpaHcTBe. Xapakrepusauusi o6pasa HeoOXoauma el U AJisi Toro,
yToObl YTBEPKAATH, UTO 3ajaua KAaCcCH(PUKALMU JIEHCTBUTENbHO «IJIaJKasi»,
T. €. MHO’KECTBO MHBAPHAHTOB SIBHO OMHUCaHO. MbI MOKa)KeM, 4YTO MHOXKECTBO
MaTpUUHbIX pacrpejeseHuil ecTb 60peieBCKOe MOAMHOKECTBO NPOCTPaHCTBA
BCEX BEPOSITHOCTHBIX Mep Ha KoHyce R.

Kak ynomuHnasnoch (nemma 7), Beskasi Mepa Dy Jo/KHa ObITb MHBapH-
AHTHOU U 3ProJMUECKOH OTHOCHUTEJLHO NEHUCTBUS CHMMETPHUUECKON TPYIIbl U
NW-cnsura. Ho atoro HemroctaTouHo, U UMEIOTCSI OMOJHUTENbHbIE YCJOBHS
Ha Mepy. Hasee natorcst HeOOXOAMMbIE W OCTATOUHbIE YCJIOBHSI HA Mepy (CM.
Takxke [9]), HO Mbl HAUHEM C KOHTPIPHUMEPOB.

[Mpumepol.

. TpuBHaJbHBIA MpUMep MHBAPUAHTHON IProAUueCcKOil Mepbl HA KOHYCE,
KOTOpasi He sIBJsieTCsl MAaTPHUHBIM pacrpesesenuem, Takos. O6osnaunm r”
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MaTpHUlly PacCTOSTHHM: r?jzé(i—j) (rne 6(n)=1, eciu n=0, n nHymo B
OCTa/IbHBIX CJyuasix); 3TO MaTpUllAa PACCTOSIHUH CUETHOTO MHOXKECTBA, pac-
CTOsIHME MeXKLy JIOObIMH JIBYMsl pasHbiMH Toukamu pasHo 1. [Tyctb mepa p°
ecTh JeabTa Mepa B 0. OueBuaHa HHBAPHAHTHOCTL H 3proauunoctb i, HO
OHA He eCTb MaTpUUHOE pacnpejeseHre HUKaKOH MeTPUUECKOH TPOHKH.

2. [pumep ob1iiero Tumna TakoB. 3aMeTHM CHauaJja, 4To Kax/asi CHMMET-
puyeckasi MaTpULA C HyJsIMH Ha TVIAaBHOH JMaroHajJd M C 3JIeMEHTaMH f;;
u3 untepsana [1/2, 1] npu i #j ecTb cOOCTBEHHAs MATPULIA PACCTOSIHUH; B
3TOM CJlyyae HEpPaBeHCTBO TPEYroJibHHKA aBTOMATHUECKH CMpaBeLIHBO JIs
Mo6oH TPOUKH HHAEKCOB. st 060K BepOSITHOCTHON Mephl /77 C HOCHTesleM
Ha uHtepsase [1/2, 1], U He cOCPeIOTOUEHHON B OJHON TOUKE, pACCMOTPHM
npoaakT-mMepy m> c Muoxuteqgem m Ha M{(R) (310 03Hauaer, uto Bce
3J1eMEeHTbl MaTpHLbl BbIlE [JIaBHOH AMaroHa il He3aBUCHMbI H OJIMHAKOBO pac-
npenenenbl). Takasg Mepa uMeer HocuTesieM KoHyc R. OueBuaHO oHa o0Jaaaer
HY?KHBIMH MHBAapPHAHTHOCTSIMH M 3profiMuHa. B To »Ke BpeMsi 3T0 HenpepbiBHAs
(HemuckpeTHast) mepa. Ho oHa He MoXeT ObITh MaTpHUUHBIM pacrpejieseHu-
€M HHU ISl KAKOH MaTpUYHOH TPOKKH; NEHCTBUTENBHO, ¢ M -BEepPOATHOCTbIO
paBHOM eJIMHUIIE MATPHLIA PACCTOSTHUH OTpeJieisieT TUCKPETHYIO TOTIOJOTHS Ha
HaTypaJbHbIX uucaax N, MOCKOJbKY HET HETPHUBHAJBHBIX (PyHAAMEHTAbHbIX
nocJiegoBaresbHocTedl B N, U, ciaenoBaresbHo, nonoJjHenue N ects N, mno-
9TOMYy MaTpHuHOe pacripejiesieHue He MOXKeT ObIThb HempepbiBHOH MepoH, HO
npoJakT-Mepa M, Kak OblJI0 OTMeUeHO, HelpepbIBHA.

ITOT 3(peKT CTaHeT SICHBIM M3 JIOKA3aTeJIbCTBA CJIELYIOLIEH TEOPEMBI,
KOTOpasi 1a€T XxapaKTepH3alrilo MaTPUUHBIX pacnipene/eHuH.

Teopema 5 (CyuiecTBOBaHWE METPUYECKOW TPOMKM C 3aJaHHbIM Mar-
puuHbIM pacnpenenenuem). [lycmo D — sepoamuocmuan 6opesesckas
Mepa Ha KOHYyce mampuy paccmoanui R, uneapuanmnas u ap2oouie-
CKQS OMHOCUMEAbHO OelicmBus 6eCKOHeUHOU cCuMMempiuecKol epynnoL.
1) Caedyrowee ycarosue agigaemcs HeoOX0OUMbIM U OOCMAMOYHOIM
0451 moeo, umobsl ykazawuas mepa D Ovira mampuureimn pacnpedene-
Huem daa Hekomopoti mempuueckoti mpotiku T = (X, p, p), m.e. D= Dr:
04 kaxdoeo € > 0 cyujecmseyem maxoe yeaoe wucao N = N(e), umo

|{] | <j<n, mil’llgig/\/ Tij <6}| N

| — | —e
p e} >1—c¢

4.1)

2) Caedyroujee 6o.aee curbHoe Ycaosue A8Aemcs Heobxo0umblm 1 00-

cmamouHobim 048 moeo, 4mobel mepa D boira mampuureim pacnpedese-

Huem mempuuecxkoti mpotiku T = (X, p, ) ¢ KOMAAKMHbOLM MEMPUUECKUM
npocmparcmsonm (X, p):

D{r={r;;} e R: lim
n—oo
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04 Kaxdoeo € > 0 cyuecmsyem maxoe yeaoe wucaio N = N(e), umo
D{r=A{r;;} € R: 0a1 scex j > N, 1r<r1‘i<r1/\/ rij<e}>1l—e (4.2)
\l\

Hokasameaocmso. A. Heob6xonumocTb. B ciyuae KommakTHOro mpoctpaH-
CTBa HEOOXOMMMOCTb OUEBH/IHA: YCJIOBHE (D) BhIpaXkaeT TOT (haKT, UToO J0CTa-
TOUHO JIJIHHHAS MTOCJIE0BATENbHOCTb HE3aBUCHMBIX (MO OTHOILIEHHIO K HEBbI-
POXKJIEHHOH Mepe () PaBHOMEPHO PacHpeleHHbIX TOUEK pacrpeaeéHHbIX
MO0 Mepe {4 COAEPKUT €-CeTb KOMMAKTHOTO METPHUECKOro MPOCTPaHCTBA /s
moboro e. Heo6xonumocTb ycsoBust (4) B oflieM cJjyuae cjelyeT aBToMaTH-
YeCKH M3 XOPOLIO H3BECTHOTO CBOHCTBA GOPENEBCKUX Mep B TOJbLCKUX MPO-
CTPAHCTBAX: @ HMEHHO, MHOXKECTBO MOJIHOH Mepbl €CTh CHUrMa-KOMMAKT (Tak
Ha3blBaeMasi «PEeryJ/isipHOCTb MEPbI»), CJeI0BaTebHO, MU KaxKaoro € > 0 cy-
LIECTBYET KOMIAKT, UMetolni mepy > 1 —e. [Tostomy B cumy cuértHo# an-
JUTHBHOCTH Mepbl AJsl Kaxaoro € > 0 cyllecTByeT Takoe KOHEUHOE UMCJIO
TOYEK, YTO Mepa o6beIMHEHHs €-11apPOB C IIEHTPAMH B 3THX TOUKax GoJblile
1 — €, 11, HCTIOJTB3YST IPrOUUYECKYIO TEOPEMY, MOXKHO YTBEPXKIATh, UTO YCJAOBHE
B cKOOKax B (4) BBIMOJHEHO /Sl MATPHUIL PACCTOSHHA M3 MHOXECTBA MeEpbl
6oJgbluel 1 —e.

B. Hocratounoctb. [lpennosio:kum Tenepb. yto D ecTb HHBapHaHTHAs
Iproauyeckasi Mepa Ha KoHyce R, ynoBseTBopsiioliiasi ycaosuio (4). [lman no-
KasaTe/JbCTBA TAKOB: Mbl BLIPA3HM BCe Hy»KHbIE CBOHCTBA Mephl D B TepMHHAX
OJIHOW «TUMHYHOK» MaTPHLbl PACCTOSIHUK r, a 3aTeM MOCTPOUM HEKOTOpOe
METPHUECKOE MPOCTPAHCTBO C MEPOH — METPUUECKYIO TPOMHKY, — HCIOJ/b3Ys
TOJIBKO 3Ty MaTPHLly PacCTOSIHUH T

MuBapuantHocTs Mepbl [ 1O OTHOLIEHHIO K JEHCTBHMIO TPYMIBI Soo
(0ZHOBpEMEHHOH MepecTaHOBKe CTPOK M CTOJIOLOB) BIEYET HHBAPHAHTHOCTD
orpaHuueHuil (mpoekuuit) Mepol D na mommarpuusl {ri;: i=1,2,...,n,
j=1,2, ...} no OTHOLIEHHIO K CIABHUIY 10 CTPOKaM j — j+ 1 aJisi iloObIX 1.
Mcnosib3yst aproitueckyto Teopemy jJsi ciBUra (KOTOpbli, BoOOllE roBops,
He3projuuen!), Mbl MO’KeM HaHTH MHOXKecTBO [~ C R moJiHOH D-Mepbl TaKuxX
MaTpHIL paccTosHui r = {r;;}, sl KOTOPBIX CJIELYIOLINI MPeJIes CyLeCcTByeT
JUIsl BCeX HATypasibHbIX k W MoJIoXKuTeNbHOTO unces {h;}i=1,2... k:

n

k
. |
lim — Z H Lo (rij) = e (43)

e A
Hcnosb3yem Soo-HMHBAPHAHTHOCTb Mepbl D; HO 3projauueckoil Teopeme
(6oJiee TOUHO, 110 TeOpeMe O CXOJAUMOCTH MApTHHIaJ/OB) Jlsl A€HCTBHS Ipyl-
bl Soo, MOCKOJBKY TPYNNa Sa, JOKaJbHO KOHEUHA, Mbl MOXKEM YTBEPXK/ATh,
yTO J/I5 TIOUTH BCeX 7 U (PMKCHPOBaHOTO GOpesieBCKOro MHOXKecTBa B € R,
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CJIeNyIONHH TIPeJiesT CYILIeCTBYET:

JI&J/N!§;13@0“5>EA$NBx (4.4)
gESN

apech g(r") = {rg gy} =1, §— NOACTaHOBKa, T.e. 3jeMeHT Sy, KOTOpbIi
nepecranJisieT nepBble N HaTypaJbHbIX uuces, a |p— XapakrepucTuueckas
dyHkuus 6opesesckoro MHoxectBa B C R,; Mepa A7 (.) na R, naswisaercs
SMIUPUUECKUM pacrpeliesieHieM MaTpulbl 7 € R,. COBOKYMHOCTb ITHX IMIMH-
pUYecKHX pacrpeliesieHnH, KaKk ceMelcTBO Mep Ha KoHycax R,, corsacoBaHa
OTHOCHUTENILHO TMpoekuui p, (cMm. §2) u, cienoBatesnbHo, onpenensieT Soo-
MHBapHaHTHY!O Mepy R. Hauu npenosioxkeHus o MaTpHlile © COCTOSIT B TOM,
YTO 3Ta Mepa COBMAJAeT C Mepoil D; 3TO eCTb CJEACTBHE IPrOIMUMUHOCTH
JIEHCTBUS TPYNIbl Soo U 3profuueckoil Teopembl. Eciii Mbl BbiGepeM CUETHbIH
Gasuc GopesieBCKUX MHOKecTB {B!'}° B Ry, n=1,2..., To 11a D-nourn
BCeX I M JUIsl BceX MHOXecTB B}, i, n=1,2.... cyuecTsoBanue npeieson
MIMeeT MeCTO.

Hakonew, o6patumest K ycsioBuio (4) U chopmy/ipyeM ero B TepMHHAX
Matpull pacctosHuil. M3 (4) caenyet, uto g D-nouTd Beex r cjefylollee
COOTHOLIEHHE UMEET MECTO: JI/IS KaXKJIOro R CylIecTByeT Takoe uesoe N, uTo

i Ui LSi<n minigeyriy <R

n—o00 n

1— k=1 (4.5)

3acuKcHpyeM OJIHy M3 TAKMX MaTpHIL paccTosiHuil r = {r;;}, KoTopas y10-
BJIETBOPSIET BCeM ycJsoBUAM (6—8), W paccMOTpPUM €€ KaK METPUKY Ha MHO-
’KecTBe HaTypaJsbHbIX unces. O603HauuM uepes X, MomnoJHeHHe MEeTPHIECKOro
npoctpanctsa (N, r), MeTpuky nomnoJiHeHust 0603HAUUM uepes p, = p, U 00pas
HaTypaJIbHBIX UMCesl B MOMOJHeHHH X, — Kak X, Xo, ... Ilycts B'*(x) wap
pazuyca A ¢ LeHTPOM B TOUKe X B MPOCTpaHCTBe X, U MycThb A ecTb areebpa
noOMHOJICecms NpocTpaHcTBa X,, NOPOXKAEHHAS BCEMH lAapaMH C LieHTpa-
MH B TouKax X, i =1, 2... u npousBosbHbIM paauycom. [lo onpenenenuto,
Mepa /i, KOHEUHOTro MepecevyeHust 1apoB eCcTh

k
e ( () By | = e (46)

i=1
Jlerko NpoBepuThb, UTO 3TO PABEHCTBO KOPPEKTHO OMpeJeisieT HeoTpHLa-
TeJIbHYI0 KOHeYHO-ad0umusHyo HOPMUPOBAHHYIO Mepy (i, Ha anrebpe A
MHOYKECTB, TOPOXKJIEHHBIX CHCTEMOH yKa3aHHbIX 1IapoB, HO BOOOIIE TOBO-
psi, 3Ta Mepa He SIBJsieTCs] CUETHO-A/IMTUBHON W, CJIeI0BATENbHO, HE MOYKET
ObITh pacrnpocTpaHeHa Ha curma-ajareGpy Bcex GOpeseBCKMX MHOXKECTB B X/,
KaK HacTosllasi BEPOSATHOCTHAS Mepa. DTO UIIIOCTPUPYETCS] TPUMEPOM, MPH-
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BeJIEHHBIM BbIllle: Mbl MOCTPOMJIM CUETHOE MPOCTPAHCTBO C MepOH, KoTopast
NPUHUMAET 3HAUeHUe HyJb Ha JI0OOM KOHEUHOM MHOXKECTBE W €IMHHMIA Ha
BCEM MpocTpancTse !

Hcnosb3yem ycnosue (4) B dopme (8) miast matpuibl r. Boibepem € > 0;
ycJioBre (8) Mo3BoJisieT HalTH JJISi KAaXKJIOTO k& KOHeuHoe 00be/lMHeHue 1ia-
poB— C B X,, Mepa KoToporo GoJiblue, ueM 1 —e. OTHOpMHpPYeM 3Ty Mepy
Ha C Ha 1, 1 0603HaUNM uepe3 ji,. MICTIOMb3ysl HHAYKLMIO 110 K, MOCTPOUM
MHOKECTBO 11apoB paauyca 2% tax, uto nepeceuenue oobeaunenuii Cy, v C
uMeeT fi,-Mepy Godbliyio, uem | —27ke; k=1,2.... D10 03Hauaer, uTo
nepeceueHue Bcex 3THX MHOXKecTB C N (N, Cp) uMeeT fi,-Mepy, 60JIbliyI0, UeM
1 — 2¢, 1 camo sBJIsIeTCsI BMIOJIHE OTPAHHUYEHHBIM (T. €. HMeeT KOHEUHYIO €-CeTb
TMPU BCeX €); B CHJy MOJHOTHI X, 3TO TepeceyeHHe ecTb KoMnakT. Ho kax-
Jlasi KOHEUHO-a/UIMTUBHASA Mepa, onpeleéHHasi Ha BCloJy MJIOTHOM noaasre6-
pe curma-anre6pbl 60pesieBCKHX MHOXKECTB HEKTOPOTO KOMITaKTa, — CUETHO-
ajautuBHa. [Tostomy Mbl Hauwin Komnakt C B X,, UMeEIOUMH p-Mepy, He
MeHblyto yeM | —3e. B cuisty npou3BOJIbLHOCTH € Mbl JI0Ka3aJjii, UTO Mepa (i
B X, ecTb CUéTHO-a/UIMTHBHASI Mepa C CHTMa-KOMMAKTHBIM HocHTeseM. Ecim
UCIOJIb30BaTh BMECTO ycJioBHil (4) wiu (8) GoJsiee cuiibHOe ycJoBre (D) H
€ro MHAMBUIyaJU3aUHMI0 JJIS MATPHULLbl 7, TO Mbl MOJYUUM, HCTIOMb3YS Ty XKe
KOHCTPYKLIMIO, KOMIMAKT MOJHOH Mepbl B MPOCTpaHCTBE X, .

Mbl ocTpousu metpuueckyio Tpokky Tr = (X;, pr, i), TJ€ Mepa p, eCThb
6opeJieBCKasl BEPOSITHOCTHASI Mepa C MOJHBIM HOCHTeJeM B TIOJbCKOM MPO-
cTpaHcTBe (X,, pr), B KOTOPOM Bbljle/IEHO CUETHOE BCIOJly MJIOTHOE MHOXKECTBO
{xi}, pasrnomepro pacnpederérnnoe no mepe (i, U yIOBJIETBOPSIIOLIEE YCIJI0-
BUI0 (7). 3ak/iounTesbHas YacTh J10Ka3aTelbCTBA COCTOUT B MPOBEPKE TOTO,
YTO MaTpUuHOe pacrpeneneHue D7 meTpuueckoi Tpoiku T, = (X,, pr, ir) H
Mepa D coBnajnaiot, Kak Mepbl Ha Konyce R. ChopMyaHpyeM 3TO yTBepKIe-
HHUe; OHO ToJIe3HO U B GoJiee 0OlIel cHUTyallMH. JleMMa 3aBepinaeT nokasa-
TEJIbCTBO TEOPEMBbI. O

Jlemma 8. [Ipednoroocum, umo das mampuysl r € R cyujecmsyrom npe-
deaot (6) u pasencmsa (7), (8) soinoanenol. [locmpoum mempuueckyio
mpotiky T, = (X;, pr, Wr), Ucnoavdya ypasnenus (6) u (8), kaxk 8 doka-
s3amenvcmae meopemol. Toeda mampuunoe pacnpedererue Dy, mempu-

'B onpeneséHHOM CMbIC/IE Mbl HAXOMMMCS B CHTYALWH, CXOIHON C TOH, KOTOpas BO3HHKAET
B CBfI3U C KJaccHueckoil Teopemoii KosiMoropoBa o mpolo/nKeHHH Mep M €€ 0006ILIeHHSIMH:
TaM Mbl Onpejie/isieM Mepy Ha ajrefpe LMJIMHIAPHUECKUX MHOXKECTB W I0CJe NPOBEPKH CUETHON
AJUIMTBHOCTH Ha asireOpe MpojlosikaeM eé Ha curmMa-are6py 10 HacTosiLeH BEPOSITHOCTHON Mepbl.
[To Teopeme KosmoropoBa 3To Bceraa BO3MOXKHO B BEKTOPHOM MpOCTpaHCTBe R°°, oHAKO B
JIPYTHX MPOCTPAHCTBAX ITO BEPHO HE JUISt BCEX LIMJIMHAPHYECKUX Mep. 3/1ech Mepbl orpe/iesieHbl Ha
asnre6pe, MOPOXKAEHHOH 1LIapaMH, HO CUETHAST aJUIMTHBHOCTb UMEET MECTO He BCEraa, U ycaoBue (4)
rapantupyer eé. OHaKO U 3/leCb B HEKOTOPBIX MPOCTPAHCTBAX OHO BBIMOJHEHO aBTOMATHUECKH.
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yeckol mpoiku cosnadaem ¢ Soo-UHBAPUAHMHOL MepOLi, KOMOpPas no-
poacdaemcs mampuyeti r no popmyae (7).

Hokazameavcmso. Il 10Ka3aTesqbCTBA Mbl JI0JKHBI TPOBEPUTH COBMajle-
HHe KOHEeUHOMEpHBIX pacrpeneseHuii o6enx mep. [1pouwsniocTprpyem 310 Ha
pacrnpesesieHH 3JieMeHTa ryo(n = 2); npoBepka cJjyuasi MPOM3BOJLHOIO 1
aHajoruuHa. Mimeem

n m

| [ tatorte 0@ = Jim 073 tim 3 targ) =
r X i=1 j=1

lim n=> Y " 1(riy) = NleOO(N!)_l > 1s(rgie@) = AP (B).

n—oo ..
ij=1 geSy

3nech B C Ry ; nocnenHee paBeHCTBO cJieyeT U3 (7); Mpebliyliie paBeHCTBa
HCIOJb3YIOT PABHOPACIIPEIeIEHHOCTD M0CJ/e0BaTebHOCTH {X;} B pocTpaH-
ctBe (X;, pr). Ho o ycnoBuio (7) Soo-MHBapHaHTHas Mepa Ha R, MOPOKAEH-
Hasi MaTpulel 7, ecTb Mepa D, uTo M 3aBeplIaeT J0Ka3aTesqbCTBO. (]

3ameuanue 2. 1. Cmpykmypa Heobxo0umolx u 0OCMAMOUHbLX YCAOBULL
Ha mepy 8 0OKA3AHHOIL meopeme NOKaA3vleaem, 4mo MampuiHsle pac-
npedenerusi 06pasyiom 6opesesckoe NOOHONCECMB0 8 MHOICCCMBE BCEX
B8EPOSMHOCMHbLX OOpere8CKUX Mep HA KoHyce R.

2. ¥Yeaosue (4) moscem bolmo 3ameneno Opyeum ycaosuem u3 pabomol
[9] (max Hasvieaemas «npocmoma» Seo-UHBAPUAHMHOL MepbL). MO
ycaosue eapawmupyem mom ¢gakm, umo mepa D ecmv mampuuroe
pacnpedenerue NPOUSBONbHOU UBMEPUMOL PYHKYLU OBYX NepemeHHblx,
a amoeo, 8 cuay meopemol eOUHCMBEHHOCMU, 00CMAMOYHO 0l HAUWUX
yened.

4.3. TeopeTHKO-MeTpUUECKOE NPOCTPAHCTBO METPUUECKUX
TpoeK

Mbl 0606111aeM MOHATHE METPHUECKOro npoctpaHeTBa (cM. § 1) u BBoAUM
CXOJIHO€ TPOCTPAHCTBO METPUUECKHX TpoeK. BMecTo 06bIYHON TOUKH 3peHHs,
COIJIACHO KOTOPOH paccMaTpUBaeTcsi MHOXKECTBO BeeX GOpPeeBCKUX Mep Ha
JIAHHOM TOMOJIOTHUECKOM HWJIH METPUUECKOM MPOCTPAHCTBE, Mbl, HAMPOTHB,
(hUKCHpyeM CTPYKTYypy NMpoCTpaHCTBa ¢ Mepo# (nmpoctpaHcTsa JlebGera) u pac-
cMmaTpuBaeM Ha HéM Bce usmepumoie (noay)mempuru. (cm. [10], §6).

[Ipennonoxum, uto (X, ) ectb npoctpancTBo Jlebera ¢ KOHeUHOH HJH
cUrmMa-KoHeuHoll Mepoil p (Hanpumep, unrepsas [0,1] ¢ seGeroBoil Mepoi
HJIH HaTypaJbHbIH Psifl ¢ paBHOMePHOH Mepoil) 1 S, (X) — npocTpaHCcTBO Beex
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knaccop mod 0 namepumbix yHkuui Ha (X, p); onpenesnnm R¢ C S, (X) —
KOHYC U3MEPHUMBIX METPHK, T.€. KOHyc KaaccoB mod O coBnajgaioumx cum-
MeTPHUECKUX (QYHKUHMH ABYX aprymeHToB p: (X x X, p x p)) — Ry, ynosJe-
TBOPSIOLIMX HEPABEHCTBY

p(x, y)+ply, 2) = p(x, 2)
JUISt (f X 4 X [4)-TIOUYTH BCEX
(x, ¥, 2) € (X x X x X).

EcrectBenHo cuutath Takxke, uto pu X pu{(x, y): p(x, y) =0} =0.

Cyl1eCTBEHHO, UTO p €CTb He MHAUBUIYyaJbHas PyHKUHUS, HO Kjace mod 0
COBMAJAIOIINX (PYHKIIMH, TOITOMY He OUEBHJIHO allpMOPH, UTO OHA OTpeJessieT
CTPYKTYpY (ITOJIy)METPHUECKOTO MPOCTpaHCcTBa Ha X B OYKBAJbHOM CMbICJIE.
Ecsin Mepa o JMCKpeTHA, To KOHYC R ecTh KOHYC OOLIYHBIX METPHK, a ec-
Ju X — HaTypaJbHbIH psijl, TO Mbl [OJyyaeM KOHyC R MaTpHIL pacCTOSIHUH U3
§ 1. Takum o6pasom, KoHyc R ecTb HenpepbiBHOE 0000L1eHHe KOHyca R Ha
cJlydail HenmpepbIBHOW Mepbl .

[Ipennosioxkum Ternepb, UTo Mepa f, KOHeUHa U p € RE ecTb uucmas QpyHk-
uus (em. [9])%, a mepa D, na npoctpanctee M, (R) ecTb MaTpHuHOe pacnpe-
JleieHie U3MepuMoi (yHKIMKU p (CM. OrpejiesieHde B MPEebIIyLIeM MyHKTE).
W3 sproauueckoii Teopembl cienyet, uto D,(r € R: rip+rjp 2 rip) =1 pisa
JMmobbIX £, j, R €N, u, caenosarensto, D,(R) = 1. Mcnosb3ys naHnyo pa-
Hee XapaKTepH3alMio MaTPUUHBIX pacrpejesleHHH, Mbl [oJlyuyaeM cJeylollee
yTBEpKJIEHHE

Jlemma 9. Mepa D, cocpedomouena na R (m.e. D,(R) =1) u asaaemcs
apeoduueckoil Soo-unsapuarmmuoil mepoitl. Caedosasmenrvro, Kaxdas
yucmasn pynkyus p € R na (X X X, p X p) onpedeasem (noay)mempuxy
mod 0 na npocmpancmse (X, ).

Caenctue 7. Kracc usamepumolx noaymempux Ha npocmparcmse Jlebe-
ea ¢ HenpepolsHotll mepoti cosnadaem ¢ kaaccon mod O cosnadaroujux
Mempuueckux mpoex ¢ Henpepol8Hoil (KOHeuHOU) mepoll.

ITO cJe/ICTBUE T10KA3bIBAET, YTO $I3bIK MATPUUHLIX paclpejelieHHi, co-
CPELOTOUEHHBbIX Ha KOHyce R, 1aéT MHBAPMAHTHBIN croco® u3yueHust (rno-
Jqy)MeTpuueckux Tpoek. OKasblBaeTcsl, MHOMAA yA0OHO (PUKCHpOBaThb MpO-
CTPAHCTBO C MepOH M BapbHpOBAaTb M3MEPUMbIM 00pPa3oM METPHUKY BMECTO

2Mamepumas (yHKLHUs JBYX apryMeHToB f(x, y), 3ajaHHas KBaapaTe C JIeGEroBoil Mepoii,
Ha3bIBAETCSl UMCTOM, €cJid JJIst TIOUTH Beex map (X, Xo) (COOTB. (Y1, y2)) DYHKUMH OJHOH Tepe-
MeHHOl f(xy, .) U f(x9, .) (cooTB. f(., y;) U [(., y2)) pasanualOTCsi HA KAKOM-JHOO MHOXKECTBE
NOJIOXKUTENbHON Mepbl. OueBHAHO, COOCTBEHHASI METPHKA HA MPOCTPAHCTBE C MEPOH €CTh UhCTast
hyHKLHSI.

6 (DyH}'LaMeHTa./'[])Haﬂ MaTeMaTHKa CEerojiHsa
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TOTO, UTOOBI paCCMaTPHBATh Pa3Hble METPHUECKHE TPOCTPAHCTBA; OOIIHOCTh
paccMOTpeHHi ocTaérest ToH »ke. DTOT MpuéMm ucnodbaosad B [10].

§ 5. O6was kKaaccudukauua Mmep Ha KOHyce
MaTPHL] PACCTOSHUH, IPUMEPDI

5.1. Onpepnenenus

Bynem paccMoTpuBaTh POU3BOJIbHbIE BEPOSTHOCTHBIE GOpPENEBCKHE MEPDI
Ha KoHyce R WJIH, MHaue, MPOU3BOJIbHBIE CJlydailHble METPUKH Ha MHOXKECTBE
HaTypaJibHbIX UMces. 3aMeTHM, UTO KOHYC R B cj1aboil TOMOJNIOTMH METPU3yeM
U cenapabeJsieH, T.e. CTAHOBHUTCS MOJbCKUM TIPOCTPAHCTBOM MPH (hHKCALUHU
METPHUKH COBMECTUMOH CO €J1ab0H TOMOJOIHEH.

0603Hauenusn. O6o3HauMM yepe3 ) MHOXKECTBO BCEX BEPOSTHOCTHBIX 6O-
pesieBCKMX Mep! Ha KoHyce R M CHaGIHM 9TO MHOXKECTBO C1a6oil TOMOJIOTHe .
ITO CUMIIEKC, SIBJSIIOLLMACS 0OPaTHBIM MPeAeJOM CHMIJIEKCOB BEPOSITHOCT-
HbIX M€p Ha KOHEUHOMEPHbIX KOHycax R,. CXoauMocTb B ¢/1a00H TOMOJIOTHH
€CTb CXOJMMOCTb Ha LMJIMHIPHUECKUX MHOXKECTBAX C OTKPBITBIMH Oa3aMH.
Bce nosksacebl Mep TakKe paccMaTpUBaloTes B ¢a1aboil ToNosornu. 3aMeTum
elé, uTO MHOXKECTBO HEBBIPOXKIEHHBIX (T. €. MOJIOXKHUTEIbHBIX HA HEMyCTbIX
OTKPBITBIX MHOXKECTBaX) Mep €CTb BCIOAY MOTHOE (s-MHOXKECTBO B V.

[Iyctb D NOAMHOXKECTBO Mep U3 V, ABJSIOLMXCS MaTPUUHBIMH pacrpe-
JleJIeHUSIMU; KakK Mbl JI0Kasaju (TeopemMa 4 W cjeicTBHE 7), OHO HAXOAUTCS
B OMEKTHBHOM COOTBETCTBHM C KJAacCaMH M30MOP(HbLIX METPHUECKHX TPOEK.
KoHCTpyKTHBHOE OmnHCcaHue MaTPUUHBIX pacrpejesieHuil 1aHo B §4).

[ToamuozkecTBO P C V COCTOUT U3 Mep, KOTOPbl€ COCPE0TOUYEHbI HA MHO-
»KecTBe M yHHUBepcaJsIbHbIX MaTpHLL paccTosiHui: v € P o3Havaet v(M) = 1
cM. §3.

[TonmuoxkectBo P; C V cocToUT M3 Mep, KOTOpble COCPEIOTOUEHbI Ha CJla-
60 yHUBepcaJibHbIX MaTpuliax. O6a MHOXKeCTBA SIBJSIOTCS BBIMYK/AbIMU (He3a-
MKHYTbIMH) MOAMHOXKECTBAMH B CUMIJIeKce ) BceX Mep Ha KoHyce R. MoxKHo
JaTb NPSIMYI0 XapaKTepu3alMio TAKHX Mep aHaAJOIHUHYI0 KPUTEPHIO YHUBEpP-
CaJIbHOCTH U3 yTBepxKeHus 1.

YrBepxaenue 2. Paccmompum 0aa kadxicdoeo n pasbuenue Konyca R Ha
mHosucecmsa R'(q), g € Ry (cm. 0603nauenus neped ymsepowderuem |
8 §3). Mepa p npunadaesncum mroxcecmsy P, m.e. cocpedomoyena Ha
MHOMCECMBE YHUBEPCAAbHOIX MAMPUY, mo20a U MoAbKko moeda, Koeda
045 8cex n U 044 noumu 8CAK020 NO IMOL mepe dremenma pasbuerus

B nanbheiiiem «Mepa» Beerjia 03Hauaer «GopeeBCKasi BEPOSITHOCTHASL Mepas.
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R™(q) (m. e. 042 noumu 8cAKOLU KOHEYHOU MAMPUUbL pACCMOAHUL G) HO-
cumenv YCAOBHOLL Mepbl HA IMOM INeMeHne ecimob 8¢é MHocecmso R"(q),
uHaue e080ps, YcAo8Hble mepvl He solpodcdatomces. TlpunadaencHocno
mepol jL mHocecmsy Py CV pasHOCUAbHA MOMY, YIMO HOCUMEeAb Mepbl [
ecmo 8eco KOHYC R.

JlokazaTesibCTBO YTBEPIKIEHHS CJEAyeT W3 OMNpefesieHHi OMUChIBAEMbIX
MHOYKECTB W JI0Ka3aTeJbCTBA yTBEPKeHUs .

[ToamuoxkecTBO Q@ C D COCTOUT M3 Mep, KOTOpble OTBEUAlOT MaTPHUHbLIM
pacrnpesesieHUsIM MeTpuueckux tpoek T = (U, p, i), B KOTOPHIX U ecTb Mpo-
CTPAHCTBO ¥YpbICOHA.

Hakonel, o6o3Haunm uepe3 H MHOKeCTBO Mep i € V, KoTOpble 06Jsa1a-
10T CJIEJlyIOLIUM CBOMCTBOM: p-TIOUTH BCE€ MATPHILbl PACCTOSTHUE MOPOKAAIOT
M30MeTpUUHbIE MeTpUUecKHue nmpoctpaHcTBa. Mepbl p € H MHAYUMPYIOT CAY-
yatinole 8cl00Yy NAOMHbLE NOCAL08AMENbHOCMU MOYeK JAHH020 NpPO-
cmpancmsa. C 3TOH TOUKM 3pEHUs] 3JeMEHTbl MHOXKeCTBa D HHAYUHPYIOT
cJlyuaiiHble BCIOJY MJOTHblE TMOCJEI0BATEJNbHOCTH CIELHaNbHOrO THIA, — a
MMeHHO, 6eCKOHeUHble He3aBUCHMble BbIGOPKH TOUEK OTHOCHTENLHO JIAaHHOM
Mepbl B METPHUECKOM TMPOCTPAHCTBE, a 3JIeMeHThl Q MHIYLHPYIOT CydyailHyio
He3aBUCHMYIO0 BbIGOPKY TOUEK B MPOCTPAHCTBE YPbICOHA C HEBHIPOXKIAEHHON
MepoHi.

MwmeloTcst oueBHIHbIE BKJIIOUEHHUS:

VOHDODDDODQCPCHCYV, Q=PnND.

[To Teopeme 4 kaxnasi mMepa M3 MHOXKecTBa D ompejesisieT Kjiacc H30-
MOP(HBLIX METPUUECKUX TPOEK U, B UACTHOCTH, MepPbl U3 Q ONpeJIeIsiioT Kaacc
HEBbLIPOXK/IEHHbBIX METPUUECKHX TPOEK C HEBBIPOXKJEHHLIMU MepaMH Ha Mpo-
CTpaHCTBe YpPbICOHA, T.€. OPOUTY IPYMIMbl BCEX M30METPUH B MPOCTPAHCTBE
HEBBIPOXK/IEHHBIX Mep Ha MPOCTPAHCTBE YpPhICOHA.

Teopema 6. 1./lodmrnoxncecmso P CV ecmo sciody niomruoe Gs-MHO-
acecmso 8 V. Taxum o06pazom, OmMHOCUMEAbHO MUNUYHOL Mepbl v
Ha R v-noumu 8ce mampuuysl paccmosHull yHUBepcatbHol, U, c1edosa-
MeAbHO, ONPedesont MempuKy r HQ HAMYPAIbHOM pside, NONOAHEHUe
no KOMmMopoil ectmv NPOCMpPaHcmao ¥polcoua.

2.[lodmnooxcecmso Q C D ecmo gcrody naomnoe Gs-noo0MHONCECnB0
8 D. 9mo o3nauaem, umo munuuras mempuueckas mpoiika T = (X, p, p)
umeem npocmpancmso Ypoicona 8 kauecmae (X, p).

Hokazameavcmso. IlepBoe yTBep:KeHHe ClellyeT U3 TeopeMbl |, KoTopas
YyTBEP2K/IAeT B YaCTHOCTH, UTO MHOXKECTBO YHUBEPCAJbHBbIX MATPHLL PACCTO-
sHuil siBsisietcst G5-MOJAMHOXKECTBOM B R, a TakxkKe U3 TOro o0lero gakxra,

6%
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YTO MHOXKECTBO BCEX Mep, 3aJIaHHBbIX Ha TMOJIbCKOM MPOCTPAHCTBE, COCPENO-
TOUEHHBIX Ha (PUKCHPOBAHHOM BCIOAy MJOTHOM (s5-TIONMHOXKeCTBE (B HalleM
cayuae Ha M), caMo ABJSETCS BCIOMY IMJIOTHBIM B c/1a0oi Tomnosorun Gs-
MOJIMHO2KECTBOM TIPOCTPAHCTBA BCEX MEP.

BTopoe yTBep:KJieHHEe BbITEKAEeT U3 TOrO, uTO repeceueHue Gg-MOJAMHO-
JKECTBa C TPOU3BOJIbHBIM TTOJNPOCTPAHCTBOM TOJLCKOTO MPOCTPAHCTBA €CTh
cHoBa (5-MOJIMHOYKECTBO B 3TOM MOJANPOCTPAHCTBE B UHJLYLIHPOBAHHOMN TOMO-
JIOTHH. O

5.2. Tlpumepsl Mep, COCPENOTOUEHHBIX HA YHUBEPCANbHBIX
mMaTpuLuax

JanuM ternepb KOHCTPYKUMIO BEPOSITHOCTHBIX (MapKOBCKHX) Mep Ha KO-
Hyce R U, B UaCTHOCTH, PUMepbl Mep U3 MHOXKecTBBa P C ‘H C V. D10 nact
HOBOE JI0Ka3aTeJbCTBO CYIIECTBOBAHUS MPOCTpaHCTBAa YpbicoHa. dakrtuue-
CKH Mbl HCIIOJIb3YEM T€ K€ apryMeHTbl, 4To U B §3, HO B BEpPOATHOCTHOM
KoHTeKcTe. Ham mMeTon Naét KOHKPETHYIO WJIOCTPALMIO TOTO, KaK CTPOMUTDH
cJlyuaiiHble MeTpUUECKHe MPOCTPAHCTRA.

[TycTb  npousBosibHas HeNpepbIBHAs Mepa Ha mosynpsiMoil RY ¢ nosiHbiM
HOCHTEJIEM, HAaTIpUMep, rayccoBa Mepa Ha rnoJiyrnpsiMoil. OnpeiesiuM o UHIyK-
LMY Mepy v Ha KOHyce R MaTpHll pacCTOSIHUI ¢ MOMOIIbIO €€ KOHEUHOMEPHbIX
NpoeKUUH Ha KOHYChl R, UHAue TOBOPS, 3a/la/IMM COBMECTHbIE KOHEUHOMEpP-
Hble pacrnpesiesieH|st 3JIEeMEHTOB CJlydailHbIX MaTpHll. B kauecTBe pacrpezele-
HUSl 3JIeMeHTa /] 9 CJIyJyaliHONH MaTPHLLI BO3bMEM Mepy -y Ha nosynpsiMoi. Tem
cambIM, OMpefiejieHa Mepa Ha Rg, 0603HaunM eé uepe3 vy. [Ipennosioxkum,
YTO y>Ke OTIpejie/ieHO COBMECTHOE pacrpefie/ieHHe 3JeMEHTOB {fi,j}f’,j:p T. €.
mepa v, Ha RY. [To nemme 4 KoHyc R,y| €CcTb paccjioeHde Haj KOHYCOM
R, CO CIOEM MHOXKECTBO JIOMYCTHMbIX BEKTOPOB A(r) s MaTpHlbl r € R,.

ﬂ.ﬂﬂ IMMOCTPOEHHUS CJEeAYIOUIEro COBMECTHOIO pacnpeie/ieHds1 Mbl UCIIOJIb3yEM

P41
JIMb CTPYKTYPY 3TOr0 paccCJ/JiIo€HUs, TOUHEeEe, MPOCKUHIO 7—\’,,1 A n+1, KOTO-

past O3BOJIMT OMPELEUTb Mepy Ha R4 € 3aJaHHOH NpoeKLueH.

[TosTOMy HmOCTATOUYHO OMpENeNnTb YcAOB8HbLe Mepbl HA A(r) Ads Bcex
r€R,, usamepumo 3aBucsiime or r. C BepoOSTHOCTHOH TOUKHM 3PEHHsl 3TO
03HAUaeT, UTO Mbl OMpese/sieM MepexoHyl0 BeposITHOCTb OT MaTpPHLbl pac-
CTOSIHMH r MOpsJIKa 1 K MaTpulle paccTosHuil r* nopsiaka n+ 1 (em. n.2.3)
WK MePEXOJIHYI0 BEPOSITHOCTb OT N-TOUEYHOIO METPHUECKOro MpOCTpaHCTBa
K 1+ 1-ToueuHomy. HanomMHUM reoMeTpHuecKylo CTPYKTYpy MHOXKECTBA J0-
MyCTUMBIX BEKTOPOB, T. €. cjost A(r): 310 cyMMa MHHKOBCKOTO

A(r) = M, + Ay,
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(cM. m.2.2) uau npoekuust npsimoit cymmbl w: M, x A, — M, + A, = A(r).
Paccmorpum Ha M, x A, npsiMoe NpouU3BeJleHHE Mep v, = m, X 7y, TIe M,
eCTb, Harpumep, HopMaJju3oBaHHasi mepa Jlebera Ha MHororpantnke M, uin
MHast Mepa C MOJHbIM HOCHTe1eM Ha M, yA0BJIETBOPSIOLIAs YCAOBHUSIM, Hop-
MYJIMPYEMbIM HH2KE.

[lyctb 7y, ecTh mpoeKuusi Mephl -y, Ha A(r). MBI onpesesisieM yCJOBHbIE
Mepbl Ha A(r) XaK 7y,. TeM caMbIM Mbl HMeeM

Prob(r4?|r) = w(m, x v)(da).

YesioBHsl Ha Mepy 71, TaKOBbI: HAa KaxKJIOM LIare KOHCTPYKUMH AJist JoObix N
¥ n > N npoekuust mepbl m,, r € R,, Ha MHOXKECTBO JIOMYCTHMbIX BEKTOPOB
A(pn(r)) paBHOMEPHO MOJIOXKHTEJbHA HA BCAKOM OTKPBITOM MHOXKECTBE W3
A(pn(r)); 70 03HAUAET, UTO /151 BCSIKOTO OTKPBITOro MHOXKecTBa B C A(pn(r))
cylecTByet Takoe € > 0, uto misi BCsiKoro # > N 3HaueHHe MPOEKUHMH Mepbl
m,, r€ R, Ha MHOxKecTBe B OoJjbliie e. Tem cambiM, omnpenejeHa Me-
pa L, Ha R,y;. [lo nocrpoennio Mepbl corsiiacoBaHbl MO A W, MO3TOMY
OTIPeNIeNSIOT HEKOTOpylo Mepy Ha koHyce R. O6o3HauuM 3Ty Mepy uepe3
L=L(y,{m;:reRyn=12...1}).

Bousiee Harisianblii 1 KOMOMHATOPHBIH Cr10COO OMUCAHUST Mep TaKOB: K 1-
TOUEUHOMY METPHUECKOMY MPOCTPAHCTBY CJydyailHO 100aBJseTcs cJeaylolias
n+ l-s TOUKa; NpH 3TOM BEKTOP PACCTOSIHUNA MEXKy HOBOH Y NPEAbIAyIMU
TOUKaMH (T. €. JIOMYCTUMbIH BEKTOP) UMeeT PaBHOMEPHO MOJIOXKHUTEJIbHYIO Be-
POSITHOCTb Ha HEMYCTbIX OTKPBITHIX MOJMHOYKECTBAX MHOXKECTBA JOMYCTHUMbIX
BEKTOPOB.

Teopema 7. Mepor L, nocmpoerHoie goiuie, cOCpedOmoUeHbl HA MHO-
Jcecmee YHUBepcasbHolX Mampuy, m.e. aexcam 8 mHodxcecmse P, cae-
008aMeAbHO, NONOAHEHUE MHONECMBA HAMYPANbHbLX YUCeA MO NOYMU
0606 mampuye OMmHOCUMeAbHO MAKUX Mep eCte APOCMPAHCIEO Ypol-
COHa.

Hokasamenaocmso. JloctaTouHO TIPOBEPHTH BLIMOJHEHHE YCJOBUSI YTBEP-
Kaeuusi 2. Ho mno TeopemMe O CXOAMMOCTH MAapTHHTAJOB YCJOBHAs Mepa
Ha TMOUYTH BCeX 3JeMeHTax pa3bueHus, T.e. R"(g), ecTb npenes yCJOBHBIX
Mep Ha sseMeHTax padbueHuid R"(g) NRy npu N — oo. [Tostomy TO, uTO
HOCHUTEJIM TIOUTH BCeX YCJOBHBIX Mep OYyJIyT TOJHBIMH, €CTh CJIeJCTBHE
HaJIOXKEHHOTO BbIllle YCJIOBHSI PABHOMEPHOH TMOJIOKHTENLHOCTH BEPOSITHOCTEN
Ha JIOMYyCTHUMbIX BEKTOpaX. O

Takum obpasom, cayuaiinoe cuémroe mempuuecKoe npPocmparcmso
U30OMEMPUUHO 8CIO0Y NAOMHOMY NOOMHONCECMBY NPOCMPAHCMBO ¥Ypoi-
COMQ WK, MHAUe, MOMOJHEHHE CyYalHOro CUETHOrO METPHUECKOTO MPOCTpaH-
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CTBa €CTh C BEPOSITHOCTBIO €IMHMIIA MPOCTPAHCTBO YphicoHa. B o6oux dop-
MYJIMPOBKAX «CJIYYalHOCTb» MTOHUMAETCS OTHOCUTEJNbHO JII0OOH MePbl U3 MHO-
KecTBa P, T. e. U3 MHOXKECTBA, KOTOPOe Mo TeopeMe 6 ABJSETCS BCIOMY MJ0T-
HbIM G 5-MOJAMHOXECTBOM B MTPOCTPAHCTBE BCEX Mep Ha KoHyce R.

Bosiee cioxnasi npobjema — MOCTPOUTL Mepy Ha KOoHyce R M3 MHOXKe-
cTBa Q, T. €. MaTpUUHOE pacrnpeseseHue sl HEKOTOPOH HEBbIPOXKAEHHON Me-
pbl Ha npocTpaHcTBe ¥YpbicoHa . CBolicTBa Mep Ha NPOCTPAHCTBE YpPbICOHA
BecbMa MHTpUrytolu. OJIHAKO, MOCKOJbKY Yy HAC HeT yl0OHOH MOJEJH 3TO-
ro MpOCTPAHCTBA, MPEACTABJSIETCS MOJe3HbIM HCIOJb30BaTh HEMPSIMOH MyTh
MOCTPOEHHsI TAKUX Mep: MOCTPOUTb Mepy Ha KoHyce R, Jiexkallyio B Q, T. €. 10-
CTPOUTb MAaTPHUUHOE paclipe/ieIeHHe; OHO OTpejiesisieT H30METPHUYECKHH KJacc
mMep Ha U. B cBolo ouepenp J/isi TAKOTO OMHCAHHST MOYKHO B35ITb Mepy M3
MHOXKeCTBA P U TMOCTPOUTb MO Hel Soo-MHBAPHAHTHYIO IPrOJUUECKYIO MEPY.
O6ueruatoniee 06CTOATENBCTBO COCTOUT B TOM, UTO JIOMOJHUTENBHOE YCIOBHE
(4) u3 TeopeMbl 5 Ha Mepy Ha KOHyce, rapaHTHpylolllee, UTo Mepa Ha R ecTb
MaTpHUUHOE pacrpesie/ieHHe, y2Ke He Hy»KHO:

Y1BepxaeHue 3. Bcakas Soo-uUHBAPUAHMHASL 3peoduyecKkas mepa u3
MHOJMcecmsa P ecmo mampuunoe pacnpedeaenue (m.e. aexcum 8 Q).
Imo o3nauaem, umo Soo-06040uKa (= uHsapuanmuan speoduueckas
Mmepa, nopodcdénHas 0arHol mepoll) mepul 3 npocmparcmsaa P, komo-
poe Mol nOCmMpouAu soluie, onpedessen U30MempUUecKuli KAacc mep Ha
npocmpaxcmse ¥polcona.

JlokazaTesbCcTBO 3TOTO YTBEPIKJAEHHUST OMUPAETCS HAa KPUTEPHUH TaK Ha3bl-
BaeMOH MPOCTOTbI Mepbl U3 padoThl [9], U Mbl paccMOTpUM Bomnpoc GoJee
noJpo6HO B IPYyroM MecTe.

AHasiu3 Mep Ha MaTpHLIaX PACCTOSIHUI MOJIe3eH B 3a/lauaX HHTErPUPOBaHHUS
Mo MeTPUUECKHM MPOCTPAHCTBAM B JlyXe CTaTHCTHUecKOH (usuku. [TocTpo-
€HHble 3JleCb Mepbl UHTEPECHbI TaK:Ke C TOUKH 3PEHHs TEOPHH CJyualHbIX
MarpHil. B yacTHocTH, NpencTaBasieTcsi HHTEPECHBIM M3yuaTb CIEKTPbl CJy-
YaHbIX (CUMMETPHUUHBIX) MATPULL paccTosiHuil. [To-BuanMomy, 10 CUX nop ta-
KHe 3aJlauk He M3yUaJiMuCh. YiKe TPOCTEHIINe MPUMEPDI, CKaXKeM, BbIUMCIEHHE
COBMECTHBIX pacripe/ieJieHHil PaCCTOSTHHI MeX]ly He3aBUCHUMbIMH TOUKAMH MO
pPaBHOMEPHOH Mepe Ha KOMMAKTHBIX OJIHOPOJHBIX MPOCTPAHCTBAX H CHEKTPOB
COOTBETCTBYIOIMX CJyYailHbIX MaTPUL, TPEACTABJSAIOT GOJblIME TPYAHOCTH.

B saknioueHue, Bo3Bpaulasicb K TeopeMe 7, HAlOMHUM aHaJOTHIO pac-
CMaTpHBaeMbIX 371eCb BOIPOCOB C OJHOH cTapoil TeopeMoil Dpréia—Penbr
[5] o cayuaiiHbix rpadax. OHa yTBEpKJIAeT, UTO C BEPOSITHOCTBIO €JMHHIIA
CJIyuaiiHblii rpag siBjsieTcsi YHHBEPCAJbHBIM IpagoM, CM. OTpeJiesIeHHs U Jie-
Tamu B [7, 6]. Drta HecsokKHAsA TeopeMa SIBJASETCS MPOCTEHIIMM C/IyyaeM B
pa3BMBAEMOM 3JleCb KOHTEKCTE, MOCKOJIbKY OeCKOHeuHblil rpad mopoxkaaer
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MeTpHYecKoe TIPOCTPAHCTBO, U B IAHHOM CJlyyae pacCTOSTHUSI MEXKIY pasJiuu-
HBIMH BepLIMHAMU Tpacda MPUHUMAIOT JHLib ABa 3Hauenusi, 1 u 2. Tem cambim,
cJyuaiiHblii rpad B cMbic/e [D] MopoxkaaeT Mepy Ha MaTpHUAX PacCTOSHHMH,
OTHOCHTEJIbHO KOTOPOH BCe 3JIeMeHTHl rjj, i > j pacnpenesensl Ha {1, 2} ¢
BepositHocTsimMu (1/2, 1/2) (unu Gosee o61m o6pasom). Takie MaTpHIbI Jie-
»KaT B KoHyce R (cMm. npumep B §4). C 1pyroi CTOpoHbl, OUEBHIHO, UTO TaKOH
CJIyyaiiHbIA rpad ¢ BepoSITHOCTBIO eIMHHULIA YHHBEPCAseH B KJacce KOHEeUHbIX
rpacoB, U €ro MaTpylbl PACCTOSIHUE YHUBEPCAJIbHBI 8 HAULEM CMbLCAC, eCIH
paccMaTpuBaTh MOHSITHE YHUBEPCAJIbHOCTH TOJIBKO IS MATPULL PACCTOSIHUH
co 3HaueHusimu (1, 2).
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P. Grozman, D. Leites, 1. Shchepochkina

The analogs of the Riemann tensor for
exceptional structures on supermanifolds

Abstract

H. Hertz called any manifold M with a given nonintegrable distri-
bution nonholonomic. Vershik and Gershkovich proved that the space
of germs of any nonholonomic distribution on M possessing an open
and dense orbit of the diffeomorphism group is either (1) a distribution
of hyperplanes or (2) an Engel distribution.

No analog of this statement for supermanifolds is formulated yet,
we only have some examples: our list (an analog of E. Cartan’s classifi-
cation) of simple Lie superalgebras of vector fields with polynomial co-
efficients and a particular (Weisleiler) grading contains 16 series similar
to contact ones and 11 exceptional algebras preserving nonholonomic
structures.

Here we compute the cohomology corresponding to the analog of
the Riemann tensor for the supermanifolds associated with the 15
exceptional simple vectorial Lie superalgebras, 11 of which are non-
holonomic. The cohomology for analogs of the Riemann tensor for the
manifolds with an exceptional Engel manifolds are computed in [13]; for
the 16 series of contact-like distributions on supermanifolds see [11].

Introduction

The main result

In this paper the ground field is C. Here, for each of the 15 excep-
tional simple infinite dimensional vectorial Lie superalgebras g = @ g; in

i>—

their Weisfeiler grading we have computed H(g_; g) for i =0, 1, 2, where

g— = @ g;. The cohomology are especially interesting fori = 2. If d = 1, then
i<0

H?(g_; g) can be interpreted as the space of values of the curvature tensor

for the G-structure, where G is a Lie supergroup whose Lie superalgebra is
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go; if d > 1 we interprete H?(g_; g) as the space of values of the recently
introduced nonholonomic curvature for the nonintegrable distribution.

To make the text of interest to a wider audience, we would like to
review the list of simple vectorial Lie superalgebras and some not so known
background, cf. [4], but had to delete it from this text for the lack of space;
for the same reason we skipped the results of computations of H(g_; g) for
i=0, 1 (these results will be preprinted; H'(g_; g), though not so interest-
ing, perhaps, as H?(g_; g), also has an interpretation of interest: its elements
represent derivations of g_ into g, ci. [2].)

The results demonstrate one more range of applicability of the SuperLie
package designed for various computations with Lie superalgebras, not only
for computation of (co)homology; for other results and comparison with
hand-made calculations, see, e.g., [10]. SuperLie is Mathematica-based.
This facilitates its usage but imposes in-build Mathematica restrictions. We
hope to draw attention to possibilities SuperLie (now installed at MPIM,
Bonn; LPT, ENS; Department of Mathematics, University of Stockholm)
reveals to its user.

In particular, our results (as well as similar results of Poletaeva [22] —
[24] performed by bare hands) vividly demonstrate that in the absence of
complete reducibility computer-aided study is indispensable.

§ 0.1. A result of Vershik and Gershkovich. Nonholonomic
curvature

Let W’ be the space of germs of k-dimensional distributions at 0 € C".
(In [32] the real case is considered but the result is the same.) The group
Diff, of germs of diffeomorphisms of C" acts on W¥ and it is interesting to
study the generic orbits of this action. Vershik and Gershkovich showed that

ifl <k<n—1and(k, n)# (2, 4), then any orbit of Diff,-action on W
has an infinite codimension in the orbit space. '

The exceptional case k& =1 is trivial. Two other exceptions (1) k=n—1
(for n odd this is the contact structure) and (2) (&, n) = (2, 4) (the Engel
distribution) give examples of germs of nonholonomic distribution with an
open and dense orbit of the diffeomerphism group.

These cases are considered in [13], where the notion of nonholonomic
curvature is introduced. It turns out that the nonholonomic curvature van-
ishes if k =n — 1 (this is a reformulation of Darboux theorem on a canonical
form of the contact form for n odd) whereas for (k, n) = (2, 4) — the Engel
distribution — dim H?(g_; g) = 2.

'A more delicate theorem concerning these orbits was stated in [33] and proved in [21].
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Observe that the (infinite dimensional) algebra of symmetries of the
exceptional (case (1) or (2)) nonholonomic distribution is simple only if the
distribution is of codimension 1 and #n is odd. Contemporary mathematicians
are often more than necessary fixed on simple Lie algebras and this is,
perhaps, an explanation why the Lie algebra preserving an Engel structure
(cf. [13]) was neglected for a long time. The differential geometers, though
mildly interested in the cases when the total algebra of symmetries is simple,
are more interested in the cases when it is of finite dimension (simple or
not), and therefore their interests are orthogonal to ours as is clear from
motivations and results reviewed, e. g., in [36].

We do not know any super version of the above result of Vershik and
Gershkovich [32] but we classified simple Lie superalgebras of vector fields
([16], [17], [18], cI. [12]) and, we see that, unlike non-super case, there are
16 series and 11 exceptional simple vectorial Lie superalgebras that preserve
nonholonomic distributions. The series will be considered elsewhere.

§ 0.2. A nonholonomic analog of the Riemann tensor

H. Hertz called any manifold with a given nonintegrable distribution a
nonholonomic one. Until 1989, there was no general definition of the analog
of the Riemann tensor for nonholonomic manifolds, cf. lamentations in [32]
and [34], though all the ingredients had been discovered ([30], [36]). Vershik
even conjectured [31] that such a general definition does not exist, though
in particular cases of small dimension the nonholonomic curvature tensor
was computed. In particular, it was computed for supergravity.

Recall that SUGRA(N) is a supergravity theory (or equations thereof)
on an N-extended Minkowski superspace. Whatever SUGRA(N) and
Minkowski superspace are?, they are superizations of the gravity theory
(in other words, Einstein-Hilbert’s equations) on the Minkowski space. So
the problem whose existence Wess honestly acknowledged in his lectures
[34] “We do not know how to write the super Riemann tensor” on N > 2
extended Minkowski superspaces sounds strange: take any textbook on
differential geometry (say, [29]) and superize definition of the Riemann
tensor or, more generally, structure functions — analogs of the Riemannian
tensor — for any G-structure according to Sign Rule. This was precisely
what A. Schwarz with his colleagues and students suggested to do [25], see

2There are several versions of the definition and, unless N = 1, there is no consensus among
physicists which of the definitions is “it”. Mathematicians not restrained by (mainly unjustified,
at least for the mathematician) physical arguments suggest still other — “exotic” — versions of
Minkowski superspaces, and this list of ad hoc superizations of Minkowski space will, clearly,
be continued, see e.g., distinct models in [20], [9].
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also [1], and what was performed in a series of Poletaeva’s papers [22]—[24]
and generalized in for various cases but along the same line of thought [15].

The results of such an approach, however, seem to coincide with the
equations physicists write from their mysterious physical considerations only
for N =1 (but actually do not even in this case, cf. [25], [1] with [7]).

In [7], [8] it was indicated that the roots of the problem Wess addressed
lie not in the prefix “super” which only causes some signs in the classical
definitions of the structure functions. The point is that every of numerous ver-
sions of Minkowski superspace is nonholonomic, unlike Minkowski space,
and since there was no general recipe for computing nonholonomic analog
of the curvature tensor, it was a problem to write SUGRA(N) equations
or even determine what is N-extended Minkowski superspace (which of the
versions satisfies some natural requirements).

Here we will reproduce the definition ([13], [14], [7]) of the Riemann
tensor R in terms of Lie algebra cohomology rather than in terms of Spencer
cohomology (cf. [5], [29]) and give its generalization to nonholonomic case.

Namely, fix a point on the nonholonomic (super)manifold with a nonin-
tegrable distribution D. Let D be given by a system of Pfaff equations and
let & be the filtered Lie superalgebra preserving this system of equations, m
the associated graded one. Set m_ = @0 m;; by default we let gg = my, the

<

Lie superalgebra of grading preserving derivations of g_ =m_. Clearly, m_
is nilpotent, see [33], [36]. Very often an additional structure on D is given;
if this is the case, we take for go a subalgebra of my that preserves this
additional structure. Let g be the defined below generalized Cartan prolong
of the pair (g—, go). Then, by the same arguments as in [29], the possible
values of the nonholonomic Riemann tensor R at the point span the
superspace H%(g_; g).

§ 0.3. The projective connections and their nonholonomic
analogs

The projective connection on the n-dimensional manifold is the one
whose group of automorphisms is locally isomorphic to sl(n+1)=g_ &
@gl(n) @ (g—)*, cf. [5]. The corresponding structure functions are from
H2(g_; sl(n+ 1)).

Similarly, for any Z-graded Lie superalgebra g of finite depth (i.e. with
finit number of components of negative degree), let h C g be a subalge-
bra with the same nonpositive part. Then the elements of H?(g_; b) are
analogs of the projective structure functions, especially resembling them if
dimh < 0o. Such cohomology is considered in [11].
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§ 1. Description of simple vectorial Lie superalgebras

For the lack of space we deleted all the preliminaries. The reader willing
to see them is referred to [28], [27] and [18]. For a detailed background see
a preprinted version at www.mpim-bonn.mpg.de. Observe only that II is the
shift of parity functor on superspaces, Vol is the space of densities with the
generator vol in a fixed coordinate system.

§ 1.1. The exceptional vectorial Lie subsuperalgebras

Here are the terms g; for i <0 of 14 of the 15 exceptional algebras, the
last column gives dim g_. Here A(n) is the Grassmann superalgebra with n
generators; id is the identity representation, A(id) its exterior algebra; Voly is
the space of densities with integral 0; and Tg(ﬁ) = Wly/const is well-defined
only as module over svect:

g g9 g-1 % dimg—
ole(4]3) — II(A(3)/Cl) c(vect(0]3)) 413
ole(4]3; 1) | C-1 id®A(©2) c(s1(2) @ A2) ¢ T2 (vect(0|2))) | 54
ole(4]3; K) | idgia) id(3) ®idg (o) ® 1 sl(3) ® sl(2) dCz 316
vas(4]4) — spin as 4|4
tas C-1 I1(id) co(6) 116
tas(; 1) A(l) idg19) @idgre) @A) | (512) @ gl(2) @ A(1)) g vect(0]1)| 55
tas(; 3¢) — A(3) A(3) @ sl(1]3) 4|4
tas(; 3n) — V0ly(0]3) c(vect(0]3)) 413
mb(4[5) | I(C-1) Vol (0]3) c(vect(0]3)) 45
mb(4]5; 1) [A@©2)/C- 1 ids (2) ® A(2) o(sl(2) ® A(2) & T2 (vect(02))) | 5/6
mb(4]5; K) | idgiz | M(idgi3) ®idg 19y © C) sl(3) P sl(2) § Cz 318
ts(e(9(6) C-1 11(79(0)) svect(0]4)34 9|6
esle(9]6; 2) | ids i) ids1(2) ® A(3) (s1(2) ® A(3)) & sl(1]3) 119

£sle(9]6; K) id TI(A2(id)) sl(5) 5|10

Observe that none of the simple W-graded vectorial Lie superalgebras
is of depth >3 and only two algebras are of depth 3: one of the above,
mb(4|5; K), for which we have mb(4|5; K)_3 = II(idgi2)), and another one,
€s(e(9]6; CK) = ct(9|11).

This cg((9|11) is the 15-th exceptional simple vectorial Lie superalgebra;
its non-positive terms are as follows (we assume that the sl(2)- and s((3)-
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modules are purely even):

cB((9]11)0 = (s1(2) @ s1(3) @ A(1))a vect(0[1);

CE((9|1 1) |~ (]dsf 3) & A(l))

cB((9]11)_g ~id}, ®A(1);
QO[11)-

ct((9I11)_3 2H(ld512)®C)

§ 1.2. A description of g as g; and g;

In [3] the exceptional algebras are described as g = g5 ® gj. For several
series such description is of little value because each homogeneous com-
ponent gz and g; has a complicated structure. For the exceptions (and for
twisted polyvector fields) the situation is totally different! Apart from being
beautiful, such description (from [3]) is useful for the construction of simple
Volichenko algebras, cf. [19].

Recall in this relation a theorem [6] that completely describes bilinear
differential operations on tensor fields and invariant under all changes of
coordinates. It turned out that almost all of the first order operations (i. e.
operations depending only on 1-jets of their arguments) determine a Lie
superalgebra on its domain. Some of these superalgebras are simple or close
to simple. In the constructions below we use some of these invariant oper-
ators.

g =Esle(5]10): gy = svect(5|0) ~ dQ*, g = II(dQ') with the natural gg-ac-
tion on gj (the Lie derivative) and the bracketing of odd elements being
twice their product. (We identify:

0; = sign(ijkim)dx;dx,dx,dx, ~ for any permutation (ijkim) of (12345).)

g =vas(4]4): gy = vect(4|0), and g; = Q' ® Vol~'? with the natural gg-ac-
tion on g7 and the bracketing of odd elements being

1/2, wo ® 00171/2] = (dw; Aweo +wi Adwy) ® 00171],

(w1 ®vol™
where we identify

dxi Ndx; Ndx, ® vol™ ! = sign(ijkl)o; for any permutation (ijkl) of (1234).

g =vle(3|6): gy =vect(3|0) s (2)>0, where ggg =g®C[{], and g;=
= (Ql ® VoI~ 1/2) ®1d5[(2)(>n0 with the natural gz-action on gj.
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Recall that idge) is the irreducible s[(2)-module L' with highest
weight 1; its tensor square splits into L?~sl(2) and the trivial
module L0: accordingly, denote by v; Avy and v;evy the projec-
tions of vy ®ve € L' ® L' onto the skew-symmetric and symmetric
components, respectively. For fi, fo € Q°, wi, wo € Q! and vy, vy € L!
we set

[(wi ®v1)vol ™2, (wo @ vo)vol /%] =

(w1 Aws) @ (V] Avg) 4 dw) Awsg +w Adws) @ (v] vg)) vol ™",

where we identify Q° with Q*®@q Wol~' and Q2@ VoI~' with
vect(3]0) by setting

dxi Ndx; ® vol ™' = sign(ijk)% for any permutation (ijk) of (123).
k

g=mb(3|8) : g;=vect(3]0) @5[(2);6, and g; = g_; ® g1, where

_ 12\ - s 12\ o
g1 = (HVOZ )®1d5[(2)(>1)0 and g, = (Q ® Vol ) ®id,,

29
clearly, one can interchange g. .

Multiplication is similar to that of g=vle(3|6). For [y, fo € Q°,
wi, wo €0 and vy, vy € L' we set

[(wi @ v1)ool ™2, (wy @ v9)vol ™) =0,
[(/1® 01)00171/2, (fo® 02)001*1/2] = (df, Ndfo) ® (v] A 02)00171,

[(F1 @ v1)vol ™%, (wi @ va)vol~'/?] =
— (w1 ® (01 A ) + (dfiw1 + [1dwr) © (01 8 v)) vl ™.

g = tas: g5 = vect(1]0) @5[(4);6, and gy=g 1®g), where g ;=
:H(AQ(idsl(Q);)U)) and g :H(SQ(idﬁr(Q);)o)); clearly, one can in-
terchange g .

§ 2. Main result

The above description of the exceptional algebras is nice to visualize
them, but in calculations we have used sometimes the description of the
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elements from [28], which we do not reproduce to save space.

Theorem . The go-modules H*(g_; g) are given by the lists of modules
over the semisimple part of (go); given in §3.

Comments. 1) important: observe that if the go-module from H?(g_; g)
is indecomposable, then, in equations like Einstein equations or Wess-
Zumino constraints, there is no need to vanish all its irreducible components:
it suffices to vanish only the modules that generate all.

2) Below, the highest weights are given with respect to the standard
basis of Cartan subalgebra of the maximal semisimple part of (go)s, or, if
this part is sl(n), with respect to the matrix units £j; of the gl(n). The degree
of the cocycle is given relative to the grading of g. The weight of vector A is
denoted by w(A). Below, “mult” denotes the multiplicity of the corresponding
module in the space of closed/exact forms. If it is not equal to r/0, the
respective cohomologies are not pure (are defined up to a coboundary) and
it may well happen that our choice of the representative may be beautified.
The expression d[v]? means (dv)?. Few more notations appear in respective
places.

3) For g of depth d the degrees of cohomology (interpreted as orders & of
the structure functions responsible for obstructions to flattening the struc-
ture under investigation up to kth infinitesimal neighborhood, cf. [29]) may
range from 2 — d, which we will indicate for d > 1. Recall that the structure
functions of order & are defined provided structure functions of lesser orders
vanish. It happens sometimes (the case of Riemannian metric) that in these
lesser orders there are no cohomology (torsion-free property of Levi-Civita
connection). Otherwise that vanishing conditions on low-order structure
functions are analogs of Wess-Zumino constraints in supergravity, cf. [35].

4) Due to a theorem formulated only for d =1 (by Serre for Lie algebras
and by Serganova for superalgebras, cf. [15]), the order of nonzero structure
functions from H?(g_,; g) is always equal to 1 under certain conditions
(involutivity). As we will see, the considered Lie superalgebras of depth
1 are all involutive. The yet nonexisting analog of Serre’s theorem for d > 1
is more complicated: cohomology may be non-vanishing in several degrees.
If the lowest degrees are absent, we indicate this by writing “torsion-free”
by analogy with the Riemannian manifolds.

§ 3. The go-modules H*(g_; g)

g =vle(4|3)
Cohomology: a single irreducible go-module in deg =1, dim = (24|24).
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Set: w(u)=(1,1,1)—¢, w(y) =(0,0,0), wE&)=¢ and 0y= =

0; = 6%" 0 = 8%. The gl(3)-highest vectors are:

gl(3)-highest vectors gl(3)-weight dim mult

01 d[0s] A d[05] (2,0,0 (6[0) 3/2

0o d[Op] Nd[d] (1,0, 0) 0]3) 5/4

91 d[0s] Ad[6] 2,0, 1) (0]15) 2/1

81 d[0s] A d[Do] (1,0, -1 (8[0) 3/2

d[o:] A d[6] @, -1, -1 (100) 1/0

81 d[O] N d[6)] (-1 -1 (O[6) 1/0

g=ole(4|3; 1)

2—d=0.

Cohomology in deg = 1, torsion-free, dim = (20]20):

The (go)j-highest weight vectors (with respect to sl(2) @ gl(2)) are as
follows: (the first coordinate of the weight is given with respect to a copy
of s[(2) realized as o(3), with half-integer weights; the last two coordinates
are with respect to a copy of gl(2)). In this realization w(u;) = (1, 1, 1),
w(ug) = (1,0, 1), w(uz) = (1, 1,0), w(y)=(=1,0,0), @(&)=1(0,0,0),
w(&)=1(0,1,0), w(&)=(0,0,1). Denote the elements of g_ as fol-
lows: g1 =0y go=03; g3=1080; g4=103; g5=—u0+& 82 g6=—u30 + & 03
g7 =—yd3 — E19h + £201; @8 = ydy — £105 + &301; g9 = 9. We have

N s1(2) @ gl(2)-highest vectors 50(2) @ gl(2)-weight | dim |mult
[1]]| 200dg, Ndg;+ Oodg, Ndgs+ O3dg, Ndgs 0, 1, 0) (210)| 5/4
2] Dodg, Ndg;— 0,2 —1) (40| 2/1
[3]|—03dgs ANdgs + (yds — £&102 + £201)d gy N dgy (1,2, 1) 08)]3/2
[4] Dudgs N dg, 0, 1,0 (2/0)] 1/0
[0]] 20pdgs Ndg; + 0sdgs Ndgs + Osdgs Ndgyg (1, 1,0 (O0]4) | 2/1
[6] dudg; A dg (1,2, 1) 0[8)] 1/0
[7] —03dg; Ndgy — Ovdgg Ndgg 2,2, -1 (12]0)| 1/0
go-modules:

[A] =[2] + [3] + [6] + [7] of dim = (16]16) and [B] =[A]+[l]+[4] +
+ [5] of dim = (20]20); the modules [A] and [B]/[A] are irreducible.

g =vle(4]3; K)
2-d=0.

7 dyunameHTalbHas MaTeMaTHKa CEroJHs
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The go-highest weight vectors are as follows: go=sl(2) ® gl(3); the
first coordinate of the weight is given with respect to sl(2) realized as
X_ =0, xy :y23y+yzi§i5i+§1§233f§1§332+§2§331; gl(3) is real-
ized as x;:fuj8[+§i5,~ (i#]) and xi=—u;0;+&6;+ ), u;0;. In this
realization w(u;) =(2,0, 1, 1), w(u)=(2, 1,0, 1), w(us)=(2, 1, 1, 0),
w(y) =(=2,0,0,0), w(&)=(0, -1,0,0), w(§)=(0,0,-1,0), w(&)=

=(0,0,0, =1)).
Cohomology: a single irreducible go-module in deg =0, dim = (30]0):
sl(2) @ gl(3)-highest vectors 50(2) @ gl(3)-weight dim mult
1d[61]? 2,2, -1, -1 (30]0) 1/0
g = vas(4(4)

The weights are given relative to gl(4) C go. In this realization, the weight
of u; is e; — %(1, 1, 1, 1) and the weight of &; is —¢;; we set 9; = 6%_, 0;i = a%
for 1 <i<4.

Cohomology: in deg =1, dim = (40|40):

N gl(4)-highest vectors weight dim |mult
[1]] 61d[O2) ANd[D3] —dod[O1 ) Ad[D3]+63d[D1]Ad[D=] | (0,0,0, —1) | (0]4) | 4/3
2] 01d[01] A d[y] (3. 3. —3. —3)|(200)| 3/2
[3] 9ud[64] N d[64] (3, 3. 1, —3) [(20[0)[ 1/0
(4] 01d[64] AN d[d4] (1,0,0, —2) |(0]36)|2/1

The module is reducible but indecomposable. Vector [1] is the highest
weight vector in the quotient module.

g=*tas

2—d =0. For brevity, instead of K; we write simply f and dJ? means
(dp?.

Cohomology: a single irreducible module in deg = I, hence torsion free.
The 0(6)-weights are:

0(6)-highest vectors 0(6)-weight| dim | mult
§1&d[EAd [ ] —&imsd[mIAd ] +Emsd[m]Ad[m] | (2,1, —1) |(45]0)] 1/0

g="tas(; 1)

2 —d = 0. Nontrivial cohomology are in degrees 0 and 1.
The weights are given relative to 0(6), but the corresponding vectors are
heighest only with respect to 0(4) = 0(6) N go.
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Cohomology in deg =0, dim = (6/6):

N o0(4)-highest vectors 0(6)-weight dim mult
(1] d[§i&s] N d[Eimg] (=21, -1 (310) 1/0
(2] d[&ime] N d[€ims] (=211 (310) 1/0
[3] §id[618] N d[&ime] =L 1 -1 O3) 2/1
[4] §id[Eimp] N d[€ims] =L 1 -1 03) 2/1

[2] @ [4] is go-irreducible; [1] and [3] are glued as gg-modules.

Cohomology in deg =1, dim = (8|8):

N 0(4)-highest vectors 0(6)-weight dim mult
(1 | &d[&ne] A (€d([&] —mad[n2]) 0,2, -1 0[8) 2/1
(2] | &dlne] A (&d[&] —nsdne]) (1,2, -1 (8]0) 1/0

A single irreducible go-module.

g = tas(; 3n)

Cohomology in degrees 1 and 2.

deg = 1: a single irreducible go-module of dim = (12|12) (the vectors are

highest with respect to gl(3) = 0(6) N go, the weights are the same as in 0(6)):

N gl(3)-highest vectors weight | dim |mult
(1] dlmmne] Ad[mins] 21,1 (30 |1/0
(2]] dlm]Adlnens] —dlne]l Adlmns] +dlns) Adlmne] | (1, 1, 1) | (O]1) | 2/1
[3] dlm] Ad[mne] (2,1,0) | (O8) | 2/1
(4] d1] Ad[mmne] (1, 1,0) | (3]0) | 3/2
(5] dlm]* (2,0,0) | (6]0) | 3/2
[6] dll] Ad[m] (1,0,0) | (03) | 5/4
deg = 2: dim = (15]16), a single irreducible go-module:
N gl(3)-highest vectors weight | dim |[mult
(1] §imd[ne] A d[mng] —5227734[771] Ad[mne] (2,2, —1)[(0]10)| 1/0
—&imsdmInd[ne]+Eomsd[m ]’ +Emmsd[m] Ad[mine)
2] +2&imemad[ne] Ad[mine] —Semensd[m ] Ad[mine] (21 =D (510 2/1
(3] s (mdm] +med[np]) A (§1d[n2] — Lod[m]) (I, 1, =1)| (O]6) | 3/2
g = tas(; 3¢)

7

Cohomology in deg=1, dim = (52]52) (the vectors are highest with
respect to gl(3) = 0(6) N go, the weights are given with respect to 0(6)):
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N gl(3)-highest vectors weight dim |mult
[1] d[& &&]° (=2, -2, -2)| (1]0) | 1/0
[21] d[§285] N d[£16065] (=1, =2, -2)|2-(03) | 2/0
[22] §id[&66]°

[31] d[&] A d[€1£6]

[32] d[§1€3] A d[£263] (=1, =1, =2)|3-(3]0) | 4/1
[3s] §1&d[668]

(4] §1d[&263] N d[€16263] (0, =2, -2) | (6]0) | 1/0
[51] d[1] A d[€ &&s]

[52] | d[&1]Ad[€83] —d[&)Nd[E1 &3] +d[E1Ad €] | (-1, —1, —=1)|3-(0]1)]| 6/3
[53] 16263d[61665)°

[61] d[&3] A d[§265] 0, =1, =2) |2-(08)| 4/2
[62] §1&d[£263] N d[€16265]

[71] d[1] A d[&263] 0, =1,=1) |2-3|0)| 7/5
[72] Sid[1] A d[&1€E5]

[81] d[&)? (0,0,-2) |2-(6[0)| 4/2
[82] §16d[§165] N d[€2€5]

[91] d1]Ad[&s] (0,0, =1) |2-(0[3) | 8/6
[92] §1£263d[€1€3] A d[€263]

[10] &id[&) (1,0, =2) | (0]15) | 2/1
[11] &id[1] A d[&s] (1,0, =1) | (8[0) |4/3
[12] &&d[&)° (1,1, -2) | (10]0) | 1/0
[13] §i&ed[1] A d[€s] (I, 1, =1) | (0[6) | 1/0

go-modules:

[A] =121+ 3]+ [4] + [5] +[6'] +[7'] of dim=(12|12), where [2],
[3'], [5'], [6], [7'] are generated by [2,] —[22], [31] — 2[32] + [33], 2[51] —
— [52] + [53], [61] + [62], and [71] + [72], respectively;

[B] =181+ 9]+ [10]+ [11] 4+ [12] 4 [13] of dim = (24|24), where [8']
and [9'] are generated by [8;] + 2[82], and [9;] 4+ 2[9s], respectively;

[Cl=[BI+ [T+ "1+ 611+ [T1]+ [8i] +[9] of dim=(36[36),
where [3”] and [b”] are generated by [3;]—[32] and [52] —3[51], re-
spectively;

[D] = [A] +[C] of dim = (48|48);

[E] = [D] + [1] +[2"] + [3""] + [6"'] of dim = (52]52).

The modules [A], [B], [C]/[B] and [E]/[D] are irreducible,
dim([C]/[B]) = (12|12) and dim([E]/[D]) = (4|4).
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g =mb(4]5)

2—d=0. Here w(uy) =0, w(u;)=(1,0), wlu)=(-1, 1), w(us)=

=0, =), w(&)

= —w(u;).

Cohomology: in deg=1, hence, torsion free. A single irreducible go-
module of dim = (12]12) glued of the following s[(3)-modules:

N gl(3)-highest vectors weight dim mult
(1] uod[uo] N d[&o] 0, 0) (O[1) 4/3
(2] uod[uo] Adlus] — &od[us] A d[&] O, 1) (310) 6/5
[3] uod|uz] N d[&] 0, 1) (0[3) 3/2
[4] uod[&] N d[& ] (1, 0) (310) 3/2
(5] uod[us] A d[&1] + wid[us] A d[&] (L, 1 0[8) 3/2
[6] uod|us]® — &d[us) A d[&] 0, 2) 6l0) | 1/0
g=mb(4/5; 1)
2—d=0.
Cohomology in deg = 0, dim = (22|22):
N 51(2) @ sl(2)-highest vectors weight dim mult
[1] €1d]usé] A dusé] 0,0 | ©n |6/
(201 dlus) Ad[uous — €162] — dlus] Adluous +€1&5] | (0, 1) |2 x (2]0) | 6/4
[22] dlusé ] Ad[uséi]
[3] | dluous + &8 A d[uséi] — dluous — §i&] Ad[usé&i] | (0,2) | (0)3) | 2/1
[4] d[&] A d[uséi] 2.0 | (6]0) |4/3
[51] d[&] N d[uous — € &) (2,2) [2x(09)]3/1
[52] d[uous — £1&2] A d[usé ]
[6] d[uouz — £16]° (2,3) | (12]0) | 1/0
go-modules:
[A] = [4] 4 [51] + [52] + [6] of dim = 18|18;
[B] =[22] + [3] + [A] of dim = 20|21;
[C]=[1]+[2/]+[B] of dim = 22|22.
Irreducible modules: [A], [B]/[A] (of dim=2|3) and [C]/[B]
(of dim =2|1).
g =mb(4|5; K)

2—d=-1.
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The go-highest weight vectors are as follows: go=sl(2) ® gl(3); the
first coordinate of the weight is given with respect to sl(2) realized as
X4 = qo(T + Gofo — S0, i) + 2616065, x— = &; gI(3) is realized as x! = ¢;;
(i #j) and X! =74 q:& — qo&o. In this realization w(qo) = (1, —1, —1, —1),
w(u)=(—1,1,0,0), w(u) =(-1,0, 1, 0), w(us) = (-1, 0, 0, 1), w(&) =
=(=2, 1, L 1), w(&) = (0, =1,0,0), (&)= (0,0, =1, 0), w(&) = (0, 0,
0, —1)).

Cohomology: a single irreducible module in deg = —1:
s[(2) @ gl(3)-highest vectors weight dim mult
wodq, Adg, 3, 0,0, —2) (24]0) 1/0
g = tsle(9)6; K)

2 —d =0. Cohomology are in degrees 0 and 1 and constitute irreducible
modules. (The weights are given in gl-basis of matrix diagonal units.)

deg gl(5)-highest vectors gl(5)-weight dim  |mult
0 Osd[mdxsdxs)? 0,0,0, =2, =3)| (175]0) | 1/0
> Oid|wdxsdxs) N d[D;]+
+ E wdx[dxj(d[ﬂdx,-dm] A d[ﬂ'd)(jd)(,a]- 4
: —d[mdxidxs) A drdsdx, |- (0,0,0, =1, =) (O[10) | 3/2
—d|mwdxidx;j] ANd|wdxsdxs])

g = tsle(9]6)
2 —d =0. Cohomology in deg = I, hence, torsion-iree. dim = (168|167)

N gl(3)-highest vectors weight dim mult

S (=) 0y 0 d[mdxe@dXo@m ] Ad[Xewds]—
2 Z ﬂdxidxjd[x,-(%] ANd [X','aa}

20| S ada) Adxids] +ouda) Adlxids] | 0,0, 1) | 2x @[0) | 5/3

90, (—d[rdx dxs] A d[rdxsds]+

9 +d[wdx dxs) ANd|mdxedxs]—

[22] d[rdxidxi] A d[mdxodxs])+

—+ Z wdxidxjd [wdxidx,-] AN d[)C485]

5 > 04d[0i] A d[mdxidxs]— 0,0,2) | (0]10) |2/1
— > mdXo(1ydXo©d[D5 )] N d[x405]

(0, 0, 0) O]1) 2/1
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3o (O[O A dlmdixsdos) +
il f:;xldmd[a[md[wﬂ) 0. 1,0)1 2> (0f6) | 6/4
Zﬂ'dx,'d)([d [ﬂdx,-dxj] /\d[?TdXsd)C4]—
[42] 23 (= 1)¥" O rdx dxs
+d[7rdx1dxa(2)] A d[Trd)Ca(s)gm]
[51] Oud[x305] A d[x405] ©,1, 1) | 2% (20(0) | 4/2
| 20T A1) 0 35d(0] Adlxidsl
+)C265d[81] A\ d[)C485]
(6] Ord[wdxsdxs] Ad[x105) ©0,1,2) | 0145 |1/0
ﬂ'dxldXQd[Xga;] A d[x485]_
[7] Osd|mdxsdxs] Nd[x,05]+ 0, 2, 0) (0]20) 2/1
Ord|mdxsdxs] Adxs05]
(8] | mdxidxad|mdxsdxi] Adlxids] — Osd|mdrsdxi)| 0,2, 1) | (60]0) | 1/0
91 | S@diordia]+xaosdla] Adlxos) | (1,0,00| @0y |5/4
S (— 1) (B, @ d[7dxy oy dxo ] A d]xa0s]+
[10] Ord[mdx @ dxo] Ad]Xods) (1,0, 1)1 O5) ) 4/3
[11] 0ud[01] A d]x:05) (1,0,2) | (36/0) |4/3
2)618561[/(385] /\d[x485] - 83d[81] AN d[)C485]+
[12] +Oud[D4] A dxsDs] (1, 1, 0) (200) 4/3
[13] | 7dxidxad[01] A d[xi05) + 04d[D1] A dlmdxsdxa] | (1, 1, 1) | (0]64) | 3/2
go-modules:

[A] = [2'] + [4'] +[9], dim = (8]6), where [2'] and [4'] are generated by
2[21] — [22] and 2[4;] — [42], respectively;

[B]=[A]+[1], dim = (8]7);

[C]=[1]+---+[13], dim = (168]167).

The modules [A], [B]/[A] (of dim=(0|1)), and [C]/[B] (of dim=
= (160/160)) are irreducible.
g = tsle(9(6; CK)

2 —d = —1. Cohomology are in degrees —1, 0, and 1.

Cohomology in deg = —1, dim = (36/36):
N 50(2) @ sl(3)-highest vectors weight | dim |mult
1] Bvd[mdxadxs)? (3,0,2 |(©4)0)| 1/0
2] Aod[mdxadxs] Ad[xs01] (3,0,2) |(024)| 1/0
[3] Dd[x101] A d[x50] (3. 1,0 |(12(0)) 1/0
[4]| Oud[rdxsdxs] Ad[x301] — Bod[mdxadxs] Ad[xsd] | (3, 1,0) | (0]12)] 1/0
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go-modules:

[A] = [1] 4+ [2] of dim = 24|24;

[B] = [A] + [3] + [4] of dim = 36]|36.

Irreducible modules: [A] and [B]/[A] (of dim = 12]12).
Cohomology in deg = 0, single go-module, dim = 10]10:

N 50(2) @ sl(3)-highest vectors weight | dim |mult

[1] Dsdx501| A d]xss) 0, 0,3 [(10[0)] 1/0

85d[7fd)€1d)€5] ANd[x501] + a')d[ﬂ'd)@dx;)] Ad[x502]—
7Td)C3dX4d[X581] AN d[x;ag]

(0,0, 3) |(0]10)| 1/0

Cohomology: in deg =1, a single go-module, dim = (6/6):

N 50(2) @ s(3)-highest vectors weight | dim |mult
—82(1[)6582] A d[@l] =+ E 8,‘(1[)6581] A d[a]—‘r
[1] + 3 (wdxidx;d [rdxidx;] A d[x50;] (1,0, 1) | (6]0) | 8/7

+x,-8,-d [Xjal] AN d[)%&’])

— E 8id[7l'd)C2dX5] A\ d[@,]+
2] + Y- mdxidxd[wdxsdxs] Ad[mdxidx;] — (1,0, 1) | (0|6) | 8/7
le<[<223<j<5x,-8,»d[7rdx2dx5] ANd [xja,»}

g = tsle(96; 2)

2—d =0. Cohomology are in degrees 0 and 1.
Cohomology in deg =0, dim = (140|140):

N 5[(3) @ s((2)-highest vectors weight | dim |[mult*
[1] mdxydxsd[mxsdxsdxs])? 0,0,2)| (0]3) | 2/1

[2] |03d[04] Ad|mxsdxsdxs] + 03d[0s5] Ad[mxsdxadxs] | (0, 1,0)| (013) | 4/3

[31] 03d[04] Nd[mxsdxsdxs] 0,1,2)2-(0]9) | 5/3

[32] wdxsdxsd|x501] A d[xs500]

[35] Dsd[mxsdxydxs)’ 0,1,2)| 90) | 2/1

a3d[7Td)C3dX4] AN d[7T)C5d)C4dX5]*

(4] Osd[mdxsdxs) Ad[mxqdxsdxs) 0.2.0)| (6l0) | 1/0
(5] 95d[04] A d[wdxsdxs) ©0,2,2)] ©18) | 2/0
[50] Od[mdxsdxs) A d[mxsdxsdxs] ©, 2, 2) [2-(18)0)] 2/1
(5] B[ x50, A d[x505]

2*The column “mult” shows the multiplicity of the homogeneous (even or odd) component
of given weight.
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[6] Bsd[mdxsdxs)? (0, 3,2)| (30/0) | 1/0
rdxsdxsd [0 Ad[mxsdxsdxs])—
7] mdxydxs;d[x501] A d[mxsdxsdxs] (1,000 B[0) | 3/2
8] rdxsdxsd|xs0] A d[mxsdxsdxs] (1,0,2)| ©0) | 3/2
(9] 8sd[4] A d[x10] + B5d[D5] A d[ x50 ] (1, 1,0 (8l0) | 3/2
NKd[x,01 ]| Nd|mxsdxsdxs]|—
(9] —5(‘33[05[4)651(‘]31]/\[d[7TX4d4x4c;)]C5] (1, 1,0y} (08) | 1/0
[104] 85d[04] Ad[x5)] (1, 1,2) | (24/0) | 3/2
[10,] Bsd[x501] A d[mxsdxsdxs) (1,1,2)] (0]24) | 1/0
[11] | Osd[mdxsdxs] Ad[xs0:] — Bsd[mdxsdxs) Ad[xsdn] | (1, 2, 0)| (0]15) | 1/0
[12] Asd[mdxsdxs) Ad[xs0] (1,2,2)| (0]45) | 1/0
[13] rdxsdxsd[xs01] A d[x501] 2,0,0)| (06) | 2/1
[14] Bsd[x401] A d[x501] @, 1,0)| (15/0) | 1/0
go-modules:

[A] =[31 = 32] + [51] + [52 + 53] 4+ [6] + [10,] + [12] of dim = 72|72;

(Bl =[A]+ 2]+ [4] + (7] + [91] +[92] + [11] + [13] +[14] of dim=
= 104|104;

[C] =all

The modules [A], [B]/[A] (of dim = (32]32)), and [C]/[B] (of dim=
= (36/36)) are irreducible.

Cohomology in deg=1, dim = (8|8): the sl(3) @ s[(2)-highest weights
are as follows: even ones are (0, 0, 1), (1, 0, 1); odd ones are (0, 0, 1), (0,
I, 1). The corresponding highest weight vectors are too complicated to be
included here.
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C. M. Tyceitn-3ane, B. 96enunr

06 nHaekcax 1-opm Ha M30JMPOBAHHBIX
0COOEHHOCTAX MOJIHbIX MepeceyeHun

Beenenue (1-popmbl NpOTUB BEKTOPHBIX MOJeii)

Mmeetcs psis paboT, MOCBAIEHHBIX OTIPEeJeHHIO U BBIUMCIEHUIO HHAEKCA
AHAJIMTHUECKOTO BEKTOPHOTO TI0JIS HA BELIECTBEHHOM aHAJUTHUECKOM Tpo-
CTPaHCTBE C M30JHPOBaHHBIMH ocoObiMu Toukamu ([8], [12], [14], [4]). B
[15] u [20] 6bUTO OMpeneseHo MOHSITHE HHIEKCA TOJOMOP(HOr0 BEKTOPHOTO
T0JIs1 Ha H30JIMPOBAHHOH 0COGEHHOCTH MOJHOTO Nepeceuenust (uonn). MoxHO
CKa3aTb, UTO LIeJIbI0 BBEIEHUS 3TOTO MOHATHS Oblla HaleXKa Ha TO, UTO OHO
MOKeT ObITb HCMOJIb30BAHO /IS BBIUHCJIEHHS HHAEKCA BEKTOPHOTO MOJIsi Ha
BELLECTBEHHON UONN.

Mbl ipeiaraeM apyroii noaxon. Bmecto pacecMoTpeHHsT BEKTOPHBIX ToJIel
MBI paccMaTpuBaeM 1 -¢opmbl. M0KHO ONpeesIuTh MOHSTHST HHIEKCOB Bellle-
CTBeHHOH |-opMbl Ha POCTKE BELILECTBEHHO aHAJIUTHUECKOTO MPOCTPAHCTBA C
M30JIMPOBAHHOK 0CO60K TOUKOH U rojioMopdHOl 1-dhopmbl Ha (KOMILJIEKCHOI)
uonn. (Ins KpaTkoCTH Mbl HHOTJA OyJ1eM Ha3blBaTb 9TH JiBA MOHATHS Bellle-
CTBEHHBIM M KOMIIJIEKCHBIM MHJEKCAMH COOTBETCTBEHHO.) BekTopHOMY T0JII0
Ha pocTke BellecTBeHHoro npoctpanersa (V, 0) C (R”, 0) (uau Ha pocTke
KOMIJIEKCHO aHaJuThHueckoro npoctpanctsa (V, 0) C (C*, 0)) moxkHo corno-
CTaBUTb 1-dopmy Ha HEM (3aBUCSLLYIO OT BbiGOpa KoopauHaT Ha (R”, 0) uau
Ha (C", 0)). Ecau BekTopHOE MoJie nMeeT anreGpanueckd H30JHPOBAHHYIO
ocobyio Touky Ha (V, 0) (B KOoMMJIEKCHOH MOCTAaHOBKE 3TO MPOCTO O3Haya-
€T H30JUPOBAHHOCTb), TO MPH BHIGOPE KOOpAMHAT OOIIEro BHIA COOTBET-
cTByIOlIasi 1-copMa TakKe HMeeT ajreOpauueckd H30JHPOBAHHYIO OCOGYIO
TOUKY. DTO COOTBETCTBHE He JIEHCTBYET B MPOTHBOIOJOXKHOM HaNpaBJeHHH.
[Ipu 3TOM MHIEKC BEKTOPHOTO MOJIS HA BELIeCTBEHHO aHAJUTHUECKOM IMPO-

C-MT-3. Yacrnuno mommepskano rpantamu  PODU-01-01-00739, NWO-POPU-
047.008.005, INTAS-00-259.
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CTPaHCTBE C M30JIMPOBAHHON 0COGOH TOUKOH COBMNAAdeT C MHIEKCOM COOT-
BetcTBYyIolel |-opmbl. [ToHsiTue ungekca rosomopdHoit 1-dopmbl Ha wonn
HECKOJIbKO 6oJiee eCTECTBEHHO, UeM roJIOMOP(HOr0 BEKTOPHOTO TOJIS: B HEKO-
TOPOM CMbICJI€ OHO «00Jiee KOMIMJIEKCHO aHAJUTHUHO» (HE HCMOJb3yeT KOM-
MVIEKCHOE COMNPSIKEHHE Ui CBOETrO OMpefesieHusl) U «BoJiee reOMEeTPHUHOY
(Mcrosib3yeT 06BEKTHI OJIHOTO U TOTO Ke TeH30pHOTO THMa). boJsee Toro, nu-
JIeKC U30JIMPOBAHHON 0COO0H TOUKH roJIOMOPGHON 1-hopMbl Ha KOMIIEKCHOH
1oNnn MOXKET ObITb OTMUCAH KaK pa3MepHOCTb HEeKOTOpoi asreGpbl. Hakowel,
BellleCTBeHHbIH HHJeKC |-opMbl HA BelllecTBeHHOH wuonn (¢ anreGpanue-
CKH H30JIMPOBAHHON 0COOOH TOUKOM) MJIOC—MHHYC 3HJIepoBa XapaKTepPUCTH-
Ka (BELLeCTBEHHOr0) CrVIaXKMBAHUSl LONMN MOXKET ObITb BbIPAXKEH B TEPMHU-
Hax CHUTHATYpbl (HEBBIPOXKIEHHOH) KBaApaTHYHOH (POPMBI Ha MPOCTPaHCTBE,
pPas3MepHOCTb KOTOPOTrO paBHA (KOMIJIEKCHOMY) HHJEKCY COOTBETCTBYIOLIEH
KOMIJIEKCH(DUKALMH.

Wnest pacecMoTpenusi (B HEKOTOPbIX CUTYalMsiX) HHIEKCOB 1-thopM BMeCTO
MHJIEKCOB BEKTOPHBIX MoJIell BriepBble Oblia copmyupoBana B. M. ApHosb-
noMm [1]. Hawn pesysibraThl MOTYT paccMaTpHBaThCsl KaK YaCTHUHOE peLleHHe
ero sagauu: «OnpenesuTb U HCCJELOBATb HHAEKCHl 0COOLIX Touek 1-dopm
Ha MHOrooOpasusix ¢ ocobeHHocTaIMU» [2, 3anaua 1977-7]. Mol 6sarogapHbl
3. Jloiienre, M. Mepaiio u JK. Bpuancony 3a nosiesubie o6¢cyxaenusi. B uacr-
HOCTH, 3aMeuanusi . JlolieHrn nomorsu Ham pokasatb Teopemy 1.

§ 1. HHpekchbl BeuecTBeHHbIX 1-hopM HAa 0COObIX
MHOToo6pa3usx

MHoeoobpasue ¢ u30AUPOBAHHLIMU OCOOEHHOCMAMU — FTO TOTO-
JIOTHYECKOe TPOCTPaHCTBO M, KOTOpoe HajesNeHO CTPYKTYpPOH TJIaJKoro
(C*°-) mHoroo6pasusi BHE IHMCKPETHOrO MOJAMHOXKecTBAa S (mHOMecmsa
ocobbix mouex Muoroobpasusi M). Jlugpgpeomopgusm mexy 1ByMs TaKHMH
MHOro0oGpasusiMi — 9T0 TOMEOMOP(H3M, KOTOPbIH MEPEBOJUT MHOXKECTBO
0COOBIX TOUEK Ha MHOXKECTBO OCOOBIX TOUEK M siBJIsieTcst AuddeomopduamMom
BHe HHMX. Mbl roBopuMm, uto M HMeeT KOHYconodoOHYy 0cobeHrHOCHb
B (0ocobo#) Touke P €S, eciu CylIeCTBYeT OKPECTHOCTb TOUKH P aud-
deomopduas konycy CWp = (I x Wp)/({0} x Wp) (I = [0, 1]) nan rmagkum
MHorooGpasuem Wp (Wp HasbiBaeTcs 3ayenieruem Toukd P). B nanbHeliem
MBI TIperioJiaraeM Bce MHOT00Opasusi MMEIOLIUMH TOJIbKO KOHYCOMoN0OHbIe
ocobenHocTd. B [12] Mbl o6cykaanu MoHATHE BEKTOPHOTO TOJsi HA MHOTO-
06pasuu ¢ M30JMPOBAHHBIME OCOGEHHOCTSIMH U MOHSTHE HHIEKCa ero 0co00H
TOUKHM. 3J1eCh Mbl MPUCIOCOOMM COOTBETCTBYIOLIME OMpENeNeHUsT K CJydaio
I-cbopm. 1-¢hopma (rnankas uan HenpepbiBHAsi) Ha MHoroo6pasuu M ¢ u3o-
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JIMPOBAHHBIMKM 0COGEHHOCTSMUM — 3TO (IJ1aJKasi UK HerpepbiBHAsA) 1-cdopma
Ha mHoxectBe M\ S pery/isipubix Touek MHoroo6pasust M. Mrodcecmso
ocobvix mouexk S, 1-popmbl w Ha (oco6om) MHoroo6pasud M — 3T0
00be/IMHeHe MHOXKECTBA OOLIKHOBEHHBIX 0COObIX TOueK (opmbl w HAa M\ S
(T. €. TOUEK, B KOTOPBIX w o6pamiaeTcsi B HyJib) U MHOXKECTBA S 0COOBIX TOUEK
camoro MHoroo6pasust M.

Jlnst u307MpoBaHHON 00blKHOBeHHOU 0c060i Toukn P 1-hopMbl w orpe-
nenén eé unnekc indpw (crenens oto6paxenns w/||wl|: OB — S"~! rpanuip
MaJioro mapa B ¢ LeHTPOM B TOUke P B KOOPAUHATHOH OKPECTHOCTH TOUKH P
B equnuunyio cdepy S"~! B asoficteennom npoctpanctse; n = dim M). Ec-
JIM MHOrooOpasue M 3aMKHYTO (T.e.— KOMMakTHoe, 6e3 Kpasi) U He HUMeeT
ocobennoctedl (S=10), a 1-popma w Ha M HMeET TOJNBLKO H30JHPOBAHHBIE
0Cc0OEeHHOCTH, TO

> indpw = x(M) (1.1)
PeS.,
(x(M) — sitnepoBa xapakTepuctika MHoroo6pasust M).

[Tyers (M, P) — Konyconono6Hasi 0cO6€HHOCTD (T. €. — POCTOK MHOT006-
pasust ¢ Takoll 0co6oi TOUKOH) U nmycTb w — l-dopma onpesenénHasi Ha OT-
KpbITOi okpecTHOCTH U Toukd P. [1peanosoxum, uto popMa w He UMeeT 0Co-
6bix Touek Ha U\ {P}. [lycth V — 3amkHyTasi KoHyconoao6Hast OKPeCTHOCTh
toukn P B U (V= CWp, V C U). Ha kouyce CWp = (Wp x1)/(Wp x {0})
(I =10, 1]) onpenenena ecrectBeHHasi 1-cdopma dt (f — KoopiHHATA HA OT-
peske /). TlycTb w;qq — cooTBeTcTBYIOIIAs 1-hopma Ha V. [lyeth w — 1-
topma Ha U, coBnagaiouias ¢ popmoii w okoJio rpanuiibl OU okpectHocTH U
1 ¢ QOPMOH wyag HA V U MMEIOLIAs TOJBKO H30JMPOBAHHBIE OCOObIE TOUKH.

Onpepenenue: Hrdekc indpw 1-opmbl w B Touke P paBeH

1+ E indg w
QeSz\{Pr}

(cymma Gepércst o BceM 0coGbiM ToukaM @ 1-chopMbl @ Kpome camoil Tou-
Ku P).

st Konycornono6Ho# ocobeHHocTH B Touke P € S 3auensenne Wp u
CTPYKTypa KOHyca Ha OKPECTHOCTH OIlpejieJieHbl, BOoOLle FOBOPs, HEOIHO-
3HAUHO (KOHYChl Haj PA3/JHUHBIMM MHOrOOGPA3USIMH MOTYT ObIThb AOKAALHO
nupdeomopnbl). OaHAKO, HETPYHO MOKA3aTh, UTO HHAEKC indp w He 3aBUCHT
oT BbIGOpA CTPYKTYpPbl KOHyca Ha OKPECTHOCTH TOUKH P W oT BbiGopa -
¢opmbI w.
Mpenaoxenune 1. Jas 1-hopmor w ¢ u30AUPOBAHHBIMU OCOOBIMU MOUKA-
MU HA 3AMKHYMOM MHO2000pasuu M ¢ u30auposanHbImi 0COOeHHOCS-
mu umeem mecmo pagercmso (1.1).
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Onpepeaenue: Tosopsar, uto ocobast Touka P MHoroo6pasuss M (soKajb-
HO auddeomopdroro konycy CWp Han mHoroo6pasuem Wp) ceaaoncusaena,
ecJin MHorooGpasue Wp siBiisieTcst KpaeM IVIajJkoro KOMIaKTHOr0 MHOrooGpa-
aust Vp.

B nanbHeiinieM Mbl OyneM Ha3blBaTb Vp CrVIa2KMBAHUEM OCOOEHHOCTH
(V, P). Knacc cryiaxkuBaembix 0COOEHHOCTEN BKJIOUAET, B UACTHOCTH, KJIACC
(BellecTBeHHbIX) uonn. Ha oKpecTHOCTH Tako# uonn UMeeTcsl BblieJeHHAs!
KOHYCOI0J100Hasl CTPYKTypa.

[Tyets (M, P) — crnaxkuBaemasi 0oco6eHHOCTh (T. €. — POCTOK MHOroo6-
pasust ¢ Takoil 0coGoi Toukoil) u nycTh w — l-cdopma Ha (M, P) ¢ u3o-
JMpPOBaHHOH oco60i Toukoit B P. Ilycts V = CWp — 3amkHyTasi KoHycO-
nofo0Has OKPECTHOCTb TOUKH P; mpejroJaraercsi, 4To gopma w He UMeeT
ocobbix Touek Ha V' \ {P}. [pennosioxkum, uto sauenienue Wp Touku P siB-
JISIETCS1 KpaeM KOMIIAKTHOTO MHOTroo0Opasusi Vp OTOXKIeCTBISAS 8Vp =Wprc
Wp x {1/2} v npou3Bojs CriaXkKHBaHKe, MOXKHO PACCMATPUBATH 0ObEMHEHHE
Vp Uw, (Wp x [1/2, 1]) mHOrooGpasui Ve u Wpx [1/2, 1] C CWp, ckieen-
HBIX BI0JIb OOLIeH IPaHHLIbl, KaK rJajkoe MHorooGpasue (¢ kpaem Wp x {1}).
Orpannuenne 1-dpopmbl w vHa Wp x [1/2, 1] € CWp =V moxeT GbITh Tpo-
JIOJIKEHO JI0 T1aIKoH 1 -popMbl W Ha Vp Uw, (Wp x [1/2, 1]), umetonie To/b-
KO M30JIMPOBaHHbIE 0COObIE TOUKH.

Mpennoxenue 2. Hudexc indpw 1-ghopmor w 8 mouxe P pasen

ZZ:indQLD——X(ﬂZ)%—l

QESs
(cymma bepémces no scem ocobovim mouxkam gopmol w Ha Vp).

[ycts (V, 0) € (R", 0) — pocTOK BellleCTBEHHOTO (71 — k)-MepHOro (B TOM
yucJie U ¢ TOMOJIOTHUECKOH TOUKM 3pEHH$) aHaJUTHUECKOTO MPOCTPAHCTBA C
U30JIMPOBAHHON OCOOEHHOCThIO B Hauaje koopauHat. Ilycts X — aHanutu-
yeckoe BekTopHoe noJjie Ha (V, 0), T.e. orpaHMyeHHe aHAJIUTHUECKOTO BeK-
TOPHOTO MOJISI ing_x, (koTopoe MblI Takxke Oynem o6o3HauaTh yepes X),
OnpeJieIEHHOTO Ha OKPECTHOCTH Hauasia KoopauHat B R" 1 kacatolierocst MHO-
roo6pasust V (BHe Hauasa koopauHar). [Ipeanosioxum, uTo Haua 0 KOOPAUHAT
SIBJISIETCS] U30JIMPOBAHHOH 0CO0O0H TOUKOH BekTopHOro noJist X Ha V, T.e. X He
vMeeT HyJell Ha V' BHe Hauasia KOOPAMHAT (B HEKOTOPOH €ro OKpecTHOCTH). B
3TOH CUTyallHu onpeiesiéH HHeKe indg X BekTopHoro nossi X (Ha V) B HauaJsie
koopauHat (cMm. [12]). Tyets w — 1-dopma > X;dx;. 1-popma w Ha MHOTO-
o6pasuu V TakKe UMeeT H30JMPOBAHHYO 0COOYI0 TOUKY B Hauajie KOOPAHHAT.
[Tpu stom indyw = indy X. Takum o6Gpa3om, B 3TOM cJjiyuae 3ajaua BbUHCJIE-
HUSI UHJIEKCA BEKTOPHOTO MOJIsi MOXKET ObIThb CBeleHa K 3ajaue BblUHCJIEHHS

8 (DyH}'LaMeHTa./'[])Haﬂ MaTeMaTHKa CerojiHsa
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uHaekca 1-opmbl. DTO COOTBETCTBHE He JEHCTBYET B MPOTHBOMOJIOKHOM
Hanpassenun: ijst 1-popmbl w = > A;dx; BeKTOpHOE MOJIE ZAi%, BOOOIIIE
3
roBOpsi, He Kacaercsi MHOrooGpasusi V.

3ameuanue. Onucannas 1-hopma w, COOTBETCTBYIONIAST BEKTOPHOMY MOJIO0 X
Ha V, 3aBucUT OT BbiGopa Koopaunat Ha (R”, 0).

MOXXHO HaJlesiTbCsl MOJIyUHTh ajreGpanueckyo GopmyJy st HHJEKCa
BEKTOPHOTO noJisi win l-opmMbl Ha 0COGOM aHAJUTHUECKOM MPOCTPAHCTBE
(V, 0) C (R", 0) ¢ u301MpoBaHHON 0COGOM TOUKOH B Hauasie KOOPJAHHAT B JlyXe
topmyJsibl Dhzenbyna—dJleBuna—XummuawBuad ([13], [6]) Tosbko ecJu
HauaJlo KOOpJAMHAT sIBJsieTCs airebpanueckud H30JMPOBAaHHOR 0COO0N TOUKON
BEKTOPHOTO ToJs1 Wik 1-cdopmbl. DTo o3HAuaeT, 4to KOMIJIeKCHUKaLMs
BeKTOpHOTrO mnoJist (Mu 1-copmbl) Ha Kommiekcudukaumu (Ve, 0) C (C*, 0)
npoctpactBa (V, 0) He umeeT Hysell Ha Ve BHe Hauasa KoopAauHat (BHe
HEKOTOPOH €ro OKPEeCTHOCTH; MpejrnoJjaraercs, uto camo V umeer ajnre6-
panueckd H30JIMPOBaHHYID 0COOYH TOUKY B Hauajie KOOpJHMHAT, T.€. UTO
Ve vMeeT HM30JIMPOBaHHYI 0COoOyH TOUKY B Hauaje KoopauHat). [lpe-
MOJIOXKHM, YTO BEKTOPHOE TMoJe X:ZXig_x,. Ha V umeer asnrebpanuecku
M30JIMPOBaHHYI0 0cOGYIO TOUKY B Hauajie KoopauHaT. B 3tom ciyuae 1-cdopma
w=>_Xidx; na V¢ MOXKeT UMeTb HEHU30JHUPOBAHHYIO OCOOYI0 TOUKY B HEM.
Hanpumep, 310 umeer mecto mns V= {(x, y, 2) e R?: x* + y? — 22 =0},
X= x% +yg—y + z%. B takom cJsyuae TPy/HO Ha/esIThCSl HA CYyleCTBOBaHHE
ajreOpanueckoil dopmyJibl it uHaekca indgw 1-cdopmbl w. Caenyroliee
YTBEPKJIEHHE MO3BOJISIET 000UTH 3TY TPYIHOCTb.

Jlemma 1. [Tycmo X:ZXig—xi—Betcmopuoe noxe, kacawoweecs V u
umenouee arcebpauyecku uzoauposannyro (Ha V) ocobyio mouky &
Hauase koopounam. Toeda 803MONCHO NOCAE AHAAUMUYECKOL 3AMEHbL
koopdurnam s (R", 0) (8 delicmsumervrHocmu, nocie 3amerol obujeeo
suda), coomsemcemsyouas 1-popma w=">" X;dx; na V maxoce umeem
areebpaudecku U30AUPOBAHHYIO OCODYIO MOYKY 8 HA4aie KOOPOUHAM.

Jlokazameavcmeso. PaccMoTpuM moaMHoxectBo = mpoctpanctsa J' (Ve \
\ {0}, C") 1-cTpyit oro6paxenuii u3 V¢ \ {0} B C", KoTopoe cOCTOUT U3 CTPY#
(F(x), dF(x)) (x € Ve \ {0}, F(x) € C", dF(x): T.Vc — TrC" = C"), Takux
uto dF(x)(X(x)) oproroHasbho K ImdF(x) B cMbicie KBajpaTHUHOH (HOPMBbI
n
> 2% na C". = sasiercs noamuoroo6pasuem B J'(V'\ {0}, C") kopasmep-
i=1
HocetH 1 — k = dim V. Juist ummepeuu F: Ve \ {0} — C" Touku nepeceuenst
o6pasa cTpyiiHoro pactuupenus j'F oto6paxenus F ¢ E— 310 B TOUHOCTH
Te TOUKH, B KOTOpbIX 1-chopma, coOTBeTCTBYIOLIAsi BEKTOPHOMY MoJit0 Fyu X,
paBHa Hyao Ha Try (Ve \ {0}). M3 cuibHoll TeopeMbl TpaHcBepcabHOCTH
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BbITEKAET, UTO /sl 00liell 3aMeHbl KoopauHat o6pa3 npoctparera Ve \ {0}
nepecekaer X (TpaHCBepcabHO) B U30JIMPOBAHHBIX TOUKAX. Ternepb TOT (akT,
YTO MOCJIe 3aMeHbl KOOPIMHAT 1 -(opMa, COOTBETCTRYIOLIAS pACCMATPUBAEMO-
My BEKTOPHOMY MOJII0, HMeeT ajreGpanuecky U30JHPOBAHHYIO 0COOYIO TOUKY
B Hayajie KOOPJMHAT, CJelyeT U3 JeMMbl 006 0TOOpe KPUBDIX. O

§2. MHHpekc ronomopdHoii 1-popmbl Ha uonn

Myets  f=(f1, ..., fz): (C", 0) — (C*, 0) — pocTOK aHaNUTHUECKOTO
oToGpaxkeHusi, Kotopoe onpeenser (n—k)-mepnylo uonn V =["1(0)C
c(C",0) (fi: (C*, 0) = (C, 0)).

st poctka rosiomopdHoro BekTopHoro mnosist X, KacaresbHoro Kk V ou
MMEIOLIET0 H30JIMPOBaHHYI0 0COOYI0 TOUKY Ha V' B Hauasie KoopAMHAaT, B [15] u
[20] 6b11 onpenenén Hekuit uHIeke. HanomHuwm ero onpenenenue. [Tyets U —
OKpECTHOCThb HauaJjia KoopauHat B C", B KOTOPO# onpe/iesieHbl Bce (YHKLMH fi
(i=1, ..., k) uBekroproe nosie X. [lyctb S5 C U — cdepa nocratouHo ma-
JIOTO pajuyca C IIeHTPOM B Hauvaje KOOpJMHAT, IMepeceKaromiasi MHOT000-
pasue V tpancBepcasbHo. Ilycte K =V NSs — sauennenne uonn (V, 0).
Onpenenum grad f; kak

o Oh
Ix,” 7 Oxy

grad fi =

Nmeercs oro6pakeHne
(X, grad f, ..., grad f;): K — W, (C"),

rie Wi (C") — mHoroo6pasue Wtudens (k+ 1)-penepoB B npocTpaHcTBe
C". Xopouio u3BectHo, uto mHoroo6pasue W (C") (2(n — k) — 2)—cBsizHO
u uto Hop—py—1 (We1(C") = mou—ty—1 (W1 (C")) £ Z (cm., nampumep,
[7]). C npyroit ctopoHbl, K siBJsieTCsl IIaIKUM MHOroo6pasieM pasMepHOCTH
2(n — k) — 1, UMeIOLIMM eCTeCTBEHHYI0 OPHEHTALMIO KaK Kpai KOMIIJIEKCHOTO
muoroo6pasusi V\ {0}. Tlosromy mnsi oroGpaxenuss uz K B Wpy (C")
onpesiesieHa crenedb. Muaeke rosomopgHoro BekropHoro nosas X Ha V
B HauaJjie KOOpJMHAT OMpeIe/sieTCsl Kak CTeleHb yKa3aHHOro oToOparke-
HUSI.
3ameuanue. OGparute BHUMaHHE, UTO B 3TOM OMNPEJIENEHHH HCIMOJb3yeTcs
KOMIIJIEKCHOE COMpSI?KEHHE, a KOMITIOHEHTbI OMUCAHHOTO OTOOPAXKEHHST HMEIOT
pasHylo TeH30pHYI0 Npupoy. B To BpeMms, Kak X — BEKTOpHOE MoJie, rpalueHT
grad f; 6osiee Mo0GEH KOBEKTODY.

[Ipucrniocobum omnpesiesieHne HHAEKCA TOJOMOP(HHOrO BEKTOPHOTO MOJS K
cayuaio rosiomopuoit 1-dopmer Ha V. Tlyets w = > A;jdx; (A; = Ai(x)) —

8*
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poctok rosomopcHoit 1-copmel Ha (C”, 0), xoTopast kKak 1-dopma nHa V
uMeer (He 6oJjiee ueM) M30JMPOBAHHYIO OCOOYI0 TOUKY B Hauaje KOoop-
JMHaT (M TakuM o6pa3oM He ofpallaercsi B HyJb Ha KacaTeJbHOM MpO-
crpaHctBe TpV Kk mHoroo6pasuio V' Bo Bcex Toukax P M3 TPOKOJOTOH
OKpeCTHOCTH Hauasa koopauHat B V). l-dopmbl w, dfi, ..., df, nuHeiiHo
He3aBUCUMbI BO Bcex Toukax P € K. Takum ob6pasom, orpeneneno oroGpa-
KeHHe

(w, dfl, ey dfk)I KH W;H_]((Cﬂ).

Onpepnenenue: Mol onpenensieM urdexc 1-opmbl w Ha V B Hauase Koop-
auHat 0, indgow, Kak cTerneHb 0TO6payKeHHst

(w, df1, ..., dfr): K— Wp1(C")

(3necb Wy (C") — mHoroo6pasue Ltudens (k+ 1)-penepos B 1BOHCTBEH-
HoM npoctpaHcTBe C*).

3ameuanue. Muoroo6pasue tudenss Wy (C") (k+ 1)-penepos B npo-
crpaHctBe C" rOMOTONMHYECKH 3KBHBaJieHTHO MHoroo6pasuio (LLITudess)
Wi+1(C") opToHOPMHpPOBaHHbLIX (MO OTHOLUIEHHIO K 3PMHTOBY CKaJ/IsipHOMY
npoussenenuto ». x;y;) (k+ 1)-penepos B C". [omoTonuueckasi >KBHUBa-
JIEHTHOCTb OTipefiesisieTcsi ¢ momolibio npouecca [pama-Ilmunra. [Tostomy B
onpesie/IeHHH MOXKHO 3aMeHUTb MHorooOpasdue Wy (C") Ha MHorooGpasue
\~Wk+1((C”) 1 oTOOpaXKeHHe

(W, df1, ..., dfe): K— Wi (T
Ha COOTBETCTBYIOIlee OTOOpaXKEeHHE
(w, dfr, .oy dfe) " K — Wep (C).

Onnako, W1 (C") He siBnsieTCs KOMIJIEKCHO aHAJTUTHUECKHM MHOT006pa3nem
U M03TOMY oToOpakeHue

(@, dfy, ..., dfe)": U\ {0} — Wi (C")

npokoJiotoii okpectHoctd U\ {0} Hauana koopaumHat B V He siBasiercs
KOMIJIEKCHO aHAJUTHUECKUM (B OT/IMUHe OT oToOpaxenus (w, dfy, ..., dfz):
U\ {0} — W, (C")). Mbl npeanountaeM 1aBaTh «60Jiee KOMIIEKCHO aHa-

JIUTHUECKOE» OTpe/ieieHHe, MHOTIA UCnoJb3ys oTobpaxkenne B Wi (C") nns
BBIUMCJIEHHH.

Mpumep. [yctb n =2, k=1, [i(x, y) = x* + y> u paccmoTpum 1-dopmy
w = 3y’dx — 2xdy.
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dopma w na V = {f; =0} nmeer U30MpOBAHHDIA HYJIb B HauaJe KOOPIHHAT.
HerpynHo BbIUMC/NTD, UTO CTeMeHb 0TOOpaXKeHUs

(w, df\): K — Wy (CH = U(2)

paBHa 6. [Tostomy indcow =6 (cm. Takke YTBepaxaenue 3). dta 1-chopma
(B OMKMCAHHOM BbILLIE CMbICJIE) COOTBETCTBYET BEKTOPHOMY T0JIIO

0 0
X=3y"=— — 2x—.
ox oy
ITO BEKTOpPHOE M0Jie OKAa3blBAETCA KacalolMMCs THNEeproBepXHOCTH V =
= {[1 =0} u nMeeT M30JMPOBAHHYIO OCOOYIO TOUKY B Hauaje KOODAMHAT Ha
Hell, HO ero uHjeKc paBeH 0, MOCKOJIbKY O0TOOpaXKeHHe

(X, grad f;)": K — Wy(C2) 2 U(2)

nepeBoauT K B ofHOCBsI3HOE MHOTOOpasue SU(2).

[Tycth Bs — map paauyca d ¢ LIeHTPOM B HauaJjie KOOPJMHAT B MPOCTPaH-
ctBe C" ¢ xpaem Ss. Ilpennosoxum, uto GyHKuMu fi, ..., fr u 1-popma w
onpejiesieHbl Ha OKPeCTHOCTH 1apa Bs v nycth € = (g1, ..., &) € C* nocra-
TOUHO MaJlo (Tak YTO MHOXKeCTBO ypoBHs V. := [~!() N Bs TpancaepcabHo
K cdepe Ss) ¥ TaKoe, UTO MHOXKECTBO YPOBHS1 Ve HE0C06o0.

