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[TpoexkTuBHBIE TPEOOPA30OBAHNA, OCTABIAIONTAE HA
MeCTe OKPYKHOCTD

P. H. Kapacés
141700, r. Jomronpyausi Mockosckon o6a., MucturyTekun mep. 9,
MockoBCKU (PUBMKO-TEXHUIECKAN UHCTUTYT,
Kadeapa BLICIIEH MATEeMATUKI

1. BBEAEHUE

B sTol cTaThe MBI pACCMOTPUM HEKOTOPBIE CBOMCTBA IPOCKTUBHBIX IIpe-
06pa30BaHUM, KOTOPBIE MEPEBO/AT 3aJaHHYI0 OKPYXKHOCTb HA NPOEKTUBHOM
IVIOCKOCTX B Ty Xe€ OKPYXHOCTH. KpoMe TOro, Mbl HaiigeM CIoCOGbI ABHOTO
HOCTPOEHUA TAKUX NIpeoOpasoBaHui. MBI OTMETHM AHAJIOTHIO MEXy TaKH-
MU 1Pe06Pa3s0BAHUAMY ¥ OPTOI OHAJALHBIMY IPE0OPA30BAHUAMYI TPEXMEPHOI'O
IPOCTPAHCTBA, WX, B IIKOJILHOU (POPMYJIUPOBKE, ABUKEHUAMEU TPEXMEPHOIO
IPOCTPAHCTBA, OCTABAIIOIIAMY HA MECTe HAYAI0 KOOPAUHAT. DTa AHAIOTHUL
HO3BOJIAET PACCMOTPETH BaXKHBIM KJIACC IPOEKTUBHBIX MPeoGpa3oBaHUM, me-
PEBOAAIINX OKPYKHOCTH B Ce0sl, KOTOPBIE AHAJIOIMYIHBI OTPAKEHUAM OTHOCH-
TEIBHO IMIOCKOCTH B CIytdae OPTOTOHAIBHBIX IPEOOPA30BAHAN IPOCTPAHCTBA.

OT 4mTaTens OpeAnoIaraeTcsa HeKOTOpOoe 3HAKOMCTBO ¢ MOHATHAMHE IIPO-
eKTUBHOU IIOCKOCTY U NPOEKTUBHOIO NPe0Opa3OBaHMsA, HAPUMED, 110 KHY-
ram [1] mam [2].

2. HEKOTOPBIE ONPEJIEJEHUA
HanoMuzM HEKOTOpBIE OIPEIEICHNA U3 IPOEKTUBHON reoMeTpui (cMm. [1]):

ONPENENEHUE. IIpoexmuenoti naockocmbio HA3BIBAETCA MHOXECTBO
IIPAMBIX, TPOXOAANIAX Yepe3 HA9aJ0 KOOPAMHAT TPEXMEPHOIO IPOCTPAHCTBA.
[TpsaMeie 3TOT0 MHOXKECTBA HA3LIBAIOTCI MOUKAMY NPOEKMUSHOT NA0CKOCTAU,
IIOCKOCTH, TPOXOJAINNE Uepe3 HAYAI0 KOODJWHAT, HA3BIBAIOTCI NPAMbIMU
NPOEKMUBHOY NAOCKOCTU.

OTPEIEJAEHUE. Ha mo60¥ MIOCKOCTH, PACHOIOXEHHON B TPEXMEPHOM
MPOCTPAHCTBE W HE COAEPKAINEU HAYANA KOOPAUHAT, MPOCKTUBHBIE TOYKHU
7 TIPAMBIE BBICEKAIOT HACTOAIINE TOUKY U MpAMBIE. Takas mIoCKOCTb HA3BIBA-
etca afdunnoti xapmot. OHA COAEPKUT BCE TOUYKU MPOECKTABHON ILIOCKOCTH,
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KpOMe OTHOU TPAMOHA, KOTOPad HABBIBAETCA OECKOHEUHO YIasennoti npamot B
JAHHOU KapTe.

ONPEAENEHUE. IIpoexmusnbimy npeobpa306anusml, HA3BIBAIOTCA IIpPe-
00pas3oBAHUA MPOEKTUBHON ILIOCKOCTH, BO3HUKAIOIINE U3 JIOOLIX JHHEHHLIX
npeo0pa30BaHni TPEXMEPHOr0 IPOCTPAHCTBA.

