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O ITOIIaPHO CMEXHBIX MHOI'OI'DaHHMKAaX

A. A 3acaackun

Cpenu 3agad, npeanoxennrix 11-kaaccuukam Ha 64-1 MockoBCcko# MaTe-
MATHYIECKON OMMMINA e, OBLIA TAKAS:

Hoxaxcume, 4mo 6 NPoOCMPAHCMBE CYUECTMEYEN PACTLOAONCE-
nue 2001 8vinyKa020 MHO202PAHHUKG, MAKOE YMO HUKAKUE MPU U3
MHO202PAHHUKOB HE UMENTM 00UUT MOYEK, & 4100ble 064 KACAIOMCA
dpye dpyea (m. e. umerom roms Obi 00HY 2PAHUUNHYIO MOUKY, HO He
UMEIT, 00WUT BHYMPERHUT MOUEK ).

BMecTo CI0Ba «Kacaomuecss ) Mbr OygeM fgajee UCIOJIB30BATH Oolee TOd-
HOE CI0BO «cMexHbIey. [lorsTHOo, 9To vmeno 2001 B ycnoBum 5TOM 330397 He-
CYIIECTBEHHO.

YTBEPXKAEHUE 1. [l1s a:060r0 1 B IPOCTPAHCTBE CYyMIECTBYET 7, IOHAP-
HO CMEXHBIX BBIIIYKJBIX MHOT'OT'DaHHUKOB.

Hacxonbko HaM M3BECTHO, yTBEpX AeHue 1 OBLTO BIepBbie ChOPMYIAPOBA-
HO 1 jJokasaHo Turre B 1905 r. [2].

Crexyer cka3aThb, 9TO pPEIIECHUE DTOM 33Ja49d, IPUBEJEHHOE B IIOCBSIIIECH-
HOM ommMmmage Gpommope [1], odens ammaHOE M croxHoe? . Boree maammoe
PellleHMe HAINEI y9acTHEK oauMmmafsl Waes Mexupos®), HO u ero Heab3s
CYATATH JOCTATOIHO NPOCTHM (cM. «KBamTy Ned, 2001 r.). I BoT 9epes Heko-
Topoe BpeMs B MluTepHeTe GblIa OGHAPYKEHA CTATHA [3], COAepKAaIIas HOBHIN
¥ IPEe3BBIYAMHO KPACUBLIM MeTO[ peleHusa. Bomee TOro, 3TOT MeTOX AAeT
clrenymollee yCuieHre yTBepX aeHus 1.

YTBEPXKAEHUE 2. [[1s a:060r0 1 B IPOCTPAHCTBE CYyMIECTBYET 7. IOHAP-
HO CMEXHBIX BBINYKJBIX KOHZPYIHMHbILZ MHOTOI'DAHHUKOB.

DIIpu mogroToBke BapMaHTOB OTMMIMAABI B 3aJadHOM KOMECCHE GBITOBAI emmre Gomree
BOJIBHBIN TEPMUH (IIETYIOMINECT).

23aro omo HUCIOJIL3yeT TOJBKO JWIIb T€ CKYAHBIE CTEPEOMeTpHIeCKHe (PaKThI, KOTOPHIE
MOryT OBITH U3BECTHEI 00Jee-MeHee BCeM IMKOIbLHIKaM. B FaCTHOCTH, UCIIOJB3YIOTCA TOJIBKO
IPU3MBI.

*)3a 510 pemenye on moxyumn mpemmio [le0He, TPHECYXKIAEMYO Ha MOCKOBCKON MaTe-
MaTHUYECKOM OMMMIMALEe 33 CAMO€ KPACHBOE PEIleHre reoMeTpudeckoyn 3anadm. Bcero sty
3agady penmio 4 gemoBeka m3 605 yIacTHHKOB.
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Mu 6ygeM CTpOMTH MCKOMBIE MHOIOI'DAHHHKH KaK dacTé obaacmet Bo-
POHO20 CUCTEMEI TOUEK, JEeXKAITUX HA BUHMOB0U AUHUY.