Onpepeaenue: Ilyctb M — (Heoco6oe) KOMIJIEKCHOE /71-MEPHOE MHOT000-
pasue W nyctb 1 — rojomopcuasi 1-hopma na M. Tosopsit, uto Hyan P € M
1-dopmbl 7 HesbLpoOsCOeH, eciu B JIOKANbHBIX KOOPAMHATAX Y1, ..., Ym
Ha M B OKpECTHOCTH TOukM P, B KOTopbiX 1-chopMa 7) 3amucbiBaeTcsi B BUjle
n=_Cidy, +---Cndym, reccuan ¢dopMbl 77 B TOUKe P, T.e. ONpelesuTe/b

MaTpPHILbI
aC;
(P)) ,
((’)y,- ij=1,..m

CyluiecTByeT lieBesieHHe W 1-hopMbl w, UMeIIlee TOJbKO HEBBIPOMKJIEH-
Hble HyJM Ha MHoroo6pasuu V.. (B neiicTBuTesibHOCTH 1eBesieHue (OPMBI
omega obl1ero Bujia M, B YaCTHOCTH, lleBeJieHHe BUJA w = w — An Jjis |-
(hopMbl 7 OO1LEr0 BUAA C MOCTOSTHHBIMU Ko3(duunentamu Ha C* (rme A # 0
JIOCTaTOUHO MaJlo) 06J1aflaeT STUM CBOHCTBOM.)

He paBeH HyJIo.

Mpenaoxenue 3. Hroekc indcow 1-¢popmor w na wonn V 8 Hauare koop-
duram pasen koauwecmsy Hyreii opmol w Ha mHo2o0bpasuu V., cuu-
maemoix ¢ kpamuocmanu. On makce pasen Koiuvecmasy Hyrei hopmol
W HA MHO2006pasuu V. 041 maroeo uiegerenus w l-gpopmol w, umeio-
we2o MmoaAbko HeBblpONCOCHHbLe HYAU HA MHO2000pasuu V.
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Hokazameavcmeso. Ilycets Py, ..., P, —Hyan GopMbl w Ha MHOrooGpa-
3un V.. IlycTb B JIOKa/JbHBIX KOOPAMHATAX Y1, ..., Yky Yk+l, ---» Yn C
ueHtpom B Touke P;, takux uro V.={y; =...=y, =0} (MoxHO B3sTb

Yyi= f,‘ —g s 1 <i< k), Wy, = Ck-l—ldyk—i-l +...+ Cﬂdyﬂ. [lycts B —
MaJleHbKMH OTKPBITHIH wWap ¢ LeHTpoM B Touke P;. CreneHb oToOparke-

Hust (w, dfy, ..., dfr): OBiN Ve — Wiy (C") paBHa cTeneHH oToGpaXKeHHst
S2n=h=1 _, §20=k=1 " onpenensemoro Kak
X = (CkJrlv RN C?’l)/”(CkJrla tey Cﬂ)”a

¥ MO3TOMY paBHa KpaTHOCTH f; Hynas P; (cM., Hanpumep, [3]). Pacemorpum
MHoOroob6pasue

M:=V\| B
i

[TockosbKy 1-chopma w He nMeeT HyJiell Ha MHOro0Gpasuu M, creneHb 0To6-

pakeHust
(w, dfr, ..., dfe): OM — Wiy (CY)

paBHa nyJ10. [TosTomy
v
indcow = E i
i=1
Ecin & — weBesienne 1-(hopmbl w, UMeIOLLEE TOJIBKO HEBBIPOMK/IEHHBIE HYJIH

Ha MHOroo6pasuu Vg, To OHO HMeeT POBHO fi; HEBBIPOXKEHHBIX HyJell B L1ape
BinVe. (]

§ 3. Aureb6paunueckasn ¢opmyJaa ajag MHAEKca

B s1oM pasjesie Hallell Lesblo sIBJSIETCS BBIBOA CJlelylollel anrebpanye-
CKOH (hOpMY.JIbl JIJIs KOMIJIEKCHOTO HHJEKCA.

Teopema 1. [Tycmo Ocng — ascebpa pocmgos 20A0MOpPHbLY DyHKYUL
8 Hauase xoopouram Ha npocmparcmee C" u nycmol C Ocn g — ude-

anr, nopoacdénnoil pynkyuamu fi, ..., fr u (R+1)x (k+1)-nuropanu
Mampuyol

ofi of

oxy Oxn

S . %

oxy Oxp

Al An
Tocoa

iﬂd@yo w = dim(c O(Cn’o/l.
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3ameuanue. CoOTBeTCTBYIOUMH pe3yJabTaT sl cjydast Koraa l-copma w
spJsiercs muddepeHuranom dfyy GyHKUMY [y TepBbIMU J0Ka3asu Jle JlyHr
Tpanr [5] u [L-M. Iptoaab [16, Lemma 1.9]. ['-M. Ipiossib ykazan Ham, uTo
ero paccyxaeHus us [16] noaxonsit u s nokazatesbetBa Teopemsl 1.

JlokazatenbcTBO GyneT onupathest Ha yHJaMeHTalbHbIH (haKT, KOTOPbIN
Mbl XOTHM CPOPMYJTHPOBATE.

[ycth  F: (C" x CM, 0) — (C* x CM, 0) — Bepcanbhas  aedopmaliys
oto6paxenus [: (C*, 0) — (C*, 0), nyetb N:=n+M, K:=k+ M. Toir xe
camoil GykBoii F Mbl o6o3nauaeMm npeacrasutesb U — CK nedopmatmn,
onpeeaéHHbIi B Masoil 0TKpbIToi okpectHoeTH U C CV navana koopauuar.
[lyctb A;=0 mns i=n+1,..., N u nyctb n= Zf\/:] B;dx; —takas 1-
topma, uto I/ peryJsipHoro 3HaueHusi s € F(U) oTtoGpaxkenust F u ans
AelW, A#0, rne W C C—noaxoasiiast Majasi OTKpbITas OKPECTHOCTb
Havasa KoOpauHaT, (opMa w — Any MMeeT TOJIbKO H30JHpOBaHHBIE HYJH Ha
F~1(s).

PaccemoTpum matpuity

oF, o oF,
x| Oxy
C=1 e ok
0x, Oxy
A —ABy -+ Ay —ABy
[Tycts CV*! — BekTopHOE NPOCTPAHCTBO ¢ KOOPAMHATAMH X[, ..., Xy, A.

[Tycts C(U x W) o6osnauaet unean B anreépe Ocv+i (U x W), nopoxaén-
ol (K + 1) x (K4 1)-munopamu matpuiel ®. Ilycte C C Ogyvy1 0603Ha-
YaeT COOTBETCTBYIOLIME My4yoK HpaeanoB u myctb C C U x W — ananutnue-
CKOe TMPOCTPaHCTBO, ornpesesnénnoe myukom C. [1poctpanctBo C cocTouT U3
Tex Touek x € U x W, B KoTOpbIX oTOGpaxkeHue [ He siBasieTcst cybmepcued
u GopMa w — A1 MMeeT HeM30JIMPOBaHHbI HyJb B Touke F~ ' (F(x)). ITycTh
Oc¢ := Ocn+1/C — cTpyKTypHBIA NyuoK npoctpanctea C.

Iycts F: Ux C — CK+! — oroGpaenue, onpeeséiioe TeM, uTo
(x, A) = (F(x), A). Tlyets X :=F(C) u nyctb w:=F|c: C—X. Torna ¥
SIBJISIETCS AHAJIMTHUECKUM MPOCTPAHCTBOM, CHAGXKEHHBIM CTPYKTYPHBIM Myu-
koM Oy := Ociri /Fo(me(O¢)) (orpanuuennbim na 7(C)), rtme uepes Foy
o6o3Hauaercsi HyseBoi upean Purrunra (cf. [18, 4.E]). OrobpaxkeHnue
m: C — X ABJSETCS KOHEUHOJUCTHBIM.

Teopema 1 GyneT BbiBeieHa U3 CJeylOlIEH.

Teopema 2. Jlaa aob6oii mousku x € C Oc, asasemca naockum Oy, ri)-
modyren.
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Hoxazameavcmeso. JlokazaTesbCTBO cJeyeT ToH ke cxeme, uto [18, (4.4)
u (4.8)].

[lyctb x € C u s =m(x). Munopbl MaTpuupl ® o6pauialoTcs B HyJb B
Touke x € U x W Torzna u TosibKo Torna, Korna matpuua ®(x) umeer He mMak-
cuMaJibHblil paHr. MHoxxecTBo (N + 1) X (K + 1) KOMIJIEKCHBIX MaTpPHLL paHra
< K+ 1 sBasiercst adpuHHBIM anreGpandyeckuM MPOCTPAHCTBOM KOpa3Mep-
Hoctn N — K 4 1 B muoxkectBe Bcex (N + 1) x (K + 1) KoMIieKCHbIX MaTpHIL.
[Tosromy nmpoctpaHcTtBo C uMeeT pasmepHocTb, paBHylo K. Otciona caeny-
er, uro depth (Cx; Ocn+1,) = N — K+ 1. Benencreue [10, Caenctsue (2.7)]
OTCIOJIa BbITEKAET, UTO romoJiornueckasi paamepHoctb hd Cy uneana C, paBHa
N—-K+1.

[To dopmysie Ayciennepa—Dbyxc6ayma (cM., Hanipumep, [19, c. 4]) nmeem

depthOcy=N+1—(N—K+1)=K.

[Tockoabky Take dim O¢ = K, orciona cienyert, uto O¢ , SIBASETCS KOJb-
oM Kosna—Mako.tes. _

[Tockosbky otobGpaxenue F|c: C — CMH! gpasercs koneunosmcTHbIM,
Oc x aBasietcst Ocr+1 g-MoayneM Koneunoro tuna. ITostomy Oc, siBasiercs
mozynem Kosna—Makosiest nan KoabuoMm Ocr+1 g H

deptho@(ﬂs Ocy=dimO¢, =K.

[Tockosbky Ogk+1 ¢ aBasiercs (K -+ 1)-MepHbIM Pery/isipHbIM KOJIbLIOM, W3
topmysbl Aycaénnepa—bByxcb6ayma BbITeKaeT, UTO TOMOJIOTHUECKAST pas3Mep-
HocTh Oc Kak Ogk+1 g-MOJyNsl paBHa 1. DTo 03HAuaeT, 4TO CyLIECTBYeT
TOYHAsI MOCJAEA0BATENbHOCTb Orx+1 -MOLyIel

q a 14
0— O(CKJrl,S - OCK+1Y5 - Oc,x — 0.

[Ipu sTOM ¢ nOJKHO ObITb paBHO p M HyseBo# uupean Purrtudra Ocy,
paccmarpuBaeMblil KaK Ogk+1 g-MOJyJIb TOPOXKIAEH OMpeje/uTeeM oToopa-
Kenust . Cjies10BaTeIbHO Y — runeprnoBepxHocTb, a Ox ¢ TaKKe sBJSETCs
KoJiblloM Kosna—Makouest.

[Tockosbky otobpaxkeHue m: C — X sBJsIETCS KOHEUHOJHUCTHbIM, Oc
Takxke sapisieTcs Ox s-MOjyJ1eM KoHeuHoro thna. C Apyrofi CTOPOHbI KOHEUHO
nopoxKAEHHbIH Osx ¢-MOIyJ/b SIBJSETCS MJOCKMM TOrJa M TOJbKO TOIAA,
Korjga oH cBoboneH (cm., Hanpumep, [19, (3.G) [Ipennoxenue]). [TosTomy
JocTaTouHo IokasaTb, uto O¢, sBjasercss csoboinbiM Os g-monpynaem. Ilo
dopmyae Aycnennepa—byxcGayma nmeem

hdoy,, Ocx +depthy,  Oc = depth Osjs.
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[TockosbKy depthozg Ocx =depth Oy s =dimOyx = K, oTciona BbiTeKaeT
uto hdoy, Ocx = 0. Ho 310 03Hauaer, uto O¢ , aBasercs cBo60AHbIM Oy ¢~
MOy JIeM. O

Joka3ateabctBo Teopembl 1. PaccmoTpum onsite otobpaxkenue w: C — X
u nyetb s € X. Iaist mo6oit Touku x € C(s) := 7 1(s) CRoy,, Oc, ABASIETCS
KOHEUHOMEPHBIM BEKTOPHBIM TpocTpaHcTBoM Haj nosem C. OGosHaunm ero
pasamepHoCTb uepe3 v(x). [Tonoxxkum

v(s)= Y v(x).

xeC(s)

[To Teopeme 2 u [11, §5, Teopema 1], v(s) — JIoKanbHO MOCTOSIHHAS (DYHKILHS
touku S. Jast Touku s = (s’, A), rme s’ — peryssipHoe 3HaueHHe oTOGparke-
nust I, v(s) = indc o w B cootBetcTBHe ¢ [Ipennoxenuem 3. C apyroii CTOPOHEI
Z/(O) =dim¢ O(Cn’o/l. O

§4. BewecTBeHHbIl MHAEKC KaK CUTHATypa ceMeicTBa
KBaJpaTHYHbIX hopm

31ech Mbl XOTHM OOCYIUTb HHJEKC BELIECTBEHHO AaHAJWTHUECKOH |-
dopmbl w Ha BeutectBenHoit uonn (V,0)={fi=...=[,=0} C (R", 0)
(c anreOpanyeckd H30JMPOBAHHOH 0coOOH TOUKOH B Hauaje KOOpAMHAT).
l-bopma w Ha MHorooGpasuu V sBiseTcsi orpaHMUeHHEM aHAJHUTHUECKON
n
1-dopmbl Y A;dx;, onpenenénnoii Ha npoctpanctse R” B HEKOTOPO# 0KpecT-
i=1
HOCTH Havasia KoopjauHaT (3Ty l-popmy Mbl Takke o6o3Hauaem yepes w).
Mebl paccMaTpuBaeM (aHanuTHUecKHe) (YHKUMH fi, ..., fr U 1-chopmy w
KaK omnpejie/iéHHble TaKKe Ha HEKOTOPOH OKPECTHOCTH Hauaja KOOpIAHHAT
B npoctpanctBe C". Ilyerh § > 0 nmoctatouHo majo Tak, uto (GyHKUMH [,
., [r m 1-bopma w omnpenesenbl Ha mape By pamuyca & C LEHTPOM B
HauaJie KooparHat B nipoctpanctBe C” 1 jisi 1106OT0 MOJOKHUTENBHOTO & < §

mHoroo6pasue Ve ={fi=...=[, =0} C(C", 0) nepecekaer cdepy Ss
pamuyca §’ ¢ LeHTPOM B Hauajie KOOPJMHAT TpaHCBepcaJbHO. JlJisi 10CTaTOUHO
majoro € = (g, ..., €¢) (le] € 9), nonoxum Ve ={f=e}NBs C C", ns

BelllecTBeHHOro & mojoxum Ve = Ve MR Tlyets ¥ C (CF, 0) — 6udyp-
KallMOHHAsl auarpaMma oToGpakenus [ (MHOxecTBO 3Hauenuii € € (C*, 0),
KPHTHUECKHX JJIs 0ToOpaxkenust ), Yg = XN (R¥, 0).

B cootBercTBuu ¢ Ilpensiokennem 2, 115l BelLleCTBEHHOTO € BHe OUdypKa-
LMOHHON MarpaMMbl (T. e. s € € R*\ ¥g), (BewecTennblil) nuaexc indgw
OTJIMYAETCSH OT CYMMbl HHIEKCOB HyJell 1-(hopMbl w Ha BelECTBEHHOM IJiajl-
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koM MHoroo6pasuu V. Ha (x(V:) —1). B coorBercTBuu ¢ [Ipenyoxenuem 3
KOMIIIEKCHBIH MHAEKC indcow cuuTaeT uucjo Hyseil To# ke 1-chopmbl Ha
KOMIJIEKCHOM MHoroo6pasuu Ve .. DinepoBa xapakrepuctuka x (V) Bele-
CTBEHHOTO MHOT00Gpasusi yposHsi V. pasinuna A/si pasauunbix € € RF\ Yg
(mo kpatiHe#t Mepe aJis1 4éTHOro 1 — k). OHa TOCTOSTHHA Ha KayKAOH KOMITO-
HeHTe JOMOoJIHEeHUs1 OMypKaLMOHHON auarpammbl Xg. [Tostomy He caenyer
HaesITbCs MOJYYHTh (BellleCTBeHHbIH) MHAeKC indpw 1-opMbl w Kak cur-
HaTypy HEBBIPOXKJEHHOH KBaJApaTHUHOH (DOPMbI HA BEKTOPHOM NPOCTPAHCTBE
paameprocTH indcow (= dime Ocno/I). Takasi curHatypa MoxKeT ObITh pPaBHA
indyw + (x(Ve) — 1) u nostomy josikHa ObITb PasJIMUHON JJisl Pa3JUUHBIX
KOMITOHEHT J0MOJHEHHsI K OU(YpKaLMOHHOH [uarpamMme. Mbl XOTHM MOJMYYHThb
HECKOJIbKO GoJiee TOUHOE OMHCaHHe.

Teopema 3. Cyuwecmsyem cemeiicmso Q. ksadpamuurolx hopm Ha NPo-
cmpancmee Ct pasmeprnocmu L = dime Ocn /I (m. e. — cemeiicmso cum-
mempuurolx L x L-mampuy) onpedesérrolx 048 € U3 OKPECMHOCMU Ha-
wara Koopournam 6 npocmpancmee CF i anaiumuuecku 3a6ucAujux
om e, maKoe 4mo:

1) 05 € us donoamenus Kk bugpyprayuorHol duaepamme ¥ K8aopamuy-
Has popma Qs HeBbLPONCOCHHA,

2) 0aa seujecmserHoe0 € KeadpamuuHas gopma (m.e. mampuya) Q. ge-
WecmeenHa 1 044 8eujecms8erHo2o € 8He OUpypKayuoHHoi duaepamnmol
(m.e. 0aa e € R*\ Xg) eé cuenamypa pasna

> indpw =indyw + (x(Ve) = 1), (4.1)

PeV.

Jlokasamenbcmso. Yno6HO GYIET OMpenesuTh ceMeHCTBO Q. Tst GoJtbIiie-
ro npoctpanctsa napamerpos. Ilyeth F: (C" x CM, 0) — (Ck x CM, 0) —
BellleCTBeHHasl (T.e. MHBAPUAHTHASI MO OTHOLIEHHIO K KOMILIEKCHOMY CO-
npsiKeHuIo) BepcanbHas Aedopmauus otobpaxkennss [: (C", 0) — (CF, 0),
F(x, €)= (for(x), €), Jo=]. 3nech €pry, ..., Epty — KOOPAUHATLI HA MPO-
crpanete CM| &' = (epq1, - .., pam) €CM; nyers &= (ey, ..., €k, ki,
vy Ehpm) € CHHM = Ck 5 CM. Tlyets C" — n-mepHoe adduuHOe Npo-
CTPAHCTBO C KOOPAMHATAMH (i, ..., Qp, TyCTh 2 = (€, a) (3c € CkHMHn =
= CkM x C"). O6osnaunm Toii e OyKBoii F TpUBMAJIbHOE MPOJAOJIKEHHE
(CtxCMxCn,0)— (CExCM xCr, 0) = (CEFM+n 0) BpiGpanHoil  Bep-
casbHol nedopmaunu: F(x, €', a) = (for (x), €', ). [lycts Q — l-dopma Ha
npoctpanctse (C? x C¥ x C2, 0), onpenenénnasi paeHcTBOM

n

D=w-— i aidxi = Z(AL — ai)dxi.

i=1 i=1



C. M. Tyceitn-3ane, B. D6eunr 123

Onsith TeMM Ke CHUMBOJIAMH X M X Mbl OyjneM 0603HauaTh KOMIJIEKCHOE
1 BellleCTBeHHOe OU(ypKaLMOHHbIE MHOXKECTBA 0TOOpaxKeHus [ (BelecTBeH-
Hoe OGU(YpPKAUMOHHOE MHOXKECTBO — 3TO TepeceueHre KOMIIIEKCHOTO ¢ Be-
lecTBeHHbIM npoctpanctsoM REAMTM) Ve = F=1(30) N Bs C C"TM+" npq
BEILLECTBEHHOTO 7 M0JI0xKHM V,, 1= Ve, NRMH" (g neficteurensroctn Ve,
SIBJISIETCS] aHAJUTHUECKAM TONPOCTPAHCTBOM /1-MepHOro ad(HHHOTO Mpo-
crpatctBa CI x {(¢/, a)}).
Jast Toukn P € C x CM x C* nonoxum

Oferi Oler;
6)(1 e 6X}¢
A=AP):=| ................ )
A1y A1y
6)(1 T 6X}¢
rie feri (=1, ..., k) — KOMNOHEHTbI 0TOOpaXeHus for: for = (fery, oo\ [err).
Ecin P € Ve, 1 A(P) # 0, To nepeMeHHbIe Xp41, ..., X, SBJSIOTCS JIOKaJb-

HBIMH KOOpJHHATaMu Ha ((1n — k)-MepHOM) MHOT0OGpasuu Vc ,. B OKPECTHOCTH
Toukn P. Jlnsi » € (CHM+7 0)\ ¥ o6uiero nojoxkenust ais Beex Hysei P
orpanuuenusi 1-popmbl 2 Ha MHorooGpasue ypoBHs Vi, umeem A(P) #0.
Bousee toro, ans obuiero » € (CkHM+n () \ X, He 06Gsa/alo1ero STHM CBOF-
CTBOM, (Takue s 00pa3yloT MOJMHOXKECTBO Kopa3mepHocTH 1), Bce Hysnu P
orpanuuenus 1-cgopmbl 2 Ha MHOrooOpasue ypoBHs Vi ,, SBASIOTCS MPOCThI-
MH (T. €. — HEBBIPOKIAEHHBIMH).

JLnist loKa/bHOM CHCTEMbI KOOPJMHAT Y1, - . ., Ym HA MHOTOOGpa3uu M rec-
cuad h = h,, 1-bopmbl w, paBHo#t A1dy; + ...+ Andy, B 9THX KOOpiMHATAX,
ornpejiesisieTcsi Kak JIeTepPMUHAHT

’ 0A;
y;

ij=1,...m

(reccuan siBasiercsi (hyHKIMeR Ha MHOroo6pasud M; oH 3aBUCUT OT BbiGopa
KOOpPJIMHAT.)

Jlnst mo6oro » € CHHM+ y g mio6oit oco6oit Touku P 1-dopmbl 2 Ha
(BO3MO2KHO 0c000M) npocTpaHcTBe ypoBHS Vi 5. (T. €. 1151 0COO0# TOUKH Npo-
cTpaHcTBa Ve, Wik aJis HyJist 1-chopmbl Ha ero HeocoGOl YacTu) nycTh /p —
unean kombua Opy MOPOXKAEHHBIH QyHKUMAMH [ —e; (i=1,..., k) u
(R4 1) x (k+ 1)-MuHOpaMH MaTpHILbI

Ofery Ofery
a1 e D
afg’k afg’k
a1 o D
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[Tycts Jp = Op,/Ip. VI3 nokazarenscta Teopemb | caenyer, uro:

Z dime/p = const = dimeJo;

PEVe,.
2) ecat ¢y, ..., p; — BelllecTBeHHbIe 3JeMeHTbl Kosbla Ogn g, SIBJSIIOLIHECS
npencraButessimu 6azuca daxkrop-anrebpbl Jo, (paccmaTpuBaeMble Kak aHa-
JIMTHUECKHE PYHKIMK OMpesiesiéHHbIe Ha 061el OKPECTHOCTH Havaia KOOp.Iv-
Hat B npoctpaHcTBe C"), TO Uit IOCTATOUHO MAJIOTO 3¢ MYJLTHPOCTKH (PYHK-
UMl @1, ..., @ ABASIOTCA IPeCTaBUTeNsIMU 6asuca anre6pnl J,. = Gpey,. ./ p.
Takum o6pasom, anre6psl J,, 06pa3yloT TpHUBHAJIbHOE BEKTOPHOE paCCJI0eHHe
HaJl OKPECTHOCTBbIO Hauajia Koopauuat B npoctpanctse CHMF7 y priGop
(BellleCTBEHHBIX) TIpeacTaBUTeel seMeHTOB 6a3uca aareopbl Jyo pUKCHpyeT
TPUBHAJIM3ALMI0 STOTO PACCJOEHHS], COMJIACOBAHHYIO C BEILECTBEHHON CTPYK-
TypOH.

Kak 3T0 00bYHO B MOAOOHBIX CHUTyalWsiX, KBajapaTHuHasi ¢opma ,. Ha
anrebdpe J,, onpenensercsi hopmyJioit

Qs (Y1, Y2) = L. (P12b2),

e {,, — JuHeRHas PyHKIMS Ha BEKTOPHOM MPOCTPAHCTBE J,., 1)) 1Py 03HAUAET
npousBesieHue B ajnreépe J,,

[yt 2 € (CHM+7 () takoBo, uto A(P) # 0 115t Beex 0coObIX Touek P
I-opmbr Q). . B yacTHOCTH, 5TO O3HAUAET, YTO 3¢ HE MPHHAIEKHUT JIHC-
KPUMHHaAHTY X epopMallii U reccuaH /i onpeesiéH B OKPECTHOCTH KarKioM
0co6oit P. Jlnst 0co60it Toukn P 1-opmbl €y, nonoxkum hp = h- A(P)>.
Has ¢ € J,, onpenenum £,.(1)) Kak

RZ}

PeVe 5

rie Zp(’g/}) =0 151 ¢ u3 caaraemoro Jpr st P’ £ P,

1/; a;)
bw) = lim> 7=~
s € Jp, 8= Bry1dxpy + ..., +0udx,, cymma GepéTcs Mo BCeM MpOCTbIM

(T. €. HEBBLIPOXKJIEHHBIM) HYJIsSIM | -hopMmbl 2 — (3, KOTOpbIE pOXKAAIOTCST U3 (BO-
00111e TOBOPS, BLIPOXKEHHOT0) HyJis1 P 151 3 06111ero noJoxkeHus. BoipaxkeHue
10/ 3HAaKOM T1pejieJia onpejiesieHo AJ1s 3 06LLero noJoxKeHus (T. e. s oblie-
ro 8 ¢opma €2 — 5 UMeeT TOJLKO HEeBbIPOXKAeHHbIe HyJH). To, uTo: OHO UMeeT
KOHeuHblii Tipejies1 IpH (3 cTpemsiiemMest K HyJio (Kak Touka u3 C"~%), stor
npeJiesl aHaJIMTHUECKH 3aBUCHT OT 2¢, COOTBETCTBYIONIAS KBajlpaTHUHAas popma
HEBbIPOXK/IEHHA, BELIECTBEHHA ISl BEILECTBEHHOrO 3¢ U B TIOCJEIHEM CJyuae
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CUrHATypa COOTBETCTBYIOIIEH BellleCTBEHHOH KBapaTHUHOH (hOpMbI paBHa

> indpw =indyw+ (x(Ve) — 1)
PeV.

— cJleJlyeT U3 W3BECTHbIX CBOHCTB aHAJIOTMUHBIX 0OBEKTOB B «IVIAJKOM CJIy-
yae» (cm., Hanpumep, [3], § 9).

B Hacrosiumii MomeHT TpeGyemble jiuHelHble hyHKIMY £,, (M TakuM oGpa-
30M, KBajpatHuHble (opMbl (),.) onpeesieHbl Uil ¢ BHE AUCKPUMMHAHTA X
1 MHOXKECTBA = TeX ¢, VIl KOTOPbIX Ha MHoroo6pasuu Ve, umeercst HyJb P
dopmbl Q.. ¢ A(P)=0 (X u E— runepnosepxroctu B CHMH1) - My
XOTHM MOKa3aTh, UTO HA CAMOM JIeJie 3TO CEMENUCTBO JIMHEHHbIX (hyHKIIMH aHa-
JIMTHUYECKH MPOJIOJ/KAETCSI TAKXKe W Ha 3TH JIBA NMOJAMHOXKecTBa. [1pn 3TOM Mbl
JIOJI2KHBI Oy1eM POKOHTPOJIMPOBATh MPOJ0JIKEHHE Ha MOCJ/eHee MOAMHOXKe-
CTBO, UTOObI YOEIUTbCS, UTO KBaJpaTHUHasl opma @),, TaM He BbIPOXKIaeTcs.

Uro6bl MoKa3arb, UTO MOCTPOEHHOE CEMEHCTBO JIMHEHHBIX (YHKUMH £,
AHAJIMTHUECKH MPOJIOJ/DKAETCSl HA MHOXKeCcTBO =\ X Tex 3HaueHHi
€ CHMHR\ 'S st KoTopbix cyteceTByet Hyiib P hopmbl Q.. ¢ A(P) =0,
JIOCTATOUHO J10KA3aTh, UTO /Il HEBbLPONCOeHHO20 wynst P dopmbl Qy,

¢ A(P)=0 ununeiinas ¢yHkuusa £p/ (1)) HMeEET KOHEUHbIH, OTJIMUHBIH OT
HyJst npenen npu P’ crtpemsiiemest K P, rae P’ — ocobast Touka 1-dopmbl
F(P'y¢=. B stom cayuae dimcJp=dimc/p =1, BekTOpHBIE

Q| Ve rery

npoctpaHcTBa Jp U Jpr NOPOXKJIEHBI OJIHUM djieMeHTOM ¢ = 1, pi (1) = ~h—‘(P/)
°4

1 0CTATOYHO TOKA3aTh, UTO Ap: (P') uMeeT KOHEUHbIH HEeHyJIEBOH TPeies MpH
P’ — P. Ilycts 0 ={jy, ..., jn} — TaKas nepecTaHoBKa WHJIEKCOB 1, ..., 1,
4TO B TOUKE P (M 1M03TOMY BO BCeX Toukax ) sikoGuan A’ ¢yHKumi fi, ..., fr
10 OTHOLLEHHIO K MepPeMeHHbIM X, ..., Xj, OTJHYeH OT HyJs. B sTOoM ciyuae
Xjpsrs -+ Xj, ABIAIOTCS JIOKANLHBIMH KOOPAMHATAMKM Ha MHOrooOpasuu Ve,
B TOuKe P 1 M03TOMY BO BCeX Toukax P’, 6yiu3KuX K P (Ha COOTBETCTBYIOLIEM
MHOroo6pasuu ypoBHst). B Touke P’ G13koil K P 1 Takoil, B KOTOPOil Takxe

A(P')#0 (1 nostomy rae Xj,.,, ..., Xj, TaKxe sBJAIOTCS JOKAJbHBIMHU
KOOpJMHATAMH) AKOOMAH 3aMeHbl KOOPAMHAT Xiil, ..., Xn F> Xj., ..,
A'(P)
Xj, paBeH sgn (o) - NI Takum o6pasom, 3HaueHHe reccHaHa orpaHUyeHUs
dopmbl {2 Ha COOTBETCTBYIOIEE MHOTOOOpA3He B KOOPJMHATAX Xj, - .., Xj,
B Touke P’ paBeH
h(P)A(P')
A'(P’)Q

¥ Mo3TOMy OTanHyaercst oT /A(P') Ha HeHy/neBOl aHAJHTHUECKHH MHOMKHTE/b,
YTO 3aBeplIaeT J0KA3aTeJIbCTBO B ITOM CJIyyae.
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Uro6bl MoOKa3aTh, UTO TMOCTPOEHHOE CEMEHCTBO JIMHEHHBIX (YHKUME £,
AHAJIMTHUECKH TPOJOJLKAETCS Ha JAUCKPUMMHAHT X, JNOCTATOUHO J0Ka3aThb
caenyiouiee. [Iyctb P— Touka, B KOTOPOH COOTBETCTBYIOLEe MHOTO0Opa3ue
ypousi V¢ ,. nmeer ocoGentnoctb tuna Aj, l-cdopma Q (kak l-chopma Ha
CM+1) e o6pataercs B HyJlb, a & HyJeBasi TUIEPIIOCKOCTL HAXOMUTCS B
0011IeM TOJIOXKEHUH 1O OTHOLLIEHHIO K KacaTeJbHOMY KOHYCY K MPOCTPAHCTBY
V.. B Touke P. B atom cayuae dime /p = 2. [1ycTh 3¢ U3 OKPeCTHOCTH TOUYKH
27 UMEET BUIL (€], «-+\ Eky Ebtly « -+ » EktMs Oy - -+, Q) (T. €. 3z OTIIMUAETCSA
OT 3 TOJIbKO MEPBbIMH R KOOpAMHATAMH: 3HAUEHUAMH QYHKUME [i, ..., fz)
W TaKas, uto ¢ Y. l-opma . MMeeT 1Ba HEBBIPOXKICHHBIX HyJlsl
Py =P1(3¢) n Py = Py(>). HdocratouHo nokasaTb, 4TO JHHeHHas! (DyHKIHUS
Zpl +Zp2 MMeeT KOHEUHbIH Mpeaes Npu »x — .

Be3 norepu oOLIHOCTH MOXKHO MpejrnoJarath, uto k = 1, n > 2, touka P
SIBJISIETCS] HaualoM Koopaunat B npoctpanctse C, fi = x3 +... +x2, 5 =0,
w(0) =dx;. Tlocnennee paBeHcTBO o3HauaeT, uto w = (1 4+ Cj)dx;+...
.+ Cudxy, tie C; €m, 1.e. C;(0)=0. INyctb 32 =<, B KauecTse Gasuca
anre6psl Jp (KaK BEKTOPHOrO MPOCTPAHCTBA) U MO3TOMY H anredpsl Jp, & J/p,
MOXKHO B3Tb @] =1 U @9 = x|. s koopauHat Touek Py u Po umeem
x1==xe+o0(e), xi=o0(¢) npu i >2. 3nech U jajee Bce PsAIbl SABJSAIOTCA
CTENEeHHbIMH PsiIaMKU 0 TIEPEMEHHON € W TI03TOMY, Harnpumep, o(g) 03Ha-
yaeT age” 4 useHbl GoJiee BBICOKOH cTereHd. HeTpyaHO BbIUMC/IHTB, UTO
h(P;) = (—1)""1(de)' =" 4 usennl GoJiee BLICOKOI CTemeHH H CJ1e0BaTe bHO

A(P;) = (—1)" (£e)3" +.... Tostomy €p,(1)+Ep,(1) = (1)1 ("3 4
+ (=) 4. lp (x1) 4+ Lp,(x1) = (= 1) (e 2 4 (—e)"" ) +.... Ooa
BbIDaXKEHUS] UMEIOT KOHEUHble Mpefesbl NpU € cTpeMslleMcst K HyJio (Mpu

n =2 unenvl =" n (—e)~! nator B cymme HyJb). O

3ameuanusd. 1) UroObl nokazatb Teopemy 3, B IeHCTBUTEJBHOCTH He 00513a-
TeJILHO MPOBOJUTh TOUHbIE BbIUKCJEHHUST st cayuast A ;. SIcHo, uTo KoMMoHeH-
Thl JIMHEHHOU (PYHKIMH £,, (e€ 3HAUEHHs] HA 3JeMeHTax 6as3uca) MOryT HMEeTh
TOJIbKO CTeNeHHble aCHMNTOTHKU NpH € — 0. [TosTOMy yMHOKasi MOCTpoeHHbIe
(DYHKUMH Ha TIOAXOJSIILYIO CTeMeHb YpaBHEHHsT IMCKPUMUHAHTA, MBI TTOJTydaeM
TpebyeMoe ceMeHCTBO.

2) TlpuBeneHtble Bblliie BbIUMCJEHHS JIJisi OCOOEHHOCTH A| MOKA3bIBAIOT, YTO
npu n—Fk=1, T.e. A5 KPUBbIX, MOCTPOEHHOE CEMEHCTBO KBajpaTHUHbIX
¢opM HHrJe He BBIpOXKJAaeTcst (BKJOYash AUCKPUMHHAHT) H, B YacCTHOCTH,
KBajparuuHasi opma Qo (onpenenénnasi Ha anre6pe Jy) HeBbIpOXKIEHA U €€
CUrHaTypa paBHa TOMY »Ke BblpaxkeHuio (4.1).

3) B [22] 6bwio n0KazaHO B HEKOTOPOM pojie MOA0GHOE YTBEpPKJEHHE,
KOTOpOe B HAlMX TEPMHHAX MOXKET paccMaTpPUBATbCSl KAaK UACTHBIH cJydait
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Korna 1-dopma w siBasiercss auddeperunanom GyHKuun dfpy . OmHako,
onpesieiéHHOE TaM CEMEHCTBO KBaJpaTHUHbIX (opM (MapameTpu30BaHHbIX
ToukaMu o6pasa oTobpaxkennsi [: C" — C¥) MOXKeT BBIPOXKIATHCS B TOUKAX
e € Ck, nns KoTopbIX cyliecTsyeT Hysb P 1-hopMbl w Ha MHOrooGpasHu
ypoBHs Ve ¢ A(P) =0 (4, BO3MOKHO, re-HUOYIb elig). (Mexay npounm,
B HEKOTOPHIX CrelMa/bHbIX C/yyasXx Bce Toukd e M3 oGpasa CF moryt
obsanath 3THM cBoOHCTBOM.) [1o3TOMy MOXHO CKasaThb, YTO Halll pe3yJbTar
JIaéT HEKOTOPOE yCHIeHHe pe3yJibTata U3 [22] Takeke U sl cayuas w = dfpy .

§ 5. Oco6ble TOUKH U UHIEKCbl MmepoMopdHbIX 1-hopm

st rosomopHoit 1-popmbl ¢ M30JAHPOBAHHBIMH HYJSIMM Ha KOMIAKT-
HOM MHoOroo6pasun M cymMa HWHAEKCOB HyJiell paBHA XapaKTepHCTHYECKO-
My uucay ¢, (T*M)[M] = (—1)"x(M), rne T*M — KokacaTeJIbHOE paccJjoeHHe
(dbopmysna Tuna [lyankape—Xonda). Ilycts V" — nosiHoe nepeceueHue B
npoekTHBHOM mpocTpancTse CP'H* ¢ uzonnpoBaHHBIMH 0COGEHHOCTAMH H
nyctb oo — rosiomopcuasi 1-hopma na V' (370 03Hauaet, uTo POCTOK POPMbI (v
B J1l000# TouKe rosomopgen). Ocobble TOUKH HOPMbl o« — 3TO 0COObIE TOUKH
camoro rnpocTpaHcTBa V 1 Hymu (opMbl o Ha TIaJIKOH 4acTh rpocTpaHcTea V.
[1pennonoxum, uro ocobblie Toukn 1-copmbl v u3oaMpoBaHbl. Torna cymma
UX HHJEKCOB paBHa XapaKTePUCTHUECKOMY UMCJY cﬂ(T*v)[V] = (—1)”X(V)
craaxusanus V npoctpaHcTtaa V.

HenysieBbie 1-hopmMbl Ha KOMIMAKTHOM KOMIJIEKCHOM MHOTO00OPa3uu peji-
KO cyliecTByIOT. [ToaTOMy MHTepecHO paccMoTpeTh MepoMopdHbie 1-thopmbl,
KOTOPBIX UMEETCsl MHOXKECTBO (10 KpaiiHell Mepe Ha MPOEKTHBHBIX MHOr0006-
pasusix). DTUM Ke apryMeHTHPOBaJOoCh H3yueHHe MepPOMOP(HBIX BEKTOPHBIX
noJsier B [9].

[Tycth oo — mepomopduast 1-copmMa Ha KOMNAKTHOM KOMIJIEKCHOM MHO-
roo6pazuu M", uto o3Hauaer, uto a — roJiomopduasi 1-cbopma BHe M0J0-
JKUTEJbHOTO AMBH30pa D M B OKPecTHOCTH JI060H TOYKH MHOroo6pasust M
dopma o MoxkeT GbITh 3anucana B Bune &/F, rae F =0 — JiokanbHOE ypaB-
HeHWe auBH3opa D, a a — ronomopdHasi 1-opma. [lycts L — suneiiHoe
paccJioeHle, COOTBETCTBYIOLLee AUBU30PY D, T.e. L umeer rosomopdHoe ce-
ueHue S, MMBU30p HyJel KoTopbix coBnangaer ¢ D. Torna w = sa siBaser-
csl roloMopHBIM CeueHHeM BeKTOpHOro paccjoenusi T*M®L. B nekoropbix
KOHCTPYKLMSIX (Hanpumep, B [9]) mMepomopdHast 1-copma Ha M onpenensi-
eTcsl MPOCTO Kak rojomMopgHoe ceueHre TeH30pHOTO NpousBeaenust T*M & L
JUISl HEKOTOPOTO T0JIOMOP(HOTO JIMHEHHOTO pacc/oeHus L. DTo onpesesieHne
HECKOJIbKO OTJIHUYAeTcsl oT copmyJupoBaHHoro. Hampumep, B 3ToM ciyuae
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omnpeneséH TOJMbKO KJaacc AMBH30pa MOJI0COB MepoMopHOi 1-(opMmbl, a He
cam auBu3op. BoJiee Toro, mpu Takol MOCTaHOBKEe 3HAueHHEe MepOMOPQHON
1-chopMbl Ha BEKTOPHOM MoJie SIBJSIETCS He (PYHKLMEH, a CeUeHHEM JIMHEHHOTO
paccJioenusi L. B nocsenyionlemM Mbl HCnodib3yeM 0603HaueHHe w /s ceue-
HUsT BEKTOPHOTrO paccjoennst 7*M & L, 1J1st KpaTKOCTH Tak:Ke HasblBasi €ro
MepoMopdHoil 1-cdopmoil. Ecaii ceueHre w MMeeT H30JMPOBAHHbBIE HYJH, TO
CyMMa MX HHJEKCOB paBHa XapaKTepHCTHUeCKOMY uuciy ¢,(T*M & L)[M] n
3HAUUT 3aBHUCHT OT L.

st mepomopdHoil 1-popmbl Ha HEOCOGOH KOMIAKTHOH KOMIIJIEKCHOM
KpuBoii M xapakrepucrtuueckoe uuciio cj(T*M)[M] = —x(M) paBHO KO-
JIMUECTBY HyJIel MHHYC KOJIMUECTBO TOJIOCOB, CUHTAEMBIX C KPaTHOCTSIMH.
[TosToMy, m/1s1 TOrO UTOOBI BEIPA3UTh IHJIEPOBY XapPAKTEPUCTHKY KOMIAKTHOTO
MHOTro00Opasusi B TepMuHax ocoGeHHocTel MepoMopdHoi 1-hopmbl, Heo6X0-
JIUMO YUUTBbIBaTh U AWBU30P D eé noJiocoB. Ecau MmepomopdHas 1-dopma Ha
MHOToOOpasun M”" ompenesneHa MpPocTo Kak ceueHue paccyaoenusi "M ® L,
JIMBU30P MOJIIOCOB He ONpeie/éH U MO3TOMY Hedb3si ONpefenuTb M ocoOble
TOUKH (POPMbI HAa €€ MHOXKECTBE [10JII0COB.

s Toro yro6el npuBectr (opmyay Tuna [lyankape—Xornda 15 mepo-
MopHbIX 1-hopM, T. €. UTOObI BEIPA3UTh SHJIEPOBY XapaKTEPUCTHKY KOMIAKT-
HOr0 KOMIIJIEKCHOTO MHOTO00PA3Us WM CIJIaXKUBAHUS MOJHOTO NepeceueHus
B TepMHHaX ocoGeHHOCTell MepoMopdHOil 1-opMbl, MBI BBOJIUM MOXOJIsIIIIEE
MOHSITHE HHJAEKCA pocTKa MepoMopdHo# 1-chopMbl (¢ HEKOTOPOH NOMOJHH-
TeJIbHOH CTPYKTYpOI) Ha ©uonn Tak, 4To CyMMa MHJEKCOB 0COObIX TOUEK paBHa
(MITOC—MHHYC) 3H/1epPOBOH XapaKTePUCTHKE CIJIa’KHBAHUS.

MoxxHo ckasath, uto ¢opmyJa tuna [lyankape—Xoricha onucbiBaeT Jio-
KaJM3aluio UHBapHaHTa (Harmpumep, 3UIepoBOH XapaKTEPUCTUKH) MHOTO00-
pasusi B 0COOBIX TOUKAX, CKayKeM, BEKTOPHOTO MoJsl WK 1-(opMel, T.e. ero
TMpeJCTaB/IeHHe B BUJE CYMMbI LEJOUHCIEHHBIX HHBAPHAHTOB (<MHIEKCOB»),
COOTBETCTBYIOIMX 0COObIM TOukKaM. [10o3TOMy cHauasa cjieyeT onpenesuTh
ocobble ToukH. [lycth M" — KoMnakTHOe KoMIlJeKcHoe MHoroo6pasue, L —
JIMHelHOe paccjioenne Haa M, w — rosoMopHoe ceueHHe BEKTOPHOro pac-
cnoennst T*M @ L. Hyan cdopmbl w Ha M ornpenesensl, 0JHaKO, MHOXECTBO
TMOJIOCOB (POPMBI w He SIBJSIETCS KOPPEKTHO OTpeieéHHbIM. [171s1 Toro 4ToGhl
00cy:K1aThb 0coOble TOUKH (POPMbl w HA MHOXKeCTBe e€ MOJI0COB (UTO, Kak
cJlellyeT U3 npumepa Koraa M — kpuBas), cieayeTr 3aUKCHPOBATb 3TO MHO-
»KECTBO. DTO O3HAUAET, UTO CJIe/yeT BbIOpATh roJOMOP(HOE CeueHHe § = S|
JIMHEeHHOro paccjioeHust L uau BbiGpath ero auBu3op Hyqed D = D;. MoxHo
CKa3aTh, UTO CJEIyeT paccMaTpuBaTh (HOPMY o= w/S, T.e. TOJb30BATHCS
HalIUM MCXOAHBIM oTipesiesieHHeM 1-(opMbl.

[Tpennoioxkum Ha HEKOTOPOE BpeMst, uTo JMBU30p D nositocos 1 -popmbl w
HeocoOblil (B UAaCTHOCTH, MPUBEAEHHBIH). DTO 3leCh HE OUeHb CYLIECTBEH-
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HO, HO jenaer obcyxxaenne npoiie. [Tockoabky D siBasieTcst moaMHoroo6pa-
auem B M, koppekTHo onpefeiero orobpaxenue T*M|p — T*D u nosro-
my (T*M ® L)|p — T*D & L|p (orpanunuenune mepomopHoii 1-dpopmer Ha D).
(Mcnoabsys 1-dopmy «, TakKe MOKHO OMPEIETUTh TONLKO CeUueHHe BEKTOP-
Horo paccJgoenust T*D ® L|p, a He mepomopdHyto 1-dopmy Ha D ¢ onpene-
JIEHHBIM MHOXKECTBOM MOJIIOCOB. )

[Tyeth w) — orpannuenune w Ha Dj. OHo siBJsieTCs rOJOMOPMHBIM CeUueHH -
eM BekTopHOro paccJjoenusi 7D ® L|p. Ero Hy/in KOppeKkTHO Ompe/esieHbl U
JIOJDKHBI PACCMaTPUBATLCS KaK 0coOble TOUKH MepoMopdHoi 1-hopmbl w Ha
MHOzKecTBe e€ noJitocoB. st Toro uro6bl paccMaTpuBaTh 0CoOble TOUKH w)
Ha e€é MHOYKECTBE TMOJIIOCOB, Mbl CHOBA JIOJKHbBI 3a(PUKCHPOBATH JIMBU30P MO-
mocoB. [Tpeanosoxkum, uto cyuiecTByeT (MoJioXKUTebHBIH) AuBU30p Do HAa M,
KOTOPBIH SIBJISIETCS IMBU30POM HYJIEH JAPYrOro CeYeHHsl So TOro Ke JIMHEHHOTro
paccJioeHusi L W KOTODBIH TepecekaeT AWBU30p D) TpaHCBepcadbHO (3TO, B
YACTHOCTH, O3HauaeT, uto Dy siB/seTcsl HeOCOObIM B TOUKAX €r0 MepeceueHus
¢ quBusopom Dy u nepeceuenne D) N Dy Takke Heoco60). Mimeercst orpanu-
yeHHe w Ha nepeceuenne D) N Dy 1 ero HyJu Tam.

[Tponoskast Tak »Ke, Mbl TIPUXOJIUM K CUTYallMH, KOTJIAa 3apUKCHPOBAHDI 11
JWBH30pPOB Dy, ..., D, (HyJieil ceuenuit Sy, ..., S, JUHEHHOrO paccJjoenus L)
Tak uto aJs Jioboro i =1, ...n, nepeceuenve D;N...N D; Heoco6o. MHO-
JKECTBO 0CoObIX ToueK |-copmbl w — 3T0 0O'beanHeHHEe HyJieH caMOl w U
orpaHnyeHnii ¢opmbl w Ha nepecedenuss Dy N...ND; st Beex i=1, ..., n.
(dnst i = n nepeceuenve Dy N...N D, HyJbMepPHO U BCE €ro TOUKH JOJKHbI
paccmaTpuBaTbCs Kak HyJsiM.) MoxKHO cKasaTb, UTO CJelyeT pacCMaTpHBaTh
Ha6op mepomopdHbix 1-hopM w/si, ..., w/s, Ha M, NPONOPUKOHALHBIX
Apyr Apyry.

[Ipeanosioxkum, u4To BCe HyJH camoil (OPMbl w M €€ OorpaHuueHHi Ha
noamuoroo6pasusi Dy N...ND;, i =1, ..., n, udonuposauusl. [TycTb my (co-
OTBETCTBEHHO m;, i =1, ..., n) — KoJIMuecTBO HyJiell opMbl w (COOTBET-
CTBEHHO eé orpaHHueHus Ha nepeceuenre D MN...ND;), cuuTaeMbiX ¢ Kpar-
HOCTsIMH. B uacTtHOCTH, M, — KoJiuuecTBO Touek B Dy N...ND,.

Teopema 4. c,(T*M)[M] = (—1)'x(M")=mg—m; + ...+ (—1)"m,.

3ameuanus. 1. MoxKHO MOKa3aTh, 4To
mo = (—=1)"(x(M) — x(D)) = (=1)"x(M\ D).

[Tpeanosioxkum, uto Bce HYJH QOPMbl w HaxolsiTcsi BHe D (3TO MOXKET pac-
CMaTpHBaThCsl KaK CHUTyalust o611ero nojoxeuus). [1ycts § — rosomopdHoe
ceuenue JIMHERHOro pacesoennst L ¢ uyasmu na D. Torna o = w/s — roJio-
mopduasi 1-cpopma Ha M\ D ¢ npoctbiMu nositocamu BaoJib D. [Tostomy B

9 (DyH}'LaMeHTa./'[])Haﬂ MaTeMaTHKa CerojiHsa
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JIaHHOM CJlyuae KOJIHUECTBO 1o HyJel rosomopdHoit 1-opmer o Ha M\ D
cosnaznaer ¢ (—1)"x(M\ D). Takoe cooTHOlLIEHHE BBIMOJHSETCS [UIsi [OJIO-
MopdHbIX 1-hopm HA KOMNAKTHBIX MHOr00Opa3usix (M \ D HeKOMNaKTHO).

2. B [9] paccmaTpuBainch MepoMopdHble BEKTOPHbIE MOJS HAa KOMIJIEKC-
HBIX MHOTOO6pasusx. st Toro, utobbl cchopMyJHpoBaTh BapuaHT TeopeMbl
4 17151 BEKTOPHBIX TI0JIel, HEOGXOAMMO ONpeeUTh HYJIH BEKTOPHOTO T0JIsT Ha
JMBH30pe ero nogiocoB. OnHako, (B oTinune ot [-dopm) orpaHuuenre Bek-
TOPHOTO MOJISl HA MOJAMHOr006pasusi He onpeneseHo (Kak BEKTOPHOE MoJie Ha
noaMHOroo6pasuu). IIis 3Toro MOXKHO HCMOJb30BATh MPOEKIUHI0 BEKTOPHOTO
noJis Ha nojaMHoroo6pasue. OHAKO, 3Ta onepalus He SABJSETCS KOMIIJIEKCHO
aHAJIUTHYECKOH M MO3TOMY TI0C/]e MPOEKTHPOBAHMS HYXKHO paccMaTpUBATh
HYJIH HEMEPOMOP(MHBIX BEKTOPHBIX MOJIeH. DTH HYJH JOJKHbI UMETh 3HAKH
1 JIO/KHBI CUMTATLCS C HUMH.

[Mpumep. Ilyctsb
_ xdy—ydx+dz

|

— mepomopdHuasi 1-opma Ha npoektusHom npoctpanctse CP3 (x, y n z —
appuHHble KOOpAMHATHI). HeTpyaHo yBUAETb, UTO HyJH COOTBETCTBYIOLIEH
(bopmbl) w na CP3 u Takke nyau w|p, D=D; = {x*> +4y> + 2>+ 1 =0},
130sMpoBaHHbl U my = 0, m; = 4. Uto6bl onpenesuTh apyrue ocobble TOUKH,
HY’KHO BbIOpaTh 1MBM30pbl Do n D3 (nanpumep, Dy = {x% + y? + 42> = 0},
Dy={x>+1y?+2>=0}). Umeem my=8, m3=8, 0—4+8—-8=—4=
= (—1)3x(CP3). O6paTute BHUMaHHKe, uTO, B KauecTBe MepoMophHoii 1-thop-
ma na CP? ¢ nosmocamu na runeprnosepxnoctd Py(x, y, z) =0, deg Py =d,
€CTEeCTBEHHO B3SITh

Ag_odx+ By_ody + Cy_odz
Py ’
rie Ag_o, By_o 1 Cy_9 — MHOTOUJIEHBI OT X, iy ¥ 2 cTenenu d — 2 (o — He

sToro Buaa). OJHAKO MOXKHO MOKa3aThb, UTO Takas opmMa UMeeT HEH30JHPO-
BaHHbIe HYJIH HA MPOEKTHBHOM npocTpancTse CP? (Ha GeckoHeuHoCTH).

[Iyctb V" — KoMmakTHOe aHaJUTHUECKOE TOANPOCTPAHCTBO KOMILIEKC-
Horo MHorooGpasust M"** KoTopoe B OKpPeCcTHOCTH /06O TOUKH ABJSAETCS
TIOJIHBIM TlepeceyeHreM B M, UMEIOLIMM TOJIbKO H30JHPOBaHHbIE 0COGEHHOCTH
(M He npennosiaraetcst KOMMakTHbIM). [lycTh w — MepomopdHas 1-dopma
Ha M, T.e. ronomopHoe ceueHue pacciaoenuss T*M ® L, rie L — auHeliHOe
paccjioenre Ha M, umelolilee HeHyJieBble ToJloMOpdHble ceuenus. [Ton crua-
»KuBaHueM V npoctpanctBa V Mbl noHumaeM riaaxoe (C°°) mHoroo6pasmue,
nosyuaemoe u3 V criakiBaHHeM ero ocoObIX TOUueK (KOTOpble SIBJSIOTCS
uonn) oOGblUHBIM 00pa3oM (kak KommuieKcHbix uonn). (Ecan V — nosnoe
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nepeceueHue B MPoekTHBHOM npoctpaHcTBe CP" T criaxupanne V moxer
ObITh TaKyKe MOJyueHo KaK aHajJuTHueckKoe noamHorooopasue B CP"T# )

Mbi xotum copmysipoBath Gopmyay trna [lyankape—Xonda aist ii-
JIEPOBBIX XapaKTEePUCTHK NpocTpaHcTBa V U ero criiazkuBaHus Ve TepMHHAX
ocobbix Touek l-dopmbl w Ha V. Kak u paHee, npeanoJsiaraem, uto cyuie-
CTBYIOT 71 TOJJOMOP(HBLIX CEUEHUH Sy, ..., S, JHUHEHHOro paccjoeHust L ¢
JuBu3opamu nysen Dy, ..., Dy, Takue uTo /g Ka)aoro i = 1, ..., n nepece-
uyenne VN D;N...ND; uMeeT pasmMepHOCTb 7 — i U TOJbKO M30JHPOBAHHBIE
0Cc06EHHOCTH (M MO3TOMY TMpUBEAEHO NpH [ < 11). Mbl TakxKe TpeanoJaraem,
YTO OrpaHHueHHe POpPMbl w HA MHOXKECTBO HEOCOOLIX TOUeK NpocTpaHcTda V u
e€ orpaHHueHHe Ha MHOXKECTBO HeocoObIX Touek nepeceuenn VN D N...ND;
(i=1, ..., n) UMeeT TOJIbKO U30JIMPOBAHHbIE HYJIH. B KauecTBe 0COOBIX TOUEK
1-cpopMbl w Ha V' Mbl paccMaTpHBaeM BCe HyJM €€ OrpaHHUeHMH Ha MHO-
»KecTBa HeocoObIX Touek mpoctpaHctBa V u nepeceuenntt VN Dy N...ND;
(i=1, ..., n) uTakxke Bce ocoOble TOUKM NPOCTPAHCTBA V U nepeceyeHUit
VnDyNn...NnD;.

[Tyctb P — ocobas Touka l-cdopmbl w Ha V. Ilpeanosoxum, uto nu-
Buzopbl Dy, ..., Dy (0 < €< n) npoxoasdr uepe3 Touky P, a (ecau £ < n)
D¢y He npoxomuT. B okpecTHOCTH TOukM P B JIOKAJbHBIX KOOpJAMHATAX
Ha M, LeHTPUPOBaHHLIX B Touke P, uMeercsl cJjeaywolas cutyauus. [1po-
ctpaHcTBo (uonn) V (Bo3MOXHO, Heoco60e) OmnpejiesieH0 & ypaBHEHUSIMU

fi=...=[r=0. Ilycts muBusopbl D, ..., D, onpenensitorcsi ypaBHeHH-
amu fry1 =0, ..., free =0. Hanomuum, uro ans mo6oro i=0,1,...,¢
{h=...=fr=fry1=...=[rri =0} sBasiercs uonn. [Tocne BbiGOpa J0-

KaJbHON TPUBHAJM3aLMK JUHEHHOTO paccioeHus: L 1-opMa w MoXkKeT ObITh
k
3anucaHa Kak 27:1 Ai(x)dx;, tne Koapuments! A;(x) ronomopcusr. Mox-

HO CKa3aThb, 4TO Mbl pacCMaTpuBaeM Ha60p w/fri1, ..., w/frye MepOMOPDHBIX
cdopm Ha V, nponopuuoHabHbiX Apyr apyry. O6o3HaunM HaGop JIOKaJILHbBIX
nauublx (V, w, feat, - oy frre) uepes Q.

[Tyctb ind?0 (COOTBETCTBEHHO ind(i)Q, i=1, ..., {) —unuekc roJjo-

MopdHo# 1-hopMbl w Ha V' (cooTBercTBeHHO Ha uonn VNDiN...ND;).
Onpepenenue: AnbTepHUpoBaHHasi CyMMa
indpQ = ind?Q —indQ + ...+ (= 1)tind“Q
Ha3bIBAeTCsl MHIEKCOM | -thopMbl w B TouKe P 110 OTHOLLIEHHIO K JIuBH30paM Dy,
., Dy.

B cooTBeTcTBUM C BBIIIEU3I0KEHHBIM UMEIOTCS CJAEYIOLIEe TPH SKBUBA-
JIEHTHBIX OoMMcaHust uuaekca indp§2.

B cooTBeTcTBUH C BBILLIEU3JI0KEHHBIM HHEKC indp§2 MOKeT ObITh ONUcaH
KaK aJlbTePHUPOBAHHAsi CyMMa KOJIMUeCTBa HyJieidl (OpMbl w Ha CrJIaXKUBa-

9%
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Husax uonn V u VNDyN...ND;, KaK anisTepHUPOBaHHAs CyMMa HHEKCOB

COOTBETCTBYIOLIMX OToGpaxkeHuil B MHoroo6pasus [ltudens, aubo kak anb-

TEepHUPOBaHHAsi CyMMa pa3mepHocTell anrebp, onpenenéutbix B Teopeme 1.
BepHeMmcs kK paccMaTpuBaeMoil ro6aibHON CUTyaLMH.

Teopema 5.

S indpQ = (—1)"x(V),
g

ede V — ceaancusanue npocmparcmaa V.

Jlaist Toro, uTOGBI MOJYUHTh UJIEPOBY XapaKTEPUCTHKY CaAMOTO MPOCTPaH-
ctBa V, HyxXHO noanpaButb ¢opmyay Teopembl Theorem 5, yuntbiBas uncsa
Munnopa oco6bix Touek npoctpanctBa V. Hass P € V nycete pup — uncio
Musnopa uonn V B Touke P (cMm., nanpumep, [18]). Sametum, uto eciu V
Heoco60 B Touke P, 1o up = 0.

Theorem 2’

(=D)"x(V) =" (indpQ — prp).
P

3ameuanue. Yncao MusnHopa pp Takke MOXKeT ObITh HANHMCAHO KaK ajbTep-
HUPOBaHHAs CyMMa HHJEKCOB roJIoMOPMHBIX 1-hopM HA HECKOJNLKUX UONM.
MOXXHO CKa3aTb, UTO UJIEHbI jip COOTBETCTBYIOT PA3JIHUMSM JIByX BO3MOXKHbBIX
onpeseneHuil unaekca kak B [21, ITpennoxenue 1.4].

B HekoTopbIX cJ/yuasix eCTeCTBEeHHO paccMaTpuBaTb CHTyalMlo, KOrja
MHOXKECTBO HyJied MepoMopdHON 1-hopMbl w SIBJSIETCSI KPATHBIM HENpPUBO-
Jaumoro auBu3opa. Ilpumepbt:

1) INommnomunanbhasi 1-popma Ha adppunnom npoctpanctBe C" siBssiercs
MepomopHoii 1-dpopmoit Ha mpoekTBHOM NpocTpancTBe CP”, nuBH30p
[10JII0COB KOTOPOH sIBJISIETCS1 KPAaTHbIM OeCKOHEUHOYJaJleHHOH rumnep-
niockoctu CPS L.

2) Tlycrb f — mepomopdHasi pyHKIMS ¢ AMBU30POM NoJ10cOB kD, rie D —
HEMpPUBOJUMBIH JIMBU3OP (T.€. B OKPECTHOCTH JIt0GOH Touku (pyHKIMs f
MOKeT ObiTh 3amucana B Buae [/F¥, rae dynkuus [ romomopdna, a
F = 0 — nokasbHoe ypaBHeHue nusuzopa D). Torna eé nuddpepenuu-
an df — mepomopdHasi 1-popma ¢ auBu3opom noJgtocos (k+ 1)D (T.e.
B OKPECTHOCTH JI0GOM TOUKH df MOKeT GbiTh 3amucan B Buje w/FF1
rie w — rojomopeuas 1-dopma). [TomuHoMua bHasi (yHKIHS cTere-
Hu k Ha C" gBasieTcss MepoMophHON QyHKIMEH Ha MPOEKTHBHOM TMpo-
crpanctse CP* ¢ ausuzopom myaeit RCP !,
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Ccopmysmpyem Bapuant Teopembl 4 ngst 3Toro caydasi. ToT dakr, uTo
JUBH30p MOJIOCOB 1-(hopMbl sIBJIsIETCS] KpaTHBIM, O3HAYAET, UTO COOTBET-
CTByIOlLlee JIMHEHOe paccJ/loeHHe SIBJSeTCsl CTeleHblo JPYroro paccJoe-
nust. IlycTb w — mepomopdHasi 1-dopma Ha KOMMAKTHOM KOMIJIEKCHOM
MHoroo6pasun M", T.e. rosoMopgHOe ceueHHe BEKTOPHOTO pacCJIOeHH sl
T*M®L, e L =X, k> 1. Ipeanonoxum, uto Dy =D, Dy, ..., D, —
JIMBU30Pbl HyJI€H ToJIOMOP(HBIX CEUEHHH JIMHEHHOro pacc/oeHUst A, TaKHX
uto aisi Jwoboro i =1, ..., n nepeceuenne Dy N...ND; Heocobo U cama
topMa w u e€ orpanuuenus Ha D N...N D; UMEIOT TOJbKO U30JUPOBAHHbBIE
nyau. Ilyetb mg (cooTBeTcTBEHHO My, [ =1, ..., 1) — KOJIMUECTBO HyJeH
1-cpopMbl w (COOTBETCTBEHHO €€ orpaHuHueHus Ha Dy N...ND;), cuutaemblx
C KPaTHOCTSIMH.

Teopema 6.

ca(T*M)[M] = (=)' (M) = mg — kmy + ...+ (—1)"km,.

3ameuanue. B [17, Teopema 3.1] nana dopmyna st CyMMbl BBIYETOB, CO-
OTBETCTBYIOLIMX OCOOBIM TOUKAM CJIOEHHSI HAa TMPOeKTHBHOH mockoetH CP?
3afanHoro ypasHeHueMm df =0, rae [f— nosvHoMHasnbHasi (yHKLUMS cTere-
nu k na C? (kotopas onpesensier Mepomoponyio dynkuuio na CP?). B na-
IIMX TepMHHAX 3TO — popMysa JJIsi KOJMUeCTBa 1y HyJeH MepoMopdHOH
1-cbopmbl df, MBU30P TTOMOCOB KOTOPOIl paBeH k + | pa3 GecKOHeUHOy1aeH-
Hasa npsamas. [Tostomy Teopema 6 mMoxkeT paccMaTpuBaThbesi Kak 0000LIeHHe
Teopembl 3.1 u3 [17] Ha BbicuIMe pa3MepHOCTH W Ha |-copMbl, KOTOpHIE,
BOOOIIE TOBOPSI, He SIBASIOTCS AuddepeHataMu QyHKIU.
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1O. C. Unbsiuenko

CtonetHsisa uctopus 16-i npob6aembl [MabbepTa

AHHoOTauMA

Bo Bropoit uactu 16-# npoGsembl [unb6epra peub HIET O MoOJH-
HOMHAJIbHBIX M depeHIHaNbHbIX YPaBHEHHAX Ha TMJIOCKOCTH. [laxke
JU1S1 KBAJPATHUHBIX MOJMHOMOB Mpo6JsieMa OCTaéTcsl LHPOKO OTKPLITOM.
HeonHokpartHble monbITKM €€ pellieHHs He NPHUBEJNM K ycriexy. Tem He
MeHee, OHH CTHMYJIMPOBAJIM pa3BUTHe HOBLIX obJlacTell B reoMeTpHue-
CKOH Teopun JuddepeHIHaNbHbIX ypaBHEHHI Ha MJIOCKOCTH, TEOPHH
6udypKalni, TEOPHH HOPMAJbHBIX (POPM, AHATMTHUECKUX CJOCHHH, a
TaKyKe HEKOTOPbIX pasfesoB anredpanueckor reomerpuu. lpamatu-
yeckast UCTOpHs 3TOH mMpo6JieMbl W CBsI3aHHble C HeH HCcJ/ie0BaHHUs
OTMCAaHBI B MpejylaraeMol cTaTbe.

§1. PopmyaupoBka npobaembl U €€ BapUaHTbI

Ymo mMoaCHO cKa3amo o 4ucie U pacnoAONEeHUU NPedesbHblX YUKA08
NOAUHOMUANDHO20 BEKMOPHO20 noAs cmenenu n Ha naockocmu? (Ilpe-
JIeJILHBIM LIMKJIOM Ha3blBaeTcsi M30JMPOBaHHAs 3aMKHyTasi hasoBasi KpuUBasi
BEKTOpHOTO ToJs.) ITta 3ajaua, W3BecTHasl Kak gmopas yacmo 16-i npo-
Oaemor [usrvbepma, octaérest oHON U3 HaubGoJiee HENMPUCTYMHBIX 3a7au B
3HameHUTOM cricke [uab6epTa [99], ycTynas nepBoe MeCTo JiMlIb THIIOTE3e
Pumana o HyJsix ¢-yHKUHH.

PaGora BbinoJsiHeHa npu yacTuuHoil nomuep:kke rpantamu NSF DMS 997-0372, NSF
0010404, CRDF RM1-2086. Cratbsi npencrasasier coboit mepesoj o63opa Yu. Ilyashenko,
Centennial history of Hilbert’s 16th problem, Bulletin of the AMS, 39 No. 3, 301-354. loknan
MOJL 9THM Ha3BaHWeM Oblil MPOUTEH BrepBble HA KoslokBHyMe B KopHesibCKOM yHHBepcHTeTe,
nekabpb 1999, a 3arem B Bocrone, Ha o6benunéntom Koanoksuyme lapsapna, MUT, Bpannatica
1 CeBepoBocTouHoro yuuBepcuteroB, Hosiopb 2000. Amrop 6Gaaromapen a-py C. lenbdanny,
KOTOPBIi MPUCYTCTBOBAJ Ha MOCJENHEM JIOK/A/e U MPEVIOKHI HIel0 HalKcaHust 9Toro 063opa.
[TepeBon BbinoJiHeH Mpu yacTHuHOl noaepkKe rpantom PODU 02-01-00482.
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[To tpamuuuu, npobsema Tuiabbepra noapasaessieTcsi Ha TPH; MOJOMKH-
TeJIbHOE PellleHHEe KaXKJ0H BJICUET pelleHUe NPeablIyLIei.

[lpo6aema 1.1 (npo6aema KoHeuyHOoCTH). BepHo s, UTO MONMHOMHANBHOE
BEKTOPHOE M0JIe HA MJIOCKOCTH MMEET JIMIIb KOHEUHOE YHUCJO MpeaesbHbIX
LMKJIOB?

[Ipo6aema 1.2. BepHo siu, UTO UHCJIO MpPeae/bHbIX LIMKIOB MOJHHOMHANLHO-
ro BEKTOPHOTO MOJIsi OLIeHHBAETCSI CBEPXY KOHCTAHTOMH, 3aBHCSILEN JHUIIb OT
CTeTIeHH MOJHHOMOB?

Bepxusisi rpanuua B npobseme 1.2 HazbiBaeTcsi 00bIUHO euabOepmosoLm
yucaom W obosHauaercss H(rn) (n — cTeneHb BeKTOPHOro mnoJsuHoma). JIu-
HelHble BEKTOPHBIE MOJIST HE UMEIOT Mpe/iesibHbIX LHKJO0B; nostomy H (1) =0.
Jlo cux mop HeM3BEeCTHO, CyIIeCTBYeT Ji uucyo H(2).

[Mpobaema 1.3. Ykasarhb siBHyIO OLIEHKY CBepxXy nas H(rn).

Tosibko MepBasi U3 3THX NpoOJsieM (MOJI0XKUTeNIbHO) pellieHa [104], [85].
[IpoGuiembl 1.1 1 1.2 umMeloT aHaIUTHUECKHE AHAJIOTH.

[Ipo6aema 1.4. BepHo Jin, uTo aHaJHTHUECKOE BEKTOPHOE 110J1€ Ha JIBYyMEPHOH
cpepe nMeeT JHIIb KOHEYHOE YHUCJIO MPelesbHbIX [IHKIOB?

AHarumuyeckum cemericmaom BeKTOPHBIX T0JIeH Ha3bIBAeTCsT KOHEUHO-
napaMmeTpHueckKoe ceMelCTBO aHaJMTHUECKHX BEKTOPHbBIX MoJel, aHaJIHTHUe-
CKH 3aBHUCSILIMX OT Mapamerpa.

[po6aema 1.5. BepHo Jin, uTo /14 JI06Or0 aHAJTUTHUECKOTO CEMENCTBA BEK-
TOPHBIX MOJIell Ha JABYMepHOH cdepe ¢ KOMMAaKTHOH 6a30# (MPOCTpaHCTBOM
napameTpoB) YHCJIO NpelesibHbIX LIMKJIOB YPaBHEHHH ceMelcTBa paBHOMEPHO
OrpaHU4eHo?

[IpoGsiema 1.4 pelieHa TeMHu e aBTopamu, uto W npodsema 1.1. dakru-
yeckH, 06a 10Ka3aTeNbCTBA OTHOCSTCS K aHATMTHUECKUM BEKTOPHBIM TOJISIM;
MOJMHOMHAJBHBIH CJlydall MoJlydaeTcsl Kak CJe/CTBHe aHATHTHUECKOTO.

[TosoxkuTenbHBIN OTBeT B mpoGseMe 1.5 Bjeuér aHANOTHYHBIN OTBET B
npo6semax 1.1, 1.2 1 1.4. D10 oueBnaHO 1ist npobsieMbl 1.4, U 10Ka3biBaeTcs
¢ nomollibio Komnakrudukaunu [lyankape ast npo6aem 1.1 u 1.2, I1po6embl
1.3 u 1.5 He3aBUCUMBIL.

Komnakrudukauus: Ilyankape nepeBoguT MOJHHOMHANbHOE BEKTOPHOE
ToJie Ha TIJIOCKOCTH B aHAJNMTHUECKOe BEKTOpPHOE IMoJie Ha JBYMEpHOH cdepe.
PaccMOTpUM MJI0CKOCTb, Kacatollytocs cepbl B 10:KHOM M0JI0CE, H MPOEKLHIO
cpepbl 6€3 3KBaTOpPa Ha 3TY MJOCKOCTb BAOJb NPSIMbIX, MPOXOISLLIUX Uepe3
ueHtp. OGpaTHoe K 3TOH NpoeKUnuU oToOpaxKeHue sBJsercs auddeomophus-
MOM Ha CeBEpPHOI U 103KHOH noJtycdepax, B3ThIX oTebHO. [TosnHomMuanbHoe
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BEKTOPHOE 110J1e Ha MJIOCKOCTH MOJHUMAETCs 10 aHAJUTHUECKOTO BEKTOPHOTO
noJisi Ha KaxIod u3 moJgycdep; NpU CTPEMJIEHHH TOUKH K 3IKBATOpY, JAJH-
Ha COOTBETCTBYIOLLEIO BEKTOPA CTPEMHTCS] K OECKOHEUHOCTH. YMHOXKeHHe
Ha TMOAXOISALLYI0 CTeNeHb PACCTOSHUS 0 MJOCKOCTH, MPOXOAsllel uepes
9KBaTOp, JeJaeT Hallle BEeKTOPHOE MoJjie aHaJUTHUYECKHM Ha Bcell ccepe, 3a
MCKJIIOUEHHEM KOHEUHOTo umcJia 0cobblX TOUEK, JiexKallMX Ha skBaTope. Hucio
npejie/bHbIX 1IMKJIOB y HOBOTO MOJsI MO MeHblleld Mepe BBOe GoJiblile, YeM
y ucxoaHoro. CJieloBaTesbHO, OlleHKAa CBEPXY YHCJA MpeaebHbIX LHUKJIOB
HOBOTO M0JIS1 aBTOMATHUECKH JIAET OLIEHKY UMCJa LIMKJIOB UCXOJHOTO MOJIS.

3aMeTUM TakxKe, UTO YMHOXKEHHE Ha HEHYJIEBYIO MOCTOSHHYIO HE MEHSeT
yhcsia LMKJIOB MOJHHOMHAJBHOIO BEeKTOpHOrO Modisl. ITostomy npoctpaHcTBo
napameTpoB MOJMHOMHAJILHBIX BEKTOPHBIX MoJiel PUKCUPOBAHON CTENeHH Ha
MJIOCKOCTH COBMNajlaeT ¢ (PakTopoM MPOCTpaHCTBA KO3(DPUIMEHTOB MHOTrO-
UJIEHOB M0 YMHOXKEHHIO Ha MOCTOSIHHYI0. DTO NMPOEKTHBHOE MPOCTPAHCTBO, H
cJen0oBaTesbHO, KoMnakr. Takum o6pasdom, npobsembl 1.1 u 1.2 cBonsiTes K
npobeme 1.5.

Mo>KHO TOBOPHUTH 0 TJIaJIKOM aHaJsiore npobJembl [unb6epra (ecau KJaacc
IJIaJAKOCTH HE YKa3aH sIBHO, TO MOJ TEPMHHOM eaadKkuil MojpasymeBaeTcs
b6ecKOHeuHO enadkull).

C 0/iIHOH CTOPOHBI, HECJIOXKHO MOCTPOUTL TVIAJIKOE BEKTOPHOE MoJje Ha
JIByMepHOH cthepe ¢ GeCKOHEUHBIM YHMCJIOM TIpeesbHbBIX [HKA0B. JlocTaTtouHo
paccMoTpeTh cjlelytolliee roJie, 3alHCaHHOe B MOJISIPHBIX KOOPAHHATAX:

rie f — C* ¢dyHkuus, paBHasi HyJto BHe oTpeska [1, 2] u obaanaiouias Gec-
KOHEUHbIM YHCJIOM H30JIMPOBaHHBIX HyJel Ha [1, 2]. C apyroii cTopoHbl, BepeH
cJelylolni o6LMH NTPUHLMIT:

B munuunom KoHeunonapamempuieckom cemeticmse eraokas hyrk-
yusa 6edém cebs KAk aHaIumuyeckas.

s mpuMmepa paccMOTpHUM k-TiapaMeTpHueckoe CeMeHCTBO TJIaJKHX
dbyHkuMi Ha npsivoil. MaJioil Jlehopmalieil ceMelHcTBa MOYKHO JOOHUTbCS
BBITIOJIHEHHUS cJlefytollero TpeGoBanus: Bee ynkyuu cemeiicmsa umerom
MOALKO U30AUPOBAHHbLe Hyau. KpamHrocmo amux Hyaetl He npesocxo-
dum k+ 1. D10 npsiMmoe cJjiecTBHe TeopeMbl ToMa 0 TpaHCBepCaJbHOCTH.

lpo6aema 1.6 (Mpo6aema Tuab6epra—ApHoabaa). BepHo Ju, uto B
TUIIHUHOM KOHEUHOMApaMeTPHUECKOM CEeMEHCTBE IJIAJKUX BEKTOPHBIX TOJIeH
Ha JIByMepHON cpepe ¢ KOMMAKTHBIM MPOCTPAHCTBOM MapaMeTpOB YHCJIO Mpe-
JIeJIbHBIX [MKJIOB YPaBHEHHE CeMeACTBa PaBHOMEPHO OrpaHMYEHO M0 mapa-
MeTpam?
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[Tpo6rnema 1.6 pelrena Juib B oc/abaeHHON (GOPMYJTHPOBKE, CM. Mapa-
rpad 2.

CJienryer moauepKHyTb, UTO aHAJWUTHUECKHH W TJaAKUi BapuaHTbl 16-if
npo6sembl [unb6epra, — npobsembl 1.4 u 1.6 Bbillle, — HE3aBUCHMBI OT €€
MCXOJIHOTO, TMOJMHOMHA/LHOTO, BapHanta — rpobJemsl 1.3.

§2. 0630p ucropuu npoodJembl

Kak 3710 yacto npoucxomut ¢ npobaemamu [wibbepra, 16-51 oxBatbiBaeT
cpasy HecKoJibKO 06JlacTell MaTeMaTHKH M OTKPbIBAET HOBble HarpaBJ/eHus
pasBuTusi. Ee uctopusi ipamaTHuHa: HECKOJIbKO MOMBITOK 10Ka3aTeIbeTBa Obl-
JI0 OTyOJIMKOBAHO U 3aT€M OIMPOBEPrHYTO (CM. PUCYHOK 1).

Puc. 1. Kpatkuii 0630p nctopun 16-ii npobnemsi [mnbbepta. ledatHbimu 6ykBamm
0603HauYeHbl UMEHA, PYKOMUCHBIMY — HOBbIE HANPaBAE€HUs PAa3BUTUS MaTEMAaTU-
ku. P—[lyankape; H— unvbept, D — donak, P-L — lNetposckuii—/languc, E—
Dkanb, | — Vnbawernko; N F—HopmanbHbie dpopmel, AF — aHannTuyeckue cioe-
Hus, THP — nHgpuHntesumansHas npobnema nnvbepta, N SP — HenureliHoe sB-
neune Crokca, RF — pecypreHTHbie ¢pynkymm, I3 — buchypkaymmn, RY — ocnabaen-
Hble Bepcuu 16-ii npobnembi [unbbepra.

Brepsble 3Ta 3agaua Oblia nocrasneHa [nnbGeprom. Oanako yxe Ily-
aHKape paccMaTpuBaJl TOJHHOMHA/bHBIE BEKTOPHBIE MOJSI HA TJIOCKOCTH B
paMKax TMpeiJoXKeHHOH MM MPOrpaMMbl PA3BHTHSI F€OMETPUUECKOH Teopuu
IudpdepeHumanbbix ypaBHeHHH. OH BBEJ MOHSITHE MPeAeSbHOrO LMKIA, U
JI0Kasal, 4To NOMLHOMUAALHOE BEKMOPHOEe NoAe HA naockocmu 6es ced-
A0BLLX CBASOK UMeem He 60aee KOHeYHO020 HIUCAQ NPedesbHblX YUKAOS.

B 1923 rony Beiia B cBet pabora Hionaka [72] coneprkaliasi pelienne
npo6sembl 1.1. B cepenune 50-x IletpoBckuii u Jlanauce omny6aukoBaau pe-
uienre npo6aemsl 1.3, [43], [44]: H(n) < P3(n) (MoJMHOM TpeTbel CTeneHH),
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=D))<

Puc. 2. Osasbi MHoOro4ieHa

u H(2) =3. Onnako, B Hauasne 60-x romos, C.I1. HoBuKoBbIM 1 aBTOpOM
6bla HalileHa olMOKa B MX JoKasaTesnbcTBe. B padorax [71] u [152] mo-
CTPOEHBI KBaJIpATHUHbIE BEKTOPHBIE T10JIs1 C UEThIPbMS MPe/IebHbIMH IIMKJIaMH.
B 1981 6bl1 o6Hapyxen npobes B nokazatenbctse Hiosaka, cm. [27], [29].
Tax, rnocJjie BOCbMU/JIECSITH JIET UCCJIEI0BAHNI, HAllIM 3HaHKst 0 16-i1 npoGJeme
[unb6epra okasajuch MOUYTH HA TOM 2Ke YPOBHE, UTO U BO BpeMeHa MOCTaHOBKH
npobJeMbl.

Hurke mepeuniciieHbl OCHOBHbIE pe3yJibTaThl, Kacatolirecs 16-# npobaeMbl
[nnb6epra.

Teopema 2.1 (Teopema KOHeuHOCTH 1Jisi MpeAesbHbIX LMKJIOB, [85],
[104]). [Hoaurnomuareroe sekmopHoe nose HA NAOCKOCMU umeem He
6066 KOHeUH020 Hducia npedenrvHulx yuxkaos. To oce ymeepoxderue
B8EPHO 0N AHAAUMUYECKUX BEKMOPHLLX noael Ha dsymepHoll cgepe.

HeckosbKo KJ/IIOUEBBIX HIEH M MCTOPHS J0Ka3aTesbCTBA 3TOH TeOpeMbl
13J102KeHbl B naparpadax 3 u 4.

Beuay Henpuctynnoctd 16-it mpoGJsembl [Hib0epTa, ecTecTBEHHO HAuYaTh
C PacCMOTPEHHS HECKOJIbKUX YIPOLIEHHBIX €€ BapuaHToB, [149]. B uucise ta-
KOBBIX, Mbl 06cynuM npobsemy [nnb6epra—ApHosbaa B naparpade 5, ypas-
Henust A6esst n JIbenapa B maparpage 6, 1 HH(UHHUTE3UMAJBHYIO TTPOGIEMY
[unb6epra B naparpade 7. [Tocnenusisi umeer esio ¢ jedopMaillusiMi UHTe-
IPUPYEMbIX BEKTOPHBIX T0JIeH, H (DOPMYJIUPYETCS CJAEIYIOLIMM 00Pa30OM.

PaccmoTpum BelllecTBeHHbIH MHOrousieH f/ crenenu 1+ | Ha MJIOCKOCTH.
HasoBem o0gasom mHorousneHa H 3aMKHYTYIO CBSI3HYIO KOMITOHEHTY JIHHHH
ypoBHsi H = t; o603Hauum eé uyepes y(f). Takue oBasibl 06pa3yloT HEMPeEPbIB-
Hble ceMeHCcTBa, CM. pHcC. 2.

[Tycts w = A dx + B dy — BelectBennas 1-dopma ¢ noJuMHOMHAILHBIMH
KO3 HIIMeHTaMU CTereHu He Bbille 1. [TosioKum

1(f) = /W)w. 2.1)
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Mpo6aema 2.1 (UHpuHUTe3UMaabHas 16-a npodaema Mab6epra). Haii-
TH BepxHIo rpanuly V(n) uucja BelleCTBeHHbIX Hysiel uHTerpasa (2.1).
OueHka 10/2KHA ObITh PABHOMEPHOE OTHOCHTEJNbHO BbIOOpa MHOrouseHa H,
cemeiictBa oBaJsioB {y(f)} ¥ GopMbl w U 3aBUCETH TOJBKO OT CTEMeHH 1.

Camblil 06LIMil pe3yJ/ibTaT, OTHOCSILIMACS K TOH MpobJemMe TaKoB:

Teopema 2.2 ([16], [50]). Laa awboeo n sepxuas epanuya V(n) 8
uHpuHumesumaroHol 16-i npobaeme [urvbepma cywecmayem.

Hexoropbie oueHky uncJa Hysel unterpana (2.1), sasucawue om H, Ho
Hesasucumeble om w, NpUBeJeHbl B naparpace 7. JlokasaTeJbCTBO TeOpPeMbI
2.2 0CHOBaHO HA MPUMEHEHUH meopuu maroureros XoBaHckoro. Kparkuii
HaGpPOCOK OCHOB 3TON TEOPUH MOXKHO HaWTH B maparpade 5.4.

HyJ/in a6eneBbix HHTerpasion (2.1) cBs3aHbl ¢ MpeaebHbIMU LHKIAMU CJle-
JyloLIUM 06pa3oM.

Paccmorpum nedopMauuio ypaBHeHHs B MOJHbIX AUddepeHLranax:

dH+ew =0, (2.2)

rie H u w rtakne ke, Kak Bbille. Ckaxkem, uTo oBan y(f) noposxdaem
npedeavHolii yuka cucmensl (2.2), ecyin HalAETCS HENMPEPLIBHOE CEMEHCTBO
3aMKHYTbIX KPUBbIX [(£), onpeeaéHHbIX TPU MaJlbIX €, TAKUX UTO /() — npe-
JIeNbHbIA MK cucteMbl (2.2) nipu € # 0, u [(0) = (7).

Kputepuit [lonrpsirnna. Ecau oBan ~y(f) MHorousena H nopoxkaaer mpe-
JeJbHBIH LKA cucteMbl (2.2), To [(f) =0. O6parno, ecau /() =0 and
I'(t) # 0, To oBas y(f) MopoXKIAET MPEAEbHBI LUK/ CHCTEMBI (2.2).

Teopust 6udypkaumi TecHo cBsi3ana ¢ 16-i mpo6aemoti [unbbepra. B ca-
MOM JieJie, TOUKH pa3pbiBa (DYHKUHH «UHCJIO TMpPeIeSbHbIX LHKJIOB ypaBHe-
HUSI» COOTBETCTBYIOT TeM YpPaBHEHHSIM, UbH JedopMalMu MOPOXKAAIOT IMpPH
O6udypkauusax npelesabHble UHUKIbL. [IpenesbHble UUKJABI MOTYT POXKAATHCS
npu 6UdypKaLUsaX MOJUIMKAOB. [ToJHIMKIOM Has3bIBaeTcs CBSI3HOE KOHEUHOe
o6beMHeHNe 0COObIX TOUEK M COEIUHSIIOUIMX HX TPaeKTOPHH, 06pasylolmx
nopo6ue MHoOroyroJibHuKa (6osiee noapo6Hoe onucanue B m.3.1). [fuxkauu-
HOCMbIO NOALYUKAQ 8 cemelicmae ypasHeHill Ha3blBaeTcsl MaKCUMAJbHOE
UMCJIO MPE/E/IbHBIX LMKJIOB, POXKIAIOIIMXCS NpU OUPypKaLUKKU MOJULKMKIA B
9TOM CeMEeHCTBe.

[po6aema 2.2. BepHo s, uTO MOJNULMKJII, BO3HUKAIOLIMH B KOHEUHOIApAMET-
pHUUECKOM CeMelCTBe aHaMUTHUECKHX BEKTOPHBIX MOJIeH Ha MJOCKOCTH, HMeeT
JIMIIb KOHEUHYIO IIMKJIWYHOCTb B 9TOM CeMeHcTBe?
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[Mpo6aema 2.3. BepHo /u, uTO MONHIMKJI, BO3HUKAIOUIMH B THIHUHOM k-
napaMeTpHUecKOM CeMeHCTBe MVIaJKUX BEKTOPHBIX MOJell Ha MJIO0CKOCTH, MO-
poxjaer npu GuypKaLkK JHLIb KOHEYHOE YHCJIO TPeIebHbIX IHUKIOB, MPU-
yéM BepXHssl OLLEHKA TOr0 YHCJa 3aBUCHUT ToJbKO OT R? ([Tocnenuss Beau-
uynHa o6o3Hauaetcs B(k)).

[TosioxkuTeNbHBIA OTBET B MpobJieMe 2.2 BjeuéT 3a co00H CylIeCTBOBaHHE
unceaa H(n) pnas mo6oro n. M3 nonoxuresbHoro otseta B npobieme 2.3 cJe-
JlyeT MOJIOKUTEJbHBIN 0TBeT B pobJeMe [unb6epra—ApHosbaa. DTH UMIJIH-
KallMH JI0Ka3bIBAIOTCST MPUMEHEHHeM MPOCTHIX CO06paxKeHHH KOMIAKTHOCTH,
npuHantexaux Pyccapu [145]. O6e npobieMbl T0Ka OCTAIOTCST OTKPBITBIMH.
[IpoGsema 2.3 kaxkeTcsi npolile NpelblIylleld, i OHa YaCTHYHO pelleHa (CM.
HUKe, TeopeMbl 2.3 U 2.4).

Onpeneaenne 2.1. HenoasuxkHasi Touka BEKTOPHOTO TMoJisi Ha TJIOCKOCTH
Ha3bIBAETCSl IACMEHMAPHOLL, €CJIU JIMHeapu3allusi BEKTOPHOTO M0Jisi B 3TOM
TOUKe MUMeeT XOTsl Obl OJTHO HeHyJieBoe cOOCTBeHHOe 3HaueHue. [Tonanuukn Ha-
3bIBAETCSI 9AeMEHMAPHbLM, €CJIU OH COJIEPIKUT TOJILKO JIeMEHTapHbIe 0COOble
TOUKH.

Onpepeaenue 2.2. O6o3HaunM uepes £(k) MakcHMa/bHOE YHCJIO Npeeb-
HBIX LHMKJOB, BO3HUKAIOUIMX MpPH OU(YpKALMK 3JEMEHTAPHOrO MOJHUIUKIIA
B THITUYHOM R-TapaMeTpHUeCcKOM CeMeHCTBe TJIaJKHX BEKTOPHBIX MMoJieH Ha
TJIOCKOCTH.

Teopema 2.3 ([112]). Aaa awoboeo k, wucro E(R) cyujecmsyem.

CaeactBue 2.1. [Ipobaema [lurvbepma—ApHosda umeem noroxcu-
meabHoe peulerue 04l cemelicma 8eKmopHsLx noAell, UMelouux mMoibKo
NEeMEHMAPHbLe NOAYUKADL.

Teopema 2.4 (|117]). Haa aw0boeo k, E(k) < Q25k*

Teopema 2.4 Bmepsble copmysaupoBana B [107] u nokasana B [117].
Ouenka, 1aBaeMasi 3ToH TeOpeMoH, He MPeTeH/yeT Ha peaJucTHIHOCTh. OnHa-
KO, 9TO OJIHO M3 TIePBBIX MOJNYYeHHBIX Ha CETOMHSIIHUI JeHb euabbepmosolx
yucen. Ilpyrue ruibOEpTOBbI UMCIa Mbl TIpUBENEM B maparpacax 6 u 7.

CraTbsl opraHu3oBaHa cjeayroiiM o6pasom. OcHoBHO# pesysbrat Ilio-
Jlaka M olIMOKa B €ro J10Ka3aTeslbCTBE TeOpeMbl KOHEUHOCTH 06CYKIaI0TCsl B
naparpade 3; TaM Ke TpuUBeIEH HAGPOCOK J0Ka3aTesbCTBa TeopeMbl | st
noJief, 06J1a1al0UHX TOJAbKO THNEPOONHUECKHMH 0COObIMU TOUKAMH.

Jpyrue KOMIMOHEHTbI J0Ka3aTeJbCTBA TEOPEMbl KOHEUHOCTH, BKJIOUas
HeJsiMHelHoe sBjaeHre CToKca, onucanbl B naparpade 4. OH MocBALIEH TEOPHH
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HOpMasbHBIX (DOPM, KaK TVIaAKOH, TaK M aHanuTHYecKoi. He Tosibko Teopema
1, HO W pertiende npobJembl [HabGepTa—ApHOIbAA I BEKTOPHBIX MOJEH,
MMEIOLIMX TOJIbKO 3JieMeHTapHble 0coOble TOUKH (TeopeMbl 3 U 4), onupaetcs
Ha pe3yJibTaThbl 3TOro naparpada.

[laparpag 5 comep:kut 0630p Teopuy GUdypKaLMil BEKTOPHBIX ToJel Ha
MJIOCKOCTH, a TaK»Ke OCHOBHblE MJleH Jl0Ka3aTe becTBa TeopeM 3 u 4. [pu no-
Ka3aTesbCTBE BO MHOIOM HMCIOJIb3YETCsl meopus MaA04AeH08 X0BaHCKOTO,
BKparile o6pucoBaHHas B naparpade 5.4.

B naparpade 6 omucaH nojaxoj, OCHOBAHHBLII Ha meopeme o pocme u
HYyAsx JJist ToJIOMOPGHBIX (PYHKLMIH, Jalollel OlleHKY uucJa HyJsed QyHKIuU
B MeHbllel 06/1acTH B TepMHHaX €€ pocTta B OoJibliell 00J1aCTH U TeOMeTpUH
9TUX ABYX obJiacTeil; MoApo6HYI0 POPMYJIHPOBKY CM. B M. 6.4. dta Teopema
UCIOJ/b3YeTCs MPH OLIEHKE YKMCJa TpelesibHbIX LUUKJOB ypaBHeHuil Abess u
JIbeHapa, npuuém oepanuuerue Ha KOdpguyuerHmol 8KAI0UEHO 8 OYEHKY.
CuaienoBaTesibHO, HA3BAHHbIH MOJAXO0J HE TPUBOJUT K pelieHuto 16-it mpobJembl
[unb6epra naxe 1/ 3TUX CHELMaNbHbIX KJIACCOB ypaBHeHHUI, 160 Tpebyemas
OLIeHKa J10J12KHA 3aBHCETb TOJILKO OT CTeNeHell MHOrOUJIEHOB, CM. HHXKe Mpo-
6seMbl 6.1 1 6.2. OHaKO, 3TH OLLEHKH UMcJ/a MpeesbHbIX LMKJIOB YpaBHEHHH
AGenst u Jlbenapa npouszsosbno 60AbuLOl cmeneHy Ha BCEH MJIOCKOCTH
R? — eMHCTBEHHbIE MMEIOLIMECS HA HACTOSILMI MOMEHT.

Marepuasn naparpaca 7 HaxoIUTCSl Ha CTbIKe MeEXKIy ajreOpanueckoi
reoMetpuell U audhepeHIMaNbHBIME ypaBHeHUsIMH. B HEM comepxkarcsi pe-
3yJIbTaTbl 0 CB0000HOM PACNOAOJCEHUL NPEeOeNbHbLX YUKAOS, TTOJNyUeHHble
KOMIJIEKCHO-aHAJIMTHUECKUMH METOJIaMH, a TakKKe OCHOBHblE MJEH JI0Ka3a-
TeJILCTBA TeOopeMbl 2.2, npuHauiexallel Bapuenko u XoBaHCKOMYy, 0 cylle-
CTBOBAHWH YHHUBEpPCAJbHOW OLEHKH uMucJ/a HyJed BeUleCTBEHHbIX abejieBbIX
vHTerpasioB. Tam ke Mbl TPUBOJMM SIBHblE OLIEHKH UMCJa HyJell HHTerpasa
(2.1), HocslMe, OJIHAKO, JIMLIb OFpaHHUeHHbIH Xapakrep. OrpaHuueHue CBSi-
3aHo ¢ BbiGopoM (pyHKUMK [amunbroHa H, onpenensiouleit oasbl y(f) B (2.1):
3TO JIO/DKHA ObITb (DYHKUMS CreyuasvHoeo 8uda, XOTs U Npou38osbHOL
cmenenu. TTonunomuanbhas 1-gopma w BbIGUpaeTCst MPOU3BOJILHO, HO CTe-
TeHb eé TOJMMHOMHANBHBIX KO3((HUILMEHTOB He OJKHA MpeBocXoauTh deg H.

[laparpacg 8 1envkoMm MocBsIEH 0630py I06aIBHON TEOPHUH aHAJUTHYUE-
CKHUX CJIOEHHH B KOMIJIEKCHOH M0CcKOCTH. OCHOBBI 3TOH TeopuH OblIH 3a-
JoxKeHbl B [43]; eé pasBuTHe ObLIO B CHJBHOH CTENeHU MOTHBHPOBaHO 16-i
npobsemoii [uab6epra. B mocsenHue Tpu aecsaTUIeTHs OHA MpeBpaTUaach B
He3aBUCUMYIO 00J/1aCTb MCCJIeI0BaHU|, B paMKaX KOTOPOH peLlaloTCcsl HOBblE
3ajaun; ux 0030p MOXKHO HalTH B naparpage 8. Tam ke o0CyKa1al0TCS BO3-
MOJKHBIE MPHUJIOKEHHUST ITOH TEOPHH K M3YyUEHHIO BElleCTBEHHBIX TpefesbHbIX
LMKJIOB.

Hacrosiias pa6ora He comepKUT MOAPOOHBIX J0Ka3aTeabeTB. Mbl npH-
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BOJIUM JIMLLb UX HAOPOCKH U1l MJLTIOCTPALIMK OCHOBHBIX HEH M CBSI3eH MeXLy
pas/IMUHBIMH 00J1aCTSIMH TEOPHH.

§ 3. TeopeMbl KOHEUHOCTH JJiSl peebHbIX LMKJIOB

OcHoBHbIE HJIEW U UCTOPHS JI0Ka3aTebCTBa TeopeMbl 2.1 conepxkarcs B
9TOM H cJlelytolleM naparpadax.

3.1. Teopema 0 HeHaKOMJeHHUH

[Ipennonoxum, uto Teopema 2.1 HeBepHa, TO €CTh aHAJUTHUECKOE BEKTOP-
HOe MoJie Ha IByMepHOH cepe MOKeT UMeTb 6eCKOHEUHOE YHCJIO TPeleIbHbIX
1MKJI0B. Bynem cuuraTh, uTo y paccMaTpvBaeMoro BEKTOPHOTO roJisi He 60-
Jlee KOHEUHOTO uucjia 0coObIX ToueK (B MPOTHBHOM CJiyuae pasjesiiM Bce
KOMIIOHEHTbI 10Jisi Ha OOLIMA MHOXUTesb). CKa)keM, UTO JIBa BJIOXEHHBIX
npejie/ibHbIX 1MKJIa MPUHAJJIEXKAT OJHOMY eHe3dy €CJid MeXKJy HUMU HeT
0co6bIX ToueK. B Hallem csiyuae XoTst 6bl OJIHO THE3/I0 COJIEPKHUT GECKOHEUHOe
YUCJIO MPe/Ie/bHBIX 1IMKJI0B, KOTOPble JIO/KHbBI HAKaMJIUBaThCsl K HEKOTOPOMY
npejieJIbHOMY MHOXECTBY U3-3a KOMIAKTHOCTH chepbl. DTO MpeesibHOe MHO-
JKECTBO SIBJIsSIETCS 00beJIMHEHHEM 0COObIX TOUEK W COEJMHSIIOIIUX TPAEKTOPHH.

[IpuBeneHHble paccy»JeHusi CNPaBeJIUBbl Kak Jisl TJIaJKUX, Tak WU JiJjis
AHAJIMTHUECKUX BEKTOPHBIX MoJiel. Terepb Mbl MOJAXOAWM K OCHOBHOMY pas-
JIMUHIO MEXJY 3TUMHU cJyuasiMu. JList riakux BEKTOPHBIX TOJIeH OMHCAaHHOE
npejieJibHOe MHOXKECTBO MOYKET COJIEPXKATh CUETHOE UMCJIO TPaeKTOPHH, Ha-
YMHAIOLIMXCS M 3aKaHUMBAIOLIMXCS B OJHOM 0COOOH Touke, Hanojpobue Jie-
NeCTKOB. B aHaiumuueckom cayiae makoe npedesbHoe MHONCeCmao Mo-
acem codepacamo AUULL KOHEYHOE HUCAO0 mpaekmoputi. DTO CJeayeT U3
TeopeMbl O paspellleHHH ocobeHHOCTel, cM. naparpad 3.5. CjenoBaresib-
HO, B aHAJMTHUECKOM CJlyuae TpeesbHOe MHOXKECTBO SIBJSIETCS MOAULUK-
A0OM, TO €CTb KOHEUHbIM 00DbeIHHEHHEM OCOOLIX TOUYEK W COENMHSIOLMX HX
Tpaektopuil. TouHee, MOJIMIMKIOM BEKTOPHOIO MOJsI HA3bIBAETCS KOHEUHOE
MHOYKECTBO OCOObIX TOUEK (C BO3MOXKHLIMHU TMOBTOPEHHSIMH) W IMKJIUUECKH
yIopsiI0UEeHHOE MHOYKECTBO HerepeceKartolMXcsi TPAeKTOPHH T0JIsl, COeIUHSI-
01X 0co6ble TOUKH CJIeAyIONIMM 06pa3oM: OpHEeHTHPOBAHHASI BPEMEHEM j-s
TpaekTopus coeiuHsieT j-10 U (j+ 1)-10 ocoOble Touku. Mbl CBeJiM Teopemy
2.1 K caenyroulei:

Teopema o HeHaKonJeHuH 3.5. [IpedenvHoLe YuKAbL AHAAUMUYECKUX BEK-
MOPHbLX NoAel Ha 08YMEPHOLU chepe He MOYmM HAKANAUBAMbCA K NO-
AUYUKAY MO0 NOAA.
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3.2. Teopema dloaaka

[Ipennosioxkum Ternepb, UTO Teopema O HeHaKoIJeHHH He BepHa. Torna
HalIyTCs MOJUUMKI Y U MOJyTpaHCBepcaJsb (TO eCTb MOJyHHTEpPBal C Bep-
LIMHON Ha MOJIMUMKIIE, TPAHCBEpCalbHbIH K BEKTOPHOMY I10J110 BHE 3TOH Bep-
IIMHBI) TaKKe, YTO 3Ta TPaHCBEpCaJb MepeceKkaer CUTHOE UUCIO MpelesbHbIX
1uKJ10B. O603HauUMM uepes P oToOparkeHHe epBOro BO3BPALLIEHHS], CBSI3aHHOE
C 3TOH MoJiyTpaHcBepcalibio (OHO TakKe HasbiBaeTcsi otoOpaxeHueM [lyaH-
kape). OtoGpaxkeHue P UMeeT CUETHOE UMCJIO HETOJBUKHBIX TOUEK, HAKATIH-
Balolmxcs K BepuinHe. OHO aHAJMTHYHO BHE BEPIIMHbI, HO, B 06IIIEM CJyuae,
He TpojoJrKaeTest 3a BepluMHy. Halia 3ajgaua nokasatb, uto oToOpakeHHe
[lyankape He MoxKeT HMeThb GECKOHEUHOTO UYMCJA HEMOJBHKHBLIX TOYEK, Ha-
KaIJIMBAIOLLIMXCS K BEepLIMHE MOJYyTPAHCBEPCAJIH.

Jonyctum sl Hauasa, 4To <y COCTOMT M3 €IMHCTBEHHOH Mepuoauue-
cKoil Tpaektopuu. Torna P aHaJWTHUECKH MPOJOJIXKAETCSl yepe3 BepLUMHY
noJyrpaHncBepcand. CJieoBaTesibHO, HEMOJBHKHbIE TOUKH OTOOpakeHust P
HaKarnJuBaloTcsl K BHYTPeHHeH Touke ero obJactu onpefedenus. [To Teopeme
€JIMHCTBEHHOCTH JI/IS TOJIOMOP(HBIX (DYHKIME, P COBMAAET C TOXKIECTBEHHbBIM
oro6paxkenrem. Ho Torna y P HeT M30JIMPOBAHHbBIX HEMOJBHKHBIX TOUEK, H
OKPECTHOCTb KPUBOH Y He COLEPKUT MpeesbHbIX LHUKJIOB, YTO MPOTHBOPEUHT
MPEANOJIOKEHHUIO.

Honak nbitasncs 0600WUTb 3TO paccy:KleHHe Ha c/ydail MPOH3BOJLHOIO
noJMumkda. Ero 1esbio 6bUI0 HaX0XK/IEHHE KJ1acca 0ToOpaXKeHHH MoJyHHTep-
BaJia, JI/Is1 KOTOPbIX, C OJHOH CTOPOHBI, UMeJs1a Obl MECTO €IMHCTBEHHOCTh, KaK
JUIS aHAJUTHUECKUX oToOpaxKeHu#. C APyroil CTOPOHbI, 3TOT KJacc JIOKEH
cojiepKath otoOpakeHust [lyankape NoJHUMKIOB aHAJUTHUECKHX BEKTOPHbBIX
noJien.

Onpeaeaenne 3.3. Poctok orobpaxenust f: (RT, 0) — (RT, 0) nasbiaercst
NOAYpe2yALPHbIM €CJI OH TJIAJIOK BHE HYJISI H JOMyCKaeT Caeaylolee achMII-
TOTHUECKOE Pa3JI0KEHHE:

J) = ex0 +3 " Py(Inx)x”, (3.1
j

rne ¢ >0,0<v; /o0, nj=0; P, — BeuiecTBeHHbIe MHOTOUJIEHEI.

[To onpenenenuo, [ 3a1aéT aCHMITOTHYECKOE PA3JIOKEHHE POCTKA f, ecJu
Juist ioboro v > 0 Halaéres yacTHas cymma f, npubJuxkatouiast f ¢ TOUHO-
CTblO, Jiyullle X¥, pu cTpemsienun x K 0.

Teopema 3.6 (Teopema Hionaka [72]). [aa a06020 noiuyukia anaiu-
MUHLECKO20 B8EKMOPHO20 NOAL CeUeHIe C BePULLLHOL HA NOAUYILKAE MOIC-
HO 8blOpame mak, wmo coomsemcmayioujee omobpascerue lyankape
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b6ydem aubo naockum, aubo o06PAMHLIM K NAOCKOMY, ALOO nOAYypecy-
ASLPHOLM.

Hanowmuum, uto poctok f: (RT, 0) — (R*, 0) HasbiBaeTcst 1A0CKUM €CH
BCE €ro NMPOU3BOJHBIE B HYJIE€ PABHBI HYJIO.

3.3. Jlemma [Jiosaka u KOHTpNpUMEpP K HeWl

Jlemma 3.1 ([72]). [Ipednoaroscum, umo noaypeeyiapHoe omodpa-
gcenue [ obradaem 6ecCKOHEUHbIM UUCAOM HENOOBUNCHbLX mouek (041
kpamkocmu, [ € Fixs). Toeda [ cosnadaem ¢ moocdecmserrolm omoo-
pasceHuem.

Hokazameavcmeso. Jlonyctum, uto f#£id, (3.1) 3amaér acuMNTOTHUECKHH
pan s f, u cx* # x. Torna [ He UMeeT HeMOABHAKHBIX TOueK BOJU3H 0.
[Tyets cx* = x. Torna f(x) —x = Pi(Inx)x”" (1 +o0(1)). [lpaBass uactb
CHOBa He HUMeeT HyJiell BOJIM3M Hauaja KOOPJMHAT, TaK KaK KaXKIbld H3 Tpex
UJIeHOB paBeHCTBA 0OJIAJIAeT 3THM CBOHCTBOM.
MbI MPHIIIK K TPOTHBOPEUHIO C NPEJNONoKeHHeM o ToM, uto f#id. O

M3 teopembl ionaka W Jjemmbl 3.1 cieayer TeopemMa O HEHAKOMJEHHH.
B camowm nese, 1onycTHM, UTo 3Ta Teopema He BepHa. BribepeM ceuenue Kak B
teopeMme [tos1aka. CooTBercTByIOLLECE 0TOOpaxkeHHe [TyaHkape He MoxKeT ObITb
HH MJIOCKAM, HH 06paTHBIM K MJI0OCKOMY, KOO B 3TOM CJlydae y Hero He Oblio Obl
HEMOJIBMXKHBIX ToueK BOJIHU3W HyJisl. MTak, oHO moJsypery/isipHo, U MpUMEHUMa
semma ionaka. Ho torna P =id, U Mbl MPUXOAUM K NPOTHBOPEUHIO.

TakoB, B OCHOBHBIX UepTax, X0/l 10Ka3aTeabCTBa B Memyape [iosaka [72].
B Teuenue Gosiee 60 JieT 310 paccyKjaeHue cuutasoch BepHbIM. [1puunna B
TOM, UTO MeMyap [72] W3/10)KeH B JOCTaTOYHO 3aMyTaHHOH MaHepe, a 4acTh
NpeBeJIEHHOTO BhIllle PACCYXK/IEHHUs He HarucaHa sIBHO.

JokazarenbctBo Jlionaka He BepHo. [leficTBUTeIbHO, oToOpaxkeHue f=
= x+ (sin %)e*% CJIy>KUT KOHTPIIPUMEPOM K YTBEPKJEHHIO JieMMbl. [IpuBe-
JIeHHble PacCy KIAEHHUs 10Ka3bIBAIOT, HA CaMOM JleJie, cileytoliiee 6oJiee caadoe
YTBEpPIK/IEHHE.

MoauduuupoBannas semma Hionaka 3.2. Ecau [ noaypeeyrapro u 06-
aadaem 6eCKOHeUHbLM HIUCAOM HenodB8uUlcCHbLx mouek, mo [ =id.

O HemnoJBHXKHBIX TOUKAX MOJyperyssipHoro oro6pakKeHusi, yeil aCUMITO-
THUUYECKHUH ps/l COCTOUT U3 €IMHCTBEHHOTO UJIeHA X, HeJb3sl CKa3aTb HUUEro.
[TosToMy K/acc mnoJiyperyssipHbIX 0TOOpaKeHHWi HeJoCTaToueH sl JIoKasa-
TeJIbCTBA T€OPEMbl O HEHAKOIJIEHHH.

10 dynnamenTanbHas MaTeMaTHKa CErojHs
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ct /
dc /
Q/

AT

Puc. 3. CranpgaptHas kBagpatudHas obnacts Q.

3.4. Tloutu peryasipHble POCTKH U TeOpeMa O HEHAKOMJEHUHU
IJ151 TUNEPOOJUYECKUX MOJHIUKIOB

Kak wmbl nokaxem B 1.4.4, yTBep:kiaeHue Teopembl [liojaka oTHOCHTCS
CKOpee K IJ1aJIKOM, ueM K aHaJIMTHUeCKOH Teopuu aucdepeHHalbHbIX ypaBHe-
HUHA. A /151 10Ka3aTebCTBa TEOPEMbI O HEHAKOTJIEHHH HY»KHO HCIOJb30BaTh
AHAJIMTHUHOCTb. DTO MOTHBHPYET CJIE/yIOlIHe ONpeeeHH sl
Onpepenenne 3.4, Tlycts CT = {z € C|Rez > 0}; nosnoxkum ®¢: ¢+ ¢+
+C/C2+1 s gmo6oro C > 0. MuoxectBo Q¢ = ®c(CT) nasbiBaercs
cmandapmuoil KeadpamuuHol 06Aacmeio, CM. puc. 3.

[ycts &€= —logx — aoeapugpmuueckas  kapma wa (RT, 0);
& (RT, 0) — (RT, oo). B siorapudmMuueckoii KapTe moJiyperyJisipHblii pocToK
[+ (R, 0) — (R, 0) npunumaer sux [: (Rt, oo) — (RT, 00). Acummroru-
YeCcKu# pan X s /B JlorapupMHUUECKOH KapTe MpUMeT BUL

S =ab+ B+ Qi&)e s, (3.2)
i

rae 0 < p; /00, a>0, B€R, and (); — BellecTBeHHbIe MHOTOUJICHDI.
Onpeaeaenue 3.5. PocTok Ha 6ECKOHEUHOCTH OTOOPaXKeHHs

f1 (RY, 00) — (RT, 00)
HAa3bIBAETCS NOUMIU peeyAipHbLM, €CIH

— HEKOTOpble M3 €ero MnpejcTaBuTesiell ToJOMOPGHO MNPOJOJKAIOTCS B
CTaHJAPTHYIO KBajpaTHuHylo o6aactb ¢ aisi Hekotoporo C;

J— pﬂﬂ

S(2)=az+ B+ Qiz)e 7, (3.3)
j

SIBJISIETCST aCUMITOTHUECKUM JJIsl TIPOJOJIKEHHOTO pocTka B (S¢, 00);
3nech «, 3, Q; ¥ Te ke, 4To U B (3.2).



IO. C. Mabsitienko 147

3ameuanue. MoXXHO MPEANOJIOKHUTh, UTO, HA3bIBAasi CBOM POCTKH «TOJype-
ryJasipHbIMH», J{10/1aK X0Tes yKasaTb Ha TO, UTO OHH BeayT cebsl HECKOJIbKO
Xy>Ke aHaJMMTHYECKHX; CJI0BO «PEryJsipHOCTb» B TO BpPeMsl HCIOJb30BaJOCh
JUis 0003HAUEHUS aHAJIMTHUHOCTH. OnpejiesieHHble Bbillle POCTKH «JIyulle Mo-
JIyperyJisipHbiX», U Mbl Ha3BaJM HX «MOUTH PETyJsIPHBIMHU», CJeysl TOH Ke
UJICO0JIOTHH.

Teopema 3.7 (Teopema eAMHCTBEHHOCTH 1Jisl MOYTH PEryJsipHbIX POCT-
KoB). [loumu peeyaspHollli pocmokK Ha OeckoHeuHocmu OO0HO3HAUHO
onpedeasencs c8oUM ACUMNMOMUYECKUM PAOOM.

Hoxkazameavcmeso. Ilyctb [ W g — POCTKH, YIOBJETBOPSIOLIME YCJIOBHIO
TeopeMbl. O603HaUUM TeMH Ke OYKBaMH NPOJOJKEHHS HX MpeACcTaBUTe-
Jiell B Kakylo-HUOYIb CTaHAPTHYIO KBajApaTHuHylo obsactb ¢ = ®¢(CT).
[Tonoxknum

h:ffg,H:th)c.

Acumnrotnueckuit psn gyHkumn A B (¢, 0o) HysneBoil. CjenoBaTesibHO, OHA
orpanuuena B ¢ u yonBaer B (R*, co) GbicTpee 060H MOKa3aTeNbHOM
dynkuru e &, 1> 0. Tlostomy dynkums H ronomopdna u yGbiBaeT ¢ cy-
MepIKCIOHeHIHaIbHON CKOpoCThio Ha (R, oo).

Ocraetcst NpUMEHUTb OJIHY M3 BepcHil TeopeMbl Pparmena—Jlunaeneda.
Teopembl 3TOro THMA yTBEpXKAAIOT, U4TO ecyau (YHKUUS f, rojoMopdHasi B
HEKOTOPO# 06JiacTH, yObiBaeT ObiCTpee onpeieséHHoNl (PYHKIUH, 3aBUCSILIEN
oT 00J1aCTH, TO [ TOX/IECTBEHHO paBHA HYJIIO.

Teopema 3.8 ([48]). Ecau oeparnuuennas ¢pynkyus coromopghra 6 CT
u yoorsaem na (RT, oo) Goicmpee 0606 nokasameivHotl pyrKuyuL, mo
OHA MONIECMBEHHO PABHA HYMO.

N3 3.4 Boitekaer, utro H = 0. Takum o6pasom, Teopema 3.3 nokasaHa. [

Onpepenenne 3.5'. [loutu peryasipubim poctkom B nyse f: (RT, 0) —
— (RT, 0) nasbiBaeTcst poCTOK, KOTOPbIH, MOcJe nepexoja K Jorapudmu-
UeCKOH KapTe, CTAHOBUTCSI MOUTH PEryJisipHBIM POCTKOM Ha GeCKOHEUHOCTH.

Jlemma 3.3. [loumu peeyasproie pocmku obpasyom epynny ¢ onepayu-
etl cynepno3uyuul.

ITO yTBep:KeHHe HEMOCPeACTBEHHO CJeLyeT M3 onpenenenus. B camom
JleJie, el JIBa POCTKA UMEKOT MpPeJCTaBUTEEl, TOJOMOPQHBIX B JBYX KBaJl-
paTHuHbIX 06sacTsx ¢, , Qc¢,, MTPUUEM KaK/blH U3 POCTKOB SIBJISETCS CYMMOH
apPUHHOrO U CTPEMSILIErocs: K HyJ10 Ha GECKOHEUHOCTH, TO UX CYNeprosu-
ums rojiomopdHa B TpeTbelt KBaapaTHuHolt obsactu Q¢,, C3 > Cy, C3 > Co.

10*
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O

(a) (h)

Puc. 4. (a) Pasnoxenune otobpaxenus llyankape nonnynkna. (b) Otobpaxenne
COOTBETCTBUS.

[ToncranoBka onHoro hopmasbHOTO psiia Buaa (3.3) B Apyroi Aaér psij Toro
ke Buja. Takum 06pas3oM, CyNeprio3ulidsi IByX MOUYTH PEryJsipHbIX POCTKOB
MOUTH peryJisipHa. AHaJOTHUHO J0KA3bIBAETCs MOUTH PEryJIsIPHOCTb POCTKA,
00PAaTHOTO K MOUTH PEryJisipHOMY.

[Toutn peryJisipHble pOCTKH UCMOJb3YHOTCS NPU J10KA3aTeNbCTBE TEOPEMBI,
CTOsIIIeH B 3aryiaBUU 3TOTO Maparpada.

Teopema 3.9 ([28]). [Ipedesvrole yukavl aHasumuyecko2o 8eKmMOpHO2O
noas Ha 08ymepHoll cthepe He mOeym HAKANAUBAMGCA K NOAUYUKAY
9MOo20 NOAS, eCAU BCe 8epuluHbl NOAUYUKAA — cunepboiudeckue cédaa.

[lepBbifi 11aT 1OKa3aTeNLCTBA — CTAHAAPTHBIN MPH paboTe ¢ TMOJHIHKIA-
Mu: oTobpaxenue [Tyankape mosMiMKIa NpeiCTaB/SIETCS B BUjle KOMIO3ULMH
TaK Ha3blBaeMbIX 0mobpasiceruti coomsememaus, cM. puc. 4. OrobpaxxeHue
COOTBETCTBHUS 0COO0M TOUKH — 3TO 0TOOpaXKeHHe BOJb TPAEKTOPUH MOJIs 10~
JIyTpaHcBepcalsii, yepe3 KOTOPYIo TPaeKTOPUH BXOJSIT B OKPECTHOCTb 0C060H
TOUKH, Ha IOJIyTpaHCBepcalb, yepe3 KOTOPYI OHH €€ MOKMIAIOT, CM. pHC. 3,
b. TlepBoe U3 THX CeuyeHMH MpeacTaBJsieT co00H MOoJyHHTEpBaJ, TpaHCBep-
caJIbHbI K BEKTOPHOMY MOJIIO C BEPUIMHOW Ha cenapampuce, 8xodauieil B
0cobylo TOUKy MpH [ — +00. BTopoe ceueHne — aHaNOMMUHBIH HHTEpPBaJ C
BEPUIMHON Ha 8b/X00AuU4ell cenaparpuce.

[lepenem K 0OCHOBHOMY 3Tary 10Ka3aTesbCTBa.

Jlemma 3.4 ([28]). Omobpaxcerue coomeemcmeus eunepboAULECKOCO
cedna aHaAUmMU4eckoe0 8eKMOPHO20 NOAS HA NAOCKOCMU NOUMI peey-
ASLPHO.

JlokasaTesbCTBO OMUpaeTCsi Ha TIPUMEHEHHEe TEOPHH HOPMaJIbHBIX (POpPM.

N3 nemm 3.4 1 3.3 BbITeKaer, uto oTo6paxkeHue nocaeaoBanus P runep6o-
JIMYECKOTO MOJIMIMKIIA Y aHAJUTHUECKOTO BEKTOPHOTO T0JIsI TOUTH PEryJisipHo.

[Ipennonoxum, uTo npejaesbHble LUUMKAbI HaKamaupaiotcs K . Torma P
1MeeT GECKOHEUHOEe UMCJIO HEMOJIBUKHBIX ToueK. B TakoM ciyuae, no Teopeme
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Hionaka 3.2 u mMomuduumpoBaHHoil Jemme [lionaka 3.2, acUMNTOTHYECKHH
psizl 0ToGpaskenus P ToxecTBeHHbli: P(x) = x. VITaK, ABA MOUTH PeryJisipHbIX
pocTKa, P U X, UMEIOT OJIUH U TOT K€ aCUMNTOTHUECKUH psal (3.3) B Jorapudg-
MHUeCKOH KapTe, paBHblil 2. [To TeopeMe eIMHCTBEHHOCTH 3.3, TaKHE POCTKH
JIOJKHBL coBnagaTh. CuenoBatesibHo, P =id, u BOJM3U 7y HET MNpeJlesbHbIX
LMKJIOB, UTO TIPOTHBOPEUHT MPETTONOKEHHIO.

3.5. Teopema o pa3peluieHUH 0COOEHHOCTEN AJIsI CJAOKHBIX
0COObIX TOYEK BEKTOPHBIX MOJied Ha MJOCKOCTH

JlokasaTe/bcTBO TeopeMbl O HEHAKOIJIEHHM B 0O0LleM cJjyyae cJjeiyeT
npexkHedl crpaternd. OtobGpaxkenue IlyaHkape nosuuukiaa pasbuBaeTcst B
KOMIO3ULIMIO OTOOPaXKEHUH COOTBETCTBHS 0COOBIX TOUEK (BEpLLUMH MOJHIMK-
sa). JlonoJHuTeNbHOE TIPENSTCTBHE 3aK/IOUAETCS B TOM, UTO B THITMUHOM
cJlyuae 3TH 0coOble TOYKH MOIYT ObITb OUY€Hb CJIOKHBIMH, M ONHCAHHE HX
oToOpa)KeHHH COOTBETCTBHSI Ha MepPBbIH B3IV KayKeTcsl Oe3HaI&KHbIM.
Caenytoliast Teopema 1o3BoJIsieT MPeo0JeTh 3Ty TPYAHOCTb.