[lJ1s1 IIKOTBHOT'O Ky PCa MOXKHO CIUTATE, 9TO JUHENHBIE TPe0OPa30BaAHAA —
5TO0 peoOpa3oBaHud, 3aaHHbLIE (POPMYIaMHI

r = a11T+ a2y + a3z,
/

Y = a1T + a9y + aszz,
!/

2 = a31T + azey + as3z

C HEHYJIEBBIM JIeT€PMUHAHTOM MATPUIbL (a;;). [1a Kax40ro Takoro npeobpa-
30BAHUA €CTh OOpaATHOE U M3 JIOOLBIX ABYX IPEOOPA3OBAHUN MOXKHO CIEIATh
KOMIIO3HUIIAIO — TO €CTh OHU 00Pa3yIloT 2pynny.

Koopaunatst (z,y,z) B TPEXMEPHOM HPOCTPAHCTBE OyIeM HA3LIBATHL 00-
HOPOOHBIMU KOOPOIUHAMAMYU, & CAMO 3TO IPOCTPAHCTBO — 0JHOPOOIHBIM NPO-
cmpancmeom. s To9eK MPOEKTUBHOU IIOCKOCTH O JHOPOAHBIE KOOD ANHATHI
OTIPEIETEHBI ¢ TOTHOCTBIO M0 YMHOXEHWUA Ha JI060e HeHyAeBoe umcao. Tak-
Xe MBI 9aCTO Oy IeM UCIOIb30BATh apPUHHYIO KAPTY, 331aBAEMYIO YCIOBAEM
z = 1, mnd Hee CBA3b MEX Y OJHOPOMIHBIMU KOOPAWHATAMU W KOOPIUHATAMUI
(u,v) B apPUHHON IOCKOCTHU 3aMAETCA TAK:

(u,v) = (u,v,1),
Ly
(xayu Z) - (77 7)'

z zZ

3. OKPY>KHOCTb HA IMPOEKTUBHOM IIJIOCKOCTH

[IycTs Ha mIOCKOCTH AaHA OKPYXHOCTL S. Bribepem cuctemy KoopauHaT,
B KOTOPOU €€ YPABHEHWE UMEET BU/J

u? + 02 =1.

IIpeo6pa3yeMm K OTHOPOTHOMY BUAY, TOTJa TMOJIYINM ypaBHEHWUE B OTHO-
POJHEIX KOODAUHATAX

Q(z,y, z) :$2+y2—z2 =0.

[IpoekTuBHBIE TPEOGPA3OBAHUA OCTABAAIOT HA MECTE OKPYXKHOCTH TOTJA W
TOJIBLKO TOT'/a, KOrJa TpHM MOJCTAHOBKE MpeoOPa30BAHHBIX KOOPAWHAT
(',y,2") B Q monyaum Q(z',y',72") = MQ(z,y,z), rme A — HekoTOpOE
STUCIIO.

3aMeTHUM, 9TO B JaHHOM ciaydae A > (. ITo MOXHO MOKA3ATh, €CJAU 3aMe-
TUTH, ITO CYNIECTBYET IIOCKOCTH B OMHOPOIHOM TPOCTPAHCTBE, Ha KOTOPOU
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Q > 0 gna mo60r0 HEHYJIEBOTO BEKTOPA, W HE CYIIECTBYET IUIOCKOCTH, HA
koTopon ) < 0 nma mo6Oro HeHyAeBOro BekTopa. [iaa mpeoGpasoBaHHOTO
Boipaxernus Q(z',y, 2') 5To CBOMCTBO TOXE AOMKHO BHITOMHATHCA, & ZHATAT
A > 0.

YMHOXEHHUE JUHETHOTI'O IPeoOPa3OBaAHUA OJHOPOJHOIO IPOCTPAHCTBA, HA,
HEKOTOPOE TUCIO HE BIUACT Ha TOLYIAIONIEECS TPeo6pa3OBaHue TPOSKTUBHON
IIOCKOCTH, TIO9TOMY MOXHO CYATATDb, ITO A = 1.

