50

ﬂeCHTB JOKa3aTe/lbCTB OCHOBHON TEOPEMBI aJII‘€6pr

B. M. Tuxomupos B. B. Ycneunckun

1. BBEJIEHUE

Beskuit Mmuorowien ctenenu > 1 ¢ KOMIJIEKCHBIME KOY(PMUATNEHTAME HMe-
eT KOMTJEKCHBIH KOpPeHb. DTy TeopeMy 9YacTO Ha3BIBAIOT OCHO6HOU Mmeope-
MOt a12ebpbl. DTO OJMH U3 CAMBIX (PYHIaAMEHTAIBHBIX PE3YIHTAaTOB BO BCel
MaTemaTuke. CyIIecTBYIOT pas3Hble TOUYKH 3PEHHA MO BOTMPOCY O TOM, KTO
MepPBBIM TOKA3aJd DTY TeopeMy (I 9TO BOOGIIe DTO 03HAYaeT: «[0Ka3aTh Teo-
pemy»). Ee naseiBator n «reopemon /larambepay [16], n «Teopemoinn Direpa—
Jlarpamxay [3], oHaKO Hallle Bcero CBA3RIBAIOT ¢ nMeHeM [aycca (cumTaeTcs,
470 ['aycc man deTwpe TOKa3aTeabCTBAa OCHOBHON TEOPEMBI).

Mamum cioBo Peankcy Kaenny [4, c¢. 69]:

«OcHoBHasA Teopema aareGphl c(popMyINpPOBaHA U B M3BECTHOU MeEpe I0-
kazana [lamamGepom B ero ,Recherches sur le calcul intégral“ (,,Mccaemo-
BaHWA 10 WHTErPalbHOMY HcdncaeHuo”, 1746 r.). < --- > Ppanuyssl 10-
3TOMY W CeUvac Ha3bIBAIOT BTy TeopeMy ,Teopemon [lamamGepa“, a [aycc
Ha3BaJ CBOWO juccepTanuio ,demonstratio nova“ (,,HoBoe 10Ka3aTeIbCTBO),
YeM, CJIeJOBATEIbHO, TIOJIYEPKHYI, 9TO OH HUKOUM 06pa3oM He MpeTeHIyeT
Ha JOCTUXKEHWE, KOTOPOE TaK 9acTO eMy PUIUCHIBAETCS, — CO3aHue , TIep-
BOT'O CTPOTOTO JOKA3aTeIbCTBA BTON TeOpeMbl. PazyMeeTcs, eTro cOunHEHTE
HAYMHAETCA MOAPOGHON KPUTUKON BCEX TMPEAIIECTBYIOMINX NOKA3ATETBCTBY.

A Bot ¥TO numet no »Tomy nosoxay H. Bypbakn [2, c. 161-162] (unTupyem
€ HEKOTOPBIMH COKPAIIeHNSIMN )

«B Tevenne XVII u XVIII BB. MaTeMaTUKWN MOCTENMEHHO IPUXOIAT K yOe-
JKEHUIO, 9TO MHUMBIE YUCITa, AAIONINe BO3MOXKHOCTD PEIIaTh YPaBHEHNUA BTO-
POU CTeleHn, TMO3BOMAIOT TaKkKe PelaTh aarebpandeckue ypaBHEHUs JOO60M
ctenenn. B XVIII B. 66111 onmy6aMKOBaHbl MHOT OYUCAEHHBIE TIOMBITKY TOKA3a-
TeabCTBA 3TON TEOPEMBI; CPEN HUX He OBLIO HU OHOW, KOTOpas Obl He BHI3bI-
Baja Cepbe3HbIX BO3paXeHWU. B pesyiabTaTe BHUMATENILHOTO M3YUEHUA BCEX
MOTBITOK JOKA3aTeAbCTB U JeTAIbHON KPUTHKH uX mpobemoB laycc mocta-
BIUI eJABbIO CBOEH JuccepTauny (HamucanHo# B 1797 r., majanuoin B 1799 r.)
MaTh, HAKOHET, CTPOTOe NMOKa3aTeahCcTBO. B3AB 3a OCHOBY Mel0, BbICKA3aH-
HyI0 MuMOXojioM JlaramMGepoM, OH 3aMedaeT, 9TO TOYKH (a,b) MIOCKoCTH,
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IS KOTOPHIX a + bi ABAAOTCA KOpHAME MHOTo4uteHa P(z + yi) = X (z,y) +
+iY (2, y), npeacTapasioT co6oil Toukn nepecedenns kKpuBbix X = 0uY = 0.
[MyTem kavecTBEHHOT O M3YHYEHUS 3TUX KPUBBIX OH MOKA3bIBAET, YTO KPUBHIE
mepecekanTCa. IJTO JOKA3aTeIhCTBO MO CBOEH SICHOCTH W OPUTHUHAIBHOCTH
MpeCTaBAAeT 3aMedaTelbHBIN MPOTPECC TIO CPABHEHUIO CO BCEMU MPE/IIITe-
CTBYIOIIUMHU W ABAAECTCA TPUMEPOM YUCTO TOMOMOTMYECKOTO PACCYKTEHNUA,
MPUMEHEHHOT O K aiTeGpandeckol mpobaeMe.y

laycc, kputukys paccyxkienue [/lanambepa, mobapiaseT, YTO «HCTHHHBIH
CTep:KeHb J0Ka3aTelbCTBA He 3aTParnBaeTCs BCEMU DTHMU BO3PAKEHUAMIUY.
JlelicTBUTENBHO, C COBPEMEHHOHW TOYKH 3peHus Mpobeibl B [OKAa3aTElbCTBE
[llanambepa merko yctpaunTh. CyTh DTOTO J0Ka3aTenhcTBa TakoBa. [lycThb
p(z) — MHOTOWIEH ¢ KOMIUIEKCHBIMI KoadduunenTamu. PaccMoTpum Tod-
Ky a, B kKoToponl ¢ynkuus |p(z)| mocturaer mmumyma. Torga p(a) = 0,
TaK KaK HHade MOXKHO OBLIO OBl HAWTH HalpaBjieHHe, MPH JIBUKEHUH BIOJb
KOTOPOTO W3 TOYKN @ MOAYJTh (yHKUmH p(z) yMeHbImaics Obl. 31ech Bce
NpaBIIBHO, HO TodeMy |p(z)| mocturaer mmauMymMa? COBpeMeHHBI OTBET
KpaToOK: 1Mo coobpaxkenusM koMmmakTHocTH. OmHako B 1746 r., korga mo-
SIBUJIOCH TOKazaTeabcTBO Jlarambepa, no Teopemur Boabnano—BeiliepiiTpacca:
BCAKAs OrpaHnmvIeHHas MOCTEeNOBATENLHOCTH WMeeT TPEeIedbHyI0 TOYKY —
OCTaBaJoOCh ellle OKoJao Beka. [IpuBHIUHOe Ke ompefelenne KOMTAKTHOCTH:
BCAKOE OTKPBITOE MOKPHITHE COMEPKHUT KOHETHOE MONNOKPHITHE — TOSBH-
Jochk yxke B HaiieMm Beke, korjga II. C. Amexkcangpos u Il. C. Ypwicon npu-
HAJU 3a OmNpejiejeHlie CBONCTBO OTpe3ka, ycTaHoBieHHoe Boperem u JleGe-
TOM.

JlokazaTeabcTBa Ditnepa u Jlarpanka TakXKe colep:Kaal «AICTHHHBIE CTEpP-
JKHTY, HO IMEIH U Cepbe3Hubie YOYIIeHNs ¢ TOYKN 3PpeHNsA COBPEMEHHBIX MOHS-
T 0 cTporoctu. Boobiile TOBOPs, TO Ke MOXKHO CKa3aTh U O T'ayCCOBCKUX
T0Ka3aTelbCTBAX: NCTIOIL30BAHHLIC B HIX «OUEBHIHLICY TOMOJOTHIeCKNe (hak-
TH HYXKIAI0TCA B o60ocHOBaHnn. BnpodeM, Bo BTopoM qoka3aTeabcTBe [aycca
BCe CBOJIMIOCH K MUHUMYMY: K TOMY, 9TO BellleCTBeHHBII MOJHHOM HedeTHOU
CTeNeHNn WMeeT BellleCTBeHHBIN KOPEHb.

Celiyac U3BECTHO MHOTO Pa3JHYHBIX JOKAa3aTeIhCTB OCHOBHON TeOpeMbl
anTebpHl; HUXKe MBI IPUBOINM JecATh u3 HuX. PazymeeTcs, 4T0OH y6eTuThCA
B HCTHHHOCTH KAaKOTO-IU60 YTBEPXKAeHNS, B MaTeMaTHKe TOCTATOTHO OTHOTO
JOKa3aTeqbCTBa (DTO OTJAWYNE MATEMATHKH OT HCTOPHIECKON HAYKNM CHIT pa-
JIO BaXKHYIO pOJb TIPpH BhIGOpe Beankum MaTematnkom A. H. KoamoropoBeim
cBoenl mpodeccnn — cu. [17, c¢. 4]). Ho Hama nmenb cocTONT Kak pas B TOM,
IT06H MOKa3aTh pa3noobpasne METOMOB, KOTOPHE MOXKHO TPUMEHUTH IS T0-
Ka3aTeabhCTBAa OCHOBHOW TEOPEMBI aJrebphl, I TeM CaMBIM YCTAaHOBHTH CBA3H
BTON TEOPeMbl ¢ TONOJOr Hell, KOMILIEKCHRIM aHAJU30M U APYTHME 0BJaCTAME



52 B. M. Tuxomupos, B. B. Ycnenckui

MaTeMaTHKH. PaccMaTpuBaeMas HaMH TeopeMa Kak HHKaKasf Apyras IoJIXo-
OUT JJIf TOJTOOHLIX Ieel.

Hamm nokasaTelnbcTBa CHILHO BapbUPYIOTCH IO YPOBHIO TOTO, YTO Ipe-
HOJaraeTcd U3BECTHLIM, H MOTOMY He BCe OHH OJMHAKOBO XOPOLIO IIOIXOAAT
I TepBOHAYAILHOTO BHAKOMCTBa ¢ TeopeMon. /[lokasaTenbcTBa 1 n 7 onupa-
I0TCA Ha MEHEMYM IOpeIBapUTeILHBIX CBeJICHHH, a B IPYTUX JOKa3aTelLCTBaX
MBI CCBLIaeMcsl Ha Teopuio laaya mianm ma Teopewmy Jledimmena o HemoIBHKHONR
TOYKe, He CMYIIAiACh TeM, ITO COOTBETCTBYIOININE MOHATHS He BXOAAT B 00s-
3aTEIbHYI0 YHIBEPCHTETCKYIO MPOrpaMMy. SaHHTEPeCOBAHHLIN IHTATeIb CY-
MeeT HalTH HeOOXOAHMBIE CBeJEeHHS B INTHPYEeMOH JuTepaType. Bo MHOTHX
MOKa3aTelbCTBAX MBI MOJB3YyeMCS HOHATHEM TOJOMOPMHON (PYHKINH U PH-
MaHOBOH HOBEPXHOCTH; DTH HoHATUA BocxoaT K Kommn, Pumany n ['epmany
Benaro.