Paspeweruem ocoberHHocmu Ha3bIBAETCS MOCJENA0BATENBHOCTb pa3dy-
muii, 3aMeHsIIol1ast HCXOIHYI0 0COOYI0 TOUKY KOHEUHbIM YHCJIOM 3JieMeHTap-
HbIX 0cOObIX ToueK. [Tpolie Bcero onucaTb OJMH 1LIAT 3TOTO Mpolecca B No-
JISIPHBIX KOOPAHHATax (r, (). PaccMOTpUM aHa/MTHUYECKOE BEKTOPHOE MoJie U
C H30JIMpOBaHHON o0co6o# ToukoH. [Ipumem 3Ty ocobyio Touky 3a Hauaso
KOOpJHHAT, U 0TOOpa3nuM e€ MPOKOJIOTYI0 OKPECTHOCTb B KOJIbLIO:

(ry )= (r+1, 9),
{(r,o)|re(0,¢), peS'y—{(r,p)|re(l, 1+¢), peS'}.

[Ipu 3TOM HCXOHOE BEKTOpPHOE ToJie U MeperaéT B HOBOe NoJie U, aHAJUTH-
yecKH MpOoJIKAIOLIeecs uepes KAeeHHyio okpyxcHocms S = {r=1} ua
Kosbllo 7 € (1 —¢, 1 +¢€), p € S'. B o6uiem cayuae, 0 o6patiaercst B HOJlb BO
BCEX TOUKAX BKJEEeHHOH OKpY»KHOCTH. PasnesnB 0 Ha MOAXOASIYIO CTereHb
(r— 1), Mbl MoslyuuM HOBOE BeKTOpHOE NoJie V, o6Jsajaioliee Jiniilb KOHEUHbIM
urcsoM 0cobbix Touek Ha S'. TTosie V 1 ecTh pesysbTar pasayTus o.

Ecsin B pesgyJsibTaTe OCTalOTCS HedJeMeHTapHble 0coOble TOUKH, TPOLecc
CJIe/lyeT MOBTOPHTD.

Teopema 3.10 (Teopema o pa3peweHuu ocobeHHoctel). [Iycmo Kom-
nAeKCUPUKAUUS  BeUecmBeHHO-AHAAUMULEeCKO2O B8EKMOPHO20 NOAL
umeem u30AUPOBAHHYIO 0cobyro mouky. Toeda smy ocobyro mouky
30 KOHEeYHOe HUCA0 PA30Ymull MONCHO PACCHLAAMbL HA KOHEYUHOE YUCAO
INeMeHmapHolx 0CObbLX MoUuek.
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o LIV Al
) (@) 7 %
(e

) (t)

(a)

Puc. 5. a—e. ®a30Bbie MOPTPETLI 31EMEHTaPHbIX 0cobbix Todek: (a) ceano, (b) y3en,
(c) eoryc, (d) uentp, (e) cepnoyzen; (f) cxnonsiBanue: pesynetaT pasgyrTusi
[POEKTUPYETCS B UCXOBHOE BEKTOPHOE (ha30BOE MPOCTPAHCTEO.

[IpeanosnioxxeHue TeopeMbl He SBJsIETCS 0OPEMEHUTENbHBIM: €CJIH OHO Ha-
pyliaeTcsi, BEKTOPHOE T0JIe MOXKHO Pas/e/UTh Ha BELIECTBEHHYIO (DYHKIIHIO
Tak, UTO YaCTHOe OYJIeT YAOBJIETBOPATD MPEINOJ0KEHHID TEOPEMDI.

Komnosuiwsi pasayTuii, yIOMsIHYTbIX B TeOpeMe, HA3bIBAETCSI XOPOULUM
pazdymuen.

DJieMeHTapHble 0coOble TOUKM OMNpe/ie/ieHbl Bhlillle, CM. onpeaeneHue 2.1.
C nomoliibio roMmeoMophHON 3aMeHbl KOOPJUHAT H, B CJIydyae HEOOXOAMMOCTH,
3aMeHbl BpeMeHH, H30JMPOBAHHYIO 3JleMeHTapHyI0 0COGYIO TOUKY MOXKHO Tie-
peBeCTH B JIMHEHHOE Ceo, y3ed, (oKyC, LIeHTp, WM CTaHIaPHTHLIN celyioy3e
% =x% §=—y, cm. puc. 4.

[TpuBenentoe monosoeuueckoe ONUCAHUE IACMEHMAPHLX 0COObLX
moueKk BOCXOJUT K DeHauKcoHy [56], ero mpospauHoe H3JIOXKEHHE MOXKHO
HaiTH B [29].

JlokasaTesbCTBO 3TOH TeOpEMbl HMEET JIOJTYI0 HCTOPHIO. DeHakcon [56]
chopMyJIHpOBaJ Pe3yJibTat, HO He MPENJIOKUI N0Ka3aTe beTBa. Hackosbko
13BeCcTHO, 10 60-X roJ0B 3THUM Pe3yJbTaTOM M0JIb30BaJICs TONLKO [lroJak.
[TosiHble 10Ka3aTeNbCTBA /1S AHAJMTHUECKOTO cJyuast OblIH JaHbl 3ake/b-
6eprom [150] u Jleduieuem [121]; o6oblieHne Ha TIaJKUIA Caydail MoJyyeHo
Hiomopthe [74]. TlepBoe npo3pauHoe 10Ka3aTesbCTBO MpHUHAIeXUT Ban neH
Acceny u uanoxeno B [130]. Ho cux mop sta Teopema He BOLLIA HH B OJUH
yueOHHK.

Tenepb Mbl MOXKeM 0OBSICHUTD, [OUEMY MPEIE/bHOE MHOXKECTBO, TOCTPO-
eHHoe B 1. 3.1, comep:KuT He GoJiee KOHEUHOTO YHCJA TPaeKTOpHH. DTO BCé
PaBHO, UTO OOBSICHUTD, TIOUEMY B 0COGOH TOUKE aHAJIUTHUECKOTO BEKTOPHOTO
TOJIST CXOJUTCS JIUIIb KOHEUHOe YHCJI0 JienecTKoB. Kaxnplil jienectok o6pa-
30BaH JIBYMsl y3/JaMH WJIM CEJIOy3/laMH XOPOLIEro pasiyTHsi U CeMeHCTBOM
CBSI30K MeXJly HUMHM; cM. puc.d, f. [Ipu cxJonbiBaHWH, 0OpPaTHOM KOMIMO3H-
MK Pa3ayTHH, Ba yaJa WM Ceyioy3Jia COBMANaloT, U UX CBSI3KH 00pasyloT
Jenectok. Ho Xopolilee pa3nyTre NMeeT JHIIb KOHEYHOE YHCJI0 OCOOBIX TOYEK;
M03TOMY HCXOJHAsi 0coOast TOUKa HMeeT JIHIIb KOHEYHOe YHCJIO JIEMECTKOB.

Teopema o paspelienns 0coGeHHOCTEH — OfIMH M3 OCHOBHBIX (DAaKTOB
JIOKaNbHOU Teopuu auddepeHlHanbHbIX ypaBHeHHH Ha MJ0CKoCcTH. Bce
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JIOKaJIbHblE UCCJIeIOBAHUST BEIIECTBEHHBIX U KOMIIJIEKCHBIX BEKTOPHBIX MOJIEH
Ha MJIOCKOCTH CYLIECTBEHHO MCIOJb3YIOT 3Ty Teopemy. st 1okasaTesbcTBa
TEOpeMbl O HEHAKOMJIEHHH CJI0KHbIEe 0COOble TOUKH MOJUUHKIA A0JXKHbI ObITh
pacchinanbl Ha 3jemeHTapHble. [Tosnuuka 3amensieTcst «6oJjiee JTHHHBIMY,
UMerolM 60oJbllle BepIlMH, HO Telepb BCe OHU — 3JieMeHTapHble 0coOble
ToukH. Teopust HopMasIbHBIX (DOPM AAET orMcaHHe 0TOOParKeHWH COOTBETCTBHUS
JUIs 5TUX Touek. [locJie 3TOro Hy»KHO H3YyUHTh KOMITO3HUIIMIO OMUCAHHBIX BhIlIe
0TOOpaKeHUI COOTBETCTBUS.

Huxxe naércst 0630p Teopun HopMaJibHbIX OpPM, BKJIOUAsT ONTUcaHHe 0TOO-
paxkeHHil cooTBeTcTBHS. McenenoBanne HX KOMMO3ULMH, HY»KHOE /sl Jl0Ka-
3aTe/IbCTBA TeOpeMbl 3.1, oueHb TEXHUYHO M BBIXOJAUT 32 PAMKH HACTOSIIIErO
o630pa.

3.6. TlpunoxkeHus K JIOKaJbHbIM MCCIEJOBAHUAM BEKTOPHbIX
noJieil Ha NJOCKOCTH

Teopema o paspeliennn ocobeHHocTell W Teopema [lfosiaka JatoT MOAXOJ
K MCCJIeIOBAHUIO TOTIONOTHH (DA30BbIX MOPTPETOB aHATUTHUECKHX BEKTOPHBIX
noJieil Ha TMJIOCKOCTH BOJIM3H 210001 U30JUPOBAHHOH 0COGOH TOUKH; 3JIeCh
U30AUPOBAHHOCMYL O3HAuaeT usoauposanxocme 6 C?. TlpoGaema pasie-
JISleTCsl Ha JIBe: HUCCJIeJIOBaHHe TaK Ha3blBAEMbIX XApakmepucmuyeckux u
MOHOOpOMHbLX 0COOBIX ToueK. [lepBblii c/ydaill MOJHOCTbIO HCCJEN0BaH, B
TO BpeMsl, KaK BTOPOH, /ISl CJIOXKHBIX 0COOBIX TOUEK, OCTaBAJICSI HETPOHYTHIM,
noka He Oblja npuMeHeHa Teopema [ionaka. B 3ToM HampaBieHUH MOJyUYeHbl
CJIe/lYIOLIHE Pe3yJIbTaThl.

JlokanbHasi 3ajlaua Ha3bIBAETCs aleebpauyecku paspeutumori, ecjiv or-
BET B TOH 3ajlaue MOKeT T0JyueH 3a KOHEUHOe YUCJI0 apu(MeTHYeCKUX Jei -
CTBUH HaJl TEHJOPOBCKUMH KO3(D(HUIIMEHTAMH HCXOJHBIX JIAHHBIX BCET/a, 3a
MCKJIIOUEHHEM BbIPOXKJEHHBIX CJIydaeB KOPa3MEPHOCTH OECKOHEUHOCTb.

[Ipocrefitine npuMepsbl JOKaAbHBIX 3a1au: Hueem au danHad ynkyus
maxcumym 8 wyae? feasemcs au ocobas mouka 0 8exkmopHoeo noas
yemotiuusoti no Jianynosy? Hmeem au noae ¢hasosyio kpusyio, 8xX00s-
wyto 8 ocobyio mouky no onpederénHnomy Hanpasienuio? W 1. .

Teopema o paspelieHun 0CO6GEHHOCTEN 3aUacTyio MO3BOJISIET MOJHOCTBIO
UCCJIeIoBaTh TOMOJIOTHIO pa30BOro NopTpera BOJIM3H CJOXKHOK 0c060i TOUKH
BEKTOPHOTO MOJIS Ha TJIOCKOCTH [74], [6].

st kaxkgoro n paccMoTpuM J"—IpoCTpaHCTBO 1-CTPYH (PYHKUMH HJIH
BEKTOPHBIX MoJiel B Hauasie koopauHaT. CTpysi Ha3bIBAeTCs MOJIOXKUTEIbHON
(oTpuuaTesbHOMN), ecsu st BCeX €€ IpeacTaBUTeNell OTBET HA H3yuyaeMbli
BOIPOC eCcTb «aa» («HeT»). CTpysi Ha3bIBAETCsl HEHTPAJILHOM, €CJIH JIJIsT HEKO-
TOPBbIX €€ MpeJICTABUTE/IeN OTBET «Jla», a JIJIsl HEKOTOPBIX JAPYrUX «HeT». [1po-
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6JieMa aﬂeeépauttecrcu paapeutuma, €CJii BbITIOJIHEHO CJIENYIOLIEE:

— JIiist KaxXKJIoro 1 MHOXKECTBO HEUTpaJIbHbIX n-CTPYH SIBJISETCS MOJyasi-
re6panueckuM (T.e. paBHO OObEMHEHHIO MHOXKECTB, 3a/laBaeMbIX aj-
reGpanuecKUMH ypaBHEHHSIMH M HepaBeHcTBaMu Bujaa P >0, rie P—
MOJIMHOM).

— KopasmepHocTh MHOXKECTBA HEUTpAJIbHBIX M1-CTPYH CTpeMHUTCs K Oec-
KOHEUYHOCTH TPU 11 — 00.

Hanpumep, paccMmotpum 3anauy: umeem au yrnkyus o0HOl nepemen-
HOU mMakcumym 8 Hyare? MHOXKECTBO n-CTpyH 3THX (PYHKLMH B HyJle MOXKeT
OBITh OTOXKIECTBJEHO C MHOXKECTBOM HaGOpOB HMX TEHJOPOBCKHX KO3(dHu-
MeHToB: (o, Ay, ..., a,). HeliTpanbHble n-cTpyn — 3T0 Te, s KOTOPBIX
a; =---=a, =0. PaccmarpuBaemas npobsema ajarebGpanueckd paspeLinma.
JasnbHeiilline nerand MOXKHO HaWTH B [D].

3aMeHsIst B TIPe/bIIYLIEM OTpeieIeHHH TTOMMHOMBI aHAJTUTHUYECKUMH (DyHK-
[USIMH, MOXKHO TIOJIyYHTb OTIpelesleHHe QHAAUMUYEcKI Pa3peuiumolx Jo-
KaJIbHBIX 3a/1ay.

[Ipo6siema TomoIOrHYeCKOro onucanusi pa3oBbiX MOPTPETOB BOJM3H 0CO-
ObIX TOUEK BEKTOPHbIX T0JIeH Ha MIOCKOCTH He sBJsIeTCs ajnrebpanuecku pas-
petnmoit [24], HO cyllleCTBeHHasi YACTh 3TOH NMPOOJEMbI SIBJISIETCS TAKOBOU
[74].

Oco6ast Touka BeKTOPHOTO MOJIsl HA TIIOCKOCTH HA3bIBAETCST Xapakmepii-
cmudeckod, eca 'y Heé ecTb (pa3oBasi KpuUBasi, BXoJsllas B Heé No onpese-
JIEHHOMY HamnpaBJ/IeHHIO B MpPSAMOM WJH oOpaTHOM Bpemenu. Ocobasi Touka
Ha3bIBAETC MOHOOPOMHOLU, ecan OpOUTbI 0OpalllaloTcsl BOKPYr Heé, M Ha
HEKOTOPOM TOJIYMHTEpBaJie C BEPLIMHOH B 3TOH TOUKE ONpesesieHo oTobpa-
kenue [lyankape.

DJieMeHTapHas Teopema [5, 5.3.1] yTBep:KIaeT, UTO BCAKUL HENAOCKUIL
pPOCMOK 21A0K020 8eKMOPHO20 NOAfL 8 0CO00I mouke HA AAOCKOCMU
a8a5emces Aubo xapaKmepucmudecKkum, Ab60o MOHOOPOMHOIM.

N3 [74] BbiTekaer, uTo cJeayioue npobsembl anrebpanuecku pas-
PelLMMBI:

— pasauuunio MOHO@pOMHble uxapaxkmepucmudecKue ocobovle mou4xKu,

— onucame monosoeuio Gazosoeo nopmpema B8eKmopHO20 NOAL
806au3U xapakmepucmuueckot ocobol MmouKu.

OTHOCHTEILHO MOHOJPOMHBIX OCOOBLIX TOYEK OTMETHM, UTO LEHTP SIBJISI-
eTCsl BbIPOXKAEHHEM KOPa3MepHOCTH GecKoHeuHocTb. bosee Toro, 3a HckJto-
ueHHeM CJyyaeB KOpa3MepHOCTH GeCKOHEUHOCTb, MOHOAPOMHAst ocobast Tou-
Ka HUMeeT OueHb MPOCTOH (ha30BbIH MOPTPET: 3TO JMOO YCTOHUMBBIH, JHOO
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HeycToHuuBblil pokyc. Ho npobsiema ycTOHUHBOCTH 1Sl MOHOJAPOMHbBIX OCO-
ObIX ToueK areebpaunecku Hepaspewumna [24]. OnHako ecTb HAlEXkKMA, UTO
npoo6JieMa yCTOHUUBOCTH 0COOBIX TOUEK BEKTOPHbBIX M0J1€H Ha NMJIOCKOCTH aHA-
aumudecku paspeuruma. IToaxomn K uccae0BaHHIO 3TOH MPoGJIeMbl, OCHO-
BaHHBIA Ha (hopMyJIHpyeMol HIKe meopene /lioaaka, MoxeT ObITh HaHleH
B [38].

JleficTBUTEBHO, MOHO/IPOMHAsT 0co6ast TOUKa rocJie pa3pelieHns 0cobeH-
HOCTel 3aMeHsIeTCs 3JE€MEHTAPHbIM TOJNHULMKIOM C TeM e 0TOOpaKeHHeM
[Tyankape. Bes npenpiiyias Teopusi MoxKeT ObITh MPUMEHEHa JJisl UCCaen0-
BaHUs 3TOro oToOpaxKeHus. st TaK MOCTOPEHHBIX MOJHLMKIIOB 0TOOpaKeHHE
[lyankape A s1BJsieTCsl NOJMyPErysipHbIM, W €ro [VIaBHbII uJieH JiHHeeH [36]:

A(x) = Cx+o(x).

Bennunna log C HasbiBaercsi 00006WéHHOL nepsoi 1anyHo8cKol ¢o-
KYcHOU 8eauyuHoll. BolurcaeHne 3TOH BeJMUYHHbI SIBJSIETCS CJ0MKHOH Mpo-
6siemoii. Pasnuunble dopmyJibl st Heé nosyuenst B [11], [90], [37], [38] u
[47]. 3amernm, uto HepaBeHcTBO log C < 0 (log C > 0) BneuéT ycTOHUMBOCTD
(COOTBETCTBEHHO, HEYCTOHUMBOCTbH) CJIOXKHOH MOHOJPOMHOH OCOGOH TOUKH.
PaBencTBo log C = 0 cOOTBETCTBYET HEHTPAJIBHOMY CJlyualo, KOTOPbIH TpebyeT
BBLIUMCJIEHHS CJIE/lYIOLIero HEHYJIeBOro ujeHa B pasdJsoxkenuu Hionaka aas A.
OcHoBHasl npo6JsieMa COCTOMT B TOM, 4TOObl J0Ka3aTb, UTO BCE 3TH UJIEHbI
SIBJISIIOTCS aHAJIUTHUECKUMH (YHKUHUSIMA OT TEHJIOPOBCKHX KO3(HIHEHTOB
MCXOJIHOTO POCTKA, a TaKKe HAWTH aJrOpUTM JUIsl BbIUMCJIEHHS T0CJe/10Ba-
TeJIbHBIX WieHoB B psje Hionaka nis A. 1o gacT noJHoe peulieHne npodJaeMbl
YCTOHYHBOCTH /151 OCOOBIX TOUEK BEKTOPHBIX MMOJICH HA MJIOCKOCTH.

§ 4. HopmaabHbie hopmbl

B cooTBeTCTBHM C TpUHLMIOM, BocxoAsiuM K [lyaHkape, BMecTo TO-
ro, 4to6bl pewmath JuddepeHiassLHoe ypaBHeHne (KoTopoe oObIUHO He pe-
11aeTcsl) cJelyeT HCKaTb 3aMeHy KOOpPAMHAT, KOTopasl yNpollaeT ypaBHEeHHe.
B 3aBucHMOCTH OT KJIacca 3aMeHbl BO3HHKAIOT Pa3HuHble BETBH TeOpHH. Mbl
OyieM paccMaTpUBaTh TPH M3 HUX: (POpMATbHYIO, IVIAAKYIO H aHATHTHUECKYIO.

PesyJsibratsl pasnenos 4.1 u 4.2 asasitores kaaccuueckumMu. OHU BKJtOUe-
Hbl 151 ToJIHOTBL. O630p pesdyJbTaToB nocaeaHux 20 jeT HauuHaeTces ¢ 1. 4.3.

4.1. IKBHUBAJEHTHOCTb U OPOUTATIbLHASI SKBUBAJIEHTHOCTh
POCTKOB BEKTOPHbBIX MoJei

[Tycts H — poctok auddeomopduama B HyJie, UMEIOUIME HEMOJABHKHYIO
Touky 0, ¥ — POCTOK BEKTOPHOTO MOJIsl B HyJie U @ — 06pas v MoJ, AeHCTBU-
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em H. Torna

ov=woll. (4.1)

ITO MOTHUBUPYET CJe/ylollee OMpeieseHHe.

Onpenenenue 4.6. PocTky BeKTOPHBIX MOJIEH U U @ B HyJe Ha3blBAlOTCA
9KBUBANCHIMHBIMIL, €CJIH CYLLECTBYET pocToK Juddeomopdusma H ¢ Heno-
JIBYKHOH TOUKOH HOJIb, JIIs1 KOTOporo BeinoJiHsiercst (4.1). Ecom poctok H —
NJIaJIKUE W aHAJIUTHUECKHE, TO U U @ Ha3bIBAIOTCH &1adK0, COOTBETCTBEHHO
anaaumudecku, skgusarenmroimu. CooTHouleHne (4.1) umeer cmbica H
Ha (opMasbHOM YPOBHeE, Korja v, @ W [ sBAAI0TCS (OpMasbHBIMU psilaMu
Teitnopa. B 3ToM ciyuae v ¥ @ HA3bIBAIOTCS POPMAALHO IKBUBANCHITHOLMLL.

ﬂBa BEKTOPHbLIX I10JIs1, KOTOPbI€ Pa3anyaroTCsi HEHYJI€BbIM (byHKLU/IOHaJ]b—
HbIM MHOXKHTEJIEM, HMEIOT OJJUHAKOBbI€ (baSOBble MMOPTPETHI.

Onpepnenenne 4.7. PocTKH BeKTOPHBIX Mojiedl U M @ HasblBaloTCsl opbu-
ManrbHO IKBUBANCHMHbIMU, €CJIU CYLIECTBYeT pocToK auddeomopdusma H
U POCTOK HeHyJieBOU (DYHKIMH [, TaKHe, UTo

Fov=lwoll. (4.2)

Opb6utanpHast opmasbHasi, ryaakasi U aHaJuTHYecKash 3KBHBaJIEHTHOCTb
onpejesisieTcs Tenepb Kak 4 Bbllle, ToJbKO (4.1) 3amensiercst Ha (4.2).

4.2. Pe3oHaHcHble HOpMaJbHblie (OPMbI

PaccMoTpuM poCTOK aHAJMTHUECKOro BEKTOPHOrO MoJisi B 0COO0H TOU-
ke. OJlHa M3 OCHOBHbBIX 3ajlau JIOKaJbHOIO aHaJH3a COCTOUT B TOM, UTOObI
CpPaBHUTb POCTOK C €ro JIMHEHHOH uacThblo. [lyaHkape nepBbIM H3ydas cie-
JIYIOLLIME BOMPOC: KOTJAa POCTOK BEKTOPHOTO MOJSI MOXKET ObITh MPHUBENEH K
€ro JIMHEHHON YacTH aHAJUTHUECKOH 3aMeHOH KoopauHaT? OH oGHapy:Ku,
YTO MPENATCTBUSI BO3HUKAIOT YK€ HA (JOPMabHOM YPOBHE: TaK Ha3blBaeMble
PE3OHAHCHbLE COOMHOUWEHUS, NI PE3OHAHCHL.

Onpepenenue 4.8. PaccMOTpUM POCTOK U aHAJIUTHUECKOTO BEKTOPHOTO MOJIS
B Touke O npoctpanctsa R” ¢ snneiinot uactbio A. [1ycth A — criektp onepa-
topa A: A= (Aq, ..., Ay). HaGop A 1 pocTok v HA3bIBAIOTCSI PE3OHAHCHbLMU,
€CJIM CYLIeCTBYeT BeKTOp k € Z, ky +-- -+ k, > 2 Takoii, uTo

A=\ k) (4.3)

agisi Hekotoporo j € {1, ..., n}. CootHoluenne (4.3) Ha3biBaeTcss pe3oOHAH-
COM.
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Teopema 4.11 (Ilyankape). HepesonarucHolli pocmoOK aHAAUMU1ECKO2O
BEKMOPHO20 NOASL (POPMANOHO IKBUBAACHMEH CBOEL AMUHCIHOL Yacmu.

BosHuKaeT ecTecTBeHHBIH BOTIPOC: KOTJA 3TA SKBUBAJEHTHOCTL SIBJISIETCS
AHAJIMTHUECKOH? DTO OJiHA U3 3HAMEHUTBHIX MPoOJeM, KoTopasi onpeiesnusa
pasBUTHE TEOPUM HOPMAJbHBIX (opM GoJsee, ueM Ha ctoseTHe. [lepBblii cy-
LeCTBeH DI BKIa/ Obl caenan [lyankape, negasunii — Mokoccom u [eperi-
Mapko [159], [143].

B pesoHancHOM ciiyuae HEKOTOpble HEJIMHEHHbIE U/leHbl MOTYT ObITh YHH-
UTO2KEHbI (POPMaJIbHON 3aMEeHOl KOOpPAMHAT.

Onpepnenenue 4.9. [lycth Az — svHeitHoe BekTopHOe noJie B C"; mMatpuua A

)

NpUBeJleHa K »KOPJaHOBOM HopMasibHO# dopme. [Tyeth A= (A, ..., \y) —

CIIEKTP A. Monom Zk% Ha3blBa€TCsl PE3OHAHCHBIM YAeHOM 110 OTHOLLIEHHUIO
/

K A, ec/in pe3oHaHCHOe COOTHOLIEHHE (4.3) BBIMOJHSETCS [ COOTBETCTBY -
IOLIHX & U .

Teopema 4.12 (Teopema o pe3oHaHCHOI HOpMaJbHOI popme). Kaocdoiil
POCMOK QHAAUMUHECKO20 BEKMOPHO20 noas 8 ocoboti mouke O g C"
GPopMarbHO IKBUBAACHMEN POCMKY ¢ AUMelHOU wacmbio Az, umeoujel
HCOPOAHOBY HOPMANLHYIO POPMY, U BCE HEAUHCIHbLE YACHbL ABALIOMC
PEBOHAHCHOLMU MO OMHOWeHUIO K A.

YacTHble c/iyyad 3TOH TeopeMbl cdopmyspoBanbl B [72]. Obuias dop-
MYJIMPOBKA MOXKET ObiTh HaiifieHa «MexXay cTpok» B [155], [59]. Ilepaas
siBHasi (hopMyJiMpoBka Oblia nana B [7]. B [1] ona HasbiBaeTcss meopemoii
lyankape—/Hroraka.

dopmasibHble HOpMaJibHbIe POPMbI 3JIEMEHTAPHBIX 0COOBIX TOUEK Ha MJI0C-
KOCTH JIOMYCKAIOT JlajibHeile ynpouleHusi. Ocobble TOUKH, KOTOpPblE MOTYT
ObITh BEpPIIMHAMH TTOJIMLMKJIA, JIOMYCKatollero npeobpasoBaHie MOHOJPOMHH,
0coGeHHO HHTepecHbl. OHM ObIBAIOT TPEX THIIOB: HEPE3OHAHCHbIE Céna, pe-
30HAHCHbIE CENJIa U CELI0Y3Jbl.

Teopema 4.13. [lepeuuciennole Hujice snemenmapHole ocobvle Mouku
AHAAUMUYECKUX BEKMOPHOLX NOACL (HOPMANLHO IKBUBANCHNIHbL CACOY-
IouUM OpOUMALbHOIM HOPMANbHOIM GHOPMAM:

— HepPe30HaHCHOoe ceono:
0

0
w—xa—)\ya—y, A >0, (4.4)

ede \ ¢ Q;
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— Pe30HAaHCHOe ce0no:

le 0 p 0
=x\lt—= ) -y S n
v x( 1+auk)8x qyay’ u=x"y’, p>0,¢4g>0, (4.5

ede p u q 83aumro npocmot; uid (4.4) ¢ A= g;

— cedaoysean:

Pran! o o

4.3. Tnaakue opOuTaibHble HOpMajbHbie GOPMbI
3JleMEHTAPHbIX 0COOBIX TOYEK

AnasmiTHYecKre HOpMasbHble (hOPMbl PE30HAHCHBIX CE/lesl U CelI0y3J/0B
ropasjio 6oJiee CJI0XKHbI, ueM opmasbHble; cM. 1. 4.6 Huke. B Hauasne 70-x
rofioB DPIOHO MPEeANoNoKUI, UTO riajgKas KiacCuuKalus MOXKeT ObiTh ro-
pasjo mpole, ueM aHajuTHUecKas. [leficTBUTeNbHO, Tyaakasi opOuTasibHast
KJ1acCU(HUKALHMs 3JIeMeHTapHbBIX 0COOBIX TOUEK COBManaeT ¢ popMasbHOH.

Teopema 4.14. /[[aa pocmkos aHaiumuueckux B8eKMOPHbLX NOAeL HaA
NAOCKOCMU MUNA ce0A0 UL CeOA0Y3en POPMANbHbLE HOPMAAbHBLE POP-
Mol U3 meopemol 4.3 cosnadarom ¢ eradkumu.

dta TeopeMa MoKeT ObITh 00006111eHa Ha BCe 3/ieMeHTapHble 0COOble TOUKH,
HO MBI He HY:)KIaeMcsl B Hell Jisl cylydaeB y3JoB, (hOKycoB U 11leHTpoB. bosee
TOTO, TeopeMa 4.4 ocTaéres crpaBelIUBOH U1 2Aa0KUX POCTKOB, KOTOPbIE He
NpUHAJIEXKAT HEKOTOPOMY MHOXKECTBY KOPa3MepHOCTH 6ecKoHeuHOCTh. OKa-
3bIBAETCSI, UTO TUiagKue OpOHUTaJbHble HOPMaJibHble (POPMbI JEMEHTAPHBIX
0COObIX TOUEK MOTYT ObITh MPOWHTErPUPOBAHBI B SJEMEHTAPHBIX (DYHKIMSX
[15]. B uactHocTH, 3TO cripaBeyIMBO Uit HOpMaJsibHBIX (opM (4.4)—(4.6).
Y1Bep:kaeHue oueBuaHo s (4.4) u (4.6). Hnsa (4.5) unterpupoBaHue mpo-
U3BOJUTCS CJIelyolilM o6pa3om. [1ponsBoptasi MOHOMA i BIIOJIb BEKTOPHOTO
nosis (4.5) paBHa

i =put(1 +auk)_l.

CaienopaTesibHO, cuctemMa (4.5) BJIeUET cHCTeMY C paselsitolIdMHUCs Tepe-
MEHHBIMH OTHOCHTENLHO (4, Y) W, TEM CaMbIM, MHTETPUPYETCS.

Tem cambim, s1060e CBOHCTBO CEeJ1 U CeJTIOY3JI0B, KOTOPOE COXpaHsieTest
NpH MJIAJKUX 3aMeHax KOOPJHMHAT, MOXKET ObIThb MPOBEPEHO MPSIMbIM BbIUHC-
JeHneM. Hanpumep, cripaBesinBo cienyrolee yTBep:KIeHHe.

Jlemma 4.5. Omobpascenue coomsememaus 045 c€0AQ AHAMMULECKO2O
BEKMOPHO20 NOASL HA NAOCKOCHIL NOAYPEYALPHO.
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Jlemma 4.6. Omobpascerue coomsemcmaus 0As U30AUPOBAHHOEO Ce0-
A0Y34Q AHAALMULECKO20 BEKMOPHO20 NOASL HA NAOCKOCMU b0 pABHO
_1
AC:fOOha fOZe x’ (47)
ede h noaypeeyrsapro, aubo sisasemes oopammuoim K A,.

O06e JieMMbl cripaBe/IUBbl AJ1s1 HOpMaJbHbIX Gopm (4.4), (4.5) u (4.6).
[nankas 3amMeHa KOOpAUHAT COXPaHSIET KJacc MOJyperyJsipHbIX 0TOOpaXKeHHH.
I10 nokasbiBaet Jemmy 4.1. Kak o0bscHeHO B c/eylolleM MyHKTe, rajkue
3aMeHbl KOOPJHHAT COXPaHsIIOT Kaacc oToOpaxkeHui (4.7), KoTopble Ha3blBa-
I0TCSl NAOCKO-NOAYPeYAAPHIMU. DTO J0KA3bIBAET JeMMmy 4.2.

Teopema 4.4 3aBepLaeT AWIMHHYIO HCTOPHIO PA3BUTHSI TEOPHH HOPMAJIbHBIX
copm, omucaHHyl0 B KOHILe 3Toro nyHkra. OcoOble TOUKM C HEHYJEBbIMH
BELIEeCTBEHHBIMU YaCTSIMH COOCTBEHHBIX 3HAUEHHI HA3bIBAIOTCS eunepboiu-
yeckumu; yacTHbIH cydyail — céaia Ha MJIOCKOCTH.

Teopema 4.15 (teopema CrtepHOepra [155]). Pocmok eradkoeo sek-
MOPHORO NOAsL BHE PE3OHAMCHOL eunepOoaUYecKol 0cobot mouku erao-
KO 9KBUBANCHMEH CBOCL MHEILHOU YacmiL.

dTa TeopeMa HEMEIAJIEHHO BJICUET Teopemy 4.4 nna HEPE3OHAHCHBIX céneJ.

Teopema 4.16 (teopema Yens [59]). [Ipednoroxcun, umo dsa pocmka
2NA0KUX BeKMOPHLLX Nnojell 8 eunepboauueckoil ocoboil mouke gop-
MAALHO IKBUBANCHMHOL. T0e0a OHU eAA0KO IKBUBANCHIMHOL.

Ananor teopembl 4.3 1151 popMasIbHbIX, a He OpOUTANbHBIX (HOPMAbHBIX
HOpMasbHBEIX (hOpM, TaéT MOJHHOMHAJLHYIO HOPMAJbHYIO (OPMY pe3oHaHC-
Horo cemia. O6osnauum eé W. ITo Teopeme HeHs1 MCXOAHBIA POCTOK IV1aJKO
skBuBasienTeH W. KopoTkoe Bblumc/eHMe MoKasbiBaet, uto W opGuTaIbHO
9KBHMBAJIEHTHO HOpMaJibHON hopme (4.5). DTo nokasbiBaer teopemy 4.4 nns
PE30HAHCHBIX CEnLedL.

OO61Mii NoAX01, MO3BOJISIIOLIMI I0KA3aTh YTBepKIeHHe «(opMasibHash K-
BUBAJIEHTHOCTb BJIEUET TJIaJIKyl0» COCTOMT B CJeiyrolieM. PaccMoTpum ypas-
HeHue (4.1) nast hopmMasibHBIX PSILOB:

My _won. (4.8)
ox
3nech 0 1 @ ABASTIOTCS PopMaJIbHBIMU PSIIAMHE JIsl TJIAIKMX BEKTOPHBIX MOJeH
oM@, a H — GopMasbHEI PsiL /ISt 3aMeHbl KOOPIHHAT.

[To Teopeme Bopensi cylecTByeT riaakuii pocToK 3aMeHbl KoopauHat

B HyJ1e, (hopMasbHbIil PsiL KOTOPOro conanaet ¢ . Jns Takoro pocTka

(%U)oHl—w:R;
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3/ech R MJ0CKo B HyJle, T. €. hopmanbHbii psif aist R pasen 0. [Tostomy v n w
J1aJIKO SKBUBAJIEHTHBI 110 MOOYAIO NAOCK020 0006a8Ka. JTOT NNOCKUH 100a-
BOK YOHUBAETCs ¢ TOMOLIbIO TOMOTOMHUECKOTO METoJa. DTOT MOCJAEHHH ar
UCIOJb3YET CleldajibHble CBOHCTBA POCTKOB U M @ M COCTaBJseT HauboJee
cozlepaKaTelIbHYI0 YacTh J10Ka3aTesNbCTBa.

Teopembl Crepubepra n Uensi, Tak ke, Kak W MOCJeHee yTBepKAeHHE
TeopeMbl 4.4, MOryT ObiTb J0KadaHbl 3THM crioco6om. OpOuTasbHble HOP-
MaJibHble POPMbI CEJI0Y3JI0B Obld 0O6HApYy:KeHbl BornanosbiM [14]; nosHoe
JI0Ka3aTesbCTBO TeopeMbl 4.4 conepxkutes B [29].

4.4. Ha6pocok nokasarejbctBa Teopembl Jionaka

CoBpemeHHOe JI0Ka3aTesbCTBO TeopeMbl [onaka 3.2 MoxKeT ObITh M3J10-
JKEHO cJieyloliuM 06pa3oM. [1por3BoJIbHBIA MOJHLUMKI MOXKET ObITh 3aMeHEH
3JIEMEHTAPHbIM C TIOMOLILIO TeOpeMbl O paspelieHHH ocobeHHocTell. OTO6-
paxenue [lyankape A misi 3TOro MOAUGUUMPOBAHHOTO MOJHLMKAA MOXKET
ObITh Pa3JIOXKEHO B MPOU3BEJIeHHe 0TOOPAKEHHE COOTBETCTBHS JUist CEnes
celyioyasioB, cM. M. 3.5. OGo3HauMM 3TO pa3jiokeHde Takxke uepes A. Ec-
JIH 9ucsio oToGpaxkenui fo: x — exp(l/x) B 9TOM pasnokeHHu GOJIbIIE, YeM
UKCJI0 OTOOPaXKEHHH [, TO KOMITO3HLMS SIBJASETCS MIOCKMM POCTKOM. B npo-
THBOIMOJIO’KHOM CJlyuae OHa fIBJISIeTCs 0OPaTHOH K MJIOCKOMY POCTKY.

Ecau uucao comrnoocumeneti fo u f&l 8 pasaosncenuu A 00UHAKOBO,
moeda omobpascenue A noaypeeyiapHo. JIeficTBUTENLHO, NOJYperyJsip-
Hble OTOGpaXkeHHs1 06pasyloT Tpynmy. DTo — MpsiMoe CJIEICTBHE Orpeiee-
HUSI M JIOKa3biBaeTcsl Tak ke, Kak Jemma 3.3. CiiefoBaTesibHO, pasfioxe-
HHe A MOKeT ObITb YKOPOUEHO TaK, UTOOBI MHOXKHUTEJH [ H f&l yepeoBaJIUCh.
[Tocsie UMKIMUECKOH MEPECTAHOBKH COMHOXKUTE/EH (KOTOopasi COOTBETCTBYET
NpaBUJIbHOMY BbIGOPY TPAHCBEPCANLHOTO CEUEHHS K MOJIMLIUKIY) MOXKHO J10-
OUTHCS BBIMOJIHEHUS CJIENYIONIEr0 TPeGOBAHHMS: JIJIST KAXKJIOTO R TIPOU3BeIeHHe
NepBbIX R COMHOXHUTEJIEH CripaBa B Pa3jioKeHHH A COJIEPXKUT He MeHbllle
oTobpaxkeHuH o, ueM 0TOOpaXKEeHHH fo_'. Crpynnupyem ujieHbl B TOM MOJH-
(bULMPOBAHHOM PA3JIOXKEHUH celyoluM o6pa3om. OTKpoeM CKOOKY mepen
KaXKJIbIM MHOKHTEJIEM fo" 1 3aKpoeM CKOOKy mocje Kaxnaoro fo. Camble
BHYTPEHHHE CKOOKH COJIEPIKAT TPOU3BEJIeHHE

=1y ohof, (4.9)
B KOTOPOM /A MOJTyperyJisipHo.
Jlemma 4.7. [Ipoussedenue (4.9) noaypeecyrapHo.

Jlemma 4.3 no3BoJisieT COKPATUThb pasdJsioxKeHue A, 3aMeHss Ipou3BeeHne
(4.9) onHMM MoJyperyJisipHbIM MHOXKUTEJIEM; OHA Jl0Ka3aHa HuxKe. Teopema
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Hionaka noKasbiBaeTcst Tenepb HHAYKLIUEH M0 YHCIY MHOXKHUTENEH B MOIMDH-
LUMPOBAHHOM pasJ/io:KeHun A.

Wrak, teopema [iosaka jgokasaHa no MojyJio Teopembl 4.4. OHa ocHO-
BaHa Ha Teopeme O paspelleHuH ocoGeHHOCTel 3.6, KoTopas crpaBejinBa B
TJIaJIKOM CJlyyae Tak »Ke, Kak U Teopema 4.4 o HopMasbHbIX popmax. Cie-
JloBaTeJsIbHO, TeopeMa Jio/1aka OTHOCHTCS K IVIaJKOH, a He K aHaJIMTHUEeCKOH
TEOPHH U, TEM CaMbIM, HE MOXKET BJieUb TEOPEMbI O HEHAKOTIJIEHHH, KOTOpast B
IJ1aJIKOM cJlyuae He BepHa.

Mbl MoXeM Terepb JI0Ka3aTb YTBEpPKJEHHE, HCMOJb30BAHHOE BbILLE
B JI0Ka3aTeJqbCTBe JieMMbl 4.2. PaccMOTpuM T/ajikylo 3aMeHy KOOpJAMHAT
g: (RT, 0) — (R*, 0), npuMeHEHHYIO K MJIOCKO-TIOJNYPEryJsipHOMY POCTKY
(4.7). TTonyuum

Ar=glofgohog=foo(fy' og " ofp)o(hog).

[IpousBenenrie B nepBbIX CKOOKax MoJyperyssipHo o Jemme 4.3; Bropas
ckoOKa noasyperyJspta no gemme 4.1. CjenoBaresnbHo, pocTok A MI0CKO-
NOJIyperyJsipet, Takke Kak 0 A,.

Hoxazameavcmso semmol 4.3. TIpuBonumoe HUXKe BbIUHCJIEHHE YAHBUTEIb-
HO, XOTs U 3JeMeHTapHO. OHO MOKAa3bIBAeT, YTO acCUMNTOTHUeCKU psif (3.1)
JUIst h| 3aBMCHT TOJIBKO OT IJIABHOTO CTEMEHHOro ujieHa oToGpakeHusi /. Bee
OCTaJslbHble WeHbl B Pa3J/oKeHHH /15 /i 3a0bIThl UJIH, Jyullle cKa3aTb, onpe-
JeJISIOT TUIOCKUH 106aBOK B oToOpaxkeHud (4.9). Mbl He HccjenyeM 3TOT
MJIOCKUI 106ABOK, MOTOMY UTO OH He MeHsIeT aCHMITOTHUECKOTO psiia /1
st hy.

Uro6bl Hanucatb 3TOT MOCJAENAHUH psifi, 0603HAUMM uepe3 cx” TJIaBHbIN
cTeneHHoil wieH poctka h. Torna A = cx¥ (1 4+ o(x®)) ans HekoToporo € > 0.
CJyieoBaresibHO,

v E x g
hy=-1/1 “x(1 )] =— ).
I /loglce™ < (1 +o(e”))] fologCﬂLO(@ )
[To3TOMY, POCTOK /1| TOJIypPEry.sipen; ero aCHMITOTHUECKHUIT Psifi /1] — 5TO psit
Teitnopa st pyrkumn x/(v — x logc). O

4.5. HopmanbHblie (hopMbI JOKATbHBIX CEMEWCTB U UX
NPUJIOKEHHS

Jlnst pasButus Teopuu GUQYpKALUi HY>KHbI HOpMaJibHble (OPMbI POCTKOB
BEKTOPHBIX MOJIEH, 3aBUCSAILINX OT nMapaMeTpoB. UToObl MOHATh, KaKyl Gopmy
MOXKET UMEThb OTBET, MOXKHO TPUMEHHTL (hopMalibHyio TeopHio. dedopmalius
pocTKa X = v(x) — 3T0 ceMelcTBO X = w(x, €), w(x, 0) = v(x). HobGaBneHune
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ypaBHeHus: € = 0 mpeBpaliaer 3To ceMefcTBO B OfiHO ypaBHeHHe. Popmasb-
Hasl HopMaJibHasi (hopMma JJisi 3TOT0 ypaBHeHHsl (C OTOPOIIEHHBIM ypaBHEHHEM
€ =0) naér »kejlaeMblii MOJIE/IbHbIN OTBET.

IT1oT noixox naét opOUTa/bHbIE HOpMaJbHble (HOPMbl Ui JeopMalitil
CJIeNyIONMX POCTKOB (MO MOJYJIO BBIPOXKIEHHH KOPa3MepHOCTH GecKOHeu-
HOCTbD):

— HEPE30HAHCHOE CEeJI0:

0 0
e =X — — —_— 4.1
We =X Ep Ae)y 3y (4.10)
— pEe30HAHCHOE CEJLIO:
o
p 0

x(1 &£ ——+P_ — = 4.11
= x( T ra +k1(u€))x y@y ( )

rne u=x"y?, p>0, g>0, u 1pobb p/q Hecokpatuma. 3aech Pj_| —
MHO2OouAeH Bellepwmpacca, To eCTh MHOTOUJIEH OT U, KOSPPHUIHUEHTDI
KOTOPOTO 3aBUCAT OT €, Npuuém Pp_(u, 0) = 0;

— ceJjioysed:
! 0 0
Py — 4.12
we = (+ 11 axk 7T kl(XE))ax y@y’ (4.12)
rae P,_| — MHOrouJieH BefdepLUTpacca, KaK W BBbILLIE.

OkasbiBaercsi, uTo 3TH (POPMYyJibl HMEIOT HE TOJNLKO (hOpPMaJsIbHbIN, HO H
reomeTpuueckuii cmbicsl. OCHOBHAsI 3ajiaua COCTOUT B TOM, UTOObI HAalTH Npa-
BHJIbHOE OTHOIlIEHHEe SKBUBAJIEHTHOCTH MEXKIY HCXOAHOH NedopMaumeil u eé
HOpMasbHOH (hopMol. DTO He MOKeT ObIThb aHANUTHUYeCKasl WM GeCKOHeUHO
rjajaKasi 9KBUBAJIEHTHOCTb. [leficTBUTENbHO, naxke s nedopMauuu Hepe-
30HAHCHOTO cejyla OTHOLeHHe COOCTBEHHbIX 3HAUEHUH MPUHUMAeET palllo-
HaJlbHble 3HAUEHUs] Ha MJIOTHOM MHOXKECTBE B NPOCTPAHCTBE MapaMeTpoB.
CJienoBaTesIbHO, CKOJIb YrofiHo 6/H3Ko K € = 0 nechopmaliist COIEPKUT pe-
30HaHCHblE POCTKH; Jaxke (POpMaJibHO OHU He SKBHBAJIEHTHbI CBOEH JIMHEHHON
YacTH.

OTBeT nojckasbiBaeTcs meopueti KOHe4Ho eAadKux HOPMabHbBIX (OPM.
[Tpocreiilnii  dakT 3Toil TeOPUH — KOHEUHO T[JIAJKHE BapuaHT TeOpPEeMbl
CrepHbepra 4.5.

Teopema 4.17 ([155]). [aa kaocdoeo nabopa A= (A, ..., \,) € C,
ReX #0 u das xamcdoeo K cywecmsyem N = N(K, N), obradarwuee
caedyiowum ceolicmeom. llpednoaoscum, umo M\ He yoosremsops-
em pe3oHaHcHulM coomuouteHuam (4.3) npu |k|=ki+---+k, <N.
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Toeda 1060l pocmoKk BeKMOPHOEO NOAL CO CREeKMpoM N\ AUHELHOL
wacmu CX-aksusarenmen csoeii aurnelinoii wacmu.

Jpyrumu cjoBamH, yeM Bblllle MOPSIIOK Pe30HaHCa, TeM Bbllle MOPSI0K
NJIaJIKOCTH 3aMeHbl, MPUBOJISILIIEN POCTOK K JIMHEHHON HOpMaJsibHOU (hopme H
«rpeHebperatoliei» 3TUM pe3oHaHcoM. Harpumep, uem MeHbllle OKPECTHOCTD
HyJIsl B IPOCTPAHCTBE NapameTpoB JedopMali HEPE30HAHCHOrO CeJla, TeM
BbILLIE MOPSJIOK PE30HAHCOB, KOTOPble BO3HHKAIOT B ceMelcTBe. CieioBaTedb-
HO, NOPSIAOK IVIAIKOCTH 3aMeHbl, MPUBOJSALLEH KaxK/Iblid U3 POCTKOB CeMelCcTBa
K JIMHEHHOH HOpMaJbHOH (hopMe, TaKxkKe BO3PACTET. DTO MOTHUBHUPYET CJefly-
1olliee orpeseseHue.

Onpeneaenne 4.10. JIBa JoKaJbHBIX ceMeHCTBA BEKTOPHBIX MOJEH B TOUKe
HOJIb KOMEeHHO eaadko (OpoumaibHo) 3K8UBAACHIMHMbLL, €CJU JJIS Kax-
Jgoro K CylIecTBYIOT JBE OKPECTHOCTH HyJsi B MPOCTPAHCTBE MepeMeH-
HbIX M TapaMeTpoB, TakHe, 4TO paccMaTpuBaemble ceMeHcTBa (OpOHTaJb-
H0) CX-3KBMBANEHTHDBI B 3THX OKPECTHOCTSIX.

Ipy6o roBopsi, ueM MeHblle 06J1aCTb ONpe/eseHUs] CEMEHCTB, TeM BbILIe
IJ1aJIKOCTb OTOOPaXKEHHUsI, KOTOPOe MX COIpsIraer.

Teopema 4.18 ([33]). [radkue degpopmayuu eradkux pocmKos NAOCKUX
BEKIMOPHLLX NOACH MUNA CeOA0 UL Ce0A0Yy3en, He NPUHAOALHAUUX K
MHONUCECMBY BOLPONCOCHHBLYX POCIKOB KOPA3SMEPHOCMI BECKOHeUHOCb,
KOHeUHO 2Aa0KO0 OpObUMAaLbHO IKBUBAACHIMHbL CBOUM HOPMAAbHOIM (hOp-
mam (4.10)—(4.12).

dta Teopema JAET OJIMH M3 KJIOUEBBIX HHCTPYMEHTOB K MCCJIE0BAHHIO
npo6sieMbl [Hab6epTa—ApHOJbAA AT BEKTOPHBIX MOJIEH, UMEIOIIUX TOJBKO
sJleMeHTapHble 0coOble TOUKH; CM. § 5 HUxKe.

dakruuecky, B cTathe [33] naHbl BCe CYLIECTBYIOLIME HHTErPUpyeMble
HOpMaJibHble (DOPMbI /IS JIOKAJIbHBIX CEMEHCTB OTOOPaXKEHHH W BEKTOPHBIX
noJiei. T HopMaJibHbIE (DOPMbI JIAIOT MOLIIHOE CPEJICTBO JI/Isi H3YUEHHSsT HeJIOo-
KaJibHbIX GU(ypKalMil B MPOCTpaHCTBaxX Ji0O0H padmepHocTH. OnucaHHbIN
MOJXOJL CHCTEMATHUeCKH NnpuMensiercs B Kuure [108].

Cratbs [33] 3aBepluaer MIMHHYIO cepuio pedyJbTatoB besuikoro, Bor-
nanoBa, Iliomopthe, KocroBa, CamoBosia u TakeHca; cM. cchbliku B [33].

4.6. Heauneinoe asiaenue Crokca

B anastuyecko# Teopun HeT aHaJsiora Teopembl 4.4.

Hepesonancroe cedao opbuTanbHO aHANTUTHUECKH SKBHBAJEHTHO CBOeM
JIUHEHHON YacTH B MPENOJOKEHHH, UTO OTHOLIEHHe A\ COOCTBEHHbIX 3Haue-
HUI UMEEeT «XOPOLIYI0» apUPMETHKY, T. €. He MOXKeT ObITh CJHIIKOM XOPOLIO

11 dynnamenTanbHas MaTeMaTHka CErojHs
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NpUOJKEHO pallMOHAMbHBIMKE YHcJaMH. TOHKOe 1ocTaTouHOe yCJoBHE Ha A
6110 Haiizeno Bpiono B [8], [9]. Mokoc [159] nokasan, uto 370 ycjoBHe
TaKyKe HeoOXOJIUMO.

AHnanutnueckasi kjaaccupuKalls Pe30HaHCHBIX POCTKOB BEKTOPHBIX TM0-
Jeil GoJiee cyioKHA. DKasb [84] omucan HHBAapHAHTBI TOH KJacCH(HUKALMH
C MOMOIIBIO CO3/IaHHOH UM TEOPHUM pecypreHTHBIX (QyHKUMH. CyllecTBeHHO
paubuie Bprono [8], [9], Hawmén HeoGXoMMbIE U JIOCTATOUHbIE YCJOBHS, MPH
KOTOPbIX (POpMasibHAsl SKBHBAJEHTHOCTb BJEUET aHAIUTHUECKY0. DTH YCJIO-
BHS1 BBIMOJIHSAIOTCS OUeHb peaKo. [Iyist pe3oHaHCHBIX céest OHU TPeBYIOT, UTOObI
opOuTasbHast opManbHas HoOpMasbHasl (hopMa He cojeprKala pe30HaHCHBIX
UJIeHOB, T. €. UMesia BU (4.4). 1aist censioyasioB 3TH yCJ10BUST TPeGYIOT, UTOObI
ceioy3es1 Obll HEM30JHPOBAHHBIM; ero opOuTa/bHasl hopMasibHast U aHaJH-
THUecKas HopMaJibHasi popMa UMeeT BUJ,

x=0, g=-y.

CurienoBatesibHO, 1151 JI060i 0pOUTAIbHOH (hopMaNbHON HOPMAJIBHOMN (hOPMBI
(4.5), (4.6) cyuiecTBYIOT POCTKH C 3TOH popMaJsibHON HOpMaNbHOH (opMoi,
KOTOpble He SIBJISIIOTCS OPOUTANbHO aHATMTHUECKH SKBUBAJEHTHBIMH.

Maprune u Pamuc [131], [132] oGHapyxuin ¢yHKyuoHarbHble MO-
Odyau opOUTAJBHON aHAMTHYECKOH KJacCH(HUKALMM POCTKOB CeIJIOy3JIOB
Pe30HAHCHBIX CE/leJT Ha KOMIIEKCHOH TUIOCKOCTH. DTH MOJYJIH HMEIOT Ty Ke
MPUPOLY, UTO W MOJIYJH aHAJUTHUECKOH KJacCH(HUKALMH TaK Ha3blBaeMbIX
napaboiuuecKux HenooBUMCHbLX MoyeK. AnamuTiueckasi KaaccH(UKaLHsT
POCTKOB KOH(OPMHBLIX OTOOpayKeHWH B 3THUX TOUKAX ONMUCAHA HUXKe U JaéT
Ba)KHOE CPEJICTBO /IS 10KA3aTeJbCTBA TEOPEMbl O HEHAKOMJIeHHH. DTa KJac-
cucukauus 6pl1a oTKphiTa HezaBucuMo Maisbrpamkem [128] n BopoHnHbiM
[17] c nomolpo TeOPUH KBa3HKOH(OPMHBIX 0TOOpPaXKEeHHH, a Takke JKajeM
[82], ucnosib3oBaBiIMM npeobpazoBanus bopens—Jlansaca.

Paccmorpum poctok f: (C, 0) — (C, 0) ¢ nuHeiiHo# yacTbio 2:

., a#0. (4.13)

Takue pocTkn HaswiBaioTcsl napaboaudeckumu. Ilpobiema cOCTOUT B
CJIEMyIOIEM: KOTIa IBa Mapabo/IMuecKuX POCTKAa aHAJUTHUECKH COMPSIKEHbI?
(To ectb, cyiiecTByeT pocToK GurosomopgHoro orobpaxenus h: (C, 0) —
— (C, 0) rako#, uto hof=goh.)

Pocrok (4.13) dopmanbHO SKBHUBAJEHTEH CABHUTY 3a €IMHUYHOE BpeEMS
BJIOJIb TPAEKTOPHI ypaBHEHHSI

g =214 g2 (4.14)

frz—z+azft 4.

KOMIIJIEKCHO€ YHUCJIO ﬁ SABJIIETCS MHBAPDHUAHTOM d)OpMaJIbHOﬁ K.HaCCI/](bI/IKaLlI/II/].
OKaSbIBaeTCH, 4qTo (bOpMa.HbeIe psifbl, comnpsiraromue pPpOCTKH f n g, Kak
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npasuJio, pacxoasarcs. OfHAKO ¢ HUMH CBSI3aH
OMUCAHHDBIA HUXKE FeOMETPHUECKHI OOBEKT.

Utob6bl omucaTh reOMeTPUI0 HOPMAJHU3YI0-
HIMX MpeoOpa3oBaHuil paccMOTpuM  (asoBblil
noprpet ypaBHenus (4.14). B okpecTHOCTH Hy-
JIsSl OH COCTOMT M3 2k JIenecTKOB, KaK MoKasaHo
Ha puc. 6.

PaccemoTpum pazbueHue MpoKoJOTOTO JuC-
Ka C LIEHTPOM B HyJie Ha 2R paBHBIX CEKTO-
POB, OJIMH U3 KOTOPbIX UMEET MOJIOKHTE/bHYIO
MoJyoCh B KauecTBe OHCCEKTPHUCBI. 3aMeHHM
KaxK/blfl U3 3THX CEKTOPOB OOJIbLUHM CEKTOPOM

Puc. 6. ®asosbiii noptper
ypasHeunsi (4.14) gna k=2.

CekTopbl U3 Teopembl O Cek-
T 27

. " TOPNasIbHONM  HOPMan3aunu.
C TOU Ke GUCCEKTPUCOi U yrjom « € (¥, =F).
k> k Paguycbi  cekTopos  B3sTbI
DTO TMOKPLITHE MPOKOJIOTOTO JIMCKA PaBHbI- pasnudnbiMu, 4TOBbI  Aerde
MH CEKTOpaMH Ha3bIBaeTcCsi k—XOpOLLLLLM; CM. pPasnyaTh CEKTOPBI.

puc. 6.

TeopeMa o0 ceKTOpHaNbHOW HOpPMAaJHU3ALUU

4.19. Paccmompum pocmox (4.13) ¢ a=1 (3moeo moaxro dodbumocs
3ameroll macwumaba) u k-xopouiee ROKpoLMue MAA02O NPOKOAOMO2O
ducka.

1. B kaocdom cexmope S; k-xopouieeo nokpo.musi cyuecmeyem
omoopascenue H;: S; — C, Hi(z) =z+0(z), komopoe conpseaem po-
cmok f ¢ eco gpopmarvroil HopmareHot opmoi g — cdsueom 3a edu-
HuuHoe spems 800ab mpaexmopuu ypasrenus (4.14).

2. Omobpascenus H; u Hiyy (j+ 1 6epémca no modyaio 2k) 6 nepece-
yenuu cgoux obaacmell onpedeseHuss OMALLAIOMES HA IKCROHEHUUANb-
HO YbbLBAIOWYIO NONPABKY:

C
|Hi(z) — Hi11(2)] < exp —W . (4.15)

3. Bce omobpascenus H; umerom odunaxoswill acumnmomuueckui
pad Teiiropa 6 0.

Y1Bep:kaeHue | 31oii Teopembl 66110 H3BecTHO ellé B XIX crosetun [120].
Ha6op oToGpakenuit

H=(H, ..., Hy), (4.16)

KaxKJ10e M3 KOTOPBIX OMpeJiesieHO B CBOeH 06/1aCcTH, 00pasyeT HOpMaAU3yio-
Wi amaac, W HOPMAAU3yiouwyio Koyenv. PasHble KapTel 3TOro arsaca
paccMaTpUBAUCh Y2Ke JIABHO; OHAKO (DYHKIIMSI IePexXoia MeX1y STHMH Kap-
TaMu OblJla PACCMOTPEHA CPABHUTENbHO HENABHO. Imu pyHKyuu nepexooa

11*
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s3adaom noanbLil HAOOP UHBAPUAHMOB AHAAUMUYECKOU KiaccudurayuLl
napaboaudeckux pocmkos. DTH UHBApPUAHTbl NpoOeraioT Goratoe QyHKIUH-
oHasbHOM mpoctpaHcTBo [17], [128].

B ofuiem ciiyuae pe3oHaHCHble POCTKH OTOOpPaXKEHHH Ha MPSMOH WJH
BEKTOPHBIX T0JIEH HA TIIOCKOCTH MOPOKAAIOT HOPMAAUIYIOUWUL amaac 1iisi
HEKOTOPOTO TIOKPBITHS TIPOKOJIOTOH OKPECTHOCTH TMOJIOXKEHHSI PABHOBECHSI.
dyukuuu nepexoma 3Toro arnaca mnpo6eraiotT 6Goratoe (QyHKIHMOHAJIbHOE
MPOCTPAHCTBO. DTOT 3PPEKT HA3bIBAETCS HeAuHelHbMm asreruen Cmokcea.
[TonpoGHoe uanoxeHue MoxkHo Hawtu B [105].

Teopema 0 cekTopHasibHOH HOpPMaJIM3alMK OMHCHIBAET HOBBIH KJacc Jio-
KaJIbHbIX 00BHEKTOB B KOMILJIEKCHOM aHaJiu3e, Tak HasblBaeMble @yHKYLO-
HAAbHbLE KOUenu.

Onpenenenue 4.11. HaGop (4.16) HasbiBaeTcs: pyHKYUOHAAbHOL KOye-
nb10, eCJu:

— KaxkJias KoMmroHeHTta H; rojomopcHa B cexkrope S; k-xopoliero ro-
KPBITHSI;

— pasHoctd Hjy | — H; ynosnerBopsitor oeHke (4.15) B cBoefl o6nacTt
onpeJeseHns;

— Bce /1; umeloT oaMHaKoBbIl acuMnTOTHYecKUH psn Teisiopa B Hy.e.

Hopmanuayioliye Kouenu 1aioT BayKHbIH NpuMep (PyHKIMOHANbHBIX KOLle-
neil. PyHKIMOHAJIbHBIE KOLEMH MPEACTABJSAIOT COO0K He HaGOP Pa3pO3HEHHbIX
KOMITIOHEHT, a €IMHOE LieJIoe.

Teopema 4.20 ([32]). PynKryuonarbrasa Koyeno 00OHO3HAUHO 3a0AéMmcs
ceoum hopmarvroim padon Teiiaopa.

ATy yTBEPKAECHHE MOXKHO MepedopMyIUpoBaTh Kak Teopemy Tuna Ppar-
MeHa—JIuneneda.

Teopema 4.21. Dyuryuonaronaa kKoyeno, komopasa yboisaem 80046
(R, 0) Gocmpee aoboii cmenenu z, MONCOECMBEHHO PABHA HYAIO.

(DyHKLU/IOHaJ]beIe KOLEMX UrparoT KJIOYEBYIO POJIb B 10Ka3aTEJAbCTBE TE€O-
peMbl O HEHaKOIlJIEHUHU U, TEM CaMbIM, TE€OPEMbl KOHEUYHOCTH 2.1.

4.7. CTpaTeFI/Iﬂ AoKa3aTeJJbCTBa T€OPE€Mbl KOHEYHOCTHU

Teopema KoHeUHOCTH J/IS IPENIE/IbHBIX LMKJIOB (Teopema 2.1) cBoauTCS K
TeopeMe 0 HeHakomJeHuH 3.1, Kak onucaHo B NyHKTe 3.1 Bblllle.
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Hauaso nokasatenbcTBa rocJesiHell TeopeMbl — TaKOE Ke, KaK U TeOpeMbl
Hionaka. PaccmarpuBaeMblii MOJULIMKI 3aMEHSAETCS 9J1eMEHTAPHBIM C TEM 2Ke
oro6paxkeHueM [lyankape A. Dto oTobparkeHne pasjaraercs B pou3BeeHe
oToOpaXKeHUH COOTBETCTBUS rUNepOOIHUECKUX CENen U celioysoB. [lepBoie
OKAa3bIBAIOTCS MOUTH PEryJsipHBIMA POCTKAaMH, CM. orpeesenue 3.3. Bropbie
SIBJISIIOTCS TIJIOCKUMH WJIM 0OpaTHBIMM TMJIOCKUM; cM. jemmy 4.2. Crenyiouias
TeopeMa siBJISIeTCS aHANMTHUECKUM YCHJIEHUEM 3TOH JIEMMbI.

Teopema 4.22. [Trockoe 0m06paofceﬂue coomesemcmseusl geuwjecmseHno-
cO aHaaumuuecKkoeo ced/zoyma umeem 8u0

F=gofyohpaoH. (4.17)

3deco g — pocmok eoromopghroii pyruxyuu g(0) =0, g'(0) >0; fo = et
Kak u soluie,
kx*
hpg=—"—"
ke T akxk Inx
014 Hekomopoeo k € Z, k > 1; a € R; H — nopmaiusyrouwas koyens 044
Hekomopoeo napaboauueckoeo pocmka (4.13).

BoJiee noppobHoe onucanue kouenu H MoxkeT 6biTh HaitneHo B [104, 0.4a].
Paznioxenue (4.17), B KoTopom yuacTByeT hyHKIMOHAJIbHASI Kollenb F, pac-
cMarpuBaercst Ha (RT, 0) u onpenensiercs caenyronmm obpasom. HaGop H
MMeeT JIBe KOMITOHEHTBI, CKaXkeM, 1) U Hy, onpeie/iéHHbIe Ha TTOJIOKHUTENLHOM
nosyocd BOsM3M HyJs. Poctok F nmeer pasnoxenue (4.17), B xotopom H
3aMeHeHo Ha H|, U aHasornuHoe pasfoxkeHue ¢ Ho; B mocseiHeM cJyuae ro-
JIOMOP(HBIH POCTOK g IOJKEH ObITh 3aMEHEH JIPYrUM TOJIOMOP(HBIM POCTKOM
¢ Toi ke 1-cTpyéit B Hyse. CaienoBatesibHo, (4.17) cuMBOJIM3UpYeET 1Ba pa3-
HbIX pasJioxKeHHs1 0ToOpaXKeHust [ B MPOU3Be/IeHHE KOPPEKTHO OMpe/IesEHHBIX
oToOpakKeHHH.

Teopema 4.13 nokasbiBaer, uTo (DYHKUMOHAJbHbIE KOLEMH BO3HUKAIOT
Heu30eKHO TIpU ONUCcaHUH oToOpaxkeHusi I[lyaHkape n/is 3Je€MeHTapHbIX
MOJIULIMKJIOB.

Takum o6pazoM, Teopusi HOPMaJbHBIX (DOPM CBOAHUT TeOpPeMy O HeHaKOI-
JIEHWH K YHCTO KOMILIEKCHO aHaJUTHUECKOH TpobJeMe: 10Ka3aTh, YTO KOMITO-
3UIIMST KOHEYHOTO YHCJIa OTOOpPaKEHHH M3 ONpe/leéHHOTO KJacca He MOXKeT
MUMeTb 06ECKOHEUHOTO MHOXKECTBA H30JMPOBAHHBIX HEMOABHKHBIX TOUEK.

PaccmarpuBaemble Bhilie oto6paxenus [lyankape oGjanaioT nBymsi xa-
PaKTEpUCTHUECKUMH CBOWCTBaMH. BO-TepBbIX, B UX BBIPAXKEHHH YyUaCTBYIOT
(hyHKLHMOHAJIbHBIE KOllenH. Bo-BTOPbIX, KaK yKaszaHO Bbillle, UX PasHOCTb C
TOKI€CTBEHHBIM 0TOOpa’KeHHeM MOKeT ObITh Miockoi. Ha camom nene, ona
MOXKeT aaxke yObiBaTh ObICTpee, ueM OalllHs SKCMOHEHT C JIOObIM UYHUCJIOM

STaxKeu.
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Yro6bl 00bICHUTD 39TO, paCCMOTPUM TNPOU3BEACHHE

P=j;"ofy ohofyofo,

1
rie h(x) =x+x> u fo=e" ¥, kak B (4.9). To ke BbIUMCJEHHE, UTO U B KOHLIE

nyHkra 4.4, naér:
. *r
[ xlog(I+ /o)’

P=l " ohofy= al —x+0(e").

I = xlog(l — e~ log(1 + fo© o))

Wrak, pasHocTb P — x yOblBaeT Kak JBOHHasi 3KCIOHeHTa. AHaJIOTHUHO, J/Is
Jo60ro 71 MOXKeT ObITh TIOCTPOEHA KOMITO3HILIHSI TeX »Ke 0ToOpaKeHHH, KoTopast
OTJIMYAETCH OT TOXKJECTBEHHOTO Ha MOMNPaBKy, yObIBaIOlLyl0 OblcTpee, ueM
Oalliisi U3 11 IKCTIOHEHT eXp(—eXpoexpo - - -oexp %). Hanomuum, uro fo—
3T0 0TOOpaKEHHE COOTBETCTBHUS /ISl MPOCTEHILIErO CEAI0Y3/a NPH TPaBUJIb-
HO BbIOpaHHBIX TpaHcBepcassx. [locsie 3TOro craHjapTHasi TEXHHKA CKJeek
T03BOJISIET TOCTPOUTE MOJHULHMK/ aHATUTHUECKOTO BEKTOPHOTO T10JIs, 0TOGpa-
»enue [lyankape koToporo copnajaet ¢ otoOpaxkeHueM P, oruCaHHbIM BbILIE;
cM. [28].

CpoiictBa otoOpaxenus [lyaHkape, ykazaHHble Bbllll€, CJIy?KAT HCTOUHH-
KOM CYIIECTBEHHBIX TPYJIHOCTEN B JI0KA3aTe/bCTBE TEOPEMbI KOHEUHOCTH.

JlokasaTesbCTBO MCIMOJb3YET CrieldajbHble aCUMITOTHUECKHE PSIbl JJIsi
M3ydyaeMbIX Cyrnepro3ui. YseHsl 3THX psinoB He KoJsieOatores. CrenoBaTenb-
HO, ecsii 0ToOpaKeHHe MMEET MOMPaBKy ¢ OECKOHEUHbIM UMCJIOM HyJeH, TO
ACUMITOTHUECKUH PSIJL VIl ITOH MOMNpaBKH paBeH HyJi0. Teopema dparmena—
Jlunneneda ais Kouerned (6osiee caoxXHasi, ueM 4.12) yTBepaKJaeT, uto Takas
NonpaBKa TOXKJAECTBEHHO paBHA HyJ10. DTOT MOAXOJ ocyllecTBaéH B [104].

AsbTepHATHBHBIN MOJAXO0J K TEOPUH HOPMAaJIbHBIX (POPM TMpeIoKeH DKa-
JieM, KOTOpbIH co3naJj Teopuio pecypeermuoix ¢yuxyui [82], [83] u [84].
Mcnosib3yst 3Ty Teopuio, OH JlaJl APyroe 10Ka3aTeJbCTBO TEOPEMbl KOHEUHO-

cTu [85].

hi=fy'ohofy=

§ 5. WlecrHaauaras npo6aema [Mab6epra u Teopus
oudypkauui

HauHeM ¢ OCHOBHBIX pe3ysbTaToB W Tpo6JeM TeopuH GHupypKaumil Ha
MVIOCKOCTH. 3aTeM JaJlM KpaTKuid 0630p TEOpHH MaJjlouseHOB. DTa TeopHs
SIBJISIETCSl OJIHUM M3 OCHOBHbIX OpyIWi B pelleHHH npobsembl [uabbepra—
ApHoJibaia U151 BEKTOPHBIX MOJIel ¢ 3JeMeHTapHbIMH 0coObIMU Toukamu. Ha-
OGPOCOK ITOr0 pelleHHsl COCTaBJ/sET OCHOBHYIO YacTb naparpada.
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5.1. Kpatkuit 0630p Teopuun 6udypkauuii Ha NJIOCKOCTH

B pasButuu teopun 6udypKallii MOXKHO BbIIEJIUTb TPH OCHOBHBIX UACTH.

1. ITogpo6Hoe uccnenoBanne 20kasvHolx bugyprayuil, T. e. GUypKauni
0COObIX TOUEK W MEePUOIHUECKUX OPOUT B CEMEHCTBAX C MAbIM HUCAOM NA-
pamempos.

2. TMonpobHoe uccienoBaHue GUMYpKaALUA NOAUYUKAOB B CEMENCTBAX C
MAABIM HUCAOM NAPAMEMPOS.

3. ®opMy/JMpOBKAa M J0KA3aTeJbCTBO OOLIMX TeopeM O OUdypKauusx
MJIOCKUX BEKTOPHBIX MOJIEH B CEMEHCTBAX C NPOUZBOALHO OOAbULUM HUCAOM
napamempos.

B sTOoM KoHTeKCTe MaJibiMH siBJsTIOTCSl yucaa 1, 2 u 3. KiaccHueckum
pe3yJIbTaTOM B MePBO UaCTH sIBJIsIETCs1 3HaMeHuTast Gudypkaiust AHOpoHo-
sa—Xonga: poxkaeHne NpelesbLHOro LKMKJA MPH MoTepe YCTOHUUBOCTH 0CO-
6011 Touko#. CoBpeMeHHbIH MepuoJ B PA3BUTUH TEOPHH OTMEUEH MPOPLIBOM,
coBepwéHHbiM BornaHoBbiM 1 TakeHcom, KoTopble HccsenoBain Gudypka-
M0 KOPa3MepHOCTH 2 0co60H TOUKH C HeHyJIeBOH HUJILIIOTEHTHOH JIMHEHHON
yacteto [12] , [13] u [157]. XoTs JoKajbHble OHypKalHUH KOpa3MepHO-
CTH 3 uccJenoBaHbl goctatouno noapooHo [80] u [81], kaxkerces abcostor-
HO Ge3HaN&KHbIM MOJYUUTh JleTajbHOe onucaHue OudypkalMili B Kopasmep-
HOCTH 4.

Jlokaneroie bugypkayuu 6 nAOCKUX cucmemax ¢ cummempuani o6-
pasyloT IPYrylo BayKHYIO0 4acTb Teopuu. CeMelCTBa TAKOTO THIA BO3HUKAIOT B
pesyJibraTe (PAKTOPU3ALMH THIHUHBIX MHOTOMapaMeTPHUECKUX CeMEeHCTB, KO-
TOPbIE OMUCHIBAIOT MOTEPIO YCTOHUHBOCTH MPOCTPAHCTBEHHBIM T€PUOAHUECKUM
peleHyeM, a Takxke Gudypkalmu kopasmeproctd 2 B R? u RY, [1], [52], [21]
u [162].

B nacrosiiiee BpeMmsi Teopusi JioKaslbHbIX OUYpKAUMH MuUnU4HbLX Ce-
Melicma BEKTOPHBIX T0JIed Ha MJIOCKOCTH MpaKTHUeCKH 3aKoHueHa; cM. [2]
1 [65] u npuBenéunyio Tam snurepatypy. [locnennssi MoHorpadusi COnepKUT
MOJIHOE OMUCAHHWEe OCHOBHBIX Pe3YJIbTaTOB JIOKAJIbHOU TeopuU GUdypKalllii Ha
MJI0CKOCTH, mosiyueHHbIX B 70-e u 80-e rojnl Hapsity ¢ GoraTtoi 6ubanorpa-
¢uelt BnoTh 10 Hauata 90-x ronos. ITosToMy 31ech Mbl yOMMHAeM JHLIb
HECKOJIbKO CCbIJIOK.

HccnenoBanue JoKajdbHbIX OUPYpKAUMH HOAUHOMUAALHOLX BEKTOPHBIX
noJjiefl CBSI3aHO, B OCHOBHOM, C BO3MYILIEHHUSIMH OCOOBIX TOUEK THIA LIEHTP.
3uamenuras teopema Bayruna [10] yTBep:kiaer, uTo Bo3MyllleHHe 1IeHTpa B
ceMelCTBe KBAJPaTHUHBIX BEKTOPHBIX MOJIEH MOXKET MOPOJUTh He 0oJjiee Tpex
TnpefesbHBIX LHKJIOB Majol aMmuuTybl. CoBpeMeHHOe 1I0Ka3aTe/bCTBO ITOM
TeopeMbl MOXKET ObITb HaiaeHo B [160].

Ksaccuueckue pesyJsibTaTbl TEOPHH HeJOKAbHBIX OU(YypKalWi NpUHae-
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X0

AN S
s

(b)

Puc. 7. (a) Bucpypkayuns netaun cenapatpucsi. (b) Bugbypkaums roMoknnHn4eckoi
opbuTel cegnoyzna. (c) Ancambab «rybbiy

»KaT AHIPOHOBY M OTHOCATCS K GH(YpKaLMsIM TMETIH CernepaTpuchl U TOMO-
KJHHUYECKON OpPOUTHI CeyioyaJa; cM. puc. 7, a, 6. CIIMCOK Bcex TMOJMHMIUKIIOB,
KOTOpPbI€ MOTYT BO3HUKHYTb B THITMUHBIX JIBYX H TpeXnapamMeTpHuecKux cemeii-
CTBax (Tak HasblBaeMblil 300napk Komoasoii), Obll NoJyueH JUllb HeNaBHO;
cM [119]. LUMKAMYHOCTD 2JIeMeHTapHbIX MOJULMKIIOB U3 TOro crnucka Oblia
uccaenoBana B [49] u pestomupoBana B [107]. Budypkauuu nojdunk/ios
KOpa3MepHOCTH 2 Gblan HcceoBanbl B [79]; cM. Takke [147] u ykazaHHylo
Tam surepatypy. Teopusi GyeT nouTy 3aKoHueHa, Korjaa 6ugypKalli Beex mo-
JIMUMKJIOB U3 3oonapka KoToBoil OyayT onucaHbl; 3TO ONUCAHHE B HACTOSIILIEE
BpeMsl J1aJieKo OT OKOHUAHHUSI.

O6wast MHOronapameTpuueckasl TeOpusi HaXoUTCs B HauaJbHOH CTajilH
CBOEro pa3BuTHsl. [v1o6aJsibHasi Iporpamma HccJ/el0BaHuil B 3Tol 06J1acTH elé
He nmpeaoxkeHa. ApHoJIbI B [2] cripalliuBas 8epHO Ail, 410 04 400020 HUc-
Aa napamempos k cnucox cmandapmuolx bupypkayuti, Komopoe mo-
eYm B03HUKHYNMb 8 MUNUYUHbLX R-napamempuiecKux cemeiicmsax, Kone-
yen? OTBET OKasasicsl OTpULATENBHBIM Aaxe aas k =3, cM. [119]. [1puunna
COCTOMT B TOM, UTO BBbIPOXKJEHHE KOPa3MEPHOCTH 3 MPHUBOJIHUT K BO3HHKHO-
BEHHUIO HENpepbIBHOrO CeMeHCTBA MOJMLUMKIIOB, TAK Ha3blBaeMOro «aHcamoJs
“ry6bl”»; cM. puc.7, ¢. [1ns Jio6oro uncsaa L BbIpOKIEHHOE BEKTOPHOE M0JIe
MO2KeT ObITb MOCTPOEHO TaK, UTO GU(YPKALMK STOTO MOJS B THIIHYHOM TpeXxIia-
paMeTpuyecKoM ceMeHCTBe MopoasT 6oJsee, ueM L npenenbHbIX 1HKA0B. [1pu
3TOM, GoJiee, ueM L MOJIMLMKIIOB CeMEHCTBa, OJHOBPEMEHHO MOPOXKIAIOT Npe-
JleJIbHBIA LIMKJI, KOTJa apaMeTp MeHsieTcsl BOJIM3M KPUTHUECKOro 3HaueHHsl.
Kaxnplii noJuuuka ancam6J1si HMEeT LUKJIWUHOCTb He Godiblile 3.

Hexoropble Oudypkalyd B MHOTrornapaMeTpUuecKuX cemelcTBax Obli
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u3ydenbl B [34], [144], [133] u [116].

[Tpo6nema [wnbGepra—ApHosbaa, Hapsity ¢ npobiemoit 2.3 u3 § 2 npen-
CTaBJIsieTCsl OCHOBHOH B 3To#i o6JsiacTh. Pelenne npobsembl [unpbepra—
ApHosbaa ajisi asemenmaprolx noauyuxaos, [112], [107] u [117], nameue-
HO, HauMHasi ¢ MyHKTa 5.3.

5.2. Tlporpamma-121 Jromopthe—Pyccapu—Pycco

Kak ykazano B § 2, npo6JsieMa KOHEUHOH LUKJIUUHOCTH TOJIUIMKJIOB TECHO
cBsizaHa ¢ 16-#i npobsemoii [nibGepra. B uactHOCTH, npuBOAMMAsT HHXKe
runoTesa, BJAeU&T cyllecTBoBaHue uucaa fH(2), (BepxHel rpaHuLbl UHCIa npe-
JleJIbHBbIX LMKJIOB KBaJPAaTHUHbIX BEKTOPHbIX MOJEH Ha MJIOCKOCTH).

Iunoresa ([78]). Kaxplil moJnLKKI, BO3HUKAIOLKH B ceMeHCTBE KBaapa-
THYHBIX BEKTOPHBIX 110JI€H HA MJIOCKOCTH

XZPQ(X, y)’ y:QQ()C, _1/) (51)

HUMeEET JIMIIb KOHEUHYIO HHKJIWYHOCTD.

KBajpatuuHble BEKTOPHbIE MOJIST OTHOCUTENLHO MPOCThl CPEAN JPYTHX MO-
JIMHOMHAJ/IbHBIX BEKTOPHbIX MoJel. Hanpumep, Kaxnas 3amkHytas ¢azoBasi
KPUBasi TaKOro TOJISl BbIMYKJA U CONEPKUT He GoJjiee OJHONH 0co6Oil TOUKH
BHYTpH cebs [68]. IlpeacrasisieTcst peajMCTHUECKUM JAaTh MOJHBIH CIIUCOK
TOJIMIMKJIOB, KOTOPblE MOTYT BO3HMKHYTb B CeMeHCTBe KBaipaTHUHBIX BeK-
TOPHBIX TIOJIEHl M J0Ka3aThb MX KOHEUHYI0 LMKJMYHOCTb. [lepBbIf 11ar 3To#
nporpaMmmbl 61 ciieqian B [78], riae Obll cocTaB/eH MOJHbIA CUCOK U3 121
MOJIMLKMKJIA, BO3HUKAIOUIMX B CEMEHCTBE KBaJpPATHUHBIX BEKTOPHBIX TOJEH.
B cepuu pabor [78], [77], [97], [148] u [76] Obla noKazaHa KoHeuHast
IUKJMYHOCTb 82 MOJMIKMKIOB M3 3TOro crucka. MoxKHO HafesiTbCsl, UTO Ha
9TOM MyTH GYyJIeT I0Ka3aHo cyllecTBoBaHue uncaa H(2). Oanako coBepiieHHO
SICHO, uTO jaxke aasi H(3) 3ToT noaxon aGCoOIOTHO HepeasuCTHUEH.

5.3. ypaBHeHl’lﬂ HUUKJIHUYHOCTH AJil 3JE€MEHTAPHbIX MOJHULUKIOB

B ocratouleiicst yactu naparpada naércs HabpocoK 10Ka3aTesnbCeTBa TeO-
pem 2.3 u 2.4. OH ocHOBaH Ha meopuu marourernog XopaHckoro [118],
HaMeUeHHOH B CJIe/lyIOlLeM MOMYHKTeE.

[TycTb ~ — MOJIMIMKJ, BO3HHKAIOLIMH B THIIHUHOM k-TapaMeTpHUeCKOM
ceMelCTBe MJIOCKMX BEKTOPHBIX mnoJei. [lycTh € — MHOroMepHbIil mapameTp
cemeficTBa; € = 0 COOTBETCTBYET YPAaBHEHHIO C MOJHLMKIOM 7.

PaccmorpuMm 3aBucsiulee oT napamerpa otoOpaxenue [lyankape P(x, €)
MOJIMLMKIA 7. YpaBHEHHE LUMKJIUMUHOCTH MO3BOJISIET HAUTH HEMOABHKHbBIE TOU-
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KH 3TOTO OTOOPAXKEHUS:
P(x, €) = x. (5.2)

3aMeHUM 3TO ypaBHEHHE CUCTEMOH ¢ GOJIbLIMM YHCJIOM YpaBHEHUH, HO OoJiee
npocToil JeBoil yacTbio. YToObl 9T0 cae/aTh, OTAGMUM Kaxiyto Bepiiuny O;,
j=1,..., n nonuuukaa AByMsI TpaHCBepcassiMH I‘;r u I'7, Tak uro Tpa-
eKTOPHH BXOJSIT B OKPeCTHOCTb Toukh O; uepes F].J“ H BbIXOAAT uepes I';.

[Tycts A;: F].+ -1 — oTo6paKeHHe COOTBETCTBHS BJI0JIb 0pOUT. [Tosnuuki
SIBJISIETCS 9JIEMEHTAPHbBIM; CJIE/IOBATENbHO, €r0 BEPUIMHBI — CE1a UJH CeJI0-
yaubl. lechopmaiinu 5THX 0COOBIX TOUEK MOTYT ObITh MPUBEJIEHbI K HOPMaJIbHOM
dopme B cootBeTCTBHH ¢ TeopeMoi 4.9. Otobpaxenns A COOTBETCTBUS 151
ypaBHEHHUH 3THX CEMENCTB B OMNpeeNéHHOM CMbICJe CTaHAAPTHbI.

C npyroft CTOPOHEI, MYCTb fj: Iy — I‘!.erl — oToOpaKeHHsl BOJb pe2y-
A9pHoLx wacmed TpaekTopuil. O6 3THX 0TOOpAKEHUSX HHUEro HeJIb3sl CKa-
3aTh, KDOME TOTO, UTO B TUITMUHBIX CEMEHCTBAX OHH Y/IOBJIETBOPSIOT YCJAOBUSM
OOUIHOCTH TMOJIOXKEHHUS].

[TycTb X; u y; — KapThl Ha F!.+ n I, coorsercrBento. [1pesebHbie WHKIIbI,
NOPOXKAEHHBIE MOJHUIMKIOM Y B pacCMaTpUBAeMOM CEMEHCTBe, MepecekaioT
BCE OTPE3KH F].i npu mMagbix €. Toukn nepeceuenns x; € F]-J“, yj € l'; ynosne-
TBOPSIIOT CHCTEME!

Yi=A08c(x),  xj01 = Jie(y)) (5.3)

OHa HasblBaeTCsi ypaBHEHHEM LIMKJUUHOCTH; 3TO Ha3BaHHe H YIOMSIHYTO B
3aryiaBuu pasyeda.

UucI0 BEPUIMH MOJMIMKJIA, KOTOPbI BO3HUKAET B THIHUHOM kR-rapa-
METPUUECKOM CeMEeHCTBE, He MOXKeET ObITh Godibliie, ueM k. CJ0XKHOCTb ITHX
0coObIX TOUEK B OMpeNeJEHHOM CMbIC/E TaKxKe OrpaHuueHa 3HaueHHeM R.
[Tostomy cemefictBa dyHkumit A;. B cucteme (5.3) GepyTcsi H3 HEKOTOPOTO
«CTaHIApPTHOTO CIHCKAa», 3aBUCSIIETO TOJBKO OT £ M 1aBaeMoro TeopeMoit 4.9.

OyHaKo 3TH (DYHKUMH TPAHCLIEHIEHTHBI, H C HUMH HEJIETKO OMepHpOBAaTh.
B 88 rony $IkoBEeHKO Mpe/iozKu BOCMOJb30BAaThCS TEOPHEH Masou/ieHOB X0-
BaHCKOTO, uTOObl HccJjenoBath cuctemy (5.3). Brepsbie Teopus magouse-
HOB OblJa MPUMEHEHA K HCCJeNOBaHHUIO TpeaesbHbiX Lukiaos Myccio u Po-
wem [134].

5.4. Ha6pocok Teopuu majouneHos |[118]

OcHoBHa$1 1lelb TEOPUH MAJIOUJIeHOB COCTOUT B TOM, UTOObI OLIEHHBATH
YHCJIO pellleHHH CHCTeM depe3 CJOXKHOCTh caMux cucreM. Hanpumep, unciio
MOJIOXKUTENbHbBIX HYJIEH BEUIECTBEHHOrO MOJHHOMA OT OJHOH MepeMeHHOW He
NPEBOCXOJUT UMCJIa MepeMeH 3HAKOB ero KO3 QUUMEHTOB MpH YCJOBHH, UTO
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uJieHbl ynopsiioueHbl 1o crenenu (npasuso ekapta). CienoBaTtesbHO, Ync-
JIO MOJIOXKHUTEJbHBIX KOPHEH MHOroujieHa He MPEBOCXOJUT YHCJIA €ro WieHOB,
HE3aBUCHUMO OT TOrO, KAKOBA €ro CTeneHb. DTO MOTHBUPYET HAa3BaHHE TEOPHH.

Teopusi ocHoBana Ha npouyedype ucKaOUeHUs 041 PYHKYUOHANbHO-
ngaggosvix ypasrernudi. IlpocTellnil MpUMep COCTOUT B CJIEIYIOLIEM.
[lycts w = A dx + B dy — nosHomMuasbHas 1-hopma. OGo3HAUMM uepes ~y
KPHUBYIO, KOTOpasi pas3jesisieT MI0CKOCTh Ha J[Be YacTH, Y/OBJETBOPSIeT ypaB-
HeHuio w = 0, ¥ He COJePIKUT 0COOBIX TOUEK POPMbI w, 3aIaHHbIX YPABHEHHEM
A=B=0.TIlyers | = {F =0} — 3amxuyras ajre6panueckasi Kpuasi. 3aj1a-
ya COCTOUT B TOM, YTOObI OLEHHUTb YHCJIO TOUEK IepeceueHust [ u 7.

[Tpeanosioxkum JiJist MPOCTOTHI, UTO TepeceueHust STHX KPUBBIX TPaHCBEP-
caJIbHbI; OOLIME CJyyail CBOAUTCS K MpeblayliemMy. BoibepeM npou3BoJibHO
opueHTalMio Ha KpuBo# [. [lyisi M0GBIX ABYX COCEIHHX TOUEK IepeceueHHust
KPUBBIX [ U -y 3HAueHHsi GOPMbl w Ha KacaTesibHbIX BEKTOPax K KPUBOH [ B
ITHX TOYKAX UMEIOT pasHbie 3Haku. [Tostomy, o Teopeme Posusi, cytiectByer
10 KpafiiHell Mepe 0JiHA MOUKA KOHMAKMA MEXKIY STHMH KPUBBIMH, a HMEHHO
Touka, rie w = 0 Ha KacaTeJpHOM BeKTOpe K [. B 371011 Touke dopMbl w 1 dF
JMHelHo 3aBUcHMBL: w A dF = 0. CaenoBaresibHO,

#{yN 1} <{F =0, x(wAdF) = 0}. (5.4)

Onepartop * onpenenén dopmyoi: wAdF =*x(w AdF)dx ANdy. Cucrema B
npapoit yacTtu (5.4) MOJIMHOMHAJIbHA W YHCJIO €€ pelleHHH MOXKeT ObITh olle-
HEHO CBepxy Mo TeopeMe besy.

PaccMoTpuM Terepb CHCTEMY, KOTOpasi COJEPXKUT TPaHCUEHIEHTHbIE
(YHKUHMH, SIBJSIIOLIMECS] PElIeHUsIMH MOJHHOMHAJbHBIX AU((epeHIHatbHbIX
ypaBHeHHH. BMecTO 3THX TpaHCUEHIEHTHBIX (PYHKIME MOXKHO PacCMaTpUBaTh
COOTBETCTBYIOIIME JH(depeHIMaIbHble YpaBHEHHs. DTO JAT Tak Ha3bl-
BaeMyw @yuryuonaroro-ndaggosy cuctemy. C TMOMOLIBIO MPOLELYPbI
UCKJIIOUEHHUsI, Ulest KOTOPOH OmHcaHa B MpeblAylleM MpuMepe, MOCJe/HsIs
CUCTeMa MOXeT ObiTb 3aMeHeHa YHCTO (DYHKIMOHANLHOH C HEMEHbLIIUM
yucJjioMm petennil. Ecoin 31a HoBasi cucTemMa MmosiMHOMHAJIbHA, TOTA UUCJIO €8
pellieHUi MOXKeT 6bITh OlLlEeHEHO CBepXy Mo TeopeMe besy.

ITOT MOAXOJ MOXKeT ObITh NMPUMEHEH B ropasao GoJiee HIMPOKOM KOH-
Tekcte. [IpuMeHeHHe Teopuu MasiousieHoB K cucTeMe (5.3) OCylIeCcTBJsIeTCs
cJielylolM 06pa3om.

Teopusi HopmasbHbIX hopM, a UMeHHO TeopeMa 4.9 MAéT KOHEUHbIH Criu-
coK (yHKUMA A;., KOTOpble MOIYT BOSHHKHYTb B cHcTeMe (5.3) s Jio60ro
(hMKCPOBAHHOTO UHCJIa apaMeTPOB B COOTBETCTBYMOIEM ceMelicTBe. Kaxknast
(hYHKLMS U3 3TOTO CIHUCKA SIBJSIETCS pellieHHeM TOJMHOMHANLHOTO JHudde-
peHlLManbHOro ypaBHenusi. Hampumep, Hepe3oHaHcHOe Celio 3a1aét 0To6pa-
KeHue cooTBeTcTBHs § = xM® . DTa dyHKUMs ABAsETCS pellenneM ypaBHeH s
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xdy—XMe)ydx=0.

Takum o6pasom, ucrnosbdysi Teopemy 4.9, Mbl MOXKEM 3aMEHHUTb CHCTEMY
(5.3) Pynkyuonarvro-naghosori cucTeMoln ¢ HeMEHbUIUM UMCJOM pe-
LICHUH:

wj(xjv Yj, E) = 0’ Xi+1 = f/é‘(y]) (55)

3zech wj — NoJHHOMHaAJIbHEIE 1-opMbl OT Xj, y; ¢ Ko3(dHLMeHTaMu,
3aBHCSILLMMH OT napamerpa €. Pynkunu y; — Aj(x;, €) yIL0BIETBOPSIOT ypaB-
HeHHsIM wj = 0. PopMbl w; 6epyTes U3 KOHEUHOTO CITHCKA, 3aBHCSILLEr0 TOIbKO
OT YHCJIa mapameTpoB k.
HMcnoabayst npolienypy HekimoueHnst X0BaHCKOTO, MOYKHO CBECTH CHCTEMY
(5.5) K caenytolied:
Poj"f=a. (5.6)

B 370l ¢ ucreme P — nosiMHOMHA/IbHOE OTOOpaXKEeHHEe U3 HEKOTOPOTO KOHeu-
HOTO, 3aBUCSIILIETO OT K, CIHCKA;

1Y) = (NieW1), - fneyn)); (5.7)

m — HaTypaJibHOe uucJlo, 3aBucsiulee oT k. HabGop [ siBasieTcss THNHUHBIM B
Knacce Bcex otobpaxkenuit (5.7), rae f[j., npy (QUKCUPOBAHHOM &, 3aBMCHT
TOJILKO OT y;. DTOT Kjacc obo3Hayaercs yepes C ot Cartesian. Uucsio m B
cucreme (5.6) 3aBucHT OT k, j™f — m-cTpys QyHKUMM [ B HyJe, [ paccmar-
pUBaeTCsl Kak BEKTOp PyHKLMsS OT Y, U CTPyst GepéTcsi Mo nepeMeHHon y; a —
NocTosiHHBIN BekTop. [Ipouenypa cBeneHus rapaHTHPYET, UTO UHCJIO PelleHHi
cucteMbl (5.D) He MPEBOCXOMUT uucaa pelleHHi (5.6), B MpeANnoJoKeHHH,
YTO @ MeHsieTCsl B TpefiesiaxX ClellHaJbHOro MHOXKECTBA, HaTIOMHUHAIOIIEro BO-
poHky ¢ BepiuHo# 0. OcHoBHasi mpoGjeMa COCTOMT Telepb B TOM, UTOGHI
OLEHUTb UMCJIO pelleHnH cuctemsl (5.6).

5.5. LenHble oTo6paxkeHuss U oueHKa cBepxy ans £ (k)

Hac unrepecyer olieHKa cBepXxy umMcJ/a Majibix pelieHui cuctemsl (5.6) s
MaJibix @. JIpyrumu cjoBaMH, HaC HHTepecyeT YHCJI0 MaJsblX Npoo6pasoB Tou-
KH, 6J1M3Ko# K 0, ToJ1 ieficTBHEM LienHoro otoOpaxenus Po j™f, rne P — duk-
CHpOBaHHOE TIOJIMHOMHANbHOE OoTOGpaykeHHe, a f— THNHUHOe oToGpakeHue
13 kjacca C. MajiocTb a, BMecTe ¢ JOpPMyJIMPyeMbIMH HHXKe OrpaHUUeHHSIMH
Ha a, MOTYT ObITb o0ecreueHbl B X0/le MPUMEHEHHs! MPOLLEyPbl HCKJIOUEHHS
XoBaHCKOro.

CyulecTBOBaHMEe TPaHMLbI, YIOMSIHYTOH Bbille, Obl10 A0KazaHo B [112].
Tounast oueHka Obla noJydeHa HepaBHo Kasouwmnbim [107] u [117].

KaoueBasi unest Kasoumna, kotopasi mo3BoJinjia eMy OLLEHHTb UHCJIO pe-
LIEHUH cucTeMbl (5.6), U, CJe10BATENbHO, MOJYUUTb BEPXHIOID OLEHKY s
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E(k), coctout B caenywoiieM. [TockonbKy oToOpaxenue (5.6) nMeeT JoKasb-
Hbll Xapakrep, a Habop [— obuiero noJoxeuusi, ctpys jf mMoxer ObiTb
3aMeHeHa JIMHEHHbIM oToOpaxeHueM 0e3 yMeHbLIEeHHs uhcsa pelieHuid. dta
peyKLisi OTUPaeTCsi HA HOBbIE Pe3yJIbTaThl B TEOPHH CTPATHU(HUKALMEL, MOJY-
uenHble Kasommubiv [117]. CaieoBaTeibHO, UMCJIO peliieHn# cuctembl (5.6),
B COOTBETCTBHH C TeopeMoil beay, olleHHBaeTcst CBepXy NMPOU3BE/IeHHEM CTe-
NeHell KOMITOHEHT BEKTOPHOTO MHOTOUJIeHa P. DTU CTEreHH KOHTPOJUPYIOTCS
C TIOMOLIbIO TIapaMeTpa k, HauWHas co CMUCKa cucteM (5.3), U B Xoje Bcel
npoueaypbl uck/aoueHus. OULEHKH 3THX CTereHel JaloT BEpPXHIO IPaHULly
ast E(k): E(k) < 2%%; cm. teopemy 4 B naparpade 2.

YnomsiHyTas Bblllle KjoueBas ujaesi MoxKeT ObIThb C(HOpPMyJHPOBaHA CJle-
JIYIOLLIUM 00pa3oM.

Teopema 5.23 (teopema bBe3y aas uwenHbix otob6paxenuit [117]).
Paccmompun npoussoavroe noaurnomuaibroe omobpaxcenue P: RV —
— R", umeioujee 8 HEKOMOPbLLX MOUKAX MAKCUMAALHOLIL paHe 1, npu1ém
P(0)=0. Toeda cyuecmsyem caedyrowuti HabOp, 3Q8UCAULUL MONLKO
om P:

— HamypaavHole yucia | u M;

— auaeebpaureckoe NOOMHONCECMBO Y. 8 NPOCMPAHcmee Ccmpyt
TR, RV).

Imom nabop umeem caedyrouee csoicmso. lycmo Ksy — obaacme
muna 80pOHKU

Ksu={acR"|0<a <6, 0<a <(a...a)”, j=1,...,n—1}.

Toeda das kasxcdoeo omobpascenus [: (R, 0) — (RY, 0) makoeo, umo I-
cmpyiiHoe paculuperue [ mparcsepcaivHo X, cyujecmsyem okpect-
Hocmo U wyas 8 R" u noarosxcumenvroe 6, makue, 4mo 4ucio peuleHul
ypasuenua Pof(x)=a, x € U, daa aoboeo a € K5y He npesocxooum
npousgedenus cmenenetll KOMNOHEHN BEeKMOPHO20 MHO2oUAeHa P.

Bosiee cunbHBIA BapuaHT 3TOH TeopeMbl, B KOTOpoM f 3aMeHeHO Ha j™f, U
TUMHUHOCTh 3aMeHsIeTCsl THITMUHOCTBIO B Kjacce C, (cM. (5.7)), TakKe JOKa-
3aHo B [117]. OH naér npenpiayiiyio sBHYIO OLEHKY uncsaa E(k).

§ 6. OrpaHuueHHble Bepcuu 16-i npo6aembl [Mab6epTa

[Tockosbky Hcxomnass npoGjema [usnbOepra ocTaéresi HEMpPUCTYIHOH,
€CTeCTBEHHO PAcCMOTPETh YNpoOLIEHHble e€ BapuaHThl. HemosHblil crincox
COOTBETCTBYIOLIUX NMPOGJEM TaKOB:
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— ypaBHeHue AbeJs;

— ypaBHenue JIbeHapa;

— uH(puUHUTE3UMaJIbHAsT IpobJeMa [unb6epra;
— npobaema [unb6epra—ApHoJbaa.

JBe mocsenHux npo6Jembl Obli cHOPMYJIHPOBAHbBI BbIlle; MePBble JIBE
00CYXK1al0TCs HHXKE.

6.1. YpaBHeHue Abens

Ypasuenue AbGesisi — 3TO ypaBHeHHE HA LUJIHHAPE, MOJHHOMHAJIbLHOE 110 Y
U TIepHoIMUecKoe Mo X:

n—1
Y _ o j R, xS 6.1
dx
0
KO3((ULMEHTBI ; CUHTAIOTCS JIMLLD HENPEPbIBHBIMHU, €CJIM HE OTOBOPEHO MPo-
THBHOE.
O6uias npo6jema COCTOUT B TOM, UTOObI MOJYUYHTb OLEHKY CBEpPXY JJIsi
yucJia MpeaesbHbIX LMKAOB ypaBHeHus (6.1). s Masblx 3HaueHd# n 3ta
OlLIEHKA MOXKET ObITb BbIpaxKeHa TOJIbKO uepe3 1.

Teopema 6.24 ([151]). g n < 3 uucaro npedesvHolx YUKAO8 YpaBHEHUS
(6.1) He nepesocxodum n.

[1pu n =4 npoucxoauT B3pbIB.

Teopema 6.25 ([123]). [Ipu n >4 ypasHenue Abeas modcem umemo
CKOAb YeOOHO MHO20 NpedebHolX YUKAO8.

BoJsiee Toro, He cyllecTByeT HUKAKHX OrpaHHUYEHHH HA roMeoMOp(hH3M,
siBJIstioLMiCsT oto6paxkenueM [lyankape st ypaBHeHuil AGedtsi.

Teopema 6.26 ([41]). Kaocdoili eomeomopgusm ompeska mogcem Ooimo
pasHomepHo npubauicén omobpasceruenm [lyankape 0aa nodxooaujeeo
ypasrenus Abeas.

Tem CaMbIM, YTOObI IOJIYUHUTL BEPXHIOIO IpaHUlly /g YKhcJaa MpeaesabHbIX
HHUKJIOB, HY?>KHO HaJIO2KUTb AOMOJHUTEJ/IbHbIC MPEAINOJI02KEHH T Ha KOS(b(bl/lLLl/l-
€HTDI.
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Puc. 8. Otobpaxenune [lyaHkape v BbITaJKUBAIOLUME CEKTOPbI AJISl YPABHEHUS
JlbeHapa

[Ipo6aema 6.1. Haiith BepxHIol0 rpaHuLy uuc/ia NpeiesbHbIX LHKJI0B ypaB-
Henust AGesist (6.1), Ko3hpULHEHTE KOTOPOTO @j — TPUIOHOMETPHUECKHE MO0-
JIKHOMBI CTETEeHH He Bhillle M. [paHuia 10/KHa ObITh BbIpaX<eHa TOJIbKO Yepe3
num.

Ata npobJemMa He pelleHa jaaxe npu m = l.

6.2. YpaBHeHue JlbeHapa

B cBoém cnucka npo6sem ans XXI Beka Cwmeitn [149] Briouns 16-10
npobsemy [unb6epra. B kauecTBe ynpouéHHOro Bapuatta oH ykasaJ Ha ypaB-
Henue JIbeHnapa

n—1
¥=y—Fux), §=—x, Fu(x) =x" + Z a;x’, n HeuétHo. (6.2)
I

CBoGOHbBIA uleH MHOrouwjeHa [, MoxeT ObITb CliejlaH HyJIEM C MOMOILLbIO
nepeHoca BA0Jb ocH 4. EnuHcTBeHHAs ocobasi Touka 3Toro ypaBHeHus — 0.
CuaienoBaTe/IbHO, CYUIECTBYET JIMLIb OJHO THE3N0 MPe/esbHbIX LIMKJIOB.

Bouiee Toro, ypaBHeHue (6.2) He UMeeT Mpefie/ibHbIX LIMKI0B BOJIM3U 6eCKO-
HeyHocTH. JleficTBUTeNIbHO, 3/eMeHTapHOe HccienoBanue [122] nokasbiBaer,
yto Touka (1 : 0) Ha 6eCKOHEUHOCTH UMEET THI «HEYyCTOHUNBbIH y3es». Caeno-
BaTe/bHO, CYLIECTBYIOT NapaboMueCcKHe CEKTOPbl, ¢ BEPLIMHON B 3TOH TOUKe
Ha 6eCKOHEUHOCTH, KOTOPbI€ BbITAJIKUBAIOT BCe OPOUTHI, CM. pHC. 8.

[po6aema 6.2. OueHUTb CBEpXy UMCJO MpelebHbIX LMKJIOB YpaBHEHHS
JlbeHapa (6.2) uepes creneHb n.
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B KkauecTBe KOMMeHTapHsi MpoUMTHpyeM mnaparpad u3 cratbd Cmefina
[149], cnerka uameHuB 0603HaUeHHS, UTOOBI MPUCTIOCOOUTL UX K TMPEblLy-
11IEMY TEKCTY.

«Mo2KHO 1oKaszaTh, UTo Bce pelleHus ypaBHeHus (6.2) BpalaioTest BOKpyr
e/IMHCTBEHHOH HenoasHKHON Touku (0, 0) 1o yacoBol cTpesiKe. DTH KpUBbIE
sajator otobpaxkenue Ilyankape P: RT — RT, rame RT — nosoxure/ibHas
nosyoch y. IlpenesnbHble UMK cUcTeMbl (6.2) — 3TO B TOUHOCTH HEMOJABHK-
Hble TOUKH oToOpaxkeHusi P. B passuuHbIX J0KJaAax s CTaBWJ BOMpoc 00
OLIEHKE YHCJIa TUX HENOJBHIKHBIX TOUEK (C MOMOLIbI0 KaKOH-HUOYb HOBOM
TeopeMbl O HEMOABHXKHbIX Toukax?) B oteer Jlune, ne Meso u I[bto (1977)
HalIJIH TPUMEpHI C ”—51 npeesbHBIMA MKJAMH M MPEJITOJIOKHIH, UTO YHCIIO
”2;1 NaéT BepxHIO oleHKy. OJHAKO JI0 CHX MOp HUKAKOH BepXHeH OLLeHKH

Buaa (deg F)d He HaiineHo. [lockosbKy P aHasmutHuHO, (6.2) MMeeT JHIIb
KOHEUHOE YHCJIO TIpeflesIbHBIX LMKJIOB IS KayKAoro f.»

Hamo 3amMeTHTb, UTO HUKAKOH OLIeHKH CBEPXY, 3aBUCSILIEH OT A1, AJIs Yhc/Ia
npelesbHbIX LMKJIOB ypaBHeHHUs JIbeHapa He HaliieHo BooOllle.

6.3. OueHKHU ¢ JONOJHUTEJbHBIMU OFPAHUYEHUAMHU

[lepBbIM 11aromM Ha MyTH K pelleHHio YIPOUIEHHBIX BapHaHToB 16-i nmpo-
6sembl [Mab6epra MoxKeT ObITh pellleHHe TaK Ha3bIBAEMbIX OepaHUYEHHbLX
gepcutl 3THX YNPOLIEHHbIX BapuaHToB. st ypaBHenn#i AGesst u Jlbenapa
3TO OrpaHUUEHHe HaJlaraeTcst Ha MaKCHMyM MOJYJsl KOS(PUUHEHTOB, H 3TOT
MaKCHMYM BXOJIUT B BEPXHIOIO OLleHKY. i MH(UHUTE3UMAIbHOH NpobJe-
Mbl [uib6epra 910 — orpaHrueHre Ha BbIGOp MHorouseHa H. st npo6Jembl
[win6epra—ApHOsMbIA 3TO OTpaHHYEHHE COCTOMT B TOM, YTO BCe OCOObIe
TOUKH ypaBHEHHs 3JleMeHTapHbI.

OTH orpaHuueHHble BepCHH ceHuac pellieHbl. PellieHde mocsenHed npo-
6seMbl o6cyxaanoch B §5. Peulenne orpaHuueHHON HH(UHUTE3UMAJIbHOM
npobGJsieMbl [UnbGepra o6cyx)aaetes B cienyolieM naparpade. st npobem
Abens u JIbeHapa 3TH pellleHHs] BHINISIAT CJELYIOINM 06pa3oM.

Teopema 6.27 ([106]). Paccmompum ypasrernue Abeas (6.1) ¢ oepanu-
yeHuem

la;(x)| < C. (6.3)

Toeda uucao L npedeavroix yuxkaos ypasrenus (6.1), (6.3) oepanuuerno

ceepxy KOHCMarmotu:
c3n

L<e
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Teopema 6.28 ([109]). Paccmompum ypasuernue Jloenapa (6.2) c oepa-
HuYeHuem

al<C, C>4 (6.4)
/

Tocda yucao L npedeavroix yukros ypasrenus (6.2), (6.4) oyernusaemes

c8epxy KOHCMaHmolu:
)C|4/I
L <ef

OueHkH, J1aBaemMble 3THMH TeOpeMaMmM, He TPeTeHIyIOT Ha peasucTHU-
HocTh. OJIHAKO 3TO €/IMHCTBEHHblE U3BECTHbIE B HACTOsIIlee BPEMSI OLEHKH
TaKoro poja.

[onxon K uccsenoBanuio ypaBHenuit AGesisi u JlbeHapa Takxke, Kak H
aGesleBbIX MHTErPasIoB, OCHOBAH Ha 000GIIEHHH HepaBeHCTBa MeHceHa, omu-
CaHHOM B CJIeJlyIOLleM TMOJTyHKTE.

6.4. Teopema o Hyasix U pocre Ajsi roJoMOpPHbIX GYHKIMHA

Paccmotpum nBa mHoxkectBa, U n K, pacnosioxkennbix Ha C nan Ha puma-
HOoBOH nosepxHocTH. [Ipennosoxum, uto U onHocBsisHo U K C U KOMNAKTHO
W JmHeiHo cBsidHo. Tlyeth f — rosomopdnas dyukuus 8 U. Hudeke Beph-
wmetina GyHKUMK [ 110 oTHouleHuio K U u K — 310

maxg |/|

BU,K(f) = IOg maxy |lc| :

Teopema 6.29 ([115]). Cywecmsyem ceomempuueckas KOHCMAHMA
~v(U, K), makas, umo

#{z € K|[(z) =0} <~(U, K)Bux(D.

Snauenue (U, K) moxcem 6oimo 63amo pasroim ef, ede p — duamemp
komnakma K 8 mempuke [lyanxape obracmu U.

Jnamerp p MoxKeT ObITh OLIeHEH B TEPMHHAX €BKJHMJIOBOH, a He runep6o-
JIMUECKOH reoMeTpuu. JlefcTBUTENbHO, MYCTh paccmonrue 80 8HYmMpeHHell
Mmempuke MexJy IByMsl ToukaMu K paBHO HH(UHYMY IJIMH KPUBBIX B K,
COEJIMHSIIOLIUX 3TH TOUKH. [1ycTb dint (K) — sHympennuti duamemp Komnax-
Ta K B cMbIC/Ie 3TOH BHyTpeHHell MeTpuku. OnpejiesieHrie UMeET CMbIC/ KaK B
cayuae, Korjga K pacnosioxkeno B C, Tak W B ciayuae, Koraa K npUHaLIEKUT
pumanoBo# noBepxHoct Haj C; B mocJ/enHem ciyuae METPUKA MOJHUMAETCS
¢ C na pumanoBy noBepxHocTb. [lycth € — 3a3op Mexkay K u QU B cMmbicsie
€BKJIMJ0BOH MeTpuKH, noaustoi ¢ C:

e=d(K, oU).

12 dynpamenTanbHas MaTeMaTHKa CErojHs



178 CrosietHsia uctopusi 16-# npo6iemsl [uabGepra

Teopema 6.30 ([106], [94]). Teopemna 6.6 soinoansemesa npu

2d; (K)

YU, K)y=e"¢

6.5. Tlpunoxenus Kk ypaBHeHusam Abens u JibeHapa

Orpanuuenust (6.3) u (6.4) nospoJisitoT ykasatbh objactb U, B KOTOpOil
ornpeneseHo otobpaxenue [lyaHnkape u MHOXKecTBO K, KOTOpoe nepecekaer
BCe MpejiesibHble UHKJbl ypaBHeHus (6.1) uan (6.2). Bosee noapo6Ho, nycThb
{x =0} — tpancBepcasbHoe ceuenune u P: y — P(y) — oroGpaxenue [lyan-
Kape, paccMmarpuBaeMoe B cBoel obJiacTu orpefesenus. Teopema o Hyssix
W pocTe MpHUMeHsIeTCs K Pa3HOCTH [ = P — y, HyJM KOTOPOH COOTBETCTBYIOT
npe/e/bHbIM LHKJIaM.

W3 ouenku (6.3) cnenyer, uto ypaBHenne AGessi (6.1) moxoxe Ha ypaBHe-
Hue g = y" BHe otpeska o = {|y| < 2C + 1}. Bosiee noppoGHO, Bee peliieHust
C HauaJbHbIMKM YCJIOBHSIMM Ha I'\ o yX0[AT Ha GECKOHEUHOCTh paHbllie, uem
yCreBaloT ceaTh OfMH 060POT BOKPYT LMJIMHAPA B MPSIMOM HJIH 06paTHOM
BpeMeHH. [ToaToMy MOXKHO BbIIE/UTh 0TPe30K K C o, Ha KOTOPOM orpejiee-
Ho oToOpaxenue [lyankape ypaBHeHus (6.1), U Takoii, uTo Bce mpeesbHble
LMKJbl 3TOro ypaBHeHus nepecekator K. danna K nopsaaxka C. CranpaptHas
TeXHHKa, OCHOBaHHasi Ha HepaBeHCTBe [poyHoJsuIa, MO3BOJISIET MPOJOIKUTH
oro6paxkenue [lyankape ypaBHenusi (6.1) B e-okpectHocTh MHOXKecTBa K B C
npu & = exp(—C?"). IIpupatuenue [ 3Toro NpoAoJKEHHOro 0TOGpaXKeH st Mo-
npexxuemy umeet nopsiok C. [Tostomy nnpexke Bepuiuretina By k(f) nopsia-
ka 1, a reometprueckas koncranta vy nopsiaka e?© ' A1or MHOKUTED
BbIPAYKAETCsl TPOHHOM IKCTIOHEHTOH U3 TeopeMbl 6.4, ecan 3amennTh O(C)e ™!
Gosblieil BesrunHoi exp C3.

[Toaxon k ypaBHeHuto JIbeHapa ananoruued. HepaseHcTBo (6.4) rnosso-
JISIeT OLIeHUTb pa3Mep BBITAJKHBAIOLUIMX CEKTOPOB Ha GeckKoHeuHocTH. OHM
MMEIOT BH]L

Dy ={(x, y) eR*|x>2C, |y| <7},

D_={(—x, y) €R*|(x, y) € D1 };

cMm. puc. 8. [Tocse sToro uccsenoBanye ypasHenus JIbeHapa nmpoBoauTCs TaK
ke, KaK M ypaBHeHHs AGesst, TOJbKO TEXHHUECKHE TPYIHOCTH HECKOJIBbKO
6oJbLie.

EcrectBennasi mpo6jemMa COCTOMT B TOM, UYTOOBI OTKa3aThCsl OT OTpaHH-
ueHui (6.3) u (6.4). Orpanuuenue (6.3) LO/KHO ObITb 3aMEHEHO MPEodo-
»KEHHeM, MOX0XKHUM Ha ycjoBue npobJsembl 6.1. Orpanuuenue (6.4) noJKHO
ObITb MPOCTO CHAATO. KaKeTcst BePOSITHBIM, UTO 3TO MOXKHO CAe/1aTh METOAAMH
TEOPHH CJIOEHHH Ha aHAJUTHUECKHe KPHUBbIE, H3JI0JKEHHBIMU B § 8 HIKe.
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§ 7. HUHbuHuTe3umanbHas 16-g npob6aema liabbepra

[TocranoBka npo6Gsembl npuBeaeHa B § 2. OHa HarmomuHaeTes 1 06o61ia-
eTCsl HUXKe.

7.1. TlocraHoBKa npo6.Jembl

PaccMoTpUM, KakK M Bblllle, BEIIECTBEHHbIH MHOrousieH /1 crenenu n + 1
Ha mockoctu. [lyerh ~y(f) — cemelicTBo ero oBasios; cM. puc.2. Ilyctb
w = Adx + B dy — nosnvnoMuanbhast 1-bopMa ¢ koaduimeHTamu npous-
80AbHOL cmenenu m. PaccMOTpuUM UHTErpasn

l(t):/(t)w (7.1)

Mpo6aema 7'. Haiitu BepxHioto rpaHb V (7, m) unciia BelleCTBEHHbIX M30-
JIMPOBaHHbIX HyJsiel unterpaja (7.1).

st 16-i1 npo6uiembl [unbbepra BaxKeH TOJbKO ciayuail n > m. JleficTBu-
TeJIbHO, B 9TOM CJlyyae BO3MYLLEHHe

dH +ew =0 (7.2)

COOTBETCTBYET MOJHHOMHAJILHOMY BEKTOPHOMY I10J1t0 cTeneHu n. OnHako 3a-
BUCHMOCTb BeJIMUMHbL V(n1, m) OT m TpeactaB/sieT He3aBUCHMbIH HHTEpeC;
CM. . 7.4 HixKe.

Harnomuum, uto uncsio npocthix HyJiel aGesieBa unrerpasa (7.1) He 60Jb-
1Ie, UeM UYMCJIO TMpeesbHbIX IHMKIJIOB Bo3MylleHus (7.2). O6paTHoe cOOTHO-
lIeHHe o6cyKaaeTcs B nyHKTe 7.8.

7.2. Teopema o TOUHOCTH U CBOOOJIHOE pa3bpacbiBaHUe
npeneabHbIX IMKJIOB

Onpenenenue 7.12. KomnsekcHbii MHOTOUNIEH /1 cTenenu 1 + | HasbiBaeTcst
YABMPAMOPCOBCKUM, €CIM OH UMeeT n° HEeBbIPOMK/EHHBbIX KPUTHUECKHX TO-
YeK C pasJIMYHbIMU KPUTHUECKMMH 3HAUEHHSIMH M €ro crapiiasi 0JHOpOHasT

thopma A MMeeT eIMHCTBEHHYIO KPUTHUECKYIO TOUKy 0.

[Ipennosioxkenre o KpUTHUECKUX TOUKAX M KPUTHUECKUX 3HAUEHHUSIX OTpe-
JIeJISIeT MOPCOBCKULL MHO204AeH; BTOPOe TpeOoBaHUe Bble/sieT 6oJee y3KUH
KJIaCC; 3TO MOTHBHPYET Ha3BaHHE. YJbTPAMOPCOBCKHE MHOrousieHbl 06pasy-
10T OTKPbITOE M0 3apPUCCKOMY MHOYKECTBO B IMPOCTPAHCTBE BCEX MOJHHOMOB
JIAHHOH CTeIeHH.

12*
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Teopema 7.31 (Teopema o TouHoctH, [22], [23] w [45]). [Iycmo &
unmeepane (7.1) kpusoe {vy(f)} npunadaencam cemeticmsy osaros ge-
WecmseHH020 YAbMpa-mopco8CcKo2o mHocourena H cmenenu n+1 > 3.
[Tycmo w — noaunomuarvrasn 1-gpopma cmenenu He 60avuie, wem n. Ecau
[(t) =0, moeda ¢popma w mouna: w = df 041 HekomMopoeo mHoeouseHa f.

Teopema o TouHoCTH AJ151 payuoHasbHoeo H, BMeCTO MOJHHOMHAJBHOTO,
Jlokazana B [136].

13 Teopembl 7.1 cienyer, uTo JIHHEHHOE NPOCTPAHCTBO HHTerpason (7.1),
COOTBETCTBYIOIMX TEM K€ CEMEHCTBAM OBaJIOB U (pOopMaM w, KOTOpPble OMH-
caHbl B TeOpeMe O TOYHOCTH, H30MOP(HO (PaKTOP MPOCTPAHCTBY MOJUHOMH-
aJibHbIX (DOPM MO TOUHBIM. DTO MOCJ/EeAHEE MPOCTPAHCTBO H3OMOPGHO Mpo-
CTpPaHCTBY MHOTOU/JIEHOB JIBYX TepeMeHHBIX CTeleHH He Bhille, yeM # — l.
PaamepHocTb nocJieiHero NpocTpaHCcTBa paBHSIETCS ”2;”.