Urak, Mb1 6ymeM m3ytdaTh JUHETHBIE MPEOOPA3OBAHUSA, NI KOTOPHIX BHI-
paxenue () — unsapuanm. MHOXecTBO Takux npeobpaszoBanun 0603Ha UM L
7 OyieM HA3BIBATH TPEXMEPHOU rpynnou JIOpeHta, mo aHaIOTuu ¢ YeThIpex-
Mepuou rpynmnon Jlopenna (u3 Gpusvku) — rpynnon npeoGpasoBAHIN MEX Iy
MHEPIHATHLHBIME CACTEMAME OTCYeTa, KOTOPAsA MMeeT WHBAPHUAHT T2 + 42 +
+ 22 — 12,

3aMeTuM, UTO ecau ObI MBI IMEJIN €10 ¢ KBagpaTuaaon dopmon Q' = 2+
+ 12+ 2% (3TO CKAIAPHBIN KBAIPAT BEKTOPA), TO TOTJA y HAC TOXYTATIACH OBI
He rpymma JlopeHma, a o6BIYHAA TPYIINa ABMKEHUN TPEXMEPHOTO MPOCTPAH-
CTBA, OCTABIAIOIINX HA MECTE HAYAIO KOOPAWHAT. B JarbHENIIEM MBI YBUIAM,
40 anatorus mexay @ (6yaeM HazbBaTh IMPOCTPAHCTBO ¢ dopmon Q' es-
Kaudosvim npocmparcmseom) u ) (6ygeM HA3BIBATH NPOCTPAHCTBO ¢ (POPMOR
Q npocmpancmeom Munko6crozo) TO3BOIAET WCTIONL30BATH TIPU W3y IEHUN
() m3BecTHBIE PAKTHI U3 CTEPEOMETPUM, OTHOCAIIAECS K €BKIUJOBOMY TPO-
CTPAHCTRY.

KsaapaTuanas dhopma Q' MO3BOAAET ONpeAeIUTh €BKIMIOBO CKALIPHOE
MPOU3BEICHUE

(z1,y1,21), (T2, Y2, 22)) =

1
= *(Ql(fﬁl + a0, 51 +y2, 21 + 22) — Ql(xla Y1, 21) — Ql(ffz,yz, 22)) =
2

=122 + Y1Y2 + 2122,

KOTOpO€ IPUBOJUT K IIOHATUIO IIEPIEHAUKYJIAPHOCTI BEKTOPOB B €BKJINA TOBOM
npocrpancTse. [lo aHasorum MOXHO ONpPEASANTH

(@1, 91, 21), (T2, Y2, 22)) =

1
= 5(@(301 + 22, y1 + Y2, 21 + 22) — Q(x1,y1, 21) — Q(2,y2,22)) =

=T122 + Y1Y2 — 2122-

HaszoseMm 5T0 BLIpaXeHue ckaspubim npoussedenuesm Munrxoscrozo. OHo 6y-
IEeT OCHOBHBIM WHCTPYMEHTOM B MOCTEAVIOUINX PACCY XK NEHUAX.

FEcair gna oByX BEKTOPOB OZHOPOSHOTO IPOCTPAHCTBA HMeEET MECTO
(a, B) = ( 6yeM TOBOPUTE, YTO BEKTOPHI MIEPIEH IUKYIAPHBL. JDTO OMpe/iene-
HUE He 33aBUCUT OT JOMHOXEHUMA KaXA0I'0 U3 BEKTOPOB Ha HEHYJIeBLIEe UHUCIA,
a 3HAYUT y HAC HOABIIETCA ClAefylolllee MOHATHE:
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OTIPEIEJAEHUE. Touku a ¥ b IPOEKTUBHON TIOCKOCTHU HA3LIBAIOTCA 0601
CMBEHHBIMYU OTHOCUTETHHO OKPYXKHOCTH S, €CJIU COOTBETCTBYIOIINE UM BEK-
TOPBI OHOPOJHOTO TIPOCTPAHCTBA G U b TIEPIEHAVNKYIAPHBI B CKAJAPHOM IIPO-
m3BegeHnr MUHKOBCKOT 0, COOTBETCTBYIOIEM OKPYXHOCTH S.

3aMeTUM, 9TO YpaBHEHUE OKPYXHOCTU S B OJHOPOJHBIX KOOPIUHATAX
MOXHO 3ammcaTh Kak (5,5) = 0. Kak u B ciydae eBKINJ0OBA CKAJNAPHOTO
IIPOM3BEJIEHNSA, MHOXECTBO BEKTOPOB, MEPHIEHJIMKYJIAPHBIX TAHHOMY, oOpa-
ayerT mIOCKOCTh. COOTBETCTBEHHO, MHOXECTBO TOYEK, [BOUCTBEHHBIX JIaH-
HOU TOWKe, 00pa3yeT MpAMYIO, OHA HA3LIBACTCA noaspot Touxu. [loxaxem
JEMMY:

JIEMMA 1. Ilycms | — wacameavnas % oxpysrcnocmu S 6 mouke p. Tozda
npamas | — noaspa mouxuy p.

