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I. Ôóíêöèè



Ñòåïåííûå ðÿäû, àíàëèòè÷åñêèå ôóíêöèè
I C, ìíîãî÷ëåíû, ðàöèîíàëüíûå ôóíêöèè, ïîëþñû

Pn(z) :=
n∑

k=0

ckzk ∈ Pn,

cn 6= 0, ∃{zk}nk=1 : Pn(zk ) = 0, k = 1, . . . ,n.

Rn,m(z) :=
Pn(z)

Qm(z)
∈ Rn,m(z), Qm ∈ Pm.

{z̃j}mj=1 : Qm(z̃j) = 0 =⇒ Rn,m −→
z→z̃j

∞

I Ðîñòêè àíàëèòè÷åñêèõ ôóíêöèé f (z) :=
∞∑

k=0
ckzk , {ck} :

0 < r0 =

(
lim

k→∞
|ck |1/k

)−1

=⇒
∞∑

k=0

ckzk ⇒ f (z),D0 := {|z| < r0}

∞∑
k=0

ck (z − z∗)k =: f (z), z∗ =∞→
∞∑

k=0

ck

zk =: f (z).
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k=0

ck (z − z∗)k =: f (z), z∗ =∞→
∞∑

k=0

ck

zk =: f (z).



Ðàöèîíàëüíûå àïïðîêñèìàöèè ðîñòêà f :=
∞∑

k=0
ckzk

I Àïïðîêñèìàöèè Ïàäå πn,m := Pn
Qm

( â ò. z = 0):

f (z)− πn,m(z) = O(zn+m+1)

Òàáëèöà Ïàäå:

π0,0 π1,0 π2,0 π3,0 · · ·
π0,1 π1,1 π2,1 π3,1 · · ·
π0,2 π1,2 π2,2 π3,2 · · ·
· · · · · · ·

I Ñòðîêà: {m = const, n = 0,1,2, . . . } .

Dm � max êðóã, ò.÷. âíóòðè - m ïîëþñîâ ó f
1) Ôîðìóëà Àäàìàðà rm({ck}) = · · ·
2) Ìåðîìîðôíîå ïðîäîëæåíèå ðîñòêà f â Dm :

πn,m ⇒
n→∞

f , z ∈ K b Dm \ {ïîëþñû f}
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Äèàãîíàëü òàáëèöû Ïàäå (â îêð. ò.∞)
f (z) =

∞∑
k=1

ck
zk , πn(z) =

Pn−1(z)
Qn(z) : fn − πn(z) = O

( 1
z2n+1

)
I Àëãîðèòì Åâêëèäà. Ïóñòü [.] - ïîëèíîìèàëüíàÿ ÷àñòü f̃ :

f̃ (z) =
∞∑

k=−p

ck
zk =: [̃f (z)] +

∞∑
k=1

ck
zk

f (z) =
1

f−1 =
1

[f−1] + f1
=

1
[f−1] + 1

[f−1
1 ]+f2

=: [p(0),p(1),p(2), ...];

πn(z) := [p(0),p(1),p(2), ..., , p(n−1)] p(j)(z) ∈ P.
I Íîðìàëüíûé ñëó÷àé p(j) ∈ P1

Pn−1(z)

Qn(z)
:= [p(0)

1 ,p(1)
1 ,p(2)

1 , ...,p(n−1)
1 ] =

1

z − a0 −
b2

0

z−a1−···−
b2

n−2
z−an−1

I Påêóððåíòíûå ñîîòíîøåíèÿ:

Qn+1(z) = (z−an)Qn(z)−b2
n−1Qn−1(z), Q0 = 1, Q1 = z−a0.
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Äèñêðåòíûé îïåðàòîð Øðåäèíãåðà J
Ïåðåíîðìèðóåì ìíîãî÷ëåíû Qn = zn + ...

qn := (b0b1 · · · bn−1)Qn, q0 = Q0 = 1

Ìí-íû qn óäîâëåòâîðÿþò ðåêêóðåíòíûì ñîîòíîøåíèÿì:

bn−1qn−1 + anqn + bnqn+1 = zqn

Â ìàòðè÷íîì âèäå (ìàòðèöà ßêîáè) J~q = ~q:
a0 b0 0 0 0 · · ·
b0 a1 b1 0 0 · · ·
0 b1 a2 b2 0 · · ·
· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·




q0
q1
q2
·
·

 = z


q0
q1
q2
·
·


Â ñëó÷àå, êîãäà bn > 0, an ∈ R ìàòðèöà ßêîáè îïðåäåëÿåò

ñàìîñîïðÿæåííûé äèñêðåòíûé îïåðàòîð Øðåäèíãåðà J.
Ïðè ýòîì ñïðàâåäëèâî:

πn(z) ⇒
C\Sp(J)

f (z) =

∫
dµ(λ)

z − λ



II. ×èñëà



Ïðèáëèæåíèå èððàöèîíàëüíûõ ÷èñåë ðàöèîíàëüíûìè:
I Ñêîðîñòü ïðèáëèæåíèÿ:∣∣∣∣α− p

q

∣∣∣∣ < C
q2 , C < 1 ⇒ ∃á.ì. p,q ∈ Z. (∗)

I Àëãîðèòì Åâêëèäà è íåïðåðûâíûå (öåïíûå) äðîáè:

α ∼ a0+
1

a1 +
1

a2 + · · ·

=: [a0; a1,a2, ...], [a0; a1, ...,an] =:
pn

qn

I Îñíîâíûå ñâîéñòâà:

1) Ðåêóððåíöèè qn+1 = anqn + qn−1, q0 = 0, q1 = 1.