[Tpennonoxum, uto MHOTOUJIEH F/ U3 TeopeMbl 7.1 nMeeT Mo KpakiHel Mepe

OJIHO CEeMEeHCTBO BellleCTBeHHbIX oBasoB. Paccmorpum N oBasioB 7y, ..., Yy
2
y/IbTpamMopcoBcKoro muorousena H, rie N =452 — 1. He nmeer 3nauenns,

pAacCroJioKeHbl JIH 3TH 0BaJIbl B OJJHOM CeMEHCTBE, WM B HECKOJbKUX Pa3HBbIX.
Teopema 7.1, Bmecte ¢ kputepueM [ToHTpsirhHa, cM. § 2, BJIeuér cienytollee
yTBepKJIeHHE:

Caenctue 7.2. [lycmo H, N u ~v; — me ace, umo u eviwe. Toeda 0as
a060e0 0 > 0 cyuecmsyem sosmyuerue (7.2), umeroujee N npedeivHolx
yukaos Ly, ..., Ly, makux, umo paccmosauue no Xaycdopgy mexncody
Lj u ~j menoute, uem 6.

Hawmerum nokaszaresnbctBo. PasmepHOCTb MpocTpaHCTBa BCeX MOJHHOMH-
aJbHbIX 2-chopM Pdx Ady npu deg P < n— | paBusercst N+ 1. 3anymepyem
MoHOMBI X*y! cTenenu MeHblle 1 Kak ey, ..., x4y B JeKCHKorpadhuueckom
nopsizke: e; = x*@ y!  dopmbl

Wi e; dx

_ ¥

(i) +1
o6pasyioT 6a3uc B (pakTop MpPOCTPAHCTBE MOJUMHOMUAJLHBIX |-opMm cTeneHn
MeHbllle ueM 1+ 1 no Moy TouHbix dopm. lis Joboro cemeiictea I’
oBaJioB 7y(f) MHOrouJsieHa 1 paccMOTpPUM BeKTOp-(yHKIIHIO

HpitH]IF(t):(/ u}],...,/ wN).
y(t) y(t)

Kpupas It = {Ir(?)} B RV*! napamerpusosana snauenvnem ¢ Muorousiena H
Ha oBaje 7(f). O6o3Haunm uepes I'; HerpepbIBHOE ceMeHcTBO 0BaJsIoB (1),
coaeprKaulee 7;; cemeidcTsa I'; MOryT coBnajaaTh /sl PA3/JIHUHBIX 3HAYEHHH j.
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Ogauibl y; 3anaor N touek A; na kpusbix It :

A= [ o

!

CyuecTsyer 1o Kpaiineii Mepe oana runepmiockocts L B RVT! npoxoasiuas
yepe3 Hoslb U Toukh A;. OHa 3amaércsi ypasHenneM Ycix; = 0. Ilo Teopeme
7.1 ama eunepnaockocmo He codepaicum Hu o0notl us3 kpusvix It,. Eciu
3TO0 He TaK, TO KOMIMOHENTbI BeKTOp (GyHKUmK Ir; Oblin Obl IMHEAHO 3aBUCHMBbI.
Mrak, Touku nepeceuenusi A; € L N I, n301MpoBanbl B TONOJNOTHH KpHBO#i It;.
Cuierka Bo3MyLLIEHHASI THIIEPIIOCKOCTb L' = >~ clx; UMeeT TpaHcBepcabHble
nepeceueHus A; = Ir,(1;) ¢ kpusbimu It,. Tlyeth w = ¥cjw;. Torna unrerpaibl
I = fw(t) w HMeloT npocTbie HyJH B ;. [To kpurepuio [Tontpsruna (§2) oBasbl
~;(f;) mopoxKaaloT MpejiesbHble LHKIbI TPH BO3MYyLLEeHHH (7.2), ecad dopMa w
BbIOpaHa Kak Bblile. C pyroil cTOpoHbI oBadbl y;(f) GJHM3KH K 0BaJiaM ;. ITO
JIOKa3bIBaeT cJiejacTaue 7.1.

[Ipenbinyuiee ciencTBre 1aét Goratble BO3MOXHOCTH /IS PACMOJIOKEHUS
TnpefesbHBIX [UKIOB MOJHHOMHAJIbHBIX BEKTOPHBIX TOJIEH Ha BellleCTBEHHOH
mockoetd. OHO TakKe NAET HUXKHIOW rpanully H(n) > ”72 + O(n). Bosee
CWIbHas OlleHKa

1
H(n) > 5 n? logy n + O(n)

ISl CcrielMaIbHbIX 3Hauennii n: n=2% — 1, k € Z* 6bl1a nonyuena Kpucro-
tdepom u Jlnoiinom [63]. HenaBno Mrenbepr u Ulycrun [111] nokasanu,
YTO 3Ta OLEHKa crpaBe/iuBa Wis Jo6oro n > 3. OHU HCMOJb30BANH METOJ
«CKJIEHKU», H300peTéHHbIll Bupo mist uccienoBanus MJIOCKUX anrebpanue-
CKUX KPHMBBIX, O KOTOPbIX FOBOPHUTCS B MepBoi yactH 16-i npobiembl [Wib-
6epra.

PasHooOpasue TOMoJIOrMYeCKUX THIOB (hpa30BbIX MOPTPETOB MOJHHOMM-
aJIbHbIX BEKTOPHBIX MOJIEH Ha MJIOCKOCTH U3yyasoch MHOTHMH aBTOPaMu; CM.,
Hanpumep, [55] u [89].

7.3. TlpononxkeHue aGeseBbIX HHTETPAJOB B KOMIJEKCHYIO
obJactb

paCCMOTpI/lM MHOrouJieH /{ Kak noJMHOM OT JBYX KOMIIJIEKCHbIX MEepeMeH -
HbIX. JIMHUK YPOBHAA MHOTOYJIEHA NMPEeBPATATCSA B PUMAaHOBbLI ITOBEPXHOCTH:

Si={zeC?|H(z) =t}
OgaJibl 7y(f) ABAAIOTCS UMKJIAMH TPYTITbl TOMOJIOTHH

H(t) = H\(S¢, Z).
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Omua sBsisieTcst cBOGO/HOM aGesieBoil rpynnol panra 7> U HMeeT 3amMeyaresib-

Hoe (HeOJHO3HAUYHO OrNpesie/IEHHOe) MHOXKECTBO 06pasyloliuX, Ha3biBAeMbIX
ucyesaroujumu yukiand. OHA ONpeaesioTes CaeayolM 06pasoM.

JlJist MOpCcoBCKOro MHorousieHa /{ Majiasi OKPeCTHOCTb KPUTHUECKOH TOU-
KW a pa3buBaeTcsl Ha MHOXKeCTBa ypoBHsI 1 KaHoHMuecknM o6paszom. [lei-
CTBHUTEJIbHO, TI0 JleMMe Mopca, cyliiecTByeT rojoMopdHasi 3aMeHa KOOpJMHaT
B OKPECTHOCTH TOUKH @, KOTOpPasi EPEBOJIUT @ B HOJIb, 2 MHOXKECTBA YPOBHS
MHorousieHa /1 B cemelcTBO 2;29 = const. LIuka

5c={C'2el?, C'?e™% | p € [0, 27]} C {2122 = C}

Ha3bIBAETCS AOKAAbHOLM UcHe3arouum yukaom. OH CTATUBAETCS K KPUTH-
yecko# Touke O npu C — 0.

Cucrema HcUe3aloUMX LUUKIJIOB MOXKET OblThb ONpejeseHa Ha KaxoH JM-
HUM YpOBHA S;, He 00s3aTe/ibHO OJM3KOH K KPUTHUECKOMY YpoBHIo. Ileii-

CTBUTEJIbHO, NYCTb Af, ..., Ay, fb= n? — KpUTHUeCKHe 3HAUeHHs] MHOTOUJIe-
na H. Ilyctb ¢y # a; — npousBoJibHOE HeKpHTHYecKoe 3HaueHHe. [ Kax-
aoroj=1, ..., uob6osnauum yepes o; myTh B C, KoTOpEIH coenunsieT fo U a;,

NpUUEM:
aj\{a;} cC\{ay, ..., au};

MyTH ¢ He UMEIOT caMolepeceueHHil U NoMnapHoO He MepeceKaloTcsl BHE TOU-
kH fo. o f, OAHM3KUX K @;, OnpeieieHbl JIOKaJbHble HCYe3alolne LHKJIbI
0;(f) € H(¢). lna Beex f € o ceMeficTBO LMKJOB 6;(f) € H1(f) onpenensiercs
C TIOMOLIIbIO HAKPbIBAIOLIEH FOMOTOMUH. DTO ONpeJeJisieT MHOXKECTBO Heue3a-
IOLMX WHKIOB 0;(fg) C H(fg), cBA3aHHBEIX ¢ KPUBBIMH «;. OKasblBaeTcsi, uTo
amu yukavl noposcdarom epynny H(to).

Korna napamerp ¢ 06XOAMT KPHTHUECKOE 3HAUEHHE @;, TPYIIa rOMOJIOTHI
npetepresaeT npeobpasosane monoopomuu A;. OHO ONHCHIBAaeTCS Cle-
JyIo1lleH TeopeMoH:

Teopema 7.32 (IMukap—Jledwen [3]). [Tycmo [ € H((ty). [1ycmeo t npo-

becaem nemato \;:
— A . 51
Aj —a]Oﬁ]oa]- ,
ede a; = o \ Dj, Dj — manoiii duck ¢ yenmpon a;, u ;= 0D; — noaooicu-
MeAbHO OPUEHMUPOBAHHAs OKpydcHocms. [lycme Aj — coomsemcmesy-

rowuii usomopghusm epynnot Hy(to) 6 ceba. Toeda daa aoboeo | € Hi(tp):
A =1~ (5, 13, (7.3)
ede 0j(tp) — ucuesaroujull YUK, COOMBEMCMBYIOULIL RYMU «.

JlokasaresibcTBO TeopeMbl 7.1 0 TOUHOCTH MOXKET ObITh HaAMEUEHO Terepb
caenytomm o6pasoM. J1st cueTeMbl MyTel oy, ONUCAHHbIX BhlLe, epag nepe-
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ceveruli coomsememayowell CUcCnembl UcHe3aowux YuKAos ceaser [22]
1 [3]. Bosee Toro, kascdvii seujecmeerHolil 08aA YAbIMPAMOPCOBCKOCO
MHOeOUACHA cmeneru 60oabuLe 08YX UMeem HeHYAeBOl uHOeKe nepeceye-
Hua xoms 6oL ¢ 00HUM ucuedarouum yuxaiom [45]. Ilo Teopeme envHCTBEH-
HOCTH JJIs1 aHAJIUTHUECKUX (PYHKIME aHAJUTHUECKOE MPOJIOJIKEHHE BIOJb 3a-
MKHYTOH KPHBOU (DYHKIMH, TOMKIAECTBEHHO PABHOK HYJII0, TOXKJIECTBEHHO PABHO
nyo. Teopema [Tukapa—Jlediielia Bieuér Tenepp, 4To ecyu fv(t) w =0 s

cemeiicTBa oBaJsioB 7y(f), Torna f5(t) w = 0 ayis iro60ro ceMercTBa HCUe3ak0IIHX

IMKJIOB §(f) ¢ HeHyJieBbIM HHIeKcOM repecedenust (vy(f), 4(¢)). ITockonbky
rpa¢ mepecevyeHH HCUe3AIOUIMX LHMKJIOB CBSI3€H, HHTErpaJ fz?i(t) w=0 s
BCEX MCUe3alolNX UHK/IO0B §;. CJle10BaTeIbHO, fl(t) w = 0 st MOGOrO Cemeii-
CTBa UMKJOB [(f) € H|(f). DTO MOXKET CYUUTHCS, TOJNLKO eyl (hopMa w TOUHA
[22], [23]. D10 nOKa3bIBAET TEOpPEMY O TOUHOCTH.

YCH/IeHHbIH BapHaHT TeopeMbl 0 TOYHOCTH Oblul roJtydeH [aBpusioBbiM [91].
Bwmecte ¢ [45] OH BJICUET CJIENYIOLLYIO TEOPEMY.

Teopema 7.33. [Ipednoiodcum, 4mo 8oinOAHEHbL BCE YCAOBUL MeEOPeMblL
7.1, kpome 00HO20: w menepo asademca 1-popmoti npoussosvHol cme-
nenu. Toeda popma w mouna no modysio caaeaemoeo, Kkpanmnoeo dH:

w=df+gdH

014 HeKOMOopbLX NOAUHOMOS [ U g.

7.4. CyuiecTBoBaHMe BepXHel rpaHU uMcJa HyJei abeneBbiX
UHTErpaJjoB

CoobpaxkeHHs] MOHOJPOMHM MIpaloT KJIOUEBYIO POJib B J0Ka3aTeJbCTBE
TeopeMbl 2 §2. IlepBoHauasbHO 3Ta Teopema Oblja J0Ka3aHa B HECKOJBKO
6oJsiee CUJIbHOH (hopMe.

Teopema 7.34 ([16], [50]). Jaa awboix n u m cywecmsyem 4ucao
V(n, m) maxoe, umo unmeepas (7.1) no osaram mHozourera cmeneuu
n+1 om noauromuanrvroti 1-gpopmor w cmenenu m, umeem He bosee,
yem V(n, m) u30aupoBaHHbLX BeUeCmMBEHHbLY HYAel.

I10 Obl1 OIMH U3 TMEPBbIX Pe3yJbTATOB, JIOKA3aHHBIX C MOMOLILIO TEOPHH
MaJlouJIEHOB.

Paccmorpum unterpan (7.1) kak (QyHKIIHIO He TOJBKO OT £, HO M OT BCEX
K03(ulMeHTOB MHOrousieHa /1 W popmbl w. B npocTpaHcTBe 3THX mepe-
MeHHbIX Habopbl (H, f, w), JUist KOTOPbIX MHOTOWIEH H — yJIbTPaMOPCOBCKHI,
a ! — HeKpHUTHUeCKoe 3HaueHWe MHorouseHa f1, o6pasyloT MHOXKECTBO TakK
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Ha3blBaeMbIX peeyaapHolx mouex. JonojHeHne ¥ K 3TOMYy MHOXKECTBY sB-
Jsietcst anre6panueckuM U COCTOUT U3 0COObLY MOUeK.

[To Teopeme XupoHaku o pa3peliieHUH 0COHEHHOCTEH MHOYKECTBO X MOXKET
ObITb 3aMEHEHO MHOXKECTBOM X, KOTOpOE SIBJISIETCSl HOPMaJIbHBIM Mepeceue-
HHEM B OKPECTHOCTH Jto60H cBoel ocoboll Touku. PaccmarpuBaemblil MHTe-
rpaj siBJsieTcst roJloMopdHON (yHKIMeH Ha YHHBepca/JbHOH HaKpbIBAIOIIEH
JlomnosiHeHust 1o 3.

ITO TO3BOJISIET JaTh JIOKaJbHOE MpeacTaBieHne uHterpata (7.1). Pac-
CMOTPHM TPOH3BOJILHYIO TOUKY @ € ¥/ W TaKylo CHCTEMy JIOKaJbHbIX KOOp-

JuHAT ty, ..., ty, uto tj(a) = 0; mHOKecTBO X', nepeceuéHHOe C OKPECTHO-
cTbto U TOUKHM @, siB/isieTcsi 00beIMHEHUEM TEPBbIX 11 KOOPJMHATHBIX THITEp-
MJIOCKOCTeH: £ ----- tm=0, t € U. OynnamenranbHas rpynmna A0TMOJHEHHUS

U\ X' kommyTatuBHa. JlefiCTBUTE/LHO, NOTOJIHEHHE K 1 KOOPIMHATHBIM I'H-
nepriockoetsim B CM romoTonuueckn sKBuBasenTHO m-MepHOMY TOPY, (yH-
JlaMeHTaJ/IbHas rpynna Koroporo abeneBa. O6Xo/1 JI0OOH U3 3TUX THIIEPIIOC-
KoCTel onpeseJisieT npeobpasoBaHie MOHOJAPOMUH B NMPOCTPAHCTBE (PYHKLIMH,
HaTsHYTOM Ha p = n? Betseil [y, ..., I, unrerpana. OcTabHble BETBU MpH-
HaJuiexKatT 9ToMy npoctpaHcTsy. [Ipeo6pasoBaHus MOHOPOMHH, COOTBETCTBY-
IOLIHe Pa3MUHBIM runepniockoctsam ¢; = 0, kommyTtupyiot. CilefoBaTesbHO,
BOJIM3H KaXKJI0H TOUKH @ € ¥y BeTBel HHTerpasa MoryT GbiTh TPeICTABJIEHb
B BHJIE:

(I, o L) =(Ci, ..., C)EM A, (7.4)

3nech C; — dyHkuuu, rosomopble B 0, u A; — jorapudmbl MaTpHL, MOHO-
JPOMHUH, esiéHHble Ha 2. 1o reomeTpHueckuM coobpazKeHHsIM COOCTBEHHbIE
3HaueHust MaTpull A; BelecTBeHHbl; cM. [16] 1 NpuBe/IEHHbIE TaM CCBIIKH.

DJieMeHTbl MaTpHLbl 1Y — 9TO BellleCTBeHHbIe CTeNeH ¢, yMHOKEHHbIe Ha
MHOrousiensl OT log#, n JuHelHble KOMOMHALMK TaKuX 4jeHoB. OHH MOryT
OBITb TIPe/ICTABIEHBl KaK pellleHHsl chcTeMbl NdaddoBbIX ypaBHeHHH BHiA
=0, rne Q— nosmHomuanbHasi 1-popma. Ilpouenypa nckimouenuss Xo-
BAHCKOTO MM03BOJISIET 3aMeHUTh chcTeMy (7.4) aHasuTHuecko# cuctemolt f = 0.
[To Teopeme [abpusosa [20], unc/io U301MPOBaHHBIX pelleHui cuctembl [ = 0
pPaBHOMEpHO OrpaHHueHo no napaMerpy. CTaHAapTHbIE apryMeHTbl KOMIMAKT-
HOCTH 3aBEpLUIAIOT JI0KA3aTeJNbCTBO TeopeMbl 7.4.

7.5. JluHeiHsblit poct no m Beauuunnl V(n, m)

duxcHpyeM yJabpTpaMOpPCOBCKHE MHOTOUJIEH [/ ¥ pACCMOTPHUM UHCJIO HyJIeH
uHTerpada (7.1) kak dyHKUMIO OT cTenenu m dopmbl w. B [113] nokasano,
uTo 3Ta (DYHKUMS PAaCTET He ObicTpee NBOHHOH KCMoHeHThl oT m. B [138]
3Ta OlLleHKa Obla yJyullleHa 10 MpocToil sKkcrnoHeHThl. B 1996 rony Ilerpos
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1 XOBaHCKHUI MOJYUHJIH CJIEYIOLIMI Pe3ysbTaT, KOTOPbIH 0CTaéTes Mmoka He-
OIyOJIMKOBAHHDIM.

Teopema 7.35. Bepxusasa epanuya V(n, m) uucaa Hyreti aberesa urme-
epara (7.1) (cm. meopemy 7.4) pacmém aunetino no m. boaee moeo,

V(n, m) < A(n)m+ B(n),
20e A mHo2ouAeH Om n, KOMOpbLL Mocem Gbimb MOUHO ROCUUMAH.

Ormetum, uto ansi 16-it npoGsembl [wibbepra HanbGoJbLUIMH MHTEpeC
umeet uucao V(n+ 1, n). HelictButenbHo, nig m=degH — 1 =n, (7.2) —
NoJIMHOMHAJIbHOEe U depeHIalbHOe ypaBHeHHe cTerneHd #. BesuuunHa
V(n+1, n) tecHo cBsizgana ¢ B(n). Ouenka o6enx BeJMUYHUH OCTa€TCsl OC-
HOBHOH npo0JieMo# B paccMaTpUBaeMoi 00J1acTH.

JlokazaTesbCTBO CyllleCTBOBAHHUSI BeJHUUHbl B(n), Takxke Kak u V(m, n),
HEKOHCTPYKTHBHO, T. €. He JaéT aJIrOpUTMa /1Sl HAXOXKJIEHUS BEPXHEN rpaHULIbl
JUISl STUX BEJUUHH.

7.6. OrpaHuueHHas Bepcus UHOUHUTE3UMAIbHON 16-i
npob6aembl [nabbepra: |

Wrak, nosHas unduHuTesuMasbHas 16-g npobsema [uib6epTa ocraéres
HepeénHoi. OHAKO 1B OepaHUUeHHbLX 8epcuu ITOH MpobJeMbl HeLaBHO
pettetbl B [141] u [94]. Orpannuenust Hasaratotcsl Ha BbIGOp MHorousieHa H.
Ouenku uncsa HyJser narerpasa (7.1) nosydeHs! aJisi MpOU3BOJLHON CTEMEHH
n+ 1 ramuwibronnaHa H M ajst IPOU3BOJILHOH MOJMHTErpajbHON (HOPMbl w
CcTereHu MeHblie, yem 1+ 1.

AGeJieBbl MHTErpaJIbl YIOBJETBOPSIIOT TAK HA3bIBAEMbIM ypasHeHuim [u-
kapa—®ykca [3]. D10 — NuHeiHbIe cUCTEMb TU(depeHIIHaNbHbIX ypaBHe-
HUIl ¢ pauMoHabHbIMU Kosdduumentamn tuna 2 = A(f)z, z € CV, rne sse-
MeHTHl A(f) — pauyoHnanbHble GYHKUMH OT f. [loaxox, M3/M0XKeHHBIH B 3TOM
MyHKTE, paccMaTpuBaeT abesieBbl MHTErpaJbl KaK pellieHnst TaKUX ypaBHEeHHH.
[Toaxon, HaMeueHHbIH B CJELYIOLIEM TYHKTe, OCHOBAH HEMOCPEJCTBEHHO Ha
onpenenenuu (7.1).

Jluueiinoe nuddepenumanbioe ypashende suga @) = 27;01 aj(tyw?
XOpoLIO MpHcrocob/IeHo /s OLleHKH HHIeKca DepHiuTeiina pelieHuit; cMm.
n.6.4. Ha 3ToM nyTH OblIM MOJYUeHbl OLLEHKH UMc/ia HyJlel pelleHnH JuHel -
HBIX HbhepeHIMalbHBIX YPaBHEHUH uepe3 MaKCHMYM MOJYJIs HX KO3 hHIH-
eHToB [115]. DTH pesynbraThl 6BIIN NMpUMeHEHB! K abesieBbIM MHTErpajaM Mo
OBaJlaM THIEP3JUIMITHIECKUX MHOTOuseHOB [139]. DTH MHOrouJIeHbl CHIBHO
OTJIMYAIOTCS OT YJbTPAMOPCOBCKHX.
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OcHoBHast npo6JyiemMa JJIsi THITHUHBIX, T. €. YJIBTPAMOPCOBCKHX MOJIHHOMOB
COCTOMT B TOM, uToObl cBectH cucmenmy [lukapa—®Dykca st abeneBbIX UH-
TEerpasoB K 00HOMY YpasHeH 10 BbICOKOTo nopsaka. CooTBeTCTByIOLIAs TeX-
Huka paspurta B [140]; cm. Takxke [161] n npuBeaéHHbIE TaM CCBIJKH.

[TpuBoaHMAast HIXKe OlLleHKa aéTcsi IS YJBTPAMOPCOBCKOTO MHOTOUIeHa
¥ 3aBUCHUT OT MOJIOXKHTEJNLHOTO NMapamerpa R, XapakTepuaylilero, rpy6o ro-
BOpSi, pacCTOsiHME OT MHOrouJieHa f1 0 MHOXKeCTBa He YJILTPAMOPCOBCKHX
MOJIMHOMOB. DTOT MapameTp OMpeaessieTcs CJAeayolUM 00pa3oM.

PaccmoTpuM crapiiyio ogHopoaHyto ¢popmy A mHorousnena H. Ee yactHble
npousBoaHble /., /i, B3aUMHO MPOCTHI MO omnpenesnenuto 7.1. Pacemorpum
JIMHeNHbIH onepaTop Dy, KOTOPBIH 0TOOpaXaeT MpOCTPAHCTBO OJHOPOJHBIX
MHOTOUJIEHOB CTereHn 21 — 1 Ha MpOCTPaHCTBO Map OJHOPOJHBIX MHOrOUJe-
HOB cTenenu n — 1:

Dy: [ (u,v), [=hu+hyo.

Ouesuano, Dy, = A~'D;,. Hazosem Hopmoii mosmHoma CyMMy MOJyJiel
ero ko3 duieHTos; notoxum: ||(«, v)|| = |lu|| + ||v||. Bosaee Toro, aist kax-
JIOTO YJIbTPAMOPCOBCKOr0 MHOTrousieHa H CyllecTBYeT POBHO OJMH napameTp
A >0 rakoil, uto Dy, UMeeT eIMHHUHYIO HOPMY. Dosiee TOro, mjisi KaXKaoro
YJBTPAMOPCOBCKOTO MHOTOUJIeHa [ CyllecTByeT XOTsl Obl OJMH MHOTOYJIEH
Buna H = AH (ux, py), A >0, u > 0 Takoii, uto

— Dy, uMeeT eMHHUHYI0 HOPMY;
— [|H = Al =1,

rie h — crapuasi opma muorowiena H. [lycts ay, ..., @,» — KpuTHUECKHE
3HaueHuss MHorowieHa H. O6o3Hauum yepe3 R = R(H) MHHUMAJbHOE MOJIO-
YKUTEJBHOE UHCJIO TAKOE, UTO

1
;| < R; lai —a; >

R
CyiuectByer e Gosiee, uem 1+ 1 napa (A, p) € RT x RT ¢ ykazannbiMu Bbi-
ure cBoiicTBamMu. O603HaunM ux uepes (N;, i), i=1, ..., k<n—1u nycrb

H; = NiH(pix, piy), Ri = R(H;). Tlonoxum: R(H) = mini=; __x R;.

Teopema 7.36 ([141]). Cywecmsyem sremenmapuas ¢pyrnkuyus N(n, m),
obaadaroujas credyouum ceolicmseom. Hucao ecex Hyaeld unmeepaira
(7.1) no sewecmserHbLM 0BAAAM YALIMPAMOPCOBCKO2O MHO2OUAeHA H
He npesocxodum (2+ RN 20e R = R(H) — onpederénnoiii 6viiue
napamnemp. @ynkyus N moocem OGoimov ouexena csepxy Oawired u3
yemolpex IKCNOHEHM U MOXCem Obiimb MOYHO NOCHUMAHA.
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7.7. OrpaHuuyeHHas Bepcus UHOUHUTE3UMANbHOU 16-1
npoo6aembl [uabbepra: Il

[IpuBomMas H>Ke Teopema HaJlaraeT 6oJiee CHJIbHbIe orpaHnueHust Ha H,
HO 1a€T TOYHYIO OLIEHKY THIA «9KCIIOHEHTA OT MoJiIMHOMax». OrpaHuueHns Ha f1
OTHUCHIBAIOTCS CJeyI0UIHM 06pa3oM.

Onpeneaenue 7.13. Kpumuuecku oepaHuierHolil MHOTOUIEH — 3TO YHH-
TapHbIH KOMIIJIEKCHBIH TIOJIMHOM OT OJIHOK MepeMEeHHOH ¢ MOMapHO pas/nuHbI-
MH KPUTHUECKHMH 3HAUEHHUSIMH T10 MOJIYJI0 He GOJIbIIHMH €IMHHUIIbI.

Onpenenenue 7.14. BelectBennblit MHOrOouseH (X, y) OT JABYX nepemeH-
HBIX HA3bIBAETCSl KpUMu4eck COAAAHCUPOBAHHbIM, €CJIU OH TIPEACTABUM B
BHJI€ CYMMbI JIByX KPUTHUECKH OrPaHHUEHHbIX MHOTOUJIEHOB OJIHOH U TOH Ke
creneHu n+ 1> 3 oT x U y cooTBeTcTBEeHHO, H (X, y) = p(x) + g(y), NpHuém
€r0 KOMIIJIEKCHbIE KPUTHUECKHE 3HAUEHHST PA3JIMUHbI U MHHUMAJIbHOE PacCTO-
sTHHEe MEXJly HUMH He MeHbllle, ueM #

Teopema 7.37 ([94]). [Hycmo H — kpumuuecku oeparuueqHovli noAU-
Hom cmenenu n+ 1 u w— gewecmseennan He mounas 1-¢popma ¢ noau-
HOMUAAbHOIMU KO3 Duyuenmanu cmenenu He Husce n. [lycmo y(t) —
NpPOU3BOALHOE Henpepbl8Hoe CemMelicnao ewecmserblx 08AA08 MHO2O-

o 4
urena H. Toeda uucao nyaeti unmeepaira (7.1) ne npesocxodum >

B teopeme 7.7 MHOXKeCTBO BCeX YJIbTPAMOPCOBCKMX MHOTOUJIEHOB 3aMeHe-
HO BecbMa CreluabHbIM MHOXKECTBOM KPUTHUECKH cOaJaHCUPOBAHHBIX MHO-
rousieHoB. Kaxkercst BO3MOXKHBIM 000OLIMTb TOT pe3yJibTaT Ha MHOXECTBO
BCeX yJILTPaMOPCOBCKUX nosnHoMoB. Oskuuaetcsi ouenka supa e’ ™R re
R = R(H) — ToT Xe napamerp, uTo B TeopeMe 7.6, H P — MHOTrouJIeH.

C npyroil CTOpPOHBI, €CTb HalEXK/Aa CBECTH OOILyI0 MH(QHUHUTE3UMAJBHYIO
16-10 npobuiemy [uab6epTa K creuuasbHOMY CJydato, pACCMOTPEHHOMY B T€O-
peme 7.7 TMIbOEPTOBCKUM METOJIOM «HENMpPepbIBHON JedopMaliid KOs huiin-
€HTOB», OTMEUEHHbIM B MocTaHoBke 16-# npoGsembl [99]. D10 — npeamer
OyLyIIMX HUCCJIeNI0BaHHUI, KOTOPBIX MBI 3[1eCh He KacaeMmcsl.

O6e Teopembl 7.6 1 7.7 0606111a10TCS1 10 OLIEHOK YHCJA HyJel HHTerpaJsa
(7.1) B KOMMaKTHBIX MOJAMHOXKECTBaxX KoMrJeKcHo# obsactu. Teopema 7.7
ocHoBaHa Ha Teopeme [Tukapa—Jlediena u Teopeme o Hyssx 1 pocre. [TycTb
(a, b) — uHTepBas MeXjy JByMsl KDUTHUECKUMHU 3HAaueHUsIMU F, Takoil, uTo
ceMelicTBO oBaJioB (f) ompeneseHo npu t € (a, b), a <b. Ilyctb o — or-
pes3ok [a+ %, b— %]. Mbl onuieM HWJel0 Jl0Ka3aTesbcTBa TeopeMbl 7.7 B
ocJiabJieHHOl hopMe:

#{t € o |I1(t) =0} < B0, (7.5)
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Ouenku (7.10) u (7.11) HuKe, NO3BOJSIOLLME IPUMEHUTL TEOPEMY O HYJAX
pocTe, TEXHUUECKH CJI0KHbI. Mbl 0OBSCHUM TOJIbKO, TI0UEMY OLLEHKH TaKOTo
POJIbl BBITIOJHSAIOTCS.

Hepagenerso (7.5) BbIBoAMTCS U3 TeopeMbl O HyJaX W pocte. OCHOBHas
npobJsieMa — 3TO MPaBUJILHO BbIOpaTh MHOXKecTBa K Do U U D K, nas Ko-
TOpBIX HHIeKC BepHiuTelina unTerpana / MoxeT ObITh OLleHEH cBepXy. Haunem
C Hey/lauHOH MOMBITKH, YTOOBI MOHSTh, KaKHe Tpo6JeMbl BO3HHKAIOT Ha 3TOM
nytu. Paccmorpum unterpan [ (7.1), kak dynkuuio f B Teopeme 6.6, otpe-
30K 0 Kak Ky, ero €-OKpecTHOCTb MpPHU € = # kKak Uy. Mbl nuiem Ky, Uy
BMecTo K, U, MOCKOJIbKY HHKe Mbl CTpouM apyrue obmaactu K, U.

[TycTb opmbl w; — Te XKe, uto B nyHkTe 7.2. [lonbiTaemcsi MpUMEHHTh
TeopeMy O HYJsIX M pocTe K (yHKuMH f =/ u MHOKecTBaM Ky 1 Uy. Hopma-
JmzyeM hopmy w:

w=> cw, max|e|=1 (7.6)

OnpejnesieHne KpUTHUECKH cOaJlaHCHPOBAHHBIX MOJHHOMOB XOPOLLIO MPUCITO-
coOJIEHO IS OLIEHKM CBepxy HHTerpasia /. Hamomuuwm, uto mno orpenese-
nnio 7.3 0 C [—2, 2]. Tocae storo pamguyc mapa B C?, KOTOPbIH CONEPIKUT
uuKa y(f) npu t € Up, MOKeT ObITh OLLEHEH CBEpXY BMecTe ¢ HHTerpasiom (7.1).
A umeHHo,

My = max 7] < et (7.7)
0

Teomerpuueckas KoHcTaHTa vy s Ko = o u Ug JIETKO OLIeHUBAeTCs KOHCTAH-
. 2ol 2
Toit e7= < €. Ho ollenka cHu3y BeJHUMHbI

mo = max |/|
o

okasbiBaercst rnpob6sematuunoil. Jlonyuienue m =0 HeMeJIeHHO NPUBOAUT K
NPOTUBOPEUHI0 ¢ TeopeMol 7.1, mockoJbky opma w He TouHa. Bosnukaer
BOIMPOC THNA KBaHTOBaHWs: @yHuKyus | omauuna om moacdecmserHHoeo
Hyas Ha o. Kakosa yrusepcaivias HuicHAA epanuya 048 max|l| na o?

OTBer Ha 3TOT BONpOC HeusdBecTeH. [103TOMYy HEOGXOIMMO MOCTPOMTh
6oJiblilee MHOXKeCTBO K D o, Ha KOTOPOM BeJIMUMHA

= I 7.8
m = max| 78)

MO2KeT ObITh SIBHO olleHeHa cHU3Yy. MHoxecTBO K 6yaeT MocTpoeHo Kak 06b-
eJIMHeHHe OTPe3Ka o U HEeCKOJIbKHUX TeTesib ¢ 0OLIMM HauajoM B fy € o, 00-
XOJSIIIMX KPUTHUECKHE 3HaueHHsl. DT MeTyu OyAyT BhiOpaHbl Tak, 4To Mpo-
JIOJKeHUs1 oBasia y(fp) BIOJIb 3THX MeTesib nopoxkialoT rpynny Hi(tp). dto
BO3MOKHO 1o Teopeme [Tukapa—dJleduiena u notomy, uto rpad nepeceueHu,
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YIOMSIHYTBIH B MyHKTe 7.3., cBsideH. MHoxecTBo U no-npexHeMy sIBJsieTCsl
€-O0KPECTHOCTbIO MHOXKECTBA K ¢ TeM xe € = 81?.

[Ipeanosioxkum Tenepb, 4To MakCUMyM m MaJl. Toraa nHTerpasbl ot ¢op-
Mbl w 1O cem ucuesaroujun yukiam 6;(ty) OyryT Maabl. DTO NO3BONUT HAHTH
OLIEHKY CHM3Y JUIsl m CJIeAYIoLHUM 06pasoM.

Pacemorpum Goablimit Ha6op dopm w;, i =1, ..., p=n®. On BkIOYaeT

MHOKECTBO, OMNpe/e/éHHoe B 11. 7.2 U COCTOUT U3 (hopM

Y ki l0) g
R T T B
rie (k(i), [(i)) mpoGeraloT MHOXKECTBO LieJibIX ToueK KBajpata 0 < k <n— 1,
0</<n—1, (BMecTo TpeyrosbHuKa, Kak B 11.7.2). PaccMoTpum Matpuily

I(t) = (£; (1)), 1;;(2) :/ wi, 1 A(t) =det(?).
5;(t)

Dynkuus A(f) HasblBaeTcs ocHo8HuIM demepmunanmom. OHa 0OHO3HaY-
H@, TOCKOJIbKY, KOria { OOGXOOMT KPHTHUECKOe 3HAueHHe da;, HEKOTOpble
CTOJIOLbI OCHOBHOTO JIeTePMUHAHTA 3aMEHSIIOTCST KX CYMMAaMH C j-M CTOJIGLOM,
YMHOKEHHBIM Ha 11eJI0€ UHCJI0. DTO cJejlyeT u3 TeopeMbl [Tukapa—Jleduiena.
CuienoBaTesibHO, onpelenutesb A(f) — ojHO3HauHasi (YHKUUS OT ¢ s
mo6oro (uxkcupoBanHoro f. s Kputhuecku cGanaHcupoBaHHOro H oH
MOXeT ObIThb BLIPaXKEeH uepe3 KPUTHUeCKHe 3HaueHusi [/ ¥ OLEeHEH CHUBY.
A umenHo,

min |A(f)] > =33 logn, (7.9)

C npyroit CTOpOHBI, CrpaBeIMBO yCUIeHHe HepaBeHeTBa (7.7):

M= [ < elon: 7.1
max |/;;(1)] < e'®"; (7.10)

OHO JI0KasbiBaeTcsl U3 TexX e coobpaxkeHuil. [Ipeanosnoxum Temnepp, uto m
B (7.8) ouenb maso. Torma, mo mocTopeHHio MHOXKecTBa K W MO Teopeme
[Tukapa—Jleciena, Bce 3/eMeHTHI B CTPOKe

[ow [ e
51(2) 6u(t)

6yayT oueHb MaJibl. Bo3bmem i Tak, uto B dhopmysie (7.6), |¢;| = 1. Ecau mbl
3aMeHHM i-10 CTPOKy B Marpuile I(f) npeabiayiieil cTpoKoil, MOLyJib orpejie-
auressi |A(f)] He uamenutcsi. C Apyro# CTOPOHBI, MPEMONOKEHHE, UTO BCE
3J1EMEHTbl CTPOKH OUeHb Maulbl, BMeCTe ¢ BepxHeil oueHKol (7.10) asemenTOB
matpuiibl I(f) 1 HKHel olleHKOH (7.9) OCHOBHOTO JeTepMHHAHTA, MPUBOIUT
K MPOTHBOPEUHIO.
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Bouiee Toro, ua dopmya (7.9) u (7.7) cnenyer, uro B popmyJe (7.8)
m>e 3 (7.11)

Tenepb y Hac ecTb Bce HEOOXOIUMble TaHHbIE JI51 OLIEHKH HHAeKca BepHiTeii-
Ha Bk y/(I). I1lpumenenne TeopeMbl 0 HyJIsIX M poCTe J10Ka3blBaeT Teopemy 7.7
JUIsl OTpe3Ka o.

7.8. YcuneHnHas unduHuTedumanbHas 16-g npobaema
uab6epra

O1ieHka unca Hyﬂeﬁ abeJsieBbIX HHTErpaJioB, Jaxe e€CJIM OHa 6y[1€T noJry-
YeHa, He OTBeUaeT Ha CJ]Q}J,YFOLU.Hﬁ BOIIpOC.

Mpo6aema 7.1 (Ycunennas unpunureaumanbHas npodaema Mabbepra).
YKaszaTh BEpXHIOI0 FPaHULLY /IS UMCJIa PeIesIbHbIX LMKJIOB MOJHHOMHAJIBHOTO
BEKTOPHOTO M0Jis, GJIH3KOTO K FAMUJILTOHOBY MOJII0 CTENeHH 1.

ﬂpyl‘l/lMl/I CJIOBaMH, TpeéyeTCﬂ OUEHHUTH YUCJIO MPEeACJIbHBIX HHUKJIOB ypaB—
HEHUA
dH +w=0 (7.12)

it w=Adx+ Bdy, tne A v B TOJMHOMBI CTeNeHu He GOJIbLIIe 1, ¢ MAALLMU
Koahduyuenmanu. B nonosHeHne K npeaesbHbIM LUKJIAM, NOPOXKAAEMbIM
oBaJlaMi MHorouJieHa [, TpeGyercsi OlLleHHTb UMCJIO MPe/leIbHbIX LIHKJIOB, BO3-
HUKAIOUIMX M3 MOJHUUMKIOB MHOrouseHa H. JIasi yJabTpaMOpPCOBCKMX MHOTO-
uJieHOB f1 Takue MOJIMLIKMKIIBI MOTYT CO/IEPXKATh TOJLKO OJIHY BEPILUHY, TOTOMY
YTO BCE KPUTHUECKHE TOUKH MHOTrousieHa /1 mpuHamieKat pa3uuHbIM JUHHASM
ypoBHs. TeM cambIM, pacCMaTPUBAEMbIH MOJULUKI MOXKET ObITh JUOO METAEH
cernaparpucbl, Ju60 BOCbMEPKOH; cM. puc. 2. IlepBblil ciyuail nccseioBaH B
[129]. Haa pewenua oepanuuennol sepcuu npobremol mpedyemes uc-
caedosamov mMoavKo gmopotl noauyuxs. O6was npobjeMa OTHOCHTCS K
60J1ee CJIOXKHBIM JIMHHSIM YpOBHsI MHOrousieHa f1. C oHOH CTOpOHBI, 3Ta Mpo-
6JieMa TeCHO CBsi3aHa ¢ Teopuel Gudypkauuii; cM. §5. C apyroii CTOPOHHI,
OHa, BEpOSITHO, CBSI3aHa CO CJEMyIOUIMMH JIByMSl pe3yJ/bTaTaMH, WMEIOLUMH
HE3aBUCHMbIH HHTEpEC.

Teopema 7.38 ([146]). [lemaa cenapampucel eunepboauieckoeo ceo-
AQ, BOBHUKAIOWE20 8 AHAAUMUYECKOM cemelicmae 8eKmMOopHbLX noaell Ha
NAOCKOCMU, UMeem AL KOHeHHYIO YUKAULUHOCITb.

Teopema 7.39 ([129]). Kpamnocme uyss uwmeepara (7.1) 8 aw0bol

Hekpumu4weckoi mouke e npesocxodum nt.
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[IpoGsiema peleHa TOJLKO /s KBAAPATHUHBIX BEKTOPHBIX MOJIEH.

Teopema 7.40 ([92], [65]). Yucao npedervroix yuxkaros ksadpamuu-
HO20 BEKMOPHO20 NOASL, OAUZKO2O K 2AMUALIMOHO8Y, He Npesocxooum
dsyx.

ITOT pe3yJibTaT NpojoJKaeT paboThl Xopososa, Mianesa u [aBpuJosa.

§ 8. CaoeHus Ha aHaJIUTUYECKHE KPUBbIE

Teoputo cioeHnil Ha aHAJUTHUECKHE KPHBbIE B KOMIJIEKCHOH MJIOCKOCTH
MOKHO paccMaTpUBaTh KaK KOMIJIEKCH(HUKALIMIO BELIECTBEHHOH KaueCTBeH-
HOH Teopuu. KoMmiieKCHbIH BapuaHT pe3Ko OTJHUAETCST OT CBOETO BellleCTBEH-
HOTO MPOTOTHNA.

8.1. Komnaekcudukauus

PaccmoTpum ypaBHeHHe

P
YL ®.1)
rae (x, y) € R% a P, u Q, — BelllecTBeHHbIe MHOTOU/IEHbI CTENeHH He BbILlIe 11.
C TOMOJIOrMYECKON TOUKM 3pEHUsT HHTerpasibHble KpUBble ypaBHeHus (8.1) —
JMO0 MpsiMble, JIMOO OKPY:KHOCTH. KI30/IMpOBaHHBIE 3aMKHYTble OPOMTHI Ha-
3bIBAIOTCS MpeNlesbHBIMU UMKIaMU. FIX uncsio KoHeuHo; cm. § 2.
Komnnekcuguunpyem tenepb ypaBHeHue (8.1), T.e. paccMOTpUM ero B
nockoetu C2. dopmy.ia (8.1) 3a1a8T KoMIIEKCHOE 110J1e MPSMBIX B TJI0CKO-
cti C? BHe MHOYKECTBA 0COOBIX TOUEK

Y ={(z, w) € C? | Pu(z, ) = Qu(2, w) = 0}. (8.2)

MHrerpaJjibHble TOBEPXHOCTH YpaBHeHus (8.1) ABAAIOTCS roJOMOPMHBIMU KPH-
BbIMH. JIpyrumMH CJI0BaMM, 3TO — PUMAHOBbI MOBEPXHOCTH, M MX TOTIOJOTHS
ropasjio c/oxKHee, 4eM B BellleCTBeHHOM ciyuae. Pas6uenne obiactn C?\ ¥
Ha WHTerpajibHble KpuBble ypaBHeHHsi (8.1) Ha3biBaeTcsi COOTBETCTBYIOILMM
croenuem. VlTerpasbHble KpUBble HasblBalOTCS aucmami ciaoenus. ud-
(hepeHUMAbHbIE YPABHEHHS HA KOMILIEKCHOH MJOCKOCTH OTOXKIECTBJSIOTCS
HH2KE C COOTBETCTBYIOUIMMH CJIOEHHSMH. PaccMOTpUM Tenepb MHOTOUJIEHb,
Takue ke, Kak B (8.1), Ho He 00s13aTesibHO BellleCTBeHHbIE. Kracc ypasreruL

dw _ Py
dz  Qu

CO 83AUMHO NPpOCMbIMU MHOCOUNEHAMU Pﬂ u Qﬂ obo3Hauaemcs uepes Aﬂ.

(z, w), (2, w)eC*\% (8.3)
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Komnuiekcngukaums BeliecTBeHHON (ha30BOH KPHBOH — 3TO JIUCT COOT-
BETCTBYIOLLIETO CJIOEHHSI, COAEPKALINI 3Ty KPUBYIO. 3aMKHyTasl MHTerpaJbHast
KpHBasi BelleCTBEHHOro ypaBHeHus (8.1) — 3To neryis Ha CBOEH KOMMJIEKCH-
cukaunu. Kommnekcudukauus NOHSTHH 3aMKHYTbIX HHTErpajbHbIX KPHUBBIX,
npejesbHbIX LUMKI0B U oToOpaxkeHuil [lyaHkape naér komnaexcrole yurxiol,
KOMNACKCHbLE npedesbHble YUKAbL U npeodpa308aHis e0A0HOMULL.

Onpeneaenue 8.15. KoMmmieKCHbIH MK — 3TO HETPUBHAJBbHBIH KJIACC CBO-
60JIHO TOMOTOITHBLIX TeTeNb Ha JIHCTe cjoeHus (8.3).

OTMeTHM UTO BewjecmseHHas 3aMKHYMas ¢asosas Kpusas ypasHe-
Hua (8.1) asasemea KOMAACKCHOIM YUKAOM HA C80el KoMniekcugurka-
yuu. J1eficTBUTEbHO, MPEANOJIOKIM, UTO 3aMKHyTast (a3oBas KpuBas 7y siB-
JIIeTCST TIPEeJICTaBUTeNIEM MPUBUAALHOCO Kacca CBOOOAHON IOMOTOMHH Ha
cBoeil KomriekcuuKauuu. Toraa y orpaHMUMBaeT TOMOJNOTHUECKHUI 1MCK D Ha
cooTBeTCTBYIoOLEeM JucTe. Komnuekcudukaums (8.3) BellleCTBEHHOTO ypaBHe-
Hus (8.1) yBaxkaer cumMmeTpHio s: (2, @) — (2, @). CnenoBatesibHO, ¥ orpa-
HUUMBaeT elé omuH AucK sD Ha ToMm e sucre. OObeAMHEHUE THX JBYX
JMCKOB sBasieTcs cepoil Pumana, romomopdno Baoxkennoit B C?. Takux
BJIOXKEHHH He CYILIeCTBYET — MPOTHBOPEUNe.

Paccmotpum Tenepb nerso 7y Ha Jjucte ciaoenus (8.3). Ee TtpyGuaras
OKPECTHOCTb Ha JIUCTe sIBJISIETCsl KOJsibloM; o6o3nauum ero A. TpyGuaras
okpectiocts U kosbuia A B C? TOMOJOTHUECKH SKBUBAJEHTHA JEKAPTOBY
npoussesennio A x D, rne D C C— auck ¢ UEHTPOM B Hysie. DTOT JUCK
MOKHO paccMaTpuBaTh Kak roJoMopHoe TpaHCBepcaslbHOe ceueHHe JIUCTOB
caoenus, npuuém 0 = D N~. [lyets m — npoekuusi o6aactu U Ha A Brosib D.
st mo6oit 6sM3KOH K HyJI0 TOUKH 2 € D nemist v MOKeT ObITb MOJAHATA 10
KPUBOH 7z, KOTOPast JIEXKUT HA JIUCTE, MPOXOASLIEM Uepe3 2 U HAKPbIBAET 7y
npu npoekuuu 7. [Tycte A, (2) € D — KoHell KpuBo# .. OTo6paxeHue

2 A (2) (8.4)

Ha3bIBAETCST 1Pe0OPa308aHIeM 20A0HOMUL KPUBOH 7.

JL71s1 BellleCTBEHHOH 3aMKHYTOH MHTErpaJjibHON KpUBO# ¥ ypaBHeHus (8.1)
eé npeobpa3oBatye roJOHOMUH SIBJISIETCST KOMIJIEKCH(UKALMEH COOTBETCTBY -
fortero oro6paxenus [lyankape.

[IpeoGpasoBaHusi TOJIOHOMHH CBOOOJIHO FOMOTOIHbBIX MeTe/b aHAJUTHUE-
CKH 9KBUBaJIEHTHbI.

Onpeneaenne 8.16. KommnsekcHbill MpeaesbHbIA UK — 3TO KOMIIJIEKCHBIN
LMK, JJISI KOTOPOrO MpeoGpasoBaHHe TOJOHOMHH HMEET U30AUPOBAHHYIO
HeNoABHKHYIO TOuKy 0.



IO. C. Mabsitienko 193

BellectBenHbIl npeenbHbIA MK ypaBHenust (8.1) siBasieTcst Komrijaekc-
HbIM NpeNebHBIM UMKJIOM Uit KoMIlieKcudukauuu (8.3) ypaBHenus (8.1).

8.2. Tlpo6aembl rnob6ajbHON TEOPUU KOMMJAEKCHbBIX CJ0EHUN

IMpo6aema 8.1. KakoBbl 06liie TOMOJOrHUECKHE CBOMCTBA TUITUUHBIX CJIO-
eHuil (8.3)? DTO 3HAUMT, KaKHE CBOHCTBA COXPAHSAIOTCS JIsi TIOUTH BCEX B
cMbicie JieGeroBoi Mepbl ypaBHeHuil kaacca A, ?

EcrecTBeHHO BO3HHUKAIOT CJeylonide yacTHble npobJembl. HekoTopbie u3
HHX y’Ke pelleHbl, KaK OMUCaHO HHXKeE.

[po6aema 8.2. KakoBbl w-npeaesbHble MHOXKECTBA THIHUHBIX CJIOEB?

Cornacno Kamauo [60], w-npenesbHbIM MHOXKECTBOM JIUCTA HA3bIBAETCS
00be/liHEHHE BCeX MPEJIe/IbHBIX TOUEK BCEX MOCJEN0BaTENbHOCTEH, KOTOPbIE
NPUHAJIEKAT JIMCTY U TUCKPETHBI BO BHYTPEHHEH TOMOJIOTHH.

[Ipo6aema 8.3. SBasiercs ju TMNHUHOE cJloeHHe (8.3) CTPYKTYPHO YCTOHUM-
BbIM? EcJ/Ii HeT, KaKoBbl TOMOJIOTHUECKHE HHBAPHAHTHI?

[Mpo6aema 8.4. KakoB TOMOJIOrHUECKUH THIT THMMYHOTO JIUCTA THITHYHOTO
cJioeHus kiacca A,?

[Tpo6aema 8.5. Tot ke Bompoc, HO OTHOCHTENLHO KOH(opMHOro Thna. Tou-
Hee, GYJI€T JIM YHUBepCasibHasi HAKPbIBAKOLIask HAJl JIUCTOM KOH(OPMHO 9KBH-
BaJIeHTHA KOMIUIEKCHOH MPSIMOH WM €IMHUUHOMY JHCKY?

B cootBercTBUH ¢ oOLlieli TeopeMoii 00 yHM(OPMH3ALKK YHHUBepaJsbHast
HaKpbIBalOL1As HAJl JIUCTOM MOXKeT ObiTb YHH(POPMH30BaHa, T.e€. 0ToOpaxKeHa
6urosoMopdHo Ha obJsacTb, NpUHaIIexKallylo chepe Pumana. dto orobpa-
»KeHUe HasblBaeTCs yHupopmusyrowel pyrnkyuel.

[po6aema 8.6. Kak ynudpopmusyioline yHKIHH JUCTOB 3aBUCAT OT HauaJlb-
HbIX YCJIOBHI?

lpo6aema 8.7. [lo Kakux npeaenoB MOXKeT ObITb MPOJOJKEHO Npeodpaso-
BaHHe TOJOHOMHUH KOMIJIEKCHOTO MPeJebHOro HUKJa?

Ara npobJemMa TeCHO CBsi3aHa ¢ YNPOUIEHHBIMU BepcusiMU 16-i1 mpobsiembl
[wibbepra gist ypaBHenuit AGenst u JIbenapa; cm. §6.

[Ipo6aema 8.8. PaccMoTpuM KoMIIEKCHBIH (NpesiesibHbIN) LMK/ YpaBHEHHS
(8.3). Bo3MOXKHO JIH NPOJO/AKUTBL €0 J0 HENPEPbIBHOTO CeMeHCTBA KOM-
MJIEKCHBIX (NpejiesbHbIX) LUKJIOB HaJl TUITMYHONH KPUBOK B MpocTpaHcTBe A,?

13 dynnamenTanbHas MaTeMaTiKa CErojHs
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Bosiee noppo6Ho, nyetsb A= {a(f) € A, |t €[0, 1]} —kpuBass B A,,.
[Tyctb v(0) — kommuiekcHblil (mpenenbHblil) 1Mka caoenust «(0). IlpaBna
au, uto janst tunuudoro «: [0, 1] — A, MoxKHO omnpenesuTb HenmpepbiBHOE
CeMeHCTBO KOMILIEKCHBIX (MpeJesibHbIX) LHMKJIOB (f) ypaBHeHu «(f)?

ATo 3HaMeHUTasi npobaema coOXpaHeHus KOMRAEKCHbLX (npedenbHolx)
yukaos. OHa BocxoauT K [43], rae oHa copmyanpoBana, U rie 6blia npej-
npuHaTa Ge3ycrelHas MomnbITKa J0Ka3aTh MOJOXKHUTENbHBIH OTBET.

Hpyrue npoGiaembl BocxoasT K AjekceeBy, Anocoy, ApHoabiay, Uibsi-
uieHko (6ecembl 60-x romoB) W Kamauo [60], KoTopblii uccenoBan npo-
Gjemy 8.2 W MpeaIoKUI NpoGJeMy O MUHUMAAbHbLX MHONCECMBAX; CM.
KoHell 1. 8.4.

8.3. Kaaccwl anre6panueckux audgepeHuuanbHbIX ypaBHEHUI

Knacc (8.3) — 310 npocreiiliiee ceMelcTBO KOMIIEKCHBIX CJI0eHUH anre6-
panueckoi npupojpl. Huzke Mbl onucbiBaeM HeCKOJ/IbKO GoJliee 00LLHX KJ1aCcCOB
TOTO 2Ke THra.

PaccmoTtpum  KommiekcHoe ajre6panueckoe MHoroo6pasue X. Ilyctb
3 C X — NOJAMHOKECTBO, 3aMblKaHHE KOTOPOro Mo 3apHUCcCKOMy siBJsieTCs
ajreOpanyeckuM MnoJAMHoroo6pasuemM KopaamepHocT GoJblie 1. Pacemorpum
caoenue Ha avaaumuueckue kpusole B X\ X, T.e. pasbueHde o6jacTH
X\ X Ha nonapHo HernepeceKarolyecsi aHaTMTHUECKHEe KPUBbIE (JIUCThI CJI0e-
Husi), obJaaamolire cienyiolmm cBofictBom. Kaxnaast touka a € X\ ¥ numeer
OKPECTHOCTb, pa3bHeHue KOTOPOH HA CBSI3HbIE KOMIIOHEHThI €€ rnepeceueHun
C JIMCTaMH OUrosIoMOP(HO KBHBAJIEHTHO Pa30MEHMIO MOJHMAMCKA Ha JAMCKH,
napaJuiesibHble MepBoi KoopauHaTHOH ocu. Takoe pa3bueHHe HasblBaeTcs
caoenuem ¢ ocobenrHocmanu Ha X.

Teopema 8.41 ([26]). Kaoncdoe caoenue ¢ ocobeHHOCMAMU HQA NPO-
eKMUBHOM aneebpauueckom mHoeoobpasuu X umeem arcedbpauieckyro
npupody. A umerHo, oHO onpedessiemcs NoAeM KOMNACKCHbLX NPAMbLX,
NOAYHaeMbIM KAK MepOMOppHOe ceuerue npoexmususupos8aHHo20 Ka-
cameabHo20 paccroenus K X.

Caencrue 8.3. Kaocdoe croerue KOMNACKCHOU NPOEKMUBHOL NAOCKO-
CMU ¢ KOHEeYHbIM HUCAOM 0CODbLX mouek 8 Aboill appunnol Kapme
umeem sud (8.3).

Cule10BaTe/IbHO, TEOPHST CJIOEHUH MPOEKTUBHBIX ajre0paniecKuX MHOro-
oOpasuil Ha aHaJMTHYECKHE KPHMBbIE JIEXKUT Ha TpaHHlle Mex1y anrebpanue-
CKOH reoMeTpHell U KOMMJEKCHbIM aHanu3oM. CjoeHust 3afatotest ajarebpan-
UeCKMMHU JaHHbIMH, HO UX JIMCTbl B BLICOKOH Mepe TPAHCLEHJEHTHDL.
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CemelicTBO (KJ1acc) CJIOeHUH MOXKET ObiThb OnpeieséH MHorooopasuem X
U CTeNeHbl0 MePOMOP(HOro ceueHHsi NPOEKTHBU3HPOBAHHOIO KaCaTeJIbHOTO
paccJyioenust Han X. Hanpumep, paccMoTpuMm Kiace B, cJioeHHi ¢ 0coOeHHO-
CTAMH, 3aJaHHbIX ypaBHeHHeM (8.3), umeoujum OOHY U My dHe CmeneHs B
mo6oil ahprHHON KapTe. DTOT KJacc KaxKeTcsl 6oJiee eCTeCTBEHHBIM, YeM Ay,
HO OH MeHblIIe H3YyUeH T10 TPHUYHHE, OTIUCAHHOH B M. 8.5 HHXKe.

Bce npeabiaylye npo6JemMbl UMEIOT CMBIC/ /sl JII0OOr0 U3 OMUCAHHBIX
BblllIe KjJaccoB. Mbl 6yJeM B OCHOBHOM paccMaTpHBaTh Knacc A,.

8.4. OO6uue cBoicTBa cJoeHUM Kaacca A,

Bcelony Huke 1 > 2.

Kax ykasaHo Bblllle, THIIHUHbIE CBOMCTBA KOMILIEKCHBIX CJIOEHHH pa3u-
TEJILHO OTJIMUAIOTCS OT CBOKCTB BELIECTBEHHBIX MOJMHOMHAJLHBIX YPABHEHHUH.
TunuuHoe BellleCTBEHHOE MOJHHOMMAJIBHOE YpAaBHEHHE HMeeT JIMIIb KOHeu-
HOe UMCJIO 3aMKHYTBIX OpPOUT W CTPYKTYPHO YCTOHUMBO. THWIMHMUHOE CJIOeHHe
knacca A, uMeer GECKOHEUHO MHOTO KOMIJIEKCHBIX MpPele/bHbIX LUHKJOB H
abCOJIIOTHO HErpyso B CMbICJIE, OMPEIESIEMOM HHXKE.

Bo Bcex Teopemax 3TOro MOJAIMYHKTA MUNUYHOCHL 03HAUYAET TO XKeE, UTO
1 B 1. 8.2: nosiHyto Mepy Jlebera.

Teopema 8.42. Tunuunoe croenue kracca A, He umeem arcebpauteckux
aucmos. Kawcooidi aucm munuyroeo caoenus kaacca A, niomen g C2.

CBoiicTBO MJI0THOCTH OblI0 0OHapyKeHo M. Xynaii-BepenoBbim B 1962 T,
[51]. Ycunenus stoii TeopemMbl MOTYT ObITh HalieHbl B [26], [53] u [137].

Teopema 8.43 ([26]). Tunuuwnoe croenue kracca A, umeem He meree,
yem CHEMHOEe MHONECMBO KOMAACKCHOLX NPEeOeAbHbLX YUKAOS.

Teopema 8.44 ([43]). Kasxcdoe caoenue kracca A, umeem e boaee, wem
CUEMHOe YUCAO KOMNACKCHbIX Npe0eabHblX YUKAOS.

Onpenenenue 8.17. [Ipa cyioeHusi ¢ 0COOGEHHOCTAMU Ha X monosoeuyecKu
9KBUBANCHIMHbL, €CIN CYLIECTBYET conpsearowuti comeomopghusmn X Ha
cebsi, KOTOPbIIl MEPEBOJUT JIMCThI U 0COOble TOUKU T1€PBOTO CJIOEHHUST B JIMCThI
1 ocobble TOUKH BTOPOTO.

Onpepenenue 8.18. KommuekcHoe ypaBHeHHe « Kjaacca A, HasblBaeTcs
abCOMOMHO HeepyObim, eI CYLIECTBYET OKPECTHOCTh YPAaBHEHHST (v B KJ1ac -
ce A, U OKPECTHOCTb TOXJECTBEHHOTO OTOOpaXKeHHs B MPOCTPAHCTBE BCEX
roMeoMOp(HU3MOB KOMIJIEKCHOH TJIOCKOCTH Ha ce0si, o6Jafaloline cieiyro-
MM cBOCTBOM. Kaxknoe ypaBHeHHe [3 U3 MepPBOK OKPECTHOCTH, TOTMOJIOTH-
UECKH SKBHUBAJIEHTHOE (v, H COMPSRKEHHOE C v TOMEOMOP(U3MOM U3 BTOPOI
OKPECTHOCTH, APPUHHO IKBUBANCHMHO (.

13*
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DTO 3HAUMT, UTO CyllecTByeT ad(hHHHAS 3aMeHa KOOPJIHHAT, NepeBoisiias
ypaBHeHUEe o B ypaBHeHue [3.

B BellleCTBEHHOM CJlyuae COOTHOLIEHHE TOMOJIOTHUECKON SKBUBAJIEHTHOCTH
OueHb Tpy0o0 U He OTJIMYAET TUIHUHOE ypaBHeHHe (8.1) oT GJU3KHUX ypaBHEHHUH.
B KoMMJIeKCHOM CJlyuae OHO TaK e JIeJIMKaTHO, Kak W adduHHas Kiaaccudu-
Kalusi. DTo MoKasblBaeT CJeIylolasi Teopema.

Teopema 8.45 ([26]). Tunuuwnoe croenue kaacca A, abcoaomuo He-
epybo.

ITH pe3yJ/bTaThl B 3HAUUTENbHOH Mepe peliatoT npobJemsl 8.1 u 8.2 nas
knacca A,. Ananor Teopembl 8.5 1151 ogHopoanbIX caoenuit B C? ¢ anre6pa-
MYEeCKHUM JINCTOM jloKasaH B [96].

TpeGoBanue 06IIHOCTH MOJIOKEHHS B TIPEABIAYLIEH TeOpeMe 03HAYAET, UTO
CHCTEMa JIEXKHT «BHE HEKOTOPOrO MHOXeCTBa Mephbl HOJb B TPOCTPAHCTBE
napameTpoB». DTH YCJOBUS MOXKHO YJYULIMTb, 3aMEHHB MX YCJOBHEM: «BHE
HEKOTOPOTO BEIlIECTBEHHO a/re0panyeckoro MoJMHOKECTBA B MPOCTPAHCTBE
napameTpoB.» IDTO yCHJIEeHHEe 00CYKIAETCs B CJAENYIOUIEM MYHKTE.

[Tonuepxuem, uto Teopemsl 8.2, 8.3 u 8.5 10Ka3aHbI AJIs1 THIHUYHBIX ypaB-
HeHHil Kjacca A,. AHaJOTHUHBlE YTBEP:KAEHHUS IS MUAULHOLX YPaBHEHUH
kaacca B, wid Jpyroro kaacca ajrebpauueckux AudpgepeHlnaIbHbIX ypaB-
HeHUH ocTalTcs OTKPBIThIMU. C Jpyroil CTOpPOHbI, aHaslord TeopeM 8.2 1 8.5
HeJIaBHO JI0Ka3aHbl sl A0KAA6HO munudHslx caoenuit B CP™ [126].

Jast mo6bix 1 1 m o6o3Hauum yepe3 F"(CP™) npocTpaHCTBO CJOEHHH C
ocobenHoctssMn CP™ Ha aHaNUTHUECKHe KPUBbIE, TaKoe, YTO B KaxI0H ac-
(bMHHOH KapTe CJ0eHHe 3alaéTCsl TIOJMMHOMHANBHBIM BEKTOPHBIM TOJIEM CTe-
MEeHU He BbILLE 12, U XOTS Obl B OHOH KapTe HMEET MECTO PaBEHCTBO.

Teopema 8.46 ([126]). [ra kascdoeo n > 2, m > 2 cywecmsyem Heny-
cmoe omkpoimoe nodmroacecmso U C F'(CP™), makoe, umo Kaowcdoe
croenue o € U umeem auutb KOHEUHOE 4UCAO0 0OCOObIX MOUEK U ABALEMCA
«xaomudeckum», m.e. obradaem caedyouumu C8OLCMBAMU:

— MUHUMAAbHOCMb: Kaxioolll aucm naomen 8 CP™;

— 3peoduunocmo: a0boe usmepumoe 06veduHeHue AUCINO8 UMeen
Aub0 Hysesyio, aubo noanyio Jlebeeosy mepy;,

— IOHMpPOonud:. ceomempuvecKkas IHMponusi CA0eHUsl o Ha CP™ ¢ 8b1-
KUHYMbIMU MANBIMU cd;eputtecrcwwu OKpecmHocmAamu 0cobblx mo-
HeK Crmpoeco NOAOIHUIMEeNbHA,

— Heepybocme: cyujecmayen OKpecmHocmo )V moi0ecmserHoeo
omobpancenus 8 npocmparncmse scex comeomopguznos CP™ na
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cebs, makas 4mo ecau CAOeHUe o MONOAOSUHECKU CONPINCEHO
caoenuro €U eomeomopdhusmom HeEV, mo a u B conpaicerol
NPoeKmuBHOL 3aMeHol KOOpOUHAM.

3/1ech SHTPOMNHUS TOHUMAETCS B CMblcJie [95]; Mbl HE BOCTIPOM3BOJIMM OIlpe-
JleJieHusl U3-3a HeloCTaTKa MecTa. DTOT pe3yJ/bTaT CONEPXKUT MePBbIH 1ar B
JI0Ka3aTeIbCTBE THIOTE3bl O MIOTHOCTH U abCOJIOTHON Herpy6ocTH, chopmy-
suposanHoi B [103].

YcsioBHe MMHMMAJIBHOCTH B 3TOH TeopeMe OblIo J0KazaHo st m = 2
b. Miosuiepom [39]. O61asi npobieMa 0 MUHUMAAbHOLY MHONHCECNBAX TI0-
craBjeHa Kamauo [60], cMm. HiKe.

Munumanoroe mMHONCECmB0 caoeHus ¢ ocobenrnocmanu 8 CP™ — 3to
3aMKHYyTO€, HHBapHaHTHoe Henycrtoe nojaMHoxkectBo CP™, He coaep:kallee
coOCTBEHHOTO TOJMHOXeECTBa, 00JANAIONIEr0 TeMH Ke TpeMsl CBOHCTBAMH.
MHBapuaHTHOCTb 03HAYAET, UTO MHOXKECTBO JMOO COCTOUT U3 OAHOH 0CcOOOM
TOUKM (M B 3TOM CJlyuae Ha3blBAETCS MPUBUAAbHOIM), JTUOO HE CONEPIKUT
0COObIX TOUEK, H BMECTE C KaXKJ0H TOUKOH COJAEPKHUT BCIO HHTErpasbHyIo
KPHUBYIO, Yepe3 Heé MPOXOsIIYIO.

Mpo6aema 8.9 ([60]). CyuiecTsyioT i caioenns ¢ ocobennoctsimu na CP?,
UMeollle HETPUBHAJbHOE MUHHMAJIbHOE MHOYKECTBO?

dta npobJieMa TeCHO CBsizaHa ¢ MPOBJIEMOI MIOTHOCTH JUCTOB THIHYHOTO
crnoenust kiaacca B,. Henasno BepxoBckuil [158] mosydust nososKUTeNbHbIN
OTBET B MOAM(HLIMPOBAHHOI BepcHH Npob/eMbl 8.9, B kotopoit CP? 3amMeneHo
na CP®. Jlna CP? npo6yiemMa 0CcTaéTesi OTKPHITOR.

C npyroit CTOpOHBI, TeOpeMBI, J0Ka3aHHbIe JIsl CJOEHHH Kaacca A, no3-
BOJISIIOT O’KHJATh AHAJOTHUYHBIX Pe3yJbTaTOB sl IPYTHX KJIacCOB CJIOEHMH,
No KpaiHel Mepe B MaJIoOd pa3MEpHOCTH.

8.5. [Ipynna MoHOApOMHUU HA GECKOHEUHOCTH

Cnoenue ¢ ocobennocTsMu (8.3) MoxkeT GbITh npopomkeno ¢ C? na CP?.
OkasbIBaercsi, UTo 041 munuumulx croeruil o € A, 6eckoHeuro yoarém-
HASL NPAMAS C BbLKOAOMbIMU 1+ 1 0cObbIMU MOYKAM ABALCMCS AUCTIOM
Nnpo0OANHCeHHO20 CAOCHU. DTOT CJIOH Ha3bIBAETCS OECKOHEeUHO YyOoaaéH-
HolM cA0em W ocoOble TOUKM Ha ero 3aMblKaHWM Ha3blBAIOTCS OECKOHEUHO
Yyoarbrroimy 0cobbimu moukamu. YpasHenusi knacca A, ¢ n+ 1 Gecko-
HEUHO yJaJéHHBIMU OCOOLIMH TOUKAMH 00pasyloT OTKPbITOE MO 3apuCCKOMY
noamMHoxectBo A,, o603Hauaemoe A/

Beckoneuno ynanénublii cjoii uMeeT Goratyto (hyHIaMeHTaJNbHYIO TIpyIl-
ny — cBoOOJIHYIO Tpynny ¢ 1 o6pasyoummd. CooTBETCTBYIOLIME Npeodpa-
30BaHUs FOJJOHOMHHM 00Pa3yloT IPyMmy POCTKOB KOHPOPMHBIX OTOOparKeHHH.
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Omna HasbiBaetcst epynnoti monoopomuu Ha beckoneurocmu. Jasi KpaT-
KOCTH Mbl HHOTJA OMycKaeM «Ha OeckoHeuHocTH». [IpeobpasoBaHue MOHO-
JIPOMHH, COOTBETCTBYIOLIEE MeTye Ha GECKOHEUHO YAaIEHHOM cJloe, KOTopast
06XOMT OJMH pPa3 0coOylo TOUKY @, SIBJIsSeTCs] POCTKOM KOH(OPMHOIo 0T06-
paxkenus [;: (C, 0) — (C, 0). Ipynna mMoHoapOMHUHM TOPOXKIEHA POCTKAMH fi,
..+, [n. CBOWCTBa 3TOW TPYNIbI TECHO CBS3aHbl CO CBOHCTBAMH COOTBETCTBY-
1ol1ero cjoeHus. J1eficTBUTEbHO, €C/IH JIBa CJIOEHUS] TOTIOJIOTHUECKH KBH-
BaJIEHTHBI, TO UX TPYINIbl MOHOJAPOMHM Ha OECKOHEUHOCTH 00JAAI0T TEM XKe
CBOHCTBOM. DTO 03HAUAET, UTO CYLIECTBYET OOUH U MOM Je POCTOK rOMeo-
mopcusma f: (C, 0) — (C, 0), kotopblit conpsiraetr o6pasyiollue f; nepsoi
TPYMIbl MOHOJPOMHH C COOTBETCTBYIOLIMMH 06Pa3yOLIMMH BTOPOH IPYIbL.

OpGuta TOUKH 2 MO JAEHCTBUEM IPYIITbl MOHOJIPOMHH — 3TO MHOKECTBO
00pa30B TOUKH MOJ IEHCTBUEM BCEX KOHEUHBIX CYMEPO3ULUI MpeacTaBUTe ek
POCTKOB [; 1 f/.’l IIpH YCJI0BUU, UTO 9TH CYIEPIO3HLUH ONPe/ie/IeHbl B TOUKE Z.
Ecsin rpynna MOHOJAPOMHM HMEET TUIOTHblE OPOUTHI B HEKOTOPOH OKPECTHO-
CTH HyJIsl, TOTJIA TIPH HEGOJIBIINX JOMOJHUTENbHBIX OrPaHUUEHHSIX BCE JIMCTDI
cooTBeTCTBYIoMIero caoenus (8.3) naotHbl B C2,

Ecau rpynna moHonpomuu siBjisieTcst aGCOJIOTHO HerpyOoH (KaXKapli ro-
MeoMOp(HU3M, COMPSITAIOIIMIA 3Ty TPYIIY C aHAJOTHUHON Tpynno# jJu6o ro-
JiomopdeH, 6o aHTUroJJoMOpeH), Tora Mpu HeGOJbIIUX JIOTOJHUTENLHBIX
OTpaHHUEHHSIX, COOTBETCTRYIOlIee cyoenue (8.3) abconoTHO Herpy6o.

Mtak, BaXKHO MCCJIEN0BaTh FeOMETPHUECKHE CBOHMCTBA KOHEUHO MOPOXK-
JIEHHBIX TPYII POCTKOB KOH(POPMHBIX OTOOpPAaXKEHHH, UTOObI MOHSITH FeOMeT-
pHUECKHe CBOHCTBA CJIOEHWH HAa aHaJWTHUeCKHe KpuBble. C ajreGpanueckoi
TOUKH 3PEHHUS YIIOMSIHYTbIE TPYIIbl MOTYT ObITh abeseguimu, paspeuiumolmi
(Heabenesoimu) v Hepaspewumoimu. Jljist rpynn pocTKOB KOH(MOPMHBIX
oro6paxennit (C, 0) — C, 0) pa3peliuMocTb 3SKBHUBAJIEHTHA CJIEYIOLIEMY
CBOHCTBY:

Kommymamop epynnol KOMMYMAamueeH.

Teopema 8.47 ([137]). Paccmompum Hepasdpeuumyio KOHEUHO nOPOHCc-
08HHYyro epynny pocmkos Korgopmrox omobpaxcenui (C, 0) — (C, 0).
Toeda eé opbumol «NAOMHbL 8 CCKMOPAX». IMO 03HAUAem, YUMo cyuje-
cmsyem KOHe4HOe HUCAO BeULeCMBeHHO AHAMMUYECKUX KPUBLLX, NPO-
X00AuUX Heped HOAb I MAKUX, YO opOUmbL epYnnvl NAONIHLL 8 CeKMOo-
pPAX, O2PAHUHCHHOLX IMUMIL KPUBLLMU U UMCIOWUMIL BEPULLUHY 8 HYAe.

Teopema 8.48 ([54]). Hepaspewumnas epynna pocmkos KOHGOPMHLLX
omobpancenui (C, 0) — (C, 0) asasemca abcortomno neepyboli.

Ipyroe nokaszate/ibcTBO 3TOH TeopeMbl aHo B [137].



IO. C. Mabsitienko 199

Teopema 8.49 (|154]). Kaocdasa nepaspewumnasn epynna pocmKos KOH-
¢opmroix omobpascenuti (C, 0) — (C, 0) umeem cuémmuoe mHoI;ICECMBO
NCMEHINO08, NPedCmABUMEeAl KOMOPLLX UMECIONM UB0AUPOBAHHbIE HEnO-
O0BUMCHbLe MOUKU, OMAUUHbLE OM HYAS.

3ameuaHue. ITU HEMOJIBU2KHbIE TOUKH COOTBETCTBYIOT C'—IéTHOMy YUCJY Mpe-
JE€JIbHBIX HUKJIOB COOTBETCTBYIOUIEIO CJIOCHHUS.

Ortciona caenyet, uto Teopemsl 8.2, 8.3 u 8.5 crnpaBeuBLI /ISl ypaB-
HeHu# (8.3) M3 HEKOTOPOro MHOXKECTBA, OTKPBITOro Mo 3apucckomy. boJee
noapo6HO, CIpaBeIJIUBO

Caencteue 8.4. Cyujecmsyem geujecmsenHo areebpauyeckoe nOOMHO-
acecmso X npocmpancmsaa A, ypasrenuil (8.3), makoe, umo xazjcdoe
YpasHerue o U3 OMKpoLmoeo no 3apucckomy mroxcecmsa A, \ X

i) abcoaromuo Heepybo;

ii) umeem GECKOHEUHOE MHOMNECMBO KOMNACKCHOLY NPEOeAbHbLY LUK~
208 (044 n = 3);

iii) KaocOvLl Aucm cA0eHust «, 3a UCKAIOYeHuem OecKoOHeuHo YoaréH-
Hoeo, naomen 8 CP2.

YTBepxkIeHue i) nokasano B [54]. B [127] nokasaHo, uTo MHOXeCTBO
a6CcoJIIOTHO HerpyObIX ypaBHeHHH Kaacca A, OTKPBITO U MJIOTHO.

Y1BepxkaeHue ii) nokasaHo B [154]. Orpanuuenne n >3 B ii) Kaxer-
Csl UMCTO TEXHMUECKHM; BeCbMa MPaBAON0A00HO, UTO YTBEp:KAEHHE BEPHO H
npu n=2.

Y1Bep:keHHe iii) HUKor1a He Obl10 0Ny6JIMKOBAHO, XOTs1 OHO MOUTH HeMeJl-
JIEHHO cJiefiyeT U3 8.7 U cJlefylollel JIeMMbL:

Jlemma 8.8 ([54]). Mnoaucecmso ypasrenuii o € A, ¢ Hepazpeuwumoti
epynnoi MOHOOpoOMUL HA OeCKOHEUHOCMIL COO0epucin NOOMHONCECM B0,
omkpoimoe no 3apuccKkomy 8 8eu,ecrneerHHom CMblCAe.

OTH pe3yJsbTaTbl MOTHUBHPYIOT MHTEPEC K UCKAIOUUMENbHbLM CJOEHHSIM
kaacca Ay, IMEHHO K TeM, KOTOpble HMeIOT abesieBy WK Pa3pelumMyto rpyr-
My MOHOJAPOMHM Ha GeckoHeuHocTH. OQHOpOJHbIE ypaBHeHUs Knaacca A, u
UM apUHHO SKBUBAJEHTHbIE, UMEIOT KOMMYTATHBHYIO TPYMIY MOHOJPOMHH.
To ke BepHO /s raMUJILTOHOBBLIX YpaBHeHHH. [1/1s1 ypaBHeHUI MepBoTo KJacca
npeo6paszoBaHust MOHOAPOMHH HAa O€CKOHEUHOCTH JIMHEHHBI B OJTHOH U TOH Ke
Kapre.

YpaBHeHus1 BTOporo Kjaacca umetot Bua dH = 0, rie H — MHorousieH cre-
neuu n + 1. VIX rpynmnbl MOHOAPOMUY HA 6ECKOHEUHOCTH COCTOSIT U3 KOHEUHOTO



200 CrosietHsia uctopusi 16-# npo6iemsl [uabGepra

yycsa nmoBopotoB. OKa3blBaeTcsl, CYIIECTBYIOT ApyTrHe YpaBHeHHs Kjaacca A,
¢ abeJieBOH Ipynmnoi MOHOAPOMUU Ha HGecKOHeuHOCTH. HekoTopblie HeTpUBH-
aJibHble TipuMepbl OblK HabizeHbl B [142], [31] u [46].

Onucanure o6UIMX CBOUCTB cjloeHUil Kiacca A, CyllleCTBeHHbIM 00pa3oM
onupaeTcst Ha HasMuKue cJos ¢ 6oratoi (yHAaMeHTabHON IPyINoH, a HMEHHO,
6eCKOHeUHOo yaajéHHoro cios. Ilis ypaBHeHHH kJjacca B, He cylluecTByeT
BbIJIe/IEHHOH MPOEeKTUBHOH NpsiMoi. CJieloBaTe/IbHO, HET OCHOBAHHI 0XKM/1ATh,
UTO TUIHUYHOE ypaBHeHHEe 3TOro Kjacca UMeeT cJiodl ¢ GoraToil dyH1ameH-
TaJdbHOU rpynnoi. Takue C/JOM BO3HUKAIOT JHUIb JJ1s1 HETUIMUHBIX CJOEHUH.
MeTtozbl TeopHH BO3MYUIEHMH MO3BOJSIOT J10Ka3aTb T€OPEMbl O MJOTHOCTH
Herpy0oCTH /151 YypaBHEHHH U3 HEKOMOpPOoeo OMKPbLINO20 NOOMHONCECBA
kiaacca B, [39] u [126]; cm. Teopemy 8.6 Bhilile.

B 3akJ/oueHne 0KayKeM CBOHCTBO MJIOTHOCTH JYIsl OUeHb BbIPOXKIEHHOTO
MHOXKECTBA ypaBHeHUH Knacca A,, a HMEHHO, JI/Il OJHOPOJHbIX YPaBHEHHUH.
[pynna moHonpomun G Ha GECKOHEUHOCTH /ISl YPaBHEHHUs 9TOTO Kjacca Ju-
HefiHa. [lycTb yMHOXKEHHSI Ha v, ..., U, SIBJASIOTCA 00pa3dylolMMH Ipyrl-
nel. TIpeanosoxkum ast npocToThl, uto 1 = 2. Ilycth v; = exp 2mip;, j =1, 2.
Paccemotpum rpynny no caoxenuio G, ¢ obpasytomwmmu 1, g, po. Opbu-
ol Tpynnbl G ABAAOTCA o6pasamu opOUT rpynnbl GT nipu oTOGpaxeHu#
2+ exp2miz. TlocnenHue opOUTBI MJOTHBI IS THUITMYHBIX fi], f2; CJENO-
BaTe/bHO, OpPOUTHI rpynnbl G MJIOTHBI IS THIMUHLIX v, 9. To »Ke camoe
BEPHO V151 CJIOEB pacCMaTPHBAEMOrO CJIOEHHS 3a UCKOUeHHeM 1 + | psIMOH.
ITH npsiMble ¢ BBIKOJIOTOH TOUKOH HOJb SIBJSIIOTCS ajire0panyeCcKUMH CJI0SIMH
CJIOEHHSI.

8.6. Tonoaorusi c10€B U TOMoOJOrHYECKUE UHBAPUAHTDBI CJA0EHUN

IMpo6aema 8.10. BepHo siu, uTo JIJIsi TMITMUYHOTO CJI0€HUsT Kaacca A, Bce cJiou
JIMGO LMJIMHPHI, YHCJO KOTOPLIX CUETHO, JIMOO JUCKHU?

OTBeT 0XKHJIAETCS MOJIOKHUTENbHBIM. [IeHCTBUTEIbHO, €CJIH 1B KOMILJIEKC -
HbIX TIPEJIe/IbHBIX [HKJIA JIEXKAT Ha OJIHOM CJIOe, TOTJIA KAXeTCsl BO3MOXKHbIM
pacllenuTh UX MaJbiM BO3MyIlleHHeM B Kjaacce A,, TaK YTO LUKl OKaXKyTCs
Ha pasHbix Jjuctax. C JpPyroil CTOPOHBI, CYLIECTBYET JIMIIb CUETHOE UMCJIO
KOMITIEKCHBIX TPeIe/bHbIX LUKJIOB [UIsi CJI0eHHH Kiacca A,.

OcHoBHO# H1ar B peuieHnu npo6Jembl 8. 10 10/KeH COCTOATh B TOM, UTOObI
J10Ka3aTh, UTO MUnu4Hoe ypasHenue Kiacca A, He umeem KOMNAeKCHbLX
UUKAOB ¢ MPpUBUAAbHOL 20A0HOMUel. A priori, MOXKET CIYyUUTHCS, UTO KA~
doe ypaBHeHue (8.3) u3 HeKoTOpo#l 06JacTH B mpocTpaHcTie A, HMeeT CJoH,
KOTOpble MOTYT GbITh HA3BAHbI CKPLLIMbLMU MHOSOCBAZHbLMI NOBEPXHOCS-
Mu, 06pA3YIOT HeMpepbiBHbIE CEMENCTBA U COMEPIKAT KOMIIEKCHbIE LUKJIbI C
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TOXK/1eCTBEHHBIM Npeo6pa3oBaHneM rojioHoMruH. CrienasucThbl He BEPSIT B Cy-
111leCTBOBAHHE TaKUX ceMeHCcTB. EMHCTBEHHBIN pe3yJ/ibTaT, MoJyueHHbIH B 3TOM
HanpasJieHUH, MOKA3bIBAET, UYTO B THIMUHOM CJlyuae OECKOHEUHO yAas€HHbIN
CJIOH He NMPHHALIEKUT HEMPEPIBHOMY CeMeHCTBY HEOJHOCBSI3HbIX JIMCTOB.

Teopema 8.50 ([110]). Tunuuwnoe ypasrnenue kracca Ay, n =5, He ume-
em YuKA08 ¢ mogcdecmserHoll eoroHoMUell HA OECKOHEeUHO YOAAEHHOM
caoe.

B o611em ciyyae Knacchbl TOMOJOMHUECKH SKBUBAJIEHTHBIX YpaBHeHHH (8.3)
oueHb GeHbl: OHH COCTOSIT M3 OPOMT aeficTBusA addunHoil rpynnbl Ha C2.
OnHako, HeKOTOpble Kjacchl ropasio lmpe. Hanpumep, yJabTpamopcoBcKie
MHOTOUJIEHBI OTIPEJENSIIOT TOTOJOTHUECKH 3KBHBaJIEHTHbIE CJOEHHS] HA CBOH
JIMHUY ypoBHS. OJIHAKO 3TH KJACChl SKBUBAJIEHTHOCTH HE MOTYT ObITh CJIMILI-
KOM OOJIbLIMMH, KaK MOKa3bIBAeT CJeylolias Teopema.

[lycth «a € A/, umeeT GeCKOHEUHO ylasiéHHble TOUKH dj, ..., Qpi]. Xa-
paKTepUCTHUECKHE YHCJIAa ITHX TOYEK OTNpeNessiioTCsl CJeaylondM 06pasom.
BO.13n Kax 100 TOUKH @, cJloeHHe 3a1aéTcsl BEKTOPHBIM 10J1eM ¢ 0c060H Tou-
Kol a;. JIuHeapuazauusi 1moJist B 9TOH TOUYKe UMeeT JBa COOCTBEHHBLIX 3HAYCHHSs]
{4j ¥ Vj; BTOPOE M3 HHX COOTBETCTBYeT COOCTBEHHOMY BEKTOPY, Kacalollemycs
Geckoneuno yaanéntoro caosi. Otnouenne \; = £ koppektHo onpeneneno

v

1 HA3bIBACTCSl XAPAKMEPUCTIULECKUM HUCAOM MOUKU Q; HA OECKOHeUHO-
. I

cmu. Teopema Kamauo—Cana [69] Bieuér paBeHCTBO ZTF Aj = 1. HaGop

XapaKTepUCTHUECKHUX UHCes HAa GECKOHEUHOCTH TOPOXKAAET TOMOJOTHUECKHH

MHBApHaHT, KaK OMUCAHO B CJELYIOLIEH TeopeMe.

Teopema 8.51 ([40]). [1ycmo dsa caoenus kaacca Aj, monoroeuiecku
aksusarenmmol. [lycmeo

)\:(A]v"'Ar’l-‘rl)v u:(ﬂlv"'vﬂﬂ-‘r])

— 0sa Habopa ux xapakmepucmuuecKkux 4iuces Ha OeCKOHewHOCHIL,
npuuém N u pj cOOmMsemcmsayonm 0codbiM MoYKam, Komopoie omoo-
pascaromes Opye 8 Opyea conpsearouum eomeomopgpuamon. Toeda
cyujecmsyem aunetinoiti onepamop A: R? — R? R? = RC, maxoii umo

A =1, AN =g

Tonosoruueckre KHBaPHAHThI CJOEHHEH, MOPOXKIAEHHBIX BEKTOPHBIMU MOJISI~

MH B IPOCTPAHCTBAX BbICIIEN PA3MEPHOCTH, MOTYT HMETh JIOKAJIbHYIO IPUPOJLY.

JeHCTBUTENLHO, MON0AOCUHCCKAA KAACCUPUKAYUSL KOMAACKCHbLX AUHeL-
HbLX cucmem

2=Az, zeC' teC,n=3 (8.5)
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umeem 4ucA08ble UHBAPUAHMbL 8 NPeOnoA0NHceHUU, 1mo onepamop A
muna 3ucess (Tak HasbiBaeMas Teopema Jlamuca). [TocsienHee o3Hauaer, uTo
HOJIb TIPUHAJIIEXKUT BBIMYKJIOH 06osiouka criektpa A; em. [35], [64] u [25].

[Tosnnee [llanepon noka3asn KOMIJIEKCHYIO BepcHio TeopeMbl [po6MaHa—
XaptMana: daa munuynoeo A caoenue, NOPONCOEHHOE 2OAOMOPHHOIM
BEKMOPHLIM NOAeM ¢ AuHelHol ywacmoio (8.5) 8 ocoboll mouke, mono-
A02UHecKlU IKBUBANEHMHO c8oell AuHelinol yacmu [62]. B cayuae, korna
(8.5) He 3uresieBa THIA, AHANIOTHUHBIH pe3yJibTat Obla J0Kas3aH [ykeHxelimepom
[98].

Teopewmbl Jlaguca u Illanepona naioT yuc/0Bble HHBAPHAHTBI TOMOJOMM-
YecKOH KJIacCU(MHUKALIUK MOJMHOMHANLHBIX CJOEHHH. DTH UHBAPHAHTHI MOTYT
0Ka3aTbCsl MOJIE3HBIMU B JI0OKA3aTEJbCTBE TEOPEM O HErPYOOCTH B BBICIIHX
pasMepHOCTAX, aHaJornuHbiX Teopeme 8.5 [103].

8.7. KoHdopmHbIi TUN U oiHOBpeMeHHasi YHUGOpMU3aLUs
JUCTOB

Teopema 8.52 ([124], [18], [61]). KadcOoii caoii munuunoeo caoenus
kaaccos A, u F"(CP™) umeem eunepboiuvueckuii murn.

DTO 03HAUAET, UTO YHUBEpPCaJbHAs HAKpPbIBAIOLIAS HaJl CJI0eM KOH(DOPMHO
9KBHBAJIEHTHA JIUCKY. DTOT pe3yJibTaT JaéT pelleHue npoodyemsl 8.5. s cio-
€HHIl Ha TIPOEKTHBHbBIX aJre6panuecKUX MHOro00pa3usix aHaJOTHUHbIN Pe3yJib-
Tat nokazaH [nyiokom [19], a 11 KOMIAKTHBIX KOMIJIEKCHBIX MHOr00OpasHit
Jluncom Hero [125].

L1151 BellleCTBEHHBIX BEKTOPHBIX MOJIEH BPeMs SIBJSETCS €CTeCTBEHHbIM Ma-
paMeTpoM Ha (pasoBbIX KPUBBIX. JIIs1 KOMIJIEKCHBIX BEKTOPHbBIX MOJIEH BpeMsi
MOKET MPUHUMATh OJIMHAKOBblE 3HAUEHWS B PA3JIMUHBIX TOUKaX (Hampumep,
{ = —1/22% nns ypasuenus 2 = 2°). Cjie0BaTesIbHO, BpeMsl He SIB/ISIeTCs] Ma-
paMeTpoM Ha YHHBepcaJbHOH HakpbiBatollei sucta. C Apyroi CTOPOHbI, YHH-
(hopMusytollas PyHKIMS Ha YHUBEPCAJbHON HAKPbIBAIOLLIEH SBJSETCS «XOPO-
IIUM>» MapaMeTpoM: OHa OTOOpaXkaeT 3Ty HAKPBIBAIOLLY GUIOJOMOPGHO Ha
HeKoTopyto obJiacTh B cepe PumaHa; Mbl paccMaTpUBaeM YHH(DOPMH3ALHIO
He 00s13aTeJIbHO Ha €AMHHUHBLIH JUCK. Dblio Obl MoJjie3Ho, ecau OGbl 3Ta na-
paMeTpU3alysl «XOPOLLO» 3aBHUCEJNa OT HauajbHbIX YCJOBHH. Tak BO3HMKaeT
npo6sema 8.6 Bbllle.

Teopema 06 o0nospemenroll yrHugopmusayuu bepca [57] yTBepxaer,
yTo B ajreGpanueckoM cJiyuae OTBET Ha TOCTABJIEHHBIH BOIMPOC 3auacTyo
noJioXKuTesieH. B uactHocTH:

Paccmompum cemelicmeo AUHUL YPOBHA YAbMPAMOPCOBCKO20 MNO-
AUHOMA, coomsemcemayioujee 00Hocsa3Holl obracmu U 8 mHomecmese
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Hekpumudeckux 3xauenutl noiuroma. Toeda ¢ynkyus, komopas yHu-
popmusyem yHusepcarvrole Hakpolsaioujue Hao caroamu {H=1,te U}
Mmodcem boLMmo 8olOpAHA 20A0MOPHHO 3asucaujeti om t.

Henasno [nyuiok [93] o6Hapy:kuJ1, uTo OTBET B rpobiieMe 8.6 MOKeT ObITh
OTpHLATEJbHBIM JaKe /1 CJIOeHWH Ha asreOpanyeckie KpHBble HEKOTOPBIX
anreGpanyecKux MOBEPXHOCTEH.

C JIpyrofi CTOPOHBI, HenpepuleHas 3a8UCUMOCHb YHU(DOPMHUIYIOLIEH
(DYHKUMH OT HauyaJbHbIX YCJAOBUH UMEET MECTO JJIsi MHOTHX KJIACCOB CJIOEHHUI;
cM. [125]. HenpepbiBHAs 3aBUCHUMOCTb MOHUMAETCS B TOMOJIOTUH paBHOMEpP-
HOW CXOMMMOCTH Ha KOMIMAKTHBIX MHOXKECTBaX.

[Tpo6siema 8.6 ocTaérest OTKPHITOl st cyloenmii ¢ ocoGenHocTsamu B CP2,

Mbl He 06CyKIaeM 3/1eCh MHOTHX COJIeprKaTe/bHBIX BETBEH TEOPHH cyloe-
HUM, TaKUX, KaK A10KAAbHASL MEeOpUs U UHMeSpupyemMocniy; CM., Halpumep,
[67], [69], [70], [86], [135] u [153], rne comepaKaTcs OCHOBHbIE PE3yJbTAThI
1 JIOTIOJIHUTE/IbHbIE CChIIKH.

B Hacrosiiiee BpeMsi TeOpHS KOMIIEKCHBIX CJIOEHUH COIEPIKUT MHOTO 06-
LLIMX pe3yJ/bTaToB W ellé GoJibliue Hepellu€HHbIX npobJem. OHa HMeeT caMo-
crositesibHbIA HHTepec. C pyro#l CTOPOHbI, €CTh HA/IEXK/1a, UTO B KOMOHHALMH
¢ MeToaMu §6 oHa MOMOXKET UCCJIEL0BATh HeoepariuerHole BepCun 16-it
npo6seMbl [uabbepra, ynomsiHyTble B 1. 6. 1.

Buaaropapnoctu. §1 riy6oko npusHateseH yHuepcutery Hbto Mexuko u
yuuBepcutety Kosopano B Bosnepe, rie 6buia Hanucana 66Jbliasi uyacTb
3TOl cTaTbi. ATMOChepa cep/ieUHOro rOCTENPHHMCTBA B 9THX YHUBEPCHTETAX
6bl1a CTUMYJHUpPYIOLIEH U BIOXHOBJsoleH. S 6aaronapen A. [nytoky, I1. [y-
kenxeiimepy, B. Kanommnny, B. Monnasckomy, A. Cocunckomy, 1. Xa66apuy,
A. llep6akoBy u C. SIkoBeHKO, KOTOpble TIPOUJM TMEPBBLIH BapHaHT CTaTbH
M cllenajli MHOro moJiesHbiX 3ameuaHud. 1 Takxke Gnaronapen P. Poiinepy,
BBITIOJIHUBILEMY 3JIEKTPOHHBIE BEDCHUH PUCYHKOB U HCTIPABUBILEMY aHTJIMHCKHI
A3bIK opuruHaJga. 1 Takxke Gaaronapen E. Mibsimenko u M. CanpblkuHoil 3a
MOMOLLb B MOArOTOBKE MepeBoja.
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O. Karpenkov

Energy of a knot: some new aspects

§ 1. Introduction

Let S' = R/(27Z) be the circle and 7: S — R? be a smooth knot. We
will assume that 7(¢) is the arc length parametrization. Denote by D(¢1, t9)
the length of the minimal sub arc between #; and ¢y on the circle. Let ||
denote the absolute value of vectors in R?.

Following [1], we denote by

E(T) :Ef(T) ://]c(|7'(l(1)77'(l(2)|, D(t], tg))dt]dtg
StxS!

the energy of the knot 7, where f(p, «) satisfies the following conditions:
1) f(p, @) € CHY(U), where U ={(p, a)|0 < p< o, a < 7};
2) there exist the following limits:

, , If(p, a) , 9(p, )
lim ), lim , lim .
(p,)eU fo, @) (p,)eU op (p,)EU Jda
p—0,p/a—1 p—0,p/a—1 p—0,p/c—1

Almost all energies are not homothety invariant, so we will consider only
knots of length 2.

The energy of a knot is not an invariant of the topological class of this
knot. If we make a smooth perturbation of a knot, its energy smoothly
changes. We will consider energies with the following important properties.
The energy is always positive. When a knot crossing tends to a double
point, the energy tends to infinity. So every topological class of knots has a
representative with the minimal value of energy. This knot is called a normal
form of the class. It is unknown whether each class has a unique normal form
or not, i.e., whether the normal form for some energy is an invariant of the

Partially supported by RBRF-00-15-96084 and RBRF-01-01-00660 projects
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topological class or not. The normal forms satisfy the variational equations
considered below.

Some energies have a physical meaning. For example [f=1/(|7(¢;) —
—7(t9)]) corresponds to the energy of a charged knot. Unfortunately, this
energy is always infinite. As long as the charged knot does not break there
must be some other forces which save the knot. Let us consider a model of
such a restriction:

i D(t), ty)
|T(t1) = T(t2)|

For this energy we will develop our variational principles.

The study of knot energies began with the work of Moffatt (1969) [6], and
was developed by him in [7] following Arnold’s work [2]. The first steps in
studying properties of the energies of knots were made by O’Hara [8, 9, 10]
and the first variational principles for polygons in space were studied by
Fukuhara [4].

The paper is organized as follows. We start in Section 2 with the def-
initions and formulations of the variational principles. We show that any
extremal knot 7 satisfies certain variational equations and discuss the corol-
laries of this variational principles. In Section 3 we represent Mm-energy.
The definition of this energy differs from the one regarded above. Nevertheless
besides its own properties Mm-energy has some similar with Moébius energy
properties.

The author is grateful to professor A. B. Sossinsky for permanent atten-
tion to this work.

§ 2. Variational principles and corollaries

In this section we will work mostly with knots of fixed length 27. So let
S' =R/(277Z) be the circle and let 7: S' — R? denote some smooth knot
of length 27. Let 7(¢) be the arc length parametrization.

By k(f) we denote the curvature at ¢ and R(¢) = 1/x(f), the radius of
curvature at ¢.

Definition 2.1. Given a smooth knot 7: S' — R? and a point 7o € S', a
locally perturbed knot is a knot (denoted by 74, ) such that

a) |7(t) — 1, ()| < €% if D(to, t) < e and 7(t) = 74, (1) il D(to, 1) > &;

b) |k(f) — Ky (F)| < € Tor D(¢p, t) <&

¢) Ty 2 (to + A) = Tip.e (to) + My e (F0) + (N2 /2)F4, e (f0) +0(€?)  if  D(ty,
to+ ) <e.

Note that at the points {y — ¢ and ¢y 4 ¢ the curvature is not boundeded.
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The length of the knot 7, . can change, but we regard knots of length 27
only. One of the ways to solve this problem is to consider the restriction of the
set of locally perturbed knots to the set of knots of constant length 27, but
this definition is unsatisfactory. Indeed, let a knot 7 in some neighborhood
of the point #y be a piece of a straight line. Then the set of locally perturbed
knots at the point 7y of length 27 consists of the knot 7 only.

We will extend this set in the following way.

Definition 2.2. Let the length of 74, . be (14 6)2n. The locally perturbed
length 2m knot 7, is the knot obtained from 7. by homothety with
coefficient 1/(1 +4) and center at the origin. We also say that the knot 7 is
associated with the knot 7.

Consider any 74, .. We will show later that ¢ =c,e®+o(e?®). Thus by
Definition 2.1 we have

|Ti0.e (1) = Tipe (t2)| = |7 (1)) — T(t2)| + ca(t1, t2)e” + 0(e?)
it D(to, t1) < e or D(tp, t2) < e. Then we may conclude that
E(ryyc) = E(T) +c3e® +0(e?)  and  E(F,.) = E(1) + c4e> + o(€®).

The coefficients ¢3 and ¢4 of the term €3 will be called the variation and
denoted by Var(r, ) and Var(7, ) respectively.
Now all is prepared for the definition of a locally extremal point of a knot.

Definition 2.3. Any ty € S' is called locally extremal point of T i
Var(7y,e) = 0 Ior each locally perturbed knot 7, of length 2.

Definition 2.4. The knot 7 is said to be locally extremal if all its points are
locally extremal.

Let us find necessary and sufficient conditions for the point to be locally
extremal. We denote the vector product of two vectors a and b by [a, b]. By
(a, b, c) we denote the mixed product (oriented volume) of the vectors a, b,
and c¢. Let 7(¢) be the velocity vector and 7(¢) be the acceleration vector.
Now we define the functions W(¢, ¢) and ® (¢, ?).

(f(to) P(to) 7(H) —7(to)

s = LT =t

IT(t) = 7(to)|" |7(to)] /)
T(to) Ty —T(to) [ T(to) T(to) o |
®(ty, 1) = (|f<to)|’ |r<t)—r<to)|’[|¢<to)|‘ |%(t0)|D' i 7o) #0;
0, it 7(fp) =0.

), it 7 () £ 0
it 7(ty) = 0.
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[7(Z0); T(20)] (1) — 7(to)

Figure 1. The geometric interpretation of 1 (ty, t) and ¢(to, 1).

Note that |7(¢p)] = | and |7(¢) — 7(to)| # 0 if £ # ¢o. Thus ¥ and ® are well
defined.

We also remark that W(¢y, ¢) = sin(?y, t), where ¥ (g, t) is the angle
between the vector 7(f) — 7(f) and the oriented plane spanned by 7(¢y) and
7(fp). The function ® has a similar representation: ®(fy, ¢) = sin ¢(to, 1),
where ¢(?y, f) is the angle between the vector 7(f) — 7(fy) and the oriented
plane spanned by 7(¢p) and [7(Zy), 7(f0)]. (See Fig. 1). These angles can be
either positive or negative.

Theorem 2.1. Let T be a smooth knot. The point ty is a locally extremal
point of T if and only if the following conditions hold:

_ 2 of
Vilto) = s (4 /(f+ R(to)®(to, t)a—p)dt—

St

- % //(2f+D(t1, m)g—ﬁ +Ir(t) - mn%)mmﬁ

St xS!
+2// a—fdt]dt2> =0;
da
A

4 or _
Va(to) := 3R(t0)/apq'<t°’ fydt = 0.
S
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Here A CS'xS' is the set of points (t,ts) such that D(t,, t3) =
= D(t, to) + D(to, t2).

The proof of Theorem 2.1 see in [5].

Corollary 2.1. A knot 7 is locally extremal if and only if almost all of
its points are locally extremal, i.e.,

/(v?(t)+ vg(t))dt:o.

Sl

In [1] it is shown that the circle is not always the global maximum
or the global minimum for the energy considered. However the circle is a
locally extremal knot for any energy E satisfying the conditions 1), 2) of the
Introduction.

Corollary 2.2. The circle is always a locally extremal knot.

The proof of Corollary 2.2 is given in [5].
Now let us say a few worlds about the M6bius energy which is (in the
version from [3])

| I
T T — )R DI, o)

[t has many remarkable properties (see [8] and [3]). The Mé&bius energies of
homothetic knots are equal. This energy is invariant with respect to Mébius
transformations. The variational equations and the gradient flow equation of
the Mébius energy were studied in [3].

Unfortunately, for the M6bius energy, the variation Var is always infinite,
and this means that we can not perturb the knot in the way considered
above.

The main property of the Mobius energy is as follows. When a knot
crossing tends to a double point, the energy tends to infinity. The energy is
always positive. So every topological type of knots has a representative with
minimal value of energy, some normal form.

Notice that the main part of the Mébius energy is 1/|7(t1) — 7(t2)]>.
The other part 1/D?(fy, to) is only a normalization that makes the integral
convergent. So let us make another normalization of the “main part” of the
Madbius energy. In this case we often lose the invariance with respect to
Mébius transformations. Let us consider the following energy:

D3(x, y)
IT(x), T(y)|>

T

f=
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[t is easily seen that this energy on one hand has the above property and
on the other we can use our variational principles. Note also that such an
energy is the same for homothetic knots.

Corollary 2.3. We present V| and Vs for this energy:

2 |7(t) — 7(to)|” R(to)
Vitto) = 32 (41/( ST (1—2D(t’ i t)))dt_

// I7(t2) — T(t‘” ) Z TN 41, dt +6// 7 (s dtldtg
J, D(to, t D(fg, fl

_ 8 7(t) = 7(t2)]
Vo(to) = 3R(to)/ Dl 1) (ty, 1)dt.

§ 3. Definition and some basic properties of Mm-energy

In this section we define the Mm-energy of a knot. The nature of this
energy differs from those considered in the previous sections.

Let us fix some point ¢y on the circle and define the real number fy;,,(¢p).
Consider the map py,: S' — R such that py, (f) = |7(f) — 7(f0)|. Recall that
the map 7 is smooth. Hence p;, is also smooth except for one point #y. If the
number of maxima and minima of gy is finite, then we define the function
[rm as follows:

| |
t) = ——— - -
me( 0) i (tM) + t,"i;jl i (tmi) m;h pin (th) ,
where ¢y is one of the points where the function p,, achieves its global
maximum; U] is the set of all points of the circle, except the point ¢y, where
the function py, has local minima; Us is the set of all points of the circle,
except the point £y, where the function p;, has local maxima (see Fig. 2).
Here we suppose that 7y < £, < fp+ 2x. In the case of an infinite number of
maxima and minima we make a small smooth perturbation p;, so that the
number of minima and maxima becomes finite. Now we can calculate the
value of fym(to) for the function P, as it was made belore. Finally we define
the fym(to) as the limit of fy,(fo) in the C>-topology.
Now we define the Mm-energy.
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Definition 3.5. The Mm-energy of a given knot is the number

Eyn(7) = / Fam(D)d1,
Sl

if the integral converges.

Remark 3.1. Consider some small smooth perturbation of a knot. Then for
any point #y of the circle the function p;, is also perturbed in a smooth
way. At a generic point, four possible modifications in the sums of fy,, can
occur: small changes of the values of the maxima and minima; the death of
one maximum and of the neighboring minimum; conversely, the birth of one
maximum and minimum at some point; a local maximum close to the global
maximum can become the global maximum. In all these cases the variation
of the resulting fy,, is small. This is the reason why the Mm-energy depends
on small perturbations of knots continuously.

Further we formulate the basic properties of the Mm-energy.
Proposition 3.1. The Mm-energy is greater than or equal to 2.

Consider the sum

1 1 1
me(tO): + Z pto(tm,)_ Z

Pio(tm) =t el Pio ()
We can fix the ordering of the minima and the maxima in the standard way:

fo<tmy <lm <...<ty, <tm, <tm <lm <Ilmp, <-..
co <y, <tm, <to+2m.

Then we have

pto(tM)

Figure 2. The function py,
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k | 1 l
Tmm(to) = ;(m“(;mi) B pt”(tM.))erto(f/w)jL

+Z(p 1 )>0+ L o1

ikt fo pto(tM,‘) pto(tM) pto(tM).

Finally, note that the length of the knot is 27, hence the function ps, (fy) is
smaller than or equal to 7. Therefore,

EMm(T>:/me(t>dt</ 1 dt</1dt:2—”:2.
pitan) =
St St St

This completes the proof of Proposition 3.1.

Proposition 3.2. The Mm-energy is a homothety invariant.

Suppose 7 is a knot of length 27 and 7 is a homothetic knot of length 2/,
where [ is the coefficient of the homothety. Then df ={dt and p(t) = Ip(?)
for any ¢, and so fym(f) = fum(f)/L. Thus we obtain

Enim (7 /me (Ndi = /me t)ldt_/me 1)dt = Epp (7).

Proposition 3.2 is proven.
Hence we can consider knots without any restriction on their lengths.

Proposition 3.3. As two branches of the knot tend to a double crossing,
the Mm-energy tends to infinity.

Consider a smooth family {7x|A € [0, 1]} such that 7 is a smooth knot
with a double crossing and 75, A # 0 is a smooth knot without any double
crossing. For every ¢ we can choose a sufficiently small A satislying the
following conditions: there exist two points ¢, and £ with |{; —fy] < 2 such
that the functions p;, and p;, have global minima at the points 7y and ¢,
respectively; and the ball B, , of radius ¢ with center at the midpoint p of
the segment [7a(Z)), Ta(f2)] has only two connected components of a knot
Ty inside.

The family is smooth, hence the curvature of all knots is bounded by
some N. If e < 1/N, then every point ¢ of the knot 7, inside the ball B,/ ,
has one extremum (i.e., the global minimum) of the function p; inside the
ball B, ,, and every point ¢ of this knot inside the ball B., has not more
than one extremum (i.e., the global minimum) of p; inside the ball B, ,. Let
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us estimate the energy inside the ball B, :

£

2
Epim(ma N Be,) > 4/ L gt 4 <t+ €—>
[+ B)

g
2

5 e &
: e &

=4ln 22
2

£
2

>4lng.
€

)
&2
2
The other terms (we ignore the global minimum of p;) of the function [y,
change in a smooth way, hence the Mm-energy grows to infinity.

Therefore, the Mm-energy separates knots from different topological
classes.

The following property is an essential property of the Mm-energy.

Proposition 3.4. The Mm-energy is well defined for piecewise smooth
knots with obtuse angles.

If some point 7 is “near” the angle, then the function p; is monotone in
some neighborhood of the vertex of an angle and hence there are no minima
or maxima of p; in this neighborhood.

In particular, the Mm-energy is well defined for piecewise linear knots
with obtuse angles. Thus we can consider piecewise linear approximations
of smooth knots and take the restriction to the set of piecewise linear knots.
This property allows us to develop computer experiments in calculating
normal forms for Mm-energies of topological classes of knots and the values
of Mm-energies for this normal forms.

Bibliography

1. A.Abrams, J. Cantarella, J. H. G. Fu, M. Ghomi, and R. Howard, Circles min-
imize most knot energies, http://arXiv.org/abs/math/0105138.

2. V.1.Arnold, The asymptotic Hop[ invariant and its applications, in Proc.
Summer School in Differential Equations, Erevan, Armenian SSR Academy of
Science (1974); English translation in Selecta Math. Sov. 5(1986), 327—345.

3. M.H.Freedman, Z.-H. He, and Z. Wang, Mdbius energy of knots and un-
knots, Ann. of Math. (2)139 (1994), No. 1, 1-50.

4. W.Fukuhara, Energy of a knot, The féte of topology, Academic Press, (1988),
443—-451.

5. O.Karpenkov, Energy of a knot: variational principles, to appear in Rus.
Journal of Math. Physics.

6. H.K. Moffatt, The degree of knottedness of tangled vortex lines, J. Fluid
Mech. 35(1969), 117—129.



O. Karpenkov 223

7. H.K. Moffatt, Magnetostatic equilibria and analogous Euler flows of ar-
bitrary complex topology. Part 1. Fundamentals, J. Fluid Mech. 35(1985),
359-378.

8. J.O’Hara, Energy of a knot, Topology 30(1991), No.2, 241—-247.

9. J.O’Hara, Family of energy [unctionals of knots, Topology Appl. 48(1992),
No.2, 147—161.

10. J. O’Hara, Energy [unctionals of knots II, Topology Appl. 56(1994), No. I,
45—61.

MockoBckuil rocynapcTBeHHbll yHHBepenTeT uM. M. B. JlomonocoBa u MockoBckuit
He3aBUCHUMbIH yHUBepcuTeT E-mail: karpenk@mccme . ru



L. Katzarkov

Derived categories in four-dimensional
topology

§ 1. Introduction

In this paper we recall some invariants of symplectic four-dimensional
manifolds and build up some new symplectic and smooth invariants. The
paper should be considered as a sequel of [1], where we show how to compute
the Fukaya Seidel category of a Lefschetz pencil. We introduce a new
symplectic invariants — conjugacy classes in SL(N, Z) of the matrix of Floer
Euler characteristics A(D(Q)). In [1] we conjecture that conjugacy classes
in SL(N, Z) of the matrix A(D(Q)) is a homology invariant — conjectures
3.1 and 3.2. We also outline a procedure for proving conjecture 3.3 from [1].

Let us quickly recall the basics of braid factorization approach. It was
shown in [4] that every compact symplectic 4-manifold (X, w) can be realized
as an approximately holomorphic branched covering of CP? whose branch
curve is a symplectic curve in CP* with cusps and nodes as only singularities
(however the nodes may have reversed orientation). Such a covering is
obtained by constructing a suitable triple of sections of the line bundle L,
where L is a line bundle obtained from the symplectic form (its Chern class
is given by ¢ (L) = i[w] when this class is integral), and where & is a large
enough integer.

Moreover, it was shown in [3] that the braid monodromy techniques
introduced by Moishezon and Teicher (see e.g. [12]) in algebraic geometry
can be used in this situation to derive, for each large enough value of the
degree k, monodromy invariants which completely describe the symplectic
4-manifold (X, w) up to symplectomorphism. These invariants are also re-
lated to those constructed by Donaldson and arising from the monodromy
of symplectic Lefschetz pencils [6], which also are defined only for large
values of k.

Partially supported by NSF Career Award and A. P. Sloan research fellowship
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[t was expected that monodromy invariants arising from branched cover-
ings or symplectic Lefschetz pencils are among the most powerful available
invariants of symplectic manifolds; for example, it was expected that they can
be used to symplectically tell apart certain pairs of mutually homeomorphic
algebraic surfaces of general type, such as the Horikawa manifolds, which
no other currently available symplectic invariant can distinguish. However,
their practical usefulness is immensely limited by the difficulties involved.
The main problem that one encounters is that the monodromy only becomes
a symplectic invariant when the degree is large enough, which makes it
necessary to handle whole sequences of braid factorizations.

We will associate to (X, w) a sequence of invariants (indexed by & > 0)
consisting of two objects: the braid monodromy characterizing the branch
curve Dy, and the geometric monodromy representation 6:
71 (CP? = Dp) — S, (n =degfr) characterizing the n-fold covering of
CP? — D;, induced by f, [3]. Recall that a generic line L~CC CP?
intersects Dy in d =deg D), distinct points and that the inclusion map
i: L—(LNDp) — CP? — Dy, induces a surjective homomorphism i,: Fy; —
— 7 (CP? — Dg) [3]. The images of the standard generators of the free
group Fy; and their conjugates are called geometric generators of
71 (CP? — Dy), and we will denote the set of these elements by I'y; the
morphism 6, maps all geometric generators to transpositions in S,. To each
node one can associate a pair of elements ~,, 79 € I';, (small loops around
the two intersecting pieces of Dy); then the transpositions () and 6,(vy2)
are necessarily disjoint. Moreover, by the Zariski-Van Kampen theorem,
71(CP? — D) is realized as a quotient of F, by relations corresponding to the
various singular points of Dy: the relation arising from a node is [y, 2] ~ 1.
Therefore, adding or removing pairs of nodes amounts to adding or removing
relations given by commutators of geometric generators.

Define the linking number homomorphism &, : m (CP? — Dy) — Zg by
Sp(y)=1 Vy€eTl, Then it is easy to check that 6 = (6, &):
71 (CP? — Dy) — S, x Zy always has as the image the index 2 subgroup
{(o, i): sgn(o) =imod2} (note that d is always even).

Definition 1.1. Let K, be the normal subgroup of (CP* — Dy) generated
by all [v1, 2], 71, 72 € 'k such that 8, (~,) and 6, (72) are disjoint transposi-
tions. The stabilized fundamental group is G, = (CP? — Dy)/Kp. Since
K, € Kerf;F, we can also define the reduced subgroup GO = Ker@,j/Kk.

We show that the above groups are invariants but we will also show that
they are homology invariants.

This suggests that we need to look for more sophisticated invariants
associated with the braid factorization — the Fukaya Seidel categories. We

15 dynnamenTanbHas MaTeMaTiKa CerojHs
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show a procedure for computing these categories and some invariants as-
sociated with them. As we said at the beginning the simplest infariant of
these categories — conjugacy classes in SL(N, Z) of the matrix of Floer
Euler characteristics A(D(Q)) — turn out to be homological invariants. We
outline a procedure for dealing with this problem and show how to compute
examples of Fukaya category.

Later we move to the smooth situation. We propose a program for cre-
ating monodromy invariants in the case of smooth 4-dimensional manifolds.
We look at some other applications as well.

This paper represents the talk the author has given in Dec 2001 at a
conference devoted to the 10th anniversary of Independent University of
Moscow. The paper is organized as follows. In section 2 we recall results of
Donaldson, Auroux, and Katzarkov. In section 3 we define new invariants
related to the Fukaya category. In section 4 we build smooth analogs.

We would like to thank referee and D. Auroux for pointing and fixing
some problems in the proof of the theorem 2.3. Extended versions of the
results in sections 3 and 4 as well as some new aplications will appear in a
separate joint paper with D. Auroux and S. Donaldson, Orlov and Yotov.

§ 2. Symplectic invariants

Recall that a structure of Lefschetz pencil on a manifold X is a realization
of X as a family of submanifolds of real codimension 2 indexed by CP',
intersecting along a submanifold of real codimension 4, and all smooth except
for finitely many of them which have isolated singular points (double points
with normal crossings in the case of a 4-manifold realized as a family of
curves). After blowing up one obtains a structure of Lefschetz fibration,
i.e. a fibration over CP' with a finite number of singular fibers. A Lefschetz
pencil or fibration is symplectic (resp. algebraic) if X and all the submanifolds
making up the pencil are symplectic (resp. algebraic).

The work of Donaldson [7] showing that symplectic manifolds admit the
structure of a Lefschetz pencil suggests the existence of a fundamental sim-
ilarity between low dimensional symplectic topology and complex projective
geometry. After the work of Donaldson [7] it was suggested by Donaldson
and Gromov that one should be able to develop a theory of symplectic maps
to CP? and use previous work by Moishezon [12] to classify the four-
dimensional symplectic manifolds using braid monodromies. Parts of this
program were carried out by D. Auroux and L. Katzarkov in [3]. We briefly
repeat the results from [3].

Recall that by [4] every compact symplectic 4-fold X admits a finite map
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f: X — CP? branched along an approximately holomorphic symplectic curve
D c CP? which is immersed everywhere except at a finite number of cusps.
The branching is everywhere of order 2 (except at cusps). These coverings
are obtained by endowing X with a compatible almost-complex structure,
and by constructing suitable triples of approximately holomorphic sections
of the line bundles L®* over X, where k is a large integer and L is a line
bundle whose Chern class is equal to the cohomology class of the symplectic
form (or a perturbation of it if it is not integral).

In [3], conditions were added on the branch curve to ensure that its
behavior with respect to the fibers of the projection =: CP? — {(0:0: D)} —
— CP! defined by m(x:y:2) = (x:y) is generic. More precisely, one requires
that the only singularities of D besides the cusps are transverse double
points (with either positive or negative seli-intersection number), that D is
transverse to the fibers of 7 everywhere except at finitely many nondegenerate
tangency points, and that all special points of the curve D (cusps, nodes
and tangencies) lie in different fibers of 7. Such a branch curve will be said
to be quasiholomorphic.

In view of the result of uniqueness up to isotopy obtained in [4], the only
admissible phenomena in a -parameter family of quasiholomorphic curves
obtained from an isotopy of branched coverings are creation or cancellation
of a pair of transverse double points with opposite orientations.

We will call guasiholomorphic covering an approximately holomorphic
branched covering f: X — CP? whose branch curve is quasiholomorphic.
With this terminology, one has

Theorem 2.1 ([3]). For every compact symplectic 4-manifold X there
exist quasiholomorphic coverings fy: X — CP? defined by asymptoti-
cally holomorphic sections of the bundle L®* for k> 0.

The projection 7 realizes any quasiholomorphic branch curve as a singu-
lar covering of CP' branched at the special points. The techniques introduced
by Moishezon for algebraic curves extend in a straightforward manner, and
the topology of D can be investigated from the monodromy of this covering,
which gives rise to a factorization in a braid group (observing that the fibers
of m|p are finite subsets of the fibers of 7). We recall some more information
from [3].

Definition 2.1. We will say that two braid monodromies are m-equivalent
if there exists a sequence of operations which turn one into the other,
each operation being either a global conjugation, a Hurwitz move, or the
cancellation or creation of a pair of nodes.
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To recover a map f: X — CP? we also need a geometric monodromy
representation, i.e., a surjective group homomorphism 6 from (CP? — D)
with values in a symmetric group S,, describing the covering map [ away
from the branch curve. The properties of 0 are dictated by the requirement
that a small loop around D should be mapped to a transposition, and by
elementary rules of compatibility with the braid monodromy which ensure
the smoothness of the manifold X.

As a result we get:

Theorem 2.2 ([3]). Every compact symplectic 4-manifold is uniquely
characterized by the sequence of (cuspidal negative) braid factoriza-
tions and geometric monodromy representations corresponding to the
quasiholomorphic coverings of CP? canonically obtained for k>0, up
to m-equivalence.