HOKABATEABCTBO. [lycTh TOUKE p COOTBETCTBYET BEKTOD P B OTHOPOI-
uoM npocTpancTse. Ilycrs ¢ — miobas apyras Toduka [ ¢ COOTBETCTBYIONUM
BeKTOpPOM ¢. [IpeamosoxumM mpoTUBHOE, TO €CTh

(p,q) =m #0.
(@9

Benomuunm, uto (p,p) = 0, Torga momoxum n = ~ T Ty M

ATak, MBI IMeeM BEKTOpP § = ¢ — np, HekommuHeapusli p. CoOTBeTCTByOmAA
eMy To4Ka ¢ # p JexuT Ha | 1 Ha S — TpoTUBOpeYne.

W3 5Tou IeMMBI MOXHO BBIBECTH U CICAYIOIIYIO JEMMY, TIO3BOJIAIOILYIO SB-
HO CTPOUTH LOJAPY TOUKU:

JIEMMA 2. Ilycmv mouka p aexcum emne oxpysxcnocmu S, 11 u lo — xa-
cameabnvle K S, KACAOWUECA €e 6 MOUKAL 1 U ¢ U NPOTOJAWUE UepPes P.
To2da noaapa mouky p — 3MO NPAMAA, NPOLOOAULAA UEPES 1 U (2.

ﬂ;OKaSaTeJIBCTBO 3TOU JEMMBI OCTABIAEM B KAICCTBE YIOpaXxXHEHUA OJad In-
TaTesd.

4. CUMMETPUM OTHOCUTEJILHO IJIOCKOCTH

WsBecTHO, 9TO CYmIECTBYEeT MHOIO EBKJIUJOBBIX ABUKEHUU, OCTABJIAO-
XX Ha MecTe Hadalo KOOPAMHAT, IO03TOMY MOXHO OXUIATL, ITO B I'PYI-
me Jlopenma OGymer MHOTO mnpeobpasoBanmi. HawHeMm cTpouTh Takme mpe-
o0pa3oBaHUA ABHO, MCIOJB3YS AHAJOTWIO C €BKIWJOBHIMU JBUXEHUAMMU.
PaccMOTpuM 0THO U3 CAMBIX MIPOCTHIX IBUXEHNNA — CAMMETPHUIO OTHOCUTE b=
HO IIOCKOCTH.
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[IycTb B mpPOCTPaHCTBE AaHA ILTOCKOCTH (v, IEPIEHAUKYIAPHAL HEKOTO-
poMy BEeKTOpy 0. Torma CHMMETpHUA OTHOCHTEILHO ILIOCKOCTH ( 3adaeTCA
dopmyaon (mposepbre!)

3aMeHNB B 5TOU (POPMYJE eBKINIOBO CKAMIAPHOE IPOU3BEIEHNE Ha CKAIAPHOE
npouwsBegenre MUHKOBCKOTO, MBI IOJYyYUM TPe0oOPA30OBAHME, OIMPEIETICHHOE
nas moboro v ¢ (0,v) # 0

Cregyromue CBOUCTBA 0y IPOBEPAIOTCA MPAMBIM BEIIMCICHEEM:
1. 03(T) = T Torga u TobKO TOrAa, Korga (z7,v) = 0;
2. 03(T) = —% TOrga M TOABKO TOrAa, KOTAa T = AU, rge A € R;

3. ckamxgpHoe npousBefeHre MUHKOBCKOIO COXPAHAETCA IPX HTOM IIpeobpa-
30BAHWMN.

CooTBeTcTByIIOIIEE TPOEKTUBHOE TPEOGPA3OBAHIE MOXHO OXapaKTEePU30-
BATH TaK:

1. oy(x) = z Torma m TOALKO TOTAA, KOrAa JuGO T U ¥ JBOUCTBEHHBI OTHO-
CUTETHHO S, b0 T = U;

2. OKPYXHOCTH S mpu >TOM mpeobpa3oBaHUM MEPEXOAUT B ceba W OTHO-
IIeHre JBOUCTBEHHOCTH TOYEK OTHOCUTETHLHO OKPYXHOCTH IIPK DTOM HE
MeHAeTC.