B ocnope 6oablIinHCTBa JOKa3aTeALCTB OCHOBHOH TeopeMbl aire6phl Je-
JKIT HJes TeOMeTPUIeCKOro M306PaKeHNS KOMILICKCHBIX YHCeI: MHOXKeCTBO
KOMILTEKCHBIX 9HCe] OTOXKIECTBIAETCS C MIOCKOCTBIO. JTa mies MpHHAaIIe-
xkutT [aycey m pasBuBaeT Beankyio MEICAL JlekapTa o eIUHCTBe alre6phl U
FeOMETPHE: KaXKJIOH TOYKe ILIOCKOCTH HJIH HPOCTPAHCTBA MOXKHO NOCTABUTL
B COOTBETCTBHE YHCJIAa — €e KOOPAHHATEL, MOCJIe Yero A3LIK aJre6phl I I3LIK
reoMeTpHH CTAHOBATCS B3anMoszaMenseMbiMu. Celdac 9TO KaXKeTCs HaCTOIb-
KO TPUBLIYHBIM, ITO TPYAHO HPEACTaBUThH, HACKOJIHLKO PEBOJIONHOHHBIMA GBI
JU DTH HJEH B CBOE BpeMd.

2. DKBUBAJIEHTHBIE ®OPMYJUPOBKH

[lorsTHE KOMIJIEKCHOTO YMCIa MBI CYHTaeM m3BecTHHIM (cM. [7, 5]). Ha-
HOMHUM JIHIIb, 9TO BCAKOE KOMILIEKCHOE YHCJI0 OMHO3HAYHO 3aMHCHIBAeTCS B
Bujge a + bi, rme a m b — melicTBUTENbHBIE YHCJIA, a | — MHUMasg eINHUIA,
yIoBJIeTBopsiomias paBeHCTBY 12 = —1. KoMIekcuble Wmcia MOMKHO CKlIa-
IBIBATh U YMHOXKATh MO OOBIYHBEIM MpaBHJIaM, IPH 3TOM KaXKjJoe HeHyJeBoe
KOMILTEKCHOe 4HuCI0 z mMeeT ob6paTHoe 2z~ . TakuMm o6pa3oM, KOMILIEKCHLIE
Yicaa 06pa3yT noge. DTo noje obosnadaercs yepes C.

[ast npousBoabroro nojst K depes K[X] obosnadaeTcs koabyo MHo2ou1€e-
no6 nad K (nmm ¢ xosgguyuenmanu ¢ K). MHOTOUIEH ¢ KoddduITEHTAME
B K — 570 opMaibHOe BEIpayKeHHe BHIa

p(X)=a, X"+ -+ a1 X 4+ ag, THe ag,...,a, € K.

Takoit MHOTO4JIEH MOXKHO paccMaTpuBaTh Kak gpyukunio uz K B K, KoTopas
KaxkaoMy & € K cTaBUT B COOTBETCTBHE dJIeMEHT p(x) = ayx"+- - Fajx+tag €
K. Kopenv muorodnena p(X) — sto Takoe z € K, mis kotoporo p(z) = 0.
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Cmenenp HeHyaeBoro MHOTOYIeHA p(X) — DTO Takoe menoe HHCJIO N, JJs
kotoporo p(X)=a, X"+ -+ ag n a, #0.

JIEMMA 1. Hucao pazauunvlz KopHel HEHYAE6020 MHO2OUAEHA HE NPEGOC-
zodum €20 cmenemnu.

JlokaxkeM JeMMy MHIYKIHEH MO CTeleHH 1 MHOrowieHa. Ilpeamonoxum,
9TO MHOTOYJIEeH p(X) =a, X"+ -+ ap cCTeneHu n UMeeT MO MEHBIIEH Mepe
n + 1 pasInvIHBIX KOpHEH dq,. .., ap+1. PacemoTpnm muorodnen ¢(X) =

=a,(X —ay)...(X —ay,). Torna p # ¢, Tak kaK p(a,+1) = 0 # q(a,41). Pas-
HOCTb ' = P — ¢ ABIAETCS HEHYJEBHIM MHOTOYJIEHOM CTeNneHn < 1, NMeolnM
N0 MEeHBIIeHl Mepe n KOpHeH di, ..., @p,. DTO IPOTHBOPEUNT MPEINOTOKEHHIO

MHAYKIHAH.

Ecin mome K 6eckonedno (0 cTpoeHmn KOHeYHHIX mogted cM. [5, 9]), To
BCAKNH HeHyJeBoll MHOrowieH p(X ) mpegcTaBiseT HeHyIeBYIO QYHKINIO (MO-
CKOJIBKY 9HCJIO KOpHell MHorowwieHa p(X) KOHEUHO) m, cleIoBaTelbHO, pas-
JUIHBIE MHOTOWJICHE! TPEACTABAAIOT Pa3AuIHbIe (PYHKIIN.

MHOT O4/TeHBI HYJI€BOU CTEMEeHN OTOXK IECTBIAIOTCS C HEHYJEBRIME DIeMeH-
TaMmu moasi K u KopHedl He WMeloT. BeAKnit MHOTOWIeH MePBOU CTENeHH HMe-
€T POBHO OJINH KOpeHb. BesAKkuul i MHOTOY/IEH cTeneHn > 2 uMeeT XOTSH Obl
omua koperb? OtTBet 3aBucut orT noias K. [lycte R — mose geficTBuTE B
HEIX (M BelllecTBeHHBIX) dncen. Muorodsen X2+ 1, paccMaTpuBaeMblii Kax
saeMenT koabina R[X], ve umeeT kopueil B R, 1 HMeHHO 5TO 06CTOSTENHCTBO
MOTHBHPYeT paciiuperne nois R 1o moas koMmmiekcHbx qucen C, B koTopoMm
muorowien X2 4+ 1 uMmeer KopHH ? W —i. VI3 KaKIOro KOMIJIEKCHOTO YHUCIa
MOXKHO W3BJI€4Yb KBaPAaTHHH KOPEHb, TO3TOMY H3BeCTHas GopMyaa I pe-
[IeHNs KBa/[PaTHOTO YpaBHEHIs MOKA3kIBaeT, 9TO BCAKuM MHOTOwIeH 13 C[X]
BTOpOU cTenenn uMmeeT KopeHb B C. Ecau 6vI cyliecTBOBaJ MHOTOWIEH P U3
C[X] crenenu > 2, ue umetoinuii kopuein B C, TO MOXKHO OBLIO TOCTPOUTH
KoHevyHOe pacinpernne nojis C, B KOTOpOM p nMeeT KOpeHb (M0 aHAJOTHH €
TeMm, Kak camo nojte C monydaercs npucoegntenneM K R kopHell MHOTOd.e-
na X? + 1). Koneunoe pacuupenue noas K — oto mone L, copepxariee K
B Ka4YecTBe TMOANOAA U TaKoe, 9TO [ ABIfeTCH KOHEYHOMEPHKIM BEKTOPHBIM
npoctpancTtBoM Hajg K. PazamepHocTh BekTOpHOro mpoctpaHcTBa L Ham K
Ha3bIBaeTCA cmenenblo pacumpenus L u obosnadaetcs depes [L : K]. Ogna
13 3KBHBAJEHTHHIX (POPMYJIUPOBOK OCHOBHOHW TeOpeMBI aareGphl 3aKadaeT-
cst B ToM, 970 y o/ist C HeT cO6CTBEHHBIX (T. €. OTAHIHBIX 0T camoro moas C)
KOHEYHBIX PacCIIipeHui.

Tenepws magum obiree onpefenenne: node K Ha3BIBaeTCAd a42€6PAUUECKU
3AMKHYMbBIM, €ClH BCAKHH MHOrodjaeH ctenenun > (0 ¢ kodpduunentamu B K
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nmMeeT Kopedb B K. DKBuUBajdeHTHO, noje K airebpamdecku 3aMKHYTO, eCan
y HEro HeT COBCTBEHHKIX KOHEYHHBIX paciinpenni. Ham 6ymeT y106HO HCTOIB-
30BATh ellle [Be XapaKTepusaluu ajreGpandeckn 3aMKHYTHIX Tojeid. MHoOro-
wien Ha;g K HaswIBaeTCAd HENPU60JUMBLM, €CIU OH HMeeT cTemenb > 0 u we
npejJCcTaBAM B BHje NPON3BeIeHus MBYX MHOrowieHoB n3 K[X] cremenn > 0.
Henpuognmeie MaOTOMeHE B KOqblie K [X ] aHATOTHYHBI TPOCTHIM YHCIAM B
KOJIbIIe 7 TeNbIX 4uces: BCAKui MHOrowien n3 K [X| packiagbiBaeTcs B mpo-
m3Be/leHIe HEeMPHBONMBIX, MPUYeM Pa3ioKeHne OJHO3HAYHO ¢ TOYHOCTHIO 10
HOPSIIKa COMHOXKUTENEH I UX YMHOXKEHHUs Ha dJdeMeHTH u3 K. DTO CBONCTBO
koabna K [X] BeiTekaeT n3 Toro, uto K[X] aBiaseTcs koavyom 2aa6uniz ude-
(406 KaXKIBIU U IeaJ MOPOXK/IaeTCs OTHUM dieMeHToM. Bce MHOTO4JIeHE CcTe-
nern | HEMpUBOAMMBI, a 06paTHOE BEPHO TOTJa W TOJBKO TOT[a, KOTa moJe
K anre6pamdeckn 3aMKHYTO.

[lyctes ' — BekTOpHOE mpocTpaHcTBO Hajg moasem K w A : K — F —
JUHEeNHbI onepaTop. BekTop v € F Ha3wIBaeTCs cOOCM6EEHHBIM 6EKMOPOM
omepatopa A, ecan v # 0 u Av = Av nas HekoToporo A € K.

TeEOPEMA 1. Juas 6caxo2o noas K caedyioujue ycao6us pasHocuibtbl:

1) ecaxuii mnozounen uz K[X] cmenenu > 0 umeem xopenv 6 K (unvtmu
caosamu, note K atzebpauvecku 3amxuymo);

2) ecau ' — xomeunomepnoe 6exmopnoe npocmpancmeo nad K, ne ceéo-
daujeeca K uya10, mo eécaxut aunetinni onepamop A : K — E umeem
cobcmeéennnlii 6exmop;

3) noae K ne umeem xoneunwr pacwupenut, omauunniz om K;

4) ecaxui nenpueodumviii mnozousern nad K umeem cmenemns 1.

1) = 2). llycts A : F — F — muennnii omepatop u p(X) =
=det(X -1 — A) — xapakTepHCTHYIeCKNH MHOTOWIeH omepaTopa A. 3mech
1 — ToxgecTBeHHBIH onepaTop B F. Ecin K anrebpanmdeckn 3aMKHYTO, TO
MHOTOYJIeH p uMeeT Kopelb. CileoBaTeNbHO, TPH HEKOTOpOM A € K omepa-
Top A -1 — A nMeeT HyxeBon ompejgeruTenss n notomy (A-1g — A)v = 0
s HEKOTOPOTO HeHyJeBoro BekTopa v € I. Torma Av = Av, Tak 4To v —
CcOOCTBEHHBIH BeKTOp omepaTopa A.