[t was also shown in [3] that conversely, given a (cuspidal negative) braid
factorization and a geometric monodromy representation, one can recover in
a canonical way a symplectic 4-manifold (up to symplectomorphism).

Let (X, w) be a compact symplectic 4-manifold with integral symplectic
class: then it is known [3] that X admits a sequence of approximately
holomorphic branched covering maps f: X — CP?, which in the complex
case coincide with generic projections of the projective embeddings given by
the linear systems |k[w]| for £ > 0; moreover the topology of these maps is
canonical for sufficiently positive linear systems and can be used to derive
symplectic invariants.

In the complex case, the fundamental group 71 (CP* = D) of the com-
plement of the branch curve D has been studied by Moishezon and Teicher
[19] as a potentially useful invariant to distinguish complex surfaces. In the
symplectic case, a major difference is that the fundamental group of the
complement itself is no longer an invariant, due to the possible cancellation
of pairs of nodes in the branch curve. Nonetheless, a certain quotient G(D) of
71(CP? — D), called the stabilized fundamental group, can be shown to be
a symplectic invariant [5]. However it is worth noting that, in all the known
examples, this stabilized group coincides with the actual fundamental group
as soon as the linear system is sufficiently positive.

The fundamental group (CP* — D) admits a map 6 with values in the
symmetric group S,, where n = degf, which to a given loop in CP?— D
associates the monodromy of the branched cover along it. It also admits a
map ¢ with values in the cyclic group Z4, where d = deg D, which counts the
linking number with D. These two maps factor through the quotient G(D).
The image of (6, 0) is always a subgroup of index 2 in S, x Z; therefore
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there is an exact sequence
| — Go(D) — G(D) — S, X Zy — Zo — 1.

It has been observed in various examples that the kernel of 6 is often a
solvable group whose structure is related to a certain quotient of the braid
group.

Assume from now on that X is simply connected, and define A = {(L - C,
R-C), Ce Hy(X, Z)} CZ x Z, where L is the homology class of the preim-
age of a line in X and R is the homology class of the ramification curve in X
(R = 3L+ Ky). Moreover, let Go(D) be the kernel of the monodromy map
0: 7 (C*> — D) — S,. Then we have the following

Theorem 2.3 ([5]). There exists a well-defined group homomorphism
p: Go(D) — ((Z x Z)/N)", which descends to a group homomorphism
p: Go(D) — ((Z x Z)/N)"~". Moreover, if the linear system defining [ is
sufficiently ample then p is surjective.

§ 3. Fukaya Category

In this section we suggest a new invaraint comming from braid mon-
odromy. This is Seidel version of the Fukaya category. This category is
determined by the vanishing cycles of a Lefschetz pencil and can be derived
directly from the braid factorization. For the precise definition we refer to
Seidel’s paper [8]. Instead we will work out below some examples of a
Fukaya category.

3.1. The cubic example

Let X be a smooth algebraic surface of degree 3 in CP?, and let us
consider a generic projection of CP® — {pt} to CP?. This makes X a 3-fold
cover of CP? branched along a curve C of degree 6 with 6 cusps (there
are no nodes in this case). For a generic projection to CP' the curve C
has 12 tangency points, and the corresponding braid group factorization
in Bg has been computed by Moishezon in [12]. For all 1 <j <k <6, let

Zip=Xp—1-.. - X1+ X ~X]._+1] ""'Xk_—]l be the half-twist along the seg-
ment which joins ¢; and g in D? when the points ¢y, ..., g¢ are placed

along a circle: then the braid group factorization is given by

2
A = (235246213204 235723, 23) " Z35Z46 213204,
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and the corresponding geometric monodromy representation 8: 7 (D* — {q;,
.., g¢}) — Ss maps the geometric generators around ¢y, ..., g¢ to the
transpositions (23), (12), (23), (12), (23), and (12) respectively.

The corresponding Lefschetz pencil has 3 base points and consists of
elliptic curves; after blowing up X three times it becomes the standard elliptic

fibration of (C]P’Q#9@2 over CP' with 12 singular fibers. Its monodromy is
therefore expected to be given by the word (D,D;)® = 1 in the mapping class
group My = SL(2, Z), where D, and D, are the Dehn twists along the two
generators a and b of 7;(T?). We now check that this is indeed consistent
with what one obtains from the above braid monodromy.

We know that the braids Z3,, Z3, and Z3; lie in the kernel of 6, by
Proposition 3 [3]. Moreover, by Proposition 4 [3] the other elements which
appear in the braid factorization are mapped to Dehn twists along suitable
curves vss, 6, 713, and g4 in 72. The projections of these curves to CP' are
as shown in the diagram below ; their only intersections are the five points
indicated by solid circles, and all these intersections happen in the second
sheet of the covering.

The loops 713 and 794 have intersection number +1, so they generate
71(T?) = Z? and will be referred to as respectively a and b. One then easily
checks that v35 = b — a and v46 = —a (we use additive notation). Note that
we don’t have to worry about orientations as the positive Dehn twists D,
and D_,, are the same for any loop .

It follows from these computations that the braid factorization given
above is mapped by 6, to the factorization (Dy_,D,D,Dy)? in M. A Hurwitz
operation changes D,_,D, into D,Dy, so the Leischetz pencil monodromy
we have just obtained is indeed Hurwitz equivalent to the expected factor-
ization (DyDy)".

Starting from the braid factorization it is easy to draw vanishing cycles
and then locate the base points: they are the preimages of a point near infinity.
The corresponding Lefschetz pencil with 3 base points is obtained by lifting
this pattern via the 3-fold branched cover associated to the monodromy
representation 6. By lifting the 12 paths of the half-twists (actually 4 paths
each appearing thrice), we get 12 loops (actually 3 x 4 on the triple cover
of the sphere branched at 6 points, which is a torus. The three base points
are the three preimages of the point at infinity on the sphere. Another way
to say the same thing: if one takes the triple cover of a large disc branched
at 6 points in the pattern specified by theta, one gets a torus with three
punctures — these punctures correspond to the base points.

A different way to see the vanishing cycles is the following: the van-
ishing cycles are double covers of paths joining the branch points. Each
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path represents a loop in the 3-fold cover, which consists of two of its
lifts — those whose extremities come together at the branch points). We
are labelling A, B, C, D the four loops, and a, b, ¢, d, e their intersection
points.

The ordering of the Lagrangian cyclesis L.y =A, Lo =B, L3 =C, Ly =D,
Ls=A, L¢=B, L;=C, Ls=D, Lg=A, Liv=B, L1 =C, Liy=D. A
and C live in sheets 2 and 3 (these two lifts together form closed loops) B
and D live in sheets 1 and 2.

A and B intersect once, at a (in the second sheet of the cover).

A and C intersect once, at e (at their common end-point).

A and D intersect once, at c.

B and C don’t intersect.

B and D intersect once, at d.

C and D intersect once, at b.

So we get that L admits non-trivial Hom’s to Lo, L3, L4, Lg, L7, Ls, Lo,
Lyy, Lo (it intersects the B’s, C’s and D’s). Lo admits non-trivial Hom’s
to Ly, Ls, Lg , Lg, Ljo. (It intersects that A’s and D’s, but there is no Hom
to L by the ordering condition).

To find the composition relations we must look at polygons on the torus
formed by these cycles. These polygons project to immersed polygons on
the sphere. Not going through the base points means that we don’t allow
to go through the point at infinity on the sphere, i.e., the polygon must be
contained entirely within the disc of the picture. Also, if the polygon contains
in its interior some of the branch points then one needs to be careful that
it must go through them and therefore must live also in other sheets of the
cover.

If we look at the spherical triangle that lies outside of the drawn triangle,
then it goes through infinity, i.e. its lift goes through a base point.

If we look at the spherical triangle that lies inside, then we have to go
through the branch point in the middle, and the triangle comes out into
another sheet of the covering. In that sheet, it can be bounded by some
other parts of the vanishing cycles (possibly even by the same triangle or
it can go all the way to infinity there (but possibly hitting yet more branch
points and escaping to even other sheets of the cover). Still, if it’s bounded
then the surface we get is not topologically a disk (it has several boundaries)
and therefore it doesn’t count. If instead we choose to go to infinity we're
going to get a base point and so we don’t count it either.

Observe that each of the vanishing cycles is a loop, so there are two
ways to go from one point to another. We can go from one intersection point
to another in two different ways (e.g. the direct one, and the other one going
through the end-points to get to the other sheet then including the other
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lift). So we have to consider lots of potential triangles with several different
kinds of sides, even with a fixed given projection.

For example, if the intersection points lie in different sheets: e.g., if we
have with the upper-leit side being in sheets 1 and 2, the upper-right in
sheets 1 and 3, the lower side in sheets 2 and 3, then to form a triangle,
since the three intersection points are in different sheets (a in sheet 1, b in
sheet 2, ¢ in sheet 3) — so to form a triangle the sides must pass through
the end-points. E.g. the side ab can start at a (in sheet 1), go down to the
end-point, and come back in sheet 2 until it reaches 6. Or it may go up to
the end point and come back in sheet 2 instead (these are the two ways to
go from a to b on that loop). Similarly for the others. Then one needs to be
careful with all these choices that rise to genuine fillable triangles upstairs
without going through the base points (i.e. through infinity in the diagram
downstairs).

If we go back to the cubic, then things are fairly simple since there are
so few intersections.

There are no non-trivial bigons since the 3 A-cycles are mutually disjoint,
the 3 B-cycles are mutually disjoint, etc... (otherwise if e.g. L) and Ls
intersect, they’ll intersect twice and a bigon between them will give a non-
trivial contribution to p; in the Aco-category, so these intersections will die
in the cohomology in the derived category).

If we look for triangles, enumerating them according to their set of
vertices we get:

e abc, abd, abe don’t exist (there is no a-b edge)

e acd: there is one obvious triangle (visible on the picture) choosing the
lifts in sheet 2 of each side. If one goes through the other liits (i.e.,
e.g. one goes from a to d through the bottom end-point of B) then the
polygon has to escape to infinity and hit a base point.

e ace doesn’t work (all sides are on the same vanishing cycle)
e ade doesn’t exist (no d-e edge)
e bcd doesn’t work (all on the same cycle)

e bce: there is one obvious triangle, entirely contained in sheet 2. As
with acd we get that all other lifts don’t give bounded triangles.

e bde, cde don’t exist.

So there are only acd and bec triangles. acd tells us that there is a non-
trivial composition between homomorphisms involving A, B, and D cycles.
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However we need to pay careful attention to the ordering rules. The acd
triangle can give us compositions in three ways, taking into account the
counterclockwise order A-D-B of the sides:

For A — D — B: we get non-trivial compositions

Hom(Ly, L4) x Hom(Ly, Lg) — Hom(Ly, Lg)

Hom(L, L4) x Hom(Ly4, L19) — Hom(L,, Lyg)
Hom(L, Lg) x Hom(Lg, Li9) — Hom(L,, Lyp)
Hom(Ls, Lg) x Hom(Lsg, L19) — Hom(Ls, L)

For D — B — A: we get a non-trivial composition

Hom(Ly4, Lg) x Hom(Lg, Lg) — Hom(Ly4, Lg)

For B— A — D: we get non-trivial compositions

Hom(Ls, L5) x Hom(Ls, Lg) — Hom(Lo, Lg)
Hom(Ly, Lg) x Hom(Lg, Li2) — Hom(Ls, L2)
Hom(Lg, Lg) x Hom(Lg, Li2) — Hom(Lsg, L12)

Similarly the bce triangle with sides D — C — A in counterclockwise order
gives some other non-trivial compositions.

If one wants to check the higher-order compositions of the Aco-category
one needs to search for quadrants and so on. The only likely candidate are
the quadrants adbe; but all its lifts are unbounded and go to oo (the base
points), so the higher compositions vanish.

We call the graph obtained above a quiver with relations.

3.2. Fukaya Category — new invariants

The procedure described in the previous section allow us to produce new
invariants coming from the braid factorization. Let X, w be a symplectic
4 dimensional manifold and X’ be a pencil on X corresponding to a very
high power of £>> 0 of the complex line bundle L such that ¢;(L) =w.
Following the procedure above we associate to the above Fukaya category a
quiver . Now let us consider the derived category of representations of @,
the category D(Q).

Theorem 3.1. For k>0 D(Q), is an invariant of the symplectic struc-
ture on X.
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The proof of this theorem is similar to the results in [8].

This result is not hard and does not have much practical use right oposite
to the calculations of the previous section. From another point of view, two
things are obvious:

1. The Fukaya category records very closely the information coming from
the braid factorization.

2. According to the Mirror Symetry conjecture the Fukaya category is
equivalent to the derived category of coherent sheaves on the mirror manifold.
Although it is not known what is the mirror manifold, it is known that
in general the derived category of coherent sheaves recovers the smooth
projective variety.

The above two observations suggest that D(Q) should be a very strong
invariant.

Recall that the first Horikawa surface X; is a two sheeted covering,
[+ X; — CP' x CP' branched at a (12, 6) curve and the second Horikawa
Xy surface is a two sheeted covering of IFg branched at 5A¢ + A (see [11]).

In a series of papers Moishezon has outlined a procedure for computing
the fundamental groups of the complements of the ramification curves for
generic projections of Veronese and Segre embeddings. A modification of
Moishezon’s procedure allows are to approach the following conjecture.

Let X; and Xo be the images of Horikawa surfaces under the canonical
linear systems. Using Moishezon’s work we prove:

Theorem 3.2. The fundamental groups of the complements of the
branch divisors for generic projections to CP* of X, and X, are the
same.

This result follows from computing the braid factorization. But as we have
shown in the previous section if we know how to compute braid factorization
we know how to compute D(Q).

Let us outline the pocedure.

1. First we compute for D(Q) X; and X9 — the images of Horikawa
surfaces under the canonical linear systems.

2. Then we invoke the following

Theorem 3.3. /f we know D(Q) for small k we know it for k> 0.

The proof of this theorem is based on Auroux—Katzarkov degree dou-
bling formulae.

Now we proceed with some more examples:

The Segre (2, 2) embeding is given by 12 half-twists in Bg. The inter-
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section matrix and the non-canonical map to Z®P—1 are
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The basis of the kernel of antisymmetric part (10-dimensional) is

1 —-1-1

1-2 4-6 1
00 00O0O0O0-00

—1 -1
—1

00000 O0-00

0—1

0000 0-00

0 0-1

0 0-0 O
00 0 0-0 0

1 -1

0 0 0-1

0 0 0-1

00 0-0 0

00 0 0-1

0 0-0 O

00 0 0 0-1

0-0 0

000O0O0O0O0-1-020

00 0 00 0-1

0

000 O0O0O0O0 0-1
000 0O0O0O0 0-0-1

KERNEL(A — A', [15])

K

restriction of A, becomes symmetric L. = restriction

Restricted forms: AL

of F, becomes well-defined canonically

FL=F-K,

AL=K-A-K,
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2 1-1 2 =4 6-1—-1 1 1]
1 2-1 2 -4 6-1—-1 1 1
—1-1 2-2 4 -6 1 1-1-1

2 2-2 4 -7 11-2-2 2 2

—4—4 4-7 14-21 4 4—-4—4
AL= 6 6-611-21 32-6-6 6 6|’

—-1-1 1-2 4 -6 2 1-1-1

—1-1 1-2 4 —6 1| 2-1-1
I 1-1 2 -4 6-1-1 2 1
L1 1-1 2 -4 6-1-1 1 2|

r00 00 00 1 0 Ol
00 0 0—1 1—-1 0 10
01 0000 0 0—10

FL=1] 00 0-1 1-2 1 1 00].

10 00 00 0 1 00

—10 1 0 1—-1 0 0 00

L 11-2 2—-4 6-1—-1 11

Generators of kernels:

0 —1

0 —1

0 1

1 0

KERNEL(AL, [1:57:9]) = Span{ ||, |72
0 1

0 1

0 —1
L o] |-

KERNEL(FL, [12348910; 1:7])-[112; 010; 00— 1] =

[—1 0 —1

—1 0 —1

0 0 1

0 1 0

—1 —1 -2

= Span NER IR 0
0 0 1

1 0 1

—1 0 —1

L o] | o [-1]

Note that the 2-dimensional kernel of the quadratic form AL is contained
inside the kernel of the linear map FL(¢).
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feAut(AL, FL) = f(x) =x+ a(x)u + b(x)v + c(x)w, where u, v, @
generate Ker(FL), v, w generate Ker(AL). The linear forms b, ¢ are
unconstrained (except f must induce a determinant | transformation on
Span(v, w) = Ker(AL)).

Preserving AL <= (x + a(x)u, y + a(y)u) = (x, y) (v, w in Ker(AL)!),
i.e.,

a(){y, u) +a(y)(x, u) +2a(x)a(y) =0 (%)

(note (u, u) =2). In particular, 2a(x){x, u)+2a(x)*> =0, so a(x)=0 or
a(x) = —(x, u). Equation (x) shows that if a(x)=0 for some x such
that (x, u) is non-zero, then a(y) =0 for all y implies that modulo v
and w we have only /d and 7, (reflection about the square 2 element u,
Tu(x) = x — (x, w)u).

The only fixed element of Ker(A2"1) = Z'0 (morally = Hs of the blown-up
Segre surface) is 0 (those not in Span(v, w) can have arbitrary multi-
ples of v or w added to them; and the action of SL(2, Z) or GL(2, Z) on
Ker(AL) = Span(v, w) leaves nothing invariant).

[t is pretty clear that the reflection 7, should correspond to the Dehn
twist along the Lagrangian sphere (1, —1).

Segre (2, 3) 20 half-twists in the Bgg Intersection matrix and non-
canonical map to Z®P~1 are

rnoooo—-1 1—-1 1 0
01000 1—-1 1-1 0
00100 0 0 O O O
00010 1—-1 1—-1 0
00001-1 1-1 1 0 O
00000 1-2 4-6 1—-1-1
00000 O 1-2 4—-1 1 0-1
00000 1-2 1-1 0 1—-1 2

00000 -1 1-1 0 0-1

A = 00000 0 1-1 1-1

00000 -1 1-1 1

00000 1-2 4-6

00000 0 1-2 4-
00000 0 1-2

00000
00000
00000
00000
00000
LO000O

| |
OO~ 0000000~ ——~—0OO0O00O
|

o

o

O — OO O — = = — 00O~ 0000O0o

—_— 0000~ — = — 00000000 OOoOQ

L

o

DO~ — — = — 00000000 OOoOOoO

DO O — O —— = — 00000000 OOoOOo

eNeoNoBoBoBoNeoloRolo oo Nl
[=NeoloBoNoBoNolololoReN o]
[=NeoloBoBoBoNoloReoloReN o]
[eNeoloBoNoBoNoloReoN e
[eNeoloBoNoBoNoloRoN e
[=NeNoBoNoBoNeoReNe]
[=NeoNoBoNoRoNe]
[eNeoNoBoRoR o]

[N eNoRoNe]

S oo oo —
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0 0 0-1
0 0-1

0000O0O0OO0OOO0OOO0OTO0OO0OO0O0-I

0
0

1

1 —1

0000O0O0OO0OOO0OOO0OO0OO0

1 0 0 0 1

1 —1

000000 0-1
00 00O0O0O0O© 0

0—1

00 00O0O0O0O0 0-1
00 0 0O0O00O0

0 0 0-1

0 0
0
0 0 0
0 0 0

-1 1

-1

1

1

0—1

0—-1-1

1

1

00 00O0O0OO0OO0OO0OO0OO0 2-1

0-1

0000 O0O0O0O0-1 1-I

0 0-1

I1-1 0 0 0 00 0O

00 000 0 0-1

0 1

0-1
0

—1

00 0 00

0000O0O0OO0OO0OO0OTO0OO0OTO OO

-1

-1
-1

1 -1

0 0 0-1
0 0-1

1

00 0O0O0O0OO0OO0OO0OO0O0

1 -1

1

0 0 0

F=

Basis of the kernel on the antisymmetric part (16-dimensional):

KERNEL(A — A’, [13612])

K:

Span
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Restricted forms: AL = restriction of A, becomes symmetric FL = restriction

of F, becomes well-defined canonically

F-K

FL =

AL=K'-A-K,

—_— O O = = ] o~ =~ O O o~ — O —~
| | I I | (.
N — — N ID 0 NN MO0 — — — D —
(. | I I | [
—_— e = O] O e~ =~ — O] O O N — O
I I | I I I
—_— O O e~ = ] — =~ O O o~ O —
I | I I (I
—_— O O e~ = ] — =~ O O A —~ O — —
I | I I (I
0 N NO F HO XN MW© O N0 ©
(. - N
| I |
O — ™ © 0 00 Vo o H — 0T
I = ,ln/,. (I
N = T O DN NI XV NN — N
(. | — I =
I
N — — N ID 0 N MDD 0 — — — N —
I I | I I (I
N — — DD 0 NN MO0 — — — N —
(. | I I | [ .
0V © © MY W®VWDF F NN OO N
,lO,.S_ I,AIO,. (I
D 0 p N DD © O H — — D —
(. _lJ. I =
M AN NI O MNHNF OO~ — D —
I = I l, [
T TS T T eSS
A R
311,3%842%50,01119,.1_
1
~
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1000001_1000_
°S—qeeo—oo
ceo—~-oocoo—
cecoco—a~ooo
—qece—~——oco
S—ooccmowoon
SToco-~vmoo—
cocoo-anoco—
coocoo—~o—o—
°Se—~toeo~—oo
coco—ccamo®
ceo oo —o~x
ccocoo—~—ooa
cocococoooo o
cocococo—~cococo o —
SO0 — — —— —

L I

I
~
s

Generators of the kernels:

_0111100011011101
| | | | |

T
Tt O N O et = OO O — — O
I

T
SO DO OO —~—— O OO OO

T
SO —~— OO OO OO

KERNEL(AL, [1:57:1012: 14]) = Span

(1)) x

x [10000; 01000; 00 — 101; 00010; 001 — 11}’

KERNEL(FL, [1:57:101214; 1

1

—_— o —

1

0

0

0
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The 4-dimensional kernel of AL is contained in the 5-dimensional kernel
of the linear map FL.

The last generator u of Ker(FL) (the only one not in Ker(AL)) has
(u, u)y =12, so we can’t reflect about it. Indeed, (x+a(x)u, y+ a(y)u) =
= (x, y) implies a(x){y, u) + a(y){x, u) + 12a(x)a(y) =0, so (taking x = y)
a(x) =0 or a(x) =—1/6(x, u); the second possibility is not defined over
integers.

If we have a Lagrangian —2-sphere joining two identical vanishing cy-
cles, then exchanging them gives an automorphism of the pencil — in other
words, after conjugation by a suitable sequence of mutations, we can assume
that two consecutive vanishing cycles in your collection are equal, so that
the corresponding quiver has two consecutive vertices L; and L,y that 1) are
joined by two arrows, one in degree 0 and the other in degree 1; 2) apart from
these two arrows, there are the same morphisms arriving to L; and to L;4
from the previous vertices, with the same relations (in fact the morphisms
to L, are obtained by composing those arriving to L; by one of the two
arrows from L; to L;y |, presumably the one of degree 0), and similarly for
morphisms starting at L; or L;;;. So if we exchange L; and L;1; (or rather
mutate them), I think (to be confirmed by a mutation expert) that you get
the same quiver with the same relations. Hence this is an autoequivalence.
Conjugating back by whatever mutation made the two vanishing cycles
consecutive, we get the result for the original category you started with.
Therefore it’s not a mutation (or sequence of mutations), and so it does
not belong to the group of “symplectic PL transformations” (in the above
sense of mutations corresponding to —2-spheres joining two identical cycles
along a certainpath); so the part of homology lelt invariant under symplectic
PL transformations is necessarily different for the two Horikawas (for the
first Horikawa it’s exactly the pullback classes; for the second one it’s at
most the pullack classes; these sit difirently inside Hy of the total space, for
2-divisibility reasons).

Theorem 3.4. The matrix A is a homology invariant.

The antisymmetric part of A is the intersection pairing of the vanishing
cycles in the fiber (i.e. we have loops in the Riemann surface, and we pair
their H;-classes) — this is because by definition of the Floer homology, its
Euler characteristic is equal to intersection numbers in the upper triangular
part, and when we antisymmetrize we get the right thing. There is a map from
7" (linear combinations of the n vanishing cycles) to H,(F, Z) (F= fiber),
corresponding to the homology class represented in F by the combination of
vanishing cycles; the kernel L of (A — A’) is precisely the kernel of this map.
7" splits into two parts: this kernel L, and some supplementary subspace R of

16 dynnamenTanbHas MaTeMaTHKa CerojHs



242 Derived categories in four-dimensional topology

rank 2g (not canonical, corresponding to choosing combinations of vanishing
cycles that generate H; of the fiber —if the total space has trivial H|, else
you must generate only a smaller part of H; of the fiber and the rank is less
than 2g).

The restriction of A to L is symmetric; but it is degenerate, and its kernel
has in fact rank 2g (again assuming H(X) = 0). This corresponds in fact to
the image of the first map H,(F) — Z" in [21]. So L splits into this kernel
K and a supplementary subspace L’ (not canonical — complete a basis of K
to a basis of L). A restricts trivially to K; and its restriction to L’ is a
nondegenerate quadratic form. As a space, L’ can be identified with a part of
HQ(}), where X is the blowup of X, and, more precisely, L’ corresponds to the
orthogonal of the fiber class F, quotiented by F (observe that /" has square 0
in X). [Note that introducing the extra map phi to Z®2¢Ps=1) we can in fact
separate the exceptional sections in Hg()A() from the other part coming from
Hy(X), but this is not relevant here.] So the quadratic form A restricted to
L’ was exactly the opposite of the intersection pairing of HQ(X) (restricted
to the orthogonal of F mod F). Now the matrix for A, using blocks K, L', M
looks like:

0 0 B
0 - C
B" C'' D

(B! and C! are transposes of B and C because L is the kernel of A — A?) —@Q
= -intersection form.

One easily checks that det @ = 1 (because intersection pairing is uni-
modular and one reduces to the orthogonal of /' mod F, but F is a primitive
class in HQ(X)). det A =1, sodet B==£1. Therefore, B belongs to GL(2g, Z),
so changing basis for either K or M we can make B become /d. Moreover,
L’ is defined only mod K, so adding elements of K to our choice of the basis
for L” we can then kill C. We are left with

0 0 I
0 - 0
Id 0 D

Moreover, D can be made antisymmetric by adding suitable elements of K
to the basis for M. On can easily see that the 2g x 2g antisymmetric matrix
on H(F, Z) is the intersection pairing in H;(F).
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§4. Singular Lefschetz fibrations and smooth
4-manifolds

In this section we will suggest an approach for extending monodromy
invariants in the smooth category.

[t has been observed in particular by Taubes [18] that every compact
smooth 4-manifold with b; > 1 admits a self-dual harmonic 2-form which
generically behaves like a symplectic form that degenerates along a union of
circles. Similarly to Donaldson’s result for genuine symplectic manifolds [6],
we would like to make the following conjecture which seems very promissing
at the moment.

Conjecture 4.1. There exists a degenerate symplectic Lefschetz pencil
structure on every compact smooth 4-manifold with by > 1.

Moreover, a converse result expressing that all degenerate topological
Lefschetz pencils carry a degenerate symplectic structure follows easily by
an imitation of Gompf’s result for the usual Lefschetz pencils [10].

Theorem 4.1. Let M be a smooth compact 4-manifold, and let f : M — S?
be a fibration of Riemann surfaces over the sphere S*> such that:

1. The set of critical points of [ is the union of a finite number
of smoothly embedded circles =, ..., v, in M and a [inite number of
isolated points py, ..., ps.

2. The loops ~! = [(vi) are immersed in S?, passess only transverse
self-intersections, and intersect each other transversally;, the points
qi=[(p) € S? are pairwise distinct and do not belong to any of the ~|.

3. The fibers [~'(q;) are surfaces passessing a double point sin-
gularity at p;, and there exist local orientation-preserving complex
coordinates in which [ is locally given by (21, z2) — 27 + 23.

4. The fibers of [ above the points of Uy are surfaces passessing
double point singularities (above a smooth point of Uy] there is only
one singularity). Moreover there exist local real coordinates in which |
is locally given by (x, y, 2, 1) — (x> + y> — 2%, 1).

Then M — Un; carries a symplectic structure which degenerates near
the circles ~;.

The argument is indeed a fairly direct imitation of Gompf’s proof, which
itself relies on an argument due to Thurston: the symplectic structure on the
total space is constructed from 2-forms that restrict positively to the fibers
by using a patching argument and by adding a multiple of f*ws:. The main
new point is the construction of the degenerate structure near the circles ~;,
which should follow from the available local models.
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Now if the above conjecture is correct one can construct a modification
of the D(Q) along the same line. This construction not only suggests how to
construct Seiberg—Witten invariants on a smooth four manifolds following
the Donaldson—Smih procedure but also allows us to formulate the fol-
lowing:

Conjecture 4.2. For k>0 the «Hodge [iltrtion» on H(D(Q)) is an in-
varinant of the smooth structure on X.

Conjecture 4.3. Horikawa surfaces are not diffeomorphic.

N

Figure 1. Fibers
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C. MakCUMEeHKO

Ceuenus neiicrBuii rpynn Jlu
u Teopema M. HbromaHa

AHHoTauMA

[Tyets M — ryankoe KoHeuHoMepHoe MHoroo6pasue, G — rpymnmna
JInu ®: G x M — M Hekotopoe raajxoe aeiictsue G Ha M. Pacemor-
puM oToOpakeHue

¢: C*(M, G) — C=(M, M),

ornpenenéHHOe CJeylolM o6pazoM  p(a)(x) = a(x) - x, AIs BCeX
a € C®(M, G) ux e M. B pabote onucbiBaeTcst CTpyKTypa npoo6pason
otobpaxkenuit u3 C*° (M, M) nipu ¢ nasa caydas dim G = 1, T.e. Korza
G ecth mu60 R 60 S'. B KauecTBe MpPUJIOKEHHS TOMy4eHO HOBOE
JI0Ka3aTe/IbCTBO U3BecTHOH Teopembl M Hblomana o BHyTpeHHOCTH
MHOKECTBA HEMOJABHKHBIX TOUEK NeHCTBHS KOMINAKTHOH rpynmbl J1u.

§ 1. BaeneHue

[Tyctsb M — raanxoe (C°) cBsid3HOe KOHEUHOMepHOe MHoroo6pasue, G —
rpynna JIu u
O:GxM—-M (L.1)

riajkoe Jgeoe jeidctsie G Ha M. Mbl OyneM TakKe NUcaTbh g-2 BMECTO
(g, z) mageGuzel.

Jnst kaxnoit Toukn z € M o6o3Haunm uepes O, C M e€ opbuty. Ilyctb
TakkKe Fix ® o6o3HauaeT MHOMKECTBO BCeX HeMOJBIKHBIX ToueK P. Touky,
KOTOpasi He SIBJISIETCS] HEMOIBHAKHOH, HA30BEM peeyasipHO.

PaccmotpumM riiankoe otobpakenue f: M — M, Kotopoe coxpaHsieT HHBa-
puantHeiMu op6utel O, T.e. f(O,) C O, nns Beex z € M. I1pu nsyuenuu pas-
JIMUHBIX YPaBHEHHI Ha MHOrooGpa3usiX, UacTO OKa3bIBAeTCs M0J1€3HbIM 3HATh
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MOKET JIK [ ObITh «TJIaJKO MapaMeTpu30BaHO» 3JeMeHTaMH rpynmbl G, T.e.
CYLLIECTBYET JIM TaKoe ryajikoe otobpaxenue a: M — G, uto

[(2) = ®((2), 2) = a(2) - 2,

JUIsl Bcex 2 € M? DTOT BONPOC €CTECTBEHHO MPUBOIUT K PACCMOTPEHHIO CJle-
JYIOLIEro 0TOOpaXKeHus

p: C®°(M, G) = C=(M, M), (1.2)
OTpe/eéHHOTO C MOMOIIBIO (hOPMYJIbI

p()(2) = P(a(2), 2) = a(2) - 2,

s € C*°(M, Gy m ze M.

OueBHIHO, UYTO TOXKAECTBEHHOEe oToOpaxkeHue idy MHoroo6pasuss M Ha
ce6st MPUHAMIEKUT 00pasy ¢. PaceMotpum ero npoodpas Zig = &~ (idy) C
C C*®(M, G). D10 MHOKECTBO HUrPAET BAXKHYIO POJIb B MOHUMAHUH CTPYKTYpPbI
. OueBUIHO, uTO Z;g fiBAsIeTCS noarpynnoi B C>°(M, G). boJiee Toro, MoxKHO
noKasaTb, u4To npoobpasbl oTobpaxenuin U3 C°>°(M, M) npu ¢ B TOUuHOCTH
COBMAJAIOT cO CMexKHbIMU Kiaccamu C*° (M, G) no noarpymnre Zi.

OCHOBHOH pe3yJibTaT CTaThbl — MOJHOE ONUCAHUE IPYMNIbl Zig s cJydast
dimG =1, 1.e. korna G sBasieTcs au6o npamoit R, u6o okpyxuHoctbio S'.

Jlns mpocToThl 0603HAUNM yepe3 [ MHOXKECTBO HEMOABHKHBIX Touek Fix
neiictus (1.1). I[Tyers Takke Int F u Fr(Int ) o603Hauaior, COOTBETCTBEHHO,
BHYTPEHHOCTb MHOXKeCTBa F B M W rpaHUIly 3TOH BHYTPEHHOCTH.

1.0.1. Teopema. [Ipednorosicum, umo G =R, m.e. & asasemcs NOMOKOM
Ha M.
(1) Ecau Int F # 0, mo

Zig ={p € C>=(M, R): puyintr = 0}.

(2) Hycmeo Int F = 0. Toeda umeem dse so3moncrocmu: awbo Ziqg = {0},
aubo  cyuecmsyem maxkas cmpoeo noioxcumesonas CP-ghynkyus
w: M — (0, c0), umo

Ziy={nu:neZ} =7

B amom cayuae kascdas peeyiipHas mouka Z HOMOKA NepuoouiHa u
w(2) pasro eé nepuody.

1.0.2. Teopema. [Ipednonoscum, umo G =S' u nycmo K — 10po neagh-
¢pexkmusrocmu deticmsus (1.1), m.e. 210po UHOYYUPOBAHHO20 20MOMOP-
pusma G — DifiM. Ecau deticmsue ® nempusuasoro, mo Int F=0 u Zy
cocmoum u3 nocmosinHolx omodpasceruti M — K C G. CaedosameavHo,
Ziq usomophna K u asaraemcsa KoOHeuHol yukiuueckol epynnod.
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B KauecTBe cyie/ICTBHSI MOJydaeM HOBO€ J10Ka3aTesbCTBO OJHOTO U3 BapH-
aHTOB U3BeCTHOH TeopeMbl M. HbiomaHa [3] 0 1eficTBUSAX LIMKIMUECKUX TPy,
a 3ateM CylllecTBeHHO o6o0liajsack MHOTUMH aBTopamu [1, 2].

1.0.3. Teopema. [Iycmo G — komnakmmuas epynna Jlu eradko u Hempu-
BUANLHO OelicmBYIouas HA KOHEeUHOMEePHOM MHO2000pasul. Toeda mMHO-
JHCeCMB0 HENOOBUINICHbLX MOYEK 3mMoeo delicmseusa Huede He NAOMHO.

Hokasameavcmso. V3 KomnakTHOCTH Tpynnbl G cyeyeT, UTo OHa COAEPIKUT
X0Tsi Gbl OJIHY OJHONApaMeTphueckyto noarpynny S usomopduyio S'. Jlefi-
CTBHUTEJIbHO, 3aMbIKaHHE MPOM3BOJNBLHON OJHOTIapaMeTpHUeCcKOl MOArPYIIbI B
G — ecTb CBsi3Hast KOMNakTHasi abesieBa MOATPYINIA, T.€. TOP, KOTOPBIH, 10
onpeseenuio, coaepxut S!'-noarpynnoi.

[Tyctb Fix S o603HauaeT MHOKECTBO HEMOABHKHBIX TOUEK HHAYLIUPOBAH-
Horo nefictBust S Ha M. Torna Fix G C Fix S. Io teopeme 1.0.2., Fix S nurne
He TMUIOTHO, TI03TOMY, HUTZle He mJyoTHO U Fix G. O

Cratbsl noctpoeHa cjeiyolium obpasoM. B 2 mbl paccmoTpum obliue
CBOHCTBA OTOOPaXKeHHsI , KOTOpble CrpaBeIMBbl st Bcex rpynm Jln G.
Hanee mbl OyzneM uM3yuaTb TOJIbKO JedcTBHe rpynmbl G =R. B 3 paccmar-
puBaeTcsl noBejieHHe (YHKUMH M3 Zjq B OKPECTHOCTSIX PEryJspHbIX TOUEK
®. 4 conepKUT JIeMMy O HHXKHEH IpaHHLEe NEePHOLOB TPAEKTOPHH JIMHEHHbIX
MOTOKOB. DTa JieMMa HCIIOJIb3yeTcsl 3aTeM B O, TJe Mbl J0Ka3biBaeM JiBa
OCHOBHBIX NPeJIOKEHUS 0 JIOKAJbHOM MoBeAeHHH (PYHKUMI U3 Zig. Hakonel,
B 6 1 7 1aHbl J0Ka3aTebCTBA CPOPMYIHPOBAHHBIX BhILLE TEOPEM.

§2. OcHoBHbIE CBOICTBA ¢

2.0.1. Jlemma. O6pas imy asagsemca nodnoayepynnoti 8 C*=°(M, M). bo-
aee moeo, nepeceuerue im o N DIffM ecmo nodepynna e DifiM.

Hokaszamenvbcmso. PacecMoTpuM 1pou3BoJibHble 0TOOpa)eHusi «, [, y €
€ C>®(M, G) u nyctb [, g, h € C*°(M, M), coOTBETCTBEHHO, UX 00pPa3bl MpH
w. Tlpennosoxum Ttakke, uto A audpdeomopdpusM. s noKazaTesbCTBa
JIEMMbI, IOCTATOUHO TTOCTPOUTH TaKHe OTOGParKeHUst

Ofog, Op—1 M — G,

uto [0 g = ¢(0j0g) H h="' = p(o,-1). Hecoxkno y6eauthes, uto ceiyoliye
0TOOpaXKeHHs YJIOBJIETBOPSIOT YKA3aHHBIM YCJIOBHSIM:
jog(2) = a(g(2)) - B(2), 2.1)

o1 2) = (v (h' (@) (2.2)
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Js1 BeeX 2 € M. JIeHCTBUTENBHO,

[og(2) = a(g(2) - g(2) = (g(2) - f(2) - 2 = Tjog(2) - 2.

Jlnist nokasatesnbetsa (2.2), samMetim, uto Toxkaectso i1 (h~1(2)) = z osnauaer,
uto v (h='(2)) - h='(2) = 2, otkyxa,

@)=~ (h"'2)  z=0p1(2)-2 O

2.1. O6o3naunm uepe3 Ziq(P) npoobpas TOXKAECTBEHHOTO OTOGpaKEHUS
o~ l(idy) C C®M, G)
Zia(®) == o~ (idw). (2.3)

Takum o6pasom, u(z) -z =2z s Beex pu € Zig(®) uz e M.
Curienyroliiee yTBepsKieHHe BbITEKAeT U3 OMpe/eseHnH.

2.0.2. Mpepnoxenue. Mroawecmso Ziy = Ziq(P) obradaem caedyroujumn
ceoticmsamil:

1. Ziq ecmo nodepynna 6 C*°(M, G).

2. Jlas moboix o u B € C®(M, G), p(a) =(B) moeda u moavko mo-
eda, koeda o~ - B € Zy. O

2.0.3. Jlemma. [Tpednoroocum, umo Int F # (. Paccmompum dsa omob-
pascerus o, 3 € C®(M, G) cosnadarowux Ha OONOAHEHUU K BHYMPeEH-
Hocmu Int F:

almintF = Blm\int -

Tocda (o) =w(B). B uwacmwuocmu, ecau «o(z)=e€G 0aa 8cex
zeM\IntF, mo a€ Zy.

Hoxazameavcmeo. Ham HeoGxoauMo fo0Kasath, UTo «(2) -z = F(2)-z aad
z € M. Pacemorpum nipoussodibHyto Touky 2z € M\ Int . Torna a(z) = 3(2)
, cJenoBaTesbHo, a(2) -2 = (3(2) - 2.

[Ipeanosnoxum Tenepb, uto z € Int F. Torna ¢-z =z nna kaxjuoro ¢ € G.
CaienoBaTtesibHo, (2) -2 = ((2) -2 = 2. O

C.HelLleLLLaﬂ JieMMa ouyeBHIHA

2.0.4. Jlemma. [locmosunoe omobpadcerue p: M — G npunadaexncum
Ziq moeda u moavbko moeda, Koeda eco obpas npuradiexncum a0py
Heagpgpexmusrocmu deticmsus . O
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§ 3. PeryaspHble TOUKM NOTOKOB

Hauunnast ¢ aToro MomeHra, ecjii He OTOBOPEHO MPOTHUBHOE, OyJieM Tpes-
noJarathb, uto G = R. Jlnis1 nanbHeiiliero, yao6Hel Tak:ke MPeJnoJ0XKUThb, UTO
P gpasieTcst MoKadbHBbIM AelicTBUEM. TakuM o6paszom, ¢ — JoKabHBIA MOTOK
ornpeJiesiéHHbIl HA HEKOTOPOM OTKPBITOM TOJMHOXKecTBe MHorooGpasusi M.
Hanomunm Heo6xoMMble ornpeseseHusl.

3.0.1. Onpenenenue. Ilyctb U — oTKpbITOE CBSI3HOE MOJAMHOXKECTBO B M H
J — OTKpbITbIA UHTepBaa B R conepxauwit 0. [agkoe orobpaxkeHue

o TxU—M (3.1)
Ha3bIBA€TCsl LOKANAbHBIM NOMOKOM, €CJIA BbINTOJHEHDI CJAeAYIOUIHMe YCJIOBHUS.
(1) ®(0, x) = x, Vx € U,

(2) D(s, ®(f, x))=P(t+s,x), mis xelU wu t,s€J, Kak TONbKO
o, x)eUnttsed.

B cayuae, korna U=M u J =R, norok ® HasbiBaeTcsi e100aAbHbIM.
Hast kaxoro ¢ € J, cyxenue notoka ® na muoxecto {{} x U

(I)|{t}><U: U—M

Oynet o60o3HavyaTbes uepes b;.

Opbuma touku z € U, 3mo muoxectBo ®(J x {x}) C M. Touka z€ U
HasbIBaeTCsl HenodsuicHOoL s ToToka, ecyu ®(¢, 2) = z nas kaxuoro t € 7.
Bce ocrasibHble TOUKH OYyT HA3bIBATbCS peeyripHoimu. PerynspHas Touka
z nepuoduuna, ecau ®(¢, z) =z ansi vekotoporo ¢ > 0. Haumenbliiee ta-
Koe ¢ Ha3bIBaeTcsl nepuodom TOUKM Z U o603Hauaercsi uepes Per (z). Op6ura
NepHoIMYeCKON TOUKH Ha3bIBAETCS] 3AMKHY MO, a opouTa PeryssipHO, HO He
MepPUOIMUECKOlN TOUKH — HE3AMKHYMOU.

3.1. OTMeTnM, uTO JIoKaJbHBIA NOTOK (3.1) HHAYUHpPYeET oToOpaXKeHue

w: C®(U, J)— C=(U, M) (3.2)
onpejesiéHHoe ¢ nomollbio GopMydbl p(a)(z) = P(a(z), 2), s z€ U u
aeC®U, J).
PaccmoTtpuM ToxecTBeHHOe BioxXKeHue idy: U — M u 0603HaunM
Zia =~ (idy).

3.0.2. Jlemma. [Tycmo w — HenocmosHuas opbuma nomoka ® u p € Ziy.
Ecau w Hezamknyma, mo pl, =0. Ecau w 3amkuymas opbuma nepuoda
0, mo pl, = né daa Hekomopoeo n € Z.
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Hokazameavcmso. HanoMHum, uto ycjoBHe (€ Ziq 03Hayaer, uTo
D(u(x), x) = x nast Bcex x € M.

Paccmotpum HesamKHyTyto opbuty w mnotoka ®. Torma s Jo60i
napbl TOUEK X, Y € w CYUIECTBYeT eOuHCmeeHHoe uucio te€ J, Taxoe,
uto ®(¢, x) =y. B uactHoctH, =0 Torna W TOJBKO TOT/A, KOTAA X =Y.
CaenoBaresibho, p(x) =0 1Jsi Bcex ToUeK x € w.

[lycka#i Tenepb w — 3amkHyTtasi opbuta nepuona 0. Torna, nis x € w,
cooTHouleHue P(f, x) = x 5KBUBAJIEHTHO TOMY, uTO f = nf JJsi HEKOTOPOrO
n € Z. Cnenosatenbho, pu(x) = n(x)0, njisi Bcex x € w, rne n = p/0: w — 7 —
Henpepoisras pynxuus. Torna n nocrosinua, T.e. ., = nb. (]

Curienyromias jeMMa yTBepKIaeT JIOKaNbHYIO eIMHCTBEHHOCTb (DYyHKIHMH U3
Ziq B OKPECTHOCTH peryJisipHOi TOYKH MOTOKaA.

3.0.3. Jlemma. [Iycmo C— KOMNOHEHMA CBA3HOCMIU MHOICECMBA pe-
eyaaprolx mouex nomoka ® u nycme «, € C®(U, J)— dse makue
Gpynkyuu, umo (o) = p(B). Ecau aly) = B(y) 012 Hekomopoi mouku
y € C, mo alc =p|¢. B wacmrnocmu, 0ia ¢pynxkyuu o € Zig, maxoi, umo
a(y) =0, umeen alc =0.

Jokasameavbcmeo. JlocTaTOUHO MOKa3aTb, UTO B YCJAOBHUSIX JeMMbl, o = 3 B
HEKOTOPOH OKpecTHOCTH TOUKH y € C. Mbl MosiyuuM ceifiuac TouHble GopMyJibl
JlokasibHO o6patnaioiye ¢. OHKM AaloT BblpaxkeHue QyHKUMH « uepe3 p(a) B
OKPECTHOCTH PEryJ/sipHOH Toukn P.

[lyets f=¢(a) 1 a = a(y). Tak Kak Touka 2z = f(y) = $,(y) peryaspna,
TO CYLIECTBYIOT Takue eé oKpecTHOCTb W U cucTema KOOpAMHAT (Xf, ..., X,)
BW,uro 2=0u ®(¢, xy, ..., x,) = (x1+ 1, xo, ..., x,). Paccmorpum ciie-
ayoutyio okpectiocts V = f~HW)N®_,(W) touku y. Torna ouenaHo, u4To

a(x) =prop(a)od(a, x) —po®(a, x), Vxel. (3.3)

rae p;: R" — R npoekuust Ha NepByr0 KOOPJHUHATY.

Hawa snemMma BbiTeKaeT W3 3TOro COOTHoOLIeHHsl. JleHCTBUTENbHO, eC/in
pla)=p(B) u aly) = B(y) = a, To no dopmyJe (3.3), o U B CcoOBNaaamwT B
HEKOTOPOH OKPECTHOCTH TOUKHM Y COCTOsILLIEH M3 PeryJisipHbIX TOUEK M0TOKa.
Jlemma nokasaHa. (]

§4. TIlepuoabl JMHEHHBIX MOTOKOB

3/1ech Mbl I0Ka3bIBaeM JIeMMY OTTHCHIBAIOLILYIO HHXKHHE MPAHULbI TEPHOJIOB
OopOUT JIMHEHHBIX MOTOKOB. BHauasie BBeéM HeKoTOpble 0603HAUEHHST U Ha-
MOMHHM «JIEHCTBUTENIbHYI0» hopMy TeopeMbl JKopiaHa o HopMasbHOH opme
MaTpHLL.
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Hns kaxkno# keaapatHo# (k x k)-marpuusl A HasoéMm JKopdarosoi
kaemkoli J,(A) caenytoutyto (pk x pk)-marputyy

A0 0 0
E, A 0 0
LAy = | p.
0 0 A 0
0 0 E, A

rie E, enunnunas (k x k)-marpuua. s mo6bix «, G € R 0o603Hauum

Ra+ig) =[* ~9). (4.1)
0 «
[Tycts X — nefictBuTesnbHAsi KBajpaTHasi Mmatpuua. Hanomuum, urto ecsu
A € C\ R eé koMIIeKCHOE COOCTBEHHOE 3HAUEHHE, TO COMPSKEHHOE K HEMY
A Takxke OyjeT coOGCTBeHHbIM 3HauenneM X. OGo3HauuM uepes Aj, Aj, ...,
Ae, Ao KOMILIEKCHBIE, a uepe3 Ae4l, - - -, Actd JAEHCTBUTEJbHbIE COOCTBEHHBIE
gHauenusi X. Torna X compsikeHa ¢ MaTpullell BUJIA

diag [Jp1 (R ()\l)), s S(R ()‘c))a Jk1 ()‘chl)a T Jk,,, ()‘chd)]- (4~2)

(cm. Harpumep Teopemy 2.2.5 B [4].)
Ham Takxe Oyner HeoOXonuMma cieiyioliast popmyJsa JJisi 3KCIOHEHTbI
JKopnanoBoii KJjeTku:

et 0 0
t- eAt eAt . 0
e = : (4.3)
TR B
=1y ko) "€ e

O603naunm uepe3 M(n) NpoCTPaHCTBO JIEHCTBUTEJbHBIX KBaJApaTHbIX
n X n-matpuil ¥ nyctb exp: M(n) — GL(R, n) — sKcnoHeHuua bHoe 0TOO-
paxeHue.

— A7
4.0.1. Jlemma. Paccuompun mampuyy A € M(n) u nyemo A ={\}_| —
MHOINCECMBO €€ HeHYACBOLX HIUCINO MHUMBLX COOCMBEHHOLX 3HAYeHull. To-
20a aunelinoli nomox ®(t, x) = ex obradaem samknymoti opbumoti

moeda u moavko moeda, koeda A# 0. B smom cayuae nepuod aobotl

BaMKHYMOLL OpOIULMbL 3MO20 NOMOKA He MeHbwe min 2%

i=l,or N

Hokasamenocmaso. Ilpeanonoxum crepsa, uto A — yKopnanoBa kiertka.
Torna motok ® o6namaer 3aMKHYTOH OpOUTON TOrJAA W TOJILKO TOTAA, KOTJA
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A =JP(R(iB)) nast vekotoporo 5 € R\ {0}. B atom ciyuae Bce coGCTBEHHbIE
snauenusi A pasubl +if. Dosee Toro, no copmyse (4.3), Bce 3aMKHYTbie
OpGHTBE TOTOKa P JiexkaT B MHBAPHAHTHOM MOAMPOCTPAHCTBE HOpO}K[LéHHOM

MocJIeAHUMH ABYMs1 KOOpAUHATaMHU U UMEIOT OJIMH U TOT 2Ke€ MEPUOJL ‘m ‘2;'

Paccmorpum o6umii cayuaii. Moxem npeanosarats, uto A numeer neii-
CTBUTEJIbHYIO HOpMasbHylo XopaaHoBy dopmy Buaa (4.2). [ycts aas i =1,
, 1, (r < ¢) unena \; obpagyior A. Tlosoxkum m = ¢+ d v 0603HauuM ue-
pe3 V; CR*(i=1, ..., m) — UHBapUAHTHOE MOJAMNPOCTPAHCTBO COOTBETCTBY-

totriee Kietke Jp, (A;) win Jp, (R (A;)). Torna R" = énB V;. Iyerb p;: R — V; —
i=1

ectectBenHast npoekius b ® = ®|,. — orpannuenue noroka ® ua V;. Torna
7151 1060 opOuThl w notoka ® u agsa mgwboro i =1, ..., m, MHOXKeCTBO
w; = pi(w) aBasieTcss opoutoli motoka ®'. Bosee Toro, w 3amMkHyTa Torna
TOJIBKO TOTJA, KOTJa BCe wj JIMOO 3aMKHYTbI, JIUOO MOCTOSHHBI MPUUEM XOTS
Obl anist oaHoro j =1, ..., r opourta w; 3amkHyta. CjenosaresbHo, ® nmeer
3aMKHYTYI0 OPOHTY, TOTJA M TOJIbKO Toraa, Korjaa A # (.

[Tyckaii Tenepb w — Kakasi HUOY/b 3aMKHyTasi opOuTa noroka ® umeroias
nepuon 0. ITyctb w; = pj(w) e€ npoexuus ABJAIOLIAACS 3aAMKHYTOH 0OPHUTOH

noroka ®/ naist nekoroporo j =1, ..., r. Torna nepnoa w; pasen 6; = % Tax
!

Kak npoekuust p; dakropusyer notok ® na ®/, To 0 = s6; s HeKoTOpOTO

s € N. B vactnoctu 0 > 0, > ] mm % O

4.0.2. Caencreue. [Tycmo {A; }leN C M(n) maxasn nomedoeame/zbuocmb
mampuy, umo 0ia scex i € N, auneiinoii nomok ®;(t, x) = e*'x umeem
samxHymyio opoumy. I[ycmo 0; pagen murumymy nepuodos opoum no-
moka ®;. Ecau lim A; =0, mo lim 6; = oo
11— 00 [— 00
Hokazameavcmso. Tlyckaii A; 0603HauaeT MHOXKECTBO COOCTBEHHBIX 3HA-
YeHHH MaTpullbl A; COOTBETCTBYIOILMX 3aMKHYTbIM OopOUTaM rotoka ®; (cwm.
nemmy 4.0.1..) Torma A; # 0 anst Beex i € N. Tonoxum A = max [A|. Torna
i

0; =2n/);. Tak kak lim A; =0, To M0 HEMPEpPHIBHOCTH CMEKTPa MaTpHIL,
1— 00

lim X = 0. Crenosatenbho, no semme 4.0.1., 11m 6; = lim 27r/)\ =o0. O

11— 00 i—o00

§ 5. HCHOJIBH)KHI)IC H nepuogudeCkue TOYKHM NMOTOKOB

5.0.1. Mpepaoxenune. Paccmompun muoncecmso R=U\F peeyiaproix
mouekx nomoka ®. [lycmo V — nekomopas KOMAOHEHMA MHONCECMBA
R u z— mouka npunadsencawas FNV. Toeda das aoboii pyukyuu
w € Ziq, makoii, umo j(z) =0 umeen =0 na V.
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Hokazameavcmso. OTMETHM, UTO KOMIOHEHTbI MHOXeECTBA R MOTYT ObITh
pasOUTbl HA JBE YaCTH: Te KOTOpble cojepKaT XOoTs Obl OJIHYy HE3aMKHYTYIO
OpOUTY U Te, KOTOPblE COCTOSIT MCKJIOUHTENbHO M3 MEPUOIUUECKHUX OPOUT.
O06benHeHne KOMIIOHEHT MepBOro TMna o603HaunM yepe3 N, a o6beuHeHne
KOMIOHEHT BTOporo Tuna — yepe3 P. Takum o6pasom,

R=NUP.

[Tyctb Teneps p € Zig. Torna no nemmam 3.0.2. u 3.0.3., umeem uly = 0.
Takum 0O6pas3oM, JOCTATOUHO JIOKA3aTh Hallle MPeJIoKeHHe JJIsi KOMIOHEHTDI
VCP.

PaccmoTpum nocJieioBatesbHOCTS {2; }ieny C V neproauueckux Touek no-
Toka @ cxopsuytocst K 2. st kaxnoro i € N nyctb 6; o6o3Havaer nepu-
on Touku 2;. Torma no semme 3.0.2., p(z;) =n;0; nast Hekotoporo n; € Z.
3 HenpepbIBHOCTH (DYHKLMH (1 UMEEM

((z:) = n:6; — p(z) = 0. (5.1)

[Tepexonsi, ecn HEOOXOMMMO, K TMOJNOCHE0BATELHOCTH, MOXEM CUM-
TaTh, UTO CYIIECTBYET HEKOTOPbIH KOHEUHbIH HWJH OECKOHEUHbIH Mpejes
0= lim 6; > 0. Ilo caenctuto 4.0.2., 6 > 0. Torna no (5.1), n; =0 nas

1—00

jocratouno Gosbiunx [ € N. B uyactHocty pu(2;) =0 nna HekoTtoporo i € N.
Tak kak z; € Vy, 10 mo jemme 3.0.3., =0 na V). DTo n0KasbiBaeT Haille
npeJyioxKeHue. O

5.0.2. Mpepnoxenue. [Iycmo mouka z NPUHAOACHCUM ePAHUYE MHOJCE-
cmea F nenodsudcHolx mouek nomoka, komopyio mol 0603nauum Fr(F).
[Ipednoaoxcum, 4mo 8olNOAHEHO 00OHO U3 cAedyouux 08YXx YcA08ULL:

1. mouxa z codepacumcsa 8 epanuye sHympenHocmu mHoicecmsa F,
m.e. z € Fr(IntF);

2. KacameavHolil AUHElHbLl NOMOK 8 MOuKe 2z MPUBUAACH, M. e.
92(t, 2) = En, 0as1 seex t € J.

Toeda Oasn awboii ¢pynkyuu € Ziqg umeem, u=0 8 Hekomopoil
okpecmHocmu mouku z 8 muoxcecmse U\ Int F.

Hokasameavcmeo. He tepsis o6uiHocTH, 6yaem cuutath, uto M = R™ u uto
z=10—3T0 Hauas0 KOOP/MHAT.

Onpenenum otobpaxenne ¥: J x U — GL(R, n) ¢ nomouibio dopmy-
abl U(t, x) = %—f(t, x). Tak xak ¥(0, x) = E, nas Bcex x € U, 1o caenyio-
ee oro6paxkenue v =exp~ ! oW: J x U — M(n) onpeneneno B HeKOTOPOF
okpectHocTH Touku (0, 2) B J x U. Takum o6pasom, U(f, x) = eV,
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Ormetnm, uto agst kKaxaoro x € U cyxenne ¥ (x, x): J — GL(R, n) saB-
JISIETCS1 JIOKAJIbHBIM TOMOMOP(U3MOM H, CJIEIOBATEJILHO, UHYLUPYET JIMHEH -
Hblil notok Ha R, Caenosaresibho, Matpuua A(x, t) = v(¢, x)/t ne saBucur
orte J, e U(t, x)=e W

BoJiee Toro, nasi Kaxkaoi nepuoaMueckoil TOUkd X, MoTok W(x, x) vme-
eT 3aMKHyTble TpaekTOpuH. B camoMm jejie, pacCMOTPHUM BEKTOpHOE ToJie
Fx)= %—?(O, x) nopoxpawouiee notok P. [lpumensii x o6oum yacTsm
CJIEJlYIOLIEro TOXK/JeCTBa

B(s, D(t, x)) = (¢, (s, X))
oreparop % ¥ nosiaras 3atem s = 0, Mbl OJYUHM
%—%’(0, D(1, x)) = %—f(t, X %—‘f(O, X),

T.e. F(®(Z, x)) = U(L, x)F(x). D10 03HauaeT, uro Bekropbl F(P®(Z, x)) u F(x)
NpUHaIeKaT OHOH U TOH Ke opOuTe notoka W (*, x). OTcloa BbITEKAET, UTo
€cJIM X — MepuouecKas Touka noroka ®, To F(x) siB/sercs nepuojinyecKoit
Toukoit noroka W(x, x), npuuém Per (x) > Per (F(x)).

Teriepb MbI MOKeM J0Ka3aTh Halle mpejanoxkende. OueBuaHo, uro (2)
BBITIOJIHAETCS B KaxK[10H BHYTpPeHHel Touke MHoxKecTBa F. CuieoBaTesbHO,
OHO BepHO Takxke sl Touek rpanuubl Fr(IntF). Otciona, (1) Baeuér (2).
Htak npeanoJsoxum, uto BhIMoJHsIETCS yeaoBre (2).

PaccMoTpuM nocJief0BaTebHOCTH BEKTOPOB

0P
Fit) = E(l" zj)
)4 Man[/”_[
0P
Ailt) =5t 2)

3aBUCsILIMe OT napameTpa t € J.
Tak Kak Touka z; mepuojuueckasi 1 noroka P, 1o, Kak ObLIO TOJb-
KO UTO 3aMeueHo, KaxKIblil BeKTop Fj(f) Takxke MepUoOJMUEH U €ro nepuoj
< Per(z;) =6;. Tlo npennonoxenunio (2), lim A;({) = E,. Torna no caen-
1— 00

creuio 4.0.2.,
0 = lim 6; > lim Per (F;(¢)) = oco.

[— 00 11— 00

Tak kak 3Hauenue p(2) = lim n;6; KoHeuHo, To lim n; = 0. Otcrona p(z) = 0.
i—o00 i—o00
O



256 Ceuenus nefictBuil rpynm Jlu

§ 6. Jloka3zarteabctBo Teopembl 1.0.1.

Cayuain (1)
[Tpeanonoxum, uto Int F # (. O603nauum
Zig={pe C®M, R): plpimir =0}

MBI 10/1KHBI TTOKa3ath, uto Z; = Ziq. I1o nemme 2.0.3., Z; C Zi.

[lyctb p € Zig. Tlo yrBepxkaenuto (1) npenyoxenus 5.0.2., p(2) =0 s
kaxoi Toukn z € Fr(Int F). Torna no npennoxenuto 5.0.1., =0 Ha Kom-
noHeHTe MHOXKectBa M \ Int F conepakalieit 2.

M3 cBsisHoct MHOrooGpasust M BbITEKAeT, uTo Kaxasi KOMIIOHEHTa
mHoxkectBa M\ Int ' nepecekaercs ¢ Fr(Int F). CnenoBarenbho, =0 Ha
M\IntF, r.e. pe Z. Orkyna Ziy C Z{. D10 nokasbiBaet (1).

Cayuait (2)

[Tycts Int F = (). TTpeanonoxum, uto Ziy # {0}. Ham neoGxomumo noka-
3athb, UTO CYILECTBYeT Takasi riajakast pyHkuust u > 0, uto Zig = {n - p}nez.

PaccmoTtpuM BHauajie mpou3BoJibHY0 (yHKIMIO p € Zig. Ecan pu(z) =0
XoTsi Obl JUIsi OIHOH ToukH z € M, To no npemnoxenuto 5.0.1., p=0 Ha
mHoxkectBe M\ Int F = M. Caenoarenbto, ecau p(2) #0, To p#0 Ha M.
[TosTomMy MoOXKeM MpeanooKuTh, uto 1 > 0 Ha M.

Jna kaxaow touku z € M onpenenum ortobpaxkeHue Tr: Zig — R Mo
tdopmyJe: 7(v) =v(z). HecnoxHo ybenutbes, uTo T, — eOMOMOPHUIM.
[To npennoxenuio 5.0.1., ero sapo TpuBuasbHo, ker 7, = 0. Takum oGpaszom,
T, — MOHOMOP(U3M.

[Tpennosoxknm, uto 2z — peryasiprast Touka moroka $. Torma us Jsem-
Mbl 3.0.2. BbITeKaer, utTo im 7, fABJseTCsA 3aMKHYyTOH noarpynmnoi B R u, cJje-
JI0BaTeJIbHO, OHA JIMOO TPUBHAJ/bHA, MO0 H3OMOpdHa Z.

Paccemotpum cayuaii im 7, /&~ Z. Bo3bMeM MoJioKUTEbHYI0 06pa3yoliyio
reimr, CR. Torna byHkuus p = 7' (r) sBASETCS CTPOTO MOJOKUTENBHOF
o6pasytolied rpynmbl Z;q. JTo jokasbiBaet (2) u teopemy 1.0.1.. O

6.0.1. lpumep. PaccmoTpum aBa ciieyrolyX MOTOKA Ha KOMITJIEKCHOM MJyioC-
KOCTH:

B(t, z) = 2+ 1y (¢, 7) = 2Tl M55

1 BBIUHCJIUM JyIsl HUX Trpynnbl Zig(®) u Zig(¥).
[Torokn ® n ¥ wuMelOT OAMHAKOBbIE TPAEKTOPHH — KOHLEHTPHUECKHE
OKpy2KHOCTH ¢ LeHTpoM B Touke 0 € C, HO npH 3TOM COOTBETCTBYIOLLHE
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JIMHeHHble NTOTOKH B Touke 0 Y HHUX paSHbIeZ

0P
o7 L 08 = Q’T”E (f 0)¢ =¢,

rae £ — KacaresibHblil BEKTOpP B TOUKE 0 I—[ocnelmee paBEHCTBO O3HAUaeT,
uro 2X(¢, 0) = (})). Torna us npeanoxennii 5.0.1. u 5.0.2., nonyuaem, uto
1d \IJ) {0}

Pacemorpum yHKIHIO 11(Z) = %W
BaresibHO, Zig(P) # {0}. Tak kak muoxectso Fix ® = {0} uurme He niotHo
B C, to no teopeme 1.0.1., Zig~Z. SlcHo Takxke, 4uto AJsi JIoGOH TOUKH
z # 0, 3HaueHue p(z) paBHO mepuomay 3Toil Touku. CJjienoBaTesibHO, MO TOM
JKe TeopeMe, f siBJsieTcs: oOpagytoulell rpynibl

Zia(®) ={n- pu(2)}nez.

Ouesuano, uro p € Zig(®), cneno-

§7. HokasareabctBo Teopembl 1.0.2.

Iyctb p: R — S' — yuuBepcasbioe HakpbiBaoliee 0To6paKeHue OKpyK-
HoctH. Onpenennm oTobpakeHue

O:RxM—M

C MOMOlIbI0 (hOPMYJIbI &)(t, 2) = ®(p(t), 2). Torna ® ecTb zeficTBHE npsiMoit
R Ha M, xotopoe HakpbiBaeT aefictBue ®. [Tosoxum Takke

Zu=7Z4(®) ={aeC®M, R): a(z)-z2=2, Yz € M}.

PaceMoTpuM Kakylo-HHOy b GyHKumio a: M — S' npunapnexantyio Zig,
T.e. ®(a(x), x) =x nas Bcex x € M. Ilycts z € M — npousBoJibHasi Touka
u U — eé noctatoyHo Masasi okpectHocTb. Torna « mogHUMaeTcst 10 Takoro
orobpaxkenust &: U — R, uto p(&(x)) = a(x) as Beex x € U. Otciona

B(a(x), x) = D(p(a(x)), x) = P(a(x), x) = x.

DTO 03HAYAET, YTO «JIOKANBHO», & MPHUHAIIEIKUT Zig. OTMETHM TaKkKe, uTO &
BCErja MOXKHO BbIOpaTh TakuM, uTobbl a(2) # 0.

[Ipeanosnioxxum tenepsb, uro z € Fr(Int Fix ®). Torna, no teopeme 1.0.1.,
NPUMEHEHHON K JIOKAJbHOMY MOTOKY WHAyLMpoBaHHOMY noTokom ¢ na U,
nosyuaeM &(z) =0, uto MpoTUBOpeuuT BbIGOpPY &. CJienoBaTesbHO, TaKOH
TOUKH z He cyulectsyeT, T.e. Fr(Int F) = 0. DTo BO3MOXKHO TOJILKO B JBYX
cayuasix: ymbo Int F =M, mu6o IntF=(. B nepsom ciyuae neiicTHe d
TpuBHasbHO. Takum o6pasom, Int F = ().

3ameTum, uTo rpynmna Z COJIEPKUT BCE MOCTOSIHHbIE PyHKIMU M — Z, Tak
Kak p(Z) =1¢€ S'. Cnenosatenbo, ona UMeeT 6OJIblIE UeM OJMH 3JEMEHT,

17 dynnamenTanbHas MaTeMaTiKa CerojHs
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U, 1o yteepxkaeHuio (2) teopembl 1.0.1., Zjg = Z. OTciona BbITEKaeT, 4To Zld
COCTOMT U3 MOCTOSIHHbIX 0TOOpaxkeHuit u3 M B HekoTopyto noarpymnmy P B R,
npuuém P~ Z. V13 nemmbl 2.0.4. BbiTekaeT, uto P B TOUHOCTH COBManaeT C
SIIPOM He3(PPEKTHBHOCTH K JeiCTBHS 9.

CuaienoBaTtesibHO, MOArpynmna p(K) C S' spasietcs aapom HeshheKTHBHO-
ctu K netictBust @ u Zq cCOCTOUT U3 NOCTOSIHHBIX oToOparkennit M — K. Bosee

TOTO, TaK Kak siipo roMoMopduama p GeckoHeuto, 10 Zig ~ K = K/kerp ectb
KOHEUHasl LMKJIHUeCKas IpyIina.

Jluteparypa

1. Montgomery D. Finite dimensionality of certain transformation groups Illinois J.
Math, vol. 1, No. 1, 1957, pp.28-35.

2. Montgomery D., Samelson H., Zippin L. Singular points of a compact trans-
formation group. Ann. of Math. (2), vol.63, No. 1, 1956, pp. [-9.

3. Newman M.H.A. A theorem on periodic transformation of spaces. Quart. J.
Math. Oxford Series, vol.2, 1931, pp. 1-8.

4. Palis J., de Melo W. Geometric theory of dynamical systems. Springer-Verlag,
N.Y., 1982.

01601, Yxpauna, Kues, TepeuienkoBckasi,3, Muctutyt marematnku HauuonanbHoi
akajemuu Hayk YkpauHbl, Otnen tonosiorn. E-mail: maks@imath.kiev.ua



E. Polulyakh

One property of trajectories of Toeplitz flows

Abstract

We consider the left shift transform S on the space X = £ of two-
sided sequences over a compact alphabet 3. We give an important
sufficient condition on x € X that guarantees that the restriction of S
onto the orbit closure of x is a Toeplitz flow.

Toeplitz flow were introduced in 1969 by Jackobs and Keane in paper [1]
as a certain class of subshifts of finite type. Later this definition was expanded
by S. Williams to the much more wide class of subshifts of the Bernoulli
shift S on the space X = £ of two-sided sequences over a compact metric
alphabet X (see [2]).

In both papers [1] and [2] the Toeplitz flow is defined as the restriction
of S onto orbit closure of a so-called Toeplitz sequence.

Let x =(x,) € X. We say that x; € ¥ is in the periodic part of the
sequence x if there exists k£ € N such that

x;=x; forall j=i (mod k).

I it is not the case we say that x; belongs to the aperiodic part of the
sequence x = (x,). A sequence x is called a Toeplitz sequence if its aperiodic
part is empty.

In paper [2] the set of so-called essential periods is introduced for a
nonperiodic Toeplitz sequence x and this set induces in turn the periodic
structure on x. Next, this periodic structure determines a certain super-
natural number. It happens (see [2]) that the flow (Orbx, S) admits an
almost one-to-one projection onto the odometer which is defined by the
same supernatural number (for the classification of odometers by means of
supernatural numbers see [3] and [4]).

Toeplitz flows are remarkable since the class of all Toeplitz flows coincides
with the class of minimal flows that are symbolic and admit an almost one-
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to-one projection onto an odometer (for references and further development
of this result see [5]).

The definition of Toeplitz flow is not “homogeneous” in the following
sense. It is known (see [2]) that given a Toeplitz flow (7, S) and an almost
one-to-one projection 7w: (T, S) — G onto an odometer G, an arbitrary point
y € T is a Toeplitz sequence if and only if 7 is one-to-one at the point y (i.e.,
7~ (m(y)) = {y}). Hence the set of all Toeplitz sequences in T is a proper
massive subset in T (it contains a dense Gs subset of T). That is why the
phase space of an arbitrary Toeplits flow contains at least one element that
is not a Toeplitz sequence.

In this connection, the problem arises to determine whether for a given
non Toeplitz sequence x € X the dynamical system (Orb x, S) is a Toeplitz
flow. In the case of positive answer another problem arises: to find the periodic
structure of this flow in terms pf the sequence x only.

We give an important sufficient condition on x € X that guarantees that
the restriction of S onto the orbit closure of x is a Toeplitz flow. Also we
show how to derive the periodic structure of this flow from x.

The techniques applied to verify the condition allows us to expand re-
sults of S. Williams described above (see [2], Theorem 2.2, Lemma 2.3 and
Corollary 2.4) to the case of subshifts on the space of two-sided sequences
over a Hausdorff compact alphabet (not necessarily metrizable).

§ 1. Definitions and statement of results

Let ¥ be a compact space, and let X = X% = [1,cz Xn with the topology
of direct product. By Tikhonov theorem, X also is a compact space. We write
elements of X as x = (x,).

[t is known that if (3, p) is a metric space, than the distance

d(x, y)=> 27" p(x(n), y(n)

nez

induces the product topology on X.
In what follows the following property of X will be useful to us (see. [6]).

Proposition 1. A sequence of points {x;} in a product [],., X. of topo-
logical spaces converges to x €]],c, Xn if and only if the sequence
{xi(n)} converges to x(n) for every n € Z.

Let us denote by S: X — X the left shift homeomorphism S(x(n)) =
=x(n+1),neZ.
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Forxe X, peNand o € ¥ set

Per,(x, o) ={n€Z: x(n'y=o forall n”’ =n (mod p)},

Per,(x) = U Per,(x, 0),

ceX

Aper(X) =2\ (U Perp(x)).

peEN

We term the part of a sequence (x(n)) that has the period p the p-skeleton
of x.
Introduce notation

Mp(x) =max{k e N: Ine€Z: n+iecPery(x),i=0,1,..., k—1}.

In other words, M,(x) is the maximal length of a block contained in the p-
skeleton of x. Note that M,(x) = oo for a periodic sequence x with period p
and M,(x) < p, if the sequence x is not periodic.

Let us recall some important definitions.

Definition 1. A sequence n € X is called Toeplitz if Aper(n) =0 (in this
case the dynamic system (Orb(n), S) is also referred to as Toeplitz).

Definition 2. Let (X, F) be a dynamical system with discrete time, x € X.
The point x is recurrent if for arbitrary open neighbourhood U of xthere
exists an integer n(U) such that for any k € Z

k+n(U)—1

Um( U {Fi(x)});«é(l).

i=k

Definition 3. Let (X, F) be a dynamical system with discrete time, x € X.
The point x is said to be almost periodic if for arbitrary open neighbour-
hood U there exists n(U) € N such that

J{F O} cu.

keZ

Clearly, each periodic sequence x € X is Toeplitz. It is easy to check that
every Toeplitz sequence is almost periodic since each block of a Toeplitz
sequence 7 is contained in its p-skeleton for some p. Hence, according to
Birkgoff theorem Orb(n) is a minimal set of the dynamical system (X, S)
(see [7, 8]).

Let n € X be an aperiodic Toeplitz sequence. Generally speaking, the
equality Aper(x) =0 is not valid for an arbitrary x € Orb(n).
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Consider a special case where ¥ is a metric space. On one hand, every
Toeplitz flow (Orb(n), S) in X has to be expansive (see [9]). On the other
hand, every odometer is an equicontinuous dynamical system (see Remark 3
below). It is known that any Toeplitz flow admits an almost one-to-one
projection onto an odometer and such a projection must be one-to-one
precisely at these points that are Toeplitz sequences (see [2]). So, if every
point of a certain Toeplitz flow is a Toeplitz sequence, then this Toeplitz flow
must be conjugate to an odometer. In particular, it must be expansive and
equicontinuous simultaneously, and this is impossible.

A detailed study of properties of sequences from Orb(n) see in [2].
However it is not known, what properties of the point x € X guarantee that
the set Orb(x) contains a Toeplitz sequence.

The answer to this question gives the following

Proposition 2. If for xe X
lim sup M, (x) = oo, (1)

p—00
then the set Orb(x) contains a Toeplitz sequence.

If in addition, the point x is recurrent, then the dynamical system
(Orb(x), S) is Toeplitz.

There is a natural question: what additional information about the struc-
ture of the dynamic system (Orb(x), S) can be extracted provide x is recur-
rent?

Let us recall the definition of the periodic structure of a Toeplitz sequence
(see [2]).

Remark 1. Let x € X. If p: g, then Per,(x) C Per,(x).

Definition 4. We call p an essential period of a sequence x, p € P(x), if
for any g e N

(Per,(x, o) C Pery(x, 0) =g VYoeX) = (p:q).

In other words, p € P(x) if the and only if p-skeleton of x is not periodic
for any smaller period.
Remark 2. 1t can be easily checked that if p, ¢ € P(x), then lem(p, g) € P(x)
(see [2]).

Definition 5. The periodic structure of a nonperiodic Toeplitz sequence 7
is the growing sequence {p;};en of natural numbers such that

(i) pieP(n) forallieN;
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(i) pit pis1;
(i) U;en Perp (x) = Z.

Up to an equivalence relation which we do not describe here, periodic
structure of a Toeplitz sequence is determined uniquely (see [2]). For our
purposes it is enough to know that any subsequence of a sequence from
previous definition leads to an equivalent periodic structure.

Now we shall determine the periodic structure for any recurrent sequence
x € X satisfying the relation (1).

Remark 3. Take p, g € N such that p: g. Then M,(x) < M,(x).

Definition 6. The periodic structure of an aperiodic sequence x satisfying
relation (1) is the growing sequence {p;}ien of natural numbers such that

(i) pieP(n) forallieN;
(i) pi: piyi;
(iii") 1limj— oo Mp, (x) = c0.

Proposition 3. For each aperiodic sequence satisfying relation (1) there
exists some periodic structure.

The following result justifies the above definition of a periodic structure.

Theorem 1. Suppose the sequence {p;} determines certain periodic
structure (in the sense of Definition 6) for a recurrent sequence x € X
satisfying relation (1). Then there exists a Toeplitz sequence n € X such
that Orb(x) = Orb(n) and the sequence {p;} evaluates the periodic struc-
ture on n (in sense of Definition 5).

Corrolary 1. Let x € X be a recurrent sequence satisfying Eq. (1). Then
the periodic structure for x is determined uniquely (up to the equiva-
lence relation from [2]).

§ 2. Proof of the main results

2.1. Proof of Proposition 3
We fix x € X. Split the proof into several steps.

1. Suppose Per,(x) # 0 for some p € N. Find minimal k € N such that &: p
and Per,(x) = Per,(x).

Let us check that k& € P(x). Two lemmas will be necessary for this pur-
pose.
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Lemma 1. Suppose that the following condition
Per,(x, 0) =Per,(x, o) +m; YoeX,i=1,2

is satisfied for some m;, mo €N. Let beN, 0<b<mg—1, be the re-
mainder of the division of m; by mo. Then

Per,(x, o) = Per,(x, 0) +b Vo eX.
Proof. By the assumption, m; =amgq+0b, a € Z4. For every c € &
Per,(x, o) = Per,(x, o) + m; = (Per,(x, 0) + amy) + b = Pery(x, o) + b.

o
Lemma 2. Suppose that for some q € N the condition
Per,(x, o) =Per,(x, 0)+q VYoeX
is satisfied. Then Pergeq(p ) (x) = Per,(x).
Proof. Consider Euclid’s algorithm which produces ged(p, g):
p=aiq+by, 0<b<yg;
g = agh + by, 0<be < by
(1

Ap—9 = apby_1+ by, 0< b, =ged(p, q) < by_i;
An—1 :arz+lbn~

Applying the previous lemma by turns to each line of (1) we are convinced
that fori=1, ..., n

Per,(x, 0) =Per,(x, o)+ b; Vo e 3.

In particular, Per,(x, o) = Per,(x, o) +gcd(p, q) Yo € X.
Hence, Per,(x) =,y Pery(x, 0) C Perge(pq)(x). On the other hand,
since ged(p, g): p, the opposite inclusion Pergeq(p ) (x) € Per,(x) is also true.
O

So, let & be the minimal divisor of p such that Per, (x) = Per,(x). Suppose
that for some g € N the equality

Pery(x, o) = Perp(x, 0)+qg VoeX

is true. Then Pergeq(r ) (x) = Perg(x) = Per,(x), by Lemma 2. Since k: p and
ged(k, q): k, we conclude that ged(k, g) = & due to the choice of k2 and &: ¢.
This means that is & € P(x).

Remark 1. Since Per(x)=Per,(x) by construction, we have M (x) =M, (x).
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2. Now we pass directly to the construction of the periodic structure for x.
Taking into account the Eq. (1) choose a sequence {p;}ien of natural
numbers such that
lim M, (x) = oo.
[— 00
Further, using the above argument we, foreach i €N, shall choose
the least divisor k; of p; such that Pery(x) = Per,(x). We shall re-
ceive a sequence {k;} of essential periods for x satisfying the relation
limj_ o My, (x) = 00 (see Remark 1).
Set
qi:lcm(kl,kg,...,ki), l:1,2,3,

[t is easy to verifiy that g;: ¢;11, i € N. Remark 2 guarantees that to sequence
{g;} contains only essential periods for x, and the equality

lim Mg, (x) =00
[— 00

follows from Remark 3.
Proposition 3 is completely proved.

2.2. Proof of Theorem 1 and Proposition 2

We fix a periodic structure {g;} on x. Passing to a subsequence we may
suppose that

Mg, (x) = 3q;+ My (x), ieN. )
First we shall construct a Toeplitz sequence n € Orb(x) such that
L= U per‘][(n)
ieN

(and thus we shall prove Proposition 2), and then we shall show that
qgi € P(??), ieN,

1. We fix a sequence {m;};en of integers such that m; 4+ j € Pery,(x) for all
ieNandje{0,1,..., My (x)— 1}, thatis, foreachi e Nif n =0 (mod g;)
then

x(mi+j)=x(mi+j+n), j=01 ..., My(x)—1.

It follows from Eq. (2) that
[Mlix+1 ()C) - (ql + Ml]:(x))] —4qi = qi,
therefore, for each i € N there exists

$i € [Mit1 +qi, (Mis1 + Mg, (1) = (gi + Mg, (x))]
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satisfying the congruence m; =s; (mod g;).
Introduce notation

dii) = si—mi1,  dp(Q) = (Mig1 + Mg, (0)) = (5i+ Mg, (x)).
Note that d,(i) and d,(i) are the numbers of elements of the block
x(miyr), x(Mip1 + 1), ..., x(miyg +Mq[+l(x) -1,
respectively to the right to the block
x(si), x(si+ 1), ..., x(si+ Mg (x) = 1)

of the sequence x = (x(n)).
[t is not difficult to see that

di(i) = qi,
dr(i) 2 (mip1 + Mg, (x))— )
- [(mi+l + Mg, (X)) = (g: + My, (x)) + My, (x)] ={qi.
Consider the sequence of integers
ky =my,
ky = ki + (s —my) = sy,

Rj=hkj—1+(sj-1 —mj_y) =
:ml+(s]—m1)+...+(s,-_|fm]-_l), i>1,

and the sequence z; = Ski(x), j € N, of elements of the set Orbx. The fol-
lowing equalities are obvious

2= S0 Sk (x) = S M (z),
j—1

ki—ki=> (si—my), [<].
i=l

Since, by construction, ¢;: (s; —m;) and g;: g4 for each j € N, we have
qr: (kj—ky), 1<j
and for each n € Pery,(x) and j > [ we have
zi(n) = z/(n) = x(n+ ky).
Introduce notation

Py = Pergy,(21) = Perg,(x) — k. 4)
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We checked already that z;(n) = z;(n) for all j >/ and n € P,. We shall
show now that J,c Pr = Z.

By construction, [m;, m; + My, (x) — 1] C Pery,(x), [ € N, hence [m; — &,
my +Mq,(x) —1l—k]CP,.

Notice that for /=1

my—k; =0, ml+M,]1()C)717k1:Mql(x)fl,

whence [0, M, (x) — 1] C Py.
For [ > 2 we have

my—kj=—-my—(S1—my)—...—(S_y —my_))+m =
=—(s1—mg) —...—(s1 —my) =
=—d(l)—...—d)(I-1)<
<S—q1—-.-—qi-1;

[—1
my+ Mg (x) = 1=k = my+ Mg, (x) = 1 —my =Y (s —my) =

i=1

[
=My, (x) = 14+ (i —si1) =
i=2
[
= My, (0) = L4+ [+ My, (x) = (511 + My, (0)] =
i=2

-1 -1
=My, () = 1+ dili) > My, () = 1+ g
i=1

i=1

Hence, for all /> 1
I—1 I—1
= i My () =1+ i C P (5)
i=1 i=1

By construction, ¢; > 1, i €N, so ey P = Z.

Therefore, an element n € X satisfying the equality n(n) = z/(n), ifn € P,
is well defined.

It is easy to see that P; C Pery,(n), [ € N. Furthermore, it follows from
Proposition 1 that n =lim;_ 2;.
Remark 2. Thus, we have constructed the Toeplitz sequence 5 € Orb x. In
the above argument we nowhere used the recurrence property of x.

Suppose now a point x is recurrent. By the Birkgoff theorem, the set
Orb x is minimal, hence Orbn = Orb x.
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2. Let ne€ X be a Toeplitz sequence, x, y € Orbn. Let us prove that
Mp(x) = M, (y) for each p € N and P(x) =P(y).

Lemma 3. Let A be a minimal subset of the dynamical system (X, S),
x, y € A. Let Pery(x) #0 for some p € N. Then there exists n(p) € Z sat-
isfying the conditions

(i) Pery(y) = Pery(x) — n(p);
(i) x(k+n(p)) =y(k) Jor each n € Per,(x);

Proof. 1. First we shall prove that there exists n(p) € Z satisiying condition
(ii) (hence for this n(p) the inclusion Per,(x) C Per,(y) + n(p) takes place).

Since the set A is minimal, we conclude that A = Orbx = Orby and
there exists a sequence {z; = S¥(x)};en converging to a point y.

Let us say that k; ~ k; if k; = k; (mod p). This equivalence relation splits
the set {k;} into at most p equivalence classes. Obviously, at least one of
these classes contains infinite number of elements. Hence, passing to a
subsequence we may assume that &, = k; (mod p) for all i, j € N.

Then Per,(z;) = Per,(z)) = Per,(x) — k; for all i € N (we use the notation
P(p) = Per,(x) — k). Moreover, z;(k) =z, (k) = x(k+ k) for all k€ P(p).

It follows from Proposition 1 that y(k) =z;(k) =x(k+ k) for each
k € P(p). Therefore, (Per,(x)— k) C Per,(y). Also it is possible to let
n(p) = ki.

2. Let us check now condition (i).

Assume that Per,(x) & Per,(y) +n(p). Repeating the argument of
item 1 and exchanging the roles of x and y, we find m(p) € Z such that
Per,(y) C Pery(x) + m(p). Then Pery(y) +n(p) C Pery(x) + (m(p) +n(p))
and

Pery(x) & Per, (x) + (m(p) + n(p)).

Clearly, m(p) + n(p) # 0.
Obviously, for each r € Z
Pery(x) +r & Pery(x) + (m(p) + n(p)) + r. (6)

Let s=lem(m(p)+n(p), p). Then s=a(m(p)+n(p)) for some
a € Z\{0}.

Assume that a < 0 (the case a > 0 is examined similarly). Using Rela-
tion (6) we obtain the following chain of inclusions:

Per,(x) 2 Per,(x) — (m(p) + n(p)) 2
2 Pery(x) — 2(m(p) + n(p)) 2
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2 Per,(x) + a(m(p) + n(p)).
However, by construction, p: s, hence
Per,(x) + a(m(p) + n(p)) = Per,(x) + s = Per,(x)

by the definition of Per,(x).
The contradiction thus obtained finishes the proof of the lemma. O

Corrolary 2. M,(x) =M,(y) for every p € N and P(x) =P(y).

Now applying Lemma 3 and Corollary 2 to the sequence {g;} we verily
that P; = Pery,(n) and g; € P(n), i € N. In order to complete the prool of
Theorem 1 it remains to recall the equality |J,cy Pi =% which we have
already checked above. (]

§ 3. Toeplitz subshifts on the space of two-sided
sequences over a Hausdorff compact alphabet

3.1. Odometers and periodic partitions of dynamical systems

Definition 7. An un bounded sequence {a; € N}y is called regular if a;
divides a;4; for every i € N.

We fix a regular sequence {n; € N};en (without loss of generality we may
assume that n; | # n;, i € N).

Let us consider a sequence of finite cyclic groups Z,, = Z/n;Z and group
homomorphisms

(pi: ZHH,l - Zfl,‘v
@i l—1.
Let us take the inverse limit A = projlim;_, _ Z,, of this sequence of groups

and homomorphisms. We obtain an abelian group (4, +).

Endow each set Z,, = {0, 1, ..., n; — 1} with the discrete topology. Each
of the maps ¢; is continuous in this topology. The space A with the topol-
ogy 7 of the inverse limit is homeomorphic to the Cantor set I'.

It is easy to deduce from the definition of the set A (see Relation (1)) that
in the group (A, +) adding and taking the inverse element are continuous
operations in the topology 7, thus A is a continuous group.

Remark 1. We recall that the inverse limit A = projlim,_,  Z,, may be
thought of as the subset

A:{d’:(aiGZm): QD,‘(QH_]):Q[, lGN} (1)
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of the direct product

H L. (2)

ieN
In this notation, the operation of addition in A is, defined component-
wise, that is @+ b = (a; + b;) for any @ = (a;), b = (b;) € A.

By definition, the topology of the direct product (2) is determined by the
basis consisting of so-called cylindrical sets

Uxipy ooy xi)={(ai):ai, =xi,, s=1, ..., k};

Xig GZmS, i <...<lIg, keN.
[t is easy to from definition of the set A (see Relation (1)) deduce that
Uiy ooy )Cik)ﬂA = U(xik)ﬂA
forany R €N, i; <...<i, and x;, € Z,, . Thus, the family of sets
Vi =Ux)nA={(a) €A a;j=x} =
={(a;) €A: aj=xj, ap =ro...0pj_1(x;) when k < j}; (3)
j eN, Xj € Zﬂj

forms a base of the topology of A.
The natural metric d: A x A — R4 on A associated with the sequence
{n;} is defined as follows

d(¥, j)=—, m=min{ieN: x, =y, for k <i and x; # y;}.

The correctness of this definition is checked immediately.

Consider the element &= (1) = (1, ..., 1, ...) € A. This element is called
the generator of group A and has the property that the cyclic subgroup (&)
generated by it is dense in A in the topology 7.

Obviously, the shift mapping

g:A— A, g:X—X+é,
is a homeomorphism.
Definition 8. The dynamical system (A, g) is called an odometer.

Remark 2. Since the subgroup (&) is dense in A, it follows immediately that
each trajectory of the d. s. (A, g) is dense in A, that is, an odometer always
is a minimal dynamical system.
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Remark 3. 1t is easy to verify that in the natural metric defined above the
mapping g is an isometry. The family of mappings {g*}ez is equicontinuous,
so the odometer (A4, g) is an equicontinuous dynamical system.

Actually, it is known that odometers are precisely all equicontinuous
minimal dynamic systems on the Cantor set.

Suppose a compact Hausdorff space X and a homeomorphism f: X — X
are given.

Definition 9. We call a finite family { W; ?:—01 of subsets of space X a periodic
partition of length m of the dynamical system (X, f), if it satisfies the
following requirements:

(i) all W; are open-closed subsets of X;

(i) Wi=f(W),i=1,...,n—1and Wy =F(W,_,);
(iiiy WinW; =0 for i #j;

(iv) X=U'"", Wi

Lemma 4. Assume (A, g) is an odometer built with the help of a regular
sequence {n;}ien.

Forany k € Nand xy, € Zy, the family of sets {Wj(”k) = Viti}i=0,...mi—1
forms a periodic partition of length ny, of the dynamical system (A, g).

A= ve= U Versr

SEan jGan

Proof. Obviously,

Hence, for the family {W/j(”")} the requirement (iv) of Definition 9 is sutisfied.
Since all sets Vy,4;j, j € Zy, are, by definition open and pairwise disjoint,
the family {Wj(”")} also passesses properties (i) and (iii) of a periodic partition.
In order to complete the proof we need to verify that g(V,,) = V,,+1 (here
1 € Zy,) for all a, € Zy,.
Let b= (b)) € V,,. Then b,=a, and g(b)
Hencev g(Vak) g Va;,—i—l«
Conversely, let €= (¢;) € Vy,41. Then ¢, =ap+1 and g='(0)=c—¢
=(¢ci—1)€eV,,. Hence, g(Vy,) 2 Vg, +1.

—

é=(bj+1) € Vyy1.

o

3.2. Toeplitz subshifts and projections onto odometers

Let ¥ be a compact Hausdorff space, X = ¥%, and let S: X — X be the
left shift on X.
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Suppose x = (x(n)) € X is a non—periodic recurrent point, {p; € P(x)} is
a sequence satisfying all the conditions of Definition 6.
Let us consider the family of sets

Aj ={y(n) € Orb(y): y(k+j) = x(k)Vk € Per,,(x)} =
= {y(n) € Orb(y): y(n) =x(k)Vn=k+j (mod p;), k € Pery,(x)}, (4)
Je{0 1, ... pi—1}, ieN.

We can describe Aj as the set of all points from Orb(x) that have the same
pi—skeleton as S/(x).

Lemma 5 (cf. Lemma 2.3 from [2]). The family of sets {A;} passesses
the following properties

(i) For each i €N the family {A;}fg)l is the periodic partition of

length p; of the dynamic system (Orb(x), S).
(iiy Al > AL, fori<jand m=n (mod p);.

Proof. Note first that for each y € X and for all gy, go such that Perg, (y),
Pery, (y) # 0, the following implication is valid:

(g1 divides go) = (Pery, (y, 0) C Pery,(y, 0), 0 €X). (5)

Let x € X and suppose the set {p; € P(x)}ien satisfyies the requirements
of Lemma. Then it follows from Theorem 1 that the dynamical system
(Orb(x), S) is Toeplitz and, in particular, it is minimal.

We fix i € N.

Lemma 3 immediately implies that

pi—1
Orb(x) = | J A}
j=0

and the family of sets {A;}fg)l satisfies requirement (iv) of Definition 9.

Verify now the validity of requirement (iii) of this definition. Assume that
AiN Ay # 0 for some j # k. Then from Lemma 3 and the definition of the set
Pery, (x, o) we get x(n) = y(n+j) = y(n+ k) for all n € Per,, (x) and

Pery, (x, 0) = Pery, (y, 0) —j = Per, (y, 0) =k Vo eX.

From Corollary 2 we have p; € P(y). Hence, p; divides |j — k| by the definition
of an essential period. And this contradicts the inequality 0 < |j — k| < p;.
Now let us prove property (ii) from Definition 9.
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The definition of sets A} implies the relations

SAL_)CAL je{l, .. pi—1)

S ©)
S(Ay,_y) C Ap.
With the help of these relations we immediately conclude that
SP"(A;?)QA‘Z, je{0, 1, ..., pi—1}. (7)

The map S is a homeomorphism. Hence, if at least one of inclusions (6) is
strict, then ' '
SPAN G A, jef{0, 1, ..., pi— 1}

From this remark and property (iii) from Definition 9, which we have
already verified, we conclude that in this case

pi—1

pi—1 pi—1
S (Ol‘b(X)) =SV (U A;) = U NZ (A;) S U — 0.
j=0 j=0

i=0

Since the set Orb(x) is Hausdorff and compact and S”' is a homeomor-
phism, we have that

K= m@o sme (Orb(x)) £0

is a proper closed invariant subset of the dynamical system (Orb(x), S) in
contradiction with its minimality.

Consider now property (i) from Definition 9.

All the sets A; are closed. Indeed, fix j € {0, 1, ..., p;— 1} and a conver-

gent sequence y, = yi(n) € A; Let y € Orb(x) be the limit of this sequence.
Since we have y,(m) = x(m —j), k € Nior all m € Pery,(x) + j, Proposition 1
guarantees that

y(m) =x(m—j) for me Pery(x)+].

Consequently, y € A} and the sets A} are closed. This means that {A;}f’:f)l

is the closed finite partition of the dynamical system (Orb(x), S). Therefore,
each set A is open—closed in Orb(x) in the induced topology.

Property (ii) from the lemma immediately follows from the definition of
the sets A;, relations (5) and (7) and from Lemma 3. O

Let an odometer (A, g) be built with the help of the sequence {p;}.

Assume
i=(m)e ][]z
ieN

18 dynnamenTanbHas MaTeMaTHKa CerojHs
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We denote

Az=[) AL

ieN

[t follows immediately from assumption (ii) of Lemma 5 that

(Ag?é@)@(ae/lcﬂzp). (8)

ieN
Assumption (i) of Lemma 5 guarantees that the family of sets {Az, @ € A}
is a partition of the space Orb(x) and

S(Az) = Aazz 9)

for all @ € A.
Consider the mapping

m: Orb(x) — A;
7TZA5I—>LY, aeA.

By Eq. (8), this mapping is well-defined and formula (9) guarantees the
equality ToS =gom.

Note that the map  is continuous since m=!(Vy,) :Aii for all n €N,
Xj € Zp,. In other words, all sets from the family (3), which as we know
forms abase of the topology of the space A, have open—closed preimages in
Orb(x) according to Lemma 5.

Theorem 2. Assume that a point x € X is recurrent and a sequence
{pi}ien is a periodic structure on x in the sense of Definition 6.

Then the odometer (A, g) built with the help of the sequence {p;}
is an almost one-to-one factor of the flow (Orb(x), S) under the map-
ping .

Moreover, the following two conditions are equivalent:

1) a sequence y € Orb(x) is Toeplitz;

2) 7= (m)(y) = {y}.

Proof. Theorem 2 is proved Theorem 2.2 from [2] (the only change is that
the Lemma 5 above must be referred to instead of Lemma 2.3 from [2]). O
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A.T. Ceprees

AnuabaTtuyeckue npeaebl
M aOpUKOCOBCKHE HUTH

AHHOTaLUs

Jlaetcst onucanne aGpUKOCOBCKUX HUTEH (Maslo YK/JIOHSIOMIMXCS OT
HarnpaBJieHHsl BHELLIHEr0 MarHUTHOTO M0JIs1) B TEPMUHAX aHabaTHUeCKOro
npenesa ypasHenuil [unsbypra—dJlanaay. AnajsoruuHbiv o6pasom, nces-
JI0TOJIOMOP(HBIE KPUBBIE (M CeueHHs] HEKOTOPBIX BUXPEBBIX pacCJoeHnH
Hajl HUMH) Ha 4-MEpHOM CHMIIJIEKTHUECKOM MHOroo6pasuu, HHTepIpe-
THpYeMble KaK KOMILJIEKCHble aBPUKOCOBCKHE CTPYHBI, OMUCHIBAIOTCS B
TepMHHAxX MaclTabHOro npefesa ypaBHenuil 3aii6epra—Burrena.

§ 1. Jlarpanxuan [mu3oypra—Jlannay

1.1. CBepxnpoBOAMMOCTb U AOPUKOCOBCKHUE CTPYHbI

HeckosibKo ¢/10B 0 (hU3nueckoM cMbicjie aOpHKOCOBCKUX CTpYyH. [1peano-
JIO’KHUM, UTO Y HaC HMEeEeTCs! CBEPXIPOBOJHHK BO BHELLIHEM MAarHMTHOM moJe f1.
Ecau yBesnnuuBaTh ypoBeHb MAarHUTHOTO MOJisl, TO MPH HEKOTOPOM KpHTHUe-
CKOM 3HAY€HHUH MPOH30UIET NMPOOOH CBEPXMPOBOAUMOCTH H CBEPXITPOBOJAHUK
HayHEéT MpeBpallaThest B OOBIUHBIN MPOBOMHUK. DTa TpaHC(HOpMaLUs MOXKET
MPOUCXOJUTL OBICTPBIM CKAUKOM, KaK 9TO HMeeT MeCTO JJIsi CBEPXIPOBOJSA-
LIMX METaJJI0B, MJH MOCTENeHHO, HeOOJbIIMMU JHCKPETHBIMH LlIaraMu, Kak
3TO MPOUCXOANT B CBEPXIPOBOJISILIMX CMJIaBax. B cBepXnpoBOJHHKAX BTOPOro
poja, nocJie NepBoOro KpUTHUECKOro 3HaueHust H, BO3HUKAIOT HeKHe TpybuaThie
30Hbl, HasblBaeMble TpyOKaMu ToKa. BHyTpH 3THX TpyOOK yCTaHaBJ/IMBaeTcs
MPOBOJUMOCTb CMEIIAHHOTO THMA, B TO BpPeMs KaK 3a MX MpeaejaMH coxpa-
HSIETCST CBEPXMPOBOJIMMOCTb. B 1ieHTpe TpyOoK, BIOJb JIMHHH, HANPaBJIEHHbIX

PaGora BbinosiHeHa npu uactnunoi nomiep:kke PODPH (rpanthl 01-01-0144, 00-15-
96073, 02-02-04002) 1 HHUO (rpant 436RUS 113/669).
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BJI0JIb 110J1s1 H, nMeeTcst 0ObluHasH MTPOBOJMMOCTb. YKa3aHHbIe JIMHUK Ha3blBa-
10TCSl aOPUKOCOBCKUMM HUTSIMH MJIH BUXPEBbIMU JIMHUSAMH. Ecsin npono/kath
YBEJIMUMBATL BHELHEe MArHUTHOE M0Jie, TO UMCJIO TPYGOK TOKa OYJET TakKe
BO3pacTaTth M, M0OCJe BTOPOro KPUTHUECKOTO 3HAUeHus F, OHU 3aMOJIHSIT BeCh
CBEPXIPOBOJIHUK, TPEBPATHB €ro B OOCBLIUHBIN MPOBOJHHK. ITa (uaHuecKas
MojieJIb OTMChIBaeTcs Jarpamxkuanom [uHabypra—dJlannay.

1.2. Jlarpanxuan lun3oypra—Jlannay

Jlarpamxuan [unsbypra—Jlannay nmeer Buj

b

A
L(A, @) = [Fal* + |da®[* + i %)
rjae

1. A, dusnueckd, ecTb 3JEKTPOMArHUTHBIA MOTEHLMAJ WM, MaTeMaTH-
yeckn, U(1)-cBsizHocTh, 3anaBaeMasi 1-cpopmoii A ¢ 4HCTO MHMMBIMH

Ko3(hHLIMeHTaMH
A= Z A/d)Cj .

2. Fj, pusnyeckH, ecTb 3J€KTPOMArHUTHOE MOJe WJH, MaTeMaTHUECKH,
KpuBH3Ha [4 = dA cBsizHocTH A

FA:ZF[/‘dX,'/\de,
rjae
Fl-]-:aiA,-—G,-Ai C aj:é?/c’)x]-.

3. dj — xkoBapuaHTHasi Mpou3BoaHas, T.€. dq = d + A.

4. @, ¢usuuecky, ecTb Napamerp Nopsijka WK CKaJsipHOe MoJe XHUrrea;
MaremMaTHYeCcKH, 3TO MPOCTO KOMIJIEKCHO3HAYHAsT (DYHKIIHSI.

5. A — (bu3MUeCKHil napamMeTp, KOTOPbIH Mbl ToJlaraeM jajiee paBHbIM |
(91O 3HaueHHe A OTBeyaeT TaK Ha3blBAEMOMY aBTOJyaJlbHOMY CJlyualo).

[epsoiit unen |F4|?> B narpansknane Tuns6ypra—Jlannay sisisiercst Xopo-
1110 W3BECTHBIM MAaKCBEJJIOBCKHM JIarpaHKUaHOM 3J1eKTPOMAarHUTHOTO MOJIsl.
Bropoe cnaraemoe |d4®|? onuchiBaeT B koBapuantHoii dopme B3auMosefi-
CTBHE MEXy JIEKTPOMArHUTHBLIM TI0JIeM M ckansipHbiM nosiem ®. Haubosee
BaXKHbIH UjleH — 3TO MOTEeHIHAJ

V@)= 10— |8
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onucbiBatolui camosieficTBre nosist Xurrca ®. OH umeer rio6anbHbI MUHH-
MyM 1ipu |®| = | (oTBeuaroLUi YHCTON CBEPXIPOBOUMOCTH) U HEYCTOHUMBDIH
JIOKaJIbHBIA MakcuMyM Tipu @ = 0 (oTBevarolmii 06bIYHONH MPOBOJUMOCTH).

1.3. YpaBHenus diinepa—Jlarpanxa

BBesieM dyHKIHMOHAN HEpruy (NpejrnoJiarasi, 4To BpeMsi (pPUKCHPOBAHO,
T. €. pacCMaTpUBaeTCsl CTaTUUeCKast 3aj1aqa)

E(A, ®) :é/L(A, P)dx .

Mbl HllleM pellleHHsT acCOLMMPOBAHHBIX YpaBHeHHH DHyiepa—Jlarpanka
0E(A, ®)=0,

UMerouie KOHEUYHYI0 SHEpPTHlo. 38M€TI/IM, YTO 3TH ypaBHEHHs, TakKxXKe KakK H
beHKLlI/IOHa.H SHEPTruH, UHBAPHAHTHbI OTHOCHUTEJIbHO KaJ]H6pOBOquIX npeoG—
pasosaHm"l, 3aJlaBaeMbIX 0T06pa)K€HI/]ﬂMI/] BHJ1a

A—A+idy, ®— e XP,

rje x — BellecTBeHHO3HauHast hyHKLUus. Hac uHTepecyloT pellleHus: ypaBHe-
Huit dinepa—Jlarpanzka 1o MojyJIt0 yKazaHHbIX KaJMOPOBOUHBIX peoOpas3o-
BaHMH, 06pasylolliie NPOCTPAHCTBO MOJIyJIeH pellleHuH ypaBHeHuil diliepa—
Jlarpamxa.

§ 2. BuxpeBble ypaBHeHUs

2.1. JBymepHas peaykuus

PaccMoTpuM cHauasia IByMEPHYIO pedyKLHMIO YKa3aHHOH 3a/auu Ha MJioc-
KOCTb, OPTOrOHAJbHYIO HAMPABJAEHHIO BHELIHEro MarHutHoro moisi. [1peano-
Jlarasi, 4To 5TO HalpapJieHHe COBMajaeT ¢ 0Chlo X3 B mpocTpaHcTe R3 ¢ Ko-
OpAMHATaMH (X, X2, X3), Mbl paCCMaTpPHUBaeM peLyKIHIO 3aa4l Ha TVIOCKOCTh
(x1, x9). Torna dyukuuonan sueprun E£(A, &) 3amensiercsi pyHKIHOHATIOM
MOTEHUHUAJbHONH SHEPTHH

U(A, @) = é/L(A, )d’x

re L(A, ®) sanaérest peayKipeil BHIMTUCAHHOTO BhILIe JarpaH:kuaHa [MH36yp-
ra—Jlannay Ha mIockoCcTb (X1, Xo). Mbl monpexkHeMy HHTepecyemcsl pellie-
HUSIMH COOTBETCTBYIOLIMX YpaBHeHUl Ditnepa—JlarpaH:ka ¢ KOHeUHOH Hep-
ruel Mo MOJAYJI0 KaJuOPOBOUHBIX MpeoOpa3oBaHuil. M3 ycjioBUS KOHEUHOCTH
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sueprun U(A, ®) < oo BbiTekaer, uto |®| — 1 Ha GeCKOHEUHOCTH, MO3ITOMY
paccmarpuBaemasi 3ajaua 06,1aaeT TOMoJOrHYECKUM HHBAPUAHTOM, HA3bIBA-
€MbIM BHXPEBbIM UHCJIOM

d := crenens oto6paxenus ®: S — S'={|®|=1} .

Mbl npeanosiaraem aanee ajs onpeiaenéutocty, uro d > 0.

2.2. BuxpeBble ypaBHeHUs

CorsacHo [1], Bce pelieHust ypaBHeHuil Jitiepa—dJlarpanxa (¢ d > 0)
SUA, )=0,

obsajjalollie KOHEUHOH 3Hepruef, SIBJSIIOTCS JIOKAJAbHBIMH MHHUMYMaMH
U(A, ®) 1 y1oBJIeTBOPSIIOT TaK HA3bIBAEMbIM BHXPEBBIM ypaBHEeHHSIM. UT0ObI
BbIMIUCATb 3TH YpaBHEHHsl, BBEIEM KOMIUIEKCHYIO KOOPAMHATY 2 = X| + iXo
Ha MJOCKOCTH R%xl,m’ oroxaectsisi eé ¢ C,. Torna ykazannble ypaBHeHHS
MOTYT OBITb 3aMHUCaHbl B BUE

0P =0
_ 1 2
FA—*2(1*|@| )

rie 0y = 0/0zdz + Asdz nns A = A,dz + Azdz, a x — oneparop Xomka. Pe-
ILIEHHST 3THX YPaBHEHWI C BUXPEBbIM UHCJOM ¢ Ha3bIBAlOTCS (-BUXPSMH H
MO2KHO MokasaTb (cM. [1]), uTo d-BUXpb OJJHO3HAUHO (C TOUHOCTBIO 10 KaJIHO-
POBKH) OTpefiesisieTcsl IMBH30pOM HyJell ¢yHKIMH ®. Tem caMbiM Mbl HMeeM
caefytolliee oMHucaHue NpocTpaHeTBa My MojyJieill d-BUXPEBbIX pelleHHI:

Mgy =Sym‘C=c? .

§ 3. AdeneBa Moaeab Xurrca

3.1. JuHamuueckas 3ajaua

[Tepefinem K 3-mepHOMY cJjyuato, 1006aBJsisi OHY EePEeMEHHYI0 K KOOpH-
HataMm (x|, x9). Mbl MOXKeM paccMaTpUBaThb 3Ty JIOMOJHHUTEJNbHYIO MepeMeH-
HYIO KaK €BKJHJIOBY KOOPJMHATY X3; B 3TOM CJIyuae Mbl MOJYUUM YITOMSIHYTYIO
BbIlLIe €BKJMJOBY BepCHIO JarpaH:kuaHa IunaOypra—Jlanpay. dta mMojesb
onychiBaeT aGpUKOCOBCKHEe HUTH B R3. I MbI MOKEM CuUMTaTh TPEThIO Tle-
PEMEHHYI0 BpeMeHeM X = f, UTO MPUBOAUT K THNepboHUecKoi (J0peHLeBo)
Bepcuu JsarpaHxkuana Iunsbypra—Jlannay. [TocaenHsist Monesib onuchiBaeT
JMHAaMHKy BUXpefi B R?. Mbl npenoyuTaem H3/I0:KHTh HALLHM HeH Ha pUMepe
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3TOH BTOPOW MOJIEJIH, TJle OHU UMeIOT GoJiee NPO3PauHbIi (PH3UUECKHE CMBICII,
HO BCe PacCy:KJIeHHUsT OJIMHAKOBO MPUMEHHUMbI H K €BKJIM0BOH MOJE/IH.

Hrak, mbl paccmatpuBaeMm (24 l1)-mepHyio Mojesb Xwurrca, yrnpapJsie-
MYIO CJIEAYIOUUM (PYHKIIMOHAJIOM JIeHCTBUS, 3a1aBaeMbIM 2uUnepOoAULecKUM
snarpatxkuanom [unsbypra—Jlannay

S(A, &) = /[T(A, 3) — U(A, ®)|dt

e noreHuranbhas sueprusi U(A, @) Oblia onpejesiena Bbilie, a KUHETHUE-
cKasi aHeprusi 3ajaércst hopmyJioi

1
T, 8 = 5 [{ldag® + [Pl + |Foof)

rie dA,O = Opdt + Apdt ¢ 9y = a/atdf, FQ/ = 50/4]' — 8,-/40 st A = Aodt +
+ Aydx) + Agdxs.

Ypasuenust ditnepa—Jlarparxka (nuHamuueckue ypastenusi) 6S(A, ®)=0
JUIst 3TOro (PyHKUMOHA/A NEHCTBUS HMEIOT BUJL

Ao, +Z€jk3kF12 =ilm(@®V4,;®), j=1,2
P
01Fo1 + 0oFpe = ilm((i)VA‘O(I))

A
(Vig—Vii—Vig® =52 — o)

rie VA,#:QNLA“, ,LLZO, 1,2, €9o=—€1 =1, €1 =€990=0.

3.2. Anmabaruueckuit npeaed

PaccmoTpum pellieHdst pUBEAEHHBIX THHAMHUECKHX ypaBHEeHHH BO Bpe-
MeHHO# KanbpoBke: Ag = 0. Takoe peliieHre MOXXHO pacCMaTPUBATh KaK MyTh

Vi t— [A(), (1]
B KOH(HUIypaLHOHHOM IPOCTPAHCTBE

~ {naper (A, ®) ¢ BuxpesbIM uncsaom d}
B {kasu6poBKa}

Ny

b

rie KBajpatHble ckoOkd B [A, ®] o3HauaT KaJuOPOBOUHBIN KJacc Tapbl
(A, ).

JlonycTim, UTO y Hac HUMeeTCsl CeMEHCTBO JAMHAMMYECKHX pelleHHH 7,
3aBUCSILIMX OT napametpa € > 0, KuHeTHUecKas SHeprusi KOTOPbIX

T(70) = / T(e(t)dt
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nponopuuoHasnbHa e. Toraa npu € — 0 nyTb 7. NpUOJAMKAETCS K CTATUIECKOMY

NPOCTPAHCTBY MopyJell My U B 1pejelie COBNAfaeT ¢ HEKOTOPbIM CTAaTHUe-

CKHMM pelleHHeM, T.e. ¢ Toukoil My. OfHAKO ecsii BBECTH Ha Y «MeJJIeHHOe

BpeMsi»: T = €f, TO B Npeaesae Mbl MOJYyUMM HEKOTOPbIH MyTb Yy Ha My,

KOTOPbIH Mbl Ha3blBaeM aaHabaTHUECKUM NpeesioM e NnpH € — 0.
EcTecTBEHHO BO3HHMKAET CJEyIOLLNH

Bonpoc: Korna 3ajanubiii nytsb vy Ha My siBaisietcst anuadatnueckum? Jlpy-
TUMH CJIOBAMH, KAKMM YCJIOBHSIM JIOJIXKEH YIAOBJETBOPSITh MyTh g, YTOOI ObITh
ajMabaTHUECKHUM TIPENIeJIOM THHAMUUECKHUX PELIeHHH 7y, ?

OtBet: AnraGartuueckue MyTH vy Ha My SIBJSIIOTCS] IKCTPEMAJISIMK U151 1€Hi -
cTBUsl S(7), CyKEHHOTO Ha MyTH -y, Jexale Ha M. Jpyrumu cioBamy,
ajitabaTHUeCKHe MyTH ABJISIOTCS Te0jIe3HUECKUMH MPOCTPAHCTBA MojtyJielt My
OTHOCHTEJIbHO METPHUKH, 3a/1aBaeMOil KHHETHUECKON 3Hepruen.

Takum 06pa3oM, HMeeTCsl cJlellylollee COOTBETCTBHE:

{anmuabarnueckue npenesibl IMHAMHUECKUX d-BUXpPel} <=

{reonesuueckue M, B T-metpuke} . (3.1)

AHajiornuHbiM  00pasoM, ajuabaTHuecKue Mpejesibl pellleHHH €BKJIUI0BbIX
ypaBHeHuil [MH36ypra—Jlaniay, onucbiBaoliie aGpUKOCOBCKHE HHUTH, OTBe-
YaroT reojie3nyecKuM MpocTpancTBa M, OTHOCHTENBHO METPHKH, 3a1aBaeMoi
(byHKLMOHAJIOM 3Hepruu E(7).

§4. YpaBHenus 3aiitbepra—BurreHa u
nceBaorosoMopgHbie KpUBbie

4.1. ¥YpaBHeHus 3aii6epra—BurreHa

[lepeiinem K 4-MepHOMY CJy4aio U pacCMOTPHUM KOMIMAKTHOE CHMIJIEKTH-
yeckoe 4-mHoroo6pasue (X, w), cHaGKEHHOE COBMECTUMON TTOUTH KOMTIIJIEKC -
Ho# cTpykTypoil J. Torna st 3a1aHHOrO 3PMHTOBA JIMHEHHOTO paccCJ/oeHHs!
E — X, HanenéHHOro 3pPMUTOBON CBSIBHOCTbIO B, Mbl MOXKEM HamucaTb ac-
COLUMUPOBaHHble ypaBHeHUs1 3aiibepra—Butrena Ha X, 3aBucsilie oT mac-
mrabHoro napamerpa A > 0, B cienytoiem Buje (cm. [2,3])

g+ 053 =0
2 _
XF%Q = Oéﬁ
4i

SFg =1+~ Jaf?
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rie o — cevenue £, f— (0, 2)-cdopma co 3HaueHusmu B £, u [ — Komno-
HeHTa g, napaJsuiesbHas CUMIJIEKTHUECKOH 2-opme w.

Tay6c B [2,3] npeaioXus KOHCTPYKUHMIO, MO3BOJSIONLYIO TOCTPOUTH MO
pelIeHUsIM yKa3aHHbIX ypaBHeHu# 3ailbepra—BuTreHa, 3aBucsAumM OT na-
pameTpa A, HEKOTOPYIO MCEBAOr0JOMOP(HYIO KPUBYIO U 06paTHO. DTy KOH-
CTPYKIIMIO MOXKHO paccMaTpHUBaTh Kak KOMIJIEKCHbIH aHaJor ajinabaTHuecKo-
ro mpefesia U3 M. 3, B KOTOPOM PoJib airnabdaTHUeCcKuX MyTeH M3 M. 3 HrpatoT
NceBIorosoMopHble KpUBbIE (MJIM CeUeHUsT BUXPEBbIX PACCJO0EHHH HaJl HUMMU).

4.2. Ot ypaBHeHuit 3aiibepra—Burrena
K MCEBIOr0JOMOP(MHBIM KPUBbIM

[Ipeanosioxkum, uTO YyKazaHHble ypaBHeHusi 3aiibepra—Burrena, xo-
TOpble Mbl GyjlieM KpaTKo HasbiBaTb SW)-ypaBHEHHSIMH, MMEIOT pellleHHe
(Ba, (ax, Bx)) nis Bcex A = Ag. Torna, cornacuo Tay6ey [2], npu A — oo:

1. |ax| — | Bcrogy (BHe HyJefl), npubaMKasiCh K MOUTH FOJOMOpPHHOMY
cevenuio E;

2. |Br| — 0 Bcromy.

BoJiee Toro, HyJseBble MHOXKecTBA Cy i= a/(l (0) cxonsATcsl B CMbIC/IE TTOTOKOB
K TiceBoronomopdHoi kKpuBoii C Ha X ¢ KpaTHOCTbIO ¢, TaKOH UTO KJacc
d[C] siBnsietcs nBoicTBeHHbIM No [lyankape k kiaccy HepHa c|(E). (Boo6-
e rosopsi, KpuByto C cjenyeT 3aMeHHTb 31eCh 3(P(EeKTHBHBIM IHBH30POM
C=>"d,Cp, cOCTOSALIMM H3 CBSI3HBIX TMCEBIOr0OJOMOPPHBIX KpHBbIX Cp €
KPaTHOCTSIMHU d,, KJIACC TOMOJIOTHH KOTOPOTO SIBJISIETCs] ABOHCTBEHHBIM 1O [Ty-
akape K ¢y (E); Mbl orpaHHunBaeMcsi Jijist IPOCTOThI CJyuaeM, KOraa IUBU30D
COJIEPXKHUT TOJIBKO OJIHY CBSI3HYIO KOMITOHEHTY).

4.3. Ot nceBaoroomMop¢HbIX KPUBbIX
K ypaBHeHusim 3aiibepra—Burrena

OO6paTHO, NPEeANONOKUM, UTO 3a]laHbl CBSI3HAs NiceBaoroJoMopdHas kpusas C
Ha X u HatypasbHoe uncao d > 0. PaccMoTpuM cemelicTBO d-BUXpPEBBIX pe-
wenuit (A;, ®,) Ha HOpmasbHOM paccioennn N — C, napamerpu3oBaHHOE
Toukol 2z Ha C. DTO CeMeHCTBO MOXKHO pacCMaTpPUBaTh KaK KPHUBYIO

v:Co>z—[A,, ] € My

B npocTpaHcTBe My MomyJeli d-BuxpeBbix petenn# Ha C.

OTH naHHble MOXKHO TVIAAKO MPOAO/IKHTL Ha Bcé MHoroob6pasue X, To-
JIyUHB, TEM CaMbIM, HEKOTOpble AaHHble (By, (o, Bx)) 1ia SWx-ypaBHeHHH
Ha X.
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Bonpoc: Korna stu SWy-nanHble MoryT ObITb annpoOKCHMHUPOBaHbl KaKHM-
60 SW y-pellieHreM npu A — oo? Muu, ApyruMH cJIOBaMH, KOTJla KpUBast ~y
ABJsieTCs anuabaTHuecKuM npeiesioM SWy-pelieHuil npu A — co?

OtBer: Kpusas v=[A, ®]: C — M, sBasercss anuabaTHUecKoil Toraa W
TOJILKO TOTJA, KOTJa OHA YJIOBJETBOPSIET HEKOTOPOMY HeJHHEHHOMY O-
ypaBHeHHio Ha M. Pelienust 3Toro ypaBHEHHSs], T.e€. KOMIIJIEKCHbIE aaHa-
GaTHueCKHe KpHBble <y, Mbl Ha3biBaeM KOMIIEKCHBIMH aOPHKOCOBCKUMH
uutsivi. Ecain, B uacthoctn, d =1 v {nymu @} = C, 1. e. 7y coBnanaer ¢ C, 10
yKazaHHOe ypaBHeHHe MpeBpaliaeTcst B ycJoBHe ncepaoroaomopguocti C.

I/ITaK, Mbl UM€EM CJIeNytollee COOTBETCTBHE!:

{annabaruueckue npeneasl SWy-pelienuii} <

{komriekcHble abpukocoBckue HUTH} . (4.1)

Jluteparypa

1. Jaffe A., Taubes C. H. Vortices and monopoles. Boston: Birkhéuser, 1980.

2. Taubes C.H. SW = Gr: From the Seiberg—Witten equations to pseudo-
holomorphic curves. J. Amer. Math. Soc., 1996, vol.9, pp.845—918.

3. Taubes C.H. Gr = SW: From pseudo-holomorphic curves to Seiberg—Witten
solutions. J. Diff. Geom., 1999, vol.51, pp.203—334.