PaccMoTpuM BOIpoC 0 TOM, KaK HAUTH 00Pa3 3aJAHHON TOYKHN L IPA STOM
mpeoOpa3oBaHUN.

Cruauana pasbepeM clIydal, KOTAa TOUKA T JeXUT Ha OKPYXKHOCTH. [Ipose-
neM depes v U £ npamyio [. Ecau oHa ABIIeTCA KAaCATEIbHON K OKPYXKHOCTH S,
o o temme 1 oy, (x) = x. Unaqe, | nepecekaer S B AByX TOYKAX: L U HEKO-
topou z'. Touka 0,(z) ob6a3ama JexaTh u Ha [,  Ha S, KpOMe TOTO, OHA HE
PaBHA T, MOTOMY TOIYIAETCA, 9TO T’ = 04(T).

Temeps paccMOTpUM CIy4dan, KOrga T He JeXUT Ha OKpyxuocTu. [Ipose-
IeM depe3 I ABE IpsAMBIe: [, mepeceKarIyoo S B TOYKax a u b; m, mepecexaio-
uryo S B Toukax ¢ u d. Mu1 MOxeM HauTH 06pa3bl TOYEK a, b, ¢, d, mpoBecTn
9epes mapel TOUEK npamele 0y (l) u o,(m), a Touka nx nepeceverua u OygeT
uckomon ' = o,(z) (em. pume. 1).

Tenepb IuTATEND yXKE B COCTOAHUM JOKA3ATH CAEAYIOULYHO JEMMY, KOTO-
pas OBIBAET BECHMA TIOJNE3HA TIPU PEIICHUN 3a0a, B (POPMYIUPOBKE KOTOPHIX
MPUCYTCTBYIOT OAHA OKPYXHOCTb U HEKOTOPOE KOJUIECTBO MPAMBIX:
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Pwuc. 1.

JIEMMA 3. Jhobyio mouky suympu okpyscnocmu S MONHO nepesecmu
HEKOMOPLIM NPEoOPa308aHUEM Ty 6 YyeHmp oxpyarcnocmu S. Jobyo npamyio,
HE MEPECERAIOUYN OKPYHCHOCTD S, MONCHO NEPEBECMU 6 OECKOHEUNO YOaAEH-
HYI10 NPAMYIO.

5. PEIEHUE 3ATAY

W3noxeHHbIe BBINIE CBEJEHUS O CHUMMETPUAX OTHOCUTEIHHO IJIOCKOCTH U3
rpynnst JlopeHna mo3BOAAI0T IPAKTUYECKA MTHOBEHHO PEUIUTH CAeIVIOUIyIO
CTAHJAPTHYIO 33/4aTY:

3AMAYA 1. Ilycme na oxpyrcnocmu S danbt 4 passuunuis mouku a, b, ¢
u d. Onpedeaum mouku nepeceuenus npsmvix £ = acNbd, y = abNed, z =
= ad Nbe. Toeda sce mpu mouku x, y, z deoticmsennvt dpye dpy2y ommocu-
meabno oxpyrcnocmu (cm. puc. 2).

JTa 3ajJada JErKo PelIaeTcd, €CIM 3aMeTUTh, 9TO Tpeobpa3oBaHme oy
OCTaBIACT H3 MECTE TOYKU Y W Z; AQHAJIOTUIHO AId Oy U Og. 3aMeTuM, 9TO
COOTBETCTBYIOIINE BEKTOPHL T, §, Z 3aJaI0T OPTOrOHAALHLIA 0a3uC MJAA CKa-
JSAPHOTO Tpom3BeaeHns MUHKOBCKOTO B OTHOPOTHOM MPOCTPAHCTBE.

Tenepp MpoaHAIU3UPYEM CMBICI TEOPEMBI [Tackans 0 BOMCAHHOM IIIECTH-
YTOILHUKE B TEPMUHAX CAMMETPUN CKAMIAPHOTO MPOU3BeAeHnA MUHKOBCKOTO.
s >TOr0 HAM HAMO BBUICHATH HEKOTOPHIE CBOUCTBA KOMIIO3WIIMU CHMME-
TPUH.