2) Íàèëó÷øèå ïðèáëèæåíèÿ α.∣∣∣∣α− pn

qn

∣∣∣∣ < ∣∣∣∣α− p
q

∣∣∣∣ ∀ q < qn.

(ñðåäè äðîáåé ñ íåïðåâûøàþùèìè qn çíàìåíàòåëÿìè)
I Òî÷íàÿ êîíñòàíòà â (∗) è çîëîòîå ñå÷åíèå:

C = 1/
√

5, α = (
√

5− 1)/2
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Cïåêòð Ìàðêîâà-Ëàãðàíæà

I Îïðåäåëåíèå òî÷êè ñïåêòðà Ì-Ë:

λ(α) = sup τ :

∣∣∣∣α− p
q

∣∣∣∣ ≤ 1
τq2 äëÿ á.ì. p,q ∈ Z.

Äðóãèìè ñëîâàìè

λ(α)−1 = lim inf
q→+∞

q2
∣∣∣∣α− p

q

∣∣∣∣ = lim inf
n→+∞

q2
n

∣∣∣∣α− pn

qn

∣∣∣∣.
I Ñïåêòð Ì-Ë: Λ := {λ(α), α ∈ R \Q}

I Ñòðóêòóðà ñïåêòðà:

äèñêðåòíûé ñïåêòð - {
√

5,
√

8,
√

221/5, ...→ 3} →
[3,3.6] - Cantor set (ïðèìåð ëàêóíû: [3.1298,3.1622])
→ · · · → · · · → íåïðåðûâíûé ñïåêòð.
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Ïàòòåðíû, äèíàìè÷åñêèå ñèñòåìû

I Äðóãàÿ ôîðìóëà äëÿ òî÷êè ñïåêòðà α = [0; a1,a2, ...]

λ(α) = lim sup
n∈Z

{
[an; an−1,an−2, ...,a1] + [0; an+1, ...]

}
.

I ÄËÎ: Si(x) = 1
ai+x , S−1

i (w) = −ai + 1
w .

I èòåðàöèè Dn = S1 ◦ S2 ◦ · · · ◦ Sn.

λ(α) = lim sup
n→∞

D−1
n (α)−D−1

n (∞) = lim sup
n→∞

D−1
n (α)−D−1

n (z), z 6= α

I ÈÔÑ: Si(x) ∈ {S(1)(x) = 1
1+x ,S

(2)(x) = 1
2+x }

A - min çàìêí. ìí-âî : Si(A) ⊆ A; J - (...) : S−1
i (J) ⊆ J.

A è J èíâàðèàíòíûå ìíîæåñòâà: J = − 1
A .

I Ñâîéñòâà A : 1) A= {α : ai ∈ {1,2}}.
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I Äðóãàÿ ôîðìóëà äëÿ òî÷êè ñïåêòðà α = [0; a1,a2, ...]

λ(α) = lim sup
n∈Z

{
[an; an−1,an−2, ...,a1] + [0; an+1, ...]

}
.

I ÄËÎ: Si(x) = 1
ai+x , S−1

i (w) = −ai + 1
w .

I èòåðàöèè Dn = S1 ◦ S2 ◦ · · · ◦ Sn.

λ(α) = lim sup
n→∞

D−1
n (α)−D−1

n (∞) = lim sup
n→∞

D−1
n (α)−D−1

n (z), z 6= α

I ÈÔÑ: Si(x) ∈ {S(1)(x) = 1
1+x ,S

(2)(x) = 1
2+x }

A - min çàìêí. ìí-âî : Si(A) ⊆ A; J - (...) : S−1
i (J) ⊆ J.

A è J èíâàðèàíòíûå ìíîæåñòâà: J = − 1
A .

I Ñâîéñòâà A : 1) A= {α : ai ∈ {1,2}}.



Ïàòòåðíû, äèíàìè÷åñêèå ñèñòåìû

I Äðóãàÿ ôîðìóëà äëÿ òî÷êè ñïåêòðà α = [0; a1,a2, ...]

λ(α) = lim sup
n∈Z

{
[an; an−1,an−2, ...,a1] + [0; an+1, ...]

}
.

I ÄËÎ: Si(x) = 1
ai+x , S−1

i (w) = −ai + 1
w .

I èòåðàöèè Dn = S1 ◦ S2 ◦ · · · ◦ Sn.

λ(α) = lim sup
n→∞

D−1
n (α)−D−1

n (∞) = lim sup
n→∞

D−1
n (α)−D−1

n (z), z 6= α

I ÈÔÑ: Si(x) ∈ {S(1)(x) = 1
1+x ,S

(2)(x) = 1
2+x }

A - min çàìêí. ìí-âî : Si(A) ⊆ A; J - (...) : S−1
i (J) ⊆ J.

A è J èíâàðèàíòíûå ìíîæåñòâà: J = − 1
A .

I Ñâîéñòâà A : 1) A= {α : ai ∈ {1,2}}.



2) ñòðîåíèå A. 3) α = [0;a1,a2, ...] ∈ Aa1,a2,...,an ⊂ A0



Äèíàìèêà:
z êëàäåì â J0, α ∈ A è ïîåõàëè!



Òåîðåìà è äåðåâî Ìàðêîâà
Òåîðåìà: λ(α) =

(
9− 4m−2)1/2

, ãäå m :

m2 + m2
1 + m2

2 = 3m m1 m2, m ≥ max(m1,m2), m = 1,2, . . .

Ãðàô Ìàðêîâà (Äåðåâî?)

(1,1,1)
|

(2,1,1)
|

(5,1,2)
|

(13,1,5) (29,5,2)

| |

(34,1,13) (194,13,5) (433,5,29) (169,29,2)


	
	