Marematnueckuii uHCTHTYT uM. B. A. Creksioa PAH, yn.Ty6kuna 8, TCIT-1,
Mockga, 117966, Poccuiickas @enepaumsi u Independed University of Moscow



V. Timorin

Kidhler metrics whose geodesics are circles

Abstract

We classify all Kahler metrics in an open subset of C* whose real
geodesics are circles. All such metrics are equivalent (via complex pro-
jective transformations) to Fubini metrics (i. e., to Fubini—Study metric
on CP? restricted to an affine chart, to the complex hyperbolic metric
in the unit ball model or to the Euclidean metric).

Introduction

All Riemannian metrics in an open subset of R? or R? whose geodesics
are arcs of circles are classical, i.e., isometric to Euclidean, Riemann or
Lobachevsky geometries. This was proved by A. Khovanskii [1] in dimension
2 and by F. Izadi [2] in dimension 3. But in dimension 4 this is wrong. There
are remarkable Kahler metrics whose real geodesics are circles — Fubini
metrics (see Appendices 1 and 2).

Our main result is as follows:

Theorem 1. Consider a Kihler metric in an open subset of C* such that
all geodesics are parts of circles (or straight lines). Then this metric is
(up to a complex projective transformation) some Fubini metric.

In the next Section we will prove this result. Then we mention (without
proof) a local geometric classification of complete families of circles that are
point-wise rectifiable by means of complex projective transformations.
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Proof of the main result

For a definition of Kahler metrics see Appendix 2. Let g be a Kahler
metric in an open region  C C? such that all geodesics with respect to g
are parts of circles. First note that for any point p € £ the set of geodesics
passing through p coincides with the image under the exponential map of
the set of lines passing through p.

The following theorem [3] holds:

Theorem 2. Fix some identification of R* with the algebra H of quater-
nions. Suppose that a local diffeomorphism ®: (R*, 0) — (R*, 0) takes
sufficiently many lines (through 0) in general position to circles. If
do® =id, then the second derivative of ® has the form xw— A(x)x or
x — xA(x) where A is some R-linear map, and the multiplication is in
the sense of quaternions.

In particular, the bundle of geodesics at a point p € Q is given by
p+xt+ 5A(x)xt> or p+xt+ 5xA(x)f> where ¢ is a parameter, x is the
velocity vector and A is some linear map. To fix the idea assume that the
multiplication by A(x) is from the left. Now recall the following well-known
fact (for a proof, see Appendix 2).

Proposition 3. Exponential maps with respect to a Kdihler metric are
holomorphic up to third order terms (i. e., their 2-jets are holomorphic).

Therefore, the map x — A(x)x must be holomorphic. Now we need

Lemma 4. Suppose that the map x — A(x)x (where A is some linear op-
erator) is holomorphic. Then A(x) is complex linear and takes complex
values only. In other words, A is a complex linear functional.

Proof. In general, A(x) = a(x)+ b(x)i+ c(x)j + d(x)k where a, b, ¢, d are
some linear functionals on R*. Being holomorphic, the quadratic map
x+— A(x)x must satisfy the condition A(ix)(ix) = —A(x)x. This condition
implie that

a(x) =b(ix), b(x)=—a(ix), c(x)=-d(ix), d(x)=c(ix).

This means that the functionals o =a+ bi and 8= d+ ¢i must be holo-
morphic (i. e. complex linear). Since the map x — A(x)x = (a(x) + £G(x))x is
holomorphic, the map x — £3(x)x must be also holomorphic. If we multiply x
by V/i, then kB(x)x gets multiplied by —i, but by bilinearity it must be mul-
tiplied by i. Hence 8 =0 and A(x) = a(x) is a complex linear functional. O
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From this lemma it follows in particular that all geodesics of g lie in
complex lines (since velocities and accelerations are proportional with some
complex coefficient). Now we can use a complexified version of Beltrami’s
theorem (it follows from the results of Bochner [4], Otsuki and Tashiro [5];
for a detailed discussion and a sketch of a proof see Appendix 3):

Proposition 5. Suppose that all germs of complex lines are totally
geodesic surfaces with respect to some Hermitian metric on a part of
C". Then this metric is equivalent (up to a complex projective transfor-
mation) to a Fubini metric.

This concludes the proof of the main theorem.

Complex families of circles

Consider a Kahler metric g defined in an open region Q C C? and
assume that all geodesics of g are arcs of circles. We saw that the
exponential map of g at any point p € Q has the form x+— p+x+ %A(x)x
or x—p+x+ %xA(x) up to third order terms. Here A is some complex
linear functional. Note that a complex projective transformation
x—p+(1—=3Ax)~"x or x> p+x(1 = $A(x))~" has the same 2-jet and
clearly takes all lines to circles. Therefore, the images of lines (through 0)
under the above complex projective map are geodesics of g (through p).
This is because a circle is determined by its velocity and acceleration at
some point and hence by the 2-jet of some rectifying diffeomorphism. Thus
the geodesics of g are point-wise rectifiable by means of complex projective
transformations.

Suppose that we are given a family F of curves in C? (by a curve we
mean a | dimensional closed submanifold). Let us say that the family F is
a complete family of curves in an open subset Q of C? if through each
point of Q in each direction there goes a curve from F. A family F is said to
be rectifiable at some point p € Q if there exists a germ of diffeomorphism
at p that takes each curve from F passing through p to a straight line. A
complete family F of curves is called a complex family of curves in Q if it
is point-wise rectifiable in © by means of local diffeomorphisms holomorphic
up to third order terms. Complete complex families of curves generalize the
notion of geodesics with respect to a Kahler metric. As we saw a complex
family of circles is point-wise rectifiable by means of complex projective
transformations.

We have a local classification of all complete complex families of circles
in . Up to a complex projective transiormation these are the following:
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e Geodesics of Fubini metrics.

e A family outside the unit ball.

e Suspensions.

Let us describe the last 2 examples in detail.

A family of circles outside the unit ball. Inside the unit ball we have
a model for the complex hyperbolic plane. The metric is given in coordinates

(21, 22) by
(dz1dz) +dzod29) (1 —212) — 2029) + (d212) + d2929)(d2 2| + dZ929)

ds® =
* (1 —212) — 2929)?

All geodesics are circles (see Appendix 2). Note that this metric makes sense
in the exterior of the unit ball as well. But in the exterior it will be positive def-
inite no more. Nevertheless, geodesics make sense and they are circles. We
get a complex family of circles that are not geodesics with respect to a (pos-
itive definite) Kéhler metric (this is not obvious but not very hard to prove).

Suspensions. Let U be a domain in C and let F be a point-wise
rectifiable family of circles in U (e. g. the set of geodesics in the Poincaré half-
plane). Note that any point-wise rectifiable family in dimension 2 is complex
(this follows from the result of Khovanskii [1]). We are going to define a
complex family G of circles in U x C that will be called the suspension of
F. Each circle from G must lie in some complex line. We will define G on
each complex line separately, and then prove that G is point-wise rectifiable.

Take any complex line L in C?. Then the projection 7 from LN (U x C)
to U either maps everything to a point or is a linear conformal one-to-one
map. In the first case (i.e., when L is “vertical”) define G on L as the set of
all real lines in L. In the second case, the map 7! clearly takes circles to
circles. So define G on L as the preimage of the set of all circles in U under
the projection .

Let us prove that the family G thus constructed is a complex family of
circles. Take a point a € U x C. Suppose that F can be rectified at the point
m(a) by some complex projective map P= [ /Ly where L| and Ly are affine
functions. It is easy to see that the map (z, w) — (P(2), w/Ls(2)) rectifies
the family G at a.

The proof of the above classification is not very hard. Nevertheless we
will not give it here.

Appendix 1: Hermitian and Kidhler metrics

Consider a Riemannian metric g in an open subset € of C". This met-
ric is called Hermitian if it is stable under the multiplication by i, i.e.,
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glix, iy) = g(x, y) for any 2 vectors x and y at the same point. With a Her-
mitian metric g one associates the differential (1, 1)-form w(x, y) = g(ix, y)
and a sesquilinear form (Hermitian inner product) (X, Y)=g(X, Y) —iw(X, Y).
A metric g is said to be Kdhler if dw =0.

Let V° be the standard (flat) connection on C*. Denote by V the Levi-
Civita connection of g. Then for each pair of vector fields X and Y on Q we
have VyY = V‘))(Y—f— T'(X, Y) where T' is a symmetric R-bilinear form at each
point. The form I is called the Christoffel form. In particular, the value of
T'(X, Y) at a point p depends only on the values of X and Y at p (not on their
derivatives). Let us recall the following fact:

Proposition 6. A metric g is Kdhler if and only if the corresponding
covariant differentiation is complex linear, i.e., the Christoffel form is
complex bilinear.

Proof. First assume that the metric is Kahler. Then for any 3 vector
flelds X, Y, and Z we have

dw(X, Y, Z)=Xw(Y, Z) —w([X, Y], Z) —w(Y, [X, Z]) = 0.

Here [X, Y] denotes the commutator of the vector fields X and Y. Fix
the values of X, Y, and Z at some point p. We can always arrange
that VyX=V X =0 at p by changing X in a neighborhood of p. Then
[X, Y] =VxY—VyX=VyY. Similar, [X, Z] = VxZ. Recall that Vx de-
pends on X(p) only (not on the derivatives of X). Finally, we obtain

Xw(Y, Z) =w(VyY, 2)+w(Y, VxZ).
On the other hand, by the compatibility of V with g,
Xw(Y, 2) = Xg(iY, Z) = g(Vx(iY), Z) + g(iY, VxZ).

Comparing our equations, we conclude that g(Vx(iY), Z) =g(iVxY, Z).
Since Z is arbitrary, Vy(i¥Y) =iVyY, i.e., the covariant differentiation is
complex linear.

The above argument can be reversed. If the covariant differentia-
tion is complex linear, then dw vanishes for all X, Y, and Z such that
VyX=VzX=0 at some given point p. Since X(p), Y(p), and Z(p) can
take arbitrary values, dw =0 at p. But p is also arbitrary. Hence dw =0
everywhere. O

Proof of Proposition 3. Indeed, the second differential of an exponential
map coincides with I", but the latter is complex bilinear by Proposition 6. O
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Appendix 2: Fubini spaces

Fubini spaces are complex analogs of the classical geometries (Eu-
clidean, Riemann, Lobachevsky).

Consider the complex space C"*! equipped with the pseudo-Hermitian
form

n
H=27yZ +az Z,Z;
=1

where « is some real number. The pseudosphere is a hypersurface S given
by the equation H =1. Note that the pseudosphere is stable under the
multiplication by complex numbers with absolute value 1, i.e., under the
scalar U(1)-action. The quotient space F=S/U(1) is called a Fubini space.

Denote by C the cone where H > 0. Then the Fubini space can be also
defined as the quotient C/C* (since the intersection of a C*-orbit with S
is exactly a U(1)-orbit). Hence, for @ > 0 we obtain the complex projective
space CP", for =0 — the affine space C" and for o < 0 — the complex
hyperbolic space H".

Let us introduce a Riemannian metric in a Fubini space. Suppose first
that @ #0. Then H induces a metric on S (for a <0, this metric will be
negative so we should take it with sign minus) which is stable under the
U(1)-action. Hence a Fubini space F also inherits some metric. Namely,
the distance between U(1)-orbits is defined as the minimal distance from a
point of one orbit to a point of the other orbit. For « =0, we should take the
standard Euclidean metric on C" = F.

To get an affine model of a Fubini space F, it is enough to project it
to the hyperplane {Zy = 1}. Namely, each point x € F can be viewed as a
complex line in C. Take the intersection of this line with {Zo=1}. Under
this projection, F gets mapped to the whole hyperplane (for « > 0) or to the
interior of a ball (for av < 0). In particular, for o > 0 we get an affine chart of
CP". Metrics of Fubini spaces written down in the affine models are called
the Fubini metrics on (parts of) C".

Let us deduce the coordinate expressions of Fubini metrics for a > 0.
Take a vector v € T, F at some point x € F. Consider a lift X of x to C and a
litt V of v looking out of X. We can always assume that |X|> =1,i.e., X€ S
(all norms and inner products are with respect to the form H). Denote by W
the projection of V to the orthogonal complement of X. Then the length of v
with respect to the Fubini metric equals the length of W with respect to H:

02 = (W, W) = (V—(V, X)X, V—(V, X)X) = (V, V) — (X, V)(V, X).

Now if X is arbitrary (not necessarily of unit length), then the formula for

19 dynnamenTanbHas MaTeMaTHKa CerojHs
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|u? can be recovered by the homogeneity:

o _ (V. VX X) = (X V)V, X)
The vector X can be regarded as the collection of homogeneous coordinates of
the point x. In order to pass to affine coordinates, it is enough to put Xo =1,

Vo =0 (Xo and Vy stand for zero-coordinates of X and V respectively). For
a < 0 the above expression is to be taken with negative sign.

Proposition 7. All complex lines in Fubini metrics are totally geodesic
surfaces. All geodesics are (parts of) circles.

Proof. Note that a Fubini metric is preserved under the action of the (rather
large) group of all H-unitary projective transformations. Each complex line is
stable under a one-parametric subgroup of rotations around it. It follows that
each complex line is a geodesic submanifold. On a coordinate line passing
through the origin we have a classical geometry (standard Euclidean if o = 0,
spherical in central projection if aw > 0, or Lobachevsky in the Poincaré disk
model if & < 0). Clearly all geodesics inside this line are circles. Any complex
line can be mapped to any other by an isometry. This concludes the proof. O

A useful characterization of Fubini spaces was given by Bochner [4].

First recall the definition of the holomorphic sectional curvature. Let g be
a Hermitian metric in an open subset Q of C". Take a point p € 2 and a vec-
tor £ going out from this point. The vector £ defines a germ of complex line.
Consider the image of this germ under the exponential map of g. The image
is a germ of a 2-dimensional surface at the point p. Its Gauss curvature at p
is denoted by K(&) and is called the Aolomorphic sectional curvature. A
metric is said to have constant holomorphic sectional curvature if K(&)
depends neither on the direction of £ nor on the point p.

Theorem 8 (Bochner). A Kdhler metric g has constant holomorphic
sectional curvature if and only if g is locally equivalent to a Fubini
space via a holomorphic change of variables.

Appendix 3: Complexified Beltrami’s theorem

Proposition 5 is a complexified version of classical Beltrami’s theorem
[6]: if all geodesics are parts of straight lines, then the metric is locally
equivalent to Euclidean, Riemann, or Lobachevsky. This complex version
can be deduced from the results of Bochner [4], Otsuki and Tashiro [5].
Here we recall these results and also sketch another proof of Proposition 5
in dimension 2 which does not involve curvature considerations.
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Lemma 9. Let T': C" — C" be a homogeneous polynomial of degree
2 over reals (i.e., not necessarily holomorphic). Suppose that I'(v) is
everywhere proportional to v with some complex coefficient L(v). Then L
is a complex-valued R-linear function.

Proof. The coefficient L is a complex-valued function defined everywhere
except perhaps 0. Since I' is quadratic over reals, it satisfies the relation

Fv+w)+I'(v—w)=2(I(v)+I'(w))
for all v, w € C". Substituting L(x)u for I'(1) we obtain:
v(L(v+w)+ L(v—w) —2L(v)) + w(L(v+w) — L(v—w) — 2L(w)) = 0.
We can choose v and @ to be linearly independent, so
Lo+w)+Lv—w)=2L@w), Lv+w)—Lv—w)=2L(w).

If v and w are linearly dependent, this is also true due to the homogeneity
of L. Hence the equations above hold for all v and w. They imply that L is
R-linear. O

Proposition 10. Consider a Hermitian metric g in an open subset Q
of C". If all germs of complex lines lying in Q are totally geodesic
submanifolds, then the Christoffel form is equal to I'(v) = L(v)v, where L
is some complex linear functional (for a definition of the Christoffel
form see Appendix 1).

Proof. Consider an arbitrary vector v at some point x € 2 and a geodesic v
passing through x with velocity v. By the equation of geodesics, ¥+ I'(v, v) =
= (. But since the geodesic lies in some complex line, 4 is proportional to
4 = v with some complex coefficient. Therefore, I'(v, v) is proportional to v.
By Lemma 9, I'(v, v) = L(v)v. O

Corollary 11. Under the assumptions of Proposition 10 the metric g is
Kdhler.

Proof. By Lemma 10, I'(v, v) = L(v)v. By the symmetry of T', we have
T'(v, w) = %(L(U)w + L(w)v).
Now we can use the Hermitian property: g(X, X) = g(iX, iX). Apply the
covariant differentiation Vy to both sides of this relation:
g(VyX, X) = g(Vy(iX), iX) = —g(iVy(iX), X).
The standard connection VY is complex linear, hence g(iI'(Y, iX)+
+I'(Y, X), X) =0. Since Y is arbitrary, it follows that L(iX) =iL(X), i.e., L

is complex linear. This means that I' is C-bilinear. By Proposition 6, g is
Kahler in this case. O
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Consider two Hermitian metrics g’ and g” and denote the corresponding
Levi-Civita connections by V" and V" respectively. Recall that the difference
I'(X) = VX — VX is a vector-valued quadratic form. The metrics g’ and g”
are called holomorphically projectively equivalent if T'(x) = L(x)x for all
vectors x; where L is a complex linear functional (depending on the point).
Lemma 10 shows that if all complex lines are geodesic surfaces, then the
metric is holomorphically projectively equivalent to the standard (flat) metric.

Otsuki and Tashiro proved [5] that a Hermitian metric that is holomor-
phically projectively equivalent to a Fubini metric has constant holomorphic
sectional curvature. By Bochner’s theorem it is isometric to a Fubini space,
an isometry being a holomorphic map. But a holomorphic map taking (lo-
cally) complex lines to complex lines is a complex projective transformation.
Thus we obtain Proposition 5. Below we sketch a more straightforward proof
of it in dimension 2.

Suppose a metric g in an open subset  of C? satisfies the conditions of
Proposition 5. Choose a pair of constant linearly independent vector fields X
and Y in ©Q and compose the Gram determinant

G=GX, Y)=(X, X)(Y, Y)— (X, Y){(V, X),

where (, ) is the Hermitian inner product corresponding to g. Note that G
does not essentially depend on X and Y. In fact, it is well defined as a function
up to a positive constant factor.

Lemma 12. The Hermitian metric h=g/G*? is constant along each
complex line. This means that for any vectors v and w of the same
Euclidean length lying in the same complex line we have h(v) = h(w).

Proof. Let X and Y be constant linearly independent vector fields in .
Then we have XG(X, Y) =3Re L(X)G(X, Y). On the other hand, Xg(X, X) =
=2ReL(X)g(X, X). It follows that XA = 0. Since X is an arbitrary constant
vector field, # must be constant along any real line. It remains to note that
a Hermitian metric constant along any real line is also constant along any
complex line. O

Note that g can be recovered from 4. Namely, if H is the Gram deter-
minant of A, then g=h/H?. It remains to describe all Hermitian metrics
that are constant along any complex line. This is not difficult to accomplish.
Any such metric considered as a function of a point x and a vector v out
of x is a second degree polynomial in the “complex momentum” v and the
“complex angular momentum” x Ao (the wedge product is over complex
numbers). One can readily verify that these metrics provide Fubini metrics
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(modulo complex projective transformations) after division by the square of
their Gram determinants.
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W. G. Faris

Non-selfadjoint Ornstein—Uhlenbeck
semigroups

§ 1. Introduction

The talk will describe Ornstein—Uhlenbeck semigroups and explore
an example in infinite dimensions related to the renormalization group of
quantum field theory. An Ornstein—Uhlenbeck semigroup describes a dif-
fusion process with constant diffusion and linear drift. The resulting effect
is Gaussian convolution followed by rescaling. The first goal of the talk
is to contrast the situation of detailed balance, where the drift coefficient
is self-adjoint, with a very different situation where the drift coefficient is
skew-adjoint. It is shown that in the latter situation there can be a stationary
measure, but only in infinite dimensions and only when the drift coefficient is
given by an operator with absolutely continuous spectrum. The second goal
of the talk is to show that one version of the renormalization group is given
by a particular Ornstein—Uhlenbeck semigroup of this second type and to
characterize this semigroup abstractly.

The first part briefly reviews the theory of vector fields, that is, of au-
tonomous systems of ordinary differential equations. Near an isolated zero of
the vector field, that is, near a stationary solution of the system of differential
equations, the equation is typically (but not always) equivalent to a system
given by a linear vector field (a matrix equation).

The second part is a similar review of the theory of stochastic differential
equations driven by white noise (the derivative of a Wiener process). For such
equations the solutions are random, but there are semigroups of linear oper-
ators that describe the evolution of expectations of functions of the process.
In some circumstances there are stationary probability densities. One special
case is when the equation satisfies the detailed balance condition. Then it is
comparatively easy to compute the stationary probability densities. However,
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the processes described in this talk need not satisfy detailed balance.

The third part introduces the main object of study, the Ornstein—Uhlen-
beck processes and their associated semigroups. Such a process is defined
by a stochastic differential equation given by a linear vector field and a
non-degenerate constant diffusion coefficient matrix. It is the natural object
for studying the behavior of a stochastic differential equation near a stable
stationary point of the vector field.

The fourth part poses the question of whether an Ornstein—Uhlenbeck
semigroup with a vector field leaving a quadratic form constant can have a
stationary probability density. The answer is negative in finite dimensional
situations. But in infinite dimensions there are many examples. It is shown
that in such examples the generator of the linear vector field must have
absolutely continuous spectrum.

The fifth part is devoted to an important example of the situation where
the vector field leaves a quadratic form invariant. This quadratic form is
defined on a space of functions, and it is given by the integral of the square
of the gradient of the function. The vector field generates a scaling of the
functions that leaves this form invariant. This is the Ornstein—Uhlenbeck
semigroup corresponding to the renormalization group of quantum field the-
ory. The action of the semigroup on measures is to first scale wave numbers
in the range from 0 to 1 to the range from 0 to e’. Then the convolution
integrates out fluctuations corresponding to wave numbers from 1 to e’. The
result is an effective description of fluctuations at low wave numbers. This
example is characterized abstractly by Lie algebra calculations.

§ 2. Vector fields

A vector field defines for each point x in n dimensional space a corre-
sponding 1 component vector b(x). It defines a flow by solving the system
of ordinary differential equations

dx
dt
with initial condition x = xo at £ =0.

The local properties of vector fields are relatively simple. Near each point x
at which the vector field b(x) # 0 there is a change of coordinates that makes
the vector field a constant vector field. The situation is more complicated in
the neighborhood of an isolated zero xy, where b(xo) = 0. The vector field
has a linearization at such a stationary point. This is a matrix given by
—A = (Vb)(xp). (The minus sign is chosen for later convenience.) If there
are no non-trivial integer relations among the eigenvalues, then, according

b(x) 2.1)
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to the Sternberg linearization theorem [4], there is a change of coordinates
that makes the stationary point the zero vector and makes the vector field a
linear vector field —Ax.

In the case when the eigenvalues satisly an integer relation, this can fail.
The simplest example is a vector field in the plane whose linearization at
zero has eigenvalues —i and i. The linear vector field with these eigenvalues
has solutions with constant period 27. But there are also nonlinear vector
fields with the same linearization, but with periods that differ from 27. Since
the period is invariant under change of coordinates, such a non-linear vector
field is not equivalent to the linear vector field under change of coordinates.
Such examples are rather special, and we shall ignore them in the following.

Thus to study local behavior near a zero we look at the special case
when b(x) = —Ax, a linear vector field. It is possible to solve the differential
equation explicitly. This differential equation is dx/dt = —Ax with solution

x(t) = exp(—14)x(0). (2.2)

§ 3. Stochastic differential equations

A stochastic differential equation of the form
dx =b(x) dt + o(x)dw(?) (3.1

with the initial condition x = xg at = 0 defines a Markov diffusion process.
One can think of this as the motion of a particle with a deterministic flow
given by the vector field b(x) and a random flow determined by the diffusion
matrices o(x). Here w(f) consists of n independent copies of the Wiener
process (sometimes also called Brownian motion). The matrices o(x) are
each strictly positive symmetric n by n matrices.

Let f be a smooth function, and let f(xo, f) = Ex, [f(x(¢))] be the expected
value of f(x(?)) at time £, when the particle is started at xy at time zero. Then
f(x, t) satisfies the backward equation

o _ lUQ(x)VVf—l— b(x)-Vf (3.2)

ot 2
with the initial condition f(x, 0) = f(x). The mapping that sends f(x) to f(x, f)
is called the semigroup associated to this process. On the other hand, let
p(x) be a density at time zero, and define the density p(x, ) at time ¢ by

/ plx, O (x) dx = / plxo)(xo. 1) dxo. (3.3)
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Then p(x, ?) satisfies the equation

dp 1

= =5V -V(0*(x)p) = V- (b(x)p) (3.4)

ot 2
with the initial condition p(x, ) = p(x). This is the forward equation (also
called the Kolmogorov equation or the Fokker-Planck equation). The map-
ping that sends p(x) into p(x, ?) is the action of the adjoint semigroup.
The forward equation can also be written in the form

dp 1

57 TV 16— QV(UQ(X)p)] =0. (3.5)
The quantity in square brackets is called the current.

The equation for a stationary probability density p is obtained by setting
the time derivative in the forward equation equal to zero. Suppose there is a
solution. Then there is a decomposition of the drift b into two parts, so that
b =u +v. The decomposition is

|

up = EV(UQP) (3.6)

and

|
vp=bp— §V(0’2p). (3.7)
Thus vp is the current. If we set p = cexp(—U), then the equation for u is
I R R

u= 2VJ 57 VU. (3.8)

This decomposition gives the decomposition of the operator L that occurs in
the backward equation df/9t = Lf into a self-adjoint part and a skew-adjoint
part. Thus

L:éaQVVJrUV:[éaQVVerV]nLU-V. (3.9)
The self-adjoint part involving « describes purely diffusive motion that is
even under time reversal. The skew-adjoint part involving v describes de-
terministic motion that is odd under time reversal. Thus it is given by a first
order differential operator.

The condition of detailed balance says that the current v =0, so that
b =u. (This condition is also called time reversibility or self-adjointness.)
Since b is known, it follows that u is also known. In that case it is relatively
easy to solve the equation for the potential U and hence for the probability

density p=e~Y.
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§4. The Ornstein—Uhlenbeck process

The Ornstein—Uhlenbeck process is the special case when the process
is of the form ¢? = @, a constant matrix, and b(x) = —Ax, a linear vector
field. It is possible to solve the stochastic differential equation explicitly. This
makes it also possible to solve the backward and forward equations more or
less explicitly.

The stochastic differential equation is

dx = —Axdt + o dw(?). 4.1)

It has the solution

x(t) = exp(—tA)x(0) + /t exp(—(f — s)A)ow(s) ds. (4.2)
0

From this it is easy to see that x(¢) is Gaussian with mean exp(—7A4)x, and
covariance matrix

t
Ct:/o exp(—tA)Q exp(—tA*) ds. (4.3)

Here A* denotes the transpose of the matrix A. The solution of the backward
equation is the Ornstein—Uhlenbeck semigroup given by

ko, ) = / Fexp(—tA)x0 + ) dpu(9), (4.4)

where p; is a Gaussian measure with mean zero and covariance C;. This
expression is called the Mehler formula.

Assume that the eigenvalues of A have strictly positive real parts. Then
the integral

C= /oo exp(—tA)Q exp(—tA™) ds (4.5)
0

converges. The stationary probability measure is the Gaussian measure p
with this covariance. That is, its density is p(x) = cexp(—U(x)), where
U(x) =x*C~'x. The covariance operators C; have the simple explicit
expression in terms of C as

Cy = C —exp(tA)C exp(—tA™). (4.6)
Furthermore, by differentiation
AC+ CA* = Q. 4.7

The problem of computing the covariance C that determines the stationary
measure p reduces to the problem of solving this equation. The solution
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is given by the integral expression above, but this is not always easy to
compute explicitly.

The condition for detailed balance is that the vector field has the repre-
sentation —Ax = —(1/2)QVU(x). This happens when Q~'A is a symmetric
matrix, that is, @ 'A = A*Q~". This in turn may be written as AQ = QA*.
The solution C is then given by C = 1A71Q = £ QA*~".

Notice that the condition of detailed balance says that A is self-adjoint
with respect to @', that is, that A = QA*Q~'. Equivalently, it says that A*
is self-adjoint with respect to the generating covariance @, that is, that
A* = @7 'AQ. In the following we shall be interested in systems that are
very far from satisfying detailed balance. In fact, the generator will be skew-
adjoint.

§ 5. Invariant quadratic forms

The Ornstein—Uhlenbeck has a generalization to infinite dimensions.
The setting is a Banach space £ in which exp(—fA) acts. This is the space
on which the Gaussian measures are concentrated. The continuous linear
forms on £ form a dual Banach space £*. These forms in £* correspond to
the linear random variables on E. Then exp(—fA*) acts in the dual Banach
space £*.

We shall refer to a non-degenerate positive symmetric quadratic form C
on £* as a covariance operator. We may also think of C as an operator
from E* to E. If there is a Gaussian measure on £ with mean zero and with
covariance C, then the covariance of two Gaussian random variables u, v
in £* are given by C via the formula uCov. The covariance operator determines
the Gaussian measure.

Given a covariance C, we can complete the space E* in the C inner
product. This is the natural space H(C) of Gaussian random variables with
finite variance. Since E* C H(C) is dense, we are allowed to think of the dual
space of this Hilbert space as a Hilbert space H(C~") with inner product C~!
contained in the space E. Thus H(C~!") C E. Notice that C is an isomorphism
from H(C) to H(C™").

Later on we shall need to compare two covariances. If C and S are co-
variances, and if there exists a constant m such that C < mS, then it follows
that S~! < mC~! and hence CS~!C < mC < m?S. This shows that C is a
bounded operator from H(S) to H(S™').

The Ornstein—Uhlenbeck semigroup with generator —A and generating
covariance @ is defined as the mapping that sends F into exp(—£L)F given
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(exp(—=2L)F)(¢) = /F(GXP(*Z‘A)fvaX) dpr (x)- (5.1)

Here pu; is the Gaussian measure with semigroup covariance C; given in
terms of A and @ by the formula of the previous section. This of course is
just the expectation of a Gaussian random variable with mean exp(—fA)¢
and covariance Cj.

There is also a dual action of the Ornstein—Uhlenbeck semigroup on
measures. If the expression for C given above converges, then there is a
stationary Gaussian measure with this covariance.

Here is a situation that is rather far from detailed balance. Consider a
positive quadratic form S such that exp(—tA4)Sexp(—tA*) =S. This says
that the group exp(—¢A*) leaves the S inner product invariant and there-
fore is a unitary group on H(S). The equation may also be written as
exp(—tA*)S~ ! exp(—tA) = S~!. It then says that the group exp(—tA) leaves
the S~! inner product invariant and therefore is a unitary group of operators
on H(S™!). These equations have infinitesimal forms AS+ SA* =0 and
A*S™!' 4+ 8714 =0. The first condition says that A* is skew-adjoint with
respect to S, that is, that A* = —S~!AS. The other condition says that A is
skew-adjoint with respect to S~!, that is, that A = —SA*S~!. Since S is an
isomorphism from H(S) to H(S™'), it follows in particular that A and —A*
are isomorphic as operators on the two Hilbert spaces.

In such an example there can be a stationary measure only in the infinite
dimensional situation. Also, there is no longer a unique stationary Gaussian
measure C satisfying AC + CA* = @ for the Ornstein—Uhlenbeck process.
In fact, each Gaussian measure with covariance C + aS with a > 0 is also
stationary.

Theorem 1. Consider an Ornstein—Uhlenbeck semigroup with gener-
ator —A and generating covariance Q. Consider another covariance S
such that @ < kS. Suppose that A is skew-adjoint with respect to S™!,
so that exp(—tA) leaves S™' invariant. Say that the stationary covari-
ance

C= /OO exp(—tA)Q exp(—tA*) dt (5.2)
0

exists and satisfies C<mS. Then A has absolutely continuous spec-
trum.

Proof. The operator @S~ is bounded as an operator on H(S~!). Further-
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more, we can write
cS™! :/ exp(—tA)QS~" exp(tA) dt. (5.3)
0

Thus as operators in this space @S~! is positive and CS™! is bounded. It
follows from a standard fact in quantum scattering theory [3] that A has
absolutely continuous spectrum. O

§ 6. The renormalization group

We now want to consider a situation in which there are two covariances
and two generators of unitary groups. The first covariance defines a Hilbert
space that will be denoted by H. The inner product defined by this covariance
is used to identify A with its dual space. Thus the covariance may be
represented by the identity operator. Its associated generator is B with
B+ B*=0. The operator B =—B* is skew-adjoint in H.

The second covariance is denoted by S and the generator is A with
AS 4+ SA* = 0. Thus there is a Hilbert space H(S) with inner product given
by S, and the operator A* is skew-adjoint in this space. Also there is a dual
Hilbert space Hilbert space H(S™') with inner product given by S~!, and
the operator A is skew-adjoint in this space. The inner product of H may be
used to identify the covariance S with an operator acting in /.

In order to characterize the usual renormalization group make the hy-
pothesis

A=B+1. 6.1)

This gives the identity A+ A* =2. This in turn leads to the commutator
identity AS — SA = —28S.

Proposition 1. The identities AS + SA* =0 and A+ A* =2 imply that

exp(—tA)f(S) exp(—tA*) = e 2 [(*S). (6.2)
In infinitesimal form, this is
Af(S) + [(S)A* = —=2S['(S) + 2/(S). (6.3)
Proof. We have
exp(—tA)S exp(—tA*) = S. (6.4)
Hence
exp(—tA)S exp(tA) = e*8S, (6.5)
and so

exp(—tA)f(S) exp(tA) = [(e*'S) (6.6)
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Finally,
exp(—tA)f(S) exp(—tA*) = e~ }(e*'S) (6.7)
O

Corollary 1. Under the same hypothesis, we have
exp(—tA)(S™Y) exp(—tA*) = e 2 (e~ 2S7). (6.8)
In infinitesimal form, this is
AFS™H + ST hHA* =257 (STH +21(S7H. (6.9)
Say that Q = g(S~!). Then we can use the infinitesimal equation to solve
for C =f(S~!) satislying AC + CA* = Q. We get the differential equation

2[uf' (u) + f(u)] = g(u) with solution determined by 2f(u) = (1/u)G(u), where
G'(u) = g(u) with G(0) =0. So C = (1/2)SG(S™).

Theorem 2. Consider an Ornstein—Uhlenbeck process with generator
—A satisfying A+ A* =2 such that there is an invariant covariance S
with AS+SA*=0. Let the generating covariance defining the Orn-
stein—Uhlenbeck process be defined by Q= g(S™"). Let G'(u) = g(u)
with G(0) =0. Then the semigroup covariance is

C; = /Otexp(sA)Q exp(—sA*)ds = ;S[G(Sfl) —Ge™'S™h]  (6.10)

with limit
o 1
C :/ exp(—sA)Q exp(—sA*)ds = ESG(S_I). (6.11)
0
Proof. From the previous result
t 1 s—!
Ci= / e (eS8 Yds==S o(u)du. (6.12)
0 2 e—20§—1 I:‘

It remains to choose the function g with @ =g(S™') and compute
the corresponding C;. One example where it is easy to compute is when
gw)y=e"and Gu)=1—e""

However there is another example that will make the physical interpre-
tation more transparent. This is where g(u) is a smooth approximation to
d(u—1), that is, a bump concentrated near one. Then G(u) is a smooth
approximation to the indicator function of the interval from 1 to infinity.
It follows that G(u) — G(e~%u) is a smooth approximation to the indicator
function of the interval from 1 to e?.
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The example in view is when the Hilbert space is H = L?(R") with n > 2.
The first covariance is just the usual inner product on this Hilbert space. The
skew-adjoint operator B is given by

- B:—x-V—g. (6.13)
en
(exp(—tB)u)(x) = u(etx)et”/Q (6.14)

is a unitary group of scaling transformations.

The other covariance in this example is S = (—A)~!. The reason for
taking n > 2 is so that this covariance is defined for nice functions. The
corresponding inverse covariance is the negative of the Laplace operator,
that is, S™! = —A. The generator —A = —B — | satisfies AS +SA* = 0.

In this application the spectral values of S~! = —A correspond via the
Fourier transform to squares u = |k|? of wave numbers k. One has an initial
measure that describes fluctuations roughly in some range of wave numbers
|| from O to 1. One wants to effectively integrate out the fluctuations with
wave numbers || in the interval from e~! to 1, thus getting the effective
behavior for small wave numbers.

This is implemented by the Ornstein—Uhlenbeck process in the follow-
ing way. The first thing is to scale the wave numbers by e’. This gives a new
range of |k| from 0 to e’. Then the covariance C, integrates effectively over
the range of wave numbers |k| from 1 to e’. This leaves the resulting wave
numbers |k| in the range from 0 to 1. These give an effective description of
the behavior of the original problem for very low values of wave number, that
is, for very long distances.

There is much more to be said about infinite dimensional Ornstein—
Uhlenbeck semigroups and about the renormalization group example. One
of the most interesting issues is the non-uniqueness of stationary measures
[1]. In particular, there can be non-Gaussian stationary measures. The paper
[2] gives the beginning of such an analysis.
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HUurerpupyembie slo-MOayJaH KaK G€CKOHEUHbIE
TEH30pHble NMPOU3BeIeHUSs

AHHOTaALUs

Mcnosb3ys ckpyueHHOE NMpou3BeieHHe NpejicTaBieHui anrebpbl JIn
sly, MBI cTpouM HaGop HHTErpHpyeMbIX g@—moayﬂeﬁ LP co crapumm
BecoM, 3asucsmx ot sekropa D € N¥F' Tlpu cnewnanbnbix D nawa
KOHCTPYKLHS TaéT HempuBoauMble Moaynu L; .. B pabore ctpoutes 6a-
auc LP u nsyuaercs pasnoxenne LP Ha HENMpHBOAMMBIC KOMIOHEHTEL.
Mel TaKiKe BBITHCHIBACM SIBHEIC (hopMyJbl 4715t XapakTepa L2

BeeneHue

o~

B pa6ote npuBoautcs croco6 noctpoenus slo-Mojy/eil Kak npejena Ko-
HEUHOMEPHBIX TIpeCTaBeHHH ajareGpbl MOJMHOMHANBHBIX TOKOB. [Ipu 3TOM
Mbl MCMOJIb3yeM MOHATHE CKPYUEHHOTO NMPOU3BE/IeHUs] KOHEUHOMEPHbBIX Mpeji-
cTaBJieHui slg, onpenenéuHoro B [2] u udyuasiierocs B [1]. Hanomuum oc-
HOBHbIE OIpeJiesIEHHS.

[TycTb slo ® C[¢{] — anrebpa JIn nosMHOMHA/NBHBIX TOKOB Ha NpPSIMOH C
NMOTOUYEUHbIM KoMMyTatopoM. [lycthb e, f, i — cranpapthbiil 6asuc sly. s
HENPUBOJMMOTO MpeACTaBAeHUsT m aareGpbl slo MU KOMIMJIEKCHOTO uucia 2
onpenenum geiictere slo @ C[¢] na 7 cienyioumm obpasom: (x® 1) -v=
=zlx-v, x€sly, venr. O603naunm noayunslmiica sly ® C[{]-Mony.ib ue-
pes3 m(z2).

[lycts my, ..., T, — HEMpPUBOAUMbIE TpejcTaBJaeHus sly, dimm; = a;.
[lycte Z=(z2y, ..., 24) € C", mpuué™m Bce 2z; momapHo pas/juuHbl. Pac-
CMOTPHM TeH30pHOe npousseaeHue sly @ C[f]-mMonynel m((2)) ® ... m,u(2,).
Ecan v — npousBesieHrne CTapiMx BeKTOPOB mj, TO 7(2]) ® ... R m,(2,)
siBJIsIeTCS] LMKJIMUecKUM slo @ C[f]-Moy/1eM C LMKJIHUECKMM BEKTOPOM U,

m(2]) ®...Qm(2,) = U(slo @ C[{]) - 0.

O0603HAUNM Uepes Ty * . . . * 7, PUCOEUHEHHDIH IPajlyHpPOBAHHBIH MOJIYJIb OT-
HOCHTEbHO (uJbTpauuu no crenenu ¢ Ha U(sly ® C[f]). Bynem HasbiBaTh
3TOT MOJLyJ/lb CKPYUEHHbIM MPOU3BEICHUEM TY, . .., Tp.
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B paGoTe Mbl Jl0Ka3blBaeM CylIeCTBOBAHHE MWHBHEKTHBHBIX FOMOMOpP(H3-
MOB MKy PasJHUHbIMH CKPYYEHHBIMH MPOH3BEACHHUSIMH. A HMEHHO, TMYyCTb
a; <...<a,. Torma, ecsi @; = @41, TO HUMEEM BJIOXKEHHE

CYx.. . xCU 1 5 Ch+2x . xC™" - CY ... xC™, (1)

Kpome Toro, nmeercsi nzomopduam sly @ C[¢]-mony.eit

(CU ... xC™)/(C s .. .+ CH ' 5 CUH2 % ... x C) =~
~CY o, x QU1 CU QU Clit2 5 5 OO, (2)

(3aMeTHM, UTO aHaJIOTHUHbIE POPMYJIbI ObIIM TTOJIOXKEHBI B OCHOBY OTpeje-
JIeHUs CyTnepHOMUAJbHBIX Ko3(hduimentos B padotax Llumiunr u Baphaapa,
cM. [3, 4, 10]). Ilyctb Tenepb a; < as. Mbl CTPOUM BJIOKEHHE

Col~ @t 4 C% %, % C¥ s CU ... % COn, (3)

npuuém umeetcs usomoppusm sly @ C[f]-monyned:

(CU % .. % C)/(C™ T 5 C% %, % C) ~
~CUT R CuH 4 CB %« Ch. (4)

Bhilleonucantble B0KeHHs! SIBJSIOTCS YacTHBIM cJiyuaem GoJiee obliell cu-
Tyauuu. A umenHo, nyctb i < j, A =(ay, ..., a,). Torna B ckpyueHHom npo-
ussesenun C% cyuectsyer noamoay.ib S;;(A), Takoil uto
Chx...xC"/S;j(A) ~

~C sk CU x CUT R COUtt % CU= 5« CUH s CU % % CO . (5)
[To anajioruu ¢ dopmysioit (4) MOKHO TPEANIOJIONKHUTh, UTO

Sij(A) = CU™UH 4, CU s 4 CU=1 % CU+ % xCU=1 % C9+1 % xC. (6)

Onnako jist o6UIMX £, j 5TO HEBepHO. 3ajauya ndydeHus cTpykrypsol slo @ C[f]-
MogyJiell S;;(A) KaxkeTcs HAaM BayKHOH U MHTepecHOH. MBI HajleeMCsl BEPHYTb-
Csl K Hell B JlaJibHeHLIeM.

Dopmyabl (1),(2) 1 (3),(4) MoryT GbITb NPOUHTEPIPETHPOBAHBI KaK (op-
MYJIbI JIJIS TEH30PHOTO MPOU3BENIEHUS HETTPUBOJUMBIX slo-MoJyJiell. A HMEHHO

C'@C*=CapC''oC™! ms (1), (2); (7)
C'@C =Cl-*gcieC!*! a<b s (3), (4). (8)
BaxkHbIM yacTHbIM ciydaeM (1) siBasiercst caepytollee BJ0OKEHHE:

CYx.. . xC" > CY"x...4«CY %« CU % C, 9)

20 dynnameHTasnbHAs MaTeMaTHKaA CErojiHst
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Hcnosib3ys (9), Mbl MOKEM ONpPeesIUTh UHAYKTHBHBIA Tpejed

CU s % C% % (C)*2%° = [im CU % ... % C% % (C)*%. (10)

W3 onpenenennii caesyet, uto C4 s . . . % C x (C%)*2> gapnserca sly ® C[t]-
MojysieM. OJHAaKO Mbl MoKaxKeM (CM. NpeJioyKeHHe 2), uTO Ha CaMoM JeJie
Ha HalleM [POCTPAHCTBE HMMEETCS CTPYKTypa MpecTaBjeHHs] sl =5l ®
®CJt, t7') @ cC, rae ¢ — ueHTpaIbHbI eMeHT — JeHCTBYeT YMHOKEHHeM
Ha a, — 1. Jlasi Toro, uToGbl YBUAETH CBSI3b MEXKIY ;[;—Mo,uymmn U CKpy-
YEHHbIM TPOU3BEJIEHHEM, OIUIIEM TOCJe/Hee B TEPMHUHAX HETPUBOJUMBIX
5/[\2—Moayﬂeﬁ.

Hanomunwm, uro anre6pa JIin 5/[\2 pasHa sly ® C[£, '] @ cC, a kommyTatop
ycTpoeH ciefyolmm o6pasom ((-, -)-popma Kusmnra na sly, x; = x @ t):

[e, xi] =0, [xi, yil =[x, ylivj + (x, Y)idiyjo-c, x, y€sly.

HenpuBoaumble HHTerpupyeMble npeacTasiieHus sly ypoBHs & (T. €. ¢ 1elcTBY-
€T Ha HUX YMHOXKeHHeM Ha k) obosHauaiorcs L, i =0, ..., k. [Ipu stom B

L;j, cyuiecTByeT TakoH BEKTOP 0; 4, UTO L;, = U(sla) - v, a Takxke
e<oVif = [<0Vik = heovip =0, v = kv;p, hovip = ivp. (11)

(Hecmotpst Ha TO, YTO yallle 3a OMepaTopbl POXKIEHHS MMPUHUMAIOTCS Orle-
patopbl U3 sly ® C[¢~!], nam ynoGuee onpenennts L;, kak B (11)). Kpo-
Me Toro, B L;, AeficTByeT omnepaTop d, YNOBJETBOPSIOLIMHA COOTHOLUEHHIO
ld, xi] =ix;, dv;p=0. fIcno, uto L;, 6urpagynpoBansl oneparopamu Ay, d.
Bynem o6o3nauath rpagyupoBKy no A uepes deg, u rpaayupoBKy o d ue-
pes deg,.

Hanomuum, 4to B Lo HMeeTcst HaGop IKCTpeMalsbHBIX BEKTOPOB v(2i),
i € 7, TaKuX 4TO

v(0) =vo,1, e9i+10(2) = v(2i +2).
AnanornuHo, Ly cOAepKUT KCTpeMalibHble Bektopa v(2i+ 1), i € Z:

v(l) =0, e u(2i —1)=0v(2i+1).
Hnsi  HarypasbHbIX uucen by =...>= b, onpenesuM MOINPOCTPAHCTBO
M(by, ..., bp) B Ly 1®...® Ly, 1, 0ie p; paBubl O uau 1, npuyém yétHocTH
p; ¥ b; coBnanaioT. A HMEHHO:

M(by, ..., b)) = U(sle @ C[t1]) - (u(=b1) ® ... @ v(=by)).

OxkasbiBaercst, uto M(by, ..., by) H30MOP(HO HEKOTOPOMY CKPYUEHHOMY MPO-

usBenenuio. Ilng toro, utoObl caenaTh TOUHOE YTBEPXKAEHHE OTMETHM, UTO
10 onpe/esieHHIo CKpyueHHOe Tpou3BeieHue ecThb sly @ C[f]-mMonynb. OnHako
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Beajle B JajbHelilleM Ham GyeT yao6Ho cuutath ero sly ® C[/~!]-momynem
(cnenas 3ameny ¢ — ¢~'). C TOUHOCTBIO JI0 STOFO 3aMeuaHHst BEPHO CJIeLylo-
llee yTBEPKAEHHE!

YtBepxaenue 1.
M(bi, .-y be) = (C2) 0700 s (TP Crm09 e (CF) 001700 s () e
kak sly @ C[t~"']-modyau.

B nanbhediiemM HaM ynoGHO Oymer mepeitd ot HaGopa A = (ay, ..., a,)
K aCCOUMHPOBAHHOMY HAbOpy
D=(dy, ..., dp1) N di = #4j: a; =i}, k41 =a, = max{a;}.

OGosnaunm onpesenéunbiil Hamu B (10) uHayKTHBHBIA nipeen uepes LP:

IP — lim ((Cl)*d1 * ((CQ)*dz - (Cun—l)*dan,] ” ((Ca,,)*(da”-i-Qs) (12)
§—00

(Mpy 3TOM MOXKHO cuuTaTh, uto d,, paBHO O wiau 1). Mbl mokaxkem, 4To
Ha camoM jene, LP sBisiercs moanpescTaBienneM B TeH30PHOM MPOM3Be-
JIeHHH HETPUBOIMMBIX ;[;—Mouyﬂeﬁ ypoBHST |, TOPOKIAEHHBIM JIeHCTBHEM sl
Ha HEKOTOpOe MPOU3BeJieHHe SKCTPeMalbHbIX BEKTOPOB. /151 10oKa3aTesnbCTBa
Mbl HCMOJIb3yeM peasM3alyio MpejcTaBaeHHiil ypoBHsl 1 B Tak Ha3blBaeMOM
NpocTpaHcTBe (hepMHOHOB (NoJyGeckoHeuHblX (opm) F. Jaaum ero kpaTkoe
omHcaHue.

[yctb (i), ¢(j), i, j € Z — nonapHo aHTHKOMMYTHpPYIOLLHE NepeMeHHble
(bepmuonbl). B uactnoctu 1(i)> = ¢(j)> = 0. Basuc npoctpanctsa F o6pa-
3YIOT «I0JyOecKOHeUHbie» MOHOMbI OT repeMeHHbIX ¢(i), ¥(j). Tounee, Bbl-
pakeHHs! BUJA

N =1DoN = DYp(N)p(N)Y(ir) - .. (i) o) - - - @lir), (13)
N<ip<...<ip, N<ji<...<j.

B F neiictBytor oneparopbl ¥(i), ¢(j) yMHOMXKEHHSI HA COOTBETCTBYIOLIMI hep-
MHOH U orepatopbl quddepeHipoanns (i)*, ¢(j)* mo nmpemMeHHbIM ¥ (—j),
¢(—i) cooTBeTCTBeHHO. TaKMM 06pa30M BBINOJNHAIOTCS KOMMYTaLMOHHbIE CO-
otHoulenus ([a, b4+ = ab + ba):

[V (D), Y ()]+ = 0ivj0, [07(D), ¢())]+ = disj0-

IleiicTBre omepatopoB u3 sly BBOAMTCA Ha F caemyoumm o6pasoM (Besje B
nanbheiem a(z) = > o a;2'):

i=—o00

e(x) =9()(2), () =9¢7(2)9"(2), c=1d.

20*
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Onpenenm Bektopa v(i) € F:
02N) = ... (N = )¢(N = D)ih(N);
V2N + 1) =... (N —1)p(N — D)p(N)d(N).
Mbl nokakem, uto C4 ... % C% «— F®@=1 Toyyee
Ch"x...xCY ~
~U@sly@C[E ) - (0(—do — ... —dy,)) @ ... ®v(—dy,,)) (14)

(cm. yTBepxkaeHue 1).
Hcnonbayst 310 epMHOHHOE BJIOXKEHHe, Mbl JUIS HEMPUBOIUMBIX TPeJ-
CTaBJIeHUH §ly MoJyuaem ciejytollne paBeHcTa (cMm. [2]):

Li,k _ Ci-‘rl * (Ck-i-l)*Qoo.

2

JIelicTBUTE/IbHO, JIErKO BHJETh, UTO L;, MOTYT ObIThb BJoxKeHbl B F®F kak
o0berHenHe «KyckoB» Buaa (14). Ha camom gene, ans seex D moyan LP
TaKKe SIB/SIeTCs MOANPOCTpaHCTBOM B F&F,

Takum o6pasom, no sektropy D € NF! mpr noctponsu g[;—MO}lyJIb LP
ypoBHsi k. B paGoTe Mbl MPUBOAUM KOHCTPYKLMIO ais 6asuca LP. 3nech mbl
JauM e€ ornucaHue Jyisi BaKyyMHOIO HElpHUBOAMMOrO npeactaBieHus Lo .

[lycTtb vgr — crapwuil Bektop Lok. Mbl peanusoBanu Loy, Kak npenes
BJIOKEHHBIX LHKIHUeCKUX 5l @ C[1~!]-MomyJieli ¢ UMKAHYECKHMH BEKTOPaMH
ws, s=1, 2, .... B nauewm cnayuae

ke gk k
ws = [173 - fos_100-

O6osnauum uepes e'(j) kosdduument npu 2/ B e(z)!. Mbl J10KaxeM, uTo
6asucom B Lo, siBasieTcst o0beuHenne no s = 1, 2, ... BeKTOPOB BHA

k(%) .. e(I"wg =
=M (i) . )T T T el e )ws,  (15)
i]-”‘ +2a < i/-o‘+1,

i 2 (=2s+ Dat+alp+...+lap) e+ .+ lagr + 1)

Kak no60ii nHTerpUpyeMbiit ;[;—MO[LyJ]b co crapwum BecoMm, LP packnia-
JIbIBA€TCs1 B MPSIMYI0 CYMMY HENPUBOAMMBIX MpejcTaBieHui. FMmeem passo-
YKeHHe:

LP = M, ®L0’k D.. .@MkJrl ®Lk,ka dimM; = CiD-

Mbl nokasbiBaeM, uTo M; rpaaynpoBaHHble IPOCTPAHCTBA, a UHC/A C; p SABJISI-
10TCS1 CTPYKTYPHBIMU KOHCTaHTaMK ajreGpbl Bepsunie V4|, aCCOLMUPOBAH-
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Hoil ¢ slp. KpoMe Toro, W3 HalMx pesyJ/ibTaToB CJeLyeT, UTo Xxapakrepbl M;
SBJISIIOTCS OorpaHuueHHbIMU noanHoMamu Koctku (em. [9], [10]). Hanomuum
onpenesnenne anrebpbl Bepaunae.

PaccmoTpum siMHeiiHOe MPOCTPaHCTBO ¢ 6A3UCOM Ty, 7o, ... U YMHOXKe-
uueM (i <j) mm = mj—ip1 + ...+ Tipj—1 (0Opasylolie NepeMHOXKaloTCs Kak
KOHEUHOMepHbIe TpesicTasienus sly). ITo onpenenenuio, Vi = (my, ma, ...)/
/(mpy1). MBI TOKaXKeM, 4To B ajire6pe Vi | BBIMOJHSIIOTCS COOTHOIIEHHS:

k+1
d d df+1
mp =7 ... Ty = g CiDTi.

i=1

JloKasaTesIbCTBO 3aKJ/0UaeTCsl B IPOBEPKE TOTO, UTO OMpe/essiioliie COOTHO-
1ieHus1 U3 asnreGpbl Bepiintiie BIMOJHSIOTCS VISl HALIKMX MOJyJiel. A HMeHHO,
MBI [TpOBepsieM, 4To

ecau Tp = wp + wpr, To LP ~ 1P gD (16)

[Tpu atom BbIGOp Tpoek D, D', D" noackasau coorHolenusimu (2), (4).

Hanomuum, uto B [1] 6bl1a daxtrueckn noJydeHa gopmysa Juisi Xapak-
Tepa C™ % ...+ C%, BbIpaxkeHHas! yepe3 MyJbTHHOMHAJbBHBIE KO3 HUIIMEHTHI
(cm. [3],[4]). Mcnosib3ys 3Ty opmydty, Mbl IT0JlydaeM BbipaxKeHHe JJ1sl XapaK-
tepa L”. B uactiocTH, Mbl nostyyaem (opmyJly JUlsi XapakTepoB HeNmpHBOIH-
MBIX MIpeJcTaBaeHnH L; ,, KOTopast coBrazuaer ¢ popmyaoi u3 [5]. Kpome Toro,
B KauecTBe MPUJIOKEHHs, Mbl UNCTO KOMOGHHATOPHBIMH METOAAMH Ha YpOBHE
XapakTepoB nposepsieM yacTh papeHcts LP ~ Y L

B 3ak/ioueHne, HAMOMHUM CMOCO0 W3YUEHHS] CKPYUEHHOTO MPOU3BEAEHUS
13 [1]. Mbl ucnoJ/ib3yeM OMUCAHHYIO HHXKE KOHCTPYKIHMIO B KAuecTBE OJIHOTO
13 OCHOBHBIX JIOKAa3aTeJbHbIX CPEJICTB.

Kak mbl yxKe 3amevasu,

Chx%...xCh~U(sly @ C[t']) - 0.

B 1o xke Bpems JIETKO BU/IETb, YTO BECb MOYJIb MOPOXKAAECTCA YKe }leﬁCTBHeM

OTepaTopoB ey, ..., 6_pt1. 1akuM 06pa3om, noaydaem
CUx...%C" ~Cle_psi, --., eo]/I* =
A i C p -
rae HeKOoTOphIi upean B Kosblle Cle_,41, ..., ey]. PaccmoTpum nzomop

(hu3M KoJeLL

opp: Cle_p+1, ..., e0] = Cleo, ..., en—1], opp(ei) = €itn—1.

O6o3Hauum
I =opp(1*), WA =Cley, ..., e/
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Torma B WA BpinmosiHsioTes caeyiolme (onpeiesiolte) COOTHOIEHHs Ha
(n) _ -1 i
npoussosiyto gyHkimio e (2) =3 ) e;2":

e (z)) = 2=t I=a)+ 9

rie s+ =0 npu s<0, s =s npu s>0; N1 MHOTOUJIEHOB p, ¢ 3aluch
p - @ O3HauaeT, 4TO p JAeNUTCS Ha ¢. [lpyrumu cioBamH, Ko3(D(HIMEHTHI
e™(2)l,i=1,2, ... 0pu CTeNeHsX, MEeHbLIUX 2721(1' + 1 —aj)4+, nopoxaaior
unean J4.

Hawa pa6ota noctpoena cienytoumm o6pasom:

B mepBofi yacTH omuchIBaeTcsl MPOCTPAHCTBO (hepMHOHOB [ Kak sly-
moayab (maparpad 2.1) u ctpoutcs Baoxkenne W4 B F@* (teopema 2.1).

Bo BTOpOI UacTH MbI CTPOUM g[;—MO[LyJ]b LP (npennoxkenue 1) u naxoaum
B HéM 6asuc (Teopema 2).

B TpeTheil uacTh Mbl I0KasbiBaeM opMmyJy st passioxmenus [P ~ LY ®
@ LP" (teopema 3), a TakKe yCTAaHAB/JHBAEM CBs3b MEXKJIy PasloKeHHEM
HallKX MOJyJIell Ha HEMPUBOJIMMbIe KOMITOHEHTbI U asire6poit Bepannje (npesu-
JloXKeHue H).

B noc/eaneii yacti Mbl BbiMHchiBaeM dopmyay ais xapaktepa L (teo-
pema 4) U Kak cJIeICTBHE ToJydaeM GopMyJy JUlsl XapaKTepOB HETMPHUBOIMMBIX
npencTaBiaeHnii L;, (caenctBue 5). Kpome Toro, Mbl I0Ka3biBaeM Ha ypoBHE
XxapaktepoB cootHowenus Bua L2 ~ L2 @ L2 (npennoxenne 6).

3ameuanue 1. B mepmurnoroeuu padbom [3],[4] meopema 4 codepxicum
«hepmuonnyio» opmyry oan xapakmepa LP. Cyuecmsyem makace u
«6030HHAL» (3HAKONepemeHHas) Gopmyra, mecHo C8A3AHHAAL C eeo-
mempueii npocmparcmsa giraeos. Mor Hadeemcs 8epHYmMocs K 3momy
8 daavHeliulem.

Bnaropaproctu. [lepBbiil aBTop OBLT YaCTHYHO TOJJIEpIKAH CJeAYIOLIMMH
rpantramu: CRDEF RP1-2254, INTAS 00-55, PODU 00-15-96579. Bropoii
aBToOp Obl1 yacTHYHO nojaep:kad rpantrom POPH 03-01-00167.

§ 1. ®PepmuoHHaa KapTHHa

1.1. TlpoctpancTtBo hepMHOHOB (NoJy6ecKOHeUuHbIX opm).

Paccmorpum nBa HaGopa MOMapHO AHTMKOMMYTHPYIOLIMX IepeMeHHbIX
(i), ¢(j), i, j € Z. Ilyctb F — JnHeliHOe MPOCTPAHCTBO ¢ HA3UCOM

N = DN = Dp(N)e(N)Y (i) - .. ¥ (is) (1) - - - dr), (1)
S, teEN, Nyin, jg€Z, N<ij<...<iz, N<ji<,...<jt
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JIpyruMu cjioBaMH, Mbl paccMaTpUBaeM MoOJNPOCTPAHCTBO B MPOCTPAHCTBE
GeCcKOHEeUHbIX MOHOMOB OT MepeMeHHbIX ¢(i), 1(j), HaTsHYTOe Ha Mpou3Bejie-
HUs1, JUIst KOTOPObIX Haijércst Takoe N, uto Bce ¢(< N), (< N) saBasiores
COMHOXHTENIMH. Kpome Toro, HoMepa BCeX COMHOXKHTEJEH NOJKHbI ObITh
orpaHuueHbl cBepxy. Dyjem HasblBaTh Takue OeCKOHEUHble MOHOMbI KOH(H-
rypauusiMi, a npousBejieHue Hl__oo (1)¢(i) xBOoCTOM KOH(UTypauuu. SlcHO,
YTO MepeMeHHbIe, He BXOJISIIIME B XBOCT, MOTYT ObITh TMepeynopsiloueHbl Npo-
U3BOJIbHBIM 06pA30M, YUUTbIBasi KOMMYTallHOHHbIE COOTHOLIEHHS.

Onpenenum sieficTBre oniepaTtopoB (i), ¢(i), ¥*(i), ¢* (i) na F. Ilns toro,
uToObl MOJIelicTBOBaTL onepaTopoM (i) (¢p(i)) Ha KoHDUrypalHlio U, Ha0 U
JIOMHOXKUTb Ha (i) (¢(i)) («mpunucaTh crpaBax), a 3aTeM NepeynopsoumTh.
Hanpumep, ecai B v ecTb comHoxuTeNb (i) (H(7)), To (i) =0 (¢p(i)v = 0).

B cBoto ouepenb oneparopsl ¥ (i), ¢* (i) siBasitorcst onepatopamu audde-
peHLMPOBaHHsI MO NiepeMeHHbIM 1)(—i), ¢(—i) cooTBeTcTBeHHO. [1pH 3TOM BbI-
NOJIHSIIOTCS CJIe/lyIolle KOMMYTalluoHHble cooTHollenust ([a, b]+ = ab + ba):

[ (D), v (D)4 = ditjo, [67(0), d(D]+ = it 0, @)
(7 (@), o]+ = [¢"(D), ¥(N]+ =0

Kpowme Toro, Bce ¥*(i), ¢*(j) nonapHo aHTHKOMMYTHPYIOT.
Beeném npousBojsiie GyHKIMH HALLIMX ONEPaTOPOB:

w<z>:'2 OES ¢<z>:'2 GES (3)
U(2) = Zwo)z ¢*(2) = Z¢<z>z

Hanomunwm, kak crpourcst nericteue anredpol Jln 5/[5 =slb®@C[t, t7'] +
+ ¢C Ha F. LleHTpaJsibHbIil 3JIeMEHT IEHCTBYET elMHULEeN (T. e. F — npejcTaB-
senne yposHs 1). Jlanee, 3ajaaum AedcTBHE NMPOU3BOASAIIMX (DYHKIHH 3Je-
MEHTOB ¢;, [; na F caienytoumm o6pasom (1151 x € sly 0603HauuM x; = x ® 1):

Z eiz' =(2)9(2); Z i =0 (2)0" (), ()

i=—o0 i=—o0

(mpu 3TOM A(2) ompenensieTcst H3 KOMMYTAIHOHHBIX COOTHOLIEHHH).
Beeném caenyioe o6osnauenus (v(i) € F):

VE2N) = ... (N =2)p(N = 2)¢(N — )gp(N — Dy (N); (5)
V2N + 1) = ... (N — DN — Dp(N)B(N).

Otmerum, uto eny10(N) =v(N +2), egyo(N) =0.
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3ameTHM TakKe, uto Ha npocTpancTe FO* nmeercs ectecTBeHHAs CTPYK-
Typa HHTErPUPYEMOTO §lo-MOJLyJIsl YPOBHS k.

1.2. Baoxenue Cleg, ..., e,_1]-Monyaein
B NPOCTPAHCTBO (DEPMHOHOB.

Hanomuum, uto B [1] s A = (ay, ..., a,) € N" 61 onpenenén Cle, . ..
.oy €n—1]-MOmyJIb WA cJlelylolM  06pa3om: WA = Cleo, .- -, e,,,l]/JA,
rie J4 unean B Cley, ..., €,_1], NOPOKAEHHDBIH YCJIOBUSIMU HA NPOU3BOJSALLYIO
dynkio e (2) = Y1 o2l

e(”) (Z)i - 227:1(i+1—u,')+ (6)

(Mbl Hcriosib3yeM o6o3Hauenne s; =0, ecan s <0, U s; =s, ecau s > 0;
p Qg O03HauaeTr, uto p JAeIUTCs Ha ¢q). Ilpyrumu cJoBaMH, TepBble
S i+ 1 —a)y — 1 kospduumentos e (2)!, i =1, 2, ... nopoxaior JA.

[lycts A=(ay, ..., ap) va; <...<a,. B[l] 6b10 n0Ka3aHo caenyio-
liee yTBepKIeHHE:

Yreepxaenue 2. Cyujecmsyem eaoscerue W -an-1) s WA npuuém
paxmop WA /W @) yzomopghen Wor-tn-nan=1

M3 sT0ro no uuayKuuu caeayet, uro dim WA = T, a:.

[lyers k+1=a,, dj=#{i:a;=j},j=1,..., k+ 1. Torna 6ynem ro-
BOpPHTb, uto Habop D = (dy, ..., dp+1) accounnpoBan ¢ A. Onpeneyum BeK-
TOp vy € FO*:

vp=0v(—-1+d)@uv(-1+d +do)®...Qv(—1+d|+...+dp). (7)

O6osnaunm WA =Cleg, ..., e,_1]-(vq), WA < F®* Jlokaxem criemyio-
LLLyI0 TEOpeMY BJIOMKEHHSI:

Teopema 1. WA ~ W4 xak Cley, ..., ep_1]-n00yau.

Jlokasamenvcmaso. JlokaxeM cHauasa, uto B F®* Bhimosnsiercs
n .
) ()i 21—+
e(2) (vq) + 2=

(npyrumu cioBamu, Kosdduimentsl e () (v,) Npy cTeneHsX MeHbIIMX, UeM

27:1 (i+1—a;)+ pasubr 0). Ins sTOro 3amerum, uto

. Sl 1—a)s , . _
e(2)'va =2 , TIpu i < &; e(2)va=0mnpui>*k
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(nepBoe — cJieicTBHE TOTO, uTo < yv(N) = 0, Bropoe BepHo, T. K. e(2)**! =0
B F®*). 3nauut, npu Beex i
n
. > (i41-a))+
e(2)vg+2= .
[e%e} i— .
Hanee (x=—>"",2"""e;):
i

e (2)vy = (e(2) +2"x) vy = Z (;) (e(2) 2" xvy).

=0
3aMeTuMm, uTo
oL i(i+l—u,)+
(e(2) 2"y + 2= ,
T. K.
n n
nj+ > (i—j+l—a)e > (i+1-a)y.
=1 =1
Urak, J4 - v, =0 1 crano 6bith, dim Cleg, .., en—1]-v4 < H;’:] a;. ns no-

KasaTe/JbCTBA TEOPeMbl 10CTAaTOUHO MoKasaTh, uto dim W4 =[] a;.
B dopmysupoBke cJeytolleit JeMMbl UCMOIb30BaHbl 0003HAUEHHUS:

Aagry =(ay, ..., Qn, ayyy), A@uer—1)=(ay, ..., an, aps) —1).
Jlemma 1. [lyecmo A= (ay, ..., an), a1 < ... < a,. [lycmo a1 > a,. O60-
suayum yeped By C Cleg, ..., e _1], Bo CCley, ..., e,] maxkue nabopol
nornomos, umo Bivy = {xva, x € B}, Bova,, —1) = {X0a@,,,~1), X € Ba}

AUHeliHo Hesasucumole mHoycecmsa 8 WA u WA= coomsemcemaen-
no. [lycmo e, By = {eq,x, x € Bo}. Toeda Bivag,,, U(enB2)vaq,,, AuHnelrHo
He3aBUCUMOE MHOJNCeCmBO 8eKmopos 8 WA+,
Hokazameavcmso. Mbl pacCMOTPUM OTJIENIBHO 3 cJyyast:

Any1 > an+ 1, appr=an+1, angpr =as.

1. aﬂ+1 >aﬂ+ 1
3ameTuM, uTO B 3TOM CJyuae

v =04 =0(-14d)®..Qu(-1+d +...+dg—1), (8)
V9 = Ua(qyy —1) = 04 ®0(—1 + )@= an=D)
U3 = Uda,;, = YA,y —1) @0(=1+n).
Mycto by € By, by = ej,x, x € Cley, ..., e,_]. Hanomnum, uro

ecnt(—1+n)=0, eo(—1+n)=0v(l+n), elv(-=1+4n)=0. 9)
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Ho torna cymma Takux cjaraeMbiX B e,b903, UTO MOCJENHHH COMHOXHTE/b
u3MeHuscs (T.e. paBeH He v(—1+n), a v(l +n)), paBHa

(i + 1)bovo@u(l +n). (10)

Takum o6pasom, T.K. BovUo JHHEHHO HE3aBUCHUMO, TO U e,B9vs Toxe. JIu-

HeliHast He3aBUCHUMOCTb Bv3 oueBuaHa, T.K. By C Cleg, ..., e,—1] ¥ 3HauuT
st by € B

bi1vs = b1v; @v(—1 4 n)® =), (11)

Ocrasioch MpoBepuTh, uto BiUs U e,BvU3 He3aBUCHMBI B COBOKYMHOCTH. Of1-
Hako 310 cJjeacTBre dopmysibl (11) U paccykaeHuil, NPUBOASIIMX K (DOpMY-
qe (10).
2. apr1=a,+ 1
B stom cayuae
vg=0(-14+d)®..Qu(-1+d +...+dy_1), (12)
YAy —1) = Y4,
Yda, ) = YA b2y U(_l + l’l).
JlokazaTesbCTBO MOJMHOCTBIO TOBTOPSIET MPEJIbIIYyLLIEE.
3. Qpy1 = ap
B stom cayuae
v=v4=0(—14+d)®..Qu(—-1+d +...+dg—-1),
U3 = UAq,,, = U4,
U2 = VA(g,q,—1) = v(—1 —|—d1)®...®v(—1 +d, +...+da”,2)®
Qu(-l4+di+...+dy,—o+ds,—1+1). (13)
JlokaxkeM, uto e,Bovs JMHeNHHO He3aBUcHMO. HanoMHuuM, uTo Bce HaAlIM BeK-
TOpa JiexKaT B TeH30pHbIx cTenensix FO!. Bynem o6o3Hauath hepMHOHbI, HC-
NOJIb3YIOILUECs JJIsl TIOCTPOEHHUST S-0r0 COMHOXKUTeIs1, uepes s (i), ¢s(f).
Pacemorpum Bektop w € FE@ =1 onpenenéuublii cieylonmm o6pasom:
W=gy,_1(n—(dy+...+dy,_1)/2ve, ecsin di+...+d,, | uétho, (14)
w=1,,_1(n—(d1+...+ds,_1—1)/2)vg, ecmud|+...+d,,_| HeuéTHO.

Takum o6pasom, w = xve, Tiie x onpenensercs popmydoi (14). Jlerko Bunets,
UTO W — OJIHO M3 CJlaraeMbix B e,Us. Kpome Toro, 3amerum, uTo

Cleo, ..., en] -va~Cleg, ..., e,] -w. (15)

JleficTBUTENbHO, Mbl JOMHOXKHJH Us Ha (DEPMHOH C TaKHM HOMEPOM, UTO B
CyMMe ¢ HOMEepPOM HauOO0JbLIEro MPOTHBOTONOKHOTO (hepMHUOHA () MPOTHBO-
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MOJIOKHO ¢ K HA0GOPOT), BXOJSIIETO B MOCJEHUNH MHOXHTENb B U, OH yXKe
jnact n. Takum o6pa3om, MpH AEHCTBUH MHOTOUNEHOB OT €, ..., €, Ha Uy X
MOSIBUTHCS HE MOJKET.

[lycTb Tenepb [ — auHeliHas KOMOMHALUS 3/1eMeHTOB By. Jlerko BUIETS,
YTO TMpPH JEHCTBUH e,/ Ha U3, caraemble, Y KOTOPbIX B MOCJIEJHEM COMHO-
JKUTeJIe eCTh X, TMOSIBISIOTCS TOJbKO MPH JNEeHCTBUH €, Ha TOCJEJHHH CO-
MHOYKHTeJIb TEH30PHOTO TIpou3Be/ienus. Kpome Toro, ecam by € By, by = € x,
xe€Cleg, ..., e,-1], TO cymMma Bcex cJlaraeMbiX B e,b903, B KOTOPbIX €CTh B
nocJjieIHeM COMHOXKHUTeNE X, paBHa (i + 1)bow. YuuTbiBasi TUHEHHYIO He3aBH-
CUMOCTb Bovg U paBeHcTBO (15), mostyuaeM JIMHEIHYIO HE3aBUCHMOCTb €, B9Us.

Jl1s1 3aBepllieHust 10Ka3aTebCTBA JIEMMbI, 3aMETHM, UTO, BO-TIEPBbIX, B U3
JIMHEHHO He3aBMCHMO, T.K. U3 = U, H, BO-BTOPbIX, Bv3Ue,Bovs JMHENHO
HesaBucumo, T.K. B; C Cleg, ..., e,_1] 4, 3HAUUT, Npu npumeHeHuu B| K v3
(hepMHOH X TIOSIBUTHCS HE MOJKET. O

Mbr nokazanu semmy. [IpumMensis HHAYKUMIO MO CyMMe a; (BKJIOUMB B
MHJIYKTUBHOE TIPEAMNOJOXKEHHe HajJnuke MOHOMHasbHOro 6asuca), noJydyaem
yTBepKeHHe TeopeMbl 1. O

§2. 5/\[2-M011y.m/1. basuc

2.1. TMocrpoenue slp-moaynei

HanomHum ompenesieHne CKpyueHHOro TpousBeleHuss  slo-MoyJei
(em. [2, I]). lyetb A= (a1 <...<ay) eN", Z= (21, ..., 2,) € C" u Bce 2;
nonapHo paanuubl. Paccmortpum mnpenctaBienne C%(z;) anrebpn Jlun
sly @ C[{~'] B npoctpancTse HenpusogumMoro sly-momys C%: nnst u € C%,
x € sly mosoxkum x @ u=2z;'x-u. (3amernm, uto B [2, 1] paccmatpu-
Basuch sly ® C[]-Momy M, 0iHAaKO 3/lech HaM YA06HO 3aMeHHTb [ Ha {~').
[Tycts v € @' C%(2;) — npousseneHne Miaaamx sekropos. Toraa

n

Q) C(z) = Usly @ C[t7]) - 0. (1)

i=1

[Tosyuaem uastpaunio Ha @), C%(2;), HHAYLMPOBAHHYIO TPaALyHPOB-
KOH Mo cTerneHsM ! Ha yHMBepcasbHOH o6épTbiBatoulelt anrebpe. Ilpu-
coenénnblil  rpasynposannblii sly @ C[¢~!|-monyas Gr @', CU(z;) ne
3aBUCHT OT Z, Ha3blBAeTCsl CKPyUEHHBIM MPOM3BeleHHeM M 0603Hauaercs
CH x...%C% uau MA.
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Jlerko BuzeTh, uto M4 nopoxkaaercs U3 BeKTOpa v eficTBHEM orepaTo-
pOB €q, ..., e_,41. Takum 06pasom 1/is HeKoToporo uaeana [

MA ~Cleq, ..., e_pi1]/I
kak Cleg, ..., e_,i1]-Moayau. PaccMoTpuM H30MOpgH3M KoJlell;
Cleo, ..., en—i] = Cle_nt1, .-, eol, @i Cj_ptl.

B [1] 6bi10 nokasano, uto o6pas uaeana J4 cosnanaer ¢ /4.
Hanomuum o6osuauenust: d; = #{i: d; =}, k=a, — 1. 13 reopewmsi (1)
W BBILIECKA3aHHOTO BbITEKAET CJleylollee YTBepsKieHHe:

YrBepxaeuue 3. [Tycmo
wA:U(dl—n)®v(d1+dg—n)®...®v(dl+...—|—dk—n)eFk, 2)
X/IVA:(C[e,ﬂH, sy e0]-wa.
Toeda MA ~ MA.

3aMeTuM, uTo NOCKoabKY d| + ...+ dpy) =1, TO

wy = U(—dg — ... dk+1) ® U(—d3 — .= dk+1) ®...Q U(_dk+l)~
O6osnauum Ag = (ay, ..., au, A, ..., @), Ag € N"T25 Mpl nokaxkem, 4To
———

2s
MAs s MAs+1 kak moanpocTpancTa FEF,

Mpeanoxenne 1. wy € U(slo @ C[17!]) - wy,.
Hoxazameavcmeso. Beeném o6o3HaueHue:
Gi=dit1+...+dptr, i=1,..., k.
B 3TuXx 0603HaueHusx
wg =0(=f1)®...0v(=F), )
Wy, =0(—F1 —2)®...0u(—0Fr—2).
3aMeTHM, uTO BeKTOpa

k
(Bt
W4, e1Wy, ..., €] i1 (B )wA

o6pasyiot slo-MoyJib OTHOCHTeNbHO sly = (ey, g+ k- 1d, f_;). C oano#i cTo-
POHBI, TO MOXKHO MPOBEPHTb HEMOCPEACTBEHHO; C APYTOi CTOPOHbI, JIETKO
BHJIETb, UTO CYLIECTBYET H30MOP(H3M

Cley, eg, - .., e—pr1]-wa ~Cley, ..., e,,,]/[(a‘*"'*a"*a”), e e_|.
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OnHako B ¢aKTopMoJIysie B TPaBoOi YaCTH JIEHCTBHE ey HA MJIAJILIHI BEKTOP
nopoxaaer slo-moyb. OTMETHM TaK¥kKe, UTO

k(g
elz":“@“)wfl nponopuuoHanbHo v(G; +2) ® ... v(fr + 2). (4)

Jlanee, jlerko BHIETD, 4TO

k

£ (42
el i1 (Bi+ )ZWA

, IponopuHoHa/IbHO V(2 + B1) ® ... ® v(2+ Br). (5)
O6benutsisi BCE BbllIECKA3aHHOE, MOJyUYaeM CJeyloliee PaBeHCTBO

k ) k
const - wy :f%:l(@ﬂ)eo ':l(ﬁ’JrQ)wA] (6)

(mpu 3TOM, KOHEUHO, KOHCTaHTa He paBHa Hyso). [lpensnoxkenue nokaszaHo.
O

3ameuanue 1. M3 doxkaszamerocmsa npedaosxenus Bolmexaem, Hmo
elMA — MA' .

3ameuanue 2. H3 dokazamenvcmsa npedsodcerus maxice solmexaem,
umo wy, — U(sly ® C[{]) - wa.

Ml okasanu, uto w4 € U(sly @ C[t7!]) - wy,. [TosTomy umeercs tenou-
Ka BJIOXKEHHI:
MA = MAT s MA2 L

Onpegneaenne 1. [Tycmo D € (NUOY™ | npuuém dpyy =0 uau dpyy = 1.
Mycmo dy+...+dpy =n. Paccmompum A € N'T2 makoe umo dj=
=#{ira=jtoraj=1,.., ku##{i:ai=k+1}=dpy +2. Toeda

o0
D — [ didiyr) — U MAs.

s=1
0Obo3Hnauerie:
LD _ (Cl)*dl * (CQ)*dg .. % (Ck)*dk * ((CkJrl)*(korlJrQoo).

Boo6e rosopsi, LP Tonbko sly @ C[¢~!]-mMoayab. Mbi ceituac yuaum,
YTO Ha CaMOM JieJIe, Mbl TIOCTPOMJIH §ly-MOJLy.JIb.

Mpeanoxenne 2. LP samxnymo omrnocumerono deiicmsusi sly.

Jlokasameavcmeso. Cornacno sameuannio (1), LP samknyTo oTHOCHTENBHO
nelicteus eg. Kpome Toro, B LP neiictsyer sly @ C[¢~']. Ho sly nopoxnaercs
sly® C[17'] u e;. TIpennoxenue n0KaszaHo. O



—

318  Muterpupyemble slo-Moysiu Kak GeCKOHEUHble TEH30PHbIE TPOU3BEIEHHS

SlcHo, uto LU@r-det1) gpigercst MHTErpUpPYeMbIM TPeJCTaBIeHHEM yPOB-
ns k. Ono siBasieTcs noanpeactapiendeM B F®* u nopoxaaercs oObIM U3
BEKTOPOB W/, (CM. TIpeasoxkenre | v 3ameuanue 2).

Caeacreue 1. [Tycmo 0 <i< k. Onpedeaum D maxoe, umo d; = diy, .
Toeda LP ~ L. (Hanomnum, umo L;, — nenpusodumoe npedcmasrerue
5A[2 YposHs k, y KOMOpoeo pasmepHocnb NPOCMPAHCMBA HYAeB80U -
epadyuposku pasna i+ 1). [To-dpyeomy, Ly = CH1 s (CkHT)*2o0,

3ameuanne 3. Jleeko sudemo, umo L41%der)) = [ [@aodir) - JTpyoumu
CAOBAMIL, KOAUHECNBO O0HOMEPHBLX NPEOCMABACHUL He BAIICHO.

3ameuanue 4. [Tycmo p(D) — Koauuecmso Heuémmolx uucens cpedu
desr, dpsy +dpy ooy dp + ...+ do.

Toeoda
D ®p(D) ®(k—p(D))
L = L7 ® LO‘] .

2.2. Basuc L?

31ech Mbl noctpoum 6Gasuc npoctpanctsa LP. Jlnsi sToro mMbl cHauana
noctpouM 6asuc npoctpanctsa W= =C[..., e_;, eo, ey, ...] - va.

[lyctb &+ 1 = a, = max{a;}. Hanomuum, urto e(z) =Y > e;z". O60-
3HauuM uepes e'(j) KosppuuueHt B e(2)" npu 2/. Yurs, uto e<ovy = 0, nosy-
unM, uTo e(2)vg = (3 o, eiz')va. Jokaxem ciieyioLLyio emMmy:

Jlemma 2. [Tycmo S — mroocecmso nociedosamenrvrocmeil Habopos
) i -
ll_(ll""’ll,)’ j=1,...,k

yeaolx HeompuyamneabHolx 4uceu, ydoe/zemgopmou{ux ycaosuiam:

i+ 200 < i, (7)
i?}ozd] +a—Ddo+...+da+allp+...+lox)e+...+lop1 +1).
(8)
ObosHauum o . o
elly=el)... e/(i]lj).
Toeda aremenmol suda
e(I'y...e*(I"yoy, (9)

ede (I', ..., I®) €S, auneiino Hezasucumol 6 WA
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Jlokasameavcmeo. Hanomuum, uto v, € FEF. Bynem o603nauath dhepMHoO-
HbI, MCTOJIb3yeMble /sl TOCTPOeHHsl S-0ro comHoxuTenss FEF uepes (i),
#s(j). Kpome Toro, onpejenum onepatophl e;s, fefictsylome B F&F cneny-
101IMM 00pas3om:
eis=ld®.. ®ldeeeld®...®Id.
—_——
s—1

O603Haunm TaKkxke uyepes [x] uenayio yactb x. Onpenesnum oneparop

m(if, ..., i, dy, ..., do) =m(* dy, ..., do): F* — F®*
cJIelylolM 06pa3oM:
a—1 [y
m(®, dy, ..., do) =[] [ edr+.+a+2m-1;
j=1 m=1
!
o i%—(a—1)d| —(a—2dy—...—dy_| — (a—D2(m—1)+1
< I (| : x
m=1
ZCY .
i% —(a—Dd| — (@—2)dy — ... —dy_1 — (a— 1)2(m — 1)
e (] ; |)
m=1
(10)
Hanee, nyctb m(I', ..., [F)vy € FE* cnenyiowmii BekTop:
m(I', ... Moy =
=m(l', dy+2(ly+ ...+ L)ym(?, d| +2(ly+ ...+ 13), do) . ..
om(IFN dy 421y, do, .. de_)m(IF, dy L dy)oa. (1)
3ametum, uto ecau ', ..., I* ynosnersopsior yenosusm (7), (8), To BekTop
m(I', ..., I*)v, saBasercs ognum u3 caaraembix B e(/') ... e*(I*)v 4. Tosic-

HUM, KaK 3TO cJlaraeMoe MoJiyuaercs.

Byzewm neiictsoBath no ouepeau: cnauana ek (%), norom e~ 1(I*=1), uT. 1.
10 e(I'). Bee stn oneparopnl nefictyior B FEF. Kaxblii pas npu aeficTBuu
e®(I*) B F®* Mul paccmaTphBaeM TOJILKO Te cjiaraemble, B KOTOPBIX Jefi-
CTBHE MPOMUCXOJUT MO MEPBbIM ¢ COMHOXKUTesiAM. [Ipn sTOM neficTBHe MO
MepBbIM @ — | COMHOXKHTEJISIM MTPOUCXOJUT «MHHUMAJBHBIM» 00pa3oM, T. €.
Mbl JIOMHOXKaeM Ha (hepMHOHbI C HaWMEHbLIUMH ellé He BCTpeuaBlIHMHCS
HoMepaMmu. B To »Ke BpeMsi 0 -OMy COMHOXHTEJIIO JeHCTBHE MPOUCXOJIUT
«cpeHMM» 00pasoMm, T.e. e%(j) neHCTBYeT Ha (-OM COMHOXKHMTEJIe YMHOXKe-
HHEM Ha wa[%]qﬁa[é]. [Ipu stom ycaoBus (7), (8) rapaHTUpyIOT HaM, UuTO
NpH JIEHCTBHU OMUCAHHBIM Bblllle 00PAa30M Mbl MOJYUHM HEHYJIEBOH BEKTOP.
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JlokakeM JIMHEHHYIO HE3aBUCHMOCTD HallIMX BeKTOpoB. PaccMoTpum npo-
U3BOJIbHYIO JIMHEHHYI0 KOMOWHALMIO

> B, pell) .. et (I*)oa, (12)
rie Bce BeTpeuvatouecs: Ha6opel (11, ..., I%) ynosnetsopsiior yenosusim (7),
(8). Cpen na6opoe u3 (12) naiiném takoit nacop (I3, ..., I%), uto ws Beex

Jipyrux Ha6opoB, BcTpeuatouwmxesi B (12), BoimosiHsieTest ciienytolliee: Hab-
JyTCst TaKkue j, m, uto (io)p > iy, M IS BCEX TaKHX ji, my, uto (j; > j)
unn (j; = j, my < m) BepHo, uto (ig); 7zml 3amerum, UTO M3 MOCTPOEHUS
caenyer, uto m(I}, ..., If)va nosisasiercs B (12) Toabko u3 e(l)) ... ek (If)vy
(mpruém ¢ HeHyJIeBBIM KO3((HULMEHTOM) H HH M3 KaKoro cjaraemoro 6oJee.
Orcionia noJtyuaem, uto

> B pel") . et (IF)us #0.

Jlemma noKasaHa. O

Mpennoxenue 3. Bexmopa suda (9) ¢ ycarosuamu (7), (8) obpasyrom
6asuc npocmpancmesa WA

Hokazameavcmso. B cuity npoBepeHHON JIMHEHHOH HE3aBHCHUMOCTH, 10CTa-
TOYHO CPABHHMTL XapaKTephbl MPe/rnogaraemMoro 6asuca 1 npoctpanctsa W/e
Jlerko BUIeTh, UTO XapakTep npejrnoJaraeMoro 6asuca 1aércst hopMyJioi (Mbl
uenosibdyem obosuauenue (i),! = (1 —¢)...(1 —g")):

k
& Z min(s,?)is l/+2 di(ij4+2ip41+...+(R—1+1)iy)

_ lez
Z (2g~")= RN NGE)

i =0

Taxkum o6pasom, xapakrep WA= Gosblie wau pabeH (B Kax/10i KOMIOHEHTe)
ueM BblpaxkeHHe (13). Mbl nokaxkem, UTo Ha caMoM JeJie, UMeeT MeCTo pa-
BEHCTBO.

Onpenennm daxropanreépy B4 Kosblia MHOroUJIeHOB

C[b1(0), by(1), ..., b2(0), ba(l), ..., bx(0), bu(l), ...],

B KOTOPOH OMPeNeIsoUUMH SIBJISIIOTCST CJeyIOlie COOTHOLIEH s Ha MPO-
usBosme GyHkunn bi(2) = oy bi(j)2! (Mbl nosb3yemcst 0603HauYEHHEM
i j=0 Ui y

b®)(2) nasi s-oft Mpou3BOAHON psiaa):
b[(Z) - Z.idlJr(ifl)ngr...er,v (14)

b ()b (2) =0 npu i <j, s+1<2i.
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Yreepxaenue 4. Onpedeaun deg, b;(j) =i, deg, bi(j) = j. Toeda xapaxk-
mep aacebpo. BY cosnadaem ¢ svipasceren (13).

Hoxazameavcmeso. VM3BectHo (cM. Hanpumep [8]), uTo ABOHCTBEHHOE MPO-
cTpaHcTBO K B MoKeT GBITH peanu3oBaHO KAk CyMMa MPOCTPAHCTB TIOJIH-
HOMOB

1 l. . Sk k :
[z, -2 2 o 2y e 20,
CHUMMETPHUECKHUX M0 KaXKJA0H rpyIie rnepeMeHHbIX zi, R Zi W UMEOLIMX BHI
ko0
_ INld+(I—)dy+...4+d s £\ 2s

F=g[[]]E"™ ot (@ —2)*, (15

=1 i=1 1<s<t<ki=1, 0

j=1,...i
rjue g(z}, ceey z}l; ey zlf, ey zi) — npon330ﬂben"4 CMMMeTpnquKnﬁ o

KaX/I0H M3 TPYNM TepeMeHHbIX MHoroueH. Ilpyrumu cjioBami, [ J0JKeH
obpaliatbes B HOJb 25 pa3 Ha JMaroHalsax 2 = zf, s< L.

Jlerko BHeTh, uTo XapakTep MHoroujeHos suia (15), a suauut u B,
cosrnazaer ¢ (13). O

JInst 10Ka3aTeIbeTBa MpejloyKeH st I0CTaTOuHO MoKasaTh, uto ch W <
< ch B (Bessie noj HepaBeHCTBAMH JI/Isl XapaKTEPOB Mbl OHHMAEM MOKOM-
MOHEHTHblE HePaBeHCTBA). [l/1s1 TOr0 Mbl BOCMOJb3yeMCsl KOHCTPYKLMEH sl
duabTpalmK Ha ABolicTBeHHOM npocTpaHcTBe K WA= kotopasi B Gosiee 06-
lleM cJyuyae onucasa B [8].

Jlerko mnokasath, uTo JABoficTBeHHoe mpoctpancTso (W4=)* MoxkeT GbITh
OMHCaHO, KaK CyMMa IPOCTPAHCTB CHMMETPHYECKHX MHOTOuYJIeHOB f(2), ...

,2s), s=0, 1,2, ..., yIOBJETBOPSIOIIMUX CJEIYIOLUIUM YCJOBUSIM:
Fz, o2, 2ip1, ..., 2) = 2D Ddet i=1,...,k  (16)
—
L
fz, ..., 2, 2pt9, ..., 25) =0.
———
k+1

KOoe MpeLCcTaBJeHH BHOCHJIBHO TOMY, UT Tb KTOpaJIT
Takoe mnpencraB/jeHyne paBHOC 0 TO 0 WA= ec akTopaJrebpa

KoJsiblia MHorousieHoB Cleg, ey, .. .|, B KOTOpo# onpenensiiolide COOTHOLLIEHUST
UMEIOT CJIeLYIOLMH BUJL:

el(z) = Ztdi i=1,...,k e*lz)=0. (17)
B [1] sTo Obuio npoBepeHo B ciayuae dy =...=d, =0. B obuem ciayuae

JI0Ka3aTeJIbCTBO aHa.}]OFl/lllHO.)

2] dyupameHTasnbHAs MaTeMaTHKaA CErojHst
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Kak noxasano B [8], Ha npoctpanctse (W4>)* cymectsyer duibTpaims
MOANPOCTPAHCTBAMH, 3aHYMEPOBAHHBIMU Auarpammamu fOura, npuuém npu-
coeIMHEHHbIE (haKTOPbl H3OMOP(HBI MPOCTPAHCTBAM MHOTOUJIEHOB BUaa (15).
10 naéT Ham TpeGyemoe paBeHcTBO Xapaktepa WA= ppipakenuio (13). O

CaencrBue 2. Jaemenmor suda
e(I') ... (Mwa=eli})...e(i))e* (7). .. e (i}) ... e" (i) ... " (if )wa,
i}lﬁLQOégi/aJrl,
if‘}oz—oz(a’k_,_] +...+dot1) —(a—1)dy — ... —do+
+ (4. Ao+ H o+ 1) (18)

obpasyrom 6asuc 8 C|..., e_y, e, ey, ...Jws. (bydem 0603nauame amo
MHOMCECMBO BeKMOPOB Hepes Ry).

Jlemma 3. Ry C Ry

s41°
Hokazameavcmso. 3amMeTum, uToO NMpU JEHCTBUH B F®* gLinognsercs
ex)f =kl e(z)®...®e(2).

[Tosatomy moJiyuaem cJjejyiolliee paBeHCTBO:

k1
D (—dy—...—di—1) | wy, =kl w,. (19)
i=2
Orciona HemocpeaCTBeHHO CIeyeT, uto Ry, C Ry . O

Teopema 2. |2, Ba, o6pasyem 6asuc L.

Hokasameavcmso. [lo noctpoeHuio
oo
D
LY = UC[, e_p, e, ey, ] c Wy, -
s=0

Yurst nemmy 3, noJiyuaem yTBep:KJeHHE TEOPEMBI. O

3ameuanue 5. Hcnoavzys meopemy 2 u ¢opmyry (13), aeeko, nepetios
K npedeay, noayuumo opmyry 0ia xapaxmepa LP (3mum cnocobom
8 [5] bvira noayuena opmyra daa xapakmepa Lip). O0Haxko mol 8
Oaivretiwem noaydum opmyry oas xapaxmepa LP wemrnozo dpyeun
cnocobom — ucnoavays mo, umo LP ecmov npedea 6a0scennoLx KoneuHo-
MepPHLLX CKPYHEHHbLX npoussedeHul.



B. ®eiirun, E. ®efirun 323

§ 3. Pasnoxenue LP. Anre6pa Bepaunpe

3.1. ®yHKuUMOHAJbHAA peKypeHTHas opmyaa

[yctb A=(a;<...<ay) €N, k+1=a,, Dec(NUO!' accouu-
nposanno ¢ A. 3xech Mbl noctponm Takwe A’, A7, uro WA — WA u
WA /WA ~ wA”

Hanomuim, uto et (2) = 371 e;2'. OGosnaunm uepes [e (2)]; kos-
duument npu 2/ B e (2)".

Jlemma 4. [Tycmo d; #0. Toeda

[e(ﬂ)(z)lil]Zﬁ;:(!*/)deA = ([7 1)!(€d1 ®...Q0 Cdi+..4+d,_, Qd®...® Id)UA

Hokasameabcmeo. Bo-nepBbiX, 3aMeTHM, UTO
-1
-1 [—1 .
[ Ts1g_pgea =" | DU = | v (1)
] =

(Hanomuum, uto é'(j) — koshduument B e(z)! npu 2/). JleficTBUTENLHO, ecu
c=Y 2, ez", 1o

8(2)1710 ”)(2 UA+Z< > n(l—1— l) [—1—i (nfl)(z)ivA. (2)

Hanomuum, uto
0 (20, + 2 Sl D),
Ho torna umeewm:

Zn([—l—i)e(n—l)(z)iUA . on(l—1— lJrZ di(i+1 ])

B To ke Bpems, T.K. Zk“d =nud #0, 10

i -1
n(l—1—i)+> dii+1-j)>> (I-d;.
=1 =1
N3 s1oro u paBenctsa (2), nosyuaem (1), T. K. Bce caaraeMbie U3 JIeBOH 4acTH

[—1 -
(2), kpome e (2)!=! | nensites 2 ZHXi=idil=h,

Paccemorpum tenepb e(z)/~'v,. T.x. e(2)> =08 F, 10

e(2)~lug= (- 1) > e(2)i, ... e(2)i_,va, (3)

I<ii<...<ij— 1<k

21%



—

324 Wmuterpupyemble slo-Moysi Kak GeCKOHEUHble TEH30PHbIE TPOU3BEIEHHS

e(2)i=ld®...@ldRe()®@Ild®...®Id.
———
i—1
CaenoBaresibHo, T.K. d; # 0 n ecqv(d) =0, To
[e(z) ! Ismtupa0a == Dlieq, @ . Dea s 4a_, @ ld®...®ld)uv,.
Jlemma nokasaHa. O

3ameuanue 1. 3amemun, umo npu [ — 1 =k mol Kak caedcmsue noayua-
en npedaoxcerue (1).

Sameuanue 2. Jleeko sudemo, umo

(g, ®...®€q 4. +4q_, @Id®... ®@Id)vy =
=v(l+d)®@uv(l+d +d)®...0v(l+d+do+...+d;_)®
RQu(—l+di+...+d)®..0v(=1+d +...+d). (4)
0603HaUUM IMOM 8EKMOpP uepes u.

U3 depmuonHoii peanusatmy Momyaeit W4 BhiTexaer ciemyioliee yTBep-
JKIEHHE:

Yreepxaenue 5. a). [Tycmo d; > 2. O6osnauun wepes A’ € N"~? maxoii
Habop, 4mo accoquupogauﬁbzu ¢ Hum nabop D' ycmpoen medyrou;u/w
obpason: dy=d;—2, d, = d, npu i # 1. Toeda, ecau paccmampusmo W4

kak koavyo Cleg, ..., e,,,g]/f , MO umeemcs U30Moppuam Koiey:
’
Cleg, ..., eq—1] - u~ WA, e — eis.

b). llyecmo dy=1, [ #k+1. llyemo dip1=...=d;,_1 =0, d;, #0. Obo-
snauum uepes A’ € N'~! makoii nabop, umo accoyuuposanmoill ¢ HuM
nabop D' caedyrouyuii:

! / /
d[ = d[* 1, dll = dll - 1, dl]-[-‘rl :dll_[+] + 1,
a dasa scex ocmaavrolx i d; = d}. Toeda umeemcs uzomopgusm Koaey:
A/
Cler, ..., eqp—1] - u~=~W", ejr—ei_.

’
Takum o6pasom B W4 umeercsi noanpoctpanctso W4 . HMayuum dakrop-
npoctpaHcTBo. s 3T0r0 HanomMHuMm (cM. [1]), uTo 1BOHCTBEHHOE MPOCTpPaH-

ctBo (WA)* = (Cleo, ..., e,_1]//4)* MoxeT GbITh peann3oBaHo Kak Mpo-
CTPaAHCTBO MOJUHOMOB (2, ..., 25), s=0, 1,2, ... co caeIylOLIUMH yCJI0-
BUSIMHU:

). f(z1, ..., 2Zs) — CUMMETpPHUUECKHI MHOTOUJIEH.
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2). deg:f(z1, ..., 2s) <n.
2 (i+l-a)+

3). [z, .o, 2, Zigly o vy Zg) + 27! ci=1,...,s.

~~

L
Mbi I0KaXKeM CJIeflyIoliee MpeIoKeHHe:
Mpenaoxenue 4. a). d; > 2. O6oznauum vepez A" € N* maxoii nabop,
umo accoyuuposanrolii ¢ Hum D" yempoen mak:

Li=dia+ 1, dl =d -2, d], =di + 1, df =d; unaue.

Toeoa WA /WA ~ wA”
b).d;=1,l=min{m: d,, # 0}. O603nauun uepez A” € N* maxoii nabop,
4mo accoyuuposannslii ¢ Hum D" yempoen mak:

Li=dia+ L, dl =..=d =0, dj=d,—1,

11—

di ,y=dj , +1,d =d; unaue.
Toeda WA /WA ~ wA”

3ameuanue 3. Ycaosue | =min{m: d, # 0} moxcem noxazamocs Heec-
mecmeennoin. O0naxo dan obweeo | modyau WA/WA u WA ne uso-
MmopHoL. B mo ace spems cyujecmeyem modyss M, codepacauyuti WA
maxoii umo WA /M ~ wA" Cmpykmypa modysa M npedcmasasemcs
HAM 8ANMCHOLL, U Mbl HAOCEMCS BEPHYMLCA K €8 U3YHeHUI0 8 DalbHeluleM.

Jokazameabcmso. 3aMeTHM, UTO JBOHCTBEHHOE MPOCTPAHCTBO

(WA/Cleo, ..., en-i] -u)*

MOKET ObITh PeasiM30BaHO KaK MPOCTPAHCTBO CUMMETPUUECKUX MHOTOUJIEHOB [
oT s nepemeHHbIX (s =0, 1, ...), cTeneHu He Bbillle 17 — | U YAOBAETBOPSIIOLINX
CJIELYIOLIUM yCJIOBUSAM:

Slti-a)s
). [(2, 00y 2, Zindy o e, Zs) T2 s i=1,...,s.
——

]+i(l—aj)+
xx). f(2, ..., 2,2, ...,2)+2 =
———

-1
(naromuum, uto u = [ (z)]zzfl(lij)djvfl). Mbl 10KaxKeM, uTo ecJii yHKLMS [
=1

YJIOBJIETBOPSIET YCJOBHSIM %), %), TO OHA TaKXKe YJOBJIETBOPSIET U YCJIOBUSAM
"
Ha (YHKLMIO U3 ABoiicTBeHHOro npoctpancTsa (W4 )*. TIpoBepus TaKiKe, uto

dim WA = dim W*" 4+ dim w*" (5)
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MBI TIOJTYUMM yTBepIKIeHHEe TeOpPeMbl.

Bo-nepBeIx, mposepum uto jeiictButebro dim WA = dim WA" + dim WA”.
Hanomnum, uto dim W4 =]Ja;. Ho Torma (5) paBHOCHILHO paBeHCTBY
P=1+({-1)({+1)Bcayuaea)npapenctsy [l =1, — [+ 1+ (= 1), +1)
B ciyuae b).

[TpoBepuM Temepb, 4TO €cau [ YNOBJNETBOPSIET YCJOBUSIM *), *%k), TO
fe (WA re.

SdliH-iy
flz, ..., 2, 2i01, ooy 25) 227 ,i=1,...,s. (6)
—
L
a). dy = 2. Ilpu i <[—1 (6) nomyuaercst ua ycsonus *). [lpu i=1—1 3t0
CJIeICTBUE YCJIOBHUS ). [1ycTb i = [. YcyioBHe *) jaér
! N
fz, o2, 2000, - -, zs)+zzf‘:1(l+l_”d-’.
————

!
Ho d] | =d;-+1, d =d; — 2. 3nauur
2d)_ +d] =2d;—y +d,.
Wrak, (6) Bepno npu i = [. [1ycTb Teneps i > [. Ho torna
(dici + D)+ =(=1))+(d=2)(i+1 =D+ (dp + D+ 1= (+1)) =
=di1(i+1-=(=1)+dii+1-0)+dp(i+1-(+1)).

Taxum o6pasom, nosyuaem (6) Kak npsiMmoe cJiejcTBUe ycgoBus *). Caydail a)
TIOJTHOCTBIO pa3o6paH.
b). d; = 1. Hanomunwm, uto nisa m < [ d,, = 0. Takum o6pasom ansi i < /[ — 1
ycJoBHe (6) TPUBHABHO.

M3 *x) Mbl 3HaeM, 4TO

flz, ...,z 21, ..., 2)+ 2. (7)
——
-1

Hcnosbayst 3ty dopmydy, noaydyaem ais Beex k > 0:

[z o 2 Zi .., 2) = 25FL (8)
——
=14k
Ato naér Ham (6) s i=[—1, ..., [} — 1. B 10 ke Bpems ycjopue (6) s

i > [ coBnanaer ¢ xx). [IpensiorkeHne 10Ka3aHo. O
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3.2. Pasaoxeunune LP

Hamwa uenb noayuuth pasnoxkenue L na nenpuBogumble KOMIOHEHTbI.
Harnomuum, uto Mbl cTponan LP kak npeen BaoKeHHbIX APYr B Apyra npo-
ctpancts MAs. 3amerum, uto npemoxenue (4) MoxHO nepedopMyIHPOBATH
caenyoum oopasom: MA — MA' - MA/MA ~ MA”

Panee Mbl MOCTPOUJIN BJIOKEHHE MA B F®*_ Jlnst nasibHeiiiero, Ham HE06-
XOMMO GyJIeT MOHAThL, KAKHM 00pa3oM OTHOCHTeJLHO ApyT aApyra B F®* pac-
nosioxkensl MA u MA. Ml 3HaeM, 4To MA/MA/ ~ MA". B 10 xe BpeMsi, Mbl
XOTHM BBISICHHTB, ¢ Kakoro ypoBusi M7 nepectaér cosnanath ¢ MY 16 ¢
KaKOro YpPOBHSI «HAUMHAETCSI» MA" . Sleno, uto sTa creneHnb paBHa Pa3HOCTH
deg, wy — deg, war.

[Tonoxkum 20; =dpyy+...+diy1, i=1, ..., kR, a p(D) onpenenum Kak
KOJIMYECTBO TOJYLENBIX ;.

Jlemma 5. a). d; =2, [ #k+1. Toeda
D"y—pD) d;—1
p(D") —p( )+ i _

deg, wy —deg, wyr =

4 2
b).d;=1, Iy =min{i > [: d; #0}. Toeda
p(D") —pD)  d,
deg, wy —deg, wyr = — 5

Hokasameaocmso. V3 hepMHOHHON peanu3allvil Jerko BHIETh, UTO

k
deg, wy = —r(D) +Zo¢i2.
i=1

4
HaJjiblie jeMMa J10Ka3blBaeTCsl NPSIMbIM BbIUMCJICHHEM. O

Teopema 3. [Tycmo D€ (NUO! d, =0, djpy < 1. Hycmo dy+ ...
cootdppr =2 Myemo 2 <<k, [y =min{i: i >, d; #0}.
a). d; = 2. Onpedeaun D', D" makoce kaxk pauouie ¢ eOuHCmMBeHHbLM

usmenenuem: ecau | =k, mo dj/ | = (dpy1 +1) mod 2. Toeda

chLP = ch 1P 4 g+ eh 10",
by).d;=1, I=min{m: d, #0}, I, #k+ 1. Toeda

D" —p(D)
T

/ q 17
chLP =chl? 14 +3 ch P
bo). dy=1, [=min{m: d, #0}, [, =k+ 1. Toeda
chlP =chL?



—

328  Mnuterpupyemble slo-Moysiu Kak GeCKOHEUHble TEH30PHbIE TPOU3BEIEHHS

Hokasameavcmeso. Hama Teopema sIBAsieTCsl CJIACTBHEM JieMMbl  (9).
3aMeTHM TOJIbKO, UTO B cJyuae b9) BTOpOE cjaraeMoe ucuesaer, T. K. Pa3HOCTb
deg, wy, — deg, way cTpemuTCst K GECKOHEUHOCTH NIPH § — 00. B ocTasibHbix
cJjlyuasix 3Ta pa3HOCTb HE 3aBHCHUT OT . O
Caeacrteue 3. H3 opmysr 048 xapaKmepos urmeepupyemolx ;E—Mo-
dyaell co cmapulum 8ecom, NoAyuaem paseHcmaa OAsl Camix mooyred:
(0obo3nauenua meopemol (3))

a). LP ~ L2 @ [P b)), LD ~ [P @ 1P by). LP ~ D",

Caencteue 4. Mo noayuus areopumm pasaroscerus mooyaeii LP na
HenpusoouMole KOMNOHEHNbL.

Hokaszameavcmso. 3amernm, uto takue D, uto > d; <1, B TouHOCTH OT-
BEUalOT HEMpPUBOJAMMBIM npencTaBienusm L;,. Ko Beem octaibhbiv LD mbl
MOXKeM MPUMEHHTDb Hallly TPOLEYpPy pasJoxKenusi. 3amerum, uto aist D, D',
D" onpenenénubix Boiuie, spmoansiercst [[id > [Ti%, [Ti% > []i4 . Taxum
06pasoM, Halll aJrOPUTM 3a KOHEUHOe UMCJIo 1IaroB 1aéT pasnoxenue LD B
CYMMY HEMPUBOJUMBIX 5/[\2—Moayﬂeﬁ. O

3.3. Cs3b c anre6poit Bepaunae

Hanomuum onpenenenve anrebpol Bepaunae Vp, accouMHpOBaHHOH C
anre6poit JIn sly. PaccmoTpum anrebpy c¢ 6asucom my, 7o, ... U yMHO-
weuveM (I <j) mmj = mj_ip + ...+ Tipj—1 (oOpasyiolye nepeMHOXKaloTes
Kak KOHeUHOMepHble HerpUBOJUMbIe MpeacTaByaenust slp). [1o onpenenenuto,
Vi = (my, T2, .. .)/(Trs1). [IpuBEIEM HECKOJIBKO CBOHCTB aireGphl V:

Yreepxaenue 6. 1). 2 = 1(=m).

2) 7rl-2:1+7ri_17ri+1, ii?,...,k*l.

3) M) = Mj—it] + Ti—1Tjt1, i<j,i:2,...,k*Q,_f:&...,k*l.
4) TiTp = Th—i+l, iiQ,...,k*l.

[ycts D € (NUO0Y ! dyyy < 1. O603naunm mp = m D2 ..y 4+t €
€ Vg1 TlepeMHOKHB, TOTyunM

T =C1pT1+ ...+ Cht1,DTE+1-
N3 cnenctauit (3),(4) nosyuaem cjemyioliee MpeajioyKeHue:

Mpennoxenne 5. LP~M @ Lop® ... Mpy @ Lyg, npuwén dimM; =
= ¢ip, M; — epadyuposannoie npocmpancmsa u xapakmep M; moxcem
ObLMb NOAYHUEH C NOMOULIO PeKYPeHMHOLL npoyedypol, ONUCAHHOIL BbLULe.
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§4. KomOuHaTOpHbIE BblYMCAEHUS

B 310i1 yacTH Mbl nostyunm opmyJibl s xapaktepa L a Takxke fokaxem
YHUCTO KOMOMHATOPHBIMH METOJIAMH COOTHOILIEHHE @) U3 CJeNCTBHUS (3).

4.1. ®opmyna ana xapakrepa LP

Jlerko BHmeTb, uto npoctpanctsa LP Gurpaaymposanbl onepatopamu
ho v d (n1s x € sly [d, x;] = ix;). [TosTOMy MOXKHO onpenenuTh xapakrep [P
kak Tr(g?2"). B To e Bpemsi MOHATHO, uTO A/s1 J060ro D Bce coOCTBeH-
Hble 3Hauenus Ay Ha LP umeior omunakosyio uéthocth. [Tostomy pasymno
ONpeJIe/IuTh XapakTep cJeylolum obpasom: ch LP = Tr(qdzh‘%). [1pu sTOM,
KOHEUHO, BCe CTeneHH 2z OyayT JiMOO UeJbIMH, JHO0 nogyueabiMu. (Jlerko
BUJIETb, UTO CTEIEHH [0 Z lleJble, eCyu Ef:; (i — 1)d; uéTHo, 1 oJyLIe/Ible B
MPOTHBHOM CJlyuae).

Hanomuuwm, uto B [1] Gbiia nosyueHa cjeayiouiasi popmyJa Jyist Xxapak-
Tepa WA (A=(a) <...<ay), an=k+1,d;=#{i: a;=j}, d| =0):

ch(W, g, gz) =

dit1 dptin da+jo Z/I i/z(der---er/Jrj/)

DI IR SV x

jr=0jr—1=0 j1=0
« |:d/f+l:| [dzfr/k] {der/Q] .
Ik Te=1 1y /1 q

3[L€Cb UCITI0JIb30BaHO 0003HAUEHHE:

a (a)4!
=, (@g!=(1=¢q)...(1—q%). 2
M ;- Ol 1b),! /
[Tosyunm Tenepn xapaktep M* (ipn 9Tom cTenenn z GyIyT HeJbIMH HJH MOy -
1eJibiMu B 3aBUCUMOCTH OT A). O603Haunm 20; = dpyy + ...+ diyy, i=1,
, k. B atux o6Gosnauenusix p(D) = #{i: o; € (Z+ %)} Hanomuunm, uro

A A
=Cleo, ..., €n—1] -va, M* =Cleq, ..., e_pt1] - wa.
Takum o6paszom, uto6bl 3 W4 nosmyunts M#, HyxHO MepeMecTHTb U4 B Wy
M 3aTeM «IOBEPHYTb» W4 Tak, uToObl e,_; cTano ej_;. Jlerko NPOBEPHUTD,
UTO MPHU CHABHIE U4 ~> W4 CTENEHb M0 2 YMEHLLIUTCS HAa Y «;, CTEMeHb M0 §
D
yBeJIMUMTCS Ha Y. af — % (otmerum, uto B copmysie (1) Mbl cuntaem g-

. D
CTeneHb Uy PaBHON HYJII0, MOSTOMY Y o — % 3TO MPOCTO -CTeNeHb BeK-

Topa wy B F®F). Takum o6pasom, utoGbl nosyunth usz (1) dopmyay ans



—

330  Muterpupyemble slo-Moysiu Kak GeCKOHEUHblE TEH30PHbIE TPOU3BEIEHHS

xapaktepa M4, nano nomuoxuth (1) Ha COOTBeTCTBy}oumv”I MHOXKHTEJb (UTO
OTBeUaeT CJABHUTY Uy B @,), a TAKXKE 3aMEHHTb 2 Ha = (UTO COOTBETCTBYET

«noopoty» W4). OTMeTHM, uTo J1eTMTh HAJl0 MMEHHO Ha q ,aHeHa g Tk

dopmyna aas xapakrepa W4 saucur ot (g, 2g), WM APyrUMH CJIOBAMH, MEI
JIeJIaeM 3aMeHY €, . .., €,—| Ha ey, ..., e,. [losyuaem cJeyoliee BbipaxKeHHe
(moacraBuB n =Y d;):

k k
- Yof
Ch(/VIA7 q,2)=z = q,‘; q*P(D)/‘lx

k
d i1k
il ety drtis 1221]1 > jildaA+--+di 1)

PP IR IS b o B x

j#=0jr—1=0 =0
» |:dl?+l:| |:dla.e+]k:| __[dﬁ-h] 3
Ik 1gl Je=1 1y Ity

[Ipeo6pasoBas, nosyuaem:

ch(M4, g, 2) = g7 P/

diy1 dp+ie do+js

XZ Z Z Z(Ji*az) Z(Ji*a/ y

i#=0jr—1=0 1=0

x|:d/f+l:| [dI?JF/.k] ”[dfr/é] -
Te JqL k=1 1y /1 q

Cnenaem 3ameny i; = j; — ay:

ch(M", g, 2) = g7/ x

d 2 i ; i k ko
et1/ di/24+ip do/24is S0 i
X E E Zi=l =l X
p=—oy g =—0y_) h=—a
irtor€Z iy +oy_ EZ i\ +o €EZ
y {dk_,_l/QJrOék] [dk/2+ik+ozk_1] |:d2/2+i2+0&]:| (5)
ktop ], le—1ta— ], i1+ o p

Packpoem 6nHOMHAbHBIE KOS(OUIIMEHTHI:

S i
Ch(MA, q,2)= q—P(D)/4 Z Zi=1 lqlzl i
iiZ—ay, iﬁ-a,eZ

dpt1 |
lk\%» 11+1211—L
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|

X X
k—1

. d . . d
(i + %)q! H (i1 — i+ %)q!

k—1 . d
(dt1)q! (i141 + =5+ + )y
(Bt ip)g iy tang!

(©)

Hac untepecyer npeznen BblpaxkeHus (6) npu dpy; — 0o (MpH 3TOM dpy
JIOJZKHO COXPaHsITh CBOIO 4€THOCTh). O603HAUNM

o0
(c0)g =1 =4
i=1
(B nawmx ¢opmynax sbipakenue (00), anst [[2) (1 —¢') Bbirasiaut ecre-
cTBeHHee, ueM GoJiee 06LIENPUHSTOE (§)oo). JlJIst BblUMC/IEHHUST TIpesiesia 3a-

METHM, YTO MOXKHO CUdTath uto —dpy1/4 < ij < dpy1/4 (MHaue crenens 1o g
oyzer Goubiie, uem di , | /16). Ho Toria crenens no g Muorousnena

. d
(1 + 55 +ar)g!
(i1 + ay)g!

1

d
Goablie, uem =5, TTostomy

k—1 . d
(drg1)q! (i1 + =55+ ag)g!
(Bt gyt (i ang!

— 1 pu dp4) — 0.

B 10 xe Bpems
| 1

N )
(ikJr %)q‘ (Oo)q

Mb1 oKasanu cieayoulyo Teopemy:

Teopema 4. [Tycmo D € (NUOY ! dy ) < 1. Obosnauum 20; = dyyy +
+...+diy,i=1,..., k Toeda

h LD q_p(D)/4
C =
(00)q
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CaenctBue 5. Mo noayuwaem gpopmyry us [5]:
. k ko i
i i+
| z = ogi=t =

e D=

YA 1 — i
Ly = Lk<eik 11;[] (llJrl l[)q.

ch L/"k =

X

4.2. Kom6unaropnas pekypeHTtHas dopmyna aas LP

Beeném cienytonyie 0603HaueHHs!:

D=(..ds1(ds+2)dsy1...), D'=(...ds1dsdsys .. ), (7)
D" = (... (dy_ + V)ds(dsr1 +1)...).

p(D'")y—p(D) d\+l
74’,

Mpeaaoxenne 6. chL.” =ch P + ch D",

Hokaszamenavcmso. Jlerko Buneth, uto p(D) = p(D’). Hasnee:

, —p(D)/4
chlP —chl? = qix
(00)q
k X k 2
PONEDIRY
Zi=1  gi=1
<X ’ -
i ds +2 £t ; ; diyy
oIl b (i — b 9520 TT G — i+ 50,
Is2ls—1— 5= I=1,1#s—1
iz?hq*%,lis
VIS 1
Ly ll
_ E zi=1 gi=1 P > (8)
iri’a[EZ I=1,...k H (ll-‘r] — l/ —+ Hrl)q
i[}ll 17#,[ 2 k =1

Pasnesnum obsacTh CyMMUPOBAHHS B YMEHbLIAEMOM Ha JIBE UaCTH: B MEPBOH C
napaMmeTpamu C iz =ig_| — d;—?v BO BTOPOH C iy = ig—| — % Torna ycuoBus
Ha mapaMmeTpbl BO BTOPOH YaCTH COBMAAYyT C YCJOBHSIMM Ha NapameTpbl U3
BbluMTaemoro. [TosTomy npespiayliiee BolpakeHne paBHO

k k
gD/ i i 1
_— Z ZI=1 ql:l — +
(%)g N\, 4ozt . T 4 diny
L=l [T G =it 755!
Ls=ls—1— 79— [=1,l7#s—1

. . d
1Zi—1— 7[ ./758
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i i i i? qi\—i571+d52+2
+ ZI=1 ql:l .
Z k—1
. _ . . ds+2 . . diyy
SteR =Lk (s —is—1+955)! IT (i1 =i+ =55)4!
i — =2,k =115 —1
©)
CJ102kMB, MOJyUYaeM
&y b
i i .
q717(D)/4 zi=1 ’ql:l Iqls*ls—l‘i’ds;z

> — . (10)

(00)q d
. . . . +2 . . diyy
i €LI= (i — i+ 20 T (G — i 20,
isZis—1— "9~ I=1,l#s—1
5125171*%#&5
Crenaem Tternepb 3ameny is:=is+ 1/2, iy ) =iy —1/2. Torna mbl mO-
JIYUHM:
’ p(D"")—p(D)+2ds+2 ”
chLP —chLP =4 T chLP".
[Ipensioxkenune nokasaHo. (]

Caencrteue 6. [P~ [P g 1P,
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C.T. Basayu, M. A. Lipacman

beckoHeuHble raobajbHble MOJS
M 06060 éHHaa Teopema bpayspa—3ureas

PaGora npecsenyer aBe wuesd. Bo-nepBbiX, Mbl HaudHaeM pa3BMBATb
TeopHIo 6ECKOHEUHbBIX IJ100aJ/bHbIX MOJEH, T. €., 0ECKOHEeUHbIX ajaredpanyecKux
pacunpennit Q wimu F,(¢). Mbl nosyuaem psii MHBAPUAHTOB TaKUX ToJIel, a
TaKxKe orpejessieM JUisl HUX HeKHe N3eTa-(YHKUMH M U3yuaeM MX CBOHCTBA.
Bo-BTopbiX, Mbl J0KasbiBaeM 0000i1eHus oueHoK Omibkko—Ceppa u
TeopeMbl Bpayspa—3uresis i N0OCJEL0BATENLHOCTH UMCJIOBBIX TMOJIEH ¢
pacTyluuM JHCKPUMHUHAHTOM, YUMTBIBAs, B TOM UHCJE, M HEapXHMeJ0Bbl
TOUKM. IDTO MPUBOAMT K ACUMITOTHUECKOMY BbIPa)KEHHIO JJIs1 OTHOLIe-
uust log AR/ log m, BEepHOMY M ©e3 0ObIUHOTO TIPEINOJIOKEHHS O TOM,
uTOo n/log\/ﬁao, M TeM CaMbIM BKJ/IIOUAIOLLEMY, B UYaCTHOCTH, CJyuai
HepasBeTBJEHHbIX OatleH. [IpuBoaATCs KOHTprHpUMepbl GalleH MoJel Kiac-
COB, TT0Ka3blBalOLLKE, UTO BbILIEYNOMSIHYTOE NPEoJoKeHHe 1eHCTBUTEbHO
HeOoOXOJMMO /ISl BBIMOJIHEHUS] KJIacCHUeCKOH TeopeMbl bpayspa—3uress.
B kauecTBe MpOCTOro CJEACTBHSI, Mbl yJIyulllaeM CYLUECTBYIOLIHE OLEHKH Ha
peryJisiTopbl.