IIycts B mpocTpancTse gamsl Touku Mq, Mo, ... [lJasg Kax10H TOYKH IIPO-
CTPAHCTBA HAWAeM OIMKAUIIYIO K Hen u3 Touek M;. B pesyabrare BCe mpocT-
paHcTBO OymeT pa3buTo HA O6IACTH, KOTOPHIE HA3LIBAIOTCA 0b64acmamy Bo-
ponozo Toaek My, Mo, ... (O6racts Bopororo Toukm M; — 5TO MHOXECTBO
rakux Todek X, uro X M; < XM; pua Bcex j # ). VI3 onpenenenus cpasy
BBITEKAIOT CJAEAYIONME CBOMCTBA 0bmacTern Bopomoro.

1. O6racty Boponoro Touku M; ABIA€TCA BEIMYKIHIM MHOXECTBOM, TaK
KaK OHa €CTb IlepecedeHye NOIYyIPOCTPAHCTB, OT'DAHUIEHHEIX CEPeIuH-
HBIMU TIepTIeH UKy IapaMu K oTpeskam M; M;.

2. O6ractu Bopomoro aByx TOYeK HE MOT'YT UMETh OOIIUX BHYTDPEHHUX
TOYEK, a OOLIMe TPAHUYHBIE TOYKU DTUX O0MACTEN JEXAT B ILIOCKOCTH,
SIBISIIOLIENCS CEPEUHHBIM TEPIEHIUKYIAPOM K COEIUHSIONIEMY DT TOY-
KU OTPE3KY.

3. Ilepeceuenmem ob6racTen BOpoHOro Tpex TOYEK, HE JEeXKAIMX HA OJHOU
NPSAMOU, ABIAETCA IACTH MPAMOU, IEPIEH IUKYJIAPHON ILIOCKOCTH, COAEP-
XKaIled ST TOYKA W IPOXOJAIIEH Yepe3 IEHTDP OKPYXKHOCTH, OIUCAHHON
OKOJIO 0OPa30BAHHOI'O UMY TPEYTOILHUKA.

4. O6aactu Bopomoro dersipex u 601ee TOYEK, HE JEKANAX HA, OJHOU OK-
PYXHOCTH, IMEIOT He 6olee OqHOU OOmEer TOIKH.

BuHTOBYI0 JMHUIO MOXHO 331aTh yPaBHEHUAMEU T = t, y = cost, z = sint,
rae t € R Touky BUHTOBOM JWHUY ¢ KOOpauHATaMu (¢, cost,sint) GyaeM o6o-
3HagaTs vepe3 H(t). Hambonee BaxXHBIM s HAC CBOUCTBOM BUHTOBOW JWHWUW
ABIAETCA €€ CAMOKOHSPYIHMHOCTMY: NI JTI00BIX ToYeK A m B BUHTOBOU JU-
HUY CyIIECTBYeT NBUXEHWE MIPOCTPAHCTBA, IePEeBOAAllee BUHTOBYIO IUHAIO B
cebs, a Touky A B B. OTMeTnM, 9TO KpOME BUHTOBBIX JUHUUA CAMOKOHIDY-
SHTHBIMMU ABJAAIOTCA TOJIBKO IPDAMBIE U OKPYXHOCTH.

KiroueByo poab B HOCTPOEHUN UTPAET CAEAYIOMAL JeMMA.

JIEMMA 1. Ecan [t — t2| < 27, To cymecTByeT cdepa, Kacaromasics BAH-
ToBou amHUM B Toukax H(t1) m H(tz). Dra cdepa He MMeeT C BHHTOBOU
JUHUAEH APYTUX OOIIMUX TOYEK.

JJOKABATEJLCTBO. B cmily CaMOKOHIDYSHTHOCTH BHHTOBOW JWHUHU JIO-
CTATOYHO MOKA3aTh JeMMy and i1 = ¢, to = —t npum 0 < ¢t < 7. Tak kak
rouku H(t) u H(—t) cuMMeTpPUIHBI OTHOCUTEIBHO OCH Y, UEHTDP ChEpHI Je-
XUT Ha DTOW OCH, T.e. ee ypasHeHme mmeer Bup z° + (y — a)? + 22 = r2.