2) = 3). Ilycts L — xonewnoe pacumpenue noxas K. 3adukcupyem
x € L, wnyets A: L — [ — JuHeWHKIN OonepaTop YMHOXEHHS HA T, ONpejie-
nenuwiit popmynon A(y) = zy. CornacHo 2), y onepatopa A ecTh cOGCTBEH-
e BekTop Ha g K. Takum o6pasom, xv = Av = Av npn HEKOTOPHIX A, v € K,
v # 0. CrenoBatenvio, z = A € K n L = K.
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3) = 4). Ecam p € K[X] — HenpnBoIUMBINI MHOTOWIEH CTeNeHu 1 > 1,
TO akTOpKoIbio Koabia K[X] mo mjgeany, mopoxIeHHOMY MHOTOYJIEHOM P,
ABASETCH COBCTBEHHBIM paciinpenneM nojis K (cTemenu n).

4) = 1). DTO 0YeBUIHO, MOCKOABKY BCAKMUI MHOTOWIEH pa3iaraeTcs B
Ipou3Be/leHne HellpHBOIHMBIX.

MBI BHIMM, 9TO OCHOBHYIO TeOpeMY aire6pbl MOXKHO CHOPMYIHPOBATH
TaK: MoJe KOMIIEKCHBIX YHCeN Y IOBIeTBOPSET YKBUBATEHTHHIM YCJIOBHSIM TeO-
pemsl 1. MOXHO 1aTh ellle 0THY TIO CYUIECTBY SKBUBATEHTHYIO POPMYJTHPOBKY,
OTHOCAUIYIOCS yKe K Moao R 1efcTBITeNbHBIX THCelN: 6CAKUl HENPU6O0JUMBLT
mruozouten nad R umeem cmenenv < 2. TlokakeM, 9TO DTO yTBepXKjIeHHe
paBHOCHIBHO anrebpandeckonn samkuyToctn moas C. [as xaxmgoro a € C
nycth p, € R[X] — munumarvnwiii muozouren qucia a, T. e. MHOTOUJIEH MH-
HAMaJIbHOH BO3MOJKHOW CTENeHN, NMEOIINT ¢ CBOUM KOpHeM. [ TaBHBIN n1ean
{p € R[X]: p(a) = 0} xorpna R[X] mopoxgaercs muHOTOYICHOM Py. UHBIME
coBaMm, BCAKHi MHOTOowIeH 3 R[X], nMeromnit @ cBonM KopHeM, TelnTcs Ha
Py Ecima € R, top, = X —a, ecim e a € C\R, 10 p, = (X —a)(X —a), rae
@ O3HAYaeT YHCI0, KOMIUIEKCHO CONpsiKeHHoe K a (ecan ¢ = z 4 yi, z,y € R,
To @ = z —yi). [Ipennonoxnm Teneps n3BecTHHIM, 9TO noje C anrebpandeckn
saMkuyTO. [lycTh ¢ € R[X]— npomnsBonbubil MHOTOWIeH cTenenn > 2. Torga
q nmeet koperb a € C. CrenoBaTensno, ¢ neantes B R[X] na MuaOrO9IEH Py
cTemenn < 2 M TOTOMY He SBJAsSeTCS HeMPHBOANMBEIM. O6paTHO, MyCTh M3BECT-
HO, 9TO BCe HEMpPUBONMbie MHOTO4IeHE B R[X] nmefor crenens < 2. Torga
BCAKHI OTAMYHBIN OT KOHCTAaHTH MHOTO4IeH n3 R[X] pasaaraeTcs B mponsse-
JleHne MHOTOWIeHOB cTenenn < 2 n notoMmy umeet kopenb B C. [lycTs Tenepn
P — OTJIMYHBIH OT KOHCTaHTH MHOrodUteH Han C, a p — MHOTOWIEH, mOmy-
YeHHBIH W3 P 3aMEeHOH BCeX KOX(P@UIMEHTOB HAa KOMILIEKCHO-CONPSKEHHBIE.
MHoro4ien pp nMeeT BelleCTBeHHBIE KOOX(DMUUAEHTHI U, CJI€JOBATENBHO, NMe-
et koperb a € C. Yncro a sBaseTcs KOpHEM JHO0 MHOTOYJIEHA P, THOO MHO-
rodiena p. B mocaennem ciaydae a sasercs kopaeM mist p. Takum o6paszoM,
P MMeeT KOpeHb.

3. JTOKABATEJIbLCTBA

[IEPBOE TOKA3ATEJIBCTBO. <« llycth p(z) = 2" + ay_12" V4t ag —
MHOTOYJIEH CTeleHn n > 1 ¢ KOMIIEKCHBIMI KOod(hpuinenTaMn (CTapiini Ko-
odrpunneHT MBI CYNTaeM PaBHBIM eIUHUIE, DTO He OTpaHUIUBaeT 061HHOCT1/I).
[IpexnonoknM, 9T0O p He UMeeT KOPHEH, ¥ MPHJIeM K HPOTHBOPEIHIO.

IIycTh 2 paBHOMEpHO ABMMKETCHA MO OKPYKHOCTH paamyca R ¢ meHTpoMm B
HyJ€e B MNOJOKUTEJIbHOM HallpaBJeHUH (T. €. IPpOTHUB qaCOBOI;I CTpeJIKI/I). TO‘I—
Ka 2" 6yjieT mpH DTOM JBHTAThCS MO OKPYXKHOCTH pamuyca R™ ¢ yriosoi
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CKOPOCTBIO, B 1 pa3 NMPEBOCXOIAIIel YTJIOBYIO CKOPOCTh TOYKH 2. JTO CIeIy-
eT U3 TpeJICTABIeHNs Z B «TPUTOHOMETPHYeCKOi (hopmes: ecin z = R(cos ¢+
+sing), To 2" = R"(cosng + sinng). Korga z coBepimaeT OfWH NOJHBIH
06opoT, Touka z" coBepuiaeT n 060poTOB BOKpYT Hyas. [lomoknm b(z) =
= a,_12" 1 4+ -+ ag. lIpu 6oabumx R 4uciao b(z) npene6pe:xumMo Mago 1o
CpaBHEHHIO ¢ z", mMOdTOMY JBHKeHHe To4ukn p(z) = 2" + b(z), ecan Habro-
TaTh ero n3jganeka, 6yeT TpaKTHIeCKH HEOTIANINMO OT JBUKEHUSA TOYKH 2”.
CrefoBaTenbHO, TOYKA p(z) COBepIIaeT CTOMNBKO K€ 060POTOB BOKPYT HYJA,
CKOIBKO I 2", T. e. n 0o6opoToB. CyIIecTBeHHO 3/[eCh TO, ITO OTPE30K, CO-
equHsOMAN p(z) ¢ 2", He mpoxoauT depe3 0 (mpm |b(z)| < |z"|), mosToMy
IBIKeHNe ToueK p(z) m 2" MOXKHO MpojgedOpMUPOBATH OJTHO B IPyroe, He
npoxo/d Npu >ToM 4depe3 () # TeM caMBIM He MeHAf THCIa 0G0POTOB.

C npyroit cTopousl, ecan R 6Ju3K0 K HYJT10, TO p(z) 6au3K0 K ag. Korma z
COBepIaeT MOJHBIH 060POT MO OKPYKHOCTH MaJOTO paauyca, p(z) onucsBaeT
3aMKHYTYI0 KpuByI0 BOau3u ag. [lockonbky ag # 0 (nnade p mmen GBI KO-
perb 0), Takas KpmBas He OXBAaTHIBaeT HYy.Jf, TaK UTO MpH Ma’sex R Tovka
p(z) coBepmaeTt 0 060POTOB BOKPYT HY.IS.

Bymem Teneph MensTh R m cieanTh 3a TeMm, Kakoe dncio n(R) o60poToB
coBepIaeT TOYKa p(z) BOKPYT HYJs, KOUIa 2z [TelaeT OJNH MOJHBIH 060pOT
0 OKpy:KHOCTH paanyca R. «Incio o6opoToBy Toukn p(z) BOKPYT HYJIs GBLIO
OBl HE OTIPeIeJieHO, eciin OBl Ta TOYKA NPH CBOEM [IBUKEHHUH MPOXO/Iia Yepe3
Hyab. Tak kak MBI mpejgnoraraeM, 9To p(z) # 0 npm Bcex z, To n(R) ompe-
neneno npn Beex R. flcwo, uto n(R) menpepniBro 3aBucnT ot R. [Tockoabky
¢dynkuns n(R) IpEHEMaeT TOJABKO Nelble 3HAYEHHs, OHA JOJKHA OBITH TMO-
crosuna. Oguako Mer Bugenn, 9To n(R) = n npn 6oxpunx R u n(R) = 0 npn
ManeXx R — mpoTuBopedne. b

Kommenrapui. DTo jokazaTeibcTBO npuBogntcs B [6]. HescHo, kTo mpuay-
MaJ ero nepBeiM; KoiMoropos uaiarad ero B cBoux jgeknunsax B 30-e roawl. Bot
kak nuyT 06 stom B. I'. Boarsuckuit u M. M. Araowm [8, ¢.11]: «B 1937 roxy
B cBoell Jekuuu ,,OcHOBHas Teopema aire6pr” akagemuk A. H. Koamoropos
H3J0KIJI MO CYIIeCTBY TOJHOE MOKa3aTeJbCTBO TEOPEMEI O CYIIeCTBOBAHUH
KOMILJIEKCHOTO KOPHSl y BCAKOTO aare6Gpamdeckoro ypaBHEHHS. DTO JTOKa3a-
TeThCTBO, MOJAYYHBIIEe B MIKOJABHOM KPYXKKe HanMeHOBaHue , /lama ¢ cobad-
KO“ (ecam mama TyaseT BOKPYT MoMa ¢ cOGadKoll Ha MOBOJAKe, TO cobadka
OyleT BRIHY XK IeHa ClefaTh CTOMNBKO Ke 060POTOB BOKPYT /OMa, CKOJIBKO U Ca-
Ma JlaMa) BIIOCTeJCTBIH TOYHO B TAKOH ke opme 65110 onybinkoBano B [6].)

[leruTenn MaTeMaTHYe€CKOW CTPOTOCTH MOTYT OCTAThCS HEYTOBJIETBOPEH-
HBIMI TaKUM PaCCYK/IeHHeM: Bellb Mbl He ONpeIeqmin, 94TO Takoe «9ucio 060-
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pPOTOB», U He MOKa3ajl, YTO OHO OCTAeTCS MOCTOSHHBIM MPH HEMPEPBIBHBIX
neopManungax. YKaxeMm, Kak yCTPAHUTb 3T HEJTOCTATKH.