[Tepen Bamu — u3soxxenne Halux pe3dyJsibTaToB, MOJHOCTbIO OMy6GJIHKO-
BaHHbIX B [1]. ITpennaraemblil TeKCT npeacrasisieT coboil cierka nepejesaH-
HOe MPeAUC/IOBHEe K 3TOH paboTe M He COAEPKUT J1I0Ka3aTeNbCTB.

[no6anbhbiM nosiem K HasbiBaeTcsl KOHeUHOe ajreGpanueckoe paciiupe-
Hue 60 noJsist Q pauroHasbHbIX unces, 6o nons Q, = IF,(f) pauroHasbHbIX
(YHKUME OT OJIHOH TepeMeHHOH C KOHEUHbIM T0JIeM KOHCTaHT. beckoxeu-
Holm enrobanbroLn nosem K HasdbiBaeTcst MO0 GecKoHeuHoe asnrebpanueckoe
pacipenue noJist Q, 6o Takoe GeckoHeuHoe asnreGpanueckoe paciiupenne
nosisi Q;, uro KNF, =F,. B MepBOM cJlyuae Mbl HasbiBaeM K OecKkoHeyHbim

Uacrtuuno noanepkano rpantamu PODPU 96-01-01378,99-01-01204, 02-01-01041, 02-
01-22005
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YUCAOBBLM NOACM, @ BO BTOPOM — OCCKOHEUHbIM (HYHKYLOHANbHOIM NOACM
nao IF,.

[TepBo#i MpUUMHON HaMUCAHUST JAHHOH PabOThI MOCAYKHUJIA MOMbITKA YOe-
JUTh cebst U uuTaTesisi B CyleCTBOBaHUU (€lllé He MOCTPOEHHOI) HETPUBHAb-
HOH TEOPHH TaKHMX MNoJel. B yacTHOCTH, Mbl CTPOMM PSIZL UX HHBAPHAHTOB, a
TaKkKe omnpesessieM JUisl HUX HeKHe a3eTa-(YHKLIUHM U H3y4aeM HX.

Bropast npuunHa kyna GoJiee npusemyénHasi. Mbl 0ka3biBaeMm 06006111e-
Husi oueHok Ombikko—Ceppa u Teopembl bpayspa—3urens s nocJe-
JIOBATEIbHOCTEH UMCJIOBBIX MOJIEH ¢ PaCTyLMM JUCKPUMHHAHTOM, YUUThIBas,
B TOM uHcCJie, U HEapXUMeIOBbl TOUKH. DTO MPUBOJIMUT K ACHMIITOTHUECKHM
OlleHKaM H TOYHBIM hopMyJaMm JJisi oTHouleHust log AR/ log \/ﬁ BEPHBIM
6e3 0ObIYHOIO MNPEAIIoNOKEeHUsT O TOM, 4YTO n/logméo, v TakuM 00-
pPas3oM BKJIIOUAIOLIMM, B YaCTHOCTH, CJyual Hepa3BeTBJEHHbIX OalleH. 3areMm
NPUBOAATCS MpUMepbl HallleH MoJield KJaccoB, MOKasblBalOLIMe, YTO Bbllle-
YIOMSIHYTOE MPeoNoKeHre AeHCTBUTEJIbHO HEOOXO0AUMMO Jlsl BbIOJHEHHS
00bIuHOl TeopeMmbl Bbpayspa—3ureds.

CraBsi cBoel Liesblo M3yueHHe GeCKOHEUHbIX MI00aJbHbIX MoJIel, clemyeT
no3a6oTUTbCsl 06 HHTepecHbIX MpuMmepax. st «6oablIUX» MoJeH, TaKUX KaK
Q wm Q?, onpeiesisieMble HAMH HHBAPMAHTBI TPMBHABHDI, HO €CTh GOJbLIOE
YUCJIO «MEHbLIMX» MOJel, HarpuMep npeaedbl (To ecTb, 00beIMHEHHUST) TToJel
M3 JIaHHOH HepasBEeTBJEHHON (MM «HE CJIMILIKOM CHJIbHO» Pa3BeTBJEHHOMN)
6a1nu rnoJsier. FIMEHHO /151 TAKHX «MEHbIIHWX>» TI0JIeH CTAHOBUTCSI MHTEPECHON
Teopusl, pa3BuBaemMasl B 3Toi padore.

Jlnist Hauana 3ameTuM, uTo 6eCKoHeuHoe r106ajbHOe MoJie BCEeria siB/sieTcs
npejiesom G6allHH KOHEUHbIX MoJieH:

o]
K =ind limKi:UKi, rne KiCKeCKyC---.
[— 00 i—=1
Dta OGallHsl, KOHEUHO K€, He eJMHCTBeHHA. Mbl GyjieM HCKATb MHBApUAHTBI
K, T.e., Takue napametpbl 6ainn K| C Ko C K3 C - -+, KOTOpble 3aBUCSIT He
OT caMoi GaulHM, a JULb OT eé npejedna.
Mbl Gynem Hcrmosib3oBath chenytoilee obosnauenue. [lyets {Ki}, i=
=1, 2, ... — 1ocJje10BaTe/bHOCTL OMAPHO HEU30MOP(HLIX I0GATbHBIX
noJiell, YHCJOBBIX HJIH (DYHKLIMOHAJIbHBIX; TOJIOXKHM

g; = pou(K;)

B (pyHKIHMOHAJILHOM cJlyuae, u

gi = log/|Di|

B UHCJIOBOM; OyJieM Ha3blBaThb g; POOOM YHCTOBOTO MOJS.
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Buumanue: 31ech W HUXKE Mbl HCIOJb3yeM CJeylollee CoIvalleHHe.
B uucnoBom ciyuae 3anuch log o6o3HayaeT HaTypasibHbl Jorapugm log,.
B cayuae dyHkumoHanbHoro nogs Han F, ta ke sanuch log oGosnauaer
log,. Kak Mbl yBUIMM HHKE, 3TO OMpPaBAAHO eIUHON (POPMOH MoJydaeMblX
pe3yJbTaToB.

OjiHa W3 MPUYHH MoJiaraTh, UTO TAKOe OMpeJleieHHe pPojia JJIsi YUHCJIOBOTO
M0JIs1 €CTECTBEHHO, 3aKJII0UAETCsl B TOM, UTO /s J1I060ro Hanepén 3ajlaHHo-
ro go CYUIECTBYET JIMIIb KOHEUHOE UMCJO UYHUCJOBBIX noJjei K, uel poj He
NPEBOCXOAUT gp. To 2Ke caMoe BEpPHO U B cJjyuae (QyHKIHOHAJNbHBIX MOJEH C
JIAHHBIM T0JIEM KOHCTAHT.

Y Hac ocratoTcsi COMHEHHs 10 MOBOJy TOTO, JOJIKEH JIM POJI UMCJIOBO-
ro noJisi onpeensthes Kak g =log+/|D|, T.e. KaK B JIaHHOH cTaTbe, WK
KaK g:log\/WJr 1. TlocsienHee ompejesneHHe UMeET TO MPEHMYLIECTBO,
YTO TMPH HEPA3BETBIEHHOM HAKPBITHH UMCJO g — | yMHOXKaeTcsl Ha CTerneHb
pacuinpenus. [IpeumyiecTBoO ke MepBOro OrnpeseseHnst COCTOMT B TOM, UTO
Q okasbiBaercsi poga 0 U He UMeeT Hepa3BETBJIEHHBIX paCIIMPEHHH, Kak H
kpuBasi poja 0. OjHaKo JJisi GECKOHEUHbIX UMCJIOBBIX MOJIEH U JIPYTUX acHMIT-
TOTHUECKUX PACCMOTPEHHMH JAHHbIA BOMPOC HE aKTyaJieH, Tak Kak oba 3TH
onpesieIeHUsT 1al0T OJIHH U T€ XK€ Pe3yJbTaThl.

Byziem HasbiBaTh nocJjeoBaresbHocTs {K;} rioGaibHbix nodei cemeri-
cmeom, ecain K; HensomopdHo K; npu i # j. CemeiicTBo HasbiBaeTes bauiHell,
ecan K; C K;y1 nist mo6oro i. st moboro cemeiicTBa g; — 00 MpH [ — 00.
B ciyuae ¢yHKUMOHAJBHOTO TI0JIS Mbl TaKxKe MpENoJaraem, uto y Beex 1o-
Jeil K; oHO U TO »Ke mnoJie KoHcTaHT F,.

JL1s1 UMCIOBOTO MOJIS TIOJIOKUM

np = [K; : Q] = ri(K;) + 2ro(K;),

re 11 U ro 0603HAYaIOT, COOTBETCTBEHHO, KOJMYECTBO BEILIECTBEHHBIX BJIOXKE-
HUI U KOJIMUECTBO Nap KOMILIEKCHBIX BJOXKeHUH. [Ipenosoxum TakKe, uTo
g; > 0 nast mo6oro i, To ecTb, K; # Q B uncsioBoMm cayuae, v K; HensoMopdHO
F,(T) B hyHKIMOHAJIBHOM. DTO TIPENOJI0KEHHe He OTPaHHUHBAET OOLIHOCTH
HalllUX pacCyKIeHUH.

Bynem paccmarpuBath mHoxkectso A ={R, C; 2, 3,4,5,7,8,9, ...},
COCTOSIIIIEE M3 BCEX CTeMeHed MPOCTBIX YHCEJ M JBYX BCIIOMOTATEbHbBIX
cumBosioB R u C, B KauecTBe MHOXKECTBA MHJEKCOB. MIHBapuaHThI, KOTOpbIE
Mbl coOHMpaeMcsi ONpelesiuThb, OyIyT MapaMeTpU3OBaHbl djleMeHTaMH « € A.
B ciayuae ¢yHKumoHasbHoro noss Haja IF, mMHOKecTBO A MoXeT ObiTh CBe-
neHo K muoxkeetsy A, = {r, r?, r3, ...} B Tom cMbicsie, uto s o € A\ A,
onpeiesisieMble HAMH UHBapHAHTLI OYAYT PaBHbBI HYJIIO.

22 QyupameHTasnbHAs MaTeMaTHKaA CErojiHs
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ﬂ.ﬂﬂ g, SIBJISIOUIEroCsl CTEMEHbIO MPOCTOro yrucJa, MmoJoKUM

Ny(Ki) == |{v € P(K;): Norm(v) = g}

)

rie P(K;) — MHOXKeCTBO Bcex HeapXUMeIoBbIX Touek noJsi K;. TTosoxum Tak-
xe Nr(K;) = r1(K;) n Nc(K;) = ra(Kp).

O0603HauuM uepes f; UMCJI0 KJaccoB uieasos nods K; (kotropoe B (yHK-
LMOHAJILHOM CJlydae paBHO uuciy [F,-3HauHbIX ToueK Ha sikoOHaHe KPHUBOH,
COOTBeTCTBYIOMIEH Moo K;); R; Oyner o603HauaTh peryJsitop K; B UHCJOBOM
caydae u 6yner paBeH | B (pyHKIIMOHATBHOM.

st 6eckoneunoro raobanbHoro nodst K = J K; u st o € A onpeniesium
BEJIMUMHE

Do = 0o (K) = lim —NQ(KL).
i—00 gi

KoHeuHo ke, HaM HEO6XOMMO JI0Ka3aThb, UTO 9TH MPeJiesibl CYLLIECTBYIOT U He
3aBUCSAT OT Bbi6opa OallHu.

3ameTnM, uTo0 g M (¢ KOHEUHbI, TaK Kak oTHollenue n/g; = r1(K;)/g; +
+2r9(K;)/g; orpaHHuyeHO Ha MHOXKECTBE BCEX YMCJIOBBIX MOJel He paBHBIX Q
oleHKo# MUHKOBCKOTO.

O606111asi, Ha30BEM ceMelcTBO robanbhbix mosied K = {K;},i=1, 2, ...
QACUMAMOMUYECKI MOYHbLM, €CH /st TI060r0 ov € A CylecTByeT npejies

Do = P (K) := lim —Na(Kl).
i—00 gi

Bynem HasbiBaTh ceMelcTBO K acumnmomuuecku xopoulum (COOTBET-
CTBEHHO, NAOXUM), ECJIH CYLIECTBYET (v € A TaKOe, UTO ¢y, > 0 (COOTBETCTBEH-
HO, ¢o = 0 auist JoGoro a € A).

Ba)KHO OTMETUTb, UTO Mbl UCMOJIb3yeM CHMBOJ C Kak jjisi 0603HaueHusl
6eCKOHEUHOTO N06aIbHOTO M0JIsl, TaK W jJisi 0603HAUEHHS] aCUMIITOTHYECKH
TOUHOTO ceMelcTBa. B 3TOM HeT HHUEero CTpallHOTO, TaK KaK HUXKE Mbl JI0-
KaXkeM, uTo JiJisi GECKOHEUHBbIX IJI06aJibHbIX TOJIel BCe HAlllM OMpejlesieHUs H
pe3yJibTaThl He 3aBUCSIT OT BbIOOpa GalllHH.

[ToHsiTHE aCUMMTOTHUECKH TOUHOrO ceMelCcTBa HAMHOro GoJiee obliee, yeM
NoHsiTHe OalllHy. B yacTHOCTH, cTaHAAPTHBIN UArOHAbHbBIN METOJ| TOKA3biBa-
€T, uTO JI0O0e CeMeHCTBO COJNEPKHUT ACUMITOTUUECKH TOYHOE TOJACEMENCTBO.

CylileCTBOBaHHE MHOXKECTBA BesiHunH ¢ = {¢,, } 1103BOJISIET ATH CJIELy0-
liee onpejenenue. [Ipedeavrotl 0sema-gyrKyueti aCAMITOTHUECKH TOUHOTO
cemericTBa Oy/ieM Ha3blBaTb MPOU3BeJEHHE

Ce(s) =Cols) = J(1 =g~

4
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rie g npobGeraer BCe CTeNeHW MPOCTHIX uUMCes. 37ieCh U HHXKe, BO3BOJS B
KOMIIJIEKCHYIO CTereHb (PYHKIMIO OT S, onpejesénnyio npu Res>a >0, u
TaKylo, UTO €€ 3HaueHHs! BELECTBEHHbI U MOJIOKHUTE/bHbI PH BEleCTBEHHbIX
§>a, Mbl OylleM UMeTb B BHJY €€ eJIMHCTBEHHOE aHAJUTHUYECKOe MPOJOJ-
JKEHHe, KOTOPOe BEIIECTBEHHO U TMOJIOXKHUTEIbHO MPH BCEX BEIECTBEHHDIX S.
«lloanan» dzema-gyHKyus onpenessieTcsi B UUCJIOBOM CJIydae Kak

Gic(s) = Co(s) = e*27 2= 02/2(2m) =0 T(5) %" I (s) H(l—

B beHKLlI/IOHa.HbHOM CJlydyae, B COOTBETCTBHHM C HallUM COTJVIallleHueEM, I10-
JIO2KUM

Cie(s) =Co(s)=1r° H remSY T,

m=1

[Tpoussenenus, onpenessoune (y(s) u @(s), aBCOJIIOTHO CXOJSITCS MPU
Re(s) = 1. Dt ¢yHKUMH 3aBUCAT JHIIb OT ¢ = {¢o} W HE 3aBUCAT OT
KOHKPETHOH T10CJ/1e[10BaTeLHOCTH UUCIOBBIX noJieil. CienoBaTesbHo, (i (s) U
Cxc(S) KOoppeKTHO onpeje/ieHbl 1151 6eCKOHEYHOro roGaiLHOro nos K.

J3era-yHKUMS ceMelcTBa fABJSETCS, TAKUM 0OpPA30OM, MPENesoM Kop-
Hell g-oi cTerneHn U3 OObIUHBIX Ji3eTa-(yHKIHUH 1oJed, 06pasylolux 1aHHOe
cemetictBo K;. Bosee Toro, npu Res > | 4+ ¢ cxoaumocTb paBHOMepHa.

BepHo Tak:Ke, UTO CEMEHCTBO aCHMIITOTHUECKH TOUHO TOTJIA W TOJIBKO
TOrza, Korja cyulectsyet npezed lim (x, (s)V/e.

[TosiokMM Tenepb B UMCJOBOM CJlyuae

Exc(s) = Ey(s) = (log Cy)' = (/o

oR 1 s logg
=1 =5 logm — g log 21+ 5 vy (3) + beii(s) - ;qﬁq g
rie ¥(s) = FT,(s), a B PyHKUHMOHAJILHOM CJIyuyae Onpeieanm
~ e M@ ym
K(s) = Eols) = (log, {o) =1 rm%l :
m=1

Nayuast uncsioBoll cayuaii, Mbl yacTo Gy/JeM rpejrosaraTh BbIMOJHEHHON
06061éHHyt0 runotedy Pumana (OI'P) nnis uncnioBbiX nogeit, xoTs 60Jib-
LIMHCTBO HAlMX Pe3yJ/bTaToB OYAyT UMETh Takxe W 6e3ycJoBHYIO (HO GoJiee
cnabyio) dopmyanpoBky. UTo6bl paznuuaTh 3TH JIBe CHTyallMd, Mbl BCerja
6ynem nucatb OI'P B cooTBeTcTBYyOLMX ciydasix. 3aMeTHM, 4TO (PYHKLMO-
HaJIbHBI CJlyyail B 9TOM He Hyxkaaetcs, Tak kak OI'P B Hém jnokasana.

[Ipenonaras OI'P BbINoJHEHHOH, MOXKHO JI0Ka3aThb, UTO BbILIEYNOMSHYTOE
NpoK3Be/ieHHe aGCOMIOTHO CXOAUTCs TPH Re(s) > 4, u Bepna caenyiouas

22%
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OI'P-teopema A (OcHoBHoe OI'P-HepaBeHCTBO). /][4 OecKoHeuHO2O
en06arbioeo noas K (1 045 1106020 acumMnmomuuecku MmouHo2o cemeli-

cmaa 2n06aibHbLX noaeil)
|
—|>0.
glC <2> = 0

DTa TeopeMa HaKJaJbIBAET CUJIbHbIE OTPAHHUEHHST HA BO3MOXKHbIE 3HAUe-
Hust ¢ = {¢q}, a UMEHHO

OI'P-caenctBue A (OcHoBHoe OI'P-HepaBeHCcTBO). /[ OeckoHeuHOeo
en0barboeo noas (4 0as 406020 ACUMRMOMUYECKU MOYH020 cemeli-
cmaa 2n06aibHbLX noAell)

]
3 % + ¢r(0g2V2m+ T + 1) + de(log8r+7) < 1,
q

ede cymmuposarue 6e0Emesa no 8cem G, ABALIOUUMCS CMeneHaML npo-
cmolx yucen, a Yy — KoHcmanma 3Jiiepa.

B umncsioBoM ciyuae 10T pedynbrat siBasercss OI'P-o6o61eH1rem olleHKH
Onnbkko—Ceppa Ui AMCKPUMUHAHTOB YHCJIOBBIX MoJiel. JleficTBUTEeNLHO,
TaK Kak BCE UJieHbl HEOTPHLIATE/bHbI, MOJyUaeM

¢r(log2v2m + 7 + 3) + ¢c(log8m +7) < 1,

OTKyda CJieAyeT
D > (8me %) (8me)?2e0™

B cayuae dynkiponanbioro noJst Haj F, HepaBenctso ynpoinaeresi. (Ha-
MOMHHM, UTO COMVIACHO HALUUM 0003HAUEHUSIM CUMBOJ l0g B UHCIOBOM CJiyuae
o6osHauaer log,, a B (yHKIHOHaILHOM log,).

CaeacrBue A’ (OcHOBHOE HEpaBEHCTBO B ciyyae (YHKIMOHAIbHOIO MO~
an). /las beckoneunoeo enobaroroeo noai (u 041 406020 acumnmomu-
YecKu MOUH020 cemeticmsa GYHKYUOHANbHbLX NOAeLL)

oo

m¢r771
Z rm/2 _ | <L

m=1

ITOT pe3yJsibTaT, B CBOK ouepesb, o6obliaer Teopemy JlpuHdenbia—
Basnyua, yrBepKaaoniyto, uto adsi uucjaa N, paBHOTO UHCJy TOUeK CTerneHH
OJIMH Ha aJjre6panueckodl KpUBOH Hall KOHeuHbIM noJieM [, BbinoJiHseTcs
HepaBeHCTBO

N<(Vr—1g+o(g)
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pu g CTpemsileMcsi K 6eCKOHEUHOCTH, TO eCcTh ¢, < /7 — 1. JleficTBUTE b~
HO, JJIS1 TIOJIyYE€HHS] 3TOrO0 HEepPaBEHCTBA JOCTATOUHO B CyMMe M3 CJIE/CTBHS
OTOPOCUTH BCE UJIeHbl KPOMeE MepBOro.

Cosepuasi Teopemy A U cjencTBHe A, eCTeCTBEHHO 3aHHTEPECOBATHCSI
3HaueHHeM «f;c(%), KOTOpOe paBHO deghexmy, TO eCTb PA3HOCTH MEXKIY MPaBOH
W JIeBOH YacTsMH HepaBeHCTBa M3 caefacTBHsi A. OkasbiBaercsi, 4TO 3TOT
neheKT CBsI3aH C MpelesbHbIM pacrpe/ieseHHeM HyJell f13eTa-(hyHKIHH.

Bynem onsitb cuurats, uro OTP Beimosnena. Iyers K = {K;} — acumn-
TOTHUECKH TOYHOE ceMelcTBOo nosel. [l kaxknoro K; onpenenum Ha R mepy

rie Hp) = (p— %)/i, npuuyéM p npoberaeT MHOXKECTBO BCEX HETPHUBHAJbHBIX
HyJieli 1zeta-pyHkumu Cx, (), a dy(,), Kak 06bluHO, 0603Hauaet mMepy Jlupaka,
cocpenoToueHHyio B Touke f(p). i3 OI'P caenyer, uto #(p) BelllecTBEHHO, H
Ay, — nuckperHas Mmepa Ha R. Bousiee Toro, Ay, siBisiercst Mepoi MeJIeHHOTO
pocra.

OI'P-teopema b (SIsnas OI'P-dopmyna). /i Oeckoneuroeo erobanry-
HOeo noas K (4 049 4106020 aAcUMRMOMUYECKI MOUHO20 Cemelicmsa
YUCA0BbLX NOACLL) 8 npocmpancmsee mep mediernoeo pocma Ha R cyuje-
cmsyem npedea

Ag = lim Ag,.

j—o0

boaee moeo, mepa Ax umeem menpepolsHyio naomuocme My,

M) =Re (g (g +1t) ) = 1= oyt 1ogg
q

1 1 it 1
+§¢R Re) <Z+l§) + ¢c Rep <§+it> - %logw—gb@log%r,
ede ! -
_ y/qcos(tlogg) — _ E’
ht) = 0 reoogg: YOO

OI'P-cneacreue b (OcHoBHoe OI'P-paBeHcTBO). /[l1a beckorneuroeo
yucar080e0 noas K (4 0as 4106020 acumnmomudecku mMo4yHo20 cemeli-
CMBA 4UCA0B8bLX NOACL)

sn(%) — M (0),
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Hruoimu crosanu,

> % + or(log 2V21 + T + 1) + pc(log 87 +7) = 1 — M (0).
q

ITo 03Hauaet, yTO PasHOCTb Mexy | W JIeBOH 4acTblo OCHOBHOIO Hepa-
BEHCTBA, HasbiBaeMast JeeKToM GecKOHEYHOro To6asibHOro moJs (MJId ce-
MelCTBa), Ha CaAMOM JieJie SIBJISIETCS «OTHOCHUTEJbHBbIM UMCJIOM» HyJel, Ha-
KamJMBaIOIMXCS Y BEIIECTBEHHOH KPUTHUECKOH TOUKH %

AHanortutoe yTBeprKjieHHe BEPHO U B (PYHKLUMOHAJIBLHOM CJjydae, MpHUEM
€ro HaMHOTO Mpolile 1oKa3aTh (cM. [2]). Tak kak J13eTa-(pyHKIHUS MEPUOINUHA,
Mbl MOYKEM, KOHEUHO K&, pacCMaTPHBATh MPOCTPAHCTBO MEPUOJHUECKHX Mep
Ha R, utoObl mosyunth Teopemy B W chenctBue B s pyHKUMOHANLHOTO
cayuast. Mbl MOXKEM, KpOME TOr0, YIIPOCTHTb UX (HOPMYJHPOBKH, HCTOJ/b3YS
Mepbl Ha OKPYXKHOCTH. PacCMOTPHM B KauecTBe OKPYKHOCTH (hakTop R/27Z,
npejicTaBieHHblil Kak uutepsan (—m, w|. g nyas p nzera-gpyukunu (g (S)
ornpenesuM £(p) cienyioniuM o6pa3om:

1
t(p) = l? (mod 27).

[Tyctb

A= Z Si(p)

g’cK ()=

Torna A; — mepa o6tueit Maceel 2 na R/277Z, u A; cuMMeTpruHa M0 OTHO-
LIEHHIO K ¢ — —1.

CaeacrBue B’ (SlsHas ¢dopmyna u ocHOBHOe paBeHCTBO B (DYHKIIHMO-
HanbHOM cayyae). B ¢pyHKkyuonasorom cayyae 8 caaboi monosouu Ha
npocmpancmee mep Ha R/2w7 cywecmsyem npedea

A = lim A

=00

boaee moeo, mepa Ak obradaem HenpepolgHol naomHocmoio My,

()= Re(g,c(% ‘ log;r t)) 1= M),

m=1

ede
/2 cos(mt) — 1

() = rm 4 1 —2rm/2 cos(mt)’
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KOMopas 3a8UCUM MOAbKO om MHoxucecmsa ucen ¢ = {¢m}. Bonoars-
emcs caedyroujee OCHOBHOE PABEHCMEBO:

1 > mqﬁ,m

Ecau B uncsioBom ciyuae He ucrnonbizoBath OI'P, To pesysbrathl crano-
BSITCSI 3HAUUTENBHO cJabee.

Teopema B (Be3ycioBHOe 0CHOBHO€ HepPaBeHCTBO). /[1d OecKoHeuHoeo
yuca08020 noaa K (4 0aa 4106020 acumnmomudecky mo4Ho20 cemeli-
CM8a 4uUcA086LX NOACL)

k(1) = 0.

Cnencteue B (be3ycnoBHoe OCHOBHOE HepaBEHCTBO). /(a9 OeckoHeu-
HO20 4uca08020 noas K (4 042 1106020 acumnmomuuecku mouHOeo
cemeticmaa HUCAOBbLX NOACLL)

57 2080 4 32+ log2y/Mon + 1+ og2m)oe < 1.
q

Ot6pacbiBasi Bce HeapXUMEJIOBbI UJI€Hbl, Mbl TIOJIyuaeM Ha 3TOT pa3 6e3-
ycJloBHOE HepaBeHcTBO CTapka:

D > (4me?)"1 (2me?)?2e0™
BesycsoBHoe HepaBeHcTBO OmJIbIKKO
D > (4me? )1 (4me7 )220

TaKKe MOKHO 00O0OILIUTD, HCIOJb3Ys] HEapXUMELOBbI TOUKH.

Hai coenytoumii pesyJbrar, CBsi3aHHbI C J3eTa-(QyHKIHeH, KacaeTcs
MOBEJIEHHS UMCeJl KINacCcoB U peryJsiTopoB. [11st 1o60ro aCUMNTOTHYECKH TOU-
Horo cemefictBa K ry100aJ/ibHbIX MOJIEH pacCMOTPUM Mpesel

. loghiR;
BS(K) = lim 847
i—00 gi

[Tpu HEKOTOPBIX YCJOBHSIX, O KOTOPbIX Mbl OyJIeM FOBOPHTb HUXKE, ITOT Mpeed
CYLUECTBYET M 3aBHCHT JIUILb OT MHO2KeCTBA unces ¢ = {¢, }. CienoBaresbHo,
BS(K) xoppektHo omnpeneseno aiasi 6eckoHeyHoro rso6agbHoro nods K, a
TaKKe W 1JIsT JI060r0 aCHMITOTHYECKH TOYHOTO ceMelicTBa . MBI MoKeM
TaKkKe OMNpeNenTh

k(K) = lim

i—oo g

)

IOgFLi

rzie k; — BblueT (k,(S) B 1; 9TOT HHBAPHAHT CYIIECTBYET MPH TeX XKe YCIOBHSIX.
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3nauenue BS(K) onucbiBaercsi Teopemoii bpayspa—3urens. B Hawmx
TepMHHAX KJlaccuueckasi Teopema bBpayspa—3uresst yTBepiKaaer, 4to

BS(K)=1 u k(K)=0,
ec/in ceMeidcTBO K yI0BJIETBOPSIET CJEAYIOLIUM JIBYM YCJOBHSIM:

(i) cemeiicTBO K acHMNTOTHUECKH MJIOXOE;
(ii) s6o Beimosnsiercst OI'P, in6o Bce noss K; HopmasibHbl Hajx Q.

JleficTBUTENbHO, 0OBIUHO HUCIIOMb3YEMOE B 3TOM YTBEPKIEHUH TPETOJO-
JKeHue 0 ToM, uto 1/ log \/ﬁ — 0, osHauaet, uto ¢, = 0 15 JO60TO v, TAK
KaK M3 Hero cJjeiyet, uto ¢r = ¢¢c = 0, a as1 J1060ro mpocToro p

o0
> mpn < dm + 26
m=1

O0606unM Teopemy bpayspa—3uresisi, 0TKa3blBasich OT MEPBOTO YCJIOBHS.

OI'P-teopema I' (O606wénnas OI'P-reopema bpayapa—3ureasn). /lasa
beckoneuHoeo eaobarvbrozo noas K (u 0aa awboeo acumnmomuuecku
Mo4H00 cemelicmsa erobarvHolx noaeii), cyuecmsyrom npedeaot BS (K)
u k(K), npuuén

BS(K) =log Cie(1),

k(K) =log (i (1).

OI'P-caeacrBue I' (0606w énHas OIP-treopema Bbpayapa—3ureas).
s 6eckoreuno2o en0b6aibHo2o noas (4 041 106020 aAcUMRMOMuUYecKu
mouHo20 cemelicmaa 2A00aAbHbLX NOACLL)

BS(K) =1+ ¢, log% — ¢rlog2 — ¢c log 2,
q
RK) =D 6y log 1
q

ede cymmuposaHue sedémcs no scem q, ABAAIOWUMCS CIMeneramu npo-
cmolx uucedan.

B dyHKUHOHAMLHOM CJlyuae, KOHEUHO Ke

log. h;
BS(K) = lim —2rt
i—00 gi
riie h; paBHO uncJgy [F,-Touek Ha sikoOMaHe KPUBOH X;, COOTBETCTBYIOLIEH MO~
mo K;. Ilns npyroro napameTpa BblMoJiHsieTcsl paBeHCTBO K(K) = BS(K) — 1,

B CHJIy Uero OH CTaHOBUTCSI HEMHTEPECEH.
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Caeacrue I" (0606w énnas reopema Bpaysapa—3urens B dyHkuno-
HaJbHOM cayuvae). /[aa beckoHeurnoeo ynkyuorarornoeo noad K (4 0aa
2106020 ACUMNMOMUYECKU MOUHO2O cemelicmB8a (PYHKYUOHANbHbLY NO-
aeil), cyuecmsyem npedea BS(K), u soinoansaemea pasencmaso:

BS(K) =1+ ¢ log,rmr—_l.

m=1

B uucioBom cJiydyae 1oJioOBUHa T€OpeMbl D He 3aBUCHT OT rumnoresnl Pu-
MaHa:

Teopema [l (O606wénHoe HepaBeHcTBO Bpayspa—3wureas). /[ia 6ec-
KOHeuH020 4uca08020 noas K (u daa aoboeo acumnmomudecku moy-
HO2O cemelicmaa 4uca08ulx noaetl)
log h: R
lim sup loghiR; <+ Z ®q logL — ¢rlog2 — ¢c log 2,
i—00 i q q— 1
. log K q
limsup ——— < log ——,
P zq: @ylog -

i— 00

ede cymmuposaHue 8edémcest no scem q, ABAAIOUWUMCS CImeneHAmMu npo-
cmolx uucedan.

[Toka Mbl He cMorM 0Ka3aTbh 06001IEHHYI0 TeopeMy Dpayspa—3uress
6e3 npennosnoxenus 06 uctuHHoctd OI'P. B o6uiem ciyuae He H3BECTHO
Jla’ke, BepHa JIM caMa Kjaccuueckasi Teopema bpayspa—3wurens, ecsu He
npejnoJaraTb HOpMaJabHOCTH TeX MOJIel, 0 KOTOPLIX B Hell MAET peub. OHaKo,
JI0Ka3aTesbCTBO 060011IEHHON TeopeMbl bpayspa—3uresst 1yist 6€CKOHEUHBIX
UMCJIOBBIX MOJIEH CTAHOBUTCS BO3MOXKHBIM, €CJIH MOTPEOOBATh BHIMOJHEHUS Y
HHUX HEKOTOPbIX CIelHalbHbIX CBOHCTB.

Teopema E (be3ycaoBHasi 06061ménnas reopema bpayapa—3ureas nas
0€CKOHEUYHbIX YUCIOBBIX NoJei). /i1 OecKOHeuH020 noumu HOPMaLb-
HO2O0 ACUMNMOMUYEeCKU XOpouLeeo cemelicmaa 4uciosolx noaeti K cywe-
cmsytom npedeavt BS(K) u k(K), npuuém

BS(K) = log (ke (1),
#(K) =log (x(1).

Caencreue E (BesycioBHas o60o6wénnas teopema Bpayspa—3ureas
I/l 6€CKOHEUHbIX YUCAOBBIX NoJgei). /[i1 6eckoHeunoeo noumu Hop-
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MAAOHOCO acumnmomudecku xopomeeo 4uca080e0 noas K

BS(IC)flJeroqlog [ —rlog2 — gclog 2,
_ q
K(K) = Z% logﬁ,
q

ede cymmuposaHue sedémces no scem q, ABAAIOUWUMCS CIMeneHaAmu npo-
cmolx uucedan.

3amerum, uto OGe3ycsoBHAs KJaaccHueckasi Teopema bpayspa—3urens
He noayuaemcs HaMMH Metopamu. OJHaKo, 3Hasi, YTO OHa CIIpaBeUIMBA,
Mbl MOYKEM 3aKJIIOUHTh, UTO JIJIsi GECKOHEUHBIX HOPMAJIbHBIX UHCJIOBBIX MOJIeN
o6061énHas Teopema bpayspa—3uresns BeimosiHeHa 6e3yCJIOBHO.

Haun cienyoumii Bonpoc 3ak/ioyaercsi B aCUMITOTHUECKOM TOBEIeHHH
oTHouleHu# Bpayspa—3urens % n s CrnpaBejinBa

OI'P-teopema )X (OI'P-ouenkun). /lia ao6oeo cemeticmsa 4uciosoLx

no.ei
BSiower < lim inf ——= log(#:R:) < lim sup M < BSpper,
=00 gi i—o0o gi
. ] i
0 < liminf M < lim sup log(x:) < Kuppers

=0 gi i—o0o gi

ede
log 2
BSiower =1 — M ~0.5165... s
v+ log8x
log3 +1log?2 +logk
BSupper: Og2+ Og4+0g6 "&110938,

+
'y / IogQ log3 Iog5 Iog7

]0g2+log§
K
upper — +10g2\/_+ log? \l/ogg_S

B nanbHefiieM Mbl IaiMM Jpyrde OLEHKH B CJyuyae YHCTO BellleCTBEHHBIX
1 UHCTO MHHMMBIX MOJIEH.

OyHKUMOHAMBHBIA cJyuaill paccMaTpuBaJjicsi B Hauledd paGore [2]. Bepha
caeytonast

~0.2164....

Teopema YK’ (Ouenka B pyHKUMOHATbHOM cayuae). [as ai060e0 cemeli-
cmsa pyukyuonavolx noaeti Had T,

< liminf (28 i qyp 108 §l+(\/;71)logrﬁ

i—o0 gi 1—»00 &i
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B ciyuae uncisioBoro noJsi, kKak o6siuHo, 6e3 OI'P teopema G cranoButes
6oJiee cyaboi.

Teopema 3 (be3ycnoBHble OlleHKH). /19 4100020 cemelicmsa HucA086lx
noaetl

log h;iR; | .
limsup M < Bsunc,upper, lim sup 06 K < Kunc,uppers
i—o0 8i i—o0 &i
ede
23
> log oty
p=3
BSunc,upper =1+ prme 23 = ~ 1.1588... y
I4+1+log2ym+2 3 logp S p/'++1
=2 =1
}frime "
> P
Z Iogﬁ
p=3
Kunc.pper = | + —— — ~0.3151 ...
3+1og2y/m+2 3 logp Y iy
p;? m=1
prime

Jlas beckoHeuH020 noumu HOpPMAAbLHOCO acumnmomudecku xopouieeo
4ucA08020 noas K umeiomes maxoace u HUNCHUE OUeHKU

liminf M

i—00 gi

2 B Sunc,lowerv

ede
log 27

BSunc,lower =1-
Ecsiu 3aMeTnTh, 4TO BO3MOKHBIE 3HAUEHHsI OTHOLIeHUs1 bpayspa—3uress
npu npeanooxedun OI'P jsiexkat B uHTEpBaJe

(0.5165..., 1.0938...),

M UTO KJlacCHUeCKoe 3HaueHue B TeopeMe bpayspa—3uress paBHo 1, To ecre-
CTBEHHO BO3HUKAET BOMPOC O TOM, CYLIECTBYET Jid B 0OLIEM cJiyuae Mpumep,
KOI'Jla OHO OTJIMUHO OT 1.

OkasbiBaercsi, uTo TNpUMep cyllecTByeT. MeToa MocTpoeHHs TPUMEPOB
TaKuX 6eCKOHEUHbIX I106aJbHbIX MoJIel 3aK/II0YaeTcsl B TOM, 4YTOObl pacCMOT-
peThb npeies GallHU MOJeHd KJIacCoB, 3aJaHHON HEKOTOPLIMU YCJOBHSIMH Ha
pasnioxKeHue HUaeanos.
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OI'P-teopema U. [loaxe
K =Q(cos 2=, V2, V—23)

umeem OeCKOHeUHYyI0 Hepa3semeibruuylo 2-bawnio K, 048 Kkomopot

BS(K) € (BSiower(KC), BSpper(K)),

ede
BSlower(’C) =1- M s
g
(V23— l)log£ 10(7y + log 8)
B upper =B ower 1 - s
Supper(K) Siower(K) + l0g23 g

mo ecmo, YUCACHHO,

0.5939... <BS(K) <0.6025....

3ameTuM, UTO B MpHUMepe Ha HHXKHIOW OlleHKY K (/) HeoOXOMMOCTH HET,
Tak Kak oueBHJHasi olleHKa k() =0 mocturaercst assi JJIoO6OTO aCHMIITOTH-
YeCKH TMJI0XOr0 CEeMEHCTBA UMCJIOBBIX MM0JeH, Hanpumep s Jio0o#i OalliHu
noJieit, abesneBbix Ham Q.

bes OI'P BepxHsisl OlleHKa MeHee TOUHa.

Teopema K. //oze

K =Q(cos 2=, V2, V—23)
umeem 6eckOHeUHYIO Hepa3semseéunyo 2-6awrio K, 041 Komopoli
BS(IC) S (BS]()WEI‘(’C)v BSLJnc,upper(K)),

2de BSwer(K) maxoe aice, kax u soiuie, a BS neupper(lC) = 0.7108 .. ..

Haura BepxHsisi olleHKa rokasbiaeT, uto ycjosue 1/ log |D| — 0 (win, B
HalIUX TePMHUHAX, ¢, = O 1151 M06Oro ¢) B K1accuueckoil reopeme bpayspa—
3uresst AeHCTBUTENBHO SIBJISIETCS] CYLIECTBEHHBbIM. Jpyrumu cjoBamH, OTHO-
wenue bpayspa—3uresist BS(KC) Mmoxer 6biTh cTporo Menbliie 1. A Moxer Jiu
OHO ObITb cTporo 6odblie 1? Moxer JiH K(K) ObITb CTPOro MOJNOKHTENLHBIM
yrcaoM? Ha 3ToT cuér Takke ecTh MpUMep.

OI'P-teopema Jl. [loae
K:Q(\/ll-13~17-19~23-29~31~37-41~43-47~53~59-61~67)

obaradaem OeckoHeuHol HepazsemeabrHol 2-b6autneti K, 8 xomopot
desamo npocmolx udearos, rexcaujux Had 2, 3, 5, 7 u 71 noanocmero
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pacnadawomes. Haa amotl 6awnu BS(K) € (BSiower(K), BSypper(K)) u
H(K) S (K'lower(lc)v K'upper(lc))v ede

2log 2 +2log 3 +2log I +log 2ML
leower(K:) =1+ °gy t2log 4 j; 9L'6 +log 5040 ;
|
BSupper(K) = BSjower(K) + — Z log 6 o+

p=I11

7 47
VB3I 1 log712 1
$ Y08 (g—w—g—log&r—Qz ep 08y 8P )Io >3
p=2

_ g—,
glogh3 — VPl 70 ;7:11\/’[_771 52
_ 2log2+2log +2log 3 +2log § +log 241

Hlower( ) - s

g
2log?2
K'upper(’C) = BSupper(’C) -1+ gg ,

npu 3Mom ece cymmol 6epymcs 1o LPOCMolM p. B 4ucieHHOM 8oLpadicerLU

BS(K) € (1.0602..., 1.0798...),
k(K) € (0.1135...,0.1331...).

Bes runoressl PnMaHa, KakK 06[31‘-1[-[0, BEPXHssA OLI€EHKA MEHAETCSH.

Teopema M. [loae

K:Q(\/ll~13-17-19-23-29-31-37-41-43~47~53~59~61-67)

obradaem beckoneuHoll HepazsemsiéHHol 2-b6awmei K, 8 Komopoil
desamo npocmolx udeanros, sexcawux Had 2, 3, 5, 7 u 71, noanocmoro
pacnadatomes. [as dannod baunu BS(K) € (BSiower(KC), BSuncupper(K))
u H(IC) S (Hlower(lc)v Hunc,upper(lc))7 ede leower(’C) u Hlower(lc) maxkue e,
kak u goiuie, a BSneupper(l0) = 1.0951 ..., Kuncupper (K0) = 0.1454 .. ..

M3 pasmuunbix otleHok i BS(K), HaiiieHHBIX B 3TOH cTaTbe, MOXKHO
COCTABUTb CJIELYIOLLYIO TaOJHLLy.
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beckoHeuHble ryobasbHbie MOJS. . .

HHXKHSIST HUZKHUH BEPXHHH BEPXHA
OLIeHKa npuMep npuMep OLIeHKa
BCe 110J14 0.5165 | 0.5939-0.6025 | 1.0602—1.0798 | 1.0938
orp YUCTO 0.7419 | 0.8009—-0.8648 | 1.0602—1.0798 | 1.0938
BELLECTBEHHbIC
UHCTO 0.5165 | 0.5939-0.6025 | 1.0482—1.0653 | 1.0764
KOMIIJIEKCHBIe
BCE M0JId 0.4087 |0.56939—0.7108 | 1.0602—1.0921 | 1.1588
6e3yCJIOBHO |YHCTO 0.6625 | 0.8009—-0.9248 | 1.0602—1.0921 | 1.1588
BELIEeCTBEHHbIE
4MCTO 0.4087 |0.56939—0.7108 | 1.0482—1.0951 | 1.0965
KOMIIJICKCHbIE

A Bor tabauua aas k(K). 3amMeTHM, UTO HHKHSISI

Bceraga 10CTH>KHMaA.

otenka 0 g k(KC)

BEPXHHH BEPXHA
npumep olleHKa
BCE MOJIsl 0.1135—-0.1331 0.2164
Oorp UHCTO 0.1135—0.1331 0.1874
BellleCTBEHHbIE
YHCTO MHHUMbIE 0.1162—0.1333 0.2164
BCE MOJIsl 0.1135—0.1454 0.3151
6e3yCJI0BHO YHCTO 0.1135-0.1454 0.2816
BEILLECTBEHHbBIE
YUCTO MHHMbIE 0.1162—0.1631 0.3151

B dynkuronanbHom cayuae npumepom K ¢ BS(K) =1 u k(K) =0 apasi-
eTcs1 JiroHast GalHs MoJiel, Takast uto ¢, = 0 s Jro6oro a. B yacTHoCTH,
mobast 6auiHs noJel, abeneBbix Haj F,(¢), obsanaer 3tum cBoicTBOM. B mpu-
Mepe Ha JIOCTHXKEHHE BEPXHel OLEHKH J0JDKHO BHINOJHATHC ¢y = /7 — |
U ¢o =0 naa moboro «. CylllecTBOBaHHE TaKUX OalleH H3BECTHO TOJBKO
TOTJ/IA, KOTJIA 7 SIBJSIETCS MOJIHBIM KBajpatoM. /sl Takoro r 3TUM CBOHCTBOM
006/1a1a10T pasJyiuHble GalllHH MOJYJISIPHBIX KPHBDIX.

B kauectBe mnpuioxenusi 06000611eHHON Teopembl bpayspa—3ureds,
MOKHO TOJIYUHTb OLEHKY Ha PETyJsTOPbl UMCJOBBIX MOJEH JJI acHMII-
TOTHUECKH XOPOLIWX CEeMEHCTB, GoJiee CHJbHYIO, UeM H3BECTHasi OlEHKa
[lummepTa.
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Teopema H (Ouenka Ha peryastopbl). /laa acumnmomuuecku xopouletl
bawHy noumu HopmarbHolx wucarosolx noaei K = {K;}
.. logR;
liminf —— > (log v'7e + 3)¢r + (log2 4 7)éc.
i—00 gi
[Ipenosiaras OI'P BepHO#, Mbl MOJyyaeM Ty »Ke CaMylo OLEHKY Ha pery-
JIITOPBI U JJ1s1 BCEX aCHMMTOTHUYECKH XOPOLUHUX CEeMEHCTB UMCJIOBBIX MOJeH.

Hama pa6ora, pe3dysbraTom KoTopol ctana ctaths [1], 6bl1a Havara 6o-
Jiee JlecsiTH JieT Ha3ajl. Terepb Mbl yOEXKIEHbI, UTO CYILIECTBYET HETPUBHAJIbHAS
Teopusi GECKOHEUHbIX IJI00AJbHbIX MOJIEH, XOTS Mbl BCE elllé He TOHUMaeM, Ha
YTO OHA JI0JKHA ObITh TOXO02KA.
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C. B. lanpun

KoMnakTudukauus v aijepoBa XxapakTepucTUKa
NPOCTPAHCTB BellleCTBEHHbIX
MepoMopP(hHbIX PYHKIHUIA

AHHoOTauMA

Pa6ota coctont u3 aByx uacrei. CHauana J/ist KaxKa0H KOMIOHEH-
Thl CBA3HOCTH H MPOCTPAHCTBA BELLLECTBEHHBIX MEPOMOPMHBIX (DYHKIUH
Mbl CTPOUM Kommnaktudukauuio N(Hp). 3aTeM Mbl BbipaxkaeM 3UJI€pOBbI
XapaKTepUCTHKH nipocTpaHcTB [y u N(Hy) uepes Tonosoruueckie MHBa-
puaHTbl (GYHKLWH, o6pasytoimx Hy.

§ 1. BaeneHue

1.1. Bewecmsennoti mepomopduoti yrkyuei Ha3biBaeTcsi TpoiKa
(P, 7, [), tne P — KOMIaKTHasi puMaHOBa MOBEPXHOCTb, 7: P — P — aHTu-
rojoMopcdHast uHBOJIOLMS, U [: P — C— rojioMmopgHoe oTobpakeHne Ha
ctepy Pumana C=Cu {00}, ynosaersopsioiee yeaosuio f(7(2)) = (f(2)).

JI1060ii MOJIMHOM ¢ BellleCTBEHHBIMH KO3 duleHTamMu p(2) = ap+ a2+
+---+a,2", a; €R, sBasgeTCs BellleCTBEHHOH MepOMOpPGHON (yHKIHEH.
B Hawmmx oGo3HaueHUsX 3Ta (PyHKUMS 3aNUCBIBAETCS KaK TPOKKa (((Aj, 1, p),
TJe 7): 2 — Z — CTaHJapTHast HHBOJIIOLIHUSI.

1.2. TlpocTpaHCTBO BellleCTBEHHBIX MEPOMOPMHBIX (hyHKIMIT H cHabxKeHO
€CTeCTBEHHOH ToroJiorkelt [9] (Mbl HAMOMHUM OTIpe/ieJieHHe TOMOJIOTHH B pPa3-
nedie 3). [IpocTpaHcTBO /1 COCTOUT U3 CUETHOTO UHC/IA KOMITOHEHT CBSI3HOCTH.
Kaxnast KoMIoHeHTa CBSIBHOCTH SIBJISIETCS HE3AMKHYTbIM KOHEUHOMEPHbBIM Be-
11IECTBEHHBIM MHOTOOGPa3HeM.

Pa6ota BbinosiHeHa npu yacThuHo# rHancosoil noanep:kke POPOU, rpant 01-01-00660,
u INTAS, rpanr 00-0259
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B pa6orax [8, 9] HalineHbl LesounC/IeHHbIE TOMOJOTHUECKHE MHBAPHAH-
Thl BElllECTBEHHbIX MEPOMOPMHBIX DyHKUMH. KaxKias KOMIOHEHTa CBBHOCTH
BbljlesIsieTesl 3alaHneM 3THX uHBapuanToB [10]. [Tpocreiiiiimu nHBapuaHTamu
SIBJISIIOTCSI, HAMPUMep, CTereHb 71 0ToOpaXKeHust [ U poa g KpuBou P.

1.3. I1ns1 KaxKa0¥ KOMIMOHEHTHI CBS3HOCTH H( mpocTpaHcTBa H Mbl CTPOUM
Kommaktidukamuio N(Hp). Hama KoHCTPYKIMST KOMIAKTH(OHUKALMY SIBJSIETCS]
BellleCTBEHHbIM aHaJjioroM Komnaxktudukaumu Haranzona—Typaesa [13].

Komnakruduxauus N(Hj) ¥MeeT eCTeCTBEHHYIO CTPYKTYPY KJIETOUHOIO
npocTpaHcTBa. DJeMeHThbl npocTpaHcTBa N(Hp) Ha3bIBAIOTCS BeuecmeeH-
HoLMIL OeKOPUPOBAHHOIMU (DYHKYUAMU.

Jlpyrve KOHCTPYKUMH KOMMAKTH(HUKALMH MPOCTPAHCTBA MePOMOP(HBIX
(DYHKLUMH B HEBELLECTBEHHOM cJjyuae M3/oxKeHbl B [2, 4, 7]. ¥ 3THX KOH-
CTPYKLHMI MOKa, MO-BUAUMOMY, HET BEllleCTBEHHbIX aHaJOTOB.

1.4. Paccmorpum caenytome Tpu obbekra: dyHkuuio (P, 7, f), KoM-
MOHEHTY CBA3HOCTH Hp, coiepKalllyto 3Ty (YHKLUHIO, H KOMIAKTH(PHKALUIO
N(Hp) aToit KoMnoHeHTbl cBsidHocTH: (P, T, f) € Hy C N(Hy).

Tonosornueckne nHBapuantbl (GyHKUMH (P, 7, f) BBIYMC/ISIOTCS OUeHb
Jerko. B cBsi3an ¢ 3THM BO3HMKaeT cJjeiylollasi 3ajaya: 3Has TOIMOJOTH-
ueckue HMHBapuaHThl (yHKuuu (P, 7, f), BbIUMCAUTL KaKue-HUOY/Ib TOMO-
JIOTHUECKHE XapaKTEPUCTHKM MHOroo6pasusi Hy W KJIETOUHOrO MPOCTPaH-
ctBa N(Hp).

Panee 6bl1a n3BecTHa TosMbKO (hopmysia st pasmepHoctd: dim Hy =
=dimN(Hy) =2g+2n—2. Hama pa6ora nocpsilleHa BHIYHUCJEHHIO 3H-
JiepoBoit  xapaktepuctuku X (N(Hp)) knerounoro mnpoctpanctsa N(Hg) u
51epoBOi XapakTepucTuku x(Hp) mMHorooOpasusi Hy. Ilpu sTom nom sii-
JIEpPOBOH XapaKTePUCTUKON HEKOMMAKTHOrO MHOroo6pasust f1y Mbl OHUMaeM
pasHoctb x (Ho) = x(N(Ho)) — x(N(Ho) \ Ho) (nomonuenne N(Hp) \ Hy Takxe
VIMeEeT eCTECTBEHHYIO CTPYKTYpY KJIETOUHOTO TPOCTPAHCTBA).

1.5. OCHOBHBIM pe3yJibTaTOM 3TOH PabOThl ABJSETCS TeOpeMa, CBA3bIBa-
1o11ast 2MUJIepOBY XapaKTepuCTHKYy rpoctpaHcTB Hy u N(Hy) ¢ KpaTHOCTbIO
oro6pakenus JIsmko—Jlolenry.

Ipy6o roBopsi, cutyauus cienyromasi. [ToHsiTHe MHOKeCTBA KPUTHUECKHX
3HAYEHHH MPOJ0/KAETCST €CTeCTBEHHBIM 06pa3oM Ha JIeKOpHpPOBaHHbIE (hyHK-
unu. Tak BOT, silnepoBa XapakTepuCTHKa NpocTpaHcTBa H( (mpocTpaHcTBa
N(Hy)) paBHa uucJly BellleCTBEHHbIX MEPOMOPPHBIX (BelLeCTBEHHbIX JIEKOPH-
POBaHHBIX) (PYHKUHMH, MHOXKECTBO KPUTHUECKMX 3HAUEHHH KOTOPBIX COCTOMUT
POBHO M3 JIBYX 3JIEMEHTOB: [ U —Ii.

1.6. DisiepoBa xapakrepHcTHKa npocTtpaHcTBa Hy pasHa nubo 1, 6o 0
(B 3aBHCHMOCTH OT TOTOJIOTHUECKHX HHBapHaHToB (yHKImMH (P, 7, f) € Hy).

[Tojcuet 3isiepoBoil XapakTepUCTHKH KoMnakTUdukatuu N(Hy) HecKob-
Ko caoxHee. Ham ynanoch Bbipasutb x(N(Hp)) uepes uucio HEKOTOPBIX rpa-

23 dyunameHTasnbHAss MaTeMaTHKA CErojHs
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¢oB (CTPYyKTypa KOTOPBIX 3aBUCHT OT TOMOJNOTHUECKUX HHBAPHAHTOB (DYHKIIHIA
(Pv 7, f) €HyC N(HO))

1.7. CraTbsl OpraHM30BaHHA CJEIyIOUIUM 06Pa3oM:

B pasnene 2 mbl npuBoaum pesyabsrathl [8, 9, 10] o Tonosornueckux
VHBapHaHTaX BellleCTBEHHBIX MepOMOPMHBIX (QYHKUMHA (TaK, Kak 3TO ObLIO
cnenavo B [11]). B pasnene 3 Mbl onuchiBaeM KOHCTPYKLHIO KOMIMAKTH-
cduxkauuu. B pasnene 4 conmepxurcs Besi HeoOXoaumasi HaM MHQopMalus
06 oroOpaxenun Jlsuwko—Jlotienrn. B paspene 5 Mbl dopmysnupyem u
JIOKa3blBaeM TeOpeMbl O KOMMaKTH(pUKauuu. Pasmenbl 6 W 7 MOCBsILIEHbI
BbIDAXKEHUIO 3HJIEPOBOH XapaKTEPUCTHKH uepe3 KPaTHOCTb OTOOpParKeHHs
Jlswko—JlofieHrn (cooTBETCTBEHHO, (HhOPMYJIHPOBKA M J0Ka3aTesbeTBO). U,
HakoHell, pasznesbl 8—10 nocBssillieHbl BLIUMC/EHHIO 3HJIEPOBOH XapaKTepH-
CTHKH.

B KoHle mouty KaxJoro pasiena (Kpome pasiesoB 5, 7 U 9) ecTb MyHKT,
B KOTOPOM COJIepXKaHHe pasjaena pazbupaercsi Ha npumepe. [Ipumepom Bo
BCEX pasjiesiaX CJYXKHT OJHa WM Ta)Ke KOMIIOHEHTa CBSI3HOCTH MPOCTPAHCTBA
BelleCTBEHHBIX MePOMOPHHBIX (DYHKLMH.

1.8. ABrop BeIpaxkaet 6iarogapuocts C. M. HatansoHy 3a MHOTOUMCIIEH-
Hbl€ MOJIe3HbIE COBETHI M 06CYKIEHHUS.

PesysibraThl 3101 paboThl KpaTKo U3JjoXKeHbl B [14]. MiMeercs Takxke aH-
NJIMACKUI nepeBojl, cM. [15].

§ 2. BewmecrtBeHHble MepoMopdHbIe GYHKUHUH

2.1. Kak yxe Obl10 CcKaszaHo, geujecmserHol mepomopduol dynk-
yueti wasbiBaercsi Ttpofika (P, 7, f), rome P — KoMmakTHasi pUMaHoBa IO-
BEPXHOCTb, 7: P — P — anTturojomMopgHas HHBoJouust (To ectb, (P, 7) —
BelllecTBeHHas asreGpanueckasi Kpupasi), U [: P — C=Cu {o0} — mepo-
MopcHas QyHKLMS, yoBJAeTBOpsiolias yeaosuio f(7(2)) = n(f(2)) (n: C—C,
1n(z) =2). Oyukuuu (Py, 11, fi) u (Po, 7o, fo) cuuTaloTcsi coBNAAIOIIMMHU,
ecJiM cylecTByeT GurosiomopdHoe ortobpaxkeHue ¢: Py — Po, Takoe, uTO
[t =fop 1 o1 =T

EcTecTBeHHYIO TOMOJIOTHIO MPOCTPAHCTBA BELIECTBEHHBIX MEPOMOPQHBIX
(bYHKLMH Mbl HAMOMHHUM HH2KE, PH MOCTPOEHUH KOMMAKTH(UKALIMH.

2.2. Paccmotpum KpuByio (P, 7). MuoxectBo PT C P HernoJBHXKHbIX TO-
Y€K MHBOJIIOLMH T COCTOMT U3 TPOCTHIX MOMAPHO HEMepeceKarlMXcs 3aMKHY -
ThIX KOHTYPOB, Ha3blBaeMbix oga.amu. Ecan mHokecTBO P\ P™ HecBsi3HO
(cBsI3HO), TO KpUBAasl Ha3bIBaeTcsl pagdeaarouieli (Hepasdessiowell).

Tonoaoeuueckum munom Kpusoii (P, T) HasbiBaercsi HaGop uucel
(g, k, €), Tne g — pox MOBEpPXHOCTH P, k — uucjo 0BaNOB, U € — UUCJIO,
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paBHoe 1 /s pasiessiiolinx KpuBbiX U O JIJis HepaslesolyX.

2.3. Ilycrb dynxkuusi (P, 7, f) onpenesieHa Ha Hepasnessiiolleldl KPUBOH
TonoJsioruyeckoro tuna (g, k, 0). Ilyerts ¢ C P™ — oBaJ KpuBoit (P, 7') Opu-
eHTHPYEM MPOU3BOJIbHBIM 0GPA3OM OBAJl € H KOHTYP R=RU {0} C C. Io-
CKOJIbKY f(c) C R, MOKHO ONpPEJIE/IUTh CTeNeHb 0ToOpaXkeHus f|.: ¢ — R. Hu-
dexcom ¢pynkyuu (P, T, f) Ha osase ¢ C PT HasbiBaeTcsi aGCOMOTHOE 3HA-
ueHue CTerneHu oToOpaykeHust f|.

Torna monoaoeuueckum munom ¢ynkyuu (P, T, f) HazbiBaeTcst HaGop
uucen (g, n, 0|/), roe n— uucso JucroB Hakpeitust f, a [ = (iy, ..., ip) —
COBOKYIMHOCTb HHJIEKCOB yHKIMU (P, 7, f) Ha oBaJax.

O6Go3Hauum uepes H(g, n, 0]/) MHOKeCTBO (YHKLHMI TOMOJOTHUECKOTO TH-
na (g, n, 0|/).

Teopema A. [8, 10] Mroocecmso H = H(g, n, 0|1) Henycmo, ecau u moao-

k k
koecau 0<k<g Y ij<n—2u ) ij=n (mod 2). Bamom cayuae H—
j=1 j=1
cesa3Hoe npocmpancmso pasmeprocmu 2(g+n—1).

2.4. Tlycrb dynkuusa (P, 7, [) onpeneneHa Ha pa3nensiolieidl KpUBOK.

Opuentupyem cepy Cu MOBEPXHOCTb P KaK KOMIJIeKCHbIe MHOroo6pa-
aust. Kpome Toro, opHeHTHPYeM KOHTYp R o BO3pacTaHuio uyuces. BoiGepem
KOMIOHEHTY CBsI3HOCTH P fonosiHerusi P\ P™. OpueHraliysi ToBEpXHOCTH P
WHJYLIUpYeT opueHTaluio Ha eé rpanuue PT = JP). [lockosbKy f(PT) CR,
BBe/IEHHbIE OpPHMEHTALMH T03BOJSIOT ONpeneuth cmenenu | = (i, ..., i)
¢yukumu (P, 7, f) Ha oBasnax KpuBo#l (P, 7). [IpousBos BeIGOpa KOMMOHEHTHI
CBSI3HOCTH P| MPUBOJUT K TOMY, UTO HaOOP CTeneHel onpenesiéH ¢ TOUHOCTBIO
10 3aMeHbl [ — —1.

[Tycth TomoJiordueckuit TMn KpuBo# (P, 7) paBusiercs (g, k, 1). Torna
monoaoeudeckum munom ¢Gynkyuu (P, T, f) HaspiBaetcss Habop uucen
(g, n, 1|I), e n — unCJIO JIMCTOB HAKPBITHS [, @ [ — COBOKYIHOCTD CTeneHel
dyuxuuu (P, 7, f) Ha oBanax. ToroJioruueckuil THIT ONpeesiéH ¢ TOUHOCThIO
1o 3amensi (g, n, 1|1)— (g, n, 1| —1).

FOBopﬂT Ino TonoJiornueckuit Tun (g, n, 1|/) donyckaem pacuwupenue,

eC“”|Zl/|<Z|l/|—”_
j=1
Oéosﬂaun uepes H(g, n, 1|/) MHOXKecTBO (YHKUMHA TOMOJOTHYECKO-
ro tina (g, n, 1|/). W3 nawmx onpenesenuit caenyer, uro H(g, n, 1|/) =

= H(g, n, 1| —1).

Teopema B. [9, 10] Mrnoacecmso H=H(g, n, 1|I) wenycmo, ecau u

23*
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moavko ecau 1 <k< g+ 1, k=g+1 (mod 2); Zz,_n (mod 2) u aubo
j=1
n:I g*O iy ==x1, aubo n =2, k*g+1 i1=--=ip=0, aubo n > 2,

| Z ij| = Z lij| =n, i; # 0, aubo n > 3, Z lij| <n—2. Kpome moeo, ecau
j=1 j=1

Mﬂoofcecmso H wenycmo u monoaoeuueckuii mun (g, n, 1|1) ne do-
nyckaem pacwupernue, mo H — c8a3noe npocmpancmao pazmepHocmu

2g+n—1).

2.5. Tlyerb Tomosiornueckuit tun (g, n, 1|/) monyckaer paciunmpenue H
muoxectBo H = H(g, n, 1|I) nenycro. ast kaxno#t dyukuun (P, 7, f) € H
paccMOTPUM KOMITOHEHTY CBsi3HOCTH [y mpocTpaHcTBa [, comepaKalilyio
¢byukuwuto (P, 7, f). Hafineres  ¢ynxkuus (P, 7/, [') € Hy, Takasi, urto

"N ()~ (A) — cBa3Has MoBepXHOCTL (3/1eCh P| — Ta 13 KOMIOHEHT CBsI3-
noctn jonosmennst P\ (P))™, ¢ NOMOIIBbIO KOTOPOil OMpee/seTcs: To-
nosornueckudt tun (g, n, 1|l); A={z€C: Im 2> 0}). Pacwupernoin
monoaoeudeckum munom dynkuun (P, 7, f) € H HasbiBaetcsi HabGop uH-
cen (g, n, 1|1, €), rne € — pon nosepxuoctn Py N (f')~1(A). Pacumpennsiii
TonOJlornquKnﬁ THIT OMpeesiEH ¢ TOUHOCTbIO 10 3ameHbl (g, n, 1|/, &) —

=(gon, =1, (g—k+1)/2-9).

Oéosﬂaun uepes (g, n, 1]/, £) nonmHoxecTBo f{, cocTosiiiiee U3 BCcex
(YHKUME paclIMPEHHOTO TOMOJOTMYeCKOro Tuna (g, n, 1|] £). U3z nammx
onpenenennii caenyert, uto H(g, n, 1|1, &) =H(g, n, 1|1, (g—k+1)/2—¢).

Teopema C. [9, 10] Mroacecmso Hy=H(g, n, 1|I, §) nenycmo, ecau u
moavko ecan 0 < EL(g—k+1)/2. B asmom cayuae Hy— ces3noe npo-
cmpancmso pasmeprocmu 2(g +n—1).

2.6. IlpuBeneM npuMep KOMIOHEHTbI CBSA3HOCTH.

PaccmoTpuM BelllecTBeHHble MepoMop(Hbe (DYHKIMH BHJA C, n, fa)s
AeA={z¢€ C:Imz> 0}. 3mech n(z) =z — crangapTHasi MHBOJIOLHUS, a
yepes f Mbl 0603HaUaeM JIBYJIMCTHOE BellleCTBEHHOE HAKPBITHE Chepbl Chepoit
C JIByMsl IPOCTBIMH KPMTHUECKHMH 3HAUEHHSIMH: A H \.

MHOXecTBO TaKMX (DYHKIMH 00pasyeT KOMIOHEHTY CBSI3HOCTH MPOCTPaH-
CTBA BEILECTBEHHBIX MepoMOpP(HbIX (yHKUMH. HeTpynno ybemutbesi, uTo
B Hawux o6osHaueHusix 1o npocrpanctso H(0, 2, 1[(2)). OroGpaxenue
(@, 7, [x) — X 3anaér romeomopcusm H(0, 2, 1|(2)) — A, To ectb 310 Mpo-
CTPAHCTBO FOMEOMOP(HO OTKPHITOMY JHCKY.
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§ 3. KoHcTpykuusi Komnaktudukauuu

3.1. Ilyctb Hy — 9TO OJIHO M3 CBSI3HBIX HEMyCTbIX MPOCTPAHCTB, OIMM-
CaHHbIX B paspese 2, 1o ectb Jubo Ho=H(g,n,0|l), mi6o Hy=H(g,n, L|/)
W ToroJsioruueckuil tHn (g, n, 1|/) He gomyckaer pacuiipenus, au6o Hy=
= H(g. n, 1|1 ).

B sTOM pasnesie Mbl ocTpoum Komnaktugukaiuio Ny npoctpanctsa H.
Hauia komnaktudukauus sBJseTcs TPsIMbBIM aHaJoroM KOMNakTH(QUKAUHKU
Haranszona—TypaeBa, noctpoento#i B [13] nas mpocTpaHcTBa Bcex Mepo-
MOP(HBIX PYHKLHUH.

Huke, B pasnesne 5, Mbl 10KaxKeM KOMIAKTHOCTb U XayCA0P(oBOCTb MPo-
cTpaHcTBa Ny, a TakKe TOT (haKT, UTO MPOCTPAHCTBO Ny KOMMAKTHULIHUPYET
npocTtpancTso Hy.

3.2. BeuwjecmsenHoli 0eKopuposarHoL (yHKyer Ha3biBaeTcs Habop
u3 nstu o6bektoB (P, 7, [, E, {D,}), onucaunubix Huxe. (P, 7, f) € Hy — 310
BellleCTBeHHast MepoMopdHasi PyHKIHUS ¢ 2(g + 1 — 1) KpUTHUECKUMH 3Have-
HUSIMU (TO €CTb BCe KPUTHUECKHEe 3HaueHUsl [ — 1npocThie); £ — 3T0 KoHeuHoe
noamHoxkecTso B C, MHBapHaHTHOE OTHOCHTENBHO KOMIIJIEKCHOTO COTIPSIKEHHST
(n(E)=E, rne n: 2—2); {D,} — 3T0 MHOXKECTBO MOMNAapHO HerepeceKar-
LIMXCSH 3aMKHYTBIX JIMCKOB, MPOHYMEPOBAHHBIX 3J€MEHTAMH € MHOXKecCTBa £,
Takux, uto e € Int D, Kaxablii U3 TUCKOB D, CONEPKUT MO MeHblIell Mepe
JIBA KPUTHUECKUX 3HaueHust PyHKUMU (P, 7, [), rpaHuLbl IMCKOB HE COJepKAT
KpUTHUeCcKnX 3Hauenuil (P, 7, f) u ecam n(e) = ¢, to n(D.) = D,r.

3aMeTnM, 4TO MHOXKECTBO £ B OTNpeJiesieHHH BellleCTBEHHOH 1eKOPHPOBaH-
HOM (DYHKIIMKM MOXKeT ObIThb MyCThIM. B TakoM cJiyuae BelllecTBeHHast JI€KOPH-
poBaHHasl (PYHKIMS TpeBpalaeTcsl B 0ObIUHYIO BELIECTBEHHYIO MEPOMOPHYIO
(hyHKLMIO O3 KPaTHbIX KPUTHUECKUX 3HAUEHUI.

3.3. Mbl XOTHM HaJIOXKUTb Ha J€KOPUPOBaHHbIE (YHKLHH HEKOTOpPblE OT-
HOLIIEHHUST SKBHUBaJIEHTHOCTH. 115l 5TOr0 HEOGXOAMMO YTOUHHUTh HallK 0603Ha-
venust. Bynem paccemarpuBath dyHkimio (P, 7, f) Kak pa3BeTBIEHHOe HAKPHI-
tHe [: Sg — C duxcuposanoil cepoit ¢ g pyukamu Sy cdepbl Pumana C.
[Tpu stom nox P Mbl NoJpasymMeBaeM KOMIIEKCHYIO CTPYKTYpy Ha Sg; T —
3TO MUHBOJIIOLMSA Sg, aHTHrOJIOMOP(HAs OTHOCHTEJILHO CTPYKTYPbI P; HaKpbl-
THe [ yIOBJETBOPSET YCJOBHIO BelllecTBeHHOCTH [T = nf. CTpyKTypa P (HO He
MHBOJIIOLUS T) OnpeJiesisieTcs No HakpbiTHio [ oaHodHauHo [5]. [lepedopmy-
JIpyeM ycJIoBus coBnajenus: ¢pyHkumu (Py, 11, fi) u (Pe, 7o, fo) cuntatorcsi
COBMNAZAIOLIMMH, €CJIH CYIIeCTBYeT roMeoMopduaM ¢: Sy — Sg, TakoH, uto
[i = Jop 1 @11 = Topp.

JBe nekopupoBaHHble (PyHKIHHM CUMTAIOTCS SKBUBAJEHTHBIMH, €CJH OJi-
Ha TO0JIyyaeTcsl U3 JPYyrod KOMIIO3ULIMEH OMUCAHHbIX HUXKE OTOOpaKeHHH



358 Komnakrudukauus u sijiepoBa XapakTepucTHKa MPOCTPAHCTB. . .

Ao u Bg. Orobpaxenue Aq: (Po, 10, fo, E, {De}) — (P1, 11, f1, E, {De})

onpenensiercss nyrém «: [0, 1] — Hy, «: t— (P, 11, [;), Takum, uTo Ha

mnozkectse [ ' (C\ |J De) C Sy KOMIIEKCHasH CTPYKTYpa, HHBOJIOLHS 1 Ha-
eeE

KpbiTHe He MeHsitoTest. OTobpaxenue Bg: (Po, 79, fo, E, {Dg}) — (P, 11, [1,

~

E, {D!}) onpenensiercsi uzoronueit {G3;: C — @}te[o,ll TOXKJIECTBEHHOTO T0O-

MeoMopdHU3Ma cepbl C (Bo = id) B KJ1acce BellleCTBEHHBIX TOMEOMOP(HH3MOB

(nBs = Bin), OCTABJISAIOIIMX HEMOJBUKHBIMU TOUKH MHOXKeCTBa £ W KpHUTHUE-

ckue suauenns (Po, 1o, fo), Aexaume 8 C\ |J DO Tpu stom D! = 3,(D°)
eck

A5 Kaxkjoro e € E; nakpoitue fi: Sg — C cosnanaer ¢ foB¢; Pt otcaiexxuBaer

M3MeHeHHe KOMIJIEKCHON CTPYKTYpbI MPH W3MEHEHHH HAKPBITHSI; UHBOJIOLHUSI

712 Sg — Sg coBnanaer ¢ .

3.4. Tlosb3ysick cJydyaeM, HAaMOMHHUM TOIMOJIOTHIO TPOCTPAHCTBA Bellle-
CTBEHHBIX MepOMOPGHBLIX (PYHKIHMH, ONpeeJEHHbIX HA KPUBBIX pojaa g: Mo-
caenoBatesbHoCTh (Py, 7, [n) cxoautes K Touke (P, 7, f), ecyiu cyliecTByioT
nocJgenoBarensHocts (P, 7., fr) v Touka (P, 7/, ['), coBnanatoume ¢ Mcxoj1-
HBIMH, TaKHe, uto f;, — f' KaKk HaKpbITHSA Sy — C 17, — 7/ KaK MHBOJIOLHH S,.

3.5. O603HaunuM uepe3 Ny MHOXKECTBO BCEX KJACCOB 3KBMBAJEHTHOCTH
JIEKOPUPOBAHHLIX (yHKIME. B 3ToM myHkTe Mbl BBenéM Ha Ny CTPyKTypy
TOIMOJIOTHUECKOTO MPOCTPAHCTBA.

OTKpbITast OKPeCTHOCTb TOUKU X € Ny onpefesisiercsi BIGOPOM J1eKOPHPO-
BaHHo# ¢yHkuun (P, 7, [, E, {D,}) n3 knacca 5KBUBaJIEHTHOCTH X H MHOKe-
CTBOM TMOMNApHO HemepeceKamomxes 3amMkiyThix muckos {B; C C\ U De},

eck
TaKHuX, 4TO Ka)K}lbIﬁ JHUCK coaepmm pOBHO OJJHO Kpl/]TI/]quKOe 3Ha4YeHue

(P, 7, [) u Kaxnoe kputHueckoe 3Hauenue, sexainee B C\ |J D,, npunan-
eekE
JIEXHUT OJIHOMY U3 JcKoB. [1pu atom Ha ancku {B;} Hak/iaibIBaeTCsi yCaoBHe
settectsentoct: N({B;}) = {B;}. CooTBercTByiOlIasi OKPECTHOCTb TOUKHU
X € Ny COCTOUT M3 KJACCOB 3KBHUBAJIEHTHOCTH JEKOPUPOBAHHBIX (DYHKIIMH
(P, 7', J, E', {De}), takux, utro |J De C |J De u HakpbitHe [ MoxKer
e'EE e€k
ObITb MPEJICTABJIEHHO B BHJE KOMIO3ULMH f,, THe 1) — BellleCTBEHHbIN

romeomopuam cepbi C (i) = ), TOKIAECTBEHHDI BHE Usuy D, a
eek

(Pa, Tas [ar E, {De}) — 06pa3 nekopuposauuoii dyukuuu (P, 7, f, E, {D.})
npu orobpaxkeHun A, g HEKOTOpPOro (Mpous3BoJibHOro) . [lpu 3Tom
P’ onpenessiercst M3 HakpbiTHsi [, a 7' coBmajmaer ¢ T, Kak HHBOJIOLHS
TIOBEPXHOCTH Sy.

MmuoxectBo X C Ny oTKpbITO, ecsn sl 060k Toukol x € X Hanaércs
HEKOTOpasi OTKPbITasi OKPeCTHOCTb {/(X) TOUKH X, LEJMKOM Jexalast B X.
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[ToBTOPpSS, C ecTecTBEHHON MOAU(HKaLMeEH, paccyzkaeHus u3 [13], Hetpya-
HO BHJIETb, UTO OTKPbITblE MHOXKECTBA 3aJAl0T Ha MpocTpaHcTBe Ng TOMo-
JIOTHIO.

3.6. Bynem o603HauaTh MOCTPOEHHYI0 KOMMaKTH(UKauuo Ng NpocTpaH-
ctea Hy = H(g, n, 0|/) (coorBerctBento, H(g, n, 1|1), H(g, n, l|I, §) uepes
N(g, n, 0|I) (coorBerctenHo, N(g, n, 1|I), N(g, n, 1]/, &).

3.7. PaccMoTpuM NMOCTPOEHHYI0 KOMNAKTH(UKALHMIO Ha TIpUMepe.

OpnHa 13 BO3MOXKHBIX Komnamnq)nxaunﬁ OTKPBITOrO JHCKA A = {z € C:
Im z > 0} s7o 3amknyThiil anck C(A) ={z € C:lmz> 0} YcTaHOBUM ro-
meomopduam mexkay N(0, 2, 1](2)) u auckom C(A) = {z € C:lmz> 0}.

HeiictBuTenbHO, B ciydae npoctpanctsa (0, 2, 1](2)) BeluecTBeHHbie e~
KOpHUpOBaHHble (DYHKILHH C HEMYCTHIM MHOXKECTBOM £ 3TO MPOCTO (DYyHKIHMHU
una (C, n, [, {1}, {D.}), rne p e Ruie D,,. e Takue yHKLUHH SKBH-
BaJIEHTHBI TOTJIA M TOJIKO TOTJA, KOTJIA TOUKA g y HUX COBMAJaer.

Tomeomopduam N(0, 2, 1|(2)) — C(A) 3anaércsi dhopmysiamu: (@, 1, [

{1}, {D}) = . (C, n, fr, 0, 0) — A,

§4. Orob6paxenue Jlasuwko—JloiieHru u ero cpoicraa

4.1. Inst uccaenoBaHKst CBOHCTB MOCTPOEHHOIO B MpeblylleM pasjese
npoctpaHcTBa Ny Ham noHano6uTest otTobpaxkenue JIsmko—Jlonenru.

4.2. O603uaunm yepes II"™ npocTpaHCTBO BellleCTBEHHBIX HAGOPOB U3 1M1
HeYMopsiIoueHHbIX (He 0053aTejIbHO Pas/MUHbIX) TOUEK PUMAHOBOH cdepbl
C (BElLIECTBEHHOCTb O3HAUYaeT HEMOJABHXKHOCTb OTHOCHTEJNbHO HHBOJIOLMH
n: 2 — 2). [Ipoctpancro II"™ ecrecTBeHHO OTOXKAeCTBJsIeTCs ¢ RP™.

[IpencraBum II™ B BHUJe oObenvHEHHS HerepeceKalolUXcs MOAMHO-
roo6paguit. Ilycte P=(py, ..., p;) u Q@ =1(qi, ..., gs) — HeyObIBaloL11e
nocneﬂosaTeanocm HaTypaJbHbIX UMCEJ, BO3MOXKHO MYCTble, TaKHe, UTO

m= Z pi+2 Z g;. O6o3nauum uepes II(P|Q) MHOKecTBO HAGOPOB, COCTO-
i=1 i=1
AMX U3 r > 0 nonapHo pasyiMuHbIX TOUEK OKPYXKHOCTH R, s>0 MornapHo
pasyiMuHbIX Touek nosymiaockoctd A = {z € (E|Im 2> 0} u s touek u3 n(A),
CONpsuKEHHbIX Toukam A. TIpu 5TOM Toukd 13 R B3siTbI ¢ KpaTHOCTAMHU Py,
., pr (HeynopsiioueHHo), TOUkH U3 A u (A) — ¢ KpaTHOCTAMH G|, ..., §s.
MmuoxectBo II(P|Q) — noamuoroo6pasue B II™ pasmepHocTH 1+ 2s
(He o6s13arenbHO cBsA3Hoe). Oueuaro, uro 1" = | |TI(P|Q).
4.3. Paccmotpum KomnakTHguKaluio Ny KOMITOHEHTbI CBS3HOCTH H ), co-
JiepKallell n-gucTHble QYHKLUM, OnpeeséHHble Ha KPUBBIX poja g.
Omobpascenue Jlawko—Jlotieneu [l: Ny — T2 +&=1) conocrasaser
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nekopupoBanHoit pyukunn (P, 7, f, E, {D,}) HaGop Touek, COCTOSIIMI H3

KPUTHUECKHX 3HaueHuil pyHkumnu (P, 7, ), nexauwmx 8 C\ |J D,, 1 U3 Touek
eck

e € E, B3sTbIX ¢ KPaTHOCTSIMH, PABHLIMH KOJIMUECTBY KPUTHUECKUX 3HAUeHHH

dyukuyn (P, 7, ), nexauwmx B D,.

Jlemma 4.1. Omoobpascenue Jlawko—Jlotienew Henpepol8HO.

Jlemma 4.2. Oepanuuenue omobpasenus Jlawxko—dJloiieneuw Ha npo-
06pa3 41060l KOMNOHeHMbL c8A3HOCMU A100020 U3 NOOMHO2000pa3ULL
II(P|Q) npedcmasasem cobol KOHEUHOMCMHOE HePA3BeMBAGHHOE HA-
KpoLmue.

4.4. Oro6pakenue lly: Hy — II2€*T"=1 " conocrapsioliee BelecTBeH-
HOU MepoMopdHOU hyHKIMK HAGOp €€ KPUTHUECKUX 3HAueHHH (¢ yuéToM KpaT-
HOCTel), TakKe HasblBaeTcs omoobpaceruem Jlauwko—dJlotieneu [1].

Jlemma 4.3. Omobpancenue Ul Henpepol8ro.

Jlemma 4.4. Oepanuuenue omobpascenus lly na npoobpas 060t Kom-
nouenmol c8si3Hocmu 2106020 u3 nodmrocoobpasui I(P|Q) npedcmas-
Asiem cobo0ll KOHeUHOMICIHOe Hepa3s8emaiéHHoe HaAKpbLmiLe.

4.5. Bce siemMbl 3TOrO pasziesa oueBUIHbIM 00pPa3oM CJELYIOT U3 IaHHbIX
HaMU onpeneeHHuH.

4.6. Paccmorpum npumep. [lycts Hy = H(0, 2, 1](2)). Torna oto6pake-
nue Jlsmko—Jloitenru I1: N(0, 2, 1(2)) — II? nefictsyer no dopmyam:

Cn Ix And DD = G, (@€ fa 0,0) = ().
I[Tpencrasum npoctpanctso 112 B Bue 00beHMHEHHS TTOAMHOIOOGPA3Hil
tuna II(P|Q): 112 = T1(2|0) LU TI(1, 1|}) UTL(B|1). B nauem ciyuae oroGparxe-
uue /[ npejcrasssier co6oi onHoscTHOE Hakpbithe Haa IL(G]|1) u nan I1(2]0),
W HyJIbJUCTHOE HakpbiTie Haa I1(1, 1]0).

§ 5. CoiictBa npoctpaHcTBa N

5.1. Teopema 5.1 nokasbiBaeTcsl Tak e, KAK U aHAJOTHUHbIE YTBEPXK/e-
Hus [13] B KOMIJIEKCHOM cutyuae.

Teopema 5.1. [Ipocmpancmso Ny xaycdopgoso. [Ipocmparcmso Ny
KOMNAKMHO.

Cxema dokasameavcmsa. s nokazatesbera Xayca0ppoBOCTH TOMOJOTHH
npoctpanctBa Ny IOCTATOYHO MOCTPOUTH HeMepeceKarolnecst OKPeCTHOCTH
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Touek x, y € Ny, Takux, uto [l(x) ={l(y). A 3TO HeTPyJHO MpojesiaTh SBHO,
UCMoJb3yst JeMMbl 4.1—4.2.

KoMnakTHOCTb [10Ka3bIBAETCsl BbleJIeHHEM U3 JII0G0F MOCJe10BaTebHO-
cTH Touek Ny cxopsiuericss noanocsenoparesbHocTH. [lobaysich gemmoii 4. 1
M KOMMAKTHOCThIO npoctpanctsa I12@+H=1 " mpl naxoaum o6pas 4acTHUHOrO
npenena npu orobpaxkenuu Jlsiuko—Jlofienru. Torna us semmbl 4.2 caenyer
CYLIECTBOBaHHE YaCTHYHOTO MpeJena. O

5.2. Onuuiem BjoXKeHWe npoctpancTBa Hy B mpoctpancTBo Ny. O6o3Ha-
unm uyepes H{ noanpoctpancTso B Hy, cocrosiiee W3 (QyHKLUMH, Bce KpH-
THUECKHE 3HAYEHHS] KOTOPbIX npocTble. OUueBHHO, YTO MOANpPOCTpaHCTBO H)
OTKPBITO H BCIOJYy MJIOTHO B npoctpanctse Ho. Otobpaxkenue C*: Hi — Ny
conocTapasier gpyukiuu (P, 7, f) nekopuposannyio dynkuwio (P, 7, f, 0, 0).

Teopema 5.2. Omobpascerue C* cymo HenpepoleHOE 8BAONEHILE NOONPO-
cmpancmea Hy 8 npocmpancmso No. Omobpascenue C* npodoaxcaemces
no HenpepoigHocmu 0o omobpascenus C: Hy— No. Omobpancerue C
cymo HenpepoigHoe saodxcerue npocmparncmsa Hy 8 npocmparcmso Ny.
O6pas C(Hy) omkpoim u 8ciody naomen 8 npocmpancmse Ny.

Cxema dokasameavcmesa. HenpepblBHOCTb oToOpaxkenust C* caemyer u3
JIAHHBIX HAMH OTpe/e/eH .

[Toctpoum oro6paxenne C: Hy — Ny, npojosrkaioliiee Mo HeNpepbiB-
HoctH otoOpaxkenue C*. Ilyetb (Po, 7o, fo) € Hy — QYHKIHMS ¢ HEMPOCTHIMU
KPUTHUECKUMH 3HaueHUsiMH. OGO03HAUMM MHOXKECTBO €€ HENpPOCTbIX KPUTH-
yeckux 3HaueHuil uepe3d E. OueBumno, uto n(E) = E£. BoibepeM 3aMKHyTble
nonapHo Hernepecekawouimecs: 1UCKU {D,}eocp, Takue, uto e € D, D, He
COZIEPKUT JPYTHX KPUTHUECKHX 3Hauenuii (P, 7o, fo) ¥ ecau n(e) =¢€’, 1o
(D) = Dr. Tlo onpenenenuto, C: (Py, 10, fo) — (P1, 71, [1, E, {De¢}), rie

(Ps, ¢, ft)tej0,1] — NPOU3BOJIBHBINH MyTh B MpocTpaHcTBe Ho, Takoi, u4To Ha

moxkectse [~H(C\ |J De) CSg KommiekcHasi CTPyKTypa, HHBOJIOLMS M
ecE

HaKpbITHE He MEHSIOTCS, U Yy QyHKIMK (P, 71, f|) BCe KPUTHUECKHE 3HAUEHHS

NpoCThIE.

V3 onpenesieHdsi 9KBUBAJEHTHOCTH J€KOPUPOBAHHBIX (DYHKUME CJEyeT,
uTo oToOpaxeHue C ornpeseseHo KOpPpeKkTHO. TakxKe OueBMAHO, UTO OTOGpa-
xkenne C nenpepbisho 1 Clyx = C*. Tot daxr, uto 06pas C(Hp) oTKpHIT 1
BCIOZly TIJIOTEH B MpocTpaHcTBe Ny cle/lyeT HeroCpeCTBEHHO U3 OTpeiesieH sl
TOTIOJIOTHH MpocTpaHcTBa Ny. O

5.3. Tenepn mMbl uMeeM jiBa oToGpakenust JIsiiiko—JlolieHrn, onpenenén-
HbIX Ha TIpocTpaHCcTBe Hy: oTobpaxkenue /[y u otobpaxkenue [l o C. OueBUaHO,
UTO 3TH JIBa 0TOOpaXkeHust coBnajaiot, [y = Ilo C.
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§ 6. BbipaxeHue 3iJepOBOI XapaKTePUCTUKH yepe3
KPaTHOCTb oTOoOpaxeHus Jlsamko—dJloieHru

6.1. OGosnaunm uepes IIy =TI(Py|Qo) Takoe mMoaMHOrooGpasne Mpo-
crpanetsa I12€H=D yro Py =0, Qo= (g+n—1). Mnaue rosops, Iy —
noaMHoroo6pasue HabOPOB U3 ABYX TOUEK KPAaTHOCTH g+ 1 — |, oaHa U3 KO-
TOPBIX JIEKUT B A, a ipyras noJyuyaercs U3 nepBoi conpsizkenneM. OueBHIHO,
uto Iy roMeoMophHO JHCKY.

Paccmotpum KoMnakTHguKaumio Ny KOMIOHEHTBl CBSI3HOCTH [y, comep-
XKallell n1-JUCTHBe (DYHKIMH, onpe/eéHHble Ha KPUBBIX pola g.

Teopema 6.3. IJineposa xapaxkmepucmuxa x(No) npocmpancmsa Ny
pasHa Kpamruocmu oeparudexrus omobpascenus Jlauko—dJlolieneu
l[: Ng — T12€+t"=1) na npoobpas noomnoeoobpasus Il.

diireposa xapaxkmepucmura x(Hy) npocmpancmsa Hy pasna kpam-
Hocmu  oepanuuenus omobpascenua Jlawxo—Jloieneu Illy: Hy—
— [12€+=1 ya npoobpas nodmnozoobpasus .

JlokazaTesibCTBO 3TOH TEOpeMbl Mbl BbIHEC/H B CJIEIYIOLIMH pasfiel.
6.2. OueBUaHbBI CJeayIOlIME CAEACTBUS TeopeMbl 6.3.

Caenctue 6.1. [lycmo g+n—1> 1. Toeda stireposa xapaxkmepucmiu-
Ka npocmpancmea Ny pagra wucay nonapHo HeIK8UBAACHMHLX 0eKO-
puposaunox pyuxyui (P, 7, [, E, {D.}) € No, maxux, umo E ={i, —i},
Dy ={z||zFi| < 1/2} u sce kpumuueckue snauenus (P, T, ) arexcam 6
duckax D,.

YenoBue g+n—1>1 cBsizaHo ¢ HalMM TpeGOBaHUEM B OMNpeLEIEHHH
JIEKOPHPOBaHHOM (YHKLHH, UTOOBI B Kax10M jJucKe D, Jiexaso 1o MeHblIel
Mepe JIBa KPUTHUECKHX 3HAUEHMSI.

Caencteue 6.2. Jiiseposa xapakmepucmurka npocmparcmsa Hy pasna
yucay sewjecmsertolx mepomoppuolx pyuxyui (P, T, ) € Hy, mHodce-
CMBO KPUMUUYeCKUX 3HAUCHIUI KOMOPbLX COCMOUM U3 08YX INEMEHIMNOB, |
u —i.

OueBuaHO, UTO MOJO6HOE BO3MOXKHO TOJILKO B POJE HyJb, HO 3TO Mbl
00CyIUM HUXKeE.

6.3. Paccmorpum Haw npumep — npoctpanctso H(0, 2, 1[(2)). Mol 3ua-
€M, YTO OHO TOMeOMOP(HO OTKPBITOMY IHCKY, a8 €ro KoMMaKTH(HKALWs —
3aMKHYTOMY AHCKY. CJle1oBaTe/IbHO 3H/1epOBbl XapaKTEPUCTHKH POCTPAHCTBA
H(0, 2, 1](2)) u ero komnaxkTuuKallik paBHbl €JIHHHULIE.

CooTBeTcTByIOLME KPATHOCTH oToOpakenust JIsitko—JlofieHrn Mbl Bbl-
UMCJISUIH B MyHKTE 6, U OHU TaKxKe PABHSIMCh €IMHHULIE.
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§ 7. Joka3ateabcTBo Teopembl 6.3 (06 aiaepoBoii
XapaKkTepUuCTHKe)

7.1. TToctpoum KJjeTouHoe pasbueHde npoctpanctBa Ny. Has sroro,
NoJIb3ysiCh JieMMO# 4.2, Mbl NOCTPOUM KJIETOUHOE pa3bHeHHe NMPOCTPaHCTBa
12€+7=1 " cornacopannoe co crapruduxammeit II(P|Q).

[yctb IT — KomnonenTa cesisnoctd II(P|Q) C II?€ =D P=(py, ..., p,),
®=1(q1, ..., gs). OueBuano, uro I KOHEUHOJMCTHO HEPA3BETBJAEHHO HAKPHI-
Baer II(P'|Q") C TI"*%  rie P = (1, ..., 1) (Bcero r enunnn), Q" = (1, ..., 1)

(BCEro S euHMLL).

[TocTpoum kierounoe pasbuenue nommuorooGpasusi II(P'|Q’). Ouesun-
Ho, uto II(P'|Q’) romeoMophHO MPOU3BENEHHIO W (R) x WS(A), rae uepes
W*(X) 0603HaueHO MPOCTPAHCTBO HAGOPOB M3 £ MOMApPHO HECOBMAAIONIMX
Touek TnpocTtpaHcTBa X. CJleoBaTeJbHO JOCTATOYHO MOCTPOUTHb KJETOUHOE
pasbueHne KaxJIoro U3 MPOCTPAHCTB W’(I@) u WS (A).

7.2. TlpocTpaHcTBO W/k(@) Mbl pa3buBaeM Ha JBe KJjeTkH. OjHa 3
HUX, k-MepHasi, COCTOMT M3 HAGOpoOB (X, ..., Xp), He COJAepXKalluX oo.
KoopnunatamMu Ha 3TO KJeTKe CJy»KaT uucaa Xi, ..., Xp € R, Ha KOTOpble
HaJIOXKEHO COOTHOlLIeHHe x| < --- < Xp. Bropas kietka, (k— l)-mepHas,
COCTOUT W3 HAaBGOpOB (Xy, ..., Xp_1, 00) (couepKaumx oo). Koopaunaramu
Ha 3TOH KJeTKe CJIy»KaT uucja Xy, ..., X, € R, Ha KOTOpble HaJO0KEHO
COOTHOLUEHHE X| < -+ < Xp_].

JI151 MOCTPOEHHs! KJIETOUHOro pasbuenus npoctpanctsa W (A) nam Heo6-
XOJIMMO BBeCTH HeKoTopble o6o3Hauenusi. [1yctb 2|, 29 € A. 3anuch 2| < 29
o3HauaeT, uTo Re 2| < Re 2. 3anuch 2| < 29 o3Hauvaet, uto Re 2y = Re 2o u
Im z; <Im 2z9. Kaxnasi knerka cocrout u3 Ha6opoB (2, ..., 2x), TaKHX,
uyto KoopauHaTtamu cayxat uucaa (Re z;, Im zp, ..., Re z;, Im 2z;), Ha
KOTOpbl€ HAaJIOXKEHO OJIHO COOTHOLUEHWE BMJAA 2| * 29 % - %2, TIE 3HAK
«*x» o06o3HauaeT Jub60 <, Jubo <. Bcero, Takum obGpazom, UMeeTCs ok—1
KJIETKH. R

7.3. Mol noctpousu kierouHoe pasouenue npocrpaHets W (R) nu W9 (A).
Mx mnpsiMoe TNpousBelleHHe 3a7aéT KJIETOUHOEe pa3OHeHHe TPOCTPAHCTBA
II(P'|Q'). TMoaHnMasi ¢ MOMOLIBID HAKPBITHH 3TO pa3GHeHHe, Mbl MOJyuaeMm
KaeTounoe pas6uenue npoctpancts II(P|Q), a snauut u II?€+H"=D Jlanee,
noJib3ysich JieMMOll 4.2, Mbl ToJlyuaeM KJjeTouHoe pa3OHeHHe MpocTpaH-
ctBa Nj.

[TocTpoeHHble KJeTOUHble pa3CUeHHs] He 3ajalT CTPYKTYPY KJIETOUHbBIX
npoctpanceTs Ha 112E€ =Dy na Ny. Onnako aist nojcuéra siliepoBoil Xapak-
TEPUCTHKH JIOCTATOUHO MMPOU3BOJILHOTO pa3OUeHHst MPOCTPAHCTBA Ha Herepe-
ceKaroluecs KJIeTKH.
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KpacuBblii mpuMep CTPYKTYpbl KJIETOUHOTO MPOCTPAHCTBA HA UACTHOM CJTy -
yae NPOCTPAHCTBA BElllelECTBEHHbIX MEPOMOPMHbBIX (DYHKLMH onmucaH B [3].
OueBuHa caenyolas JeMmma:

Jlemma 7.5. Kaodasa kaiemka nocmpoeHHoeo KAemouHo20 paidbueHus
npocmpancmsa Ny yeauxom aescum aubo 8 C(Hy), aubo 8 Ny\ C(Hyp).

7.1. Jloka3aTeJbcTBO Teopembl 6.3

J1711 noKasaTesIbCTBa TeopeMbl 6.3 1OCTATOUHO MOKA3aTh (3/1€Ch HCTI0Jb3Y-
ercsi jemma 4.2), 4To y BceX KOMIIOHEHT CBSI3HOCTH BCeX MHOTrO0OpasHil Buja
II(P| @), kpome IIj, siliepoBa xapakrepucTHKa paBHa HyJ0. 31eCh dHaepoBa
XapaKTepUCTHKA — 3TO aJbTePHUPOBAHHAS CyMMa UHCJIa MOCTPOEHHbBIX KJle-
TOK pa3HOi Pa3MepHOCTH.

Jlast 3TOro JI0CTATOUHO TOKa3aTh, UTO 3HJEpOBa XapaKTEePUCTHKA JIHO-
6oro muoroo6pasusi II(P'|Q"), kpome IIy C I1%, pasna nymo. Ecan P’ # ()
(r>0), To x(II(P'|Q")) =0, Tak Kak X(W’?(@)) = (. Ocrasoch paccMoTpeThb
cayuail, xorna r=0 u s> 2. Torna II(P'|Q’) = W5(A). Bcero B kierou-
HOM pasbuenun npoctpanctBa WS(A) yuactByer 257! knerku. Pasmep-
HOCTb KJIETKHM BbluucssieTcs no gopmyse dim =2+ 2(<) + (), re (<) u
(X) — 3TO KOJIHUECTBO COOTBETCTBYIOIIMX 3HAKOB B COOTHOLIEHWH, 3aja-
tolieM kieTky. Takum o6paszom, shsepoBa xapakrepuctika x(W$(A)) paBHa
O =)+ (G = £ () =1 = 1)*"1 =0, uto nam u TpeGoBaoCh.

M3 storo cpasy caenyer Haiia TeopeMa, Tak Kak x(Ilp) = 1. O

§ 8. 3JinepoBa xapakKTepUCTUKA KOMIIOHEHT CBSI3HOCTHU
NPOCTPAHCTBA BEULECTBEHHBIX MEPOMOP(DHBIX

byHKuM
8.1. O6GosHaunm uepes H| KomroHeHTy cBsisHocTtd H(g, n, 0|/).
Teopema 8.4. Ecau g =0, mo x(H,) = 1. Ecau ace g # 0, mo x(H,)=0.

PaccmoTpum KomroHeHTy cBsisHocTH Ho = H(g, n, 1|I) (Tormonoruueckuii
tan (g, n, L|), I = (i, ..., ix) He nonyckaer pacuipenus). Harmomuum, uto
npu g =0 y ¢yHkumii, jexaumx B Hy, poBHO OJUH OBaJs, TO ecTb k=1,
I=(iy).

Teopema 8.5. Ecau g=0 u |ij|=n, mo x(He) =1. B aobom dpyeom
cayuae x(Hg) = 0.

O6o3nauum uepe3 Hs KomnoHeHty cBsisHoctu (g, k, 1|/, ).
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Teopema 8.6. Bue 3asucumocmu om monoaoeuueckux UHBAPUAHNIOB
X(H3) = 0.

Hoxazameavcmea meopen 8.4—8.6. PaccMOTpUM NPOU3BOJILHYIO KOMIO-
HEHTY CBSI3HOCTH () MPOCTPaHCTBA BelleCTBEHHBIX MePOMOPMHBIX (PYHKIHH.

M3 nocrpoenust orobpaxenus C (teopema 5.2) u cienctsus 6.2 ciemy-
€T, UTo HJIepoBa XapaKTePUCTHKA MPOCTpaHCTBa [y paBHA uMC/y (YHKLUHI
(P, 7, [) € Hy, Takux, 4T0O y HUX TOJIKO JBA KPUTHUECKUX 3HAUEHHUS], | U —i.

Paccmorpum takyio ¢yHkumio. [TockonbKy y Heé TOJBKO OHO KpUTHYE-
ckoe 3Hauenue B aucke A = {z € C|Im z > 0}, so6ast KOMIOHeHTa CBSI3HOCTH
npoo6pasza aucka A npexactasisier co6oil quck. To e MOXKHO CKaszaTb H
npo n(A) ={z€ C|lm z < 0}. CuenoBarejbHO poj MOBEPXHOCTH P paBeH
HyJi0. Takske MOKHO yTBEPAKIATb, UTO IPOOGPA3 KOHTYpa R COCTONT H3 0HOI
KOMITOHEHTbI CBSI3HOCTH.

OueBH/IHO, UTO B KaXKI0M MPOCTPaHCTBe [y Takux GyHKUMI He GoJiee 0/~
Hol. Heo6XomMble M 10CTaTOUHBIE YCJOBUS CYLECTBOBAHUS TAKOH (DYHKIMH
cnenyroue: g =0, u mu6o £ =0, qnbo |ij| =n. Ortciona caeayor Teope-
Mbl 8.4—8.6. O

8.2. Ilpumennm Teopemy 8.5 K HalleMy Tpumepy, npoctpanctsy (0, 2,
1|(2)). [Moayuaercs, uto x(H (0, 2, 1|(2))) = L.

§9. 3iiaepoBa xapaKTepUCTHKa KOMNAaKTU(UKALUU B
ciayuyae HepasaeasilouMX KPUBbIX

O6osnauum uepes N, komnakrudukauuio N(g, n, O|f), 1= (iy, ..., ip).
JlJist BbluKC/IeHUsT 3isiepoBoil XxapakTepucTiku x(N) npoctpanctea Ny B 06-
lleM cJjyuae HaM ToHano0sTesl Hepasaessiolue rpadol. [Ipu onpenesnenun
HepasJeJsiiollero rpada Mbl MpejroJaraeM, UTo BCe HHIEKCHI {j OTJIMUHBL OT
HyJis (Mo, uTo MX BooOlle HeT, To ecTb k=0, [ = ()).

Hepasdeaaioujum epagom HasbiBaercs cielytolinii Habop HHHOPMALIKH:

1. JIBynmosbHbIf Tpad ¢ moMeTKaMH Ha BepIIMHAX M péopax 3To:

a) MuoxecTtBo BepuinH V = Vi, U V. DTO MHOXKECTBO pa3OUTO Ha

JIBa PaBHOMOLIHbIX noaMHOKecTBa (| V| = |Vp|). Bepuunnbl, npu-
Haanexkaie Vy, (V3), Mbl curTaeM nokpaiieHHbIMU B 6eaoLtl (4ép-
HbLLl) 1BET.

b) MHoxectBo pébep E. Kaxxnoe peGpo coenHsieT BepLIHHbBI Pa3HO-
ro useta. Ipad (V, E) cpsiseH.
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¢) Oynkums Cy: V—NU{0}. Mbl tpebyem, urobbl g =Fk+ |E| —

—VI+1+ 3 Cv(o).
veV

d) dynxkuusa (g: E— N. JlosoKHO BBIMOJNHATHCST PAaBEHCTBO 1 =

k
= Cele)— > i

eceE j=1

2. CTpyKTypa KOPHEBbBIX BEPUIHH U pEGep:

Bblnenenbl noaMHOXKecTBa KOpHeBbIX BepiunH Vi, C Vi, Vi C V. Kop-
HEBbIX BEPLIMH Ka)kJIoro 1Beta poBHO k. PyHKUMs (y NPUHUMAeT Ha
BCEX KOPHEBBIX BeplIHHAX 3HaueHue 0.

M3 Kaxn0il KOPHEBOH BepIIMHBI BBIXOJUT POBHO oJHO pebpo. O6o-
3Haunum uepes E7, (Ej}) MHOxKecTBO p&Gep, BLIXOASLIMX H3 KOPHEBbIX
BeplinH Gejioro (uépHoro) uBera. PyHkuusi (r ycTaHABJIMBAET M30-
Mopdusmbl £, — [ u Ej — [ mHoxecTB El, u E} u HaGopa MHIEKCOB

= (i1, ..., ip).
3. Asromopdusm v rpaca (V, E):

a) ABTOMODP(H3M 7 MEHSIET LIBET BEPILIKH.

b) Cvoy=Cv, Ceoy= (e
¢) Ha pé6pax, Kotopbie npu aBTOMOpGU3Me -y MePeXojsiT B cels,
GhyHKUMS (g NPUHUMAET UETHbIE 3HAUYEHHSI.

d) AsromMopu3M y MepeBOMUT KOPHEBbIE BEPLIUHbI B KOPHEBLIE.

B kauecTBe mpuMepa K 3TOMY OIpe/e/eHHIO, Mbl OMHUIIEM €HHCTBEHHbIH
Hepaszzeasitouii rpag aast npoctpadersa N(1, 3, 0|(1)): V ={v_g, v_y,
v, 0o}, Ve={v_g, 01}, Ve={v_y, vo}, VL, ={v_o}, Vi={ve}, E=
={(v_g, v_1), (=1, 01), (1, 09)}, EL={(v_9,v_1)}, E,={(v1,v2)},
Qv=0, (B, ,) =1, G((v_y, v1)) =2, y(v;) = v

Teopema 9.7. Ecau k > 0 u xoms 661 00un 13 un0eKcos i; pager Ly, Mo
x(Ny) =0. B amiobom dpyeom cayuae siseposa xapaxmepucmuxa x(Ny)
PABHA HUCAY PABAUUHOLX HEPA30eALIouUux epagos.

Hokazamenocmeso. Ilycts Tonosornueckuin tun (g, k, 0|/) Takos, urto y
¢byukumit us Hy = H(g, k, 0|/) umeercsi oBasn HyJieBoro ungekca. Torna s
o060l aekopupoBautoil dyukuun (P, 7, f, E, {D.}) C Ny = N(H|) BepHo
caenytolee: 60 ¢GyHkuusa (P, 7, f) HMeeT BellleCTBEHHOE KPUTHUECKOE
3HaueHue B @\UDE, JMO0 MHOXKECTBO £ COJEP’KHT BELIECTBEHHYIO TOUKY,
60 UMElT MecTo oba yTBepkaeHus. CiienoBaTeslbHO 00pa3 0ToOpaKeHHst
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JIsimiko—Jlofienru He conepkut mHoroo6pasusi Ily. Torna, no teopeme 6.3,
x(Ny) =0.

Tenepb nyctb Tonosoruueckuit tum (g, k, 0|/) Takos, uto y ¢yHKUMH U3
H, = H(g, k, 0]/) 1u60 BooOliie HeT 0BAJIOB, JUGO BCE OBAJIbI HEHYJIEBOTO UH-
nekca. Torna npoctpanctBo Ny GyJIeT coliep:KaTh JIeKOPUPOBAHHbIE (PYHKIIHH,
ornyvcaHHble B cyencTBUd 6.1.

Kaxo# nekopuposantoit ¢ynkuwau (P, 7, f, E, {D,}), Tako#, uro £ =
={i, =i}, Dy; = {z||zF i| < 1/2} u Bce kpuTHueckue snauenus (P, 7, f) ne-
XKat B qucKax D.;, Mbl COMOCTABUM HepasjieJstiolui rpad.

A umenHo, BeiGepeM Mpou3BoJbHYIO GyHKLHIO (P, 7, [) U3 Kaacca 3K-
BuBasientHoctu (P, 7, [, E, {D.}). Pa3spexem noBepxHocTb P 1o oBaJiam.
Hanee, 3akjenuM Bce oO6pasoBaBlIHecs JbIPKH HAKPBITHSAMH JUCKOB A M
7(A) Tak, uToObI CHOBA TMOJyYWJach BellleCTBeHHAsi MepomopdHasi (yHK-
uust (P, 7/, ). OueBupHO, UTO TOMOJIOTHUECKHH THI MOJYUYEHHON (YHKIHH

k
pasusietcst (g —k, n+ > i;, 011'), I' = ().
=1
Kasknoii komronente casiznoctd [~ (A) (f~'(n(A))) Mbl comocTaBum Ge-
Jyto (4€pHyl0) BepIIMHY CO 3HaueHHeM (y, PaBHBbIM POJy 3TOH KOMIMOHEHTHI.
KopHeBble BepuInHbI MOJyYaTcst U3 JOKJIEEHbIX TUCKOB. Kax10it KoMIoHeHTe
CBSI3HOCTH f"(@) MbI COTMOCTaBUM pebpo co 3HaueHHeM (g, PaBHBIM UMCJY
JIMCTOB HAKPBITHSI KOHTYpa R 5TO#i KOMIOHEHTOI. Pe6po BbIXOANT K3 BepLIU-
HbI, €CJIM COOTBETCTBYIOLME KOMIOHEHThI MOBEPXHOCTH P’ rpaHuyaT Apyr C
JIPYTOM.
Asromopduam rpada nopoxkiaaercst uuBosomed 7. Herpyaro y6eantsb-
Cs1, UTO TIOCTPOEHHBIH rpac — HepasIe/AolIHi, TO eCTh YIOBJETBOPSIET BCEM
HEOOXOAMMbIM YCJIOBHSIM.

Jlemma 9.6. Heaksusarenmmuoim O0eKOPUPOBAHHOIM (DYHKYUAM CONO-
CMABAAIOMC pa3Hole Hepasdeasroujue epaguol. Kaxcdoili Hepazdeasio-
wutl epagh moocem boiMmo NOAYUEH KAK epagh Hekomopol ynKyul.

Horkasameavcmeo. Bropoe yTBepaKIeHHe JeMMbl J0Ka3blBAeTCs sIBHLIM I10-
cTpoeHneM. [TepBoe yTBeprkaeHHE JeMMbl OUEBHHBIM 06Pa30M BBIBOIUTCS H3
JieMMBbl 9.7 KOTOpYIO MBI cefiuac chopMyJupyeM.

B pa6ote [12] nonpo6GHO BbINHCaHbl CTAHAAPTHbIE PacCyXKAEeHHs], 03BO-
JISTIOLIHE JI0Ka3blBaTb MOAOOCHbBIE JIEMMBI. O

PaccMoTpuM 1Ba n-JMCTHBIX HaKpbITHA fi, fo: U — D mucka D cBsA3HO#
NoBepXHOCTbl0 U ¢ MpOCTbIMH ToukamMu BeTBaeHus. [lyctb fi u fo 3anaior
TOMOJIOTUYECKH SKBUBAJIEHTHbIE HAKPBLITHS HAJ TPaHULIEH JUCKA.
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Jlemma 9.7. Haididymcsa coxpansoujue opueHmauuio 2omeomopdusmol
o:U—Uu: D— D, makue, umo Yf; = fop.

Ara jemMa Harnpsimyio ciefyeT u3 pedysasratos [8, 10, 6] o Tonosoruye-
CKOM KJ1aCCH(UKALMK HAKPBITHIH Chepbl C ¢ onnum HENpPOCTHIM KPUTHUECKUM
3HaYEHHEM.

3aKOHUMM JI0Ka3aTeJbCTBO TeopeMbl. M3 siemMbl 9.6 cienyert, uto uucao
(bYHKLMH, ONIUCAHHBIX B CAEACTBUHU 6.1, paBHO UKCJ/y Hepas3nesomuX rpagos.
CuienoBaTesIbHO 3ilepoBa XxapakTepuctuka npoctpanctsa N(g, k, 0|/) pasha
YHCJTy HepaseNsioluX rpagos. O

§ 10. 3JiinepoBa xapaKTepUcTHKa KOMNAaKTU(UKALUU B
cjayuyae pasjessioluX KPpUBbIX

10.1. O6Gosnauum uepe3 No komnakrucukauuio N(g, n, 1]/) (tomosoru-
ueckuil tun (g, n, 1|1), I =(iy, ..., ir) He nomyckaet paciunpenust). [1yisi Bbi-
UUCJIeHHST SUIEPOBOI XapakTepucTHKY Y (Ng) mpocTtpanctBa Ny B o6liiem cJiy-
yae HaM TMOHanOOsTCS paszensioline rpadel. [1pu onpenenennn pasuensio-
uero rpaca Mbl NpeJnoJaraeM, YTo BCe MHAEKCDI ij OTJIHUYHBL OT HyJIs.

Pasdeastoujum epagom HasbiBaeTcst Caeayolni Habop HHpOpMaLMH:

1. JIBynmosibHbIH Tpad ¢ MOMeTKaMH Ha BeplIMHAX M pébpax:

a) MuoxectBo Bepunn V =V, U V,. 910 MHOXKeCTBO pa3buTo Ha
JiBa TOJAMHOXKeCTBa (He 06s13aTe/IbHO PaBHOMOLLHBIX). BepLiuHbl,
npuHaIexKalye noaAMHoKecTy Vi (V) Mbl cuMTaem nokpatieH-
HbIMU B Oeablti (4épHoLil) 1BET.

b) MHoxecTBo pébep E. Kaxxnoe peGpo coenHsieT BepLIHHbBI Pa3HO-
ro useta. Ipad (V, E) cpsseH.

¢) Oynkums Cy: V—NU{0}. Mbl tpebyem, utobbl g = (k— 1)+
+2(E[ = V[+ 1) +2 > Cv(v).
veV

d) ®Oyukuusa (g: E— N. Jlo/oKHO BBITONHATLCS PABEHCTBO 1 =
k

=2 Cele) = X lijl-

eck j=1

2. CTpyKTypa KOPHEBbIX BEpPLIHH U pébep:

Boinesienbl moaMHOKecTBa KopHeBbIX BepwnH V), C Vo, Vi C Vy,. O6-
11[ee UMCJI0 KOPHEBbIX BepILUMH paBHO k. KoJsnuecTBO KOPHEBBIX BEPLIMH
6eJ/10ro 11BeTa PaBHO KOJIMUECTBY OTPHLATENILHBIX CTeneHel i; B Habope
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I=(i1, ..., ir). PyHkuus {y NpUHUMAeET Ha BCEX KOPHEBBIX BepLUMHAX
snauenue 0.

M3 Kax10il KOPHEBOH BEPLIMHBI BBIXOJAUT POBHO 0JHO peGpo. O6o3Ha-
unM uepe3 £ MHOxKecTBO pébep, BHIXOASUIMX M3 KOPHEBBIX BEpPUIHH.
Onepenesum Ha MHOXKecTBe £ yHKumio (p: ecyin pe6bpo e € E Bbixo-

JIUT U3 KOPHEBOH BeplliMHbl 6esioro (uépHoro) 1Bera, To (r(e) = —(g(e)
(Cr(e) = Ce(e)). Dynkuus (p noJKHA yCTaHABANBATL H3OMOP(H3M MHO-
kectBa £” u HabGopa crenenedt [ = (iy, ..., ip).

B kauecTBe mpuMepa K TOMY OINpPENe]eHHIO Mbl OIMHIIEM €UHCTBEHHbIH
pasnessitouwit rpad s npoctpanerea N(1, 3, 1|(1, 2)): V = {uvo, v, va},
Vo ={vi1}, V' =V, ={vg, va}, £E=E"={(vo, v1), (v, v2)}, (v =0.

k
Teopema 10.8. Ecau | Y ij|=n, mo x(No) =1. Ecau xoms 661 00na u3
=1
k
cmenenelil ij pasna Hymo, mo x(Nq) =0. Ecau oce Y |ij| <n—2 u i; #0,
=1
mo atineposa xapakmepucmura xX(No) pasua wucay pasauurolx pasde-
agouux epaghos.

Hokasamenvcmeo. Ecav onna U3 cteneneil i; papHa Hyao, To x(N2) = 0 1o
TeM Ke cooOpakKeHHUsIM, UTO U MPH J0Ka3aTebCTBe TeopeMbl 9.7.

[TycTh Hu oHa M3 cTenened i; He paBHa Hymo. Kaxiof 1eKopHpoBaHHON
dyukuun (P, 7, [, E, {D.}) € Ny, taxoi, uto £ ={i, —i}, D+, ={z|]|lzFi| <
< 1/2} u Bce kputuueckue 3nauenusi (P, 7, f) saexar B auckax Di;, Mbl
COMOCTABUM pazjieisiiolliuil rpad.

A umenHo, BbIGepeM MpoU3BoJBHYIO (yHKIMIO (P, T, f) U3 K1acca 3K-
BuBasientHoctu (P, 7, [, E, {D,.}). [lyctb P; — Ta U3 KOMIOHEHT CBSI3HOCTH
nonoJiHenusi P\ P7, no KoTopoil onpenesnén tonoJoruueckuil tun (g, k, 1|7).
OTpekeM OT Heé Mo OBaJiaM OCTaJbHYIO UacTb KpuBol P. [lasee, 3aK/enM Bce
o6pa3oBaBllIMecst IbIPKU B P| HaKPLITUSIMU AUCKOB A 1 1(A) Tak, uToGbl CHOBa
noJiyursiachb MepoMopgHasi GyHKIUs (y:Kke He BelllecTBeHHast). [TosyueHHyo
TPH TOM MOBEPXHOCTh MBI 0603HAUUM uepe3 Pi.

Kasoit komnonente casiznoctd [~ H(A) (F~'(n(A))) mMbl conoctaBum Ge-
Jiylo (4épHyl0) BepLIMHY CO 3HaueHHeM (y, PAaBHbIM POJY 3TOH KOMIOHEHTHI.
KopHeBble BepllMHbI NoyuaTcs U3 A0KAeeHbIX AUCKOB. Kaxkaoil KoMnoHeHTe
CBSI3HOCTH f*'(@) Mbl COIMOCTaBUM pebpo co 3HaueHUeM (g, PABHBIM UMCJY
JIUCTOB HAKPBITHS KOHTYpa R 9TO#i KOMIOHEHTOI. Pe6po BBIXOMUT M3 BEpIIH-
HBbl, €CJIH COOTBETCTBYIOLIME KOMIOHEHTbI MOBEPXHOCTH P| rpaHHyar Apyr ¢
npyrom. KopHeBble péopa U H30MOp(U3M (p MOJIYUAIOTCS H3 CJEL0B OBAJIOB
Ha Pj.

24 @yupameHTasnbHAs MaTeMaTHKaA CErojiHst
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HetpynHo y6emuthbest, 4To MOCTPOEHHBIH rpad — pasaessiiolili, To ecTb
YIOBJIETBOPSIET BCEM HEOOXOJMMbIM YCJIOBHSIM.

Jlemma 10.8. Heaksusarenmuoin 0exopuposaHHum GyHKYUAM CcONO-
cmasasiomes pasgnole pazdessioujue epadhol. Kaxcooid pasdersioujuil
epagh moscem 6oLmo noAYUeH KAK epag HeKomopol pynkyuu.

Hokasameavbcmeo. IlepBoe yTBepxKaeHUE JeMMa CJAeIyeT HeMOCPeACTBEHHO
13 seMMbl 9.7. Bropoe yTBepiKjieHHe JIeMMbl JIOKAa3bIBAETCST SIBHBIM MOCTPOE-
HUEM. O

JlokazaxkeM TpeTbe yTBepKaeHue TeopeMbl. K13 semmbl 10.8 cienyer, uto
uyrcsio (YHKIME, OMMCAHHBIX B CJAEICTBHH 6.1, paBHO UHCJy pas3lessiiolux
rpacdos. CuseloBaTe/bHO 3HAepoBa XapaKTepUCTHKA MpocTpaHcTBa No paBHa
UKCJy pasiesisiiolux rpados.

k

Ecam xe | )~ ij| = n, To HeTPyAHO BUIETb, UTO pas3iesioluil rpad poBHO
j=1

omuH. Teopema jlokasaHa. O

10.2. OGosnauum uepe3 N3 kommaktudukauuio N(g, n, 1|/, §), 1=
= (i1, -, ip).

Teopema 10.9. Ecau xoms 66 00na u3 cmenexeil ij paguHa HYa0, Mo
X(N3) =0. B arob6om dpyeom cayuae x(Ns) = 1.

Hokaszamenvcmeo. Ecay ofHa U3 cTeneHeil i; paBHa Hyao, To x(N3) = 0 mo
TeM 2Ke CO0OpaKeHHsIM, UTO U MPH Jl0Ka3aTesbcTBe TeopeMbl 9.7. B soGom
JIPYroM cJjiyuae HaM JIOCTaTouHO yOeauThesi, uTo B poctpanctee N3 = N(g, &,
1/, ) poBHO ojiHa JeKOPHpOBaHHAsT (PYHKIHUS, YJOBJETBOPSIOLIAS YCAOBUSIM
ciaenctsus 6.1.

Pacemorpum dyukuuio (P, 7, f) € H(g, &, 1]/, £). Ilyctb y Heé HeT Kpu-
THUECKHMX 3HAUEHHI Ha KOHType R. [Tycts P; — Ta U3 KOMIIOHEHT CBSI3HOCTH
nornosiHerusi P\ PT, 110 KOTOPO# OMpeiesiéH pacliipPeHHbIH TOMONOrHUECKUH
tan (g, &, 1)1, §).

Jemma 10.9. =AY NPy u [~ (n(A) NP — ceasHble mHodcecmsa.

dra jeMMa B HECKOJILKO MHOH (opmysnnpoBKe aokazana B [10].