HawmeMm ¢ cuMMeTpui B OOBIMHOM €BKJAUIOBOM MPOCTpaHCTBE. KoMmosu-
IUA ABYX CHUMMETPHU — 5TO BPAIIEHWE BOKPYT MPAMOUN TEPECETeHUA TLIOCKO-
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CTel CUMMETPHN Ha HEKOTOPLIZ yro. To Xe BepHO III CAMMETPHH CKAJIAPHO-
r'o mpousBefeHua MUHKOBCKOT 0, 33 UCKIIOYEHAEM TOTO, UTO IO/ (BPAILEHAEM)
HYXHO IMOHUMATh HECKOJbBKO MHOE TTOHATHE.

Eciu MBI paccMOTPUM KOMIO3UIIMIO TPEX CUMMETPHH, TO B OOIIEM CJIydae
BTO emme 6oaee CIOXKHOE MPeodpa3soBaHme, OMHAKO €CTh OAUH CIydam, KOTIa
CUTYyaIua yIPOIIAETCA: DTO CIYYad, KOTAa BCe BEKTOPHI CHMMETPUN JEXKAT
Ha OJHOU TpsAMOU. B >TOM caydae mpsamas, TEPHEHIUKYAAPHAA BCEM TPEM
BEKTOPAM, OCTAETCA HA MECTE TPU BCEX MPEOOPA3OBAHUAX, U HAM OCTACTCA
BLIACHUTD, KaK YCTPOEHA KOMIIO3UIIAA TPEX CUMMETPUU OTHOCUTEILHO IMps-
MBIX, COAEPKAINMNK HATAIO KOOPIUHAT, HA IOCKOCTH. JIerko M0Ka3aTh, ITO
BTa KOMIIO3WUIIAA HA CAMOM JEJNE€ TOXE CUMMETPHA OTHOCHTEIHHO HEKOTOPOU
IPAMOH.

[lna crydas CKaIApHOTO Mpou3BeaeHua MUHKOBCKOTO BEPHO AHAJIOTUIHOE
YTBEDPX I€HNE:

JIEMMA 4. Ecau mpu gexmopa T, Y, 2 KOMNAGHAPHBL, TO KOMNOIUYUSL
npeobpazosanuti 0z © 0y 0 OF — MO NPeobpPA306aAnUE TF das Hexomopozo
eexmopa t, KOMNAAGHAPHO20 T, Y, Z.

[IOKA3ATEJBCTBO. Paccmorpum cay4an, Korga BEKTOPHL X, ¥, Z HE Jie-
KAT HA OJHOU TPAMOU, MHAYE BCE TPU CUMMETPUH COBIIAIAI0T U YTBEPK JeHUE
O“IEBU THO.

IlycTh Bce Tpm BekTOpa JeXaT B IMIOCKOCTH «. MOXHO 3aMEeTUTL, ITO
IIOCKOCTh «¢ mepexoauT cama B cebsa. /lamnee 6ymem paboTaTh B MIOCKOCTH
. Kaxgas cuMMeTpus 3a1aeT HEKOTOPOE JIMHEHHOE TTPe0OPa3oBaHue B DTOU
ILIOCKOCTH, KOTOPOEe MEHAET €€ OPUEHTAIINIo, Wik, OojJee CTPOro, UMEeT OT-
PULIATEILHLIN feTepMUAHAHT. KoMImosumusa Tpex Takux npeobpa3oBaHUl TOXKE
Oy/leT UMeTh OTPUIATEIbLHBIA TeTEPMAHAHT.

Pwuc. 2.
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Teneph BOCTIOMB3YEMCA YTBEPK ACHUEM, TTO JUHEUHOE TPEOoGpPA3OBAHME
IWIOCKOCTH ¢ OTPANATEILHBIM [eTEPMUIANTOM 0632 TEIbHO TEPEBOIUT He-
KOTOPBIA BEKTOP is COHAIIPABJCHHBLIA cebe U OAMH BEKTOP { B MPOTUBOHA-
de,BJIeHHbII/I caMOMy Ceﬁe. BTO MOXHO JOKa3aTh NPAMBIM BBITUCACHUECM; A
TUTATeNeN, 3HAKOMLIX C JIUHEUHOH AIre0pou, 3aMeTHM, UTO DTO CICAVET U3
TOTO, 9TO Y XaPAKTEPUCTUIECCKOT0 MHOTOSIECHA, TPEOOPA3OBAHUA B DTOM CIy-
9ae 00432 TENBHO €CTh /[BA, BEMECTBEHHBIX KOPHA PA3HBIX 3HAKOB.