[lycts f — HempepbiBHas KOMIUIeKCHas (PYHKIINS, ONpejeJeHHas Ha OT-
peske [0,1] n mpuHIMaroias paBHbe 3HAYEHUs HA KOHIAX oTpeska. [lpen-
nosoxknM, 9To f(t) # 0 upm Bcex t. Torma wucio obopomos BOKpYT HY.f,
coBepiaeMbix Todkon f(t) mpu aBmxkennu t ot 0 k 1 (»TO Uncao mur 6y-
ntem ob6osnataTh depes W(f)), ompenensercs crepyomnm obpaszom. Ilycts
U={z€ C:|z| =1} — emnuudnas okpyxKHOCTh, il € : R = U — ¢pyuknus,
onpegenennas Qopmyon €(t) = cos 2wt + isin 27t (9Ta QYHKUMA «HAMATHI-
BaeT» MPAMYI0 Ha OKPY:KHOCTB). [Ipeamonsoxkmm cmepBa, 9To f mpmHIMaeT
snavenns B U, To ects 910 |f(f)] = 1 npm Bcex t. CyiecTByeT HempephIB-
nas pyukuns h : [0,1] — R, Takas, ato f(t) = €(h(¢)) mus Bcex t € [0, 1].
Ecan h' — apyras QyHKIus ¢ TakuM ke CBOHCTBOM, To h' = h + ¢ mas He-
KOTOPOW KOHCTAHTHI ¢ (ABIAIOMIEHCS MEJTBIM YHCJIOM), TOITOMY Hel0e UHCIO0
W (f) = h(1) — h(0) onpeneneno oHO3HATHO. DTO HEIOE THCJIO I HA3BIBACTCA
qucaioM 060poToB. B obiiem caydae, korja sHadeHus QpyHKunun [ Heobs3a-
TenbHo JexaT B U, moraraem W(f) = W(g), rne g : [0,1] > U — dyuxuns,
onpegenennas gopmyaon g(t) = f(t)/|f(t)].

[TycTsb Teneps mas kaxkgoro s € [0, 1] 3agana pyuknus fs : [0, 1] — C\{0},
takas, 910 f5(0) = fs(1). [Ipeamonoxnm, 9To cemeiictBo {f;} HEmpepsIBHO
3aBHCHT OT TapaMeTpa s B TOM CMBICTe, 9To pyukuus ['(s,t) = f(t) Hempe-
puiBHa ma kBagpate [0, 1]%. Torga W (fs) me saBucut or s (3To U o3HavaeT,
9TO 4NCJI0 0GOPOTOB HE MEHSeTCs NPH HeNMPePHIBHEIX AedopManusx). /las mo-
Ka3aTeJbCTBa MPEANON0OKNM, 4TO 3Hadenus pynkunn F gexat B U (oburmi
cIydai cBOANTCA K dToMy 3amenon pyukunu F' ua [I'/|F|). CymecTByeT Takas
nenpepuisias gynkmas H : [0,1]> — R, a1s kotopoit F = e o H. llenoe 1ncio
W (fs) = H(s,1) — H(s,0) HenpepuIBHO 3aBUCAT OT S N MOTOMY MOCTOSHHO.

[lpn onpenenenun qncia W (f) n npn gokasaTeqbCTBe ero HHBAPHAHTHO-
CTH TpH JAedOpMalNiaX MBI MOJB30BAINCH CJAEIYIONINM CBOUCTBOM (DYHKIHH
e : R — U:ecan X — orpesok mam kBagpaT u F : X — U — Henpepns-
Hasg (QYHKOUA, TO CyIlecTByeT HempepwBHas ¢dymkuua H : X — R Takas,
gyro ' = e o H. Takas ¢pyukuus H wmaspbiBaeTca noduwamuem GyHknum F
oTHOcHTeabHO €. CylllecTBOBaHNE MOMHATHH B HAIIIEM CIydae HETPYIHO JOKa-
3aTh HENMOCPEJICTBEHHO: HampuMmep, ecim X — KBajJpaT, TO MOXKHO pa3buTh
X Ha MajleHbKHe KBaJIpaTHKH, 00pa3 KayJOro u3 KOTOPHIX npu F sABiseTcs
COOGCTBEHHBIM MOAMHOXKeCcTBOM OKpyxkHOCcTH U, 1 cTponTsh nogusitue H mo-
cleJIoBaTeJbHO Ha DTHX KBapaTHKaX, MTPOXOAd UX psaj 3a psagom. Ha camom
neje 0TOOpaKeHne € SIBASETCS IPUMEPOM HAKPbIMUL, H MOXKHO COCAATHCH HA
06111yI0 TeopeMy: 0TOGpaKeHne OTHOCBABHOTO MPOCTPAHCTBA BCETa MOXKET
OBITH MOMHATO B HakpeITHE [15, 13].
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Mur onpejresnian oTo6pakenne € 4epe3 CHHYC W Kocuuyc. [Ipn nocienoBa-
TeJBLHOM MOCTPOEHNH OCHOB aHAJIM3a 6ojee eCTECTBEHHO MOCTYNHTH HA060-
POT: CllepBa BBECTH OTOOpaKeHHE €, a 3aTeM 4epe3 Hero ONpejennTh CHHYC
u xocuuyc [12]. Umenno, €(t) = 2™, rae €* = 3.°° 2" /n! mus 1060T0 KOM-
niekcHoro z. OtrmeTnM, 9T0 HakphiThe € : R — U sBaseTcs romoMopduzmMom
TONMOMOT HYECKHX 'PYIIIL.

BTOPOE NOKABATEJALCTBO [10]. <« Muorounen p € C[X] crenenn n 3a-
HaeT OTO6pa)K€HI/Ie CTelMeHN 7 KOMILICKCHON HpOGKTI/IBHOfI HpHMOiI B cebd.
CremoBaTelbHO, DTO 0TOOpaxKenne ciopbeKTuBHo npn 1 > 0. B wacTHocTH,
ypaBHenue p(z) = 0 nMeeT pemenne. p

Kommvenrapnii. [losicauMm MOHATHS, KOTOpPHIE HCTOJb30BaHBI B DTOM JOKa3a-
TeapcTBe. /|18 HAIIUX TeJell KOMILIEKCHYIO TpoeKTuBnyto npamyio CP! moxno
ONpeleJnTh MPOCTO KAaK OJHOTOYEYHYI0 KOMIAKTH(MUKANHNIO TPOCTPAaHCTBA
C. Unbvu caosamu, CP! = C U {oc}, npnieM okpecTHOCTSME 6eCKOHETHO
VIaJeHHON TOYKH CJAYKAT JONOJHEHUS [0 3aMKHYTHX OTPAaHHYEHHBIX TMO/I-
muoxkecTB B C. [IpocTpancto CP! mMeeT ecTecTBeHHYIO CTPYKTYPY OpHeH-
THPOBAHHOTO I'laIKOTo MHOroo6pasus, npu »tom CP! ruddeomopdno asy-
mepHoi cdepe. OTobpaxenne p : C — C npojgomxkaercs 10 TaaJKOTO OTO-
6pawxenns p: CP! — CP! takoro, ato p(oc) = coc.

Kax oMy HenmpepbIBHOMY 0TOOPaYKeHH IO MEXK,TY OPHeHTHPOBAHHBIMH KOM-
HAaKTHBIME CBA3HBIMH TOTOJOIHYeCKHME MHOTO0OOpa3usiMHi OMHOHW pa3zMepHO-
CTH COTOCTABJSETCS MeJ0e YHCI0, Ha3biBaeMoe CMmenewbio oTobpaxKenus. B
MepBOM [OKa3aTelbCTBe MBI (DAKTHIECKH BBeJIN (MO Ha3BaHWEM «9UCIO 060-
POTOBY) MOHSTHE CTeNeHn OTOOpaKeHHs OKPYKHOCTH B cebs. /las raagkmx
OTOOpaXKeHNUll TJIafKNX MHOTOOGPa3uil CTeleHb MOYXKHO ONPENeNuTh CAeIy-
fornm o6paszom. Illyets f : M — N — raajgkoe otobpaxkenue Mexay k-
MEPHBIMH OPHEHTHPOBAHHBIMH KOMIIAKTHBIMH CBSI3HBIMH MHOTOOOPA3HSAME.
Touka z € M wuasbiBaeTcs kpumuueckoti, ecan jgudpdepennnan df,, sBis-
IOMIHICS JUHEHHBIM O0TOOpaKeHneM KacaTeabHOro npocTpatucTBa 1, M B Ka-
caTenbroe mpocTpancTBo T,y N, Bepoxken. Touka y € N maswiBaercs pe-
2YASAPHBIM 3HAUEHUEM, €CIN OHA He SIBAfeTCS 06Pa3soOM HUKAKOW KPHTHYIECKON
toukn x € M. 3 teopemur Capja BeiTekaet [10], 9To peryasphubie 3Ha9eHUs
cymecTtBytoT. [lycts y € N peryaspro. Torga duncao touek z € X, Taknx,
ato f(z) = y, koueuno. IlycTs 21, ..., %p, Tpt1, ..., Tpyq — BCE TAKHE TOT-
Ku, npudeMm guddepernnant oTobpaxkenns [ coxpaHseT OPHEHTANNIO B TOY-
KaX Z1,...,Tp I OOpallaeT OPHEHTANNIO B TOUKAX Tpt1; .. ., Lpyq. CMENEHDIO
oTo6paxkeHus f HazwIBaeTcs 9uCao p—q. [lokasbiBaeTcs, 9TO 3TO YHCIAO HE 3a-
BHCHT OT BhIGopa peryasipuoro y € N. Ecan f(M) otauaro ot N, TO cTenenb
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paBHa HyaII0, Tak Kak Jo6oe y € N \ f(M) peryaspHo, a [is TakKoro y Mel
umeem p = g = 0. Takum o6pazowm, eciu cTenenb oTobpaxkenus f: M — N
oTaudHa oT Hyas, To f(M) = N.

Nas orobpaxkenns p: CP' — CP! xpuTniecKuMn TOIKaMU CIy:KaT HYJIH
npousBognoil p’ u (npm n > 1) Todka oc. Takux Tovek KoHedHOe Huca0. Bo
BCAKOU HEKPUTHYECKOH TOYKe z qudepeHIina SBJIseTCs yMHOKEHIeM Ha He-
HyJleBoe KOMILIEKCHOe dncio p'(z) m moTomy coxpanseT opuenTannio. OTciona
BEITEKAET, YTO CTelleHh OTOOPaKeHNs P MONOKHUTEJIbHA U, CJAeJOBATENBHO, P
clopbeKTHBHO. Ha camom fese ctenenb 0TOOpaKeHus P paBHA . DTO CAEIY-
eT M3 TOTO0, 9TO /ISl KayKJOT0 PEeryIsipHOTO y ypaBHEHUe p(z) = y nMeeT n
Pa3JUYHBIX pelleHu.

OTo6paxkenne p : CP1 — CP! apaserca n-iucmubin pazeemeaennvim na-
kpvimuen [14]. [las Takux 0TOOpaKeHHH KOPPEKTHOCTH ONPETeIeHs CTeleHn
(T. e. HE3ABHCHMOCTH OT BBHIOOpA Pery.IspHOTO 3Ha4YeHnus y) odeBnaua. [losTo-
My TpOBeJeHHOEe [TOKa3aTelhCTBO HMeeT BApPHAHT, He 3aBUCANINN OT O6IIEro
onpejieJeHus CTeleHH.

TPETBE MTOKABATEJBCTBO. Paccyxkienne, HaMedeHHOe B IpeILI IyIIeM ab-
3alre, MOXKHO 0OOOIINTH.