N3 semm 9.7 u 10.9 caenyert, uto B N3 poBHO 0fiHa (YHKIMS, YIAOBJIETBO-
psitouias ycaoBusiM caenctsus 6.1. Teopema nokasana. O

10.3. Ilpumenum teopemy 10.8 k nawemy npumepy, npoctpanctsy N (0, 2,
1|(2)). Herpyato BuaeTs, uto pasaessiouwii rpad posro oaun: V = {vg, v;},
Vo ={v1}, V' =V, = {vo}, E=L"={(vo, v1)}, (v =0.
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0. K. Ule#inman

Kasumupbl BTOporo nopsaka ag(uHHbIX anreop
Kpuuesepa—HoBukoBa gl » 1 slgo

Lpyseam u koareean no Hesasucumomy mocko8ckomy yrHusepcumemy

AHHOTaALUs

Hano onucanke Ka3UMUPOB BTOPOro MOPsIIKa /ISt aHHHBIX anreGp
Kpunuesepa—Hosukosa gl , 1 slgo. BBoasitest Gosee o01ume onepatopbl,
KOTOpble Mbl Ha3BaJu ToJyKazumupamu. JlokasaHo, uTo MoJryKa3uMuphbl
KOPPEKTHO onpefe/ieHbl Ha KOH(QOPMHbIX 6J10KaX H, /151 HEKOTOPBIX TPO-
CTPAHCTB MOJyJeH PUMaHOBCKHX TOBEPXHOCTEH C IBYMsI OTMEUeHHBIMH
TOUKaMH M (PUKCHPOBAHHBIMH CTPYSIMH JIOKAJbHBIX KOOJAPHHAT B HHX,
MMEETCSl €CTECTBEHHOE COOTBETCTBHE MEXKIY HX KacaTeJbHbIMH BEKTO-
paMH M ToJIyKa3uMHpPaMH, pacCMaTpUBaeMbIMU Ha KOH(OPMHBIX GJIOKaX.

§ 1. Bgeenenue

Onucanue onepatopoB Kasumupa (ka3uMHpOB, JlanylacMaHOB) — OJIMH U3
LIEHTpaJIbHLIX BOIMPOCOB TEOPUM TpejcTaBieHuil anre6p Jlu. TpynHo mepe-
YHCJIUTh BCE TIPUJIOKEHHST Ka3UMHPOB. Teopus crieluabHbIX (DYHKIHH, KOH-
CTPYKIIMH FaMUJILTOHHAHOB H HCCJIE/IOBAaHHE CBOUCTB KBAHTOBBIX CHCTEM, 00-
JIAJIAI0IKMX CUMMETPHSIMH, TEOPHsl BIOJHE HHTErPUPYEMBIX CHCTEM — Ja/IeKO
HE TMOJIHBIA CIHUCOK UX MPUJIOKEHHH.

Bo Bcex 3THX Borpocax 0co0blii HHTepeC NPEJCTABSIOT KA3UMUPbI BTOPO-
ro nopsiaka. Huke moj cJJo0BOM «KasuMHUP» Mbl BCETJla HMEEM BBHJLY «Ka3uMHP
BTOPOTO MOpPsIAKa»

Pat6ora noanepxkana nporpammoii PAH «HesnHefinasi 1MHaMHKa U COJTMTOHBI» U TPAHTOM
PODOU Ne 02-01-00803
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Kasumupbr anre6pbl JIu g MoryT ObITh 0XapaKTepH30BaHbl KaK Oreparopbl,
KOTOpble

1. KOMMYTHPYIOT ¢ oniepaTopaMu p(g) aJisi BceX (BO3MOXKHO, PHHALJIEeKA-
IMX 3aJlaHHOMY KJiaccy) TpejicTaBjieHni p anarebpbl g U g € g,

2. MoryT GbITb OMNpeeséHHbIM 06pa3oM BbipakeHbl uepe3 p(g). (Tounblit
CMbICJT 3TOMY TPUJAETCS B ryaBe 4)

Kasumupbl npuHamiexar 6oJiee LIMPOKOMY KJacCy cnAaemarowux onepa-
Mopos, KOTOPBII MOJIYUHTCsl, €CJIH ONYCTUTb BTOpoe TpeGoBaHHe (TO eCTb
COXPaHUTb TOJIbKO TpeGOBaHHE MEPECTaHOBOUHOCTH).

JLs1s1 KOHEUHOMEPHBIX MONYNPOCThIX a/are6p JIu onucaHne Ka3UMHPOB OC-
HOBaHo, ry1aBHbIM 06pasom, Ha Teopeme M. M. Tenbdanga o 1eHTpe yHUBep-
caJjibHoH o6épThiBatoLelt anreOpbl. C pazBuTHeM Teopuu anrebp Kana—Mynu
BO3HHMK HOBBIH MOJXOJ K TMOCTPOEHHI0 Ka3uMupoB [6, 5]. OH TecHO cBsI-
3aH CO CJeaylolM (yH1aMeHTalbHbIM siBJeHHeM. C KaxkablM (TaK Hasbl-
BaeMbIM donycmumsim) NpejicTaBieHeM adpdunnon anredbpol Kana—Myan
0 KaHOHMYECKH CBSI3aHO CrelHabHOe MpejcTaBienue anare6pbl Bupacopo
(Vir), naspiBaemoe mnpeacraBiennem CyraBapa. OHO JeHCTBYeT B TOM »Ke
BEKTOPHOM MPOCTPAHCTBE, UTO W MCXOJHOe mpescrasienue g. O6osHaunm
uepes D' cymmy Vir u g, UeHTPbl KOTOPBIX OTOKIECTBJEHBLI. B jponycth-
MOM TpejicTaBientt anre6pbl D' Kaxiblil sjemeHT e anre6pol Vir aeiictsy-
€T, BO-MEPBBIX, B CUJIY 3TOTO MPEJCTaBJEHHSs, a BO-BTOPbIX — B CHJy Mpeji-
crapjenus CyraBapa. st nosynpoctoil anre6pbl g U eé ajnreOpbl MeTesb
@, HekoTopast JiMHeHHast KoMOMHaUWs A, 3THX ABYX AeHCTBUH Bcerza Ja-
ér cretaroluit oneparop. OAMH M3 HUX Ha3bIBAETCS KAZUMUPOM, UMEH-
HO, TOT, KOTOPbIH COOTBETCTBYET BEKTOPHOMY TOJII0 HYJEBOH CTeneHH (Mbl
He paccMaTpuBaeM 3JieCh BbIPOXKIEHHBIH cJlyuyail Tak Ha3bIBAEMOTO KPHTH-
UECKOro YPOBHSI, KOTJla UMeeTcsi 6ECKOHEUHOe UMCJI0 KAa3UMUPOB YKA3aHHOTO
BUJIA).

Kpuuesep n HoBukos Besin u pacemorpesu [8, 9, 10] TeH3opsl co crenu-
aJIbHbIMU CBOMCTBAMH Ha PUMAHOBBIX MOBEPXHOCTSIX, HMEHHO, MEPOMOPQHbIE
TEH30pbI C MOJIOCAMH JIHLIb B Nape (PUKCHPOBAHHBIX TOUEK Pi MOBEPXHOCTH.
Mb1 HasbiBaeM Takue TeH3opbl TeH3opamu KpuueBepa—Hosukosa. Hampu-
Mep, Mbl roBopuM o yHKiusx KpuueBepa—HoBukoBa (KoTopbie 06pasyior
accouuaTuBHyo anre6py A), BeKTOpHbIX MoJisiX, A-popmax Kpuuesepa—Ho-
BUKOBa, U TaK jaajee. B [8, 9, 10] BBenenb! 1Ba HOBBIX Kaacca anre6p JIu. to
LeHTpaJbHble paciurpenus aare6p JIn BekTopHbix noJeil Kpuuesepa—Hosu-
KOBa U g-3HauHbIX PyHKUMH KprueBepa—HoBHKOBA, rie g — KOHeUHOMepHast
KOMIJIEKCHAsI MOoJIynpocTasl Wi peaykTuBHasi anrebpa JIu. Ilyctb L obo-
3HaAuaeT MepBylo U3 HUX (OHA HasbiBaeTcs anre6poil Kpuuesepa—HoBukoBa
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muna Bupacopo), a g — BTopyio (oHa HasbiBaetcst anre6poil Kpruepepa—
HosukoBa agpdhurroeo muna). Insi pona 0 oHH COBMNAAAIOT, COOTBETCTBEHHO,
¢ oObluHO anrebpoit Bupacopo u o6biuHol addunnoi anrebpoit Kaia—My-
. nst apdpunnbix anre6p Kpuuesepa—HoBuKOBa omucaHHbI# Bbille CNOCO6
MOCTPOeHHsT Ka3uMHUPOB Obly peannsdoBaH B [18].

Hacrositiasi craThbsl MocBsillleHa OMUCAHHIO Ka3UMHUPOB BTOPOTO MOPSiji-
Ka (M HeKOoTOpbIX UX 06006u1eHnH) st anre6p KpnueBepa—Hosukosa. Ona
npejicraB/sieT co60H paclMpeHHbI U MOJAU(MULIMPOBAHHbIH BAPUAHT J0KJ1aJ1a,
C/IeJIAaHHOTO aBTOPOM Ha KoHgepeHUuH, nocesiiuénHoi 10-mertuio HesaBucu-
MOI'0 MOCKOBCKOT'O YHHBEpPCHUTETA, U CTaTbu [23].

Mbl orpanuunBaemes anrebpamu KpuueBepa—HoBukoBa, KoTopble co-
otBeTcTBYIOT anrebpam g=sl(/) u g=gl(/), npencrapisOUMM NPOCTOH H
PEyKTHBHbII CJIyYan COOTBETCTBEHHO. B 3THX Cotyuasix Juisi g Mbl HCTIOJIb3yeM
6oJiee NoaApoOHble 0003HAYEHUS: g[g,g JUU151 IEPBOM U3 HHUX, U Q[g,g JI/1s1 BTOPOH.
35ech g 0603HaUYAET POJL PUMAHOBOMH MMOBEPXHOCTH, @ HHJIEKC 2 OTBEUAET UHCJTY
OTMEUEHHbIX TOUeK.

Hauile onucande ka3uMMpOB OCHOBAHO HA BbILIENPUBENEHHONH KOHCTPYK-
1y onepatopoB A, rae Vir u abdunnas anrebpa Kaua—Myan 3aMeHeHbl
cooTBeTCcTBYOUIMMH anrebpamu Kpuuesepa—HoBrkoBa Lu 9. Hemennenno
BO3HHUKAIOT CJIe/lylOLIHe BOMPOCH: CKOJILKO CYLIECTBYET HE3aBUCHUMbIX Ka3H-
MUpoB? [louemMy TOJILKO OJMH CIJIETAIOIMH OMEPATOp W3 OMUCAHHBIX BbIllE
paccmarpuBaercsl Kak kasumup anre6pol Kpuuesepa—Hosukosa? O6bluHoe
0O'bsICHEHHE COCTOUT B TOM, UTO OJIMH M3 3JieMeHTOB anrebpbl Vir siBasiercs
BbIJIeJIEHHBIM, MOCKOJIbKY 3a1aéT rpajlyupoBKy Ha adduHHOH anrebpe. ITo
oObsicHeHUe He paboTaeT B ciayuae anrebp Kpuuesepa—HoBuKoBa, MocKoJIb-
Ky TaM HET BbIJIJIEHHbIX BEKTOPHBIX MoJiell (B 4aCTHOCTH, ajreOpbl Kpuue-
Bepa—HoBHKOBa He siBAsIOTCS rpajydpoBaHHbIMH). Hixke Mbl cBsi3biBaeM
BOTPOC O YMCJIe He3aBHCHMBIX Ka3HMHPOB ¢ HEKOTOPHIM KOLMKJIOM ¥ Ha D!,
OkasblBaercsi, UTO TOJBbKO OJMH 3JEMEHT e € L 3a1aéT KasuMHUp, a UMeH-
Ho Tot, st kotoporo (e, A) =0 npu Bcex A € A. [losb3ysicb 3TUM, Mbl
JIOKa3blBaeM, uto 041 agunnoix areedbp Kpuuesepa—Hosukosa g[g,g u

QT[g’Q Kasumupol 8mopoeo nopaoka napamempusdyiomcs ioeapudmuye-
CKUMIL MEePOMOPPHOIMU CBAZHOCMAMU (8 PACCAOCHUSX) HA PUMAHOBOL
nosepxHocmu, umerowumu noaoca 8 Py. 3amerum, uto B [23] Bompoc
paccmaTpuBasicsi pd (PUKCHPOBAHHON CBsidHOCTH. B wactHocTH, mJist anre6p
Kana— Mynu (g = 0) umeer MeCcTO eIMHCTBEHHOCTb Ka3UMHpPa C TOYHOCTbIO
JI0 TIPOTIOPLIMOHATBHOCTH.

Hlanee Mbl paccmatpuBaem 6oJiee caabble YCJAOBUS MO CPABHEHHUIO C TEMH,
KOTOpbIE OMnpeesioT kasumupsbl. [lyets AL C A — nopanre6pa, cocrosias
13 3JIEMEHTOB MMOJIOKUTENLHOTO TopsiiKa B Touke P. [l/si HeKOTOpOro moj-
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npoctpanctBa Ayg C A (CM. omnpese/ieHHe HUXKE) HMeeT MeCTO CJelylollee
passioxenue [8]: A= A_ & Ay ® A;. PaccMoTpuM Takne BEKTOPHbIE OIS €,
uro y(e, A) =0 nnisi Bcex A € A_ ® Ay. Oneparopbl A, /st TAKAX BEKTOPHBIX
noJiefl Mbl HAa3bIBAEM HOAYKAZUMUPAMU.

OxasbiBaercsi, MeXJy TMoJyKa3uMHUpPaMH M TIPOCTPAHCTBAMH MOJIyJIel pH-
MaHOBBIX MOBEPXHOCTEH HMMeeTcsl cJeayiouias cBssdb. [lycTb M(g’?;—npo_
CTPAHCTBO MOJyJiell pUMAHOBBIX MOBEPXHOCTEH pojia g ¢ IByMSsl OTMEUEHHbIMH
ToukaMH Py W (UKCHPOBAHHBIMHM CTPYSIMH JIOKAJIbHBIX KOOPJAMHAT (MOpsiji-
ka 1 B Py unopsnka p B P_). Jlna ¥ € Mgf% nycTh TEML:% 0603Hauaer
KacaTeJibHOE MPOCTPAHCTBO K 3TOMY MPOCTPAHCTBY MOJyJiell B Touke X. Pac-
CMOTPHM, TAaK¥Ke, POCTPAHCTBO KOUHBAPUAHTOB (UJIH KOHMOPMHOLX 6L0KOB)
peeyaaprotll nodaseedbpol g, (CM. orpeaesneHde B pasfaese 4.3) B HEKOTO-
poM mpejcTas/enud anre6pbl g, riae g = gl(/). OkasbiBaercsi, MOJyKa3UMH-
pbl KOPPEKTHO orpeJsieHbl Ha KOH(OPMHbLIX Osiokax U (o Teopeme 4.2) das
HEeKOmMopoeo p cyujecmayent ecmecmseersas npoeKyus npocmpancmaa
Tg./\/lgg HQ NPOCMPAHCMBO ONepamopos, UHOYYUPOBAHHbLX NOAYKAZU-
MUpamu Ha KoHGopmHoLx 6a0Kax HAO L.

CraTbsl opraHu3doBaHa cJiefyoliiM obpasoM. B pasmene 2 mbl BBOAMM
appunHble anrebpel Kpuuesepa—HoBukoBa v ux npeacrajieHust. 3a 10-
Ka3aTesJbCTBAMM Mbl OTcbllaeM K [21]. B pasnesne 3 mbl BBoauM anreGpbl
BeKTOPHBIX ToJieli KprueBepa—HoBuKoBa, onpenensieM npencranienne Cy-
raBapa U (opmyJipyeM ero KOMMyTallMOHHblE COOTHOLLIEHHUS ¢ OrepaTopamu
npencTaBaeHus appuHHON anre6pbl. ITH Ba pasjiesia MOTyT pacCMaTPUBATh-
csl KaK BBejleHHe B ajre6pbl KpuueBepa—HoBHKOBa M nX mpenctaBieHHsl.
B paspesnie 4 Mbl BBOJUM KasMMHpPbl W TMOJYKa3UMHPbl H TloJydaeM cghop-
MyJIMpPOBaHHbIE Bhillle pe3yJ/bTaThl (Teopembl 4.1 W 4.2). 3amerum, uto mnpu
5TOM Mbl He HCMOJb3yeM Kjaaccudukauuio 2-kouukjaos na D'. Jlns pona
0 rakag kjaccucukauus gaHa B [1], a i MpPOM3BOJNLHOTO poja HelaB-
Ho nosiBusack B [17]. TTosToMy B pasnesne 5 Mbl 3aHOBO MOJyyaeM HEKO-
TOpble U3 Pe3ysbTaToB pasjiesia 4, yxKe C MCIOJMb30BaHHEM KJjacCH(HUKALMH
KOLMKJIOB.

Ha nocraHoBKM 3aay W HEKOTOPblE MOAXOJbl JAAHHOH CTaTbH CHJIBHO
MOBJIMsI/IA MOs JloJirast coBMecTHast pabota ¢ Maptunom Llnxenmailepom.
B uactHocTu, 1151 anre6p tuna leiizenGepra (Korja g KOMMYTaTHBHA) HMEHHO
OH TOHSI, YTO KOLMKJIbI Ha D' ABIAIOTCA NMpensaTcTBHEM K TOMY, UTOObI
oneparopbl A, 6bUM KazuMmupamu (cMm. Hixke Jemmy 4.2). S 6maronapen
M. lllnuxenmaiiepy 3a MHOTOUHCJIEHHBIE OOCYXKJIEHHsI M TOCTENPHUMCTBO,
oKasaHHoe MHe B YHMBepcHuTeTe ropoga Mannxatim. $ Takxke 6GsarojnapeH
B. ®eiiruny u C.JlokreBy 3a o6cyxaeHusi KOUMKIOB Ha D' u kounsapu-
AHTOB.
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§2. Addunnbie anre6psl Kpuuesepa—HoBukoBa
M MX NpeacTaBJeHus

2.1. Addunnbie anreopol Kpuuesepa—HoBuKoBa

[Iycth ¥ — KomnakrtHasi aire6panueckast kpusasi poaa g Haja C ¢ nByms
OTMeueHHbIMH Toukamu Py, A(X, P1) — asreGpa MepoMOpdHbIX (DYHKIIHH
Ha X, peryssipHbiX BHe ToueK Py, g— KOMIJIEKCHAsl pelyKTHBHas ajreGpa
JIn. Torna

g=9®c A, Py)®Cc 2.1

HasbiBaetcst agpunnoti areebpoii Kpuuesepa—Hosukosa [8, 20]. Cko6ka
Ha g 3a1aéTCs1 COOTHOLIEHHUSIMHU

[x®A, y@B] =[x, yI® AB+~y(x®A, y @ B)c, [x®A, ] =0,
rjle Y — KOLMKJI, onpejiessieMblil hopmyJioi
Y(x® A, y@B) = (x, y)resp, (AdB); 2.2)

a (-, -) HeBbIpOXKJIeHHAst HHBapUaHTHAsl GuaKHelHast popma Ha g (s g = gl(/)
Mbl 6epém (x, y) = tr(xy)). Kak npasuJsio, Mbl onyckaem CHMMBOJ ® B HaLIUX
o603HaueHustx. Mbl TakKe uacto nuiiem A Bmecto A(X, Py).

B [21] BBeneHbl hepmuoHHble NpejicTaBieHust adhduHHbIX anre6p Kpuue-
Bepa—HoBukoBa. OHU 00pasdyloT BecbMa MpeICTaBUTENbHbIN Kaace (runore-
THUECKH, UX HETPUBOJUMbIE (PaKTOPbl — 3TO BCE HEMPHUBOJMMBIE TIpe/ICTaBJIe-
HHUs1 OOLLEro MOJIOXKEHHUS). 3/1eCh Mbl HCTOJIb3yeM HX KaK OCHOBHOH MpHUMEp H
MOJIeJIb JIJIst HAILIMX KOHCTPYKLMHA. Hixke B 3TOM pasjiesie Mbl CHCTEMATHUECKH
OMUCBIBAEM 3TH TIpeJCTaBJ/eHUs, OTcblas K [21] 3a 10KasaTesbCTBAMU.

2.2. TonomopgHbie paccaoenus. [lapamerpol Tiopuna

Kaxnoe ¢epmuoHHOE MpeacTaBjeHHe CBSI3aHO C TOJOMOP(HBLIM BeK-
TOPHBIM PacCJOEHHEeM Ha PUMaHOBOH TMoBepxHOcTH Y. [losToMy HauHéM c
paccMoTpeHHsl TOJIOMOP(HOTO paccJ/oeHust /7 paHra r 1 CTeleHW gr Ha X.
[To Teopeme Pumana—Poxa paccioenne [ WMeeT r TroJOMOPGHBIX cede-
Huil Uy, ..., U, KoTopble 06pa3dytoT 6a3uc B CJ0e€ Hajl KaxKIoH TOUKOH 3a
UCKJIIOUeHHeM gr U3 HUX. B cjyuae obiiero mosoxxeHus (KOTOPbIH TOJBKO
¥ paccMaTpPUBAETCs 31eChb) 3TH TOUKH SIBJASAIOTCS TMOMNApHO Pa3JIMUHBIMH.
Mbl HasplBaeM HUX mouKami 6oipodcoerus U o003Ha4YaeM Y1, ..., Vgr.
Caienysi repmunodioruu [11, 12, 15], Ha30BéM MHOXKECTBO BBEJIEHHDIX CEUEHHH
ocHaujeruem, a paccjloeHue ¢ 3a]aHHbIM OCHALLEHHEM — OCHAULEHHbIM.

3ajaBlIKCh JIOKAJIbHOH TpUBHAMM3AlMel paccjioeHuss F, MOXHO pac-
cMmarpuBath ceueHuss Wy, ..., W, KaK BEKTOpPHO3HAUHble (YHKUHH (CKaxKeM,
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cTonbubl). M3 stux dyHkunii mMoxkHo coctaButb Mmatpuuy V. ITosyuennas
matpula obpaTuma Besje, Kpome Touek ~;, i =1, ..., gr, B kotopbix det ¥
umeer mpoctoie mnosioca: detW(y;) =0, (detW) (v;) #0. Mol HasbiBaem
D =~ 44 g dususopom Tropuna paccioenus F. Hanoxum ewg ojHo
ycsioBue o6uHocTd nojoxenust: rank W(vy) =r—1,i=1, ..., gr. Torna ans
Kaxaoro i =1, ..., gr cyliecTByeT eIMHCTBEHHOE C TOYHOCTHIO JIO MPO-
MOPLHUOHANLHOCTH HETPUBHAJNLHOE pellleHHe CHCTEMbl JIMHEHHBIX YpaBHEHHH
U(y;)a; = 0. Beenem o6osunauenne o; = (ay;)/ =" (i=1, ..., gr). Husuzop
Tiopuna paccyioenus U uucJa (ai]-)ﬁjz::::;r HasbIBaloTCs Mapamerpamu TiopuHa
pacciioenus F [11, 24]. OcHallleHde onpeieieHo 0JIHO3HAUHO C TOUHOCTBIO 10
neiictBus rpynnsl GL(r) Ha U npagoim yMHOKEHUEM, B POTHBOMOJI0XKHOCTh
(YHKUMAM CKJEHKH, JEHCTBYIOUIMM 1e8blM YMHOXKeHHeM. Mbl BUAMM, UTO
yKazaHHoe sieficTBUe rpynnbl GL(r) nepecTaHOBOUHO ¢ AeHCTBHEM (DYHKIIMH
CKJIEHKH; TaKuM 006pa3oM, OHO MEepPeBOJUT CeueHHst B cedeHus. baaronma-
pst 9ToMy mapameTpbl TiopHHa orpe/iesieHbl OAHO3HAYHO C TOYHOCTBIO JIO
NPOMOPUHUOHAIBHOCTH U 1e8020 jedcTBuUs rpynmnbl GL(r). TloguepkHem, uto
9KBHMBaJIEHTHble OCHALIEHHbIE PACCJOEHHS UMEIT O0HO U MO Jice MHOXKe-
CTBO TOUEK BBIPOMJIEHHS i, ..., Ygr, B TO BPeMs KaK JUlsl HEOCHALLEHHbIX
paccJIOEHUH HHBAPUAHTOM SBJISIETCS JHIb KAacc nuBu3opa. CorsacHo [24],
napamerpbl TropHHa ONpeessiioT paccjoeHnHe OJHO3HAUHO C TOYHOCTBIO JIO
9KBHBAJIEHTHOCTH.

B [11, 12, 15] npemnaraercsi caenyiollee ornvcaHue MPOCTPAHCTBA Me-
POMOP(HBIX ceueHUll paccjoeHus F B TepMUHaxX ero napamerpoB TiopuHa
(paccmaTpuBalOTCs TOJILKO T€ MepOMOpPHbIE CeUeHHUs, KOTOPble TOJOMOPQHbI
BHe ToueK Py). B cisioe Haj npou3BosibHONH TOUKOH P BHe HOCHTE/sS1 AMBH30-
pa D snementol W;(P) (j=1, ..., r) o6pasylor 6asuc. CJjie0BaTe/IbHO s
KaXkJIoro MEpPOMOpP(MHOro ceueHusi S ero 3HaueHne S(P) MOXHO BBIPA3HThb B
TepMHHAX 3Toro 6aszuca. TakuM 06pa3oM, KaxKJoMy CEueHHI0 S MOXKHO CO-
noctasuth Bektop-dynkuuio f = (f1, ..., f,)’ na pumanoBoii nopepxHoctTu ¥
Tak uTo BHe HocuTes D

S(P) =Y Ti(P)fi(P). (2.3)

=1

Mo dopmyse Kpamepa f;=det(¥y, ..., ¥;_1, S, ¥y, ..., ;) (detU)~ "
Orciona BUIAHO, UTO (YHKUMH f; MOXKHO MPOJAOJIKHTb B TOUKHM AMBH30pa D.
Tam onu 6ynyt uMeTh He GoJiee UeM MPOCThIe MoJitoca, Tak Kak Wy, ..., U,
rojioMopcHbl B Toukax auBuzopa D, a detW uMeeT Tam MpOCTble HYJIH.
Beuay (2.3) B JioKaJIbHbIX KOOpJAMHATaX B OKPECTHOCTH TOUKH <; MMeeM
S(z) = ¥ (y;)(res,, )z=1 +O(1). Jleasi uacTb MNOC/IENHEr0 COOTHOLIEHHS!
ronomopgua. CJiefoBaTesbHO BblueTbl (GyHKUMH f;, j=1,..., r B Touke
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~i YAOBJIETBOPSIIOT CHCTEME JIHHEHHbIX ypaBHeHuil W(vy;)(res,, f) =0. O1o B
TOUHOCTH CHCTEMa, orpejieisionias napamMeTpbl TiopuHa B Touke ;. CoraiacHo
NpenonoKeHunio, paur Matpuibl W(vy;) paseH r — 1. CyenoBaresbHO BeKTopa
res., [ M oy MPOMOPLUUIHAJIBHEL

Mpeanoxenune 2.1 (|11, 12]). lIpocmparcmso mepomopguuix ceue-
Hul paccaoenusn F, coromoproeix sne ommeuenHolx moyek Py, uso-
MOPHHO NPOCMPAHCMBY MEPOMOPGHHOLX BEKMOPHO-3HAUHOLX DYHKYUL
f=(f1, ..., [)" (na moii ae pumarosoii nosepxrocmi), 20A0MOPHHOLX
sHe mouek P u dususopa D, umerowux He 60.1ee wem npocmole 1OAOCA
8 mouxkax D u yoosiemsopaiouux ycao8uam

(res, fi) cip = (resy, fr) ayj, i=1,...,gr,j=1,...,r

O0603HauUM BBeIEHHOE TOJILKO UTO MPOCTPAHCTBO (DYHKLUMH Fiy.

2.3. basucel Kpuuesepa—HoBukoBa

Beenem 6asuc B Fky, UMesl BBHLY €ro MCHOJb30BaHHE MPH MOCTPOEHHH
noJy6eCKOHEUHbIX MOHOMOB Ha 3TOM rpocTpaHcTBe. Jlisl Kax/I0i napsl Le-
JblX uucen 7, j (0 < j < r) nocTpouM BeKTOp-PyHKUHMIO 1y, ; € Fiy. Uneso n
Ha3bIBAETCS cmenenvio PyHKIMH 1y, j. PyHKLHA 1y, ; onipesieiseTcs 3ajaHHeM
e€ aCUMITOTHYECKOTO MOBeJIeHHs B TouKax Py. PacecmoTpum v, ; Kak cTos6er
¥ COCTaBHUM M3 3THX cTOsOLOB Matpuly ¥,. [TorpeGyem, utoObl

I % *
n s + s + 0 1 e *
Uo(zy) =2} ) &h2, t= : (2.4)
v AR OUPRDPIRP
0 0 |
)51
= 0 ... 0
N _ x x ... 0
Uy(zo)=2") &2, £ro= , (2.5)
LT
* >k *

rje 24+ — JIOKaJbHasi KOOpPAMHATA B TOUKe Py U 3BE370UKH 0003HAUAIOT MPO-
M3BOJIbHbIE KOMITIEKCHbIE UHCIIA.

MbI MoXKeM cKas3aThb B 9TOM cJiyyae, yto MaTpuua ¥, MMeeT HyJb IMO-
psiKa 7 B ONHOH M3 TOUueK Py W MOJIOC TMOpsiAKa He Bhillle 7 B JPYTof.
Ee nerepMuHaHT UMeeT gr MPOCTHIX MOJIOCOB B TOUKax auBH3opa D W Jo-
NOJIHUTEJIbHBI (3apaHee He (UKCUPOBAHHBIN) AUBU30p HyJel BHe Touek Pi.
HasoseMm {9, ;} 6asucon Kpuuesepa—Hosukosa B Fyy.
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Cayuait r = | gBsisleTCsl UCKJIOUMTENBHBIM H TpeOyeT CreldabHOro onpe-
nenennst 6asuca Kpuuesepa—HoBukosa.

[pumep. Hns cnyuasi anre6pol A(2, Py) (cocTosilliel U3 ceueHHil oHOMep-
HOTO TPUBMAJILHOTO paccJjioenust) TpeboBanusi k 6asucy Kpuuesepa—Hosu-
KOBa, copMyJpoBaHHble B [8], TaKOBbI:

Ap =02z (14 0(z1)), ofeC aof =1, (2.6)

rae ey =0 as moboro meZ, e_=—g s m>0 nmm m< —g, u e_ =
=—g—lna —g<m<0. dnam>0um< —g cymMma nopsiikoB B 0OTMe-
UEHHbIX TOUKax paBHa (—g) (HamoMmMHuM, uTo B HaiieMm cJjyudae r = l). Cue-
JIOBATEJIbHO CYLIECTBYEeT B TOUHOCTH g HyJel (M He CYIIECTBYET TOJIHOCOB)
BHe P4.

O6o3naunm yepes A, (coorBerctBenHo, A_, Ay) BEKTOpHOE MPOCTpaH-
CTBO, MOpOXKAEHHOE 3jemeHTaMH A, m >0 (cCooTBeTCTBEHHO, M < —g,
—g < m < 0). Mmeer mecTo cienyioliiee pasioxerue [8]:

A=A_dA D A, (2.7)

Jpyroii BaxkHbIil MpUMep paccMoTpeH B paszee 3.1.

[Mpenaoxenune 2.2 ([21]). 1°. Cywecmsyem edurncmsaennas mampuu-
HogHauHas ¢yukyus V,, komopas yoosiemeopsem ycrosusn (2.4),
(2.5).

2°. PazmepHocmb ApoCmpancmaa, nopoac0EHHoe0 8eKmop-pyHKyi-
AMU Yy (Mpu PUKCUPOBAHHOM 1), PABHA T.

Aunre6pa A(X, Py) ectecTBeHHbIM 00pa3oM JEHCTBYeT B MPOCTPAHCTBE
Fxn, yMHOXas1 9JIeMEHTbI T0C/IeHEro Ha pyHKLMH. BBenem cTpyKTypHble KOH-
CTaHTBl 3TOTO JEHCTBUS MocpeAcTBOM cooTHoleHult [21, Tpennoxenne 2.3]:

m+n+g r—1

m"/’n,] = Z Z Cm n,ﬂ/}k,/”v (28)

k=m+n j'=0

e g=g+1 npu —g<m<0u g=g B ocTajJbHbIX CJydyasx. ITO COOT-
HollleHWe BbIpaxkaeT ToT akt, uto A(X, Pi)-mMonyiab Fgy siBAsieTcs no-
ymu epadyupos8amHHoim, TO ecTb R B (2.8) ylOBJETBOPSET OrpaHHUEHUSM
|m 4 n — k| < const, rue const He 3aBucur ot m, n.

[lycTh 7 — npejcTabiende aareGpbl g B BekTopHoM npoctpatctse C'.
[Tyctb 7(x) = (x}), rne x € g, (x,) € gl(/) — marpuua, npeacTapJsoias dJe-
MEHT X, a uHaeKcol i, i’ mpoGerator {1, ..., [}. Kaxaomy GasucHomy 3Je-
MeHTY ¢,; (n€Z, =0, ..., r—1) conoctaBuM Ha6op GA3UCHLIX 3JeMeH-
toB {9y, ;: i=1, ..., [} npoctpanctsa Fiy = Fxy ® C'. Onpenennm geiicTre
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anreopol Jln g @ A(X, Py) na Fgy:

m+n+g r—1

AR = S SOS L l (2.9)

k=m+nj =0 i

JleficTBHe g He MeHSIeT MHAEKCOB 11, [ U MPU JAHHBIX HHAEKCAX A, j, POJb
CTaplLUero BeKTopa Urpaer 1/’2,,-« W3 onpenenenuii caeayer, 4To 310 JeHCTBHE
MOYTH TPaLyHpOBaHo.

2.4. ®PepmMUOHHbBIE MPeEACTABIECHUS

3anymepyem CHMBOJIbI 1 n,j B IOPSIIKE JIEKCHKOrPahuueckoro Bo3pacTausi
Tpoek (n, j, i). [lyete N = N(n, j, i) — nomep tpoiiku (n, j, i). Hopmanuzyem
31y HyMepauuio yesaouem N(—1, 0, [) = 0. Beesem cienyioliiee o603HaueHue:
7/)N = T/Ji,/

BeeneM depMHOHHOE NpeNcTaB/eHHe, COOTBETCTBYOIEE F U T, Clelyio-
M o6pasom. [lpoctpanctBo Vi npencraienusi nopoxaeno Haa C dop-
MaJIbHbIMH ~ BbIPAXKEHUSIMH  (NOAYOECKOHeUHbIMU —~ MOHOMAMU) — BUJA
Yy, Ny, Ao, e No < Ny <... M 3HaK MOHOMA MeHsieTcsl NpH nepecTa-
HOBKE Yy U Yy/. Mbl TpebyeMm Takzke, uTOObl CYL1ECTBOBAJIO UUCJO /71 TAKOE
uto N, =k +m pas nocrarouno Gosibiux k. Caenysi [5], Mbl Ha3biBaeM m
3apsdom MoOHOMA.

CrerneHb MOHOMa ) 3apsifia 1M OMPEENIATCS PaBeHCTBOM

degw:i(Nk—k—m). (2.10)

k=0

3ameTuM, 4TO B HyMepaluu %,/ npu PUKCHPOBAHHOM 71 UMEETCS TIPOU3BOI;
CTerneHb MOHOMA OT 3TOr0 MPOH3BOJA HE 3aBHCHT.

Beeném mpescrasienne m,  anreGpbl JIu g, neficTByioliee B NpocTpaH-
ctBe Vi, Cornacho (2.9) Kax/blil 3/1eMeHT ajre6pbl g AeHCTBYeT Ha CUMBO-
JIbl thy JIMHEHHBIMM TIOJICTAHOBKAMH MOYTH TpalyupoBaHHbIM o6pa3oM. boiee
TOT0, YACJIO CHMBOJIOB %y (PUKCHPOBAHHON CTENEHHW He 3aBUCHT OT 3TOH CTe-
neHd. DTO B TOUHOCTH O3HAUAET, UTO €CJIM CHMBOJIbI Py paccMaTpUBaTh Kak
dhopmasibHbIl 6a3uc 6eCKOHEUHOMEPHOIO BEKTOPHOIO MPOCTPAHCTBA, TO Jei-
CTBHE 3JIEMEHTa aire6pbl g MOXKET OLITh 3a4aH0 B 3TOM (a3uce GECKOHEUHON
MaTpUleH C JIMIb KOHEYHBIM YHCJIOM HeHyJieBbIX anaroHaseil. Caenyst [6], Mbl
o603HauyaeM anre6py TaKUX MaTPHIL Ooo.

3ameuanue. JIpyruMu CJIOBaMH, O aireGpa pasHOCTHBIX OMepaTopoB B -
MepHO# pelétke. DTO 3aMeuaHHe yCTAHABJIMBAET CBsI3b C pedyJbTaTaMu pa-
60Tbl [15].
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Takum oGpasom, BbiGOp Gasuca {iy} onpenensieT BioKeHHe ajnreGpbl
g® A B . Tak Kak ay, 00s1a7aeT CTaHapTHLIM JeHCTBUEM B Vi, Mbl MoJy-
yaeMm npeacrasienue g ® A B Ve, Hanomuum [D, 21], uto neiicTBre 6a3MCHbBIX
3J1eMeHTOB Ej; € Ao HA 10JyOeCKOHEUHbIe MOHOMBI ¥ = by, A1y A -+ - onpe-
JlesisieTcsi paBuiioM JleiiGHuua:

rEn)Y = (Eutor) ANbyy N+ biy NEgb) N4+ 2.11)

Beuny ycaosusi I, = k+m (k> 1) nefictBue (2.11) KoppekTHO orpejiesieHo
s [ #J. Tlpu [ =J npaBas uacTb paBeHcTtBa (2.11) comepkut GeckoHeu-
HO MHOTO 4jieHOB. B 3ToMm cJiyuae mpumeHsieTcsl CTaHAapTHas peryJsipusa-
uust [5, 21]; oHa NPUBOAMT K MPOEKTUBHOMY MNpPEJACTABJCHHIO 7, aireGphbl
g®.A. DTo mMouTH TpasyMpoBaHHOE MpeaCTaBJeHHe, KaK CJeayeT M3 MOUTH
rpajynpoBaHHOCTH feicTBUS (2.9) B npocTpaHcTBe Fyy. dpyras crangaptHas
Tpollelypa Mo3BoJIsieT MpeoOpasoBaTh 7y B JIIOO0H KOrOMOJIOTHUHBIH KOLMKJI.
DTOro MOXKHO JOCTHUb, J100aB/ss CKalsipbl K onepatopam 7, (¥oAm), rie
Xo — TeHepaTopbl anre6pbl g. Takas mMoaudukauus npenctaBieHus MPUBO-
JUT K no6aBjeHHio KorpaHullbl K 7. CjienoBaresnbHo, coryacHo [16, 17], ~
MOKHO TpecTaBnTh Kak (2i) ! (x, y) § A dB, rie 0603HaueHNs1 — TaKHe XKe
Kak B (2.2). 2-KolMK/I Ha g ® A Ha3bIBAeTCsl AOKAAbHbLIM €CJIH CYLIECTBYET
L € Z, rakoe uto y(xA;, yA;) = 0 ans1 mo6bIx i, j € Z, Takux uto |i — j| > L,
1 JI00bIX X, y € g. [TocKoJibKY 7y, 0ueBHJIHO, JoKasleH — coryiacHo [13, 14, 17]
OH KOrOMOJIOTHUEH KOLMKJY, ponopuxonanbHomy (2.2). CnenoBatesibHo .
MOYKHO pacCcMaTpHuBaTh 6e3 NoTepH OGIIHOCTH KaK TpecTaBIeHHe aareGphl g.

Tunomesaa. Knacchbl 5KBUBaJEHTHOCTH (DePMHOHHbBIX MPEACTABJIEHUH aareOpbl
@ HAXOJATCS BO B3aMMHO OJIHO3HAYHOM COOTBETCTBHH C MAPaMH, COCTOSIIUMH
13 KJacca SKBUBAJEHTHOCTH roJIOMOP(HOTO PACCIOEHHS PaHra r U CTeNeHH gr
Ha ¥ M KJacca SKBHBAJEHTHOCTH /-MepHOTO TpeaCTaB/eHns aare6phl g.

st [ = r sra runotesa jokaszana B [21] (o noBojy ornpejesieHnst KBU-
BaJIEHTHOCTH (PePMHOHHBIX TpeJCTaBeHnH Takxke cM. [21]).

OueBHIHO, TEHCTBHE G, COXPAHSIET 3aPSI MOHOMA, TAK KaK GeCKOHeUHbIe
«XBOCTbI» MOHOMOB B [1paBOH W JIEBOH yacTsix cooTHoleHus (2.11) oanHako-
Bbl. CJ/lefioBaTeIbHO (hepMHOHHOE MPOCTPAHCTBO MOYKHO PA3JIOKUTh B TIPSIMYIO
CYMMY g-MHBapHAHTHBIX MOANPOCTPAHCTB, OTBEUAIOIIMX BCEBO3MOXKHBIM 3Ha-
uenuaM 3apsina. s g = gl(/) noanpocTpaHCTBO 3apsijia m MOPOKAEHO MO-
HOMOM |0) = ¥y A g1 A -+ - TOJ IEHCTBHEM YHHBEPCATBHOH 06&PTHIBAIOILEH
anre6pel U(g). ITOT MOHOM HA3BIBAETCST BAKYYMHOLM MOHOMOM, WITH TIPOCTO
sakyymom 3apsaa m. Kaxablii BakyyMHbIH MOHOM 06JaJlaeT CJjeaylonidM
ceofictBom: 7, _(xA) |0) =0 s A € A4, a takxe 1 A = 1 n mo6oit ctporo
BEPXHETPEYroIbHOH MaTpULbl X € g.
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§ 3. Aure6pbl BekTopHbix noJgei Kpnuesepa—HoBukoBa
M UX MpeacTaBjeHus

3.1. Aare6pbl BeKTOPHbBIX MOJEH U UX LEHTPaJbHblE
paciiMpeHust

[lyctb £ — anre6pa JIu MepoMopdHbIX BEKTOPHBIX MOJEH HA X, KOTOPbIe
MOTYT UMeTb MoJiioca ToJibKo B Toukax Py [8, 9, 10]. Kak Bl'lepBble O0TMe4eHO
B [8], s kaxoro 1esoro s > 0 B L uMeercs napa nojaanre6p £i , KOTOpble
COCTOSIT U3 BEKTOPHBIX MOJIEH MOpsiKa He MeHee S B TOukax Py COOTBeT-
cTBeHHO. MMeeT MecTo cJjefyiolliee pas/oKeHHe B MPsSMYyI0 CyMMYy MOJNPO-
ctpaHcTB [8]: L= £(j) @ £E)S) o LY re Ef)s) — HEKOTOpOe JIOTOJHUTENbHOE
npoctpanctBo. [Tonanre6ps E(j[) MHTEPECYIOT HAaC B CBAA3M ¢ JedopMalusMu
MPOCTPAHCTB MOJAYJICH PUMAHOBBIX MMOBEPXHOCTEH.
Kak BexktopHoe npoctpanctBo, £ umMeer 6asuc Kpuueepa—HoBnkoBa
{em: meZ}. Tlpu g > | 6a3ucHOE BEKTOPHOE M0JIE €5, ONPEAEIISIETCs] CBOUM
ACHMITOTHUECKHUM TMOBEIeHUEM B OKpecTHOCTH Touek Py [8]:

em(ze) = 2" E (14 O(Zi)) €heC e =1, (3.1)
i

rie ey =1, e =1—-3g, 2z — nokanbHasg koopauHara B Py. Takum o6pa-
30M, KaK BEKTOpPHOE MPOCTPAHCTBO Mojajredpa E(j) MOPOXKJEHA JJIeMeHTa-
MU e, m > s — |, nonanre6pa £ — snementamu em,m<—s—3g+1,as
KauecTBe MOJNPOCTPAHCTBA Ef)s) MOKHO B3STh JIMHEHHYI0 000JIOUKY JeMeH-
TOB €y, —S—3g+1<m<s—1.

PaccmoTpum LieHTpasbHble pacuiupenust anredpsl L. Kaxknoe na Hux 3a-
JIaérest 2-KOUMKIIOM BHJ1A

|
xle, ) =resp, (§<e“’f ef'") ~ R —ef )) (32)
(cp. Jlemma 5.1), rne R — HeKoTopasi NPOEKTHBHAS CBSA3HOCTb, TO €CTh Ta-

Kasl (DyHKLMsI TOUKHM U JIOKaJIbHOH KOOpJMHATBI, KoTopasi npeoGpasgyercst Mpu
3aMeHe NocJeHeld CJ/elylomuM 06pa3oM:

2
Ry = R(z) + "2 3 (”—) .

iUy 2\ u,

Bsiaronapsi sToMy npaBasi yacTb paBeHCTBa (3.2) NeHCTBUTENBHO sIBJIsIETCS
BLIUETOM KOPPEKTHO ornpenenénHoi l-dopmbl. [lycts £ o6osHauaeT uUeH-
TpaJibHOE pacluupeHue aire6pbl L, 3ajaBaemMoe KOUUKJIOM (3.2).
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3.2. JleiicTBMe BEKTOPHbIX MoJei B npocTpaHcree Vi

Paccmorpum neiicTBre are6pbl £ B NPOCTPAHCTBE Fiy. 3aMETHM, UTO Mbl
He MOXKEeM MPUMEHSITb BeKTOpHOe mnoJsie e € L K BeKTOp-(hyHKUUSIM ¢ € Fyy,
HaWBHO paccMaTpuBasi ero Kak auddepeHIHanbHbBIE onepaTop TepBoro no-
psanaka. [TpuunHa B ToM, UTO BeKTOpHOE MoJie e € L, BooOLie roBopsi, He UMeeT
HyJleil B TOUKax i, ..., Yg AuBH30pa Tiopuna paccsioenus. CuienoBaresib-
HO ety BooOllle TOBOPSI HMEET T0JII0Cca BTOPOTO MOPsiIKA B 3THX ToUKaX. TakKuM
o6pasom, ey ¢ Fxy. VI Bcé-Taku aeiicteue £ Ha Fgy MOXKHO OMPENEUTh.

B cooTBeTcTBUH ¢ [2] Kax10€ roJloMOphHOE paccIoeHe, B TOM Uncie U F,
MOKeT GbITh HaJleJleHO MepOMOpP(HOI (CJe10BaTeNbHO, MIOCKOH) CBSIZHOCTbIO
V, uMeroleil jorapudmuieckne oco6eHHocTH B Toukax Py. [lockosbky V sB-
JsieTest ocko#, [V, Vi] = V.5 =0 mna mobbix e, f € L. CiepopatesnbHo
Vies] = [Ve, V] u V onpesenser npeicras/ienue aare6pbl £ B IpOCTPaHCTBE
roJloMopHbIX ceueHni paccaoerus F. C noMolpio conpsikeHus Matpuuein W
(cM. paspment 2.2) Mbl MOXKEM MNepeHEeCTH 3TO MPEeACTaBJAeHHe Ha MPOCTpaH-
cTBO [y BekTop-pyHKuMil KpnueBepa—Hosukosa. Huxe Mbl dukcupyem
MPOU3BOJILHYIO CBS3HOCTb V, JIOTapU(MHUECKYIO B Py W DPEryJsipHyl0 BHe
3TUX ToueK. [IpumeHssi onucanHylo Bbillle (pasjenbl 2, 3) npoueaypy noib-
éMa mpencTaB/eHusl ¢ MpocTpaHcTBa Fxy Ha Vg, MOJyudM TpelcTaB/ieHHe
LeHTPaNbHOTO pacllnpenust anre6pst L.

B siokanbHbIX KOOpAMHATAX, TycTh e=£(2)0, Tie 8:% uV.=E(2)(0+w).
Torna neficTBue BEKTOPHOTO MOJS e Ha 1) MOXKeT OBITh 3alUcaHO B JBYX
HU2KECJIeIYIOIMX SKBUBAJIEHTHBIX (POPMaX:

el = U1V, Wy,
et = E(0 +ww),

rie wy = ¥ wW 4+ U1 (varpuua ¥ Beenena B pasaene 2.2). Beumy (3.3),
e+ e — KOPEKTHO OMpelesiéHHbIA U depeHiinanbHbli onepaTop MnepBoro
nopsiJiKa B MPOCTPAHCTBE BEKTOPHO3HAUHBIX yHKIMH Kprnuesepa—HoBHKoBa
(3ametum, uTo (0 + wy)y — BeKTOpHO3HAUHAsi |-copma; ymMHOXKeHHe Ha E
BO3BpAlllaeT €€ B MPOCTPAHCTBO BEKTOPHO3HAUHBIX (PYHKIIHH).

(3.3)

Jlemma 3.1. 1°. [Ipocmpancmso Fgy unsapuanmuo omuocumersHo oeti-
cmeus (3.3).
2°. [leticmsue (3.3) noumu epadyuposaro.

Hokazameavcmso. 1° BbiTekaeT U3 onpejesneHus aeicTBus (3.3).

Uro6bl okasaTh 2°, 3aMeTHM, uto W peryJisipHa U HEBBIPOXKJIEHHA B TOU-
kax Pi. CjenoBaTesbHO wy TaKKe MMeeT MpocTble nojioca B Py. [Tostomy,
0 W wy yMEHbLIAIOT MOPSIKK (PYHKUMH 1 B TOUKax Py Ha OJHY H Ty XKe
BeJIHUKHY.
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[Tpumenum (3.1). st 1 # 0 nopsnok dyHKUMA €1, ; paBeH n+m B Py
u—n—m—3¢ B P_; s n=0 3TH NOPSJKK PaBHbI 1+ M U —rz—m—Sg
cooTBeTcTBeHHO. CJle10BaTeNbHO, /151 HEKOTOPbIX KOHCTAHT Dmﬂ/ BBbIMTOJHSI-
I0TCSl CJIEyIOLHe YCJAOBHUSI:

m+n+3g+e [—1
entiy= >, 3 Dilubly (34)

k=m+n+e j'=0
ree=0npun#0uec=1npun=0. O

[TockosbKy neiicTBue £ Ha Fgy TOUTH TpaayHpOBaHO, €ro MOXKHO MPO-
JIOJIKUTh Ha MPOCTPAHCTBO (hePMHOHHOTO MPEJICTABJIEH s KaK MpeCTaBJeHHe
anre6pol L (1Mo cxeme, Mopo6HO ONHUCAHHOH B pasjese 2).

2
Jlemma 3.2. Saemenmor nodareedpol E(Jr) AHHYAUPYIOM B8AKYYMHOLE BEK-
mopol pepmuorHoLX npedcmasienuti (cmapuieeo seca).

Hoxkazameavcmeso. Ilo onpenenennio (cM. pasnen (a)) en € Ef) Torna M
TOJIbKO TOT/IA, Koryia m > 1. B atom cayuae, cornacho (3.4), eficTBie BeKTOp-
HOTO TOJIS e YBeIMYMBAET 3HaUeHue HHaeKea 1: R > 1 Jijis BCex wé’j/, KOTOpbIE
BCTpeualoTesi B npaBol uactu cootHoluenusi (3.4). Ho Tak kak BakyymHbIi
MOHOM COJePIKHT 1, ;, Ol TaK)Ke COIEPXKHT Cripasa OT Hero 6ce 1, ;,, k > 1.
[Toatomy e, aHHYJIMPYeT BaKyyM.

3.3. [TlpencraBnenue CyraBapa

Caienyouit akt sBJASETCS OJHUM W3 HauboJiee (PyHIAMEHTANbHbBIX B
Teopuu npejacrapiaenui adhduuubix anrebp. Kaxnoe donycmumoe npencras-
JieHre ahUHHON aJreOpbl KAHOHHUECKH ONpeJesisieT NpeicTaB/eHye (CooT-
BETCTBYIOLLEH) anreGpbl THNa Bupacopo, elcTBYIolIee B TOM 2Ke CaMOM TMpo-
ctpaHcTBe. [locsennee HasbiBaercs npenacrasieHuem Cyrasapa. s anre6p
Kpuuesepa—HoBukoBa npencrasienue CyraBapa paccmaTpuBaercs B [3, 9,
18]. 31ech Mbl HAMOMHUM OCHOBHBIE (DaKTbl 06 3TOM MPeACTaBJEHHH.

Beezem cienyioiine o6osnavenns. st x ® A € g 0603HauuM COOTBET-
CTBYIOIIMI orepaTop TpeacTaBienust uepe3d x(A). st 6asucHoro snemeHra
A, € A o6ozuauum x(A,) uepes x(n).

Moaynb (npencrasienue) V uan anre6poit JIn g nasbiBaercst donycmu-
mon ecan x(n)v = 0 aast Kaxaoro v € V, x € g U 10cTaToyHO GOJBILINX A.

[lycts V — nonycTumbiii Moaysb. [lpenroJiaraercsi, uto LeHTpasbHbIA
3J1eMeHT ajreGpbl g JefcTByeT yMHOXKeHHeM Ha ckaasp ¢ € C. B nacrosi-
el paboTe J0OCTATOUHO NPENCTaBATh cebe V KaK OAHO M3 (hepMHOHHbIX
npelCcTaBAeHUH, BBEAEHHBIX BhILLE.
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Huzke B aTOM paspesie npearnoJsaraercsi, 4tTo g — npocrast UWiH KoMMyTa-
THBHasl anre6pa JIu. [IpuuuHa 3Toro B TOM, 4TO HaM HEOOXOAMMO MMETb Ha
¢ HEBBIPOXKJIEHHYIO HHBapUAHTHYI0 OWJMHelHyto dopMy. Ha Jo6oii mpoctoit
anrebpe g Takas Gopma uMeeTcsl U €IMHCTBEHHA; €CJM g KOMMYTAaTHBHA,
norpebyeM, uTo6bl oHa Obla cHabKeHa Takoil (HopMOH.

Bosbmem B g 6asuc u;, i =1, ..., dimg 1 COOTBETCTBYIOIIMH JBOHCTBEH-
Bl Gasuc u!, i=1, ..., dim g mo oTHOUIEHUIO K MHBAPHAHTHOH OGUJIHHENHHON
chvMMeTpruecKoi opue (-,-). Anement Kasumnpa Q0 = S0 yui yiu-
BepcasbHOH 06épThiBaoliel anrebpol U/(g) He 3aBuCHT OT BbiGopa Hasuca.
Hiuzke Bo Bcex ciyuasix, KOrja i CoepKUTCs KaK Cpe/id BePXHUX, TaK U Cpeau
HU>KHUX MHIEKCOB, MperoJaraercs CyMMUPOBaHHUE 110 .

I[Tycth 2k — cobeTBenHoe 3Hauenne onepatopa ¥ B MpHCOEIUHEHHOM
npencraBiaenny. Ecau g mpocta, To £ ecth dyasvroe 4ucao Kokcmepa.
B kommyraTtBHOM ciydae k2 = 0.

BBenem Gasuchkl B mpocTpaHcTBax 1-¢hopM M KBaipaTHUHBIX THdepeH-
unanos Kpuuesepa—Hosukosa. O6osnaunm ux anementbl {w”|m € Z} u
{QF: k € Z} cootBeTCTBEHHO. DTH 3JeMEHTH BLIGHPAIOTCS Tak, YTOGbI Bbl-
MOJIHSANUCh COOMHOULEHUA DBOLUCMBEHHOCTU:

resp, Apw" = 6y, resp, et = 5,’;,

rie 0 — cumBos KpoHekepa. DJjieMeHThbl w” UMEIOT CJeflylollee aCHMITOTH-
yeckoe nosesieHue [9]:

W'(zz) = pEel"THF (14 O(ex))dze,  pfeCopf=1, (35

rie ey = —1, e =0, zy — JoKanabHas KoopauHata B PL.
s @ € ¥ onpenesum popMasibHYyI0 CyMMY («ITPOU3BOJSIILYIO (DYHKIHIO»)
Q) = x(n)-w"(Q). (3.6)

n
HauuHasi ¢ 3Toro Mecta npejinoJioXum, uto B psijax no 1-cdopmam u 2-cop-
MaM HHJIEKC CyMMHPOBaHHUsI BCeraa npo6eraer Z, ecJid He OrOBOPEHO MPOTHB-
Hoe. Omnpese/iiM onepaTopHO3HAUHBIH KBajpaTuuHblil auddeperunan T(Q)
(mensop anepeuu-umnyioca):

7(Q) = Qzul Qui(Q): = QZZum (MW" (Qw"(Q).  (3.7)

37ech :...: 03Ha4YaeT HOpPMaJibHOe yrnopsjaoueHne. Pas/iokum KBajpaTHUHbIN
mddepentman 7(() no 6a3ucCHBIM KBapaTHUHBIM THhepeHLIratam:
k
T(Q) = L 24Q), (3.8)
k

25 dyHnameHTasnbHAs MaTeMaTHKaA CErojHst
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rie L, — oneparopHo3HauHble Kosdduipentbl. C MOMOLIBIO COOTHOLIEHHUH
JIOACTBEHHOCTH MOJIy4aem

}{ T(Q)er(Q QZZ wi(nyu (my: (4™, (3.9)

rie

nm __ n m

"= § Q" (@en(@),

Co
3ameTum, uto AJis (QUKCHPOBAHHOTO k naphl (n, m), Takue, uto /™ # 0, yno-
BJjeTBopsiioT HepaBeHeTBY Buaa Co <m+n < Cy rae Cy, Cy — KOHCTaHThI,
3aBHUCSIIIMeE JIHLIL OT k U g. Byiarojaps 3ToMy CBOHCTBY H HOPMAJIbHOMY YTO-
psiloueHuto, L, KOPEKTHO OMNpejiesieHbl B MPOCTPAHCTBE JIOMYCTHMOTO Mpeji-
crapJyienust. Hanpumep, eciu m, n>0umm, n < —g,Tok<m+n<k+g.
Just g =0 us storo caenyer, uto /4™ = &', uro npUBOAMT K OOBIMHOMY
onpenenenuio onepatopa CyraBapa aisi g =0 (cM. [5] U cChIIKU Tam).
Mbl paccmarprBaeM Kjace HOpMaJibHbIX YIOPSIA0UYEHHH, KOTOPbIE YI0B/Ie-

TBOPSIIOT CJIE/lyIOlIeMy TPeOOBaHHIO:

x(n)y(m): = x(n)y(m), ecmnn<0. (3.10)

HopmaJsibHoe ynopsiioueHue onpeiednsieT Ka1acce KOroMoJIorHi KOLMKIA B HU-
)Kecqenytolleit Teopeme 3.3. Bo Bcex ocTasibHbIX OTHOLIEHHSIX HALLK PACCMOT-
peHHsl He 3aBHCAT OT BbIOOpA HOPMaJILHOTO YIOPsII0UEHHSI.

Teopema 3.3 ([18]). [Iycmo g — KOHeuHOMepHAS, NOAYNPOCMAS UL
Kommymamusras, areedpa Ju. [ycmo 2k — cobecmsennoe 3nauernue eé
KasumMupa 8 npucoeOuHéHHOM NpeocmasieHul U g— COOMBemMCmay-
rowas aggunnas areebpa Kpuuesepa—Hosukosa. [Tycmo V — dony-
cmumoe npedcmasienie aieebpol g, 8 KOMOPOM YCHIMPAIbHOLIL INCMEHIT
deiicmsyem kak ¢ -id. Ecau ¢+ k # 0, mo HoOpmaiuzosamnHovle onepamopbol
Cyeasapa L; = —(c+ k)~'L;, onpedessiom npedcmasaenue areebpol Jlu

E, Komopoe umeem <<2€OM€mthlt€CKLLL2>> KOYUKA

e =0 (G- er - R @] —ep) ) 2

ede e, f € L, R— mepomoppras npoeKkmusHas c8i3HOCMYL, 0A0MOPGH-
Has 8He mouexk Py.

s xaxaoro e =y A\gep € L (cymma KoHeuna) Beeném 7'(e) = > AgLj.
[To reopeme 3.3 e+ T(e) — npencraByienne anreGpbl L. OHO Ha3bIBaeTCsl
npedcmasaenuen Cyeasapa.

B pasnene 4 Ham noHanoOUTCs clelylollee yTBEpKAeHHe:
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Jlemma 3.4 (18, 25]).
(1) [Lg, x(n)] = —(c+ k)x(erAy).
(2) [Le, (Q)] = (c + k)er.X(Q),

ede e.X(Q) =3, x(n)(ew")(Q), eA — npoussodnas pyukyuu A, a e.w —
npousgoduasn Jlu 1-chopmer w 8 HanpasieHuU BeKMOPHOCO N0 €.

3.4. JeictBue oneparopoB CyraBapa Ha BaKyyMHble BEKTOPbI

Jlemma 3.5. Onepamopor Cyeasapa sremenmos nodaseedbpol £f) AHHY-
AUPYIOM BAKYYMHBLE BEKMOPbL NPeOcmasienill aieebpol g.

Hokazameavcmso. CornachHo pasneny (a), e, € L(f) TOrJia U TOJIKO TOTJIa,
korna k> 1. PaccmoTpum onepatopnl CyraBapa L, st k> 1. Mbl xoTum
nokasathb, uto ecau [ # 0, 1o qmbo m > 1, qmmbo n > 1. Ecan 370 BepHo,
TO, MPUHKMAsT BO BHHMaHWe HOPMaJbHOE YMOpsiloueHHe, Ha BTOPOM MeCTe B
npousBeeHuy (1 (m)u(n): CTOUT omeparop TpeAcTaBJdeHHst NoaanreGpbl g .
CulejloBaTeIbHO 3TO MPOU3BEJIEHHE AHHYJIMPYET BaKyyM.

Pacemotpum B cootnowennn (3.9) unen, copepxamwi [, CornacHo

(3.5) u (3.1)

ordp, w" =—-m—1, ordp, w" = —n—1, ordp, e, =k + 1.
Takum o6pasom, ordp, w™w"e, =—m—n+k—1. UroObl BblueT 1-opmbl
w™we, B TOuke P Obll HeHyJeBbIM, 3Ta l-copma o6sizaHa 1no KpaiHei
Mepe UMeThb nogioc B Pi. CaenoBaresbHo, —m—n+k— 1< —1. Orciona

cenyer, uto m+n > k > 1 u caenoatenbio 6o m > 0, 6o n>0. O

§4. Kasumupbl, nosyKka3umMupbl U MPOCTPAHCTBA MOyJeNl

B stom pasnene Mbl jaém onucaHHe KasMMHPOB BTOPOro Mopsiika st
anre6pel JIu g. Tlycts Coy 0603HAUaeT MPOCTPAHCTBO STHX KA3UMHUPOB. Mbl
TaKXKe BBOJIMM NOAYKAZUMUPbL N YCTAHABIMBAEM HX CBfI3b C NPOCTPAHCTBOM

MOJLyJieit M(gp; ¥ KOMHBapHaHTaMH.

4.1. Kasumupbl BTOpOro nopsiika

st mo6oit addunnoi anre6pbl Katla—Myau cyliecTByeT TOJIbKO 0JUH
Ka3UMHP BTOPOTO MOPSiIKa — B Ka)KJIOM TIPE/ICTABJIEHHH OH JIEHCTBYET Kak
CyMMa oriepaTopa MpeJcTaBieHHs HEKOTOpPOro 3jeMeHTa anre6psl Bupacopo
u ero oneparopa CyraBapa [5]. OCHOBHOe CBOKCTBO 3TOr0O orepaTopa Co-
CTOHUT B TOM, UYTO OH KOMMYTHPYET CO BCEMH OIepaTopamH MpeACTaBAeHHS
paccmaTpuBaeMoil adyhUHHON asreGpbl.

25%
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OcHoBbIBasich Ha 3TOH Hjee, Mbl Oy/leM CTPOHTb Ka3MMHPBI BTOPOTO MO-
psiika sl g Kak orepatopbl Buga A, :=¢ — T(e), rue e € L, € — oneparop
npeJcTaBAeHHs BeKTopHOro noJs e, a T(e) — ero oneparop Cyrasapa. CJjioBa
«BTOPOTO MOPsIAKa» 03HAUAIOT, YTO PaCCMaTPUBAEMbIe OMepPaTOpPbl KBaJpaTHU-
HO 3aBUCSIT OT OMEPATopoB MpeCcTaB/IeHus anre6pel JIn g.

[To onpenenenuto

T(e) = To(e) +Ti(e),

rie Ty (e) — onepatop Cyrasapa s f/s\[gyg, To(e) — nns @, rie I — UeHTp
anreOpbl g, aHaJoruuHo [5] (cM. Tak xe [25])

PaccmoTpum Ha prMaHOBOH MoBepxXHOCTH X anrebpy JIn Dé nudppepen-
1MaJIbHBIX orepatopoB Bua e+ xA, e € L, x € g, A € A(X, P1) (10 ecTb aji-
rebpy nuddepeHpabHbIX onepatopos KpuueBepa—HoBrKoBa mopsiika He
Bhille 1). Kak BekTOpHOE npocTpaHcTBO Dé =L& (g A%, Py)). BuactHo-
ctd, st g = gl(1) umeem Dé =D!. KoMMyTalHOHHbIE COOTHOLIEHHS MEX Ly
BEKTOPHBIMH MOJISIMH U TOKAMH B Dé XOPOLIO U3BECTHbI:

[e, x @ A] = x ® (eA). 4.1)

Huxxe mbl 6yeM paccmaTpuBaTh MPOEKTHBHbIE MPeICTaBAeHHUS Dé (mpoek-
THBHbIE Dé—Moame). Takoe npeacraBseHue onpejessieTcst Kak rnpejcrabJe-

HHE HEeKOMOpPO20 UEHTPAJNIbHOIO PaCIIMPEHUs Dé anredpsbl Dé. [Ipennoanaras,
YTO JeHCTBHE 1IEHTPAILHOTO 3JeMeHTa MAéTcsl TOXKIECTBEHHBIM OIepaTopoM,
Ha30BE&M KOLMKJ 3TOTO LIEHTPAJIBHOTO PACUIMPEHUS] KOYUKAOM NPOEKMUBHO-
2o Dé—MO@y/Lﬂ (npedcmasaenus). Kak ycraHoB/eHo B paszese 2.4, KOUMKI
(hepMHOHHOTO MpejicTaB/eHusi, Oyayud orpaHuued Ha g® A(X, Pi), craHo-
BUTCSl KPaTHbIM KOLMKJY (2.2). Mbl Ha3biBaeM MPOEKTHBHBbIH Dé—MOﬂyJ]b, 00-
JIJIaloLLKE 9THM CBOHCTBOM, HOPMAAUIOBAHHLIM, TAK XKe KaK U €ro KOLHUKJI.
Mbl HagbIBaeM MPOEKTHBHOE NpejicTaB/eHHe alredpbl Dé donycmumoim, eCyiu
ero orpaHuueHus Ha g ® A(X, P1) u L 10MyCTHMbI.

Jlemma 4.1. /{aa noaynpocmoti areebpor Jlu g u donycmumo2o Hopma-
AUBOBAHHOCO NPOCKMUBHOEO Dé—MOdy/lﬂ V umeen

1°. [e, x(A)] = x(eA) dast scex A€ A, ee L.

2°. [Ae, x(A)] =0 das scex A € A.
Hoxkazameavcmeso. 1°. V3 (4.1) u onpenenenus @—Moaym BbITEKAeT, 4To

[e, x(A)] = x(eA) + (e, xA)oid, 4.2)

rje vy — KOLUKJ Ha Dé.
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Jlist nogsynpocTo#t anrebpbl g KaXKAbli KOUMKJ Ha Dé YILOBJIETBOPSET
YCJIOBHIO

~v(e, xA) =0 JUTST BCEX ecL, Ac A xeg. (4.3)
[To onpeneneHuio Kouuka
v(e, [xA, yBl) +7(yB, e, xA]) +~(xA, [yB, e]) =0
aisiBeex e € L, A, Be A, x, y € g. [lociennee 5kBUBaJEHTHO COOTHOLIEHHIO
(e, [x, y1AB) +(yB, x(eA)) +v(xA, —y(eB)) = 0. (4.4)

Bosbmem B nocsienrem pasenctse B=1. Torna v(yB, x(eAd)) =~(y, x(eA))=0,
TaK Kak, MO YCJIOBHIO JIEMMbI, ¥ KPaTHO KOUMKJY (2.2), a mocJ/eaHuil paBeH
HYJII0, €CJIM OJIMH U3 apryMeHTOB paBeH KoHcraute. Jlanee, eB =0, cienosa-
TesibHO Y(xA, —y(eB)) = 0. Ileproe cnaraemoe B (4.4) paBHo (e, [x, y]A).
[Tostomy (e, [x, y]A) =0 nns Bcex e€ L, A€ A, x, y €g. Eciu g noaty-
npocTa, TO OHA COBMAAAET CO CBOUM KomMmyTtaTopoM. CuenoBatesibHO (4.3)
CJIeflyeT U3 MOCJIeJHero paBeHCTBa.

Y1Bep:kaeHue 2° HeMeIeHHO cieayeT u3 jJemmbl 3.3(1) u 1°. (]

[Tynkr 2° nemmbl 4.1 nokasan B [18] B npeanosoxKeHuu, uto MyHKT 1°
CTIpaBeJL/IHB.

Jlemma 4.2 (M. Wauxeumaitep'). /g kommymamusnoi areebpor Ju g
U npou3soabHo20 donycmumoeo npedcmasienus V coomsemcemasyrouiet
appunnoii areebpor (muna leiisenbepea) umeem

[Ae, x(A)] =~(e, A)-id, 01 scex eel, Ae A,
ede v — Koyuka Ha Dy.

Hoxazameavcmeso. CootHouleHue (4.2) BepHO Bcerna (HO Ha 3TOT pas vy
MO2KeT ObITh HeTPUBHAJLHBIM KollMKJI0M). CpaBHenue (4.2) ¢ jemmoit 3.3(1)
JIOKA3bIBAET YTBEPIKIIEHHE. O

Tenepw paccMoTtpum Ha npumepe g = gl(/), UTO MPOUCXOJUT B CJyuae pe-
JNYKTHUBHOH asireGphl.

Jlemma 4.3. /laa g = gl(/) u marux ace V, e, kak 8 remme 4.1, soinoansa-
OMes caedyouue KOMMYMAayUOHHble COOMHOUEHUS:

[2, x(A)] = x(eA) + A(x)¥(e, A)oid, (4.5)

2de v — koyuka na D' u \(x) =1 trx.

! MMuunoe coobiuenue.
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Hokazameavcmso. CoortHollienne (4.2) cHoBa BepHO. [1pon3BosIbHbBIH 3J1e-
MEHT X € g MOXHO TpeJICTaBUTL B BUIe X = xXo+ A(x)l;, rne xg € sl(/),
A€g*, a l; obosHauaeT enuHuuHylo Matpuuy paura [. [lo semme 4.2
(e, xpA) = 0. CaenoBaresbho (e, xA) = A(x)y(e, 1;4). OueBumno, coot-
BercTie e+ A — e+ 1;A sBnsercst romomopdusmom anre6p Jin: D' — D]
CaenoBatesibho (e, 1;A) onpenenser Kouuka na D', O

Jlemma 4.4. Iycmo g = gl(l) u npedcmasaerue areebpol g ONYCMUMO.
Toeda das npoussoavrvix e € L, x €g, A € A umeen

[Ae, xA] = A(x)y(e, A)oid,
ede v — koyuka na D', a Mx) ="' trx.

Hokasameaocmso. Ilo nemme 3.4 umeeM [T (e), x(A)] = x(eA). Tenepn nem-
Ma CJIe/lyeT U3 CpaBHEHHs! TOCJ/IE/IHEr0 COOTHOLIEHHS C JIeMMOit 4.3. O

3ameyanue. B [23] omwmnbouHo noJiaranochk, UTo UMes &0 C MpeAcTaBJe-

Huem anre6pel gl, o, npencrasnenne Cyrasapa T nHajno Gpath st ero orpa-

HUUeHHs Ha nojanreopy slgo. Ilpu 3TOM cootHowenne [7(e), x(A)] = x(e.A)
MOTJI0 Obl He BBIMOJIHATBCS B Cjlydae KOrja X — JMaroHajbHas MaTpuua. Bbi-
e (cM. onpeseseHue T(e)) Mbl HCTIPABUJIN 3Ty OLIHOKY.

Onpepnenenue 4.5. Te u3 onepatopoB A,, KOTOpble KOMMYTHPYIOT CO BCEMH
omepartopamu TnpejcTaB/enust anre6p g u A B V, HasbIBalOTCST KA3uMUpamu
(BTOporo nopsiika) aire6psl JIn g B npeactapjienuud V.

3ameuanue. TpeGoBanue KoMMyTHpPOBaHUsT A, ¢ A UMEET PA3JIMUHBIA CMbICJI
TSt E:\[gyg il g[/;Q. PaccMoTpuM (epMHOHHbIE TpeCTaBIeHHs] KaK THITHUHbIH
npumep. [IpocTpaHcTBO MOHOMOB AaHHOTO 3apsija, BOoGIile FOBOPSI, HEMPUBO-
JIIMO OTHOCHTEJILHO g[g,g (cm. [5] mist cayuasi poja 0), HO TPUBOJMMO OTHOCH -
TeJbHO 5A[g,2. Auementsl Buga d(M)A €g (rne d()\) = diag(), ..., A), A€ C)
npUHajiekat HeHTpy aare6pol g. OHH KOMMYTHPYIOT CO BCEMH OMepaTopaMu
nojaJreophbl glg,g H, CJIeJI0OBATEJIbHO, MPUBOAAT (DEPMHOHHOE TpeJICTaBIEHHE
nocJienteil. B atom ciyuae tpeGoBaHHe MepecTaHOBOYHOCTH OMEPATOPOB A,
¢ A osHauaert, uTo A, KOPPEKTHO OMNpeJiesieHbl Ha E:\[g,Q—HOIIMOIIyJ]ﬂX thepmu-
OHHOTO TIpeJICTaBJIEHHUS].

Crienyromiasi jeMMa TpejcTaBJsieT co60H MPOCTOe CJIeICTBHE ONpesese-
Hus 4.1 u Jemmbl 4.4,

Jlemma 4.6. A, ssasemca kasumupom 045 g (8 HeKomopom npeo-
cmasaenul) moeda u moavko moeda, koeda (e, A)=0 odaa scex
A € A, ede v — koyuka na D', coomsememsyroujuii paccnampusaemony
npeocmasaeHuio.
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3amneuanue. Chenyioliee yTBep:KIeHHe MOKa3bIBAET, YTO YCJOBHsI, Haja-
raeMble Ha KasuMHDbI, BECbMa OTPAHUUUTENbHBI: ApU 3A0AHHOM KOYUKAC
v Ha D' sekmoprovie noas, ydosiemsopsaiowue ycrosuto aemmol 4.5,
obpasyrom nodaaeebpy Jlu 6 L. YtoObl N0KazaTb 3TO, MPEANOJOKHM,
uTo ey, e9 € L — Takue BEKTOpHble ToJisi, uto ~y(ey, A) =~y(eq, A) =0 s
Bcex A € A. Tlo onpenenenuio kouwkiaa, ~y([ey, eq], A)+y(eq, [e1, A]) —
— (e, [ea, A]) =0 mist OOBIX ABYX TAKKMX BEKTOPHBIX MOJIEH H TIPOU3BOJIb-
Horo A. JlBa ujeHa mocJseiHero cootHolenust paBubl 0, Tak Kak [e;, A],
[e2, A] — dyukuum, caenosarensto vy([ey, es], A) =0.

O603HauuM KOLMKJ npeacTtasienus: V uepes 7y. CornacHo fokasaresib-
cTBy JleMMbl 4.2, vy onpenessieT Kowka vy (e, 1;4) na D'. Mbl coxpanum
JUISl 9TOTO KOLMK/IA 0003HAUEHHE Yy .

4.2. Kasumupbl (hepMHOHHOTO NpeacTaBJIeHUS

[Tokaxkem, uTo (hepMHUOHHbBIE NMPENCTABJIEHHS YIOBJAETBOPSIOT BCEM yCJI0-
BUAM, HEOOXOIUMbIM JIJIs1 TPOBEJEHH S BbILLIEH3JI0KEHHBIX KOHCTPYKUME. [n1aB-
HOE COCTOMT B TOM, UTO Kaxk/10e (epMHOHHOE MpeACTaBIeHHE SBJSETCS 10-
IyCTUMBIM NPOEKTHBHLIM D' -Mojysem.

B pasnenax 2, 3 nokasaHo, uTo (hepMHOHHOE TIpe/ICTaBJeHHE SIBJSIETCS
NPOEKTHBHBIM MojyJieM Hall A, g ® A u L. AHanornunble cooGpakeHust moka-
3bIBAIOT, UTO OHO TAKIKe ABJISETCS MPOEKTHBHBLIM MoyJieM Hai D' u D}J. [TycTb
CHOBa (DepMHOHHOE TIpelCcTaB/IeHHe 3alaH0 TOJIOMOPMHBIM paccjoeHueM [ ¢
MepoMOpdHOH (cJieloBaTe/IbHO, MJIOCKOH) CBSIBHOCTbIO V, UMeloLLeH Jora-
pudMHUecKHe 0COOEHHOCTH B Toukax Py (cM. pasaen 3.2), U HeNPUBOAUMBIM
npejcTaBieHieM T aare6pul g. Beumy nnockoctHocTH, [Ve, Vi — Vi =0
ans mobbix e, f € L. Cnenosarensto Ve = [Ve, V] u V onpeensier npe-
cTaBJieHue anrebpbl £ B MPOCTPAHCTBE rOJOMOPHBIX CeueHUl paccyaoeHus F.
[To omnpejiesieHnt0 CBSA3BHOCTH, JUIi KAXKJIOTO TOJIOMOP(MHOTO CeueHus S, KaK-
noro e € L v Kaxjaoro A € A umeem V,(As) = (eA)s + AV,s, rie eA onpene-
JieHo cooTHoleHneM (4.1). Jpyrumu ciosamu, [V,, A] =eA, to ecTb 0T06-
paxenne e+ A — V,+ A npuBoaut K npeacrasienuio aare6pol D', [Tytem
conpsikeHusi marputiedl U (cM. paszuensl 2.2, 3.2) 3To npeactaBieHHe MOXKHO
nepeHecTH Ha npocTtpaHcTBO Fyy BekTop-yHKimi Kpuuesepa—HoBukoga.
Mbi 6yieM 3anuchiBaTh JAeHCTBHE 3JjeMeHTa e € L Ha 1 € Fyy Kak ey. [1po-
ctpaHcTBO Vi, BBeiéHHOE B paszenax 2.3, 2.4, Nopox/aeHo nojy6ecKOHeUHbI -
MU MOHOMaMu Hall Fy = Fry @ Vi co caenyionum Dé—ﬂeﬁcmuem:

XA (W) =AYRxv U e(®Ruv)=epRu

rae V, — npoctpaHcTBo npeacrapiaenusi 7, x € g, A€ A, p € Fyy nve V..
[Ipumenss BbllleonucaHuyto (pasnedbl 2, 3) npouenypy nojabéma MmpeacTaB-
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JIeHHH ¢ mpocTpancTBa Fgy Ha NMPOCTPAHCTBO Vi, MOJYYMM MPOEKTHBHbIE
npejcTas/enus anreép D!, Dé. HecsioxkHo n0Kasath, uTo 3TH MPOEKTHBHbIE
npejcTaBieHus Jonyctumbl. Takum oGpasom, B ciyuae hepMHOHHBIX Mpeji-
CTaBJIEHUH Mbl HAXOJIMMCSl B paMKax MPeAnoJoxKeHHH Mpeblaylero pasiesa.
B yacTHOCTH, Mbl MOKeM M3yuaTh KOLHMKJbI Ha D! u D,‘J, BO3HHUKAIOLIME U3
(hepMHOHHBIX NPENCTABAEHUH.

PaccMoTtpuM nospo6Hee KOLMKL Ha D!, BosHHKalole 13 hepMUOHHbBIX
npejcraejendil. Bosbmem Bakyym B Bujie |0) = ¢y Apyo1 A ... TlycTb

V., =2 (a fw_ % +0(1) dz) (4.6)

— JloKaJibHoe noBejieHne V B Touke P. Jlnsi npoussosibHoro N € Z nycTb
n(N) u j(N) o6o3nauaioT repBble jJBe KOMIOHEHTbI TPOHKH (1, j, i), Takue,
uto N=N(n, j, i) (pasgen 2.2). Ilyctb w; — j-fi AMaroHasbHbIA 3JeMEHT
MaTpulbl w_ . Haille ryiaBHoe HabJmoieHre — cJefiylolias JeMma:

Jlemma 4.7. [Ipednoaoacum, umo mor umeem gepmuonHoe npedcmas-
aenue areebpor D). maxoe, umo M <0, V ydossemsopsem (4.6) u

-1
Yoo Wiy & Z. Toeda Koyuka ~y amoeo npedcmasienus. obradaem
CAeOYIOUyUMI CBOLLCMBAMU:

1°. Y(A_p, er) #0 0as scex k€ Z, k #0;
2°. v(A_p, em) =0 0aq 8cex m > k.
3°. v(Ao, en) =0 0as 8cex m € Z.

Hokasamenocmso. y(A_p, en) =A_roV,, — Ve, 0A_p —enA_i. Hocra-
TOUHO BBIUMCJIUTb TO BbIpaXKeHHEe Ha BAayyMHOM BEKTOPE MPEACTABJIEHHSI.

1°. nst m = k onto u3 caaraembix A_j o V,, uin V,, o A_; aHHysMpyer
BakyyM. Hanpumep, nis & > 0 sto 6yner nepsoe caaraemoe. B npeanoJioxe-
HUSAX JieMMbl —V,, 0 A_j, — epA_j OTJIMUHO OT HyJIsl HA BAaKYyMHOM BEKTOpE.
[Toka)keM 3TO ¢ MOMOIIBIO MPSIMbIX BBIUHCJEHHH ¢ (DOpMaJIbHBIMH PSiIaMH,
Hampumep, B Touke Py .

Jlokanbio A_p=z"*(1+0(2)), e, =2*1(14+ 0(2))Z. Toneitctyem
TUMH 0ObeKTaMH Ha BeKTop-QyHkuuio KpuueBepa—HoBuKoBa vy crene-
HU n. PaccmatpuBasi nopsiiku B TOuke Py, MOXKHO 3a0bITh JI/Isi TPOCTOTHI O
conpsikenun matpuileit ¥. Beuny (4.6) umeem

vekOA,k’L/JN:Zk (z% +wk1)z_kz”(l +0R)=(n—-k+w_1)Z"(1+0(2)).

Hast ipyroro unena umeem exA_, = (—k)(1 + O(2)). CnenoBaresbHo

(=Ve, 0A_p—epA_p)n =k —n+wj)yy+-- -,
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rie n=n(N), j =j(N), a MHorotoure o603HauaeT ujeHbl CTapluel CTeNeHH.
BBuny peryasipuzauuy,
—1
(—Ve, oAy —exd_p)|0) = [ D (2k—n(N) +wiw [0).  (&7)
N=M
Hnst k < 0 B urpy Bmecto V,, 0 A_ Betynaer uieH A_p o V,,. DTO NPUBOJUT
K COOTHOLIEHHIO
—1
(Ako Ve —erA_p[0) = Y (k+nN)+ww |[0).  (48)

N=M

-1
Ecan Y\, wiv ¢ Z, 10 n nipaBasi, U JieBas yacth (4.7), (4.8) oranuHbl OT
HyJ1s1 7151 Jiio6oro k € Z. Takum o6pasom, 1° nokaszaHo.

JlokasaTesibeTBO 2°, 3° aHaJIOrHUHO. O

[To onpenenennio 4.1 u nemme 4.4 A(e) siBjsieTcsi Ka3UMHPOM TOTAA H
TOJILKO TOT/A, KOT/a

Y(Ap, €) =0, a5 Bcex k€EZ. (4.9)
Mbi Oynem uckaTb pelenus (4.9) B Buze
e= Z AmCm,s (4.10)
mzm

riae moy € 7.

Jlemma 4.8. /aa kaxncdoeo ¢epmuonroeo npedcmasierus, KOYUKA Ko-
mopoeo vy yoosaemaopsaem ycrosuam remmol 4.6, ypasuenue (4.9) umeem
1-meproe npocmparncmeo peuwenuii suda (4.10). las obpasyroweii 3mo-
2o npocmpancmsa umeem my = 0.

Hoxkazameavcmeso. Jlisi BekTopHbIX noJjeil Buaa (4.10) cootHoulenus (4.9)
BBITVISIISIT CJIEYIOIM 00pa3oM

> amy(A_p, em) =0, aasBcex kEZ, k#O. (4.11)

m>=my

IT10 OGecKoHeuHasi CHCTeMa JIMHEHHBbIX YpaBHEHHH Ha HEHW3BECTHbIE .
[To nemMme 4.6 oHa UMET TPEYTrOJIbHYIO MATPHULLY, CJAEI0BATENbHO /ST KAaXKI0T0
k # 0 U3 k-ro ypaBHEHHUS aj MOXKHO BbIPa3UTb uepe3 3HAUEHUS d,; ¢ m < k.
Hnst k=0, nanpotus, (Ao, e,) =0 st Bcex m € Z, tak kak Ay = const
(memma 4.6). Takum ob6pasdom, ap— HezaBucumasi KoHcrtaurta. Has m <0
UMeeM ., = 0 MOCKOJILKY TTOC/Ie/IHEE CITPABEJIMBO ISl JOCTATOUHO OOJIBIINX
(oTpuLaTeNbHbIX) 3HAueHWld m. g m > 0 3HaueHUs] A, MOXKHO BbIPA3HTb
uepes agp. DTUM MPEAJ0KEHHE T0KA3aHO. O
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O06benuHsisi ieMMbl 4.5, 4.7, TIONyuUUM CJIEIYIOLLYIO TEOPEMY.

Teopema 4.9. /]1g 2106020 pepmuornoeo npedcmasreHus, KOYUKA Y KO-
mopoeo yoosiemsopaem Ycrosuam aemmol 4.6, u aoboii (¢puxcuposan-
Hotl) naockotl ceazrHocmu V cyujecmsyem pogHo 00UH, C MOYHOCTbIO O
nponopyuoxarerocmu, kasumup. Coomsemcmayiouee 8eKmMopHoe noae
umeem npocmoii Hyav 8 P .

Hopmanusyem kazumup ycaosuem ag = 1. Torna ero co6¢cTBeHHOE 3HaUe-
HHe COBMajaeT ¢ cOOGCTBEHHBIM 3HaueHHeM orepatopa A(ep), MOCKOJIbKY MO
JemMmam 3.2, 3.4 onepatopbl U3 A(E(f)) AHHYJIHPYIOT BAKYYyM.

Bapbupys miockyto cBA3HOCTb V TpH (PUKCHPOBAHHOM PaCCJOEHHH, MO-
JIYUHM TPOCTPAHCTBO KA3HMHPOB BTOPOTO MOPSiKA, Pa3MePHOCTb KOTOPOTO
corJiacyercsi ¢ pa3MepHOCTbIO COOTBETCTBYIOILETO MPOCTPAHCTBA MHBapHaH-
TOB aarebpnl [22].

Jl71s1 MpOU3BOJILHOTO BEKTOPHOTO MoJisi Bujaa (4.10) MOXKHO yTBepKIaTh,
UTO W €ro JeHCTBHe, U JeHCTBUE ero oneparopa CyraBapa KOPPeKTHO omnpe-
nedietbl. YTo6bl MoKasarh nepBoe, HAlOMHHUM, UTO Uit Kaxaoro v € V u no-
cTaTouHo GoJibLIMX 1 cripaBeyinBo e,v = 0. Ilns onepatopos CyraBapa nme-
eMm L, :Zmﬂ "y, tae 7" =resp, (W"w"e). Ho mns nannbix m, n
resp, ww"er # 0 TOILKO U1l KOHEUHOTO uhcJIa 3Hauenui k. CienoBaresibHoO,
Ko3(hduLmenTsl [J"" TakyKke KOPPEKTHO ONpeeseHbl.

4.3. Toaykazumupbl 1 NPOCTPAHCTBO MOJyJel Mg;

M3 sieMMbl 4.5 U NpelblIyllero pasjiesa MOXKHO 3aKJIOUUTb, UTO Tepe-
CTaHOBOUHOCTb A, CO BCeMH 3JjeMeHTaMH anreGpbl A Hak/ajblBaeT OueHb
CWIbHblEe OTPAaHUUEHHS HA e. 3/1eCb Mbl PACCMOTPUM GoJiee cadble YCIOBHS.

Onpeneaenune 4.10. Hazosem oneparop Buaa A, MojyKazuMHpOM, ecC/n
[Ae, Ar] =0 nost mo6oro k < 0.

[Tycth A cA— MOJMPOCTPAHCTBO, MOPOKAEHHOE BeeMu Ay, & < 0. 3a-
MeTHM, 4To Kak aJsre6pa Jlu A_ siBasiercs nopanre6poit B A (B To Bpems
KaK B KauecTBe accollMaTUBHOH anre6pul — HeT). [1pu g = gl(/) MoxKHO Takxke
pacematpnBath A_ Kak moganre6py Jlu B g®.A (Ho He B §), HHTEPIPETH-
pysi semMenTbl A Kak ckajsipHble MaTpuubl. Kak noganredpa B g® A, A_
nepecranoBouna ¢ sl(/) @ A_. Caenoarensho g, =sl(l) @ A_ ® A_ — no-
nanre6pa Jlu B g ® A. Hazosem g, peeyaaproii nodasrcebpoll.

OnpeiesiuM KOUHBAPUAKMbL PETYJISIPHOH Moianre6phl B g-Mojyae V kak
dakroprpoctparctso V/U(g,)V, tie U(g,) o6o3Hauaer noaare6py yHuBep-
caslbHOH 06&PTHIBAIOLIEH aareGphl 4151 g, COOTBETCTBYIOLIEH OANPOCTPAHCTBY
g, (9ma nopanre6pa, B UaCTHOCTH, HE COJEPIKUT €JIUHULIbI).
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CorsiacHo onpejniesienuio 4.2, orneparop A, KOPpPeKTHO ONpesieséH Ha Mpo-
CTPAHCTBE KOMHBAPHAHTOB a/areOphbl g,. DTUM OTpeesisieTcs 3HaueHne ToJy-
Ka3aMHUpOB /1 KOHPOPMHON Teopuu noJsi. C Apyro# CTOpoHbl, 3ameuanue 4.2
He MPUJIOKUMO K T0JyKa3UMHPaM, TaK KaK COOTBETCTBYIOILME BEKTOPHbLIE
noJisi 06pasyloT He mojaarebpy, a JHIb BEKTOPHOE TIOAMPOCTPAHCTRO.

Jly1si BEKTOPHOTO MOJIsi e, OTpeJessiollero nojykasuMup, BMecto (4.9)
1MeeM

Y(A_p, e)=0, nnsaBcex ke€Z, k>0. (4.12)

st noJiykasuMHpOB MMeeM CHCTeMy ypaBHeHWH, aHasoruunyto (4.11), Ho
muuib 1 k> 0. Takum o6pa3om, KoshphULIHEHTb @, ¢ m < 0 okasbiBalOTCS
HE3aBHCHMbIMH, 4 BCE OCTAJIbHBIE BbIPpAXKaioTes uepes Hux. [lyets £L_ C L —
MOJMPOCTPAHCTBO, MOpoXaéHHoe Bekropamu {e;: k < 0}. Beenem ortoGpa-
wenne s L_— L cJie/lyloluM 06pa3oM: BO3bMEM e € L_u NPEACTaBUM €ro
B Buje (4.10); 3aTeM MOACTaBUM COOTBETCTBYIOLIME 3HAUEHUS ap (m < 0) B
(4.11) v BbIUMCTUM @y, m > 0. O603HaunM uepes I'(e) BekTopHOE MoJIE, KOTO-
poe COOTBETCTBYET BCEMY MHOXKECTBY KOI(D(MHLHMEHTOB ;. Mbl yTBep:K1aeM
clefLyoliee.

Jlemma 4.11. [Ipocmpancmso noaykasumupos cosnadaem ¢ A(F(E,)).
Ono nopoacderno aremenmanu A(I'(er)), ede k < 0.

Kax yrnomuHasoch Bbiliie, MOJyKa3UMUPbl KOPPEKTHO OIpejiesieHbl Ha Po-
CTPaHCTBE KOMHBApUAHTOB nojaare6pbl g,. st e € L_ nycets A(e) — onepa-
TOp, HHAYLHpoBaHHbIi onepatopoM A(I'(e)) Ha KouHBapuaHTax. OToGpake-
Hie A onpesenero Ha £_ 1 110 Jemme 4.8 ero 06pas — T0 MPOCTPAHCTBO Cs
MOJIYKa3UMHPOB, pacCMaTPUBAEMbIX KaK OrepaTopbl Ha KOMHBapHAHTaX.

Hatur cyieytonimii mar — nokasarhb, 4TO TOJbKO KOHEUHOE UMCJI0 GA3HCHBIX
MOJIYKa3UMHPOB 3a/1aéT HETPUBHAJIbHBIE OTlepaTOpbl HA KOMHBapHaHTaX H J/Is
MOJXO/ISILIEr0 HATYPAILHOTO P YCTAHOBUTH COOTBETCTBHE MEXK/LY KacaTe/bHbIM

(p)
MIPOCTPAHCTBOM K /\/lg,Q U NIPOCTPAHCTBOM I10JIYKa3HMHPOB, paccMaTpUBaeMbIX
Ha KOUHBapHaHTax.

Jlemma 4.12. [ira ¢pepmuonnoeo npedcmasrenus V cyujecmsyem maxoe
pEZy, umo LY C kerA.

Hokasameavcmso. J1nsi (pepMHOHHOTO NpeACTaBJEHHsT ONpPeLeNEHHOro 3a-
psiia MpOCTPAHCTBO KOMHBAPHAHTOB aJjreOpbl g, KOHEUHOMEPHO. DTO — U3-
BeCcTHBIH akT st adppunHbIX anre6p Kana—Mynn. HecmoxHo cBectH no-
Ka3aTe/JbCTBO YTBEPKIEHHUS B paCCMaTPUBAEMOM TMOUTH FPaLyHPOBAHHOM CJTy-
yae K U3BECTHOMY, IPOCTO pacCMaTPHBAsl ACCOLMHPOBAHHbIE MPayHPOBAHHbIE
0OBEKTBI.
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paCCMOTpI/IM paaJioKeHue

|
onpejeJsiiolee CTPYKTYpy MouTH rpagyuposantoro Dg-moayas na V. Buay
KOHEUHOMEPHOCTH KOWHBAPHAHTOB CYLLECTBYET TaKoe S, UTO

P V. cu)v.

n<s
[TockosbKy V —noutu rpaayupoBaHHblii L-MOJyJb, CYLIECTBYeT TaKoe
ve€Zy,uroe,V, C @m<k+n+y V. OueBngno, k+n-+v < s st Becex n <0
npH yejoBun k < s — v. CaenoBaresibho €,V CU(g,)V 1ist Bcex k < s —v.

Haiinem rtakoe k' €Z, uro T(ex)V CU(g,)V nast Bcex k< k'. Tlo-

CKOJIbKY V — moutn rpaaynpoBaHHbiii (g @ A)-MOysb, CYIIECTBYET Takoe
v eZy,urou(i)V, C @m<i+n+y, Vn st Beex u € g, i € Z.. CaiejloBaTesbHO,
u @D up(DVe € DBpiviznion Vme Pan (3.9) mnst T(ex) conepxur uien

M (D)uy, (f): IPH YCJIOBHH, UTO IZ # 0. [Tocaennee BbIMosHsAETCS 1J151
i+j<k+g (4.13)

Uro6bl JI0Ka3aTb 3TO yTBEPKJAEHHE, 3aMETHM, UTO B MPEANOJOXKeHHH g > |
UMeeM i GasHUCHbIX 3jeMeHToB A, € A, wy (1-dopma), e, € L che-
Jylollee mosefenre B Touke P_: A, =0(z7"78), w, = 0" dz,
em = O(z*m*:’)g*l)%. OTH COOTHOLIEHUS BBIMOJHAIOTCS TaKxke s g = |,
€CJIH TOJIOKUTL wy = A|_,dz, em =Am+1%, a takxke s g =0. Beuny
(3.9), umeem [/ =—resp_epw'w!. B Touke P_ umeem epw'w/=0(z~k+t+i—e=1),
Ecan [} #0, 1o —k+i+j—g—1<—1, otkyna caenyer (4.13). Caenosa-
TeJIbHO
T(er)Va C @ V.

m<n+k+g+2v’

Takum o6paszom, Mbl MOXKeM B3siTb k' =s — g — 21/,
SlcHo, uto uis p=max(v —s, |K'|)ue€ L7 umeem A(e)V C U(g,)V, a
3Hauut e € kerA. O

[TycTb Mgg — MPOCTPAHCTBO MOJIyJell KPUBBIX pojla g C JIByMsl OTMe-
UEHHBbIMH TOuKamMu P, dUKcUpoBaHHOU |-cTpyéil JIOKaJbHOH KOOPAHHATbI
B P4 ¥ (pUKCHPOBAaHHON p-CTPyEil JioKasbHOH KoopauHathl B P_. Mmeercs
KaHOHHYecKoe oTobGpaxkenue 0: L — Tg;/\/lf;%. Ono Bocxoaut k [7]. Koro-
MOJIOTHUECKAs U FeoMeTpUuecKasi BEPCHH 3TOro 0ToOpakeHusi naHbl B [19)]
u [4] coorserctBenHo. Ilycth A 0603HauaeT orpanuueHue oToGpaKeHus 6
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Ha noanpoctpaHctBo L_. Ilycts V — depmuoHHOe npesicTaBiaeHre anrebpbl
D;lz' ~v — ero kouukJ1. Ilycts, Takke, C§ = C5(V) o603HauaeT nosyKasumMup
BTOpOro nopsiika anre6psl JIn g B npeacrasiaenuu V. Mol npeanosaraem, uto
MOJYKa3UMUPbl JEHCTBYIOT HA KOWHBAapHAHTAX.

Teopema 4.13. Bosomenm p kaxk 8 semme 4.9.
1°. Omob6pascenue 0: L_— TEM(;;” clopvekmusno u kerf = £,

2°. /[laa makux V, umo -y ydosiemeopsem ycaosuam aemmol 4.6,
omobpancenue N: L — C3(V) ciopvexmusno u L7 C ker A,

3°. Omo6pancerue Nof=": Tg/\/lif;l) — C3(V) clopvexmusHo.

Jokasameaocmago. 1° siBASIETCS TPOCTHIM CJEICTBHEM TOJNBKO UTO YIOMSIHY -

ThIX U3BECTHBIX pe3yJsbraToB. CornacHo yTBepxaeHuio 4.4 [19], oro6pakenne
—1 2

0: L— TEMI(;Q ) CIOPBEKTHBHO U kerf = E(Jr) o L?, YTBepaKaeHHe crenyeT

Tenepb U3 pasdnoxeHus: L = Ef) eL_.
2° Bbitekaet u3 jiemm 4.8, 4.9. UacTb 3° HeMemIeHHO cenyeT U3 1° u 2°.
O

§ 5. Kasumupbl B TepMHHAX «r€OMETPUYECKUX»> KOIMKIOB

Llesb aHHOro pasiena — 3aHOBO YCTAHOBUTb HEKOTODbIE DPe3yJbTaThl
NPeAbIIYIIHX PA3AeJN0OB IPH HECKOJbKO HMHOH IMOCTAHOBKE 3aaud. 2-KO-
KA Ha D' HasbiBaeTcs JIOKaJbHBIM, €C/H CyllecTByeT L € Z, Takoe, uTo
Y(Ai, Aj) = (e, ej) =v(A;, ;) =0 mns Beex i, j € Z, Takux, uro |i —j| > L.
JloKaJibHble KOLMK/IBLI Ha D' onuchiBaloTes ceiyloluM 06pasom.

Jlemma 5.1. Kaowdeiii rokanvmoi koyuka na D' 6 aokaroneix koopdu-
Hamax umeem 8u0

Y(hO+ g1, [20+4 go) =resp, [ar (115" — [{'fo) + R(F1fs — [1 o)+
+ax (189 — fog)) + T(f185 — [281) + asgi1dgs],

ede ay, as, as € C.

3nech R u T (yHKUMH TOUKH M KOOPAHHAT HA PUMAHOBOH MOBEPXHOCTH,
npeo6pasyloliiecs Mpyu 3aMeHe KOOPJAMHAT TaKUM 06pa3oM, UTO MOJ| 3HAKOM
BblueTa okasbiBaercsi 1-gopma. R u T Ha3bIBAIOTCS COOTBETCTBEHHO MPOEK-
TUBHOH U apPUHHON CBSIBHOCTAMM.

Hnst g =0 st1a emma u eé nokazatesibetBo umeetes B [1]. okasaresb-
CTBY B cJjiyuae g > | nocpsieHa HenasHsst pabora [17]. Hanuoe semmoii 5.1



398  Kasumupsl Broporo nopsiika adcunubix anre6p Kpuuesepa—HoBrkoBa

OMMCaHHEe KOLMKJIOB IMPHUBOAMT K APYroMy MOAXOAY K (I0Jy-)KazUMHUpaM.
371ech Mbl PACCMOTPHUM 3TOT MOJXOJL.

Jlemma 5.2. /laa kaxdoeo rokarvroeo Koyukaa y Ha D' 6 aokavroix
KOOpOUHAMAX BbLNOAHAEMCA cAedyrouiee COOMHOUeHUe:

v(e, A) =resp, (afA" + TfA'),

ede e=[0, a€C, a nosedenue T npu samene A0KAA6HOLX KOOPOUHAM
MOdcem OoLmo ONUCAHO OOHUM U3 Mpex CACOYIOUUX IKBUBANCHMIHOLY
COOMHOUeHUL:

1°. a7 T(w) = a= ' T(2)us " + uzous?;
2°. a 'T(u)ydu = a='T(z)dz + dIn u;
3°. cywecmsyem v, maxkoe umo T(z) = a% Ino(z),

ede u, z— aoKaabHole napamempeol, u,=u'(z), v0 € L — r0KkarvHoe
npedcmasaerue 8eKmopHo20 NoAs.

Jokasamenvbcmao. BoipaxeHue 1151 y M0Jy4aeTcsi HEMeJIEHHO, €CJIH B JIeM-
Me 5.1 nosoxuts fy =f, g1 =0, fo =0, go = A.

Teneps Haiiném 3akoH npeoGpazoBanis, KOTOPOMY JOJKHA YIOBAETBOPSITH
napa a, T, utoGbl BhIpaxenue v, r(e, A) =resp, (afA” + TfA') ne 3aBuceno
OT BbIOOpPA JIOKATLHBIX KOOPAMHAT. DTa HE3aBUCHUMOCTb, OUEBHHO, SKBH-
BasieHTHa TpeGoBaHuio, utobbl 2, 7(A) :=aA” + TA’ Gbli0 KBaapaTHUHBIM
anddepentmanom st kaxkaoro A € A. Jlerko nokasartb, 4To HCKOMBIH 3aKOH
npeo6Gpa3oBaHusl MOXKeT OBITb 3aMHcaH B TPeX BbILIENPHBEIEHHBIX IKBHBA-
JIeHTHBIX (hopmax. Hamernm, Hanpumep, Kak u3 2° BeiBectd 3°. [1yTeM HHTe-
rpupoBaHust 00eux yacTeil paBeHCTBA 2° OT KaKOH-TO (PUKCUPOBAHHON TOUKH
JI0 Tekyllel Toukd P noayuyaem a ! fP T(u)ydu=a™! fp T(z)dz +Inu,. To-
c/le IKCTIOHEHIMPOBAHHUs MoC/IelHee paBeHcTBO NaéT exp(a™! fp T(u)du) =
=exp(a™! fP T(z)dz)u,. Tenepb HeCJ0XKHO 3aMeTHTb, UTO U(2) =

=exp(a~! fP T(z)dz) npeobpasyercsi Kak BEKTOPHOE T0JIe. O

3ameyarnue. YrepKaeHue 3° jeMMbl 5.2 oGeCreurBaeT CylIeCTBOBAHUE Be-
Janunnbl T ¢ TpebyeMbIM 3aKOHOM NpeoOpazoBanusi. M0KHO B35ITb IPOHU3BOJIb-
HOe BEKTOpHOE moJjie U3 L£ U MOCTPOoUTh T, KaK MPEeAnHcaHo COOTHOLIEHHEM
JieMMbl 5.2.3°.

Mcnosib3yst ieMmy 5.2, MOXKHO CJIeLYIOIHM 00pa3oM YTOUHUTD JieMMy 4.4.



O. K. lleftnman 399

Jlemma 5.3. [Tycmo g = gl(l) u npedcmasaenue coomsememsyoueti ar-
eebpol g donycmumo. Toeda dasn npoussoavroix e € L, x € g, A € A umeem

(A, xA] = A(x)y(e, A)oid,

ede 8 A0KaAbHOLX KOOpOuHamax 048 e = [0 gvinoansemcs caedyioujee
coomnouenue: y(e, A) =resp, (afA” + TfA") (a € C) u T ydosaemsopsem
ycaosuam aemmol 5.2.

M3 semm 5.6, 5.3 MOXKHO BHIETb, UTO TOJbKO KOLMKJBI BHIA

Yo (10 + g1, [20 + go) =resp, [a(f1gy — [og)) + T (185 — [281)], a€C*

OTBETCTBEHHBI 38 MePeCTaHOBOYHOCTL onepatopoB A, u x(A).

[To nemme 5.2 cywectsyior Ty u a € C, takue, uto y(e, A) = resp, (afA” +
+TyfA"Y u aA” + TyA’ — kBagpatnunblil jguddepeHuran s Kaxkaoro
A € A. Tlyetb Qy o603HauaeT BeKTOPHOE MPOCTPAHCTBO BCEX KBAIPATHUHBIX
nuddepentanos sToro Buaa. Beeiem Takke obosnauenue Q2 nas npo-
CTpaHCTBa BCeX MepOMOP(MHbIX KBAAPATHUHBIX AU hepeHInanos u { -, ) s
€CTECTBEHHOrO CHAapUBAHHsI MEXK/Y BEKTOPHBIMH MOJISIMH M KBaIpaTHUHbIMH
mnddepenumanamu: (e, Q) :=resp, (eQ) (e € L, 2 € QP).

Teopema 5.4. A, ssasemcs kasumupon areebpo. Jlu g 8 npedcmasie-
nuu V moeda u moavko moeda, koeda (e, Q) =0 das kancdoeo Q € Qy.

Hokasameavcmso. Ilo onpenesennio ckKoOku (-, - ), JeMMy 5.3 MOXKHO 3a-
nucarb B BHJE

[Ae, xA] = \(x){e, Q) oid,

rae Q =aA” + TyA’. 3 njokazateqbeTBa JeMMbl 5.3 MOXKHO JIETKO M3BJIEUb,
uto A(l;) = 1, caienoBaresbHo,

(A, A] = (e, Q) oid.

OTH JIBa COOTHOLIEHHST 03HAYAIOT, UTO A, KOMMYTHPYET CO BCEMH 3JIEMEH-
tamu Buga A u xA (x € g, A € A) Torna u ToJbKo Toraa, Korna (e, ) = 0 st
Bcex Q=aA” + TyA’. Ecau A npoGeraer anrebpy A, to ) npoGeraer Qy.
ITUM Teopema J0Ka3aHa. (]

[ycts Qf :={e€ L: (e, Q) =0, VQ € Qy}.
Corollary 5.5. Cy = Ok /(5 nLY).

Ato caenyer u3 TeopeMbl 5.1 u jemm 3.2, 3.3.
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5.1. OnucaHue Ka3uMHUpPOB

B JiokasibHO! KOOpAMHATE 2 Ha Y BEKTOPHOE M0Jie @ MOXKHO MPeICTaBUTh
B BUe e = £0, rie £ = E(z) — siokanbHas QyHKUMs, 0 = %. B obuiem no-
JIOXKeHUH aDUHHYIO CBA3HOCTH T MOXKHO BbIOpATh Tak, UTOObl OHAa HMeJia
NpocThble NoJitoca B Toukax Py (nemma 5.2.3°). Huxecnenytouwmii npumep 5.1
MOKA3bIBAET, UTO 3Ta CHUTyallHsl HMeeT MecTo JJisi TeX I, KOTOpble BO3HHKA-
10T B (pepMHOHHBIX TpencTaBieHusix. [Ipennonoxum, uto npeacrasieHde V
3adukcupoBano u T = Ty.

[To Teopeme 5.1, ycyoBue Toro, uto A, siBjisieTcsi KA3UMUPOM, TaKOBO:

7{ E(@A”" +TAYdz=0 nns Beex A € A. (5.1)
Co

Wurerpupysi mo 4acTsiM ¥ NPUHAMAsi BO BHAMaHHe TOT (hakT, uto A Mmpous-
BOJILHO, MoJiydaeM JuddepeHiiasbHoe ypaBHeH e

aE’ — (ET) =0. (5.2)

Mzl HUIIEM €ro pelleHus Bhaa

E=Y"asE,, (5.3)

n=>N
rae e, = Eﬂ% B OKPECTHOCTH TOUKH P .

Jlemma 5.6. /[aa agppunnoii ceasnocmu T obujeco noroicenus, makod,
umo T(z) = O(z™") 6 mouke P, ypasuenue (5.2) umeem odHomepHoe
npocmparcmao peuteruti suda (5.3).

Hokasamenocmso. Jloka3aTesbCTBO CBOJIUTCS K PellleHHI0 ypaBHeHHUs (5.2)
B CTEMNeHHBbIX PsaX B OKPECTHOCTH TOukH Pi. [lpeanosioxkum mis npo-
CTOTBbI UTO ordp+ e = —1. Ilo npeanonoxenuto, £ = ez " fegtez+---,
T=r1_1z7 '+ 10+ 7z+--. CieloBaTesibHoO /151 CTENEHHBIX PSI0B COOTHO-
uieHue (5.2) BBIMIAIUT TaK:

—2e_1(1+7_1)=0,
€T—1 +e_170=0,

(5.4)
€170 — (277'_])62 = 0,

Jnst adduHHOM cBsidHocTH T obliiero noJioxkeHust umeeM 1 +7_; # 0, caeno-
BaTeJIbHO MepBoe cooTHolieHue naét e_; = 0. Anajoruuno, €y = 0. M3 tpe-

Thero COOTHOLIEHHSI Mbl TIOJIyUAEM €9 = Q_TTO -€]. Takum o6pas3om, Mbl UMeeM
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POBHO OJIHYy HE3aBMCHMYIO KOHCTAHTY €. OcTajibHble COOTHOLIEHHS TO3BO-
JISIIOT BBIPA3UTb KOHCTAHTHI € (R > 1) uepe3 € ¢ MEHbUIUMU HOMEPAMU. DTO
ocTaéres BepHbIM M eca ordp, e < —1. O

Cuaenyioliasi TeopemMa HeMoCPEICTBEHHO BhITEKAET U3 JieMMbl D.4.

Teopema 5.7. /laa aghpunnoii ceazrnocmu T 0bujeco noaoicenus, maxod,
aumo T(z) = O(z™") 6 mouke P, cywecmsyem moavko 00un (¢ mouro-
cmoio 00 NPONOPULOHANbHOCML) Ka3umup smopoeo nopadka. OH co-
omeemcmayem 8eKmopHOMY NOMO, Komopoe 8 mouke Py sedém cebs
caedyouum obpasom: e(z) = z(1 + O(z))%.

5.2. OnucaHue MoOJyKa3uMHUPOB

[To Teopeme 5.1 W no anajsoruu ¢ (4.12), 151 BEKTOPHOTO T0JIsI, OTpeie-
JISTTOLILETO TTOJYKa3UMUP, HMeeM

resp, (aE" — (ET))Adz=0 s Bcex A € A_. (5.5)

[Tpeanosnoum st mpocToThl, uto a = 1 u Bosbmém E” — (ET) =Y a;2' B
Touke Py (cymMMa KoHeuHa cJieBa). Mbl paGoTaeM 3/1eCh TOJILKO € JIOKAJbHLIMU
passioeHusiMu B Touke P, . Jlast anementa A_| = a1z " +ag+-- -, umero-
111ero CTapllylo CTeleHb B ,Z_, cooTHouienue (4.12) naér f_,ao + Boa—i, uto
M03BOJISIET BLIPA3UTh Qg Uepe3 a_ . AHAJOTHUHO, /IS CJIeyolIero 6a3uCHOro
snementa A_y € A_, cooTHolIeHNE (4.12) Bbipaxkaer a; uepe3 KO3 hUIIU-
€HTbl @ C MeHbIIMMH HoMepamu. Takum o6Gpasom, Kosdduuuentsl a;, i <0
He3aBHUCHMbI, a BCE OCTaJbHble MOYKHO BbIPa3UTh Uepe3 HHX.
JIist moiykasuMHUpoB BMeCTO (5.4) HMEITCS CJIelyIolHe COOTHOILIEHUS:

*26_1(1 +7'_]) =a_s,
€0T—1 +€-1To =0a—y, (5.6)
€_1Te+ €071 + €170 + €271 — 2€2 = ay,

W3 nepBbIX JABYX COOTHOLIEHHH €_j, €y MOTYT ObITb BbIPa’KeHbl Uepe3 He3aBH-
CHMble KOHCTAHThl @_3, d_g. C MOMOLIBIO TPETHErO COOTHOLLIEHHUS €9 MOXKHO
BbIPa3UTh uepes €;. OcTasbHble COOTHOLLEHHS T103BOJISIIOT BbIPA3UTh €; Uepe3
€ C MeHbLUMMH HoMmepamu (i > 2). Takum o6pasoM, €; He3aBHCHMbI TOrja H
ToJIbKO ToTAa, Korja [ < 1. Orciona cHoBa ciienyet jemma 4.8.

Crenyrolmmii npuMep nokaselBaeT, UYTO MPeACTaBJEHHS] CTApLIero Beca,
Y/LOBJIETBOPSIIOLLIME YCJIOBHSIM TeopeMbl 5.3, A1eHCTBUTENbHO CYLIECTBYIOT.

26 dynnameHTasnbHAs MaTeMaTHKA CErojHst
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[Ipumep. PaccMoTpuM (hepMHOHHOE NPEJICTAaBIEHHE, COOTBETCTRYOLIIEE JIBY-
MepHOMY PaCCJOEHHIO OOLIEro MOJIOXKEHUsT Ha 3JJMNTHUECKOH KpUBOH. Mbl
XOTHM [0KAa3aTh, YTO KOLMKJ TAKOTO MPEACTABJIEHUsT COOTBETCTBYET adpuH-
HOH cBsidHOCTH T, UMelollell mosioc nopsiaka 1 B Touke P .

[TycTtb v o603Hauaet 3ToT KouwuKJI. [Ipexkae Bcero rokaxkem, uTo ecau
ordp, T < —1, mo cyujecmeyem maxoe m >0, umo (A, ey) # 0. Ilpen-
nosoxkum, uto ordp, 7= —m —2,m > 0. [Tockonbky ordp, e, =m+ 1 u Af,
A ronomopousl (A} (P4) # 0 B o6wiem nosoxenun), umeem (A{ + TA))e, =
= O(z71)dz. Cnenosarennto B o6iiem nosnoxennn res(A7 + TA))e, # 0.

Ho nsist npencras/ienunii cTapiiero Beca jierko nokasatb, 4to y(Ay, e,) =0
st Beex m>0. Umeem [A, en] = —end1 +7v(Ay, en). Has snauntu-
YeCKOH KPHUBOH MOXKHO B3SITb €, = A %. Caienopatenibio y(Ay, en) =
=—[A, em] —emAL=enoA—Ajoey, —AmH%. [1pumenum o6e uyactu
nocjeHero paseHctBa K Bakyymy. Torma A;|0) =0, e, |0) =X\]|0), e
A € C. Ouesupno, AmH% — 3JieMeHT nopanreopsl A, . CirenoBaresnbHo
v(Ay, en) = 0. Mbl NOJYYHIIH, YTO

ordp, T2> —1.

Ocraetcsi MOHATh, KaKasi U3 JIByX BO3MOXKHOCTEH UMeeT MecTo: T peryJsip-
Ha B TOuKe Py WJIM MMEeEeT TaM MOJIIOC MEPBOro Mopsiika. J1erko nmpoBepHTh,
uto B mepBom cayuae resp, (AY +TAj)e_; =0, B To Bpems Kak BO BTOPOM
9TOT BblYeT BOOOIIIE TOBOPS OTJIMUeH OT HyJisl. CJle/oBaTe/IbHO 10 3HAUEHHUIO
~v(Ay, e_|) Mbl MOXKEM CYJIHTh, KaKasi H3 IBYX MePEUHCAEHHbIX BO3MOXKHOCTEMH
umeet Mecto. [1o emme 4.6 BooGiiie roBops, (A, e_1) # 0, cienoBaTebHO,
ordp, T=—1.
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MOJIHBIH CMHUCOK JIOKJIAJIOB, a TaKKe HeKOTopble oTorpacuu.

[lporpamma KoH(pepeHuUH

A. Alexeeuski, S. Natanzon. Klein topological field theory and Hurwitz
numbers of complex and real algebraic curves

Sergei Arkhipov. A geometric realization of the category of modules
over the small quantum group

V.1. Arnold. Astroidal geometry and hyperbolic polynomials

lvan Arzhantsev. Affine embeddings of homogeneous spaces

A.A.Belavin, A. V. Odesskii, R. A. Usmanov. New relations in the al-
gebra of the Baxter @-operators

Michael Blank. Dynamical spectrum for random maps and Ulam con-
jecture

A.A.Bolibruch. Semistable Vector Bundles with Connections and
the Riemann—Hilbert Problem

Alexander Braverman. Singularities of loop schemes and automorphic
L-functions

Victor M. Buchstaber. Symmetric powers as algebraic variety

Yurii M. Burman. Whitney’s index formula and Laplace integrals

P.Cartier. Cosmos and atom: a revival of Hermann Weyl's ideas
about gauge invariance

Leonid Chekhov. Commutative and noncommutative Teichmuller spaces
via graphs



406 [Ipusoxenue

P. Deligne. Tensor Categories

Boris Dubrovin. From integrable systems to Gromov—Witten invari-
ants

S. V. Duzhin. Decomposable skew-symmetric functions

A. Eskin, A. Zorich. Billiards in rectangular polygons

L.D. Faddeev. Problem of mass for the quantum Yang—Mills theory:
what is it

William G. Faris. Ornstein—Uhlenbeck and renormalization semi-
groups

V. Ginzburg. Symplectic reflection algebras

Vladimir A. Gordin. Eigen-value Functional Optimization in Mathe-
matical Physics and Stability Problems

A. L. Gorodentsev. Abelian Lagrangian Algebraic Geometry and ALAG-
quantization

A. Gorodetski. Stable nonhyperbolic properties of dynamical systems
and smooth realization of skew products

P.G. Grinevich, S.P.Novikov. Toplological charge of the finite-gap
Sine-Gordon solutions

S. M. Gusein-Zade. Indices of 1-forms on an isolated complete inter-
section singularity

A. Ya. Helemskii. Wedderburn-type theorems for operator algebras: tra-
ditional and “quantized” homological approaches

Yulij Ilyashenko. Centennial History of the Hilbert’s 16th problem

Dmitry Kaledin. Symplectic singularities in algebraic geometry

Jean-Michel Kantor. Recent works on lattice polytopes

Oleg Karpenkov. Energy of a knot: variational principles

Anatole Katok. Nonuniform hyperbolicity and rigidity

L. Katzarkov. Algebro Geometric methods in symplectic geometry

Maxim Kazarian. Multisingularities and cobordisms

A. Khovanskii. Parshin’s symbols, toric geometry and product of the
roots of a system of equations

A. A. Kirillov. Representions and orbits of triangular groups

S. K. Lando. The Hurwitz problem and the geometry of spaces of mero-
morphic functions

S. Loktev. Coinvariants of one-dimensional lattice VOAs

Valery Lunts. Motivic measures and stable birational geometry

R. MacPherson. Intersection homology and torus actions

Sergei Maksimenko. Smooth shifts along trajectories of flows

Sergey P. Novikov. Discrete systems and integrabilty

Grigori Olshanski. Gelland—Tsetlin schemes, measures of hypergeo-
metric type, and point processes



[Tpusioxenue 407

Eugene Polulyakh. Dynamical systems which admit periodical decom-
positions

Alexei Rudakov. Representations of infinite-dimensional graded Lie s-
algebras with s[(3) x s((2) x gl(1) as the zero degree component

A.G.Sergeev. Seiberg—Witten equations and Abrikosov strings

S. Shadrin. Topological classification of unitary functions of arbi-
trary genus

Irina Shchepochkina. Classification of the real simple Lie superalgebras
of vector fields

O. K. Sheinman. The second order casimirs for the affine Krichever—
Novikov algebras glgo and sl

S. B. Shlosman. Convex envelope of the Wiener loop

Mikhail Shubin. Capacities in spectral theory of magnetic Schrodinger
operators

A. Skopenkov. The Whitehead link, the Hudson—Habegger invariant
and classification of embeddings S' x §% — R’

Alexei Skorobogatov. Rational points on certain Kummer surfaces

Vladlen Timorin. Four-dimensional geometry of circles

M. A. Tsfasman. Asymptotic Properties of Global Fields

V.A. Vassiliev. Combinatorial formulas for cohomology of spaces
of knots

Misha Verbitsky. Proof of Mukai conjecture

A. M. Vershik. Metric classification of functions of several arguments,
random matrix and space of Polish spaces

E. B. Vinberg. The dual horospherical Radon transform for polynomials

F.L.Zak. Order, rank, and class of projective algebraic varieties



OYHIAMEHTAJIbHAST MATEMATHUKA CETOHSI.
K JECATHUJIETHUIO HMY.

Penakropwl C. K. Jlanno, O. K. lllefinman.
Jluzaitn o6J0:kk1 Y. Corosa

[Moanucano B neuatsh 18.7.2003 r. ®opmar 60 x 90 1/16. Bymara ocernast Ne 1
[Teuatb odcernast. [Teu. 1. 25,5 Tupaxk 1000 sk3. 3akasz Ne

Wpareasctso HMY, MILIHMO
121002, Mockga, I'-2, Boa. Biacbesckuii nep., 11.
Jluuensust MJ1 Ne 01335 ot 24.3.2000 roza.

Orneuarano ¢ rotosbix guano3utusos Bo ®IYIT UIIK « YiabsaHoBekuit JJom neuatu»
432980, r. YnbsiHOBCK, yJi. roHYapoBa, 14