PaccvoTpum gBa cay«a:

1. Q(t) = 0: WIOCKOCTE (@ MOXET COMEePKATH He 6OMee ABYX HEKOIITUHE-
APHLIX BEKTOPOB ¢ HYJIEBLIM CKAAAPHLIM KBajapaToM. Ecim mx gBa, TO
KaXKJasd CUMMeTPHA MePecTaBIAeT WX MeX Iy cO60M M KOMIO3UIMA TPexX
CHMMETPHI TOXe HePecTaBUT WX, B DTOM CIydae t He MOXeT OBITh Of-
HUM M3 HEX. ECIM Takol BEKTOp B ILIOCKOCTH OJWH, TO MO JeMMe 1 OH
OpPTOTOHAJEH JMIOOOMY BEKTODPY W3 (v, 3HAYIWT, IPU KaXIOH CAMMETPHUN
OH TepPeBOAUTCA B ce6s U He MOXeT IIOMEHATH HallpaBleHue, TO €CTh dTO
He .

2. Q(f) # 0: B orom cayuae Q(f) m Q(f') He MEHAIOTCA MPU KOMIIO3UIMAK
CUMMETPUH, 3HAYUT OCTACTCA TOJBKO BAPUAHT 07 O 0y 0 0z(l) = —t u

oz00g00x(t) =1, B aTOM Cryuae
(t,8) = (0z0 050 05(%), 050 05 0 03(¥)) = (., —F ) = —(£,1),
suaant (1,7) =0 1 { — MCKOMBINA BEKTOP.

Tak kak 4 1060M CUMMETDHH 07 O 0 ABIAETCA TOXJECTBEHHBIM IIpe-
00paszoBaHUEM, TO KaK CICACTBUE W3 DTOU JEMMbBI MBI TOJY9aeM, 9TO Oz O
0y 0 0z © 03 0 03 © 0z — TOXJeCTBeHHOe IIpeobpaszoBaHre. JTO HOMOraeT HaM
IOKAa3aTh JIEMMY:

JIEMMA 5. Ilycmb mouku ©, y, z Aedcam wa 000t NPAMOT U He Aercam
wa oxpyscwocmu S. Iycms pasuwvie mouru a, b, ¢, d, e, f aexcam na ox-
pyrcrnocmu S u npu smom caedyrowue mpoliKy mouer Koasurneapusl: (,a,b),
(y,b,c), (2,¢,d), (z,d,e) u (y,e, f) (cm. puc. 3). Toeda mouru z, [, a moxce
KOAAUHCADHDBL.

[lokazaTeabCTBO MPEIOCTABIAETCA UATATEN0 B KAYECTBE YIIPAXKHEHW.
[oCTaToOIHO PacCMOTPEeTh AEUCTBUE TPEOOPA3OBAHMUA 0, 00y 00y 00, 00y 00,
HA TOYKY d.

W3 nemmbr 5 umTaTesas Jerko BuiBegeT Teopemy llackass:

TEOPEMA (IIACKANA). Ilycmo pasubie mouku a, b, ¢, d, e, f aexrcam
na 0dnoti okpyrcrocmu. Toeda mouru nepecevenus npamviz © = ab N de,
y=bcNef uz=cdN fa xoasuneapmnvl.

PaccmoTpuMm Teneps emne ogHy 3aa4y:
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Puc. 3.

3AIAYA 2. IIycmb ene okpyxrcrnocmu S dambt pasmuvle mouky T, y, z, T,
y', 2/, npu amom mouxa xT Jdeoticmeenna y' u 2', y dsoticmeenna x' u 2/,
z deoticmeenna iy’ u ' ommocumeavno oxpyrcnocmu S. Jowarcume, umo
npamvie 'z, y'y, 2’z nepecexaromes 6 00moti mouke.