« HemocTosinnoe rojoMopduoe oTobpaKenne MeX Ty KOMIAKTHLIMA CBA3-
HBEIMHW PHUMAHOBBIMHA MTOBEPXHOCTAMHU ABAAETCA N-TUCTHBIM Pa3BeTBIeHHBIM Ha-
KpPHITHEM TIpH HEKOTOpoMm 1 > 0 i moTomy ciopbekTuBHO [14]. [Ipumennm >ty
TeopeMy K oTo6paxkennio p : CP! — CP!, onpejenennoMy MHOTOYICHOM P
ctemenn n > 0. Komniexcnas nmpoekTtupnas npamas CP! mveer ecTecTnen-
HYIO CTPYKTYPY KOMIAKTHOU CBSA3HOW PUMaHOBON MOBEPXHOCTH, a OTOOpaxKe-
Hie p rosomopguo. CiaegroBaTenbHo, p ClOpheKTHBHO. B dacTHOCTH, p nMeeT
KOpeHb. b

Kommvenrapui. Pumanosa noseprrocms — 3TO TOJOMOpP(PHOE MHOT006pa-
31e KOMILIeKcHOU pazMeprocTH 1. Takoe MHOT006Pa3ne MOKeT ObITh TOKPHITO
OTKPBITHIMI MHOXKECTBaMH, KaXK,10€ 3 KOTOPHIX OUTOJOMOP(MHO DKBUBAJIEHT-
HO (T. e. M30MOPQHO KaK PHMAHOBA MOBEPXHOCTH) OTKPHLITOMY €IMHIIHOMY
kpyry U B C. Besikoe rojsomopduoe otobpaxkenne f : X — Y oxnolt puma-
HOBOW TOBEPXHOCTH B IPYTYI0 JOKAJTBHO YCTPOEHO TaK Ke, Kak 0To6paKeHne
2+ 2F m3 U B cebs npn mexotopom k > 0 [14, npepnoxenne 2.1]. Toumee,
nycth z € X n y = f(z). Ecin f HemocTosSHHO Ha KOMTOHEHTE MOBEPXHOCTH
X, comepxartieli TO4Ky z, To cyuecTByioT okpectHoctn Oz u Oy TovYek =
ny #Ha X u Y, COOTBETCTBEHHO, M30MOP(PHU3ME PUMAHOBBIX MOBEPXHOCTEH
¢:U — Oz u v : Oy — U n nenoe aucao k > 0, takne, ato ¢(0) = z,
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Y(y) = 0, f(Oz) = Oy m ¥fe(z) = 2F ana seex z € U. Kaxmas Touxa
B Oy \ {y} umeer posuo k mpoob6paszoB B Oz. Yncio k HaswiBaeTCs undek-
com 6emeaenus otobpakenus f B Touke z. O603HATUM DTOT WHEKC Tepes
€f(z). Ecin ef(z) > 0, To rosopat, 1to f paszeemeaeno B . [Ipenmonoxnm,
aro X m Y xommakTuw n cBssuw. [ycte y € Y, f71(y) = {z1,....2,},
ki = ef(z;), 1 = 1,...,p. ¥ Toukm y ecTb Takas okpecTHOCThL Oy, UTO
/~YOy) = Oz U ---U Oz, upniem okpectioctn Ozy,...,0z, monapro
He mepecekatoTcs u otobpaxkenne f|Ox; : Ox; — Oy usoMopdHO 0TOGpaKe-
Huio z — 2% kpyra U B ce6a, i = 1,...,p. llonomum n = n(y) =ki+---+kp.
Mas mo6oro y' € Oy \ {y} npoo6pas f~1(y') coctouT poBHO W3 N TOUYEK, B
KaXK IO M3 KOTOPHIX oToGpaykeHne f He pasBeTBIAeHO, modToMmy n(y') = n.
Taknwm o6pasom, pyrknns n(y) JokarbHO ocTosHAA Ha Y. BBy cBA3HOCTH
Y oma mocTosiHHA W BCIOAy MpHHEMaeT 3HadeHne n. B wactmoctm, n(y) > 0
mas o6oro y € Y, Tak 9To f ClOpBheKTHBHO. YTBepXKaeHne, 9To f ABAgeTCS
N-TUCTHRIM Pa3BeTBJICHHLIM HAKPHITHEM, 03HaYaeT, 9ToO f yCTPOeHo Tak, Kak

OIINCaHO BBHBIIIE.

YETBEPTOE JOKABATEJBCTBO [14, 16]. <« Mmuorowwien p crenenu n 3amga-
eT MepOoMOp(pHYIO (PYHKIHIO Ha CP' ¢ nomiocom nopsAgKa n B ToUKe oc. Me-
poMopdHas PYHKIHS Ha KOMIAKTHON PUMAHOBOU MOBEPXHOCTH HMEET OMUHA-
KOBO€ THuCJI0 Hleeﬁ 1 MOJICOB, eCJan Ka)KJ.[beI HYJb U DOJIOC CIATATHL CTOJBKO
pa3, KakKOoBa ero KpaTHOCTb. C.iIe,l[OBaTeJII:vHO7 MHOTOYJeH p mMeeT, C yIeTOM
KPAaTHOCTEH, POBHO 7 HyJeH. P

KommenTapui. Mepomopdnas @ynryus Ha puMaHOBOH ToBepxHOCTH X —
5To Takas rojoMopduas gyukuus f: X \ D, 9To D 3aMKHYTO # JHCKPETHO
B X, a f mMeeT moatoc B Kaxkjgon Touke a € D, T. e. lim,_, |f(z)] = oc.
Takyto GyHKINIO MOXHO OTOXK/JECTBATEL ¢ TodoMopdHOH (pyukuneir n3 X B
CP!, xoTopyio M 0603Ha4nM cHOBa 4depe3 f. Oupegennm nopadox ord, f
dyukuuu f B Touke x € X. llpeanosoxkum miast mpoctotsl, uto X = U u
z = 0. CymecTByeT W eJWHCTBeHHO Takoe mejoe k, ato f(z) = 2%g(2) npnm
Bcex z € U\ {0}, rme ¢ — ronomopduas pyukuus B U, Takas, 9to g(0) #
# 0. [lomaraem ord, f = k. DTo onpe/enenne nepeHOCHTCS Ha MPOU3BOIbHbIE
puMaHOBHl moBepxHOoCcTH. Ecam k = ord, f > 0, To f mMmeeT Hy. b TOpsAIKa
k (mmm xpatrocTH k) B Touke z, ecam ord, f = —k < 0, To f mMeeT momioc
nopsagka k.

YTBep:Kaenne, 9To MmepomopPuas Pynxyus [ na xomnaxmuoti pumano-
60t noeeprinocmu X umeem 0dUHAKO60€ UUCAO HYAEN U NOAIOCO6, O3HATACT,
qTO cymma Yy ord, f, 6 KOMOpoi MoAbKO KONEUNOE WUCAO UAEHO6 OM-
AUUHO oM HYad, pacna Hywo. bymem paccMaTpuBaTh f Kak TodoMOpgHOe
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otobpazxenne u3 X B CP'. Ecan 2 — nyab ¢pynknun f, To HHAEKC BeTBICHUS
€f(z) pasen mopsajky ord,(f), ecin & — nouioc, To €5(z) = — ord,(f). Takum
o6pa3om, paBencTBO » .y ord, f = 0 BEITekaeT W3 yCTaHOBJEHHOTO B Tpe-
JBIIYIIEM TOKa3aTelbCTBe MOCTOSHCTBA DYyHKINN y — n(y) = Zf(x):y e(z),
kKoTopas kKaxjgomy y € CP! comocTapiseT cyMMy WHIEKCOB BeTBIEHHS TO
BceM TouKam T € f1(y).

MaguMm gpyroe noKa3zaTeabCTBO DTOTO (paKTa, OCHOBAHHOE Ha MOHSTHH
BEIYeTa JAuddepennnannbuoi popMel u Ha Teopeme CTokca.

4 Mepomopdhuas muddepennnanbaas GopMa w B OTKPHITOM MHOXKeCTBe
X C CsanucwBaercs B Buje w = fdz, rae f — MmepoMopduas pyakunsa B X .
Boiuem res, w GopMbl w B Touke & € X — BTO JejleHHBIH Ha 271 WHTerpa
(GOpPMEI W MO KPaio MaJeHbKOW OKPECTHOCTH To4UKH z. Ecanm f mmeeT mosioc
BTouke z 1 f(2) =Y~ an,(z—z)", rae k=ord, f <0, To Tes, fdz =a_4.
Ecau f romomopdua B z, 1O res, fdz = 0. [loustue mepomopduOit HOPMEL 1
ee BLITETA B TOUKE MEPEHOCHTCA HAa MPOM3BOJBHEIE PHMAHOBHE MOBEPXHOCTH.

JlokaxkeM, 9TO cymma 6bI4eMO6 mepomopProt duddepenyuaavrot Gopmubt
Ha KoMNAxmuotl pumanoeoti noeeprrocmu paena uyao. Ilycth w — mepo-
Mopduas guddepernnaibias GopMa Ha KOMITAKTHON PUMAHOBON MOBEPXHO-
ctu X, mxyq,...,28, € X — Bce momoca GopMbl w. OKPYKUM KK BT TOJIOC
T; MaJleHbKOH OTKPBITOH OKPECTHOCTBIO V; ¢ IJ1aJKOH IpaHUIeNl W MOJOKIM
V=Viu-.--uV,. Torga

n n
Z res, w = Zres% w= Z/ w/2mi = / w/2mi.
seX j=1 =179V, v
[Tpu »Tom cunTaeTcs, 9T0 V uMeeT eCcTeCTBEHHYIO OpPHEHTANHIO PHUMaHOBOH
noBepxHocTH, a 0V mMeeT opmeRTanmio kpas. PaccMoTpuMm opneHTHpOBaH-
HOe KoMMakTHOe MHoroo6pasme ¢ kpaeM Y = X \ V. Ero kpaem sBisercs
OpHeHTHpoOBaHHOe MHOToO6pasne JY = —dV, rje 3Hak MUHYC yKa3wIBaeT Ha
n3MeHernne opuenTannu. [Ipumennm Tteopemy Crokca K MHOrooGpasuio Y u
nuddepernunaibion gpopme w. CoraacHo 3TOl Teopewme, faY w= fY dw. Pop-
Ma w rojoMopdua B okpectHoct X \{z1,..., 2z, } MHOroo6pasus Y n notomy
samMkuyTa: dw = 0. Takum o6pazowm,

Zresxw:/ w/Qm':—/ w/2mi =10,
14 Y

zeX 9
YTO U TpeBGoBaIOCh.