Tak kak BUHTOBasA JWHUA JEXUT HA IUWINHIDE y2 + 22 = 1, Bce ToUKHm ee
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nepecedeHus co chepol MpUHAIIeKAT KPUBOU Y MepecedeHns cdepsl W Iu-
auHapa. IIpoeknuern KpuBOM <y HA IIOCKOCTH Oxy ABILETCA TApabota y =
= y1(r) = —(22 — r? + a® + 1)/2a, a MpoexuwmeHt BUHTOBON JTUHUE — KDH-
Bag Yy = yo(z) = cosz, npuieM 06e KpUBBIE KACAIOTCI B TOYKax (t,cost) u
(—t,cost), T.e. ypaBHEHUE Y] = Yo UMEET HA OTPE3KE (—7, T) N0 KPAWHEN Me-
pe 4 xopua. Ecau 6b1 y 3TOro ypaBHeHUA OBUIM APYTHWE KOPHU, TO YPABHEHHE
v (z) = y4(x) mmeno Ger HA oTpeske (—7, ) Goxee 2 KOPHER, 9TO HEBO3MOKHO,
Tak Kak Y} (z) = 1/a, y4(z) = — cos . CregoBaTensno, HA HTOM OTPE3KE ADY-
rux kopaen Het. C apyrou croporsl, upu |z| = m yi1(z) < yi1(7) < cosm = —1,
9YTO U JOKA3HIBAET JEMMY.

I/I3 JIEMMBI 1 creayeT, 9TO €ClIn B3ATH HA BHHTOBOﬁ JAHWUY IIPOU3BOJBHOE
MHOXECTBO TOYeK, IapaMeTPHl KOTOPHIX OTINYAIOTCA MEHBIIE IeM Ha 27, TO
ao0as mapa obrnacTern BopoHOro Takon CHCTEMBI TOUEK OyAeT MMETH OOILIme
TPAHUYHBIE TOYKHU. [[€ACTBUTENBHO, PACCTOSHUA OT IEHTPa Chephl, Kacaro-
EeNcss BUHTOBOU JMHUYU B Nape BHIOPDAHHBIX TOYEK, PABHBI MeXIy COGOU u
MEHBIIIE PACCTOAHUA [0 J000M APYTOM TOYKU BUHTOBOU JIUHUM.

[ peureHua 3aa<u OCTAIOCH IPEOJOIETH ABE TPYJHOCTHU: BO-IEPBHIX,
obaacTn BopoHOro HEOTpAHUYEHH, 4 BO-BTOPHIX, HE BCE TPOWHBIE MEpecede-
HUA mycTH. llepBasg TpPyaHOCTH mpeogoneBaeTca 6e3 Tpynga: HYXHO OTCEYb
GeCKOHEYHEBIE 9aCTH BHIOpAHHBIX 00macTen BOPOHOrO AOCTATOYHO JAJEKMMHU
ILUIOCKOCTSAMU, TAPALIETHHBIMEA OCH L. 1TOOBI IPEO0JETH BTOPYIO TPYAHOCT D,
3aMeTHUM, YTO Taphl MHOTOTPAHHUKOB MEPECEKAIOTCS IO TPAHAM, a8 TPOUKH —
no pebpam. IlosTomy, «cTOUmB» BCe pebpa, MOLYIMM UCKOMYIO CUCTEMY MHO-
TOI'PAHHUKOB.

3AMEYAHME. Ecau B3sate Touku H; = H(2wt/n), n € Z, To obaractu
BoporOro mo6bIx n MOCAeJ0BATEIBHBIX TOYEK Oy Iy T MOMAPHO KACAThCA. 1lpn
9TOM OHM! 6yrqu KOHT'DY3HTHEHI B CUIYy CAMOKOHI'DYSHTHOCTH BHHTOBOﬁ JWMHWN.
OTcro1a MOXHO TIOMTYYATH MOKA3ATEILCTBO YTBEPXK ACHAA 2.

CIUCOK JIUTEPATYPLI

[1] LXIV Mocxkoscras mamemamuueckas osumnuada. M.: MITHMO, 2001.
Ou1. Bepcus: www.mccme.ru/olympiads/mmo/2001/mmo2001 .htm

[2] TitzeH. Uber das Problem der Nachbargite im Raum // Monatshefte fiir
Mathematik und Physik, 1905. Vol. 16. P. 211-216.

[3] Erickson J. Arbitrary large neighborly families of congruent symmetric con-
vez 3-polytopes. http: //arxiv.org/abs/math/0106095. 12.06.2001.