Yro6bl pemmTh 5Ty 3a4ady, NeperjeM B OJHOPOJHOE TPOCTPAHCTBO W
[UISL HAIAIA TOTPEHUPYEMCA Ha, CILy9ae €BKIUIOBOIO CKAIIPHOrO IPOU3BEE-
HuA. PaccMOTpuM CIyda, KOraa Bee CKalapHble npomsseaenus (Z,7), (v, 2),
(z,T)" me papuer Hy 0. TOra MBI IMEEM TPEXTPAHHBIA YTOJI ¢ pe6GPaMA B I0.Ib
T,y u z. [l1ockocTh T'T nepnesguKyasapHa IIOCKOCTH Yz, i I ePIeHAnKYIAp-
Ha TZ, 7 Z IepIeHANKYIapHa Ty. VHade ToBOpA, IIOCKOCTH T'Z, Yy U 22 —
BTO «BBLICOTBHI» TPEXTPAHHOrO yria. [losToMmy oHE OyAyT mEpeceKaThCa Mo He-
KOTOPOU TPAMOU — DTO yTBEPXKJIEHUE MOXKHO CBECTHU K TEOPEME O BHICOTAX
TPEYTOMLHAKA HA ILIOCKOCTHA ¢ MOMOIIBIO0 PACCMOTPEHAA HEKOTOPOTO CEICHUA
IJIOCKOCTBIO M AKTUBHOTO MPUMEHEHUA TEOPEMBI O TPEX MEPIEHIUKYAAPax.

OTHU PACCY K JCHUA B IIPUHITAIE MOXKHO TIEPEHECTH U HA, CIYIaN CKAJIAPHOT O
npomsBeaeHra MIHKOBCKOTO, HO MBI HAIAeM 0ojee AHAIUTAYIECKOE PELICHHE,
KOTOPO€ yX€ ABHO OyJeT IPOXOAUTHL B CIydae JHOOr0 CKAIAPHOTO MPOU3-
Befieana. O603HAYMM 3a T BEKTOpP, NEepIeHVKYIAPHBIA T U T, aHAJOTMYHO
obosradum i m Z”. YTBepkaeHue 3aJadH PaBHOCUILHO TOMY, UTO BEKTO-
pe1 77, 3", 7" xommaamapnnl. HalizeM KOOpAMHATEI DTHX BEKTOPOB B Hasmce
(z,9,%).

3aMeTuM, UTO W3 CKAAPHBLIX mpoussepenuu (T,y), (y,Zz), (z,Z) He 60-
Jiee OJHOTO PAaBHO HYJIO, MHatUe Obl MBI MOMYYUIM OJHO U3 PABCHCTB T = T,
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y=19,%Z =7 ¢ TOIHOCTBIO O YMHOXEHNA BeKTOPOB Ha KOHCTaHTHL. Haiigem
koopauaaTel T". Tak kak (T”,7') = 0, To T' 1eXUT B MIOCKOCTA BEKTOPOB §

U Z, TO ecThb T = ay + bz. 3anuineM ypaBHeHUE
— I — —
0=(z,7") = a(z,7y) + b(7, 2).
OpHo w3 ero pemennt aaet Ham T = (Z,2)y — (T,Y)Z. AHATOTHIHO MOXHO

nairn ' = (7,9)2 — (v, 2)7, 2" = (¥,2)7 — (7, 2)7.

KommiarapHOCTH BEKTOPOB TEMEPD CAeAyET IPOCTO W3 TOTO, ITO UX CYM-
Ma paBHA HYJIIO.

B 3AKJIIYICHUC NIPDEAJOXK UM TUTATEIIO IIapy 3a4a91 AJas1 CaMOCTOATEIbHOI'O
PeIICHUA, IIEPBYIO N3 HUX MOXHO JEI'KO PEUINTL C IIOMOIIBIO I/ISJIO}KQHHOﬁ BLBIIIIE
TEeXHUKM, HAJ BTOPOU XKe MPULETCA HEMHOTO IOAYMATh:

3AIAYA 3. Jana oxpyscnocmv S u mouxu a u b ene ee. Bozvmem Ha
OKDYHCHOCINU TMOYKY T, NYCMb NPAMbIE AT U DT nmepecexaom oKpY#CHOCMb
maKaHce 8 MouKar Gy U by, ne cuumaa mouky x. Ilocmpoumy yuprysem u
AUHETROT MOUKY T Mmak, 4mobvl NPAMas G.b, Oviaa napasseavra ab.

3ANAYA 4. [ana okpysxcnocmsd S, mouku a u b ene ee u npamas [. Boso-
MEM MG OKPYHCHOCTIU TNOUKY T, NYCMb NPAMbIE AL U DT nepecexaom oxpyxc-
HOCMb MAKNCE 6 MOUKAL Az U by, ne cuuman mouxu x. Ilocmpoums yuprysem
U AURCUROT MOUKY & Mak, wmobbl NPAMas Azby 6biaa napasieavra [.
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