[lycts Temeps f — MepomopdHas QYHKIHS HAa KOMIAKTHOU PHMaHOBON
noBepxuoctn X . /lokaxem, 94To f mMeeT OJMHAKOBOE YUCJIO HYyJ€H W MOJIO-
OB (C y9eToM KpaTHOCTei#l), T. e. 9To ), .y ord, f = 0. PaccmoTpum mepo-
MopdHuyo nuddepennnaabuyio Gopmy w = df/f. Ira dopma nmeeT nogaioca
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B HYJAX U Modocax GyHKIHE f, npudeM res, w = ord, f misa kaxjgorox € X.
Jlas moKazaTelbCTBa DTOTO PaBEHCTBA MOYKHO OFPAHNTHTHCSA CIydaeM, KOTa
z=0u f(z) = 2¥¢(2), re g(z) roromopdua B okpectrocTn Hyas u g(0) # 0.
Torna w =df/f = kdz/z + dg/g. Popma dg/g roromopdua B HylIe, TOITOMY
respw = resg kdz/z = k = ordg f. Takum o6paszowm,

Z ord, f = Z res; w = 0. >

rzeX reX

[IATOE NTOKABATEJALCTBO [14]. M&r Bujesn, 9To OCHOBHAS TeopeMa aJre-
OpBI BEITEKAET U3 CJAEAVIONIEro (PaKTa: 6CAKOE HENOCMOAHHOE 2040MOPPHOE
omobpascenue f : M — N mexncdy xomMnaxmubimy C6A3HBLMU PUMAHOEBLMU
NO6EPTHOCMAMU CIOPBLEKMUE6HO. BBIBeeM DTOT PaKT U3 TeopeMbl 06 OTKPHI-
TOM OTOBpaKeHUN: f nepe6odum omrpbimble MHONCECMEA 6 OMKPLIMBIE.

« U3 Teopembr 06 OTKPHITOM 0TOGpakennn cienyet, 910 f(M) oTKpEITO
B N. C gpyron ctopousl, Tak kak M kommakThHO, TO U f(M) KOMmaKTHO
m, ciefoBaTeabHo, 3aMKHYTO B IN. Tak xak N cBA3HO, T. €. He CONEPKAT
COGCTBEHHBIX HEMYCTHIX OTKPHITO-3aMKHYTHIX MHOXKecTB, TO f(M) = N.p»

Kommvenrapni. Ilo cyTu gena, 5To W eCTh «HCTHHHBIH CTepPKEeHby JTOKa3a-
TeabcTBa Jlanam6Gepa. /las [Jarambepa OBLI, BepOATHO, OY€BHIEH TOT (PAKT,
ato f(C) 3aMKHYTO, I TOTJa (B MPEANOIOKEHNN OTCYTCTBUS KOPHS) MOXK-
HO HAaWTH TOYKY DTOT'0 MHOXKECTBa, OJmKaiiyo K Hyatw. A naaee /lamrambep
yTBepKaJj, 9TO dTO BejleT K NPOTHBOPEYNIO, MO CYTH Jefa, MoKa3biBasg OT-
KpeITOCTE f. [lns 5TOro OH pasiaran o6paTHYIO K f QYHKIIHIO B P IO Tpo6-
HbIM cTeneHsiM. KoHe4YHO, He 3Had TOTO, YeMy celldac y4aT y HAc Ha MepBOM
Kypce, /latambGep He MOT [TOKa3aTh CBOW pe3yJAbTaT TaK, YTOOK MOJYYUTH
XOPOIIYIO ONeHKY y NMPUANPINBOTO COBPEMEHHOTO TpenofaBaTens, HO CYTh
JeJa OH TOHMMAaJ TpeKpacHo!

[IECTOE NOKABATEJBLCTBO. llpensiiyiee moka3aTelbCTBO MMeET Bapi-
aHT, B KOTOPOM CChLIKa Ha TeopeMy 06 OTKPBITOM OTOOpaKeHHH 3aMeHIeTCA
CCHIIKON Ha TeopeMy 06 o6paTHON (PYHKIIN.

« Mycts p — mmorounen cremenn > 0, f = p : CP1 — CP! — oro-
6pakenne, ompejelennoe >TuM mMuorowienoM. [lycrs X C CP! — xomeunoe
MHOYKECTBO, COCTOAIICe M3 BCeX HyJell Mpou3BoAHON p/ MHOTOYJICHAa p W U3
6eCcKOHeYHO yaaleHHoN Toukn. B kax ol Touke z € CP\ X 1uddepenmmanr
oTobpaykenus f HeBHIPOXKIEH, N W3 TeopeMBl 06 06paTHON (GYHKINH CAeIyeT,
9TO f SABASETCA JOKAIbHBIM AudPeomopdusmMom B Touke z. B gactuoctn, f
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OTKPHITO B Z, T. €. 06pa3 J060H OKPECTHOCTH TOYKH  ABIIETCS OKPECTHO-
ctoio Touku f(z). CaegoBatennno, Muoxkectso V = f(CP'\ X) oTkpwiTo
B CP'. C apyroit ctoponbr, MuoxectBo F' = f(CPl) kxommakTno n motomy
samkuyTOo. Tak xak I' = V U f(X), pasnocts F'\ V cogmepxurcs B f(X) n
notomy konedna. [lockoarky CP! romeomopduo gByMepnoil cdepe, TocTa-
TOYHO YCTAHOBATD CJAEIYIONIYIO JEMMY:

JIEMMA. Iyems V u F — marue nodmmoscecmea deymeproii cepol S?,
umo V. omxpwimo u wenycmo, F zamxnymo, V. C F u F'\'V kouneuno. Tozda

F =82

« TpegnonoxnM mpoTuBHOE: HaiifeTcs Touka a € S?\ F. Boasmem npo-
u3BOMBHYI0 TOUKY b € V. Touku a u b MOXKHO coe[UHUTH Ha cepe GecKOHed-
HBIM MHOXKECTBOM MyTell, MOMapHO He MMEIOINX OOIINX To4eK, Kpome a u b.
Kaxaprit m3 5THX TyTel JOMKeH TepeceKaThCs ¢ TpaHunen dV MHOXKecTBa
V. Takum o6pazom MBI moaydaeM GeckKOHedHOe MHOXKECTBO Tokek B 0V . ITo
IPOTHBOPEIUT TOMY, 4TO JV cofepKuTcs B KoHedHOM MHOKecTBe F/\ V. p

CEIBMOE JOKA3ATEJbCTBO. [lo-BugnMoMy, camoe MpOCTOe JOKazaTeldb-
CTBO, KOTOpOE 4allle IpyTriX BCTpedaeTcs B yiebHUKAX, TakoBo [7, 12].

« [Ilycts, kak u paubie, p(z) — muorodnen crenenn n > 0. Torga cy-
mecTByeT Todka ¢ € C, B koTopoit ¢pyukums |p(z)| mocTuraer MmHEMyMa.
[eficTBuTenbHO, Tak KakK |p(z)| cTpeMuTcst K 66CKOHETHOCTH TPH 2, CTPEMS-
memcst K 6eckonednocTH, To inf,ec |p(z)| = inf.ep |p(2)|, rie B — mocta-
TOYHO GOJBIION 3aMKHYTHIH Kpyr. Huxkuss rpans inf,cp |p(z)| mrocturaercs
B CHJIy KOMIAKTHOCTH Kpyra B.

[Ipexnonoxum, 9to p(a) # 0. 3amenss muorodren p(z) Ha p(z + a)/p(a),
MBI CBOJIM feno K caydaio, korjga p(0) = 1 n [p(z)| > 1 npu Bcex z. [lycTn
p(z) = 1+apzF+- - 4a,2", rae ay # 0. CBejiem feiio  caydaio, kKorja ag = —1.
N3 Kax/I0ro KOMILIEKCHOTO YHcJIa MOXKHO H3BJIeYh KOpeHb k- cTemenn (9To
clefyeT W3 3alUCH IHCIa B TpUToHOMeTpndeckon dopwme). [lycth ¢ — Takoe
qucao, 9to cf = —1/ay. 3amenss Mrorowien p(z) na p(ez) =1 —2F 4 ...
<o+ a,c"2”, MBI MOXKeM CUNTaTh, 9TO a = —1.

Banmmenm p(z) B Buge p(z) = 1 — zF 4 b(2). Korga 2 cTpemutes K mydio,
¥|. B wactHocTH, ecanm z — Jo-
CTATOYHO MaJjoe TMOMOKATeTbROe ncao, To |b(z)| < zF. lpn Takux z mmeem
Ip(z)] = |1 — 2% 4+ b(2)| < 1 — 2% 4+ |b(2)| < 1 — npoTuBOpetne. M

|b(z)| 6eckoHedHO MalO MO CPaBHEHHIO C |z

Kommenrapuii. OTo yupolerne ocHOBHOH ujen [lamambGepa mpuHaIeKuT
mBelnapckoMy matematnky Aprany (1814). Ho m o (B mHadane mporiioro



64 B. M. Tuxomupos, B. B. Ycnenckui

BeKa) He CMOT GBI KaK cleyeT OOBACHNTH, TOYeMy 3aJaYa Ha MUHIMYM IMeeT
pettterne. Benr Torma emre e pognanck Benepmitpace, leneknug n KauTtop,
KOTOpBIE MOCTPOWIN TEOPUI0 NEeHCTBHTEIBHOTO YHCIA.

OtmeTrnm, 9T0 paBeHcTBO p(a) = 0, rme a — ToYKa, B KOTOpoi |p(z)]
JOCTHTAeT MAUHAMYMa, BRITEKAET TakkKe W3 NPUHyuUnd Maxcumyma Mooyid.
CoriacHo >TOMY NPHHIHNY, MOAYJIb HENOCTOSHHOU TOJIOMOPQHON (PYHKIINH,
OTpeJleJeHHON B CBA3HOM OTKPBITOM MHOYXKECTBE, HE MOXKeT MOCTHTaTh MaK-
cuMyMma. B Hamiem ciaydae Ha[IO NpUMEHHTH DTOT NpHHONN K GyHKumT 1/p.
Dyukuns 1/p purypupyeT n B HallleM CIeIYIONIEM TOKa3aTelbCTBe.

BOCbMOE NOKA3ATEJILCTBO [14, 16]. <« Ilpeanosoxkum, 9T0 MHOT O4JIEH
p(z) cremernm > 0 ne mveer kopuein. Torma dynkums 1/p onpegenrena mpn
Bcex z € C, ronomopdHra u cTpeMuTcs K Hyq 0 Ha 6eckonednoctu. [lo Teo-
peme JlmyBuaasg 5Ta GYHKIUS TOMKHA OBITH TOXKAECTBEHHO paBHA HYJIIO —
NpoTHuBOpe1Ine. p

Kommenrapuii. Teopema JIuyBuiis yTBepKjgaeT, 9TO OTpaHUYeHHAS TOJ0-
MopdHas GyHKIHsA, onpegenennas npu Bcex z € C, moctosnna. Ects u 6osee
obrias (GopMyIHPOBKa: OrpaHUYeHHas rapMOHnYecKas (PYHKIHS, ONpeaeaeH-
Has Ha eBKJANJOBOM mpocTpaHcTBe R”, nocrtosuna. Komuiekcnas gpynkuus f,
onpejenennas B OTKphiToM MHOXKecTBe U C R”, HazwiBaeTCs 2apmonuveckoi,
ecJi OHa JBayK/bl HEIPEPLIBHO AuM@epennnpyeMa u yIoBIeTBOPAeT ypaBHe-
nuto Jlanaaca Y »_, 0*f/02? = 0. HenpepuiBras Gpynkuns f, onpejejiennas B
U, saBaseTcs TapMOHNYeCKOH TOTIa M TOJHKO TOT/Ia, KOTAa JJs Hee BBIMOJTHSA-
eTCs TeopeMa O CpejHeM 3HadeHuH: /s Jboro mapa B, coxepixkaiierocs B
U, suavenue ¢pyuknnu f B HeHTpe IIapa paBHO ee «CpejHeMy 1o Mapy», T. e.
unTerpany [ f, terennomy na o6bem mapa. Kak jas roroMoppuas dynKimns
ABAACTCA TAPMOHHYECKOM.

Mokaxem Teopemy JInyBuas 06 orpaHWYeHHBIX TapMOHMYECKHX (DYHK-
HUAX, UCXOJf U3 TeopeMbl O cpejHeM 3uadennu. [lycts f — rapMmonmde-
ckasi pyHkuns, onpererennas na R”. Jonyctum, ato |f(z)| < M npnm Bcex
x € R”, u mokaxewm, 9To f mocTtosHHa. 3adukcupyem a,b € R”. Ilycte A
n B — mapsl oJMHAKOBOTO GOJBIIOrO pajuyca ¢ meatpamu a u b. Ilomao-
xnm C' = AN B. Herpyauo Bugets, ato otHotenne m(A \ C)/m(A) cTpe-
MHUTCSA K HYJI0, KOTJa pajuychl mapoB A n B cTpeMATcs K 6eCKOHEYHOCTH
(vepes m(X) mbr o6o3nataeM o6bem MHOXKecTBa X ). CorsacHo Teopeme o
cpeauem suatenun, f(a) = [, f/m(A) = ([, f+ fA\O f)/m(A). Crarae-
Moe fA\C f/m(A) < m(A\ C)M/m(A) cTpeMnTcs K HYJIIO C POCTOM pa-

amyca mapa. CremoBatenbro, f(a) paBHO Hpejgesy OTHOIIEHHS fO f/m(A).
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[lo ananmornynbiM npnanaaM f(b) paBHo sTOMY Ke mpegeny. Taknm o6pazom,
fla) = f(b).

[MousTHe rapMorUveckon PYHKIAN U TeopeMa JIMyBHAIS TepeHOCATCA Ha
(GYHKINT CO 3HAYEHUIMN B MPOW3BOILHOM GaHaXOBOM TpocTpancTBe. [lycTh
X — kommekcHoe 6aHAXOBO MpocTpaHcTBO, B(X) — 6aHaxoBo MpoCTpaH-
CTBO BCEX OTpaHMYeHHBIX JUHEHHHIX omepaTopoB m3 X B cebsa. Cnexmpom
onepatopa A € B(X) naswsiBaercsi MHOKecTBO Tex A € C, 115 KOTOPHIX oTe-
patop A — A - 1x weo6paTnm. MuT Bugenn B pasjene 2, 9To aarebpantdeckas
3aMKHYTOCTh nojis C paBHOCHAbHA CAeAyIONIeMYy CBOHCTBY: ecanm F — Ko-
HedHOMepHOe BeKTopHoe mpocTpancTBo Hajg C pasmeproctn > 0, To BCAKHT
JuHelHb onepatop A : . — F umeer HenycTon cuektp. [losTomy caemyro-
niyio Teopemy, npmuagrexanyio M. M. leabdanny, MOXKHO paccMaTpuBaTh
KaK yCHJIeHHe OCHOBHON TEOPEeMHBI alTebphi: ecau X — KOMNAEKCHOE Banaro-
60 NPOCMPAHCINE0, HE C600AUIEEC HY.110, Mo 6caxut onepamop A € B(X)
umeem wenycmoti cnexmp. DTa TeopeMa BHITeKaeT W3 TeopeMbl JIWyBuHLIS.
[Ipeanonoxknm, 110 onepatop f(A) = A — A - 1x obparum jgas Bcex A € C.
Torga dyuxuus g : C — B(X), onpegenennas no dopumyae g(A) = f(A)~L,
TOTOMOP(HA I CTPEMUTCA K HyJ o Ha 6eckonednocTn. [To Teopeme JlnyBuans
OHa MOMKHA TOXKJECTBEHHO PAaBHATLCA HYJAI0 — MPOTHBOpETNeE.

BepueMmcsa K n3HavasbHOMY paccyKIeHUIO DTOTO MYHKTA, IYTOOH TPAIATH
9YYTh APYTYIO (POPMY JT0Ka3aTelbCTBY.

« llycTh mo-npexkHeMy p — MHOTOUJEH cTellenu Goubliie ), He UMEIOIIHTT
kopHueit. U3 Toro, uTo gyuknns 1/p cTpeMuTcss K HY1I0 Ha GECKOHETHOCTH,
BbITeKaeT, YTO

dz 1
< 2rmax — — 0.
ls|=r 2P(2) |z|=R p(z) R—scc

C npyroi cTopousl, GpyHKuns 1/zp(z) UMeeT eINHCTBEHHBIN MOJIOC B HYJE €
BerdeToM 1/p(0), 1 mo Teopeme o BeIYETAX

/ dz o
— 471
lz|=r 2P(?)

aio6oro R > 0 — mpoTuBopevne.p
W nes »Toro gokasateabcTBa BocxoanT k Ko,

/ITEBATOE JOKA3ATEJIBCTBO. <« Mu mokazaan B paszgene 2, 9T0 aire6pa-
nyeckas 3aMKHYTOCTh nojs C paBHOCHIBHA CAeIyIOMIEMY YTBEPKJIEHUIO: €C-
au F — sexmopnoe npocmpancmeo nad C pazmeprwocmu n + 1, mo éca-
xutl aunetdnni onepamop A : E — FE umeem cobecmeennntii 6exmop. Moxuo
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mpeJnojaraTh, 9TO olepaTop A HEBBIPOXK/EH, TAK KaK B MPOTHBHOM CJaydae
CcOOGCTBEHHBIE BEKTOPHI, OYEBHIHO, CYIIECTBYIOT: TAKOBHI HEHYJIEBHIE BEKTO-
pet sigpa. [lycts P(F) = CP"™ — MHOXeCTBO BCeX OJTHOMEPHBIX JHHEHHBIX
HOANPOCTPAHCTB B F. DTO MHOXKECTBO Ha3KIBA€TCH N-MEPHBIM KOMILIEKCHBIM
MPOEKTHBHBEIM MPOCTPAHCTBOM H MMeeT eCTeCTBEHHYIO CTPYKTYPY KOMMaKT-
HOT'O TJ1a IKOT0 MHOT006pa3zus. Onepatop A uHAyHHpPYyeT rJajKoe 0TobpaxKe-
ae A : CP" — CP"™. Co6eTBeHHbIe BEKTOPHI OepaTopa A COOTBETCTBYIOT
HeIOBIKHEIM TOTKaM oTo6pakenns A. Takum o6pa3oM, HaM Hago IOKa-
3aTh, 9TO OTOGpaykeHne A HMeeT HEMOIBIKHYIO TOUKY. DTO BEITEKAET H3
TeopeMul Jledrrena. »

Kommenrapuii. Henodeéuscnas mouka otobpakenns [ MuoxkectBa X B cebs
— 10 Takoe z € X, 9to f(z) = z. Teopema Jleduiena yrBepx 1aet, 410 0TO-
opaxenne f : X — X KOMOaKTHOTO MOJU3pa B cebsf MMeeT HEMoJBUXKHYIO
TOYKY, ecliil Tak HaseiBaeMoe uucao Jegweya L(f) orobpaxkenns f oTanano
ot Hyas [13, 11]. Mur He 6y/1eM onpegeasiTh 3TO YHCIO IJisi TPOU3BOABLHOTO f, a
OTPAHUYNMCSA CaydaeM, KOTJa f TOMOTONHO TOXK/JeCTBEHHOMY OTOGPaKeHMI0
idx (r.e. f midy MOryT GBITH COe/INHEHBI HEMPEPHIBHBIM MYTEM B MPOCTpaH-
ctBe C(X, X) ortobpaxennii X B ce6s). B srom cayvae L(f) coBnagaer ¢
BIIEPOBON XapaKTepHCTHKON mpocTpancTBa X . Jiteposa rapaxmepucmura
X(X) xommakTHOrO MHOTOO6pasns X MOXKeT OBITH ONpeIeNeHa CJeTyIONInM
o6pasom. Ilycts Fy C F1 C ... C F, = X — Bo3pacTaiomas nocjieI0BaTeNb-
HOCTH 3aMKHYTHIX MOJIMHOKeCTB B X, Takas, 9TO KaxK/as pa3nocTh Fi \ Fr_1
romMeoMop¢Ha IU3BIOHKTHOW CyMMe KOHEYHOTO YHCAa df DK3EMILISIPOB MPO-

ctpanctBa R¥. Mpr cuntaeMm, wto F_; = @, Tak 9T0 Fyj — DTO KOHEUHOE
urokectso. Toraa x(X) = Y. 7_q(—1)*ay. DTo wncao me 3aBuCHT OT BEGOpa
nocaefoBatenbHocT Fo, ..., I,. Hy:Kubiii Ham BapuanT Teopemnl Jledirena

dopmyanpyeTca Tak: ecau X — KOMNAKMHOE MHO2000paA3UE HEHYAEE0T ITae-
PO60T TAPAKMEPUCTNUKY, O 6CAKOE HENPEPBI6HOE omobpadxcenue f: X — X,
20MOMONKHOE MONCIECTNEEHHOMY, UMEEM HENODEUNCHYIO MOUKY.

[TokakeM, 9TO DTa TeopeMa IpHMeHHMa K oTobpaxkennio A : CP" —
CP™, uHIyunpoBaHHOMY HEBBIPOXKIEHHBIM JUHEHHBIM onepaTtopom A : K —
FE. DiilepoBa XapakTepuCTHKa KOMILIEKCHOTO TPOEKTHBHOTO MPOCTPaHCTBA
CP™ paBua n+ 1. DTo BEITEKAaeT U3 PACCMOTPEHHS NEMOYKH TMOANPOCTPAHCTR
CP° c CP' C ...CP", B koTopoii kaxas paznocts CP* \ CP*~! romeo-
mopdra C*. C gpyroi cToponsl, rpymnma GL(F) Bcex 06paTHMBIX THHEHHBIX
onepaTopoB u3 F B cebs CBA3HA. DTO JErkKo [OKa3aTh WHAYKIHEH IO pa3Mep-
HOCTH TpocTpancTBa F. MoXHO TakXKe pacCyXKIaTh CIeAYIOIIEM 06pa3oM.
[lycts L = L(F, F) — jnHellHOe TPOCTPAHCTBO BCEX JHHEHHBIX 0TOGpake-
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unit w3 F B cebs. I'pynna GL(FE) cayxnt nonosnennem B L K anrebpande-
ckomy MuOkecTBY DD = {B € L : det B = 0}. MuoxectBo D umeer B L
KOpa3MepHOCTh 2 U MOTOMY He MOxkeT pazbuBath L. Bosee Toro, mis awo6bx
1Byx To4ek z,y € GL(F) = L\ D komnuekcuas npsMas [ C L, coemunsiomas
x u Yy, nepecekaeTcsi ¢ ) O KOHEYHOMY MHOXKECTBY, MODTOMY CYIIECTBYET
JOoMaHas, coefuHsionias x ¢ y B/ u He nepecekaotascsa ¢ . Takum o6pazowm,
B rpynne GL(F) cyumecTByeT nyTh, COeIMHSAIONINN e TAHNIHBIN omepaTop ¢ A.
OTciofa clefyer, 9TO CyIecTBYeT MyTh, COEIUHAININN A B IpPOCTpaHCTBe
C(CP™,CP™) ¢ TOX/IeCTBEHHBIM OTO6paKeHHeM, T. €. 9TO 0TOOpaKenne A
FOMOTOIHO TOXK/IECTBEHHOMY.

[IpoBemenHOe MOKa3aTENBLCTBO MOXKHO MPUMEHUTH B Gojee 06IIen CHTya-
unn. [lycte G — cBa3Has TonoJormveckas rpynna, H — Takas 3aMKHyTas
nogrpynmna B (7, 9To pakTopnpoctpancTBo (G/H sBAseTCS KOMTAKTHRIM MHO-
roobpasumeM HeHYJIeBON 3ijepoBoil xapakTepuctuku. Torma kawxjgoe g € G
COTPSKEHO € HEKOTOPHIM diieMenTOoM 3 H. /leiicTBuTeNBHO, IO Teopeme Jled-
rernta otTo6paxkenne 2 H — gz H npoctpancTBa (G/H B cebst nMeeT HEIOTBIK-
nyto Touky aH. Taxnum o6pazom, gaH = aH, oTkyaa a”'ga € H. Buime Mbl
(dakTHYecKn paccmMaTpmBaian caydain, korma G = GL(F), a H — moarpyn-
ma Bcex mpeobpasoBanuil A € (G, OCTABAAIONINX NWHBAPHAHTHON HEKOTOPYIO
¢bukcnpoBanuyio npsmyio B F. B sTom caydae daktopnpoctpanctBo G/ H
OTOXKIECTBAAETCH C MPOEKTUBHEIM npocTpancTtBoM CP", rome n = dim £ — 1.
MoxKHO [MaTh ellle OJHO MOKa3aTeJbCTBO OCHOBHON TeOpeMEBI aareOphl, MpH-
HAB 3a H mogrpynny Bcex omepaTopoB u3 (G, UMeOIINX BepXHETPEYT OMbHbIE
MaTpHOBl (T. €. ¢ HYyJIAMH HUXKe TJIaBHON AHATOHAIN) OTHOCHTEIBHO HEKO-
TOporo GUKCHPOBaHHOTO Gaszuca B F. B aToMm caydae akToOpmpocTpaHCTBO
G /H siBisieTcsi TaK Ha3bIBaeMBIM «MHOT00GpazueM (aarosy. OHO KOMIAKTHO
I IMeeT DiIepoBy XapakTepncTuky (n+1)!. YrBepx genne, ato kaxgoe g € G
CONPSIZKEHO € HEKOTOPKIM DJIEMEHTOM NOJATpyHnbl H, o3HaYaeT, 9TO KaK /bl
onepaTop g € (G UMeeT OTHOCUTENBLHO HEKOTOPOTo Ha3nca TPeyroabHYIO Ma-
TPHUILY. DTO YTBEPXKIeHNe PAaBHOCHIBLHO OCHOBHON TeopeMe ajlreGphi.

YKaKeM ellie 0HO TpAMeHeHNe c(hOPMYTNPOBAHHON BHIIIIE TEOPEMBI O TO-
nojormdecknx rpynmnax. [lycte G — cBs3Has kommakTHas rpynma Jlun (7. e.
TOTMOJOTHYecKas TPya, ABAAONIALCS NI JKuM MHOTo06pasnem). Topou B G
Ha3bIBaeTCs MOATPYINA, H30MopdHas KoHedHOU cTenenn rpynnsl R/Z. Ecan
T — makcumaapHBIH TOp B (G, TO dHJepoBa XapaKTepnCcTHKa MPOCTPAHCTBA
(G/H paBHa NMOpSIKY Tak Ha3biBaeMoll epynnsl Betias rpynust G u, B 9acT-
HOCTH, oTandHa oT Hyas. CiegoBaTenbHo, G MOKPHIBAETCSA MOATPYNIaMA, CO-
npsokenasiME ¢ 7. OTcio1a Jerko BEIBECTH, 9TO BCe MaKCHMATbHEE TOPHI B
GG conpsKeHBl MeX 1y coboit [1].
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JIECATOE MTOKA3ATEJBLCTBO [9]. Hauie nociennee mokasaTeabcTBO GygeT
ajsre6pandecknM. Pojlb TONOJOTHE NpPH DTOM CBOAUTCA K MHUHEMyMY. MBI
HCIOJb3yeM JHIIb CBA3HOCTh MPAMON B clelyiolieil popMe: ecau MHOZOUAEH
C 6EUECTNEENNBIMY KOIPPUYUENMAMU MEHAEM 3HAK (M. €. NPUNUMAEM KAK
NOAOHCUMEABHBIE, MAK U OMPUYAMEABHBIE 3HAUEHUL), MO OH UMEEM 6EULE-
CM6EHNBIT KOPEHD. ITO CBOUCTBO YIOPSAJOYEHHOTO MO/ R Ha3zwBaeTCHd 6€-
wecmeennot 3amxnymocmspio. OHO PaBHOCUIBLHO COETMHEHUIO [BYX CBOWCTR:
6CAKULT MHOZOUAEH HEUEMHOU CMENEHU UMEEM KOPEHD, U 6CAKOE NOAONHCU-
MEABHOE UUCAO A6AAEMCA K6AIPATNOM.

Kaxkmoe koMmiekcHOe 9HCIO ABIAsSeTCS KBajJpaToM. Beilile MBI yiKe TOJIb-
30BaquCh Gojiee O6MIMM (PAKTOM: H3 KaXK,IOIO KOMILIEKCHOT'O 4YHC/Ia MOXKHO
U3BJIEYL KOPEHb 0601 menonn crenenn n > 0. [Ipu 5ToM MBI cChlIaINCh Ha
3aliCh KOMILIEKCHBIX YHCeJ] B TpuroHomeTpudeckoi ¢gopme. QgHaAKO Temephb
MBI XOTHM JaTh JOKa3aTeabCTBO, KOTOPOE T'OINI0CH OBl JIJisi BCEX BEIIeCTBeH-
HO 3aMKHYTHIX MOJell U He HWCTNOMh30Bajo Obl TPAaHCIEHJIeHTHHIX (PYHKIIHI.
[lycth a,b € R. Ham na o maiitn takne z,y € R, 9o (2 +iy)? = a + ib. 1o
ypaBHeHHe paBHOCHILHO cucTeMme ypaBuennit 22 — y? = a n 2zy = b. llycTn
T WYy — KBaJpaTHBE KOPHN M3 MOJOXKHTENbHBIX dncen (a + va?+b%)/2 u
(—a++va? +0%)/2. Torna 2? —y* = a w 22y? = b?/4, otkyna 2zy = +b. Ecan
2zy = —b, U3MEeHUM 3HAK Y T WIH Y.

W3 Toro, 4to Beskuit Muorodwien n3 R[X] nHedeTHOU cTemeHn mmeeT Ko-
peHb, BBITEKAeT, 9TO Y moas R HeT cOBCTBEHHBIX KOHEYHBIX PACIIHPEHUN He-
JeTHON cTenenu. U3 Toro, uto Beskoe z € C ABasgeTcs KBa IpaTOM, BEITEKAET,
g1o y noas C HeT pacummpennn ctenenn 2. [lokaxem, Kak BBIBECTH OTCIOJA,
y1o mojie C anrebpandeckn 3aMKHYTO. W es T0Ka3aTenbCcTBA BOCXOIUT K JUi-
Jepy. DTa ujges GbLIa ycOBepllieHCTBOBaHa JlarpauiKa, a 3aTeM COBepIIeHHO
Ge3ympedHo peaqm3oBaHa l'ayccom B ero BTOpoMm mnokasaTenbcTBe (1815 r.)
OCHOBHOU TeopeMmbl aare6prl. UanoxeHne, ocHOBaHHOe Ha CHMMETPHYECKHX
MHOTO'JIEeHAX, MOXKHO HAlTH B [7, 5]. MbI mpuBeieM noka3aTeibcTBO ApTHHA,
OCHOBaHHOe Ha Teopuu lasya u Teopeme Cumiosa.

« Hamomnmm cmepBa ocnoBHBIe ¢dakTH Teopuu laraya. [lycts L — Ko-
HedHoe pacummpenne noas K. O6oznadnm vepes G(L/K) rpynmy Bcex aBTO-
mMopduamoB f moas L, Takux, 9to f(z) = x mus Bcex z € K. Drta rpynma
konewna. /lns kaxkmgon moarpynust H C G = G(L/K) nycts Ly — Heno-
JIBUKHOE ToJe Tpynnbl H, T. e. MHOXKeCTBO Bcex Taknx z € L, 9to f(z) =z
nast Bcex f € H. Konednoe pacinnpenne [ HasbiBaeTcs pacwupenuen I'aaya,
ecin Lg = K. Ilyctes L — pacmmpenne laxya mons K. Torga cymecTBy-
eT ecTeCTBeHHOe B3aMMHO-OJHO3HAYHOE COOTBETCTBHE MEXK,Y MHOXKECTBOM
P Bcex nopmogen noas L, cogepxamux K, m MHOXKecTBOM H BceX TOAT Py
rpynnel . Kaxgou rpynne H € H conoctaBum mnone Ly € P. Kaxmgomy
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nomo P € P conoctaBnm rpynny G(L/P) € H. Ykasauubie oTo6paKeHus
H — P u P — H Blaumuo obpaTuwul. Ecan Hy, Hy — TOATPYNNOB TPYIILI
G u Hy C Hy, To gas noaent P, nu P, coorBeTcTBylomunx Hy u Hy, nMeeM
P, C Py, n crenens [P : P]| paBua unjgekcy (Hy: Hy).

Coraacuo Teopeme 1, HaM Ha O YCTAHOBUTH, 4TO ¥ noas C HeT coBGCTBeH-
HbIX KOHe4YHBIX pacuimpenui. [lycts K — koneunoe pacimmpenue mods C.
CymecTByeT KoHedHOe pacinupernue [ moas K, Takoe, uto I — paciiupe-
une [anya moas R. Pacemorpum rpynny lanya G = G(L/R). Tak kax y
nojss R HeT coOGCTBEHHBIX paclIipeHHll He4eTHOW cTeneHm, To B rpynne (G
HeT cOBCTBEHHBIX MOATPYNI HedeTHOroO mHaekca. CieloBaTelbHO, CHIOBCKAS
2-noarpynna rpynnkl G coBnajgaet ¢ GG, T. e. G spagercs 2-rpynnou. [lycts
H = G(L/C) — moarpynmna unjgekca 2 B GG, coorBercrByiomas noaio C. Tak
kak y noas C HeT pacuiumpeHuid ctemeHu 2, To B rpyune H HeT moArpymn
nugexkca 2. OIHAKO B HETPUBHAJBHOU KOHEYHON pP-TpyIlIe BCerja eCTh MO/I-
rpynmna mHaekca p, nodtomy H cBoguTcs K eguuuie. OTcioga ciegayeT, 9TO
L=K=C. »
